8

Natural and Step Responses of
RLC Circuits

Assessment Problems

1 1
AP 8.1 [a] m = ﬁ’ therefore C = 500nF
1
a= = —, theretore =1lpu
b 5000 RO herefi C=1uF

103)(106
s1,2 = —5000 % \/25 x 106 — % = (—5000 £ 55000) rad/s

1
[c] ——= = 20,000, therefore C = 125nF
VLC

S12 = [—40 +1/(40)2 — 202] 10°,

s1 = —b.36krad/s, Sg = —T4.64 krad /s

1 t
AP 8.2 'l.L = W/O[_146—5000m + 266—20,000m] dr +30 x 10—3
_146—5000r t 266_20’000t t
_— 30 x 10~
{ 5000 o 20,000 0} o0

= 56 x 1073(e=5000 _ 1) — 26 x 10~3(¢=20000 _ 1) 4 30 x 103
—  [56e5000t — 56 — 2620000 1 96 4 30] mA
— 560000 _ 9620000 A ¢ > ()
AP 8.3 From the given values of R, L, and C, s; = —10krad/s and sy = —40 krad/s.
[a] v(07) =v(0") =0, therefore ig(0%) =0
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82 CHAPTER 8. Natural and Step Responses of RLC' Circuits

[b] ic(07) = —(iL(07) +ip(0")) = —(—4+0) =4A
dv.(0T) dve.(07) 4

[c] C———= 7 =i.(0%) =4, therefore pramalye i 4% 10°V/s
[d] v = [Ae 10000 | 4, —10.0000 £>0"
dv(0F
o(07) = A; + A, ”C(it ) 10,0004, — 40,0004,
Therefore A; + Ay =0, —A; — 4A5 = 40,000; Ay =40,000/3V

[e] Ay = —40,000/3V
[f] v = [40,000/3][e~ 100000  o=400000 v/ = ¢ >

1
AP 84 [a] —= = 8000, therefore R = 62.5()

2RC
10V
b] ir(0*) = ——5 = 160mA
[b] ir(0™) 6250 60 m
+
ic(07) = —(iL(0") + ir(07)) = —80 — 160 = —240mA = Od”gz )
dv(0T)  —240m
Theref, = = —240k
ererore i c 0 V/S
+
[c] Bi=0v(0") =10V, dvc;f ) _ wyBs — aBy

Therefore 6000B; — 8000B; = —240,000, By = (—80/3)V

d
[d] i, = —(ip +ic);  in=v/R; zc—Cd—:

80
v = e %10 cos 6000t — 5 sin 6000t] V

80
Therefore ig = e *°*[160 cos 6000t — sin 6000¢] mA

460
ic = e %240 cos 6000t + — - sin 6000¢] mA

82
i, = 10e~8%%[8 cos 6000t + 5 sin 6000t] mA, t>0

1 \? 1 106 1
AP 8.5 [a] ( > = = therefore —— =500, R =100

2RC) ~ LC 4~ 2RC
[b] 0.5CVy =12.5 x 1072, therefore V) =50V
[c] 0.5LIF =125x 1072, Iy =250mA
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Problems 83

+
[d] D, = v(0*) = 50, d“gz ) _ D\~ ab,
i (07) = 2% — 500mA
100
Therefore ic(07) = —(500 + 250) = —750 mA
dv(0F 1073
Therefore Uézt ) _ 750 o = —T5,000V/s

1
Therefore D; — aDy = —75,000; o= SRC 500, D; = —50,000 V/s

[e] v = [50e~?%% — 50,000te %]V

in = % = [0.5¢759 — 500te A, >0

. Vo 40
AP 8. =2 = —0.08A
8.6 [a] in(0%) = 5 = =55 = 0.08
[b] ic(0%) =1 —ig(0") — i (0")=—1—10.08—0.5=—158A

din(0Y) 'V, 40

_ L Y _ga5a
Ll =& L~ 064 /s
1 1 .
[d) 0= 5m = 1000 7 = 1562500, s10 = ~1000 + j750 rad/s
[e] iL =i; + Bie * coswt + Bye ' sinwgt, ip=1=-1A

iL(0Y) =05 =iy + B, therefore Bj =1.5A

dir,(0F

% = 62.5 = —aB] + wyBy, therefore Bj, = (25/12) A

Therefore ip,(t) = —1 4 e *%[1.5cos 750t + (25/12) sin 750t] A, ¢ >0
Ld’lL

[f] v(t) = TR = 40e 1% [cos 750t — (154/3)sin 750t]V ¢t >0

AP 8.7 [a] i(0T) = 0, since there is no source connected to L for ¢ < 0.

[b] v.(07) =wvc(07) = <£> (80) =50V

15k 4+ 9k
di(0* di(0*
(] 50 + 80i(0%) + LX) _ 100, MO0 10,0004 s
dt dt
1
[d] @ =8000;  £==100x10%  s15=—8000 £ j6000 rad/s
[e] i =i;+ e B coswat + By sinwgt]; ir=0, (07)=0
di(0*
Therefore B = 0; int ) = 10,000 = —aB] + wy B,

Therefore Bj = 1.67 A; i = 1.67e 3% 5in 6000t A, t>0
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84 CHAPTER 8. Natural and Step Responses of RLC' Circuits

AP 8.8 v.(t) = vy + e [ B] coswat + By sinwgt], vp =100V
dv.(0F
0.(0%) = 50V; Ua(lt ) _ 0. therefore 50 =100 + B!

B} = —-50V; 0= —aB] +wiB)

8000

Therefore Bj = gBi = (m

) (—50) = —66.67V
Wwd

Therefore v.(t) = 100 — e °°%[50 cos 6000t + 66.67 sin 6000¢t] V, ¢ >0

Problems
P81 [a] in(0) = % — 200mA
i(0) = —300mA
i6(0) = —ir (0) — in(0) = 300 — 200 = 100 mA
b] o= — ! _ 800

2RC 2(125)(5 x 1076)

_ L —1
LC \/ 200 x 10 9) 8 x 106 0

o < wh The response is underdamped

wa = \/wg — a? = v/1000% — 8002 = 600

v = B1e %% 05600t + Bye 8% sin 600t

'U(O) = Bl =25
dv 1.
E(O) = —aB; +wyBy = 520(0)
— 800(2 By=———(0.1) =2
So,  —800(25) + 6008, = =———(0.1) = 20,000
20,000 + 800(25
g = — + ( ) = 066.67

600
v = 25¢ 3% cos 600t 4 66.67e 5% sin 600t V, t>0
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Problems &5

, dv
[c] ic = CE

= 5x10° [20,0006_800t cos 600t — 68,333.336_800t sin 600t]
= 100e78%% cos 600t — 341.67e8%% sin 600t mA

ir = % = 200e %% ¢os 600t + 533.36e 5% sin 600t mA

i, = —ic —ig = —300e % cos 600t — 191.7¢ 5% 5in 600t mA, ¢ >0

1 1

P82 5re T2y x 10
1 1
w0 \/; - \/(200 < 10-3)(5 x 10-6) 1000
o = wh So the response is critically damped
v(t) = Dyte 1000t 4 [, e—1000t
v(0T) =25V = Dy
i mpmabi= g (-h-7)
So, Dy —1000(25) = X105 (0.3 — %)
Dy = 35,000
v(t) = 35,000e 1000 4 251000ty t>0
P83 « L 1 = 1250

" 2RC~ 2(80)(5 x 10-9)

1 1
= [— = — 1000
“=\VIc \/(200 % 10-3)(5 x 10-6)

a? > wh So the response is overdamped

s12 = —1250 £ /12502 — 10002 = —500, —2000

’U(t) :A16_500t—|—A26_2000t
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86 CHAPTER 8. Natural and Step Responses of RLC' Circuits

'U(O) = A1 —I—Ag =25

dv 1 17 1 2%
2200) = =5004; — 20004, = — (=T — 2) = — = (0.3—22) = —2500
dt() ! 2 C( 0 R) 5><10—6( 80)

Solving, A = 31.67, Ay = —6.67

v(t) = 31.67e " — 6.67e200 V), t>0

P84 |[a] L 10 25,000
2RC ~ (4000)(10)
, 1 102

W =4 x 10%

° T LC ~ (250)(10)
s12 = —25,000 £ V625 x 106 — 400 x 106 = —25,000 = 15,000

s1 = —10,000 rad/s
So = —40,000 rad/s
[b] overdamped
[c] wa = \/ﬂ
o =w? —wi =4 x10° — 144 x 10° = 256 x 10°
a =16 x 10° = 16,000
10°

RO 16,000; S R= (32.000)(10) = 31250
[d] s1 = —16,000 + ;712,000 rad/s; s9 = —16,000 — 512,000 rad/s
[e]a:4x104:ﬁ; R:m:%OOQ
P85 [a] —a+ /a? —w?=—1000
—a /a2 — w2 = —4000
Adding the above equations, — 2a = —5000

a = 2500rad/s

—2500 =+ /25002 — wg = —1000 SO \/25002 — wg = 1500

—wi = 15007 — 2500  thus  wp = 2000

1 1 1
2= = = 20007 C=—""—=25uF
0TI T (0000 i (0.01)20002 ~ “2#
1 1 1
— — — 2500 R= — 80
“ T 9RC T 2R(25 x 109 i 2(25 x 10-6)(2500)

mgnc U] er Saddle River, NJ. All rights reserved. This publication is protected by Copy f‘vavntten irén]
STU ubli ri reproductlon storage in a retrieval system, or transmission in any form or sg?é pyBJO rﬂat

recording, or likewise. For mformatlon regarding permission(s), write to: Rights and Permissions Department, Pearson ducation, Inc., Upper Saddle R|ver NJ 07458.



Problems &7

t
[b] i = v(t) — 51000t _ 17 95—4000t A t> 0t

R
ic = Cdv(t) — 94000t _ ,—1000t t>0F
dt
iL = —(ig +ic) = 2.25e 71000 _ 471000 A 1 >

P86 [a] a=400;  ws =300

wg = \Jw? —a?

w?=wi+a® =9 x 10" + 16 x 10* = 25 x 10*

L—25>< 10*
Lc
= 1 = 16 mH
(25 x 10%)(250 x 10-6)
1
bl a = ——
[b] o= 5p5
1 1

2aC ~ (800)(250 x 10-9)
[c] V, = v(0) =120V
[d] I, =iL(0) = —ir(0) — ic(0)

120
in(0) = — = 24A

ic(0) = OZ—Z(O) = 250 x 107%[—400(120) + 300(80)] = —6 A

I,=—-24+6=—18A

do(t)

[e] ic(t) =250 x 107° a0

_ )
5
iL(t) = —in(t) — ic(t)

= e 10%(~18 cos 300t +sin 300t) A, ¢t >0

= ¢ 0%(—17sin 300t — 6 cos 300t) A

= e "%%(24 cos 300t + 16sin 300¢) A

Check:

diy,
L% = 16 x 102 *%[7500 cos 300t + 5000 sin 300¢]

v(t) = e %120 cos 300t + 80 sin 300¢] V
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88 CHAPTER 8. Natural and Step Responses of RLC' Circuits

2
1
P87 (6] (5pp) =10 = (0
1
C=—— " =125,F
2(50)(80) H
Q2
7o =%
= ! = 1.25H
©802(125 x 10-6)
'U(O) = D2 =5V

dv, = 1 Vo
GO =Di—aD =5 (<o~ )

1 5
D, — = (0025 — — D
1= 800) = 15510 (0 02 50> i !
[b] v=—200te " + 5%V, t>0
dv
16,000t — 600]e 8%
= = | Je

dv
ic = O— = (2000t — 75)e " mA, t> 0%

P 8. = 1 —1
88 lal wo =175 \/20><103 1500 x 10-9) 000

1
~ 10,000, R= ~ 1009
= QRC 2(10,000)(500 x 10-9)

[b] v(t) = D1t6_10’000t + D26—10,000t

dv 1 Vo
GO =Di—aby= 7 (<o - %)

1 40
Dy —10,000Dy = ——— (—0.12 — —
LT IR T 00 % 109 ( 100> i

v(t) = (40 — 640,000t)e 1000 v ¢ >0

dv
) =0 when —(¢) =0
] ic(t) = 0 when 2 (¢
dv 3 3\ _—10,000¢
d—:(64><10t—1040><10)e ’
dv 8 3 )
EzOWhen 640 x 10°¢; = 1040 x 10°; St =162.5 us

v(162.5us) = (—64)e 9% = —12.6V
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Problems &9

[d] w(0) = %(500 x 1077)(40)* + %(0.02)(0.012)2 = 544 1)

1 1 12.6
w(162.5 us) = =(500 x 107%)(12.6)* + =(0.02) ( ) = 198.5u]
2 2 100
198.5
% remaining = i ———(100) = 36.5%

P89 a=500/2 =250

1 106

_ - = 10000
2aC  (500)(18)

0(0Y) = 11420 =9V

9
w(07) = 1500 = 9™
dv —100¢t —400¢
O 1100719 _ 8000e
dt
dv(0F
”((ﬁ ) _ 1100 — 8000 — —6900 V/s

ic(07) = 2 x 107%(—6900) = —13.8 mA

i (07) = —[ig(0%) + ic(0%)] = —[9 — 13.8] = 4.8 mA

1
P 810 [a] a= RO 1250, w, = 10%, therefore overdamped

51 = —500, 59 = —2000
therefore v = A;e 0% 4 A, 2000t

dv(07)|  ic(0")
y ]_ o = 98,000V /s

'U(0+) :OZAl—I—AQ, [

Therefore —500A4; — 20004, = 98,000

980 —
A = +_’ Ay = ﬂ
15 15

930
'U(t) — [E] [6_500t _ 6_2000t] V, t>0
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8-10 CHAPTER 8. Natural and Step Responses of RLC Circuits

[b]

t (ms)

Example 8.4: vy =741V at 1.4 ms
Example 8.5: vy = 36.1V  at 1.0 ms

Problem 8.17: vpax = 30.9 at 0.92 ms

P81l t<0: V,=100V, I, =5A
_|_
E 160mH 1oov T 25pF
Sh _
t>0:
+

EIEDmH 25000 v THHF

1 1
- - —4
= 5RC T 25072 x 100 H00 rad/s

1 1
o = - = =500
“=\ICo \/(160 x 10-3)(25 x 10-9)

o < wh Response is underdamped

= V5002 — 400% = 300
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Problems 811

Vo = Bre % c0s 300t + Bye %% sin 300t

0,(0) = By = 100

dv, 1 Vi
dt (0) = —OéBl + deg = 6 (—I(] — E(])
1 100

v, = 100e 1% cos 300t — 800e 4% sin 300t V, t>0

1 1
P8I2 wy=4— = — 500
“=\ICo \/(160 x 10-3)(25 x 10-9)
1 1

= 500

“ T 9RC T 2(40)(25 x 10-9)

o = w} Response is critically damped

Vo(t) = Dyte™0 = D500t

05(0) = Dy = 100V

dv, B _1 Vo
dt (0)_D1_O‘D2_O(_IO_ R)

1 100

v,(t) = —250,000te %% + 100e "V, t>0

1 1
P8I3 wy=4 — = — 500
“=\ICo \/(160 x 10-3)(25 x 10-9)
1 1

= 625

“ T 9RC T 2(32)(25 x 10-9)

o > w? (overdamped)

s1,2 = —625 + V6252 — 5002 = —250, —1000

'Uo(t) — A16_250t—|—A26_1000t
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8-12 CHAPTER 8. Natural and Step Responses of RLC Circuits
'UO(O) = A1 + Ag =100V
dv, 1 Vo
0) = —250A4; — 1000A :—( 1 ——)
at ' *“c\ " R
100
—2504; — 10004y = ——— (-5 — — ) = =32
50A; — 1000A, 5% % 10=6 ( 5 32> 325,000
Solving, A = =300, Ay =400
v,(t) = =300~ 4 4001V, ¢ >0
P 8.14
ir lDiq‘p < il:b
-+
+
. RUTIE
: . { (150)(60) —ir(150) . 9000
=1 V)
r =10 +or ( 210 "0 T
1
E _ 500 + 9000 500
iT 210
4000
o = = 2 ’ IO =
% 10,000 (50) 1A% 0
. . . 20
20(0) = —'LR(O) — ZL(O) =——=-—04A
50
ic(0) —0.4
= = —50,000
C 8 x 10-6 ’

_ ! = 1562.5 rad/
VNI TV B2 x 1073)(8 x 10-6) 0 TS

o =

Oé2

STUBENTS-HUIE, cdit
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<w? so the response is underdamped
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Problems 813

wg = V' 1562.52 — 12502 = 937.5
Vo = B1e %% c0s937.5t + Boe 12 5in 937.5¢
v,(0) = B120V

dv, ic(0
di (0) = —OéBl + deg = Cé )

—1250(20) + 937.5B; = —50,000 SO By = —26.67

Vo = 20e %% 05 937.5t — 26.67e 1% 5in 937.5t V, t>0

P 8.15

2150k 0k

(150)(60)) _ 10—¢T(150) - 9000

UT:—10i¢+iT< 510 1t

210 210

vr 1500 + 9000

iT o0 09
vV, = 1‘(1)0880 (50) = 20V:  I,—0
\/; \/ 80 % 10-3)(8 x 10°9) = 1250 rad/s
“= QRC (2)(50)(8 100y — 120 rad/s
o = wé so the response is critically damped

— D1t6_1250t+D26_1250t

05(0) = Dy =20V

dv, B _1 Vo
a0 =D O‘D2_0<I° R)

1 20

Vo = —25,000te 2% 4 20e 71250t 7 t>0
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8-14

P 8.16
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CHAPTER 8. Natural and Step Responses of RLC Circuits
ir lDiq‘p < il‘b
-+
+
. RUTIE

(150)(60)) __o=ir(150) 9000

i
7 =10 +or ( 210 210 "7210

vr 1500 + 9000

: =500
ir 210
4000
o — =2 ; I,=
Vo = 1509050 = 20V 0
1 1
o=t — = = 1000 rad
“=\Io \/(125 X 1073)(8 x 10-9) rad/s
1 107
a= = 1250 rad/s

2RC ~ (2)(50)(8 x 10-9)
o > wh so the response is overdamped
s12 = —1250 £+ V12502 — 10002 = —500, —2000

v, = A16_500t—|—A26_1000t

0,(0) = Ay + Ay =20V

dv, 1 v
Y00) = —5004, — 20004, = ( Io — —°>

dt c R
1 20
—500A4; — 20004 = ——— (0 — —= | = —
500A4; — 2000A, S 106 (0 50) 50,000
Solving, A} = —6.67, Ay = 26.67

= —6.67¢ % 4 26.67¢7 200V, t>0
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Problems 815

1
P 8.17 [a] 7 50007
There are many possible solutions. This one begins by choosing
L =10mH. Then,
B 1
(10 x 10-3)(5000)2

We can achieve this capacitor value using components from Appendix H
by combining four 1 uF capacitors in parallel.

=4uF

1
Critically d d: = wp = 5000 —— = 5000
ritically dampe a = wy SO 5SRO

1

2(4 x 10-6)(5000)

We can create this resistor value using components from Appendix H by
combining a 102 resistor and a 15 €2 resistor in series. The final circuit:

+ 107!

1|J'F - l|_LF:: 1IJ'F:: ll_,]_E' = 1E|Q

Yo E 10mH

[b] s12=—-ax/a?—w}=—-5000=+0

Therefore there are two repeated real roots at —5000 rad/s.

P 8.18 [a] Underdamped response:
a < wy SO a < 5000

Therefore we choose a larger resistor value than the one used in Problem
8.17. Choose R = 100£2:

1
“ = 5(100)(4 x 10°9)

s12 = —1250 + V12502 — 50002 = —1250 + ;j4841.23 rad/s

[b] Overdamped response:
a > wy SO a > 5000

Therefore we choose a smaller resistor value than the one used in
Problem 8.17. Choose R = 20:

1
- = 6250
“ = 2(20)(4 x 10-9)

s12 = —1250 + V62502 — 50002 = —1250 % 3750
= —2500 rad/s; and — 10,000 rad/s
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8-16 CHAPTER 8. Natural and Step Responses of RLC' Circuits

1
P 819 [a] o =—= =2800rad/s

2RC
1
2 _ — 106
Yo T IC

wg = V108 — 8002 = 600 rad/s

v = B1e 8% cos 600t + Boe 8% sin 600t

v(0) = By = 30
in(07) = =% _6mA: ig(0%) = —12mA
5000 ’
dv, . —0.012
E(O ) = 95 X 109 — —96,000 V/s

—96,000 = —aB; + waBy = —(800)(30) + 600B,
By = —120

v = 30e 8% cos 600t — 120e 5% sin 600t V, t>0

d
[b] d—: = 60005 (13 sin 600t — 16 cos 600t)

d 16
d—: =0 when 16cos600t = 13sin600¢t or tan 600t = 3

600¢; = 0.8885, 11 = 1.48ms
600t = 0.8885 + 7, 1o = 6.72ms

600t3 = 0.8885 + 2, t3 = 11.95ms

2 2
t3 —t; = 10.47 ms; Ty=—=—=1047
[c] ts —t1 ms; " o 600 ms
T 10.48
[d] to —t; = 5.24ms; ?d =—5 = 5.24ms

[e] v(ty) = 30e~ 118D (cos 0.8885 — 45in 0.8885) = —22.7V
v(ty) = 306379 (cos 4.032 — 45in 4.032) = 0.334V

v(ts) = 30e™%9) (cos 7.17 — 4sin 7.17) = —5.22mV
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P 8.20

P 8.21

STUBENTS-HUIE, cdit

recording, or likewise. For inf

Problems

[£]

E B B8 B

uit) ()

t {ms)

8 B B

[a] a=0; wqg = w, = V106 = 1000 rad/s
v = Bj cosw,t + Bssinw,t; v(0) =By =30
dv

C—(0) = —i,(0) = —0.006
~(0) = ~in0)
—48,000 = —aB; + wgBy = —0 4+ 10005,
—48, 000
By=—"— =-4
2 1000 8V
v = 30 cos 1000t — 48 sin 1000t V, t>0

1000
[b] 27f =1000;  f=—— =159.15Hz
2T

[c] V302 + 482 =56.6V
From the form of the solution we have
'U(O) = A1 + A2

dv(07)
dat

—Oé(Al + Ag) —l—jwd(/h — Ag)

We know both v(0) and dv(07)/dt will be real numbers. To facilitate the
algebra we let these numbers be K; and Kj, respectively. Then our two

simultaneous equations are

Ky =A+ As

Ky = (—a+ jwg)Ar + (—a — jwg) As
The characteristic determinant is

1 1 ‘
A= = —]de

(—a+ jwa) (—a — jwa)

reproductlon storage in a retrieval system, or transmission in any form or

nc,, U er Saddle River, NJ. All rights reserved. This publication is protected by Copy f‘vavntten sgvy
ormatlon regarding permission(s), write to: Rights and Permissions Department, Pearson

8-17

"éjpyﬁornat

ducation, Inc., Upper Saddle R|ver NJ 07458.



8-18

P 8.22

P 8.23

CHAPTER 8. Natural and Step Responses of RLC' Circuits

The numerator determinants are

K 1

N, = ‘ = —(a+ jws) K1 — Ky
Ky (—a — jwg)
1 K 4
and N, = = Ky + (o — jwg) K
(—a+ jwg) Ko

N wakG — jlaK; + Ko)

It foll h A = =
t follows that 1 A %oy

&  wak + j(aKy + Ks)
A Q(Ud

and A; =

We see from these expressions that ~A; = Aj.
By definition, B; = A; + As. From the solution to Problem 8.21 we have

2wa KK
A+ Ay = d 1=K1
2wd

But K is v(0), therefore, B; = v(0), which is identical to Eq. (8.30).
By definition, By = j(A; — Ay). From Problem 8.12 we have

i[—2j(akK; + K. K +K
By = j(dr — ) = IO R _ ol t Fs
Wd Wd

It follows that

Kg = —aK1 + deg, but Kg =

Thus we have

dv

da —(07) = —aBi + wyBy,
which is identical to Eq. (8.31).

[a] 2a = 1000; a = 500rad/s

2y/a? — w2 = 600; w, = 400rad/s

1 1
2aR _ 2(500)(250) M
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1

L'="526 = toopa < 06— 100 H
ic(0F) = A + Ay = 45mA
dic , din  din _ |
dt ' dt ' dt
dic(0) dir(0)  dir(0)
dt dt dt
dzih(tO) - 1.5(2525 = 0A/s
di(0)  1dv(0) 1ic(0)  45x107°
dt R dt R C  (250)(4 x 10-6)
di;io) =0-45=—45A/s
200A; + 8004, = 45; Ay + Ay = 0.045
Solving, A; = —15mA; Ay = 60mA
ic = —15e72%% 1 60e 80 mA | t>0"
[b] By hypothesis
v = Age 2% 1 A, 800 t>0
v(0) =A3+A,=0
dq;(tO) _ 445><><1100_—63 11250V s
—200A3 — 800A, = 11,250; A3 =18.75V;
v = 18.75e 2% — 18.75¢ 80! v t>0
[c] ir(t) = ﬁ = 7520 — 7573 mA, ¢t > 0F
[d] i = —ir —ic

= —60e72%% 4 157800 mA | t>0

y
P824 [a] v=L (%) = 16[e™20000 _ o—80.000t) 7 4 >

[b] i = % — 4Q[e20000t _ ;—80.0001] A t>0"

[c] ic = I —ip —ig = [—8e 20000 | 39,=80:000 ) A
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8-20 CHAPTER 8. Natural and Step Responses of RLC' Circuits

P825 [a] v=1L (%) = 40e 22 gin 24,000t V, ¢t >0
[b] ic(t) =1 —ig —ip =24 x 107 — — — 4

625
= [24e7329%% ¢05 24,000t — 32¢2#9°% sin 24,000¢t] mA, t>0"

i
P82 v=1L (%) = 060,000t~ 4000ty ¢ >
P8AT wy— | = 800 rad
LC \/25><103 )(625 x 10-9) rad/s
1 1
a= = = 640 rad/s .. underdamped

2RC 2(12.5)(62.5 x 10-6)
— /8002 — 6402 = 480
I;=2A
ir, = 2+ Ble %% cos 480t + Ble %% sin 480t
ir(0)=2+B; =1 SO By = -1

di 1%
%(0) — —aB) +wyB, = =2

50

in(t) =2 — e %% cos 480t + 2.83¢ %% sin 480t A, t >0

P 8.28 ! ! 1000 rad/
. — == e T
“ T 9RC T 2(8)(62.5 x 10-9) s

Y LI L — 800 rad/
Y= VIo TV (25 x 109)(625 x 10-6) 0 8

Overdamped: s12 = —1000 + v/10002 — 8002 = —400, —1600 rad/s

I;=2A

Z'L — 2 _I_ A/16—400t _I_ A/26—1600t
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Problems 821

ir(0)=24+A1+A,=1 so Al +A4A,=-—

diy, Vo 50
—L(0) = —400A4] — 16004, = =2 = ————— = 2000
ar ") ! 27 L 25x10°3
1 4
Solvi Al == Al = ——
olving, 1= 2= "3

1 4
ZL(t) — 2 _|_ 56—40015 _ ge_IGOOtA, t 2 0

1 1
P82 a= - — 800
“T9RC T 2(10)(62.5 x 10-9)

Y LI L — 800 rad/
Y= VIo T V(25 x 10%)(625 x 10-6) 0 8

o = wh Critically damped

I;=2A

ir, = 2+ D)te=8%0t 4 D =800t

ir(0) =2+ D) =1; . Dy=—1A
di V;
%(0) =D, —aD, =2
D, —800(—1) = — 2 __ D! = 1200
! “o5x10% LT

ip =24 1200te 0% — ™80 A ¢ >0

4
P 830 ir(07) =iL(0%) = ;o =0.25A

Fort >0
+
0. 2547 16Q2 D.5H§ 312.5HF Ty
i B
a= L = 100rad/s; w? = L =80% so w,=80rad/s
- 2RC ’ °LC o
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8-22 CHAPTER 8. Natural and Step Responses of RLC' Circuits

s12 = —100 £ v 1002 — 802 = —40, —160 rad/s
vo(00) =0 = Vy; AL+ A, =v(0)=0
V= A/16—40t ‘l‘ A/26—160t

ic(07) = —0.25+0.25+0=0

dv,
dt

— 0 = —40A4, — 1604,
Solving, Al =0; A, =0
v,=0fort >0

dv,(0)
dt

Note: v,(0) = 0; Vo(00) = 0; =0
Hence, the 0.25 A current circulates between the current source and the ideal
inductor in the equivalent circuit. In the original circuit, the 4 V source
sustains a current of 0.25 A in the inductor. This is an example of a circuit
going directly into steady state when the switch is closed. There is no
transient period, or interval.

1 1

P83l a= — —
831 = e = @i x 10 o0 rad/s

Y LI L — 800 rad/
Y= VIC T V(50 x 1073)(31.25 x 10-6) o 4/E

o = wh Critically damped

60
VE):'Uc(O):GOV; IQZ'iO(O):O; If:z'o(oo):%:gA
iy = 3+ D\te=S00 | Py =800t
i,(0)=3+D,=0 so D,=-3
di Vo 60
o0y =Dt —apl =2 D, —800(—3) = —
g\ =Di—aly=7 so L (=3) = 5010

Solving, D} = —1200

io(t) = 3 — 1200te 89 — 37800t A t>0
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Problems 823

1 1
2RC 2(20 )(31.25 x 1079)

\/LC \/50><103 (31,25 x 10-8) _ o00 rad/s

o = wh Critically damped
Vf = 'Uc(OO) =0

= D'te=80% 4 [y =800t
v,(0) = Dy = 60

P 832 [a] a= = 800 rad/s

Y0) =Dy~ aDy=0 so D} = (800)(60) = 8,000
v,(t) = 48,000te 8% 4+ 6073V, t >0
di, d
[b] v, = L52 = (50 x 107%) (3 — 1200t~ — 3¢7%)

v,(t) = (50 x 107%)(960,000te 5% 4 1200e~50%%)
= 48,000te 3% 4 60e %V, >0
Thus the solutions for i,(t) and v,(t) agree.

P&833 For ¢t>0

D.2AC 125Q§ h.25UF T 25DmH§ v

1 1
“ = %RC 040; LC 6410

= V8002 — 6402 = 480

io = I + Bje %% cos 480t + Bhe %% sin 480t

25
I;j=——=02A
=15 =0
i,(0)=02+B; =0 so By=-02
di, Vi
—2(0) = —aB] +waBj = fo so  —640(—0.2) 4+ 4808, = 0

Solving, B, = —0.267

io(t) = 0.2 — 0.2e7%1% cos 480t — 0.267¢ %" sin480t A, ¢ >0
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824 CHAPTER 8. Natural and Step Responses of RLC Circuits

1 1
P 8.34 = = 640: — =64 x 10*
T o

— /8002 — 6402 = 480
v, = Vi + Bje %% cos 480t + Bhe %" sin 480t
Vi=0;  Vo(0")=0; ic(07)=02A
1,(0)=0+B; =0 SO B, =0

dv, ic(0%)
dt 6.25 x 10-6

v,(t) = 66.67e %% sin480t V, t >0

(0) = —640(0) + 4808, = —=32,000 so Bl =66.67

[b] From the solution to Problem 8.33,
io(t) = 0.2 — 0.2e7%1% cos 480t — 0.267e %% sin 480t A

di, : 640t -
= Ldi = (0.25)(266.67¢ %% sin 480t) = 66.67¢ " sin480tV, >0

Thus the solutions to Problems 8.33 and 8.34 are consistent.
P835 ¢t<0:

3000

VE] - 'Uo(o_) (0+) 4000

Z_—(100) = 75V

Iy =i,(07) = i (07) = 100mA

t>0:
J’_

25HEF T 4 Ezmnﬁ £40Q () 100ma
_ i
1 1

a= = = 500rad/s

2RC ~ 2(40)(25 x 10-5)

1 1
o = _— = = 400
Y= \Io \/(250 x 10-3)(25 x 10-9)

2

o > w?

s12 = —b00 £+ v500% — 400%? = —200, —800

overdamped
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Problems

[a] ’éL = If + A1€_200t + A2€_800t
I; =100mA
ZL(O):Ol—I—Al—I—Ag:Ol SO Al—l—Ag:O

dig, Vo 75
—=(0) = —2004; — 8004y = — = —— =300
) ! 7L 025
Solving, A; = 0.5, Ay =-0.5

ir(t) = 0.1+ 0.5e72%% — 0.5 780 A

[b] ve(t) =vL(t) = LCZ—tL — (0.25)(—100e 2 4 400800

= —25e 2% 1 100e 80tV t>0

P 836 [a] wi, = / pdt = / voir, dt
0 0
vy = —25e7 200 L 100780 v
ip, = 0.1+ 0.5e72%0 _ (0 .57800 A

p= —2.56_200t _ 12.56_400t + 106—800t + 62.56_1000t _ 506—1600t W

wL = —2.5 / 0200t gt 125 / =400t gt 4 10 / =800t
0 0 0

62,5 / e—1000t gy _ 59 / ¢~ 1600t
0 0

6—200t 6o —400t |

— 925 4 —125
—200|, —400 |,
—800¢ —1000¢t

— 105 + 6255

—800 |, ~1000|,
—1600t |5
~1600|,

All the upper limits evaluate to zero hence

—25 125 10 62.5 50

Y= 00 200 7300 T 1000 ~ 1600

=0J

Since the initial and final values of the current in the inductor are the
same, the initial and final values of the energy in the inductor are the

same. Thus, there is no net energy delivered to the inductor.
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8-26 CHAPTER 8. Natural and Step Responses of RLC' Circuits

[b] v, = —25e72%% + 100e %" V

in = Z—S — _0.625¢ 200 4 9 5800t A

PR = Upin = 15.625¢ 1008 — 12571000 | 950 ~1600¢ \y

wR:/ prdt
0

— 15,625 [ e dp — 125 [ 10000 gy 4 250 [ o100 gy
0 0 0

—400t oo —1000t

— 1257
0 lo —1000

) —1600t

250———
+ —1600

e e}

= 15.625

Since all the upper limits evaluate to zero we have
15.625 125 250
—— 4+ —— =170.3125mJ
100 400 1600 "

WR —

ic =0.1— (—0.625¢7200 4 2 5¢=800t) _ (().] 4 0.5¢ 200t — (). 5¢~800t)
= (.125¢7200 _ 2p—800t A

PC = Volc = [_256_200t + 1006_800t][0.1256_200t o 26_800t]
= —3.125e7400t 4 §2 51000t _ 90— 1600t W

wo = —=3.125 [ e at+62.5 [ e 00 gt —200 [ e gy
0 0 0

—400t {00 ~1000t |00 o—1600t oo
= —-3.125 62.5 —200
—400 |o + —1000 1o —1600 1o
Since all upper limits evaluate to zero we have
—-3.125  62.5 200
= — = —70.3125mJ
Y= "0 T 1000 1600 "
[d] i, = 100mA
ps(del) = 0.1v = —2.5e 2% + 105 W
wy =25 [ e a4 10 [ e ay
0 0
—200t |00 6_800t [e%S) —-25 10
=-25 10 = — =0
—200 o + —800 o 200 + 800
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Problems 827

[e] w,=01J
wr = 70.3125mJ  (absorbed)
we = 70.3125mJ  (delivered)
wg = 0mJ
> Wael = Waps = 70.3125mJ.

36
P837 t<0: i,(07) = %:0.12& ve(07) =0V
The circuit reduces to:

0.14(F) £ 10042 gzgmﬂ = 500nF
N

ZL(OO) =0.1A

- ! 10,000 rad/

o = —_— = —_= N T
“o=VIC T V(20 x 10-3)(500 x 10-9) s
1 1

a= = = 10,000 rad/s

2RC" (100)(500 x 1079)
Critically damped:

Z'L =0.1+ D/1t6_10’000t + Dl26_10’000
i2(0)=01+D,=012 so  D,=0.02

di Vi
%(0) =D —aD; = fo so D} —(10,000)(0.02) =0

Solving, D} =200

in(t) = 0.1+ 200te 100 1 0.02e 71900 A >0
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828 CHAPTER 8. Natural and Step Responses of RLC' Circuits

1
P 838 uc(0") = 5(80) =40V

i(0F) = 10A:  ir(o0) = % ~8A

1 1
pu— pu— pu— 4
= SRC T 25) @50 x 100y 100 rad/s

Y LI ! — 500 rad/
Y=V Io T V(@6 x 107%)(250 x 10-6) O B

o < w; .. underdamped

= V5002 — 400% = 300 rad/s
ir = 8 + Ble " cos 300t + Bhe " sin 300t
in(0)=8+B,=10;, B, =10—-8=2A

dig,

Vo
40
~400(2) +300B; = ;e so By =11A

ir =8+ 2e % cos 300t 4 11e %% sin 300t A, t>0
P 839 «a =2000rad/s; wg = 1500rad/s

w? —o® =225 x 10%; w? =625 x 10*;  w, = 25,000rad/s

R
— 1 9000. R =4000L
Y3 ’

1 1
— =625%x 10", L= =2H
LC S (625 x 101)(80 x 10-9)

R =8k

i(0%) = B; = 7.5mA; att =0"
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Problems 829

I
gk 0; 2H
dv\‘,\‘ L i

+a0v — +V1',:D+}' _ | =
80nF= 30V
[,
60 +vr(0Y) —30=0; .. w(0%) = —30V
di(0%)  —30
= _15A
dt 2 /s
di(0+
ZE# ) 15008, — 2000B; — —15

15008, = 2000(7.5 x 107%) — 15; . By=0A
i =752 051500t mA, t>0
P 840 From Prob. 8.39 we know v, will be of the form
= Bse 2% cos 1500t + Bye 29" sin 1500t
From Prob. 8.39 we have

0e(0) = =30V = By

and
dv.(0)  ic(0) 7.5 x 1073 ,
dt C 80 x 1079 8
dv,(0
”di ) 15008, — 20008, — 93,750

15008, = 2000(—30) + 93,750; By =225V
ve(t) = —30e72" cos 1500t + 22.5¢ 2% sin 1500t V. ¢ >0

P 841 [a] —a+/a? —wi = —4000; —a —/a? —wi = —16,000

o = 10,000 rad/s, wy = 64 x 10°
R

a=-Y=10,000; R =20,000L
%
1 10°
2 6.
—64x10% L= —0.5H
Yoo T 64 x 105(31.25)
R = 10,000

mgnc U] er Saddle River, NJ. All rights reserved. This publication is protected by Copy f‘vavntten irén]
STU ubli ri reproductlon storage in a retrieval system, or transmission in any form or sgy pyBJO rﬂat

recording, or likewise. For mformatlon regarding permission(s), write to: Rights and Permissions Department, Pearson ducation, Inc., Upper Saddle R|ver NJ 07458.



8-30

[b] i(0) =0

v?(0) = 576; v.(0) = 24V

di(0) _ 24 =48A/s

dt 0.5

[C] Z(t) — A16_4000t—|—A26_16’000t

i(0)
di(0)
dt
Solving,

:Al—l—Ag:O

= —4000A; — 16,0004, = 48

A2 = —4mA

Z(t) — 46—4000t _ 46_16’000t mA’ t 2 0

di(t)
dt

_166—4000t + 646_16’000t

[d]

di_ = 0 when 641009 = 16100

dt

or e!2000t _ 4

In4

_ — 115.52
12,000 _ 1120248

—0.4621 46—1.8484 = 1.89mA

[e] Z.maux = 4e
di

[f] vL(t) = 0. 5d—z — [—8¢1000% | 39¢—40001] .

1 10°

LC ~ (125)(0.32)

R
5L = w, = 5000rad/s
R = (5000)(2)L = 12500

=25 x 10°

P 842 [a] w’=

o =

[b] i(0) = i,(0) = 6mA

vL(0) = 15 — (0.006)(1250) = 7.5V

di 7.5
oy=—2—60A
7Y = 079 /s

CHAPTER 8. Natural and Step Responses of RLC' Circuits

1
5(31.25) x 107%02(0) =9 x 107°

t>0"
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Problems 831

[C] ve = D1t6_5000t + D26—5000t
ve(0) = Dy = 15V

d’UC 1
~C(0) = D, — 5000D, = — — 18,750
dt (0) ! T C ’

Dy = 56,250 V/s

ve = 56,250te 0% 4 15720000y t>0

P 8.43 [a] — = 20,0007

There are many possible solutions. This one begins by choosing
L =1mH. Then,

B 1

~ (1 x 1073)(20,000)2
We can achieve this capacitor value using components from Appendix H
by combining four 10 uF capacitors in series.

= 2.5uF

R
Critically damped: a = wy = 20,000 SO oL = 20,000

R =2(107%)(20,000) = 40

We can create this resistor value using components from Appendix H by
combining a 102 resistor and two 152 resistors in series. The final

circuit:
1mH
1UMFI 1507
10pF
1 1000
10pF

[b] s12=—-ax/a?—wi=—-20,000=+0

Therefore there are two repeated real roots at —20,000 rad/s.
P 8.44 [a] Underdamped response:
a < Wy SO a < 20,000

Therefore we choose a larger resistor value than the one used in Problem
8.40 to give a smaller value of a. For convenience, pick a = 16,000 rad/s:

R
a=57=16000 so  R=2(16000)(10") =320
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We can create a 32 () resistance by combining a 102 resistor and a 22 )
resistor in series.

s12 = —16,000 = \/16,0002 — 20,0002 =

—16,000 = 512,000 rad/s

[b] Overdamped response:

a > Wy SO a > 20,000

Therefore we choose a smaller resistor value than the one used in
Problem 8.40. Choose R = 50¢2, which can be created by combining two
100 €2 resistors in parallel:

R
— Y 95000
RYs ’

$12 = —25,000 & /25,0002 — 20,0002 = —25,000 £ 15,000

= —10,000 rad/s; and — 40,000 rad/s

[a] t<O:
100
ip=——=2A; v, =—4(100) = —400V
50
t>0
R 500
— = _ 62 rad
a= = 50.4) rad/s
= 500 rad
\/LC \/04 10 x 10-9) rad/s
overdamped

s1,2 = —625 £ V6252 — 5002 =

iy = Aye250t 4 A, 1000t

—250, —1000 rad/s

’éo(O) - Al —I—Ag — 2

di, 1
To0) = —2504, — 100045 = —(—Vy — RI) = —1500
dt L
2 4
olving, =3 2= 3
Zo(t) — %6—25015 _I_ %6—100015A’ t 2 0
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recording, or likewise. For inf

Problems

1 t
b| v,(t :7/ o(x) dr — 400
[b] volt) = 3557075 / o(®) o
t2 t4
=10° (/ —6_250mdl’—|—/ _6—1000de> — 400
03 03
t

2/5 —250x |t 4/3 —1000x
0

—250 o —1000
= —266.67e 2" —133.33¢ 1% v, ¢t >0

t<0: Iy = —75mA; Vo=0
t>0:
N ! ! 250
Wy = _— = =
*~\VrLc (80 x 10-3)(200 x 10-6)

R 40

- = =950
2L~ 2(80 x 10-3)

Critically damped:
i = D1t€_250t + D2€—250t
i(0) = Dy = Iy = —0.075

di 1
E(O) = D1 — OéDg = z(—% — RI(])

So  Dj — (250)(—0.075) = (0 — (40)(—0.075))

80 x 103

Solving, D, =18.75

i(t) = 18,750te 2" — 75¢ % mA, ¢t >0

reproductlon storage in a retrieval system, or transmission in any form or
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8-34 CHAPTER 8. Natural and Step Responses of RLC Circuits

P&47 t<O:
i
g0t} 3o0%] ,
N oy s
1000} 1008}
2000
v {0}
(*) 100v
+
*
5004, — 100z, = 0; —1002; + 1207, = 100

Solving, i1 =0.2A; 1o =1A; Vo = —100 + 20¢, + 100z, = =60V

t > 0:
2004
Wy
+
SUOME = 200mH ¢ v
i d
R 200
=50 T 302 = "W
1 1
o= 1] — = = 400
Y= \Io \/(0.2)(36.25 x 10-)
a® > w? overdamped

s12 = —100 £ v/5002 — 4002 = —200, —800 rad/s
iy = Ay 200 | A 800t

’iO(O) == A1 —|—A2 = 1
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di, 1
é(()) — 2004, ~ 80043 = 7 (~Vy — Rlo) = =700

Solving, A; = 166.67mA; Ay = 833.33mA

io(t) = 166.67e 2" +833.33¢ %% mA, ¢t >0

dzo

vo(t) = L—2 = (0.2)[(~200)0.16667e " + (~800)0.83333¢ "]

= —6.67e 2% —133.33¢7 3%y, ¢t>0

P 8.48 [a] Fort > 0:

200 12()
A & A
_ i )
300¥ = SpUF g 2mH
v
a
+
.

Since i(07) = i(0") =0
a(07) = —300V

1 t
bl v, — 20i 7/ B
[b] v 02+5><10—6 Ozda: 300

d;t“ - 20% + 200,000
d”a;f+) — 20 di(d(r) +200,0004(0*) = 20 d2£+)
di(d(f) _ %(—Vb ~ RI) = 5——55(300) = 150,000
d““$+) =3x10°V/s
[c] o= % = @Ll() = 8000rad/s
\/; \/2><10 N5 x 100y 000
Underdamped:

Wq = \/10,0002 — 80002 = 6000
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8-36 CHAPTER 8. Natural and Step Responses of RLC' Circuits

vy = B1e 8% 656000t + Boe 8% sin 6000t
v,(0) = By = =300V

dv;io) = —8000B; + 6000B; =3 x 10%; .. By =100V
v, (t) = —300e 3% cos 6000 + 100e %" sin 6000t V, ¢ > 0"
P849 a= % = % = 400rad/s
“o = \/% - \/(250 x 10—3;(16 105y~ o00rad/s
o <wp underdamped

= /5002 — 4002 = 300rad/s

=V} + Bie "% cos 300t + Bye " sin 300t
vo(50) = 200(0.08) = 16V
1,(0)=0=V;+B; =0 so B =-16V

dv,
dt

(0) =0 = —400B, +300B, so B, =-21.33V

v,(t) = 16 — 16" cos 300t — 21.33e " sin 300t V, ¢ >0

R 250
P 8.50 =—=——=>500rad
“ = 2(0.025) rad/s
Vo LC \/ 250 X 10°9)(16 x 108y _ o0orad/s
o =wp critically damped

v, = Vi + Dite % 4 Die
vo(0) = 0=V} + Dl
vo(00) = (250)(0.08) = 20V; <. DL = —20V

dv,
dt

0)=0=D,—aD, so D)=(500)(—20) = —10,000 V/s

v,(t) = 20 — 10,000te %% — 20"Vt >0
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R 3125
== 2 625rad
“ =50~ 2(0.025) rad/s
1 1
=1 = = 500rad
“=\ICo \/(250 x 10-3)(16 x 10-9) rad/s
o > Wi overdamped

s12 = —625 £ V6252 — 5002 = —250, —1000rad/s
Vo = Vj + Ale™500 4 A} =100t

0,(0) =0=V; 4+ A + A)

vo(00) = (312.5)(08) =25V; .. A+ A= -25V

dv,
dt

(0) = 0 = —2504 — 10004},

Solving, Al =-33.33V; A, =833V

V() = 25 — 33.33¢7 %% +8.33e7 10V ¢ >0

t<O0:
1604) 480%] 140
i l A & —
+
28v( L) v07) (zov
2 2
i(0) = DB A
160 + 480

0,(07) = 20 — 480(0.075) = —16V
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8-38 CHAPTER 8. Natural and Step Responses of RLC Circuits

0
g9g00])
i
0.5mH o
+ J\N\.‘_ P
480()
v {0} T12.5nF (zov

Ast — o0, V=20 V.
Req = 960|480 = 3200

Req 320
—Zea 2 390000 rad
“T 9L T 2005 x 109) /000 rad/s

= ! 400,000 rad/
o—\|7~— - ! !
Y= VIZC T V(05 x 10%)(12.5 x 10-9) s

o <wp underdamped

wg = \/400,0002 — 320,0002 = 240,000 rad/s
v, = 20 + Bye 2200 ¢05 240,000t + Bye~*209%" sin 240,000t
1,(0) =20+ B, =-16 so B} =-36V

dv,
dt

Io

c

solving, By = —23

(0) = —aB, + wyB), = so  —320,000(—36) + 240,000B

75 x 1073

27 195 x 10-°

V,(t) = 20 — 36e 22009 co5 240,000t — 233220 5in 240,000t V. ¢ >0

P 853 ic(0)=0;  v,(0) =200V

= 50rad/s

1 1
“e=\Ic T \/(250 X 107) 25 x 105 0 rad/s
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2 2

a” > W

= overdamped

s12 = —b0 £ v/50% — 402 = —20, —80 rad/s
— Vf + A/ —20t A/26—80t
Vi =150V;  0,(0) =150+ A} + A5 =200  so A} 4 Ay =50

Io
0) = —20A] —80A, = — =0
(0 -

Vo

dt
Solving, A = 66.67; A, = —16.67

Vo(t) = 150 + 66.67¢ 2% — 16.67e %V, t>0

P854 t<0:
iy W & L
4t} 8i! %J‘_ﬁ{m i
+
150V(; v.(0) 1802
—150
ZL(O) 30 5

ve(0) = 18ip,(0) = —90V

t>0:

JV\"\: J\;\‘;’\‘ P Y

2() arl 100mH

+
EDVC 2uF Tv
R 10
= _— =_——"_=50rad
“T oL T 20 rad/s
1 1

W= — = = 5000

° T LC (0.1)(2 x 1073
Wy > a’ underdamped

s12 = —b0 £ V50% — 5000 = —50 £ 550
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840 CHAPTER 8. Natural and Step Responses of RLC' Circuits
ve = 60 + Ble " cos 50t + Bhe " sin 50¢
v:(0) = =90 = 60 + B; B} = —150
dv, dv, -5
C 0) = —5: 0) = —+— = —2500
dt() ’ dt() 2 x 103
dv,. , ,
o (0) = =50B] + 50B = —2500 B; = —200
Ve = 60 — 150e 7% cos 50t — 200e % sin 50t V, ¢ >0

P 8.55

STUBENTS-HUIE, cdit

recording, or likewise. For inf

hypothesis
i =i+ Bje * coswgt + Bye ' sinwgt
V.,
ip =i(00) =0, i(0) =2 =B,
R
Therefore i = Bje * coswgt + Bye " sinwgt
di(0 di(0
L i(0) =0, therefore ﬂ =0
dt dt
dz / ! / :
o = [(waBj — aB]) cos wgt — (aBy + wyBy) sinwgt] e
a a
Therefore wyBy — aB) = 0; By = w L= w_dﬁg
Therefore
di Vo w,
Vy = Ld—z = {L (—Zng + w29> sinwdt} et

e w) et
Rl

2):
)

tsinwgt V,

o® + w3

ot gin wyt
Wd

w,

VoL

R
VL

Wd

tsin wyt
Wd

tsin wyt

9

RC wd

t>0

nc,, U er Saddle River, NJ. All rights reserved. This publication is protected by Copy
reproductlon storage in a retrieval system, or transmission in any form or
ormatlon regarding permission(s), write to: Rights and Permissions Department, Pearson

[a] Let ¢ be the current in the direction of the voltage drop v,(t). Then by

—at

f‘vavntten éjpyBJo rn at

Ey ol
ducation, Inc., Upper Saddle R|ver NJ 07458.



Problems 841

[b] CZO = — ‘;C {wq coswyt — asinwgt ye
dv,

dt

=0 when tanwyt= d
a
Therefore wgt = tan™!(wy/a) (smallest )
1
t=—tan " (ﬁ>
Wy (6]

P 856 [a] From Problem 8.55 we have
-V

V, = Rde ot sin wyt
R 480
=—=————=230,000rad
= 2(8 x 10-3) rad/s

. — 50,000 rad
LC \/8><10 )(50 x 10-9) rad/s

wg = /w2 — a? =40,000rad/s

Vs _ —(=24)
RCwys  (480)(50 x 10—9)(40 x 103)

=25

v, = 2530090 5iny 40,000t V

[b] From Problem 8.55

1 1 [ wd 1 _1 (40,000
tq = — tan (—) = —tan
Wa Q 40,000 30,000

tqg = 23.18 us

[€] Vmax = 25e%03318) in[(0.04)(23.18)] = 9.98V
[d] R=964; a = 6000rad/s

wg = 49,638.7rad/s
v, = 100.73e 709 5in 49, 638.7t V, t >0
ta =29.22 us

Umax = 83.92V
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P 8.57

CHAPTER 8. Natural and Step Responses of RLC' Circuits

[a] v. =V} + [B] coswgt + Bhsinwgt] e

CZ;C = [(wgBYy — aB}) cos wat — (aBy + wyBy) sin wgt]e ™
Since the initial stored energy is zero,
dv.(0T)
(07) =0 d =0
v.(07) an 7
B/
It follows that B} = —V; and Bj= a5
Wd

When these values are substituted into the expression for [dv./dt], we get

dv, a?
= — F+wy | Vie *sinwgt
dt (wd d) ! d
2 2 2 2
Q a® +w w
But V=V and —+4ws= d - 2o
Wy Wy Wd
dv, w2
Therefore = [ 22| Ve “sinwyt
dt Wd

dvc

=0 when sinwgt=0, or wgt=nnw

where n=20,1,2,3,...

Therefore t = nn
Wd

[c] When ¢, = E, cos wgt, = cosnm = (—1)"

Wd

and sinwgt, = sinnmt =0

Therefore  v.(t,) = V[l — (_1)ne—an7r/wd]

[d] It follows from [c] that

v(t)) =V + Ve @9 and  wu(ts) =V 4 Ve Bom/wd

'Uc(tl) -V 6—(a7r/wd)
Therefore = — e(2am/wa)
Volts) — Ve Bon/wd)

2w 1 [ve(t1) — V]
But —=t3—t;=T,;, thus a=—In—F"——
Wd Td ['Uc(tg) — V]
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Problems 843

1
P85 — 1
T, "

{’Uc(tl) -V

L Ty=ty—t =
’Uc(tg)—V}’ d 3 1

~ 7000 | [63.84

2T
o n 26.02] 000; Wy T 7000 rad/s

d
w? = w2 +a? =49 x 10° 4 10° = 50 x 10°

1
L= —200mH; R =2aL =400
(50 x 109)(0.1 x 10-) e “

P 859 At t = 0 the voltage across each capacitor is zero. It follows that since the
operational amplifiers are ideal, the current in the 500 k{2 is zero. Therefore
there cannot be an instantaneous change in the current in the 1 uF capacitor.
Since the capacitor current equals C(dv,/dt), the derivative must be zero.

2
P 8.60 [a] From Example 8.13 Ciitzo =2
dg(t dv,
therefore % =2, g(t)= c;}t
dv, (0
s =90 =2 o) =2%+g0s  g(0) = Lo
1UF ic
500k0 oA
i o +
5w 'R ov

, 5 dv,(0)

= — x10°=10pA = ic = —
= 200 x 10~ 0p ic=—-(C——= il
dv,(0)  —10 x 1076

pr— pr— —1 pr—

dt 1x10-6 0=49(0)

dv,
=2t —10

dt

dv, = 2t dt — 10dt
Vo — U,(0) =12 — 10¢; 1,(0) =8V

U0:t2—10t+8, OStStsat
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CHAPTER 8. Natural and Step Responses of RLC Circuits

[b] t*— 10t +8 = —9
t* =10t +17=0
t=217s
Part (1) — Example 8.14, with R; and R, removed:
[a] R.=100kQ;  Cy=0.1uF; Ry,=25kQ;  Cy=1uF

d%o_( 1 )( 1 ) _ 1 100 1 10
a2 \R.C ) \RuCy) " R.C, RiCy
2

d*v,
v, =250 x 1073, therefore —2 = 1000
dt?

. R dUO(O)
[b] Since v,(0) =0 = T

The second op-amp will saturate when

Vo =06V, or tgu=1/6/50020.1095s
d’Uol . 1

T XA
[d] Since v,1(0) =0, v, = —25tV

At t=0.10958, vy X —2.74V

our solution is v, = 500t

— 25

Therefore the second amplifier saturates before the first amplifier
saturates. Our expressions are valid for 0 <t < 0.1095s. Once the second
op-amp saturates, our linear model is no longer valid.

Part (2) — Example 8.14 with v,1(0) = =2V and v,(0) =4 V:

[a] Initial conditions will not change the differential equation; hence the
equation is the same as Example 8.14.

[b] v, =5+ Ale % + ALe™"  (from Example 8.14)
v,(0) =4 =5+ A] + A

100k . (4/100)nA

Ay
1F 140+
- 4y +
25k02
- 3

- F‘ +
2V iz (2/25)mA OV
v v
2

4
m‘l‘%c(o )—%—0
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, 4 dv,(07)

0")=—mA=C
i0(07) = oo™ dt
dv,(07)  0.04 x 1073

pr— pr— 4

dt 10-6 0V/s
dv, /=10t /=20t
dv,

%(oﬂ = —104} — 204, = 40

Therefore —A| —2A, =4 and A} + A, = -1
Thus, A} =2 and A, =-3

Vo =5+ 2710 — 37200y
[c] Same as Example 8.14:

d'Uol
dt
[d] From Example 8.14:

Vp1(00) = —1.25'V; v1(0) = =2V (given)

+ 20001 = —25

Therefore

Vo = —1.25 + (=24 1.25)e " = —1.25 — 0.75e >V

P8.62 |a]

a
.._.»\+ A — -
2 L 3 "
v +

dvy, = Vs —vg Vs

2 = =
C 7 + R + It 0
(1) Therefore s S I
dt =~ RC ~ 2RC
0— v, d(0 — vy,)
C =0
R * dt
dvy, U doy,
2) Therefore —° _0 v, = _RC™
(2) Therefore i —I—RC 0, v RC 7

recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upp
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846 CHAPTER 8. Natural and Step Responses of RLC' Circuits

20y, duy, d(vy, — v,)
TR TR
dop | vy _ Ldv,
dt  RC 2 dt
dv, d?vy, dvy,

dt = _RCW and Vy = —RC%

When these are substituted into (1) we get

=0

(3) Therefore

From (2) we have

Now differentiate (3) to get

d*vy, 1 dv, 1d%v,

O) gz *Rear 2 de

But from (4) we have

(6) oy i Adw v
dt2 ~ RC dt ~  2R2C?
Now substitute (6) into (5)

dz'Uo _ Vg
d2 R2C?
d?v, v
[b] When R;C) = RyCy = RC' dr2 = R2902

The two equations are the same except for a reversal in algebraic sign.

[c] Two integrations of the input signal with one operational amplifier.

d?v, 1
P 8.63 [a] o RlClRQCQ,UQ
1 B 1076 _ 950
RiC1R,Cy — (100)(400)(0.5)(0.2) x 1076 x 10-6
d?v,
W = 250'[]9
0<t<0.5:
vy = 80mV
d?v,
=20
dt?
dv, dg
L =2 hen — =2 =2
et g(t) o then 7 0 or dg=20dt
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Problems 847

g(t) t
/ dx = 20 / dy
9(0) 0

1) — 9(0) =201, g(0) = “72(0) = 0
dv,
= =2
g9(t) o = 20t
dv, = 20t dt

'Uo(t) t
/() dr = 20/ wdr;  vg(t) — 1o(0) = 1062, 1,(0) = 0
Vo (0 0

v,(t) =102V, 0<t<05"

d’Uol _ 1 .
dt  RC,?

d’Uol = —1.6dt

vol(t
/ =—1. 6/ dy
051 (0)

'Uol(t) — ’Uol(O) = —1.6t, 'Uol(O) =0

= —20v, = —1.6

vo1(t) = —1.6tV, 0<t<0.5"

0.5+ S t S tsat:

d*v, dv,
Y = —10, let g¢g(t) = v

dt? dt
dg(t)
AN =1

7t 0; dg(t) Odt

g(t) ¢
/ dr = —10 dy
9(0.5%) 0.5

g(t) — g(0.5%) = —10(t — 0.5) = —10t + 5

dv,(0.5)
+y

dve, o 0—v,(0.57)
¢ dt (057) = 400 x 103

001(0.57) = v,(0.57) = —1.6(0.5) = —0.80V
dv,1 (0.5%)  0.80

C - —2.A
dt 04 <108 “H
dvg .. 2x10°°
sy 222
g 057 =50 = 10V/s
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848 CHAPTER 8. Natural and Step Responses of RLC' Circuits

dv,

g(t) = =10t +5+10 = ~10t + 15 = —

dv, = —10tdt + 15dt

Vo (t) t t
dz — / 10y dy + / 15d
/vo(o.sﬂ 0.5+ YT Jose 2

t t

Vo(t) — v,(0.51) = —5y?

+ 15y
0.5

0.5

Vo(t) = v,(0.57) — 5t + 1.25 + 15t — 7.5
0,(0.57) = 1,(0.57) =25V
v,(t) = —5t* 4+ 15t — 3.75V, 0.57 <t < teu

d'Uol
dt

= —20(—0.04) = 0.8, 0.5 <t <ty

vol(t)
dvyy = 0.8 dt: / dr =08 [ dy

01(0.5%) 0.5+

Vo1 (t) — 0,1(0.57) = 0.8t — 0.4; 0,1(0.5%) = v, (0.57) = 0.8V

Vo1(t) = 0.8t — 1.2V, 05" <t < tea

Summary:
0<t<05s: Vo1 = —1.6tV, v, =10tV
0.57s <t < ta: Vo1 = 0.8t — 1.2V, v, = —5t>+ 15t —3.75V

[b] —12.5 = —5t2

sat

+ 15tsat — 3.75

5t2

sat

— 15tgat — 8.75 =0
Solving, tsat = 3.D8€C
Vo1 (tsat) = 0.8(3.5) — 1.2 =1.6V

P 864 71 =(10%)(0.5x 107%) = 0.50s

— =2; 7 = (5 x 10%)(0.2 x 107%) = 1s; Soo—==1
T1 T2
d?v, dv,
3 2, = 20
az g T
2 +35+2=0
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Problems 849

(s+1)(s+2)=0; s1=—1, sp=-2

20
v, = Vi + Ale™" + Abe™; Vi = 5 = 10V

— 10+A/ —t A/ —2t

dv,
dt

1,(0) = 0 =10 + A} + Aj; (0) =0=—A] — 24,

Al = —20, A, =10V
Vo(t) = 10 — 20e™" + 102V, 0<t<05s

d'Uol

T 20 = —1.6; S U = —0840.8¢72V, 0<t<0.5s

0,(0.5) = 10 — 20e°? + 10e™! = 1.55V

0,1(0.5) = —0.8 +0.8¢ ' = —0.51V

At t=0.5s
0.21f
ic )
400%0
. A . o
_0.51v 1.55v
0+ 0.51
) 1.26 uA
C 7200 x 10° Ou
dv, dv, 1.26
C 1.26 uA = — =632V
dt R 2 /s
0.5s <t <o0:
d?v, dv,
3 2=-10
aw o T
Vo(00) = =5

Vy = 54 Alle—(t—(].f)) + A/26—2(t—0.5)
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CHAPTER 8. Natural and Step Responses of RLC' Circuits

1.55 = =5+ A7 + Aj

dv,
dt

(0.5) = 6.32 = —A) — 24,

Al + A = 6.55; —A] —2A, =6.32

Solving,
Al =1942;, A, =—12.87
= 5+ 194209 _ 128772709y 05<t< oo
dv,
dtl + 20 = 0.8
Vor = 0.4+ (—0.51 — 0.4)e7 209 = 0.4 — 0917209y, 05<t< o0
[a] f(t) = inertial force + frictional force + spring force
= M][d?x/dt*] + D|dx/dt] + Kx
b B L (DY () (K
a2 — M \M) \dt M)"
d2
Given vy dtf’ then
B 1 /t A’z dy — 1 dz
vB = R101 0 dy o= R101 dt
) — 1 /tv dy = ;ZE
CT T RCy Jo P v= Ri1R2C1Cy
PR P T RRICL dt
. —[R5+R6]y _[R5+R6]_ L
T Rs T R Ry RyC Oy
—R
vp = R8]f(t), va = —(vp + vE + vp)
7
dzl’ Rg Rg dx R5 + RG
i 55 0[] [
e [37] IO\ rmral @ | RRRGG) "
R Rs Ry R:(Rs + Rg)
Theref M= — = d K=
cretore Rs’ ReRiR,C; " RsReRy RyCiCy
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Problems 851

Box Number | Function

inverting and scaling
summing and inverting

integrating and scaling

inverting and scaling

1
2
3
4 integrating and scaling
5
6

noninverting and scaling

1 1
8.66 [a] wy =1/ 76, \/(5 X109 @ < 10) 0" rad/sec

1010
fo=0_ — 1,59 x 10° Hz = 1.59 GHz
27r 27r
10
b] Iy = — = 0.4A
[b] I =
1 2 1 -9 2 —10
w(0) = SLIF = 5(5x 107)(0.4) = 4 1077 J = 0.4 nJ

[c] Because the inductor and capacitor are assumed to be ideal, none of the
initial energy will ever be dissipated, so for all ¢ > 0 the 0.4 nJ will be
continually exchanged between the inductor and capacitor.

P 8.67 [a] wy=2nfy =2m(2 x 10°) = 47 x 10%rad/s
1
2 P —
0T I0
1 1

C = = =6.33 x 1072 = 6.33 pF
L2~ (1079)(dn x 1092 x P

4

indmr x 10°t
(47 % 109)(10)(6.33 x 10-12) 3T~

|
[b] vo(t) = RO sinwpt =

= 5.03sin4r x 10°tV, t>0

R 0.01
P 8. = = —10°
8.68 [a] a= 5T = 305 % 107 0° rad/s

_110
\/LC \/5><10 2 x 10 ) 10 radfs

[b] wi > o so the response is underdamped
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8-52 CHAPTER 8. Natural and Step Responses of RLC' Circuits

[c] wa=\/wE—a?= \/ 1010)2 — (109)2 =~ 10'° rad/s

1 10
fo= ;‘JO = 20— — 1,59 x 10° Hz = 1.59 GHz
T T

Therefore the addition of the 10 m¢2 resistance does not change the
frequency of oscillation.

[d] Because of the added resistance, the oscillation now occurs within a
decaying exponential envelope (see Fig. 8.9). The form of the
exponential envelope is e™ = e 10° Let’s assume that the oscillation is
described by the function Ke 1% cos 10'°¢, where the maximum
magnitude, K, exists at £ = 0. How long does it take before the

magnitude of the oscillation has decayed to 0.01K7?
Ke %' =0.01K  so e ' =0.01

an 01

106 = =4.6x107%s = 4.6 us

Therefore, the oscillations will persist for only 4.6 us, due to the presence
of a small amount of resistance in the circuit. This is why an LC'
oscillator is not used in the clock generator circuit.
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