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Set Theory

Basics of Sets

In this lecture:

ﬂﬂ Part 1: Basic Concepts and Notations

U] Part 2: Subsets, proper subsets, and Set Equalities
L] Part 3: Operations on Sets

U Part 4: Empty Sets

L) Part 5: Partitions of Sets

Ul Part 6: Power Sets & Cartesian Products

3
History
Set theory is the branch
of mathematical logic that
studies sets, which informally are
collections of objects.
Initiated by Georg Cantor in 1870s
Georg Cantor
1845-1918
Born in Saint Petersburg, Russia
Moved to Germany 1856
PhD: University of Berlin 1867
Work: University of Halle 2
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Basic Concepts and Notations

Cantor suggested a set as a:

“collection into a whole M of definite and separate objects of
our intuition or our thought”.

M= { Ali, Adam, Sara }
Each object is called an elements (or member of) of M.

AlieM ( Ali belongs to M)
Rami ¢ M ( Rami does not belong to M)

Basic Concepts and Notations

The order of elements is irrelevant
{Ali, Adam, Sara} = {Adam, Sara, Ali}

Redundancy is not allowed
{Ali, Adam, Adam, Sara}

A set can be an element inside another set
{1, {1I}{  has two elements

Notation of elements
{Ali} # Ali  different elements
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Defining Sets by a Property

A={x€S|Px)}
/ \

The set of all Property
Examples: “x is dummy”’

The set of all integers that are more than -2 and less than 5

(XEZ|-2<x<5}

The set of all persons who born in Palestine
{x € Person | Bornln(x, Palestine) }

The set of all persons who born in Palestine and Love Homus
{x € Person | Bornln(x, Palestine) A Love(x, Homus)}

Set Versus Element

In Set theory = Set VS. Element & Mathematical Set

miava> - Class vs. Object

- The extension of a set is its elements.
- The order of elements is irrelevant

- In set theory: an element itself might be a set.
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9
Subsets
45l e sanal)
AS B & Vx, ifx €4 then x€B.
Ok
10
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Subsets Versus JAVA SubClasses

Animal = {x € LivingOrganism | CanMove(x)}
Human = {x € Animal | HasMind(x) A Utter (x)}

Woman = {x € Human| GivesBirth(x)}

Woman ¢ Human c Animal

Every subclass inherits the properties of its
super class, thus:

* Human is a living organism that can move,
has mind and utter.

* Woman is a living organism that can move,

Woman has mind and utter, and able to give birth.

* GivesBirth

15

Distinction between € and O
Which of the following are true statements?
2e{1,2,3}
2} € {1,2,3}
2¢{1,2,3}
2} € {1,2,3} —
{2} < {1}, 21}
{2} e {{1}, {2}}

16
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Distinction between € and o

Which of the following are true statements?
v 2e{l,2,3}
X {2} e {1,2,3}
X2c{l,2, 3}
v {2y €{1,2,3}
X {2} € {13}, {2}
v {2} e {1}, {2}}

17

Subsets Notations

Not Subset:
AZELB < IAx.x € A and x €B

Notations:
A=B A equals B
AcB B>A A is subset of B
ASB B2A A is subset or equal of B
A¢B B?pA A is not a subset of B
AZB B2A Aisnotasubsetorequal of B
ASB B 2 A4  A4is asubset but not equal of B

Examples: PersonoMan, ZoZY, RgZ
™ Trwe Z<cR 18
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Proper Subsets

Let A and B be sets. A is a proper subset of B if, and only if, every element
of A is in B but there is at least one element of B that is not in A.

Examples of proper subsets:

{-2,-3,4} c {-2,-2.5,-3,-3.5, -4}
1,2,3,4,..3c{0,1,2,3,4,..}

19
Venn Diagrams
_. acs (D) s ‘
A
Aer
John Venn, British
(1834-1923)
Represented sets as diagrams in1881.
used to teach elementary set theory,
Z: integers (Aa3ua) Y/ ‘
Q: rational numbers (&) [z QR
R: real numbers(&iis) \
20
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Proving and Disproving Subset Relations

Define sets 4 and B as follows:
A={m € Z|m=6r+ 12 for some r € 7}
B={n€Z|n=3sforsomes € Z}.

Prove that ACSB.

Suppose x is a particular but arbitrarily chosen element of 4.

Show that x € B, means show that x = 3-(integer).

x = 6r+12
=3-Q2r+4).
Let s =2r+4.
Also, 3s =3(2r+4)
=6r+12

=X

Therefore, x is an element of B.

21

Set Equality

Definition

Given sets 4 and B, 4 equals B, written 4 = B, if, and only if,
every element of 4 is in B and every element of B is in 4.

Symbolically: A=B & ACB and B CA.

Example: Define sets 4 and B as follows:
A= {m € Z | m=2a for some integer a}
B={n€Z|n=2b— 2 for some integer b}
IsA=B?
Yes. To prove this, both subset relations 4 € B and B € A must be proved.
Part 1, Proof That A < B:

Part 2, Proof That B € A:

22
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Set Theory

Basics of Sets

In this lecture:
L] Part 1: Basic Concepts and Notations
] Part 1: Subsets, proper subsets, and Set Equalities

iﬂ Part 3: Set Operations (union, Intersection, Difference, Complement)

U Part 4: Empty Sets
] Part 5: Partitions of Sets
1 Part 6: Power Sets & Cartesian Products
23

Operations on Sets

Let A and B be subsets of a universal set U'.

1. The union of A and B, denoted A U B, is the set of all elements that are in at least
one of A or B.

2. The intersection of A and B, denoted A N B, is the set of all elements that are
common to both A and B.

3. The difference of B minus A (or relative complement of A in B), denoted
B — A, is the set of all elements that are in B and not A.

4. The complement of A, denoted A€, is the set of all elements in U that are

not in A. LU -A)

Symbolically: AUB={xeU|xeAorx € B},
ANB={xeU|x € Aandx € B},
B—A={xeU|xeBandx ¢ A},

A°={xeU|x ¢ A}

24
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Operations on Sets
U U U U
Shaded region Shaded region Shaded region Shaded region
represents A U B. represents A N B. represents B — A. represents A°.
B Do The fologing
ANR=0
gecC @
CND #¢
AcD c
DAB=R
25
Distinction between N and A
Between
Between sets M and /\ 7 predicate and
Y propositions
v and V
26
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Indexed Collection of Sets

Unions and Intersections of an Indexed Collection of Sets
Given sets Ay, A, Ay, ... that are subsets of a universal set U and given a nonneg-
ative integer n,

UAi ={xeU|x e A foratleastone i =0,1,2,...,n}
i=0

s

I
<)

A; = {x € U |x € A; for at least one nonnegative integer i }

=

Ai={xeU|xeA;forall i =0,1,2,...,n}

Il
S

5
>

Il
S

; = {x € U |x € A, for all nonnegative integers i}.

27
Finding Unions and Intersections of
More than Two Sets
For each positive integer i, let 4,= {x ER|-1<x< ll} = A = (_ll ,l)
A,: set of all real numbers between -1 and 1
A,: set of all real numbers between -1/2 and 1/2
As: set of all real numbers between - 1/3 and 1/3
Find Al V) A2 V) A3 =(—1,1), because (—%, %)(—%, %) included
) 11 11
Find4, N4, N 4, = (_ 3> §), because (—1,1)<—§, 5) are included
00 00
Find  UA: =11 Find [1Ai =0
1= i=l1
28
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Formalizing Statements in Set Theory

All smart students

Smact N student

¢ Students who are not Smart
c
studen} - smart / shudent ) smac}
¢ There are no smart students from Palestine

Smael (| dudent N Palestioian = ¢

* There are no smart students from Palestine among the
winners

Smarcl (| dudend N Palestinian /) winners = ¢

29
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The Empty Set

The empty set is not the same thing as nothing; rather, it is a set
with nothing inside it and a set is always something. This issue can
be overcome by viewing a set as a bag—an empty bag
undoubtedly still exists.

Describe theset D={x e R| 3 <x <2}.

vA: 0 €4 VA:A X O
paAl e Vva x o=
VA:AN @ = 0

C

While the empty set is a standard and widely accepted mathematical
concept, it remains an ontological curiosity, whose meaning and
usefulness are debated by philosophers and logicians.

31
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Disjoint Sets

e Definition

Two sets are called disjoint if, and only if, they have no elements in common.
Symbolically:

A and B are disjoint < AN B =40.

Man N Woman =

e Definition

Sets A, Az, Az ... are mutually disjoint (or pairwise disjoint or nonoverlapping)
if, and only if, no two sets A; and A; with distinct subscripts have any elements in
common. More precisely, foralli, j = 1,2, 3, ...

AiNA; =0 wheneveri # j.

33)
Partitions of Sets

 Definition

A finite or infinite collection of nonempty sets {A;, A, Az ...} is a partition of a

set A if, and only if,

1. A is the union of all the A;

2. The sets Ay, Aa, As, ... are mutually disjoint.

A
b Man N Woman = J
Person = Man LU Woman

34)
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Example

Let Z be the set of all integers and let
Ty,=1{n € Z|n= 3k, for some integer £},
T,={n €Z|n=3k+1, for some integer k},
T,={n € Z|n=3k+2, for some integer k}.

Is {T,, T,, T,} a partition of Z?

Yes. By the quotient-remainder theorem, every integer n can be
represented in exactly one of the three forms

n=3k or n=3k+1 or n=3k+2

It also implies that every integer is in one of the sets 7o, 7', or T>.
SoZ=TUT\UT-.

35
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Power Sets

o Definition

Given a set A, the power set of A, denoted &2 (A), is the set of all subsets of A.

Find the power set of the set {x, y}. That is, find .~ ({x, y})

=10, {x}, v}, I yis

n-tuples

Let n be a positive integer and let x;, x2,...,x, be (not necessarily distinct)
elements. The ordered n-tuple, (x;, x2, . . ., X,), consists of x, x,, .. ., x, together
with the ordering: first x;, then x,, and so forth up to x,,. An ordered 2-tuple is called
an ordered pair, and an ordered 3-tuple is called an ordered triple.

Two ordered n-tuples (xj, X2, ..., x,) and (y;, y2, ..., yu) are equal if, and only
if, X =y, X =y2,....% = Vp.

Symbolically:

X1, %2, ooy X)) = (V15 Y2, -5 Vn) € X1 =Y1,X2=Y2,..., % = Yn.
In particular,

(a,b) =(c,d) & a=candb=d.

Order n-tuples:
Is (1,2) =(2,1)? Nv 1#2 asd 231

Is (3, (2% 1/3)= (V9,422 fes 3=4 . L=, i-

S
T
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Cartesian Products

Given sets A, As, ..., A,, the Cartesian product of Aj, A, ..., A, denoted

Ay XAy X ... X A,, is the set of all ordered n-tuples (ai,as, ..., a,) where
611€A1,a2€A2 ..... a,,eAn.

Symbolically:

Al X Ay x -+ x A, ={(a,ay, ..., a,)|ay € Ay,a; € Ay, ..., a, € A,}.
In particular,

Ap x Ay ={(a1,a2) | a; € Aj and a; € Ay}

is the Cartesian product of A; and A,.

Example: Let 4, = {x, v}, 4, = {1,2,3}, and 4; = {a,b}.
A, x4, =
={(x,1),(x,2),(x,3),(,1),(».2),(».3)}

Example
Let A= {Ali, Ahmad},
B = {Al, Dmath, DB},
C = {Pass, Fail}

Find (A x B) x C =] LA, A1), (A%, Deth ), ( A%, DB),

| Abmad. A1), (Anmed. Deu), (Ahmed. DB) { %C

= {Waw AU, ), WAk A0, Tat), LLAK, Daah). foss),
LAk, Daath), Fait)... 3
FindAxB xC =

TUAG A, sl UK, A1 5o, U, e, fas),
LA, Dmadl, Fo.ll},...}

40
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Set Theory

Properties of Sets

In this lecture:

ﬂﬂ Part 1: Set Relations and Identities

) Part 2: Proving Set Identities (Element Argument)
) Part 3: Examples of proving Set Identities

STUDENTS-HUB.com Uploaded By: anonymous



Set Relations

Theorem 6.2.1 Some Subset Relations
1. Inclusion of Intersection: For all sets A and B,
(@A) ANBCA and (b)ANB C B.
2. Inclusion in Union: For all sets A and B,
(A)ACAUB and (b)B < AUB.
3. Transitive Property of Subsets: For all sets A, B, and C,
ifAC Band B C C, then A C C.
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Procedural Versions of Set Definitions

Let X and Y be subsets of a universal set U and
suppose x and y are elements of U.

1. XEXUY & xeEXorxey
2. XEXNY & x€Xand x€e€Y
3. XEX-Y & x€EXand x €Y
4 X € X¢ S x&EX

5. (xy)EXxY & x€EXand yeEY
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Theorem 6.2.2 Set Identities

Let all sets referred to below be subsets of a universal set U .

1. Commutative Laws: For all sets A and B,

(@Q)AUB=BUA and (b)ANB=BNA.

. Associative Laws: For all sets A, B, and C,

() (AUB)UC =AU(BUC) and
bY(ANB)NC=ANBNC).

. Distributive Laws: For all sets, A, B, and C,

@AUMBNC)=(AUB)N(AUC) and
b)ANBUC)=ANB)UANC).

. Identity Laws: For all sets A,

(@AQQAUP=A and (b)ANU = A.

. Complement Laws:

@@ AUA“=U and (b)ANA°=40.

. Double Complement Law: For all sets A,

(A)° = A.

Uploaded By: anonymous




Theorem 6.2.2 Set Identities

Let all sets referred to below be subsets of a universal set U .

7. ldempotent Laws: For all sets A,
(AQQAUA=A and (b)ANA=A.
8. Universal Bound Laws: For all sets A,
(@AQAUU =U and (b)ANY=40.
9. De Morgan’s Laws: For all sets A and B,
@Q(AUB)=A°NB° and (b)(ANB) = A°U B°.
10. Absorption Laws: For all sets A and B,
(@QAUANB)=A and (b)AN(AUB)=A.
11. Complements of U and :
U=y and (b)Y =U.
12. Set Difference Law: For all sets A and B,
A—B=AnNB".

=2 We will prove some of these theories in the lecture, please prove
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Proving Set Identities
Proving That Sets Are Equal

e.g., prove: HumanMale = Man

Basic Method for Proving That Sets Are Equal
Let sets X and Y be given. To prove that X =Y:
1. Prove that XC Y.

2. Prove that Y C X.

But: How to prove that X € Y ?
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The Element Argument Method

For Proving a set is a subset of another

e.g., prove: HumanMale < Man

i.e., Prove that every element in HumanMale 1s an element in Man

The Element Argument Method:

Let sets X and Y be Given, To Prove that X € ¥:

Step 1. Suppose that x 1s a particular but arbitrarily chosen element in.X.

Step 2. Show that x 1s an element of Y.

Uploaded By: anonymous
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The Element Argument Method

In details

Example: Provethat: AU (BN C)=(AUB)N(AUCQC).

That is:
Prove: AUBNC)S(AUB)NAUCO)

That is, show Vx,ifx€ AU (BN C)thenx € (AU B)N (4 U ()

Supposex € AU (BN C). [Showxe (AUB)N (AU Q)]

Thusxe (AU B)N(AUCQC).

Hence AU(BNC)S(AUB)N AU Q).

Prove: (AUB)N(AUC)S AU (BNC)

That 1s, show Vx,ifx€ (A UB)N (AU C)thenx € AU (BN ().

Suppose x E(AUB)N (AU C). [Showx€e AU (BNC).]

Thusxe AU (BN C).

Hence (4 UB)N (AU C)S AU (BN C).

Thus’(A U B) N (4 U O)ipidaldetB) £abnymous

11
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Proving: A Distributive Law for Sets

Theorem 6.2.2(3)(a) A Distributive Law for Sets

For all sets A, B, and C,

AUBNC)=(AUB)N (AUC).

AUBNC)S(AUB)N (AU C):

Supposex € A U (B N O).

x €A or x € BN C. (by def. of union)
Case 1 (x € A): then

X € A U B (by def. of union) and

X € AU C (by def. of union)

=~ XE(AUB)N(AUC) (def. of intersection)
Case 2 (x € BN O): then

x € B and x € C (def. of intersection)

As x€B, XxEAUB (by def. of union)

As xeC, xEAUC, (by def. of union)

=~ XE(AUB)N(AUC) (def. of intersection)

In both cases, x € (AUB) N (AU C).
Thus: AUBNC) € (AUB) N (AUC)
by definition of subset

(AUB)N(AUC)S AU (BN CQ):

Suppose x € (AU B) N (AU C).

X EAUB and x € AU C. (def of intersection)
Case 1 (x € A): then

x €A U (BN C)(bydef. of union)

Case 2 (x €A): then

x € Band x € C, (def. of intersection)

Then, x € B N C (def. of intersection)
~XEAUBNCO

In both casesx e AU (B N C).
Thus: (AUB)N(AUC)SAU(BNC)
by definition of subset,

Conclusion: Since both subset relations have been proved, it follows by definition of set
STUDENTS-HUB.com equality that A U (B N C) = (pikbdRH By AN Kydous
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Proving: A De Morgan’s Law for Sets

Theorem 6.2.2(9)(a) A De Morgan’s Law for Sets
Forall sets Aand B, (AU B)*=A°N B¢

Same As: proving whether: the people who are not students or employees i1s
the same as the people who are either students nor employees.

(AU B)<C AcN Be

Suppose x € (AU B)‘. [We must show that x € AN B°.] By definition of
complement,

x ¢ AUB.
But to say that x ¢ A U B means that
it is false that (x isin A or x is in B).
By De Morgan’s laws of logic, this implies that
x isnot in A and x is not in B,
which can be written x¢A and x ¢ B.

Hence x € A° and x € B¢ by definition of complement. It follows, by definition
of intersection, that x € A° N B¢ [as was to be shown]. So (AU B)° C A°N B¢ by
definition of subset.

AN Bt C (AU B)t

Suppose x € AN B¢. [We must show that x € (AU B)‘.] By definition of
intersection, x € A° and x € B¢, and by definition of complement,

x¢A and x ¢ B.

In other words, x isnotin A and x is not in B.

By De Morgan’s laws of logic this implies that
it is false that (x isin A or x isin B),
which can be written x¢AUB

by definition of union. Hence, by definition of complement, x € (A U B) [as was to
be shown]. It follows that A N B¢ € (A U B)“ by definition of subset.

STUDENTS-HUB.com Uploaded By: a
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Theorem 6.2.3 Intersection and Union with a Subset

For any sets A and B, if A C B, then
@ ANB=A and (b)AUB = B. (Oqea’&

STUDENTS-HUB.com

Proof:  If every person is a student, then the set of persons and
students are students

Part (a): Suppose A and B are sets with A C B. To show part (a) we must show
both that AN B C A and that A € A N B. We already know that AN B C A by
the inclusion of intersection property. To show that A € AN B, let x € A. [We must
show that x € AN B.] Since A € B, then x € B also. Hence

xeA and x € B,
and thus xe€eANB

by definition of intersection [as was to be shown].

Uploaded By: anonymous
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Theorem 6.2.4 A Set with No Elements Is a Subset of Every Set

If E 1s a set with no elements and A is any set, then E C A.

STUDENTS-HUB.com

Proof by Contradiction:

Suppose not. [ We take the negation of the theorem and suppose it to be true. ]
That is, Suppose: E with no elements, and E € A.
assuming (E € A) means there x€E and this x € A [by definition of subset].

But there can be no such element since E has no elements. This is a contradiction.

Hence the supposition that there are sets E and A, where E has no
elements and E € A, is false, and so the theorem is true.
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Proving: Uniqueness of the Empty Set

Corollary 6.2.5 Uniqueness of the Empty Set

There 1s only one set with no elements.

Proof:

Suppose £, and E, are both sets with no elements.

By Theorem 6.2.4, E, S E, since E, has no elements.
Also E,€ E, since E, has no elements.

Thus E,= E, by definition of set equality.

Uploaded By: anonymous
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Proving: a Conditional Statement

Example: If every student 1s smart and every smart 1s not-

foolish, then there are no foolish students

Proposition 6.2.6
Forall sets A, B,and C, if A € B and B € C¢, then A N C = Q.

Proof:
Suppose not, Suppose there is an element x in 4 N C.
Then x€EAandx € C (By definition of intersection).
As A S Bthenx € B (by definition of subset).
Also,as B < C¢ thenx € C° (by definition of subset).
So, x&C (by definition of complement )
Thus, x€Candx & C, which 1s a contradiction.

So the supposition that there is an element x in 4 N C'1s false,
and thus A N C = @ [as was to be shown].

Uploaded By: anonymous

18



Mustafa Jarrar: Lecture Notes in Discrete Mathematics.
Birzeit University, Palestine, 2021

Set Theory

6.1. Basics of Set Theory
6.2 Properties of Sets and Element Argument

6.3 Algebraic Proofs
6.4 Boolean Algebras

—_

STUDENTS-HUB.com Uploaded i
’ mjarrar©2015




Mustafa Jarrar: Lecture Notes in Discrete Mathematics.
Birzeit University, Palestine, 2021

Set Theory

Algebraic Proofs

In this lecture:

dD Part 1: Disapproving and Problem-Solving
J Part 2: Algebraic Proofs of Sets

STUDENTS-HUB.com Uploaded By: anonymous



(Dis)proving

Prove that: For all sets A, B,and C, (A-B)UB-C) # A-C?

Example: All people except who are Palestinians with the set of Palestinians

except who are female, are the same set as all people except who are female?

Counterexample 1: Let A = {1, 2, 4, 5}, B={2, 3, 5, 6},and C = {4, 5,6, 7}.
Then

A—-—B={1,4, B-C=1{2,3}, and A-C=1{1, 2}.
Hence
(A—B)UB -C)=1{1,41U{2, 3} =1{1, 2, 3, 4}, whereas A —C = {I, 2}.
Since {1, 2, 3, 4} # {1, 2}, wehavethat (A — B)U (B —-C) #A —C.

Counterexample 2: Let A =@, B = {3}, and C = . Then

A—-B=0, B—-—C={3}, and A—-C =0.
Hence (A —-—B)U(B —-C)=0U{3}=1{3}, whereas A —C = 0.
Since {3} # @, we have that (A — B)U (B —C) # A — C.
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Problem-Solving Strategy

How can you discover whether a given universal statement about sets
1s true or false?

Aasall cufil o) Sutd J gla
daall als Comsmid) ) g
caald dl:\.A ) djh

calay) Jgla daval) Cuuswal O oSl
€8 g ...
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Remember the following

Al N(AZUA3)=(A T NA)U(A NA3),
AN BUCGC =((ANB U (AN O

WNX)NEYUZ)=((WNX)NY)U(WNX)NZ),
Pt 0 r9 SR

A N (BUC) = (A N B) U (A N C)
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Algebraic Proofs
Deriving a Set Difference Property

Construct an algebraic proof that for all sets A, B, and C,
AUB)-C=(A-C)uB-0).

(AUB)—C=(AUB)NC* by the set difference law
=C°N(AUB) by the commutative law for N
=(C°NA)YU(C N B) by thedistributive law
=(ANC)YU(BNC) by the commutative law for N
=(A-C)UuB-0) by the set difference law.

Cite a property from Theorem 6.2.2 for every step of the proof.
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Algebraic Proofs
Deriving a Set Identity Using Properties of @

Construct an algebraic proof that for all sets 4 and B,
A—(ANB)=A-B.

A—(ANB)=AN(ANB) by the set difference law
= AN (A°U BY) by De Morgan’s laws
= (ANA)U (AN B by the distributive law
=P U (AN B by the complement law
=(ANB)YUY by the commutative law for U
= ANB° by the identity law for U
—A—B by the set difference law.
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What is Algebra?

Al-Khwarizmi 850 — 780 (Baghdad)

g
J‘J.b.-f _,u»wt«u‘
JM W( i

ANE \/ﬂz/v'm‘n-uve-vr‘/' y
uuvwbﬂdr—{/ﬂ)’

; %ri »n..‘;w
o8
._ sgi Gzt e

J s . (‘J/,..’L

S _ uuu\umua,mmusn
Developed an advanced arithmetical -
e Compendious Book on

system with which they were able to do  calculation by Completion
calculations in an algorithmic fashion. and Balancing

Statements to describe relationships between things
Symbols and the rules for manipulating these symbols

Do you know any algebra (_)?
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Boolean Algebra

Introduced by George Boole in his first book The
Mathematical Analysis of Logic (1847),

A structure abstracting the computation with the Gége Boole
truth values false and true. 1815-1864,
England

Instead of elementary algebra where the values of the variables are
numbers, and the main operations are addition and multiplication, the
main operations of Boolean algebra are the conjunction (A)
the disjunction (V) and the negation not (—).

Used extensively 1n the simplification of logic Circuits
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Compare

Logical Equivalences

Set Properties

For all statement variables p, g, and r:

For all sets A, B, and C:

a.pvqg=qVp
b.pAg=qgAp

a.
b.

AUB=BUA
ANB=BNA

oo

PAN@AT)=DpA(GAT)
b.pVv(gVvr)y=pVvgVr)

a.
b.

AU(BUC)=AU(BUC)
AN(BNC)=AN(BNC)

oo

.pA@VT)=(pAg)V(pAT)

A, AN(BUC)=(ANB)U(ANC)

b.pvgAar)y=(pVvg)AN(pVr) b.AUBNC)=(AUB)N(AUCQC)
a.pVeC=p a. AU =A

b.pAt=p bb.ANU=A

a. pv ~p =t a. AUA =U

b. pA~p=c b.ANA =

~(~p)=p (A)" =A

a.pVvVp=p A, AUA=A

b.pAp=p bbANA=A
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Compare

Logical Equivalences Set Properties
For all statement variables p, g, and r: For all sets A, B, and C:
a.pvVg=qVp a. AUB=BUA
b.pAg=qgAp bbANB=BNA

a.pAN(@ATr)=pA(gAT) LAUBUC)=AU(BUOC)
b.pv(@gvr)y=pvVv(gVr) bb.AN(BNC)=AN(BNC)

o

oo

apA@VEr)Y=(pAg)V(pAr) AN(BUC)=(ANB)U(ANC)

b.pVv@Ar)=(pVg)A(pVr) b.bAUMBNC)=(AUB)N(AUC)
a.pVe=p a. AU =A
b.pAt=p bANU=A
a. pvV ~p =t a. AUA =U

7/ Both are special cases of the same general

’\4(/\/

structure, known as a Boolean Algebra.

a. p Vip="p a AT A=A

b.pAp=p bbANA=A
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Boolean Algebra

A Boolean algebra is a set B together with two operations, generally denoted +
and -, such that for all @ and b in B both a + b and a-b are in B and the following
properties hold:

1. Commutative Laws: For all a and b in B,
(@Qa+b=b+a and (b)a-b=b-a.
2. Associative Laws: For all a, b, and c in B,
@@+b)+c=a+b+c) and (b)(a-b)-c=a-(b-c).
3. Distributive Laws: For all a, b, and ¢ in B,
@a+b-c)y=@+b)-(a+c) and (b)a-(b+c)=(a-b)+ (a-c).
4. Identity Laws: There exist distinct elements O and 1 in B such that for all a in B,
(@Aa+0=a and ((b)a-1=a.

5. Complement Laws: For each a in B, there exists an element in B, denoted a and
called the complement or negation of a, such that

(@a+a=1 and (b)a-a =0.
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Properties of a Boolean Algebra

Theorem 6.4.1 Properties of a Boolean Algebra
Let B be any Boolean algebra.

1. Uniqueness of the Complement Law: For all a and x in B, if a +x = 1 and
a-x = 0then x = a.

2. Uniqueness of 0 and 1: If there exists x in B such that a + x = a for all @ in B,
then x = 0, and if there exists y in B such thata-y = a foralla in B, then y = 1.

3. Double Complement Law: For all a € B, @) =a.
4. Idempotent Law: For all a € B,

(@a4+a=a and (b)a-a =a.
5. Universal Bound Law: For all a € B,

(@a+1=1 and (b)a-0=0.
6. De Morgan’s Laws: For all a and b € B,

(@a+b=a-b and (b)a-b=a+b.
7. Absorption Laws: For all a and b € B,
(@ (a+b)-a=a and (b)(a-b)+a=a.

8. Complements of 0 and 1:

STUDENTS-HUB.com (a) @Jp:lo]adé’(ﬁl%y:(ghgn?r’gous




Mustafa Jarrar: Lecture Notes in Discrete Mathematics.
Birzeit University, Palestine, 2021

Set Theory

Boolean Algebra

In this lecture:
I Part 1: History of Algebra

I Part 2: What is Boolean Algebra
ﬁtl Part 3: Proving Boolean Algebra Properties

STUDENTS-HUB.com Uploaded By: anonymous 11



Proving of Boolean Algebra Properties

Uniqueness of the Complement Law: For all a and x in B, if a+x =1 and

a-x = (0then x = a.

Proof:

Suppose a and x are particular, but arbitrarily chosen, elements of B that satisfy

the following hypothesis: @ + x = 1 and a'x = 0. Then

x=x-1

=x-(a+a)

=x-a+Xx-a
=a-x+x-a
=0+x-a

=a-a+x-a

=(a-a)+ (a-x)

I
Q|

-(a+x)
‘1

Il
Q|

I
Q|

STUDENTS-HUB.com

because 1 is an identity for -

by the complement law for +

by the distributive law for - over +
by the commutative law for -

by hypothesis

by the complement law for -

by the commutative law for -

by the distributive law for - over +
by hypothesis

because 1 is an identity for -.
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Proving of Boolean Algebra Properties

Theorem 6.4.1(3) Double Complement Law

For all elements a in a Boolean algebra B, (a) = a.

Proof:

Suppose B is a Boolean algebra and a 1s any element of B. Then

a+a=a-+a bythe commutative law

=1 by the complement law for 1
and
a-a=a-a by the commutative law
=0 by the complement law for 0.

Thus a satisfies the two equations with respect to a that are satisfied by the complement
of a. From the fact that the complement of a is unique, we conclude that (a) = a.
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