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CHAPTEROBIJECTIVES

1. Be able to calculate any set of two-port parameters with
any of the following methods:
1. Circuit analysis;
2. Measurements made on a circuit;
3. Converting from another set of two-port parameters using Table 18.1.

2. Be able to analyze a terminated two-port circuit to find
currents, voltages, impedances, and ratios of interest
using Table 18.2.

3. Know how to analyze a cascade interconnection of two-
port circuits.

© 2008 Pearson Education

Motivation

* Thévenin and Norton equivalent circuits are used in
representing the contribution of a circuit to one specific pair
of terminals.

* Usually, a signal is fed into one pair of terminals (input port),
processed by the system, then extracted at a second pair of
terminals (output port). It would be convenient to relate the
v/i at one port to the v/i at the other port without knowing
the element values and how they are connected inside the
“black box”.
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How to model the “black box”?

Source | —ea co—
eg Load
CD ]S(E);it v Circuit (e.g.
player) speaker
————+—eb de—

* We will see that a two-port circuit can be modeled by a 2*2 matrix to
relate the v/i variables, where the four matrix elements can be
obtained by performing 2 experiments.

Restrictions of the model

* No energy stored within the circuit.

* No independent source.

* Each port is not a current source or sink, i.e.

i1 =1y, 1 =15,

* No inter-port connection, i.e. between ac, ad, bc, bd.
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Key points

* How to calculate the 6 possible 2*2 matrices of a two-port
circuit?

*How to find the 4 simultaneous equations in solving a
terminated two-port circuit?

* How to find the total 2*2 matrix of a circuit consisting of
interconnected two-port circuits?

Section 18.1
The Terminal Equations
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s-domain model

* The most general description of a two-port circuit is carried out in the
s-domain.

_.._

v s-domain A
circuit

- ® 00 e—

* Any 2 out of the 4 variables {V,, I,, V,, I, } can be determined by the
other 2 variables and 2 simultaneous equations.

Six possible sets of terminal equations (1)

AN I : : :
b=l ™ 12}{ 1} [Z]is the impedance matrix:

2 S 22 2

L] [y vl [ 1. . .
=71 1'}x{ 1} [Y]=[z]" is the admittance matrix;

' ¥ 7
_Iz_ LY Y v,
14 ay, " v, . o .
= “ | x : [{] 1s a transmission matrix:
I, | Ay 2 I,

7 by hn | | P . -
= X : [B ] = [4] 1S a transmission matrix:
I, b,, D2, 1,
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Six possible sets of terminal equations (2)

B, h I
L Lz} x[ 1} [H ] 1s a hybrid matrix:

_h21 Iy, 7

- 7
gu & 12} y { 1}_ |G]=[H ]L is a hybrid matrix;
821 &m 1,

* Which set is chosen depends on which variables are given. E.g. If the
source voltage and current {V, , I, } are given, choosing transmission
matrix [B] in the analysis.

Section 18.2
The Two-Port Parameters

1. Calculation of matrix [Z]
2. Relations among 6 matrixes
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Vl VE
z = — () in — ()
! I I,=0 | I I,=0
Vl V‘J
10 = & (). Iy = 5 ()
. L7-o b1 -0

Example 18.1: Finding [Z]

Find the impedance matrix [Z] (Z parameters) for a given resistive
circuit (not a “black box”):

I I
- 5Q -

200 159

By definition, z,,=(V,/1,) when 1,=0. i.e. the
input impedance when port 2 is open. = z,,=
(20 €)//(20 2)=10 Q.
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Example 18.1: Finding [Z]

m By definition, z,,=(V,/I,) when 1,=0, i.e. the
transfer impedance when port 2 is open.

m When port 2 is open:

15 ]
=282 0757, I . /
5Q+15Q o— U 5
v v, |
SR T o = A
I, 100 % 200 150 V.
v, 075V
—o, =2 Y1 _750 e -

I, V,)109Q)

Example 18.1: Finding [Z]

m By definition, z,,= (7,/[,) when 1,=0, i.e. the
output impedance when port 1 is open. = z,,=
(15 Q)//(25 ©)=9.375 Q.

m z,,=(V,/,) when I,=0, >

200

T oaisa
; 2 . 200 150
2z, =9375Q =, = —2
I, 93750
7, 0.87,
=z,=—= 2

1, 1,)93750)
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Comments

to get [Z]:
V, and output voltage V, .

voltages V, and V, .

* When the circuit is well known, calculation of [Z] by circuit analysis
methods shows the physical meaning of each matrix element.
* When the circuit is a “black box”, we can perform 2 test experiments

(1) Open port 2, apply a current /; to port 1, measure the input voltage

(2) Open port 1, apply a current /, to port 2, measure the terminal

The admittance parameters

_n| U
i v, - ) Y12 Vs Vo )
I 15

== S, == S.
1 Vilv.—o Y22 Valv o

transmission parameters

transmission parameters

Vi Vi

an = 7 ) ap = —F
Valn=o0 b |y,=0

L 1

ay =y S, an = —7
2| 1,=0 2|v,=0

% b= 2| 0
) 12 — ’
Vili,=o0 I |v,=0
15 15
2 s, [
Vili,=0 » Ii|v =0
hybrid parameters
Vi Vi
I Q, hyy = AP
1|v,=0 2] 1,=0
b 15
, hy = — S
I |v,=o 2 1,0
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hybrid parameters

A S A
S = 5 > 812 = 7 >
! Viln=0 - Lv,~o
Vs V2
= — , = — Q.
821 A 822 b lv -0

31 L CRE R Finding the a Parameters from Measurements

The following measurements pertain to a two-port
circuit operating in the sinusoidal steady state.
With port 2 open, a voltage equal to 150 cos4000¢ V
is applied to port 1. The current into port 1 is
25cos (4000t — 45%) A, and the port 2 voltage is
100 cos (4000¢ + 157) V. With port 2 short-circuited,
a voltage equal to 30 cos 40007 V is applied to port 1.
The current into port 1 is 1.5cos (4000f + 307) A,
and the current into port 2 is (.25cos (4000t
+ 1507) A. Find the a parameters that can describe
the sinusoidal steady-state behavior of the circuit.

From Egs. 18.12,

7
_v
ap =

7
2

150,0°

L-o 100/15°
25/ —45°

-0 100/15°

I

an = 3
v

2

h =0V, I, =025 /150° A,
. Therefore
Solution
J =30,/0°
The first set of measurements gives ap = —" = 37/_ =120,/30" 0,
- I |lv,=0  0.25/150°
Y, =150 /0" V, I, = 25/-45° A,
: _ 1= B _u|_otspe o
V, =100 /15°V, L, =0A. Ty, 0251500 L%

1.5/-15",

=0.25/-60°S.

The second set of measurements gives

vV, =30/0°V, I =15 /30°A,
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Relations among the 6 matrixes

* If we know one matrix, we can derive all the others analytically (Table
18.1).

* [Y=[2]7, [BI=[A]S, [G]=[H]?:, elements between mutually inverse
matrixes can be easily related.

{Z“ le:| _ |:yll yl:} _ | { Vs - }"1:}
“n o Yau  Vu AV =YVa Vi

where Ay = det[Y ] = Vi T V)

* E.g.

Represent [Z] by elements of [A] (1)

m [Z] and [4] are not mutually inverse, relation
between their elements are less explicit.

m By definitions of [Z] and [4],

Nl |zn 2 Lo |V lay —ay| |15

= X , = X .

I, Zn Zx; L] |1, dy —dy I, |
the independent variables of [Z] and [4] are {/|,

L} and {], I,}, respectively.

m Key of matrix transformation: Representing the
distinct independent variable I, by {/,, L,}.
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Represent [Z] by elements of [A] (2)

m By definitions of [4] and [Z],
{K =ayV, —apl,---(1)
Iy =ayV, —ayl, - (2)
O Iy AL - Sy Sy e

Ay ay;

1 a,
D.3)=7 = a“[—ll +—*212]—a1212

21 yy

a a,a
=—1 “‘(M_au]fz =8 +ply- (D)

21

A b A
:{ 1 1-} - Lr_ll a} where Aa = det[A]

I ay

SE DI CRE RN Finding h Parameters from

Measurements and Table 18.1

Two sets of measurements are made on a two-port
resistive circuit. The first set is made with port 2 open,
and the second set is made with port 2 short-circuited.
The results are as follows:

Port 2 Open Port 2 Short-Circuited
V; = 10mV Vi =24 mV

L =10 pA I =20 pA

Vo = —-40V I = 1mA

Find the h parameters of the circuit.
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Solution

We can find fy; and fy; directly from the short-
circuit test:

Vi
By =
S Va=0

24 x 107°
=——— =12k,
20 X 10
_h
I

Vi=0

107 B
=————=50.
20 x 10

The parameters hy; and hy; cannot be obtained
directly from the open-circuit test. However, a
check of Egs. 18.7-18.15 indicates that the four
a parameters can be derived from the test data.
Therefore, hy; and /y; can be obtained through the
conversion table. Specifically,

_Aa

hy =
(L5

ay

hyp =

ap’

The a parameters are

Vi 10 x 107° - 3
ay = Vo™ a0 —0.25 x 107,
I 10 x 10°° _
=1 == = _025x10°S,
ST L= —40
V, 2 -
ap = 2| X0 i,
I [v,=0 -
I 20 % 107°
PR | = ———=—=-20x107
A 10

The numerical value of Aa is

Aa = apay — apay

5% 10°% - 6% 10° = -107°.

Thus

Aa
T

—107°
=—— =5x%x 107,
-20 % 1073

=]

21
hz:\ =

B 1

=]

—0.25 % 107°
= —125uS.
20 x 1073 H
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Reciprocal Two-Port Circuits

* If a two-port circuit is reciprocal, the following relationships exist
among the port parameters:

212

Vi =
a1y — dady

bllb22 - b12b2]

h12

fi2 =

2, (18.28)
Vot (18.29)
Aa = 1. (18.30)
Ab =1, (18.31)
—hay, (18.32)
-1 (18.33)

10 €}
4%

a 300 b

200

15V 60 /l

Figure 18.4 A A reciprocal two-port circuit.

Ammeter

Reciprocal Two-Port Circuits

* A two-port circuit is reciprocal if the interchange of an ideal voltage
source at one port with an ideal ammeter at the other port produces
the same ammeter reading.

10 0
MW
a | 300 b 200 | ¢
Ammeter lf 60 O 15V
d i d

Figure 18.5 A The circuit shown in Fig. 18.4, with the voltage
source and ammeter interchanged.
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Reciprocal Two-Port Circuits

* Consider, for example, the resistive circuit shown in Fig. 18.4.When a
voltage source of 15 V is applied to port ad, it produces a current of
1.75 A in the ammeter at port cd. The ammeter current is easily
determined once we know the voltage V4. Thus:

10 Q
10 O R
W a 300 b 200 c
a 300 b 200 c
Ammeter lf 60 0 15V
15V 60 ) fl Ammeter
. . . d ) d
d d

Figure 18.4 A A reciprocal two-port circuit.

Figure 18.5 A The circuit shown in Fig. 18.4, with the voltage
source and ammeter interchanged.

10Q
AN
Voa , Ma =15 Ve a 300 b 200 c
m 30 + E =0, (18.34)
and Vg = 5 V. Therefore 15V 60 () n Ammeter
I—i+1—5—1?$A 18.35 3 - 3
200 100 T (18.35)
Figure 18.4 A A reciprocal two-port circuit.
If the voltage source and ammeter are interchanged,
the ammeter will still read 1.75 A. We verify this by o
solving the circuit shown in Fig. 18.5:
a 300 b 200 c
Voa  Voa |, Vea — 15
— + = 0. .
a0 T30 0 (1836 Ammeter( 7)) 60 Q 15V
From Eq. 18.36, Vi,4 = 7.5 V. The current /.4 equals ° * -
d d
Ly = ? B 1.75 A. (18.37) Figure 18.5 A The circuit shown in Fig. 18.4, with the voltage
30010 source and ammeter interchanged.
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Reciprocal Two-Port Circuits

* A two-port circuit is also reciprocal if the interchange of an ideal
current source at one port with an ideal voltmeter at the other port
produces the same voltmeter reading. For a reciprocal two-port
circuit, only three calculations or measurements are needed to
determine a set of parameters.

* A reciprocal two-port circuit is symmetric if its ports can be
interchanged without disturbing the values of the terminal currents
and voltages.

Reciprocal Two-Port Circuits

* Figure 18.6 shows four
examples of symmetric
two-port circuits.

*In such circuits, the
following additional
relationships exist among
the port parameters:

(c) (d)

Figure 18.6 A Four examples of symmetric two-port circuits. (a) A symmetric tee.
(b) A symmetric pi. (c) A symmetric bridged tee. (d) A symmetric lattice.

STUDENTS-HUB.com Uploaded By: Jibreel BornaF7



18-May-18

Reciprocal Two-Port Circuits

21 = 2o (18.38)
Vi1 = Yoo (18.39)
11 = da, (18.40)
by = boo. (18.41)

hllkzz - h]zhzl = Ah =1, (18.42}

g1ngn — g8 = Ag = 1. (18.43)

For a symmetric reciprocal network, only

. d

two calculations or measurements are © @
necessary to determine all the two-port Figure 18.6 A Four examples of symmetric two-port circuits. (a) A symmetric tee.
parameters. (b) A symmetric pi. (c) A symmetric bridged tee. (d) A symmetric lattice.
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