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Introduction 

 

An electric circuit is a mathematical model that approximates the behavior of an actual 

electrical system, such as computer, power, control or signal processing system. The model is 

employed to analyze and design such systems. 

 

Voltage: is the energy per unit charge created by the separation, and is expressed as:  

where, v is the voltage in Volts, w is the Work (energy) in joules, and q is  the charge 

in coulombs. 

Electric current: is the rate of charge flow, and is defined as: 

where, i is the current in Amperes, q is  the charge in coulombs, and t is the time in 

seconds. 

Power: is the rate of doing work per time, and is defined as: 

 

where, p is the power in Watts, w is the energy (work) in Joules, and t is the time in 

seconds. And also is defined as:  

 

The power absorbed by a circuit element is: 

 

where, v is the voltage in Volts and i is the current in Amperes. 
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Note the polarity of power absorbed (or consumed) by a network for various polarities of 

voltage and directions of currents; the power consumed is positive either if the current enters 

the positive terminal of the voltage, or the current leaves the negative terminal of the voltage! 
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Circuit Elements 

 

 Circuit Elements 

An Ideal Circuit Element: is a two-terminal device, and can be classified as Active or Passive 

based simply on whether they supply energy to the circuit or absorb energy from the circuit.  

Active elements: Batteries and Generators 

Passive elements: Resistors, capacitors and inductors 

 

Active Circuit Elements (Sources): 

They are two types; independent and dependent sources. 

A) Independent Sources 

An electrical source is a device that is capable of converting nonelectric energy to electric 

energy and vice versa. 

1- An Ideal Voltage Source is a circuit element that maintains a specific 

voltage across its terminals regardless of the current through it.  

 

 

2- An ideal Current Source is a circuit element that maintains a prescribed 

current through its terminals regardless of the voltage across its terminals.  

 

Note that, the arrow direction indicates the chosen reference direction of positive 

current charges. 
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B) Dependent Sources (Controlled Sources) 

They generate a voltage or current whose value depends on the value of a voltage or current 

elsewhere in the circuit. They are represented by a diamond symbol. An example of 

dependent sources is the transistors and many electronic devices. 

 

1) Dependent Voltage Sources 

 

 

 

 

a) Voltage-controlled Voltage Source                    b) Current-controlled Voltage Source  

Note that, 𝜇 is a multiplying constant that is dimensionless. 

 

 

2) Dependent Current Sources 

 

 

 

 

a) Voltage-controlled Current Source                   b) Current-controlled Current Source  

           Note that, 𝛽 is a multiplying constant that is dimensionless. 

 

Passive Circuit Elements 

A) Resistor (R):  

 It impedes the current flow. It represents the part of the circuit in which energy entering 

the element, by the flow of current through it, is transformed into heat. Light can be emitted 

if the resistive element becomes hot enough to glow.  

 It is measured in Ohms (Ω). 

 

 The relationship between the current and voltage across the resistor is a linear 

relation, and is given by Ohm’s Law as:  

 where, v is the voltage in Volts (V), R is the resistance in Ohms (Ω) 

and i is the current in Amperes (A).  
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Conductance (G): is the reciprocal of the resistance and is measured in Siemens (S), 

or Mho 

 

Note that,  

when 𝑅 = 0 then 𝐺 = ∞, and it is called a short circuit; 𝑣 = 0 

when 𝑅 = ∞ then 𝐺 = 0, and it is called an open circuit; 𝑖 =
𝑣

∞
= 0, regardless of the 

voltage at the terminals! 

 

 The energy absorbed in the resistor is dissipated in the form of heat or light. 

 

 The Instantaneous power or the rate of energy absorption in the resistor is: 

                       or  

                                                                                                    

                                  →                             

                                                                                                                      

Also,  

 

→                                                                                                          
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Example # 1: 
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B) Inductor (L): 

 It represents a two-terminal circuit element in which energy is stored in the 

magnetic field; examples of inductors are the coils of wires used to make an 

electro-magnet, or the windings of wire in an electric motor. The inductance 

is measured in Henry (H).   

 The voltage across the inductor is proportional to the rate of change of the current 

through it as: 

 

Therefore, the inductor’s current is:   

   →                                                 

where i(t0) is the initial inductor’s current at time t0. 

 

 

C) Capacitor (C): 

 It represents a two-terminal circuit element in which energy is stored in 

the electric field. It is fabricated by placing two parallel conducting plates 

separated by a layer of an insulating (dielectric) material. 

 It is measured Farad (F).  

 The “displacement current” current of a capacitor is proportional to the rate of change of 

the voltage across its terminals as: 

 Thus, the capacitor’s voltage is: 

 

where v(t0) is the initial capacitor’s voltage at time t0. 
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 Kirchhoff’s Laws 

They are used to analyse complex circuits. 

A node: is a point of connection of two or more circuit 

elements; 4 nodes in the circuit: nodes: a, b, c, and d.  

 

A Loop: is any closed path through the circuit in which 

no node is crossed more than once. For example, “aba”, 

“bcb”, “abca”, “acda”, “bdab”, “bcdb”, “abcda” are 7 loops. 

 

A Mesh: is any loop that does not contain within it another loop.  

Therefore, the first 6 loops are meshes, but the last (abcda) loop is not a mesh. 

 

A Branch: is a portion of the circuit containing a single element and the nodes are at each end 

of the element; 8 branches are in the circuit. 

 

 Kirchhoff’s Current Law (KCL) 

The algebraic sum of all the currents entering any node in a circuit equals zero. 

If the current leaving a node is assumed positive, then the current entering the node is 

assumed negative, and vice versa. 

 Assuming that the current leaving a node is positive, and applying KCL to the nodes in 

the figure above yields: 
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 Kirchhoff’s Voltage Law (KVL) 

The algebraic sum of all the voltages around any closed path in a circuit equals zero. 

It is important to keep track of the voltage polarity; either the decrease in voltage is assumed 

positive and then the increase is assumed negative, or vice versa. 

 

Assuming a reduction in the voltage is positive, for the figure below, yields: 

 

 

 

Example # 2: 
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Example # 3: 

 

Applying KCl at node “b” yields: 

                                                                                                                                    (1) 

 

Applying KVL for the bath “cabc” yields: 

                                                                                                                                                                                  (2) 

 

Solving eqs. (1) and (2) yields:  
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Analysis of a Circuit Containing a Dependent Source: 

Example # 4:  

Find 𝑣𝑜 in the circuit shown. 

Solution: 

Applying KCL at node “b” yields: 

                                                   (1) 

Applying KVL for the left hand loop “cabc” yields: 

(2) 

Solving eqs. (1) and (2) yields: 
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Simple Resistive Circuits 

 Resistors in Series 

They carry the same current (by applying KCL). 

 

An example of a simple loop circuit is shown in 

the figure next. 

 

Applying KCL at each node yields: 

 

 

Applying KVL to the loop yields: 

 

 

or    

 

The seven resistors can be replaced by a single resistor equivalent to all, 

as shown in the equivalent circuit of the figure next, such that; 

 

 

and   

 

 

In general, if k resistors are connected in series, the equivalent single resistor has a resistance 

equal to the sum of the k resistances, or  

 

Uploaded By: anonymousSTUDENTS-HUB.com



 

14 

 

Note that, the resistance of the equivalent resistor is always larger than that of the largest 

resistor in the series connection. 

 

In other words, several voltage sources in series can be replaced by one source, whose value 

is the algebraic sum of individual sources. Furthermore, the equivalent resistance of any 

number of resistors in series is the sum of individual resistances. 

 

 Resistors in Parallel 

When two (or more) elements are connected to the same single node pair, they are said to be 

in parallel; they have the same voltage. 

 

 

 

 

 

 

i.e., Parallel-connected circuit elements have the same voltage across their terminals. 

 

Applying KCL at the upper node, node “a”, yields: 

 

 

where, the currents i1, i2, i3, and i4 are the currents in the resistors R1 through R4, respectively. 

 

 

But,  

 

 

  

Uploaded By: anonymousSTUDENTS-HUB.com



 

15 

 

Therefore, each current can be expressed in terms of the source voltage and respective resistor 

as:  

 

 

 

Substituting these current in the KCL equation (  ), yields: 

 

 

 

Rearranging yields: 

 

 

 

Thus, the four resistors in the previous circuit can be 

replaced by an equivalent resistor, as shown in the figure 

next, such that, this equivalent resistor draws the same 

current from the source and has the source voltage across 

it.  

 

 

 

For “k” resistors connected in parallel, the equivalent resistor is: 

 

 

 

In terms of conductance: 

 

 

Note that, since the equivalent conductance is higher than the individual conductance of any 

resistor, then the resistance of the equivalent resistor is always smaller than the resistance of 

the smallest resistor in the parallel connection. 
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Two Parallel Resistors 

The equivalent resistor is:  

 

 

 

or    

 

 

For two resistors in parallel, the equivalent resistance equals the product of the resistances 

divided by the sum of the resistances. 

  

 

Example # 1: 

Find is, i1, and i2, in the circuit shown in the Figure next, by simplifying the circuit using series-

parallel reductions. 

 

Solution: 

The resistor 3Ω is in series with 6Ω resistor; 

 

  𝑅𝑒𝑞1 = 3 + 6 = 9Ω 

 

This equivalent resistor, 9Ω, is in parallel 

with 18Ω resistor; 

 

  𝑅𝑒𝑞2 =
18(9)

18+9
= 6Ω 

 

The equivalent resistor, 6Ω, is in series with 4Ω resistor; 

 

  𝑅𝑒𝑞3 = 4 + 6 = 10Ω 
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The source current, is, is:  

                   𝑖𝑠 =
𝑣𝑠

𝑅𝑒𝑞3
=

120

10
= 12𝐴  

The voltage between x-y is the same as the voltage across the parallel branches, and is: 

         𝑣𝑥𝑦 = 𝑅𝑒𝑞2𝑖𝑠 = 6(12) = 72𝑉 

Therefore,  𝑖1 =
𝑣𝑥𝑦

𝑅1
=

72

18
= 4𝐴 

         𝑖2 =
𝑣𝑥𝑦

𝑅𝑒𝑞1
=

72

9
= 8𝐴 

 

Note that, 𝑖𝑠 = 𝑖1 + 𝑖2 (KCL)! 

 

 Voltage Divider Circuit 

 

Applying KVL for the circuit shown in the figure yields: 

 

 

 

Thus,  

 

 

The voltages v1 and v2 can be found by applying Ohm’s law; 

 

 

and  

 

 

𝑣1 and 𝑣2 are functions of  𝑣𝑠 . 

𝑣𝑠  is divided between the resistors R1 and R2 in a direct proportion to their resistances. 

 

 

 

 

 

Uploaded By: anonymousSTUDENTS-HUB.com



 

18 

 

For “n” series resistors, the voltage division is as follows: 

 

The current i is: 

 

 

where Req is the sum of all resistors! 

 

The voltage drop 𝑣𝑗  across the resistor Rj is: 

 

 

 

 

Loading Effect on the Potential Divider 

 

Consider the circuit shown in the figure next. 

 

The output voltage, 𝑣𝑜, across the load, is:  

 

 

where 

 

Thus,  

 

 

 

  Note that, as 𝑅𝐿 → ∞, then 𝑣𝑜 =
𝑅2

𝑅1+𝑅2
𝑣𝑠! 

 

As long as 𝑅𝐿 ≫ 𝑅2, then the voltage ratio 
𝑣𝑜

𝑣𝑠
 is undisturbed by the addition of the load on the 

divider.  

In other words, 𝑅𝐿 should be much larger than 𝑅2 to avoid loading effect! 
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 Current Divider Circuit 

 

Consider the circuit shown in the figure next     

 

 

The voltage across the parallel resistors is: 

 

 

 

 

Rearranging for the branch currents yields: 

 

 

     and     

 

 

These relationships are valid only for two parallel resistors. 

 

The current in one resistor is directly proportional to the value of the other parallel resistor.   

 

 

For “n” parallel resistors, the current division is as follows: 

 

 

 

 

 

 

 

The voltage v is: 

 

 

where Req is the equivalent resistor of all resistors! 

 

The current ij through the resistor Rj is: 
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Example # 2: 

Find the power dissipated in the 6Ω resistor in the circuit shown in the figure below, by 

simplifying the circuit using series-parallel reductions.  

 

Solution: 

The resistors 4Ω //6Ω 

Thus, 𝑅𝑒𝑞1 =
4(6)

4+6
= 2.4Ω 

 

and 2.4Ω is in series with 1.6Ω,  

Therefore,  

 𝑅𝑒𝑞2 = 2. .4 + 1.6 = 4Ω 

The equivalent circuit will be as shown next. 

The current in 4Ω of the simplified circuit is found by 

current divider;  

 𝑖𝑜 =
𝑅1

𝑅1+𝑅𝑒𝑞2
𝑖𝑠 

   𝑖𝑜 =
16

16+4
10 = 8𝐴 

 

 

Thus, the current in 6Ω of the original circuit is found by current divider of  𝑖𝑜 between 4Ω & 

6Ω;  

  𝑖6 =
4

4+6
𝑖𝑜 

Thus, 

  𝑖6 =
4

4+6
8 = 3.2𝐴 

 

The power dissipated in the 6Ω resistor is: 

  𝑝 = 𝑅𝑖2 = 6(3.2)2 = 𝟔𝟏. 𝟒𝟒𝑾 
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Example # 3: 

Solution: 

The equivalent resistor of all parallel branches is: 

 

 

 

 

The output current 𝑖𝑜 is: 

 

   𝑖𝑜 =
𝑣

24
 

where 𝑣 is the voltage across the parallel branches such that: 

  𝑣 = 𝑅𝑒𝑞𝑖𝑠 

   𝑣 = 6(8) = 48𝑉 

Therefore, 

 

 

 

and the output voltage, 𝑣𝑜 , can be obtained by voltage (potential) divider as: 
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 Measuring Voltage and Current 

 An ammeter is an instrument designed to measure current; it is placed in series with the 

circuit element whose current is being measured. Ideally, it has zero equivalent resistance! 

 

 A voltmeter is an instrument designed to measure voltage; it is placed in parallel with the 

element whose voltage is being measured. Ideally, it has infinite equivalent resistance! 

 

 Note that, an ideal ammeter or voltmeter has no effect on the circuit variable it is designed 

to measure. 

 

 These meters are classified in two categories: Analog and digital 

 

 Analog Meters 

 They are based on the d’Arsonval meter movement, which implements the readout 

mechanism.  

 A d’Arsonval meter movement consists of a 

movable coil placed in the field of a 

permanent magnet. When current flows in the 

coil, it creates a torque on the coil, causing it 

to rotate and move a pointer across a 

calibrated scale.  

 By design, the deflection of the pointer is 

directly proportional to the current in the movable coil.  

 The coil is characterized by both a voltage rating and a current rating. For example, one 

commercially available meter movement is rated at 50 mV and 1 mA. This means that 

when the coil is carrying 1 mA, the voltage drop across the coil is 50 mV and the pointer 

is deflected to its full-scale position. 
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 An analog DC ammeter has a parallel 

resistor, 𝑅𝐴, to limit the amount of current 

through the coil. 

 

 Note that, a real ammeter has an equivalent resistance that is not zero, and it thus 

effectively adds resistance to the circuit in series with the element whose current the 

ammeter is reading.  

 The effective resistance of an ammeter should be no more than 1
10𝑡ℎ⁄  of the value of the 

smallest resistance in the circuit. 

 

 

 An analog DC voltmeter has a series resistor, 𝑅𝑣, to 

limit the amount of voltage across the coil.  

 Note that, a real voltmeter has an equivalent 

resistance that is not infinite, so it effectively adds 

resistance to the circuit in parallel with the element whose voltage is being read. 

 Digital Meters 

 They measure a continuous voltage or current at discrete points of time, called sampling 

time. It converts an analog signal to a digital signal. 

 They have several advantages over analog meters: 

1. They introduce less effect on the resistance of the circuit. 

2. They are easier to connect. 

3. They are more precise due to the nature of the readout mechanism. 
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Example # 4: 

 

 

 

 

 

Solution: 

a) By Ohm’s law, the coil resistance is 𝑅𝑐 =
50𝑚

1𝑚
= 50Ω 

Since the meter is to measure 10mA, then 9mA must pass through the parallel resistor, 

𝑅𝐴. The voltage across the meter at 10mA will be 50mV. Therefore, applying Ohm’s 

law 

  (9𝑚𝐴)𝑅𝐴 = 50𝑚𝑉 → 𝑅𝐴 =
50

9
= 5.555Ω 

b) Since the meter is to measure 10A, then 0.999A must pass through the parallel resistor, 

𝑅𝐴. The voltage across the meter at 1A will be 50mV. Therefore, applying Ohm’s law 

  (0.999𝐴)𝑅𝐴 = 50𝑚𝑉 → 𝑅𝐴 =
50𝑚

0.999
= 50.55𝑚Ω 
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Example # 5: 

 

 

Solution: 

a) The current through the meter at 150V will be 1mA. Since the meter is to measure 

150V, then 50mV appears across the coils resistance (50Ω) and 149.950V appears 

across the series resistor, 𝑅𝑣. Therefore, applying potential divider yields: 

   𝑉𝑐 =
𝑅𝑐

𝑅𝑐+𝑅𝑣
𝑉𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 →  50𝑚 =

50

50+𝑅𝑣
150  → 𝑅𝑣 = 149.95𝑘Ω 

 

b) Since the meter is to measure 5V, then 50mV appears across the coils resistance (50Ω) 

and 4.950V appears across the series resistor, 𝑅𝑣. Therefore, applying potential divider 

yields: 

   𝑉𝑐 =
𝑅𝑐

𝑅𝑐+𝑅𝑣
𝑉𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 →  50𝑚 =

50

50+𝑅𝑣
150  → 𝑅𝑣 = 4.95𝑘Ω 

c) The resistance of the meter 𝑅𝑚 is: 
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 Delta-to-Wye (Pi-to-Tee) Equivalent 

Circuits 

In the opposite circuit, there is no series or parallel 

connection.  

However, the equivalent can be found by 

implementing ∆ − 𝑌 transformation. 

The Delta configuration can be viewed as 𝜋! 

 

 

The Y (WYE)- or T- connection is shown in the 

Figure next. 

  

 

A Delta interconnection is equivalent to a WYE interconnection if the resistance between the 

corresponding terminal pairs is the same for each connection (third terminal is open circuit).  

The resistance between each pair of terminals is: 

 

 

 

 

 

 

Solving the above three equations yields: 

1) ∆ → Y       2) Y→ ∆                                                       

 

 

 

 

 

If 𝑅1 = 𝑅2 = 𝑅3 ↔ 𝑅𝑎 = 𝑅𝑏 = 𝑅𝑐 then:  

𝑹𝒀 =
𝑹∆

𝟑
      and    𝑹∆ = 𝟑𝑹𝒀 
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Example # 6: 

Find the current and power supplied by the 40 V source in the circuit shown using ∆ → Y. 

 

 

 

 

 

 

Solution: 

Either replace either the upper ∆ (100, 125, 25Ω) or the lower ∆ (40, 25, 37.5Ω) with its 

equivalent Y. 

Converting the upper ∆ (100, 125, 25Ω) to an equivalent Y, yields: 

 

 

 

 

 

 

The resulting circuit is as show in the figure next: 

 

The resistance across the terminals of the 40 V 

source can be found by series-parallel 

simplifications: 

 

 

 

 

An 80Ω resistor across a 40V source, therefore the current is: 

  𝑖 =
𝑣

𝑅𝑒𝑞
=

40

80
= 0.5𝐴 

 

The source delivers a power of: 

  𝑝 = 𝑣𝑖 = 40(0.5) = 20𝑊 
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Techniques of Circuits’ Analysis 

 

A planar circuit: is a circuit that can be redrawn on a plane with no crossing branches. 

 

 

 

A nonplanar circuit: is a circuit that cannot be redrawn in such a way that all nodes’ 

connections are maintained and no branches overlap. 

 

An example of nonplanar circuit is shown in 

the figure next. 

 

Notes: 1)  Node-voltage method is applicable to both planar and nonplanar circuits  

2) Whereas the mesh current method is applicable to planar circuits only 

 

An essential node (𝒏𝒆): is a node where three or more circuit elements join. 

An essential branch (𝒃𝒆): is a path which connects two essential nodes without passing 

through an essential node. 

 

Notes:  

1- The number of independent equations obtained by using KCL equals (𝑛𝑒 − 1) 

2- The number of independent equations obtained by using KVL equals (𝑏𝑒 − (𝑛𝑒 − 1)) 
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 Node-Voltage Method (Nodal Analysis) 

 It relies on finding the node voltages and applies KCL at the essential nodes. 

 The first step is choosing a reference node, which is assumed to have a zero voltage; 

the node which is connected to most branches. 

 Find the node voltages (𝑛𝑒 − 1); the voltage rise from the reference node to the 

nonreference node. 

 Node-Voltage and Independent Sources 

Example # 1 

Find the branch currents using nodal analysis 

for the circuit shown in the figure next. 

 

Solution: 

 There are 3 essential nodes. Thus the number of needed equations is (𝑛𝑒 − 1) = 2 

 Select the bottom node as the reference node.  

 Name the upper nodes’ voltages; 𝑣1 & 𝑣2   

 Apply KCL to the upper nodes; 

KCL at node 1 

 

 

  10𝑣1 − 100 + 2𝑣1 + 5𝑣1 − 5𝑣2 = 0 

𝟏𝟕𝒗𝟏 − 𝟓𝒗𝟐 = 𝟏𝟎𝟎                                                                                                 (1) 

 

KCL at node 2 

 

 

  5𝑣2 − 5𝑣1 + 𝑣2 − 20 = 0 

  −𝟓𝒗𝟏 + 𝟔𝒗𝟐 = 𝟐𝟎                                                                                                 (2) 

Solving eqs. (1) and (2) yields: 

 

 

 

𝑖1 

𝑖2 

𝑖3 

  𝑖4 
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Now all the branches’ currents can be found!  

 𝑖1 =
𝑣1−10

1
=

9.91−10

1
= −0.91𝐴 

  𝑖2 =
𝑣1

5
=

9.91

5
= 1.818𝐴 

  𝑖3 =
𝑣1−𝑣2

2
=

9.09−10.91

2
= −0.91𝐴 

  𝑖4 =
𝑣2

10
=

10.91

10
= 1.091𝐴 

 

Note: When there are voltage sources connected directly between essential nodes, the number 

of unknown node voltages is reduced, that is because the voltage sources constrain the 

difference between the node voltages at these nodes to equal the voltage of the source. 

 

Example # 2: Find the node voltages in the circuit shown in the following figure. 

 

Solution: 

 There are 3 essential nodes. 

 Take the bottom node as a reference 

node with 0V. 

 The number of needed equations is 3-1 =2 equations.  

 But, since the 100V is connected between two essential nodes, then 𝑣1 = 100𝑉. 

 Therefore, only one node voltage is unknown, which is 𝑣2   

 Applying KCL at node 2 yields: 

 

 

Substituting for 𝑣1 = 100𝑉 in the above equation and solving for 𝑣2 yield: 

 

 

The branches’ currents can now be found! 
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 Node-Voltage Method with Dependent Sources 

 

Example # 3: Use the node-voltage method to find the power dissipated in the 5Ω resistor in 

the circuit shown. 

  There are 3 essential nodes. Thus the 

number of needed equations is: 

 (𝑛𝑒 − 1) = 2 

 Select the bottom node as the reference node.  

 Name the upper nodes’ voltages; 𝑣1 & 𝑣2   

 Apply KCL to the upper nodes; 

KCL at node 1  

 

 

𝟏𝟓𝒗𝟏 − 𝟒𝒗𝟐 = 𝟐𝟎𝟎                                                                                                    (1) 

KCL at node 2  

 

 

2𝑣2 − 2𝑣1 + 𝑣2 + 5𝑣2 − 40𝑖∅ = 0                                                                                (2) 

But,     𝑖∅ =
𝑣1−𝑣2

5
 

Substituting for 𝑖∅ in eq. (2) yields: 

           −𝒗𝟏 + 𝟏. 𝟔𝒗𝟐 = 𝟎                                                                                                       (3) 

Solving eqs. (1) and (3) yields: 

  𝑣1 = 16𝑉 and 𝑣2 = 10𝑉 

            𝑖∅ =
𝑣1−𝑣2

5
=

16−10

5
= 1.2𝐴  

and      𝑃𝟓Ω = 𝑅𝑖∅
2 = 5(1.2)2 = 𝟕. 𝟐𝑾 
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Cramer’s Rule 

It is used to solve a set on linear equations.  

The kth unknown xk is: 

 

 

where ∆ is the characteristic determinant, and Nk is the numerator determinant for the kth 

unknown. 

For example: Assume that, a set of 3 currents equations is:  

 

 

 

 

 

The first step is to determine the characteristic determinant, ∆, as: 

 

 

 

 

 

 

 

 

 

 

The second step is forming the numerator determinant Nk from the characteristic determinant 

by replacing the kth column in the characteristic determinant with the column of values 

appearing on the right-hand side of the equations. 

  

 

 

 

 

Uploaded By: anonymousSTUDENTS-HUB.com



 

34 

 

 

 

 

 

 

 

 

 

 

 

 

 

Thus, the solutions for the currents are: 

  

 

 

 

And  
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 Node-Voltage Method and Supernode 

Example # 4: Find the node voltages in the circuit shown in the figure below. 

 

 

 

 

Solution: 

 Assigning node voltages, and the current 

in the dependent source, 𝑖, as it cannot be 

expressed in terms of node voltages, 

yield the figure next. 

 Note that,  𝑣1 = 50𝑉 

 Choose the bottom node as the reference node (0V) 

 Applying KCL at node 2 yields: 

 

 

 Applying KCL at node 3 yields: 

 

 

 Adding the latter two equations to eliminate 𝑖 yields: 

 

 

The last equation can be obtained directly if the two essential nodes, including the dependent 

voltage source, were combined in a one node 

called supernode, as illustrated in the figure 

next, and then apply KCL at the super node 

as:  

 

                                                                                                             (1) 

 

Supernode: is a node combining two essential nodes with a voltage source between them. 
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Another equation can be obtained from the dependent voltage source constraint equation as: 

   

                                                                                                           (2) 

 

  where                                          (3) 

 

Substituting eq. (3) in (2) yields a formula for 𝑣3  , then substituting for 𝑣3  & 𝑣1 = 50𝑉 in eq. 

(1) yields: 

 

 

 

 

 

 

From eq. (3),    

 

and from eq. (2),  
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 Mesh-Current Method 

 A Mesh current: is the current that exists in the perimeter of a mesh, not necessarily 

the branch current. 

 A Mesh is a loop with no other loops inside it.  

 It is applicable to planar circuits only. 

 It describes the circuit by 𝑏𝑒 − (𝑛𝑒 − 1)   equations, 

where, 𝑏𝑒 is the number of essential branches with unknown currents, and 𝑛𝑒 is the 

number of essential nodes 

 Assign mesh currents on the circuit 

 Apply KVL for each mesh 

 

For example, for the circuit shown in the figure next,  

  𝑛𝑒 = 4 

  𝑏𝑒 = 7 

# 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 = 𝑏𝑒 − (𝑛𝑒 − 1) = 4 𝑒𝑞𝑠. 

The 4 meshes are marked on the figure. 

 

 Mesh Analysis with Independent Sources 

Example # 5: For the circuit shown in the figure, use the mesh-current method to:  

a) Determine the power associated with each voltage source 

b) Calculate the voltage, 𝑣𝑜 , across the resistor 

 

Solution: 

 𝑛𝑒 = 3 

  𝑏𝑒 = 5 

  # 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 = 𝑏𝑒 − (𝑛𝑒 − 1)  

        = 5 − (3 − 1) = 3 

Apply KVL for mesh a: 

 

 

Apply KVL for mesh b: 
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Apply KVL for mesh c: 

 

 

Rearranging the latter 3 equations yields: 

 

 

 

 

 

Solving these equations yield: 

 

 

 

 

 

a) The current in the 40V-source is the same as the mesh current “𝑖𝑎”.  

The power consumed by the 40V-source is: 

 

 

The minus sign of the power means that this source is delivering (supplying) power to 

the network.  

 

The current in the 20V-source is identical to the mesh current “𝑖𝑐”, therefore, the power 

consumed by 20V-source is: 

 

 

The minus sign of the power means that this source also is delivering (supplying) power 

to the network.  

 

b) The branch current in the 8Ω resistor in the direction of the voltage drop, 𝑣𝑜 , is (𝑖𝑎 − 𝑖𝑏). 

       Therefore, 
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 Mesh-Current Method with Dependent Sources 

Example # 6: Use the mesh-current method of circuit analysis to determine the power 

dissipated in the resistor 4Ω in the circuit shown in the figure. 

 

 

Solution: 

 

     𝑛𝑒 = 4 

  𝑏𝑒 = 6 

  # 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 = 𝑏𝑒 − (𝑛𝑒 − 1) 

        = 6 − (4 − 1) = 3 

 

 

 

Apply KVL for mesh 1:  

                                                           (1) 

 

Apply KVL for mesh 2:  

                                                           (2) 

 

Apply KVL for mesh 3:  

                                                              (3) 

 

But the branch current 𝑖∅ can be expressed as: 

 

 

Substituting for 𝑖∅ in eq. (3) yields: 

                                                                                         (3’) 

Rearranging eqs. (1), (2) and (3’) yields: 
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Since the question is concerned with the power in the 4Ω resistor it is enough to find 𝑖2 & 𝑖3; 

 

 

 

and  

 

 

 

Note that, if the node voltage method was used, it reduces the problem to finding one unknown 

node voltage because of the presence of two voltage sources between essential nodes. 

 

 

 Mesh-Current Method and Supermesh 

Example # 7: For the circuit shown in the figure 

next find the mesh currents. 

 

Solution: 

 𝑛𝑒 = 4 

There are 6 essential branches, but the unknown 

branch currents are 5; so 𝑏𝑒 = 5 

      # 𝑜𝑓 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 = 𝑏𝑒 − (𝑛𝑒 − 1) 

                       = 5 − (4 − 1) = 2 are needed! 

 

Assign the mesh current on the figure as was shown. 

Apply KVL for mesh a:  

                                                    (1) 

 

The current source has an unknown voltage across it; 𝑣! 

Apply KVL for mesh c:  

                          (2) 

 

Adding eqs. (1) and (2) yields: 

                                         (3) 
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Apply KVL for mesh b:  

                        (4) 

 

The constraint equation of the current source is: 

                                   (5) 

 

Simplification and solving of eqs. (3), (4) and (5) yield: 

 

 

Concept of Supermesh: 

Equation (3) can be derived directly if KVL is 

applied to the supermesh shown in the figure 

next, without the need to include the voltage 

across the current source, 𝑣. 

 

The supermesh is a mesh which a voids the current source! 

Applying KVL to the supermesh yields: 

 

 

which reduces to  

 

 

which is the same equation as (3)! 

 

 Nodal Analysis versus Mesh Analysis 

1- Use the method which results in a fewer simultaneous equation 

2- If there is a super node use Nodal analysis 

3- If there is a supermesh use Mesh analysis 

4- If there is a method which gives the requested answer by solving a portion of the circuit 

only, then use that method. 
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Example # 8: Find the power dissipated in the 300Ω resistor in the circuit shown in the figure. 

 

Solution:  

 𝑛𝑒 = 4 

 𝑏𝑒 = 8 

       

 

Using Nodal analysis,  

                  # 𝑜𝑓 𝑒𝑞𝑠. = 𝑛𝑒 − 1 = 4 − 1 = 3 

 Using Mesh analysis,  

                  # 𝑜𝑓 𝑒𝑞𝑠. = 𝑏𝑒 − (𝑛𝑒 − 1) = 8 − (4 − 1) = 5 

 

Thus, use Node method, since it needs less equations. 

 

Choose the bottom node as the reference 

node, and assign the other node voltages as 

shown in the figure next.   

 

KCL at node “a” yields: 

 

 

 

KCL at node “c” yields: 

 

 

 

But,  

 

Rearrange and solve the above equations to find 𝑣𝑎& 𝑣𝑐! 

The power in 300Ω is: 𝑝300Ω =
(𝑣𝑐−𝑣𝑎)2

300
= 16.57𝑊 (prove it!) 
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Derive the equations for Nodal analysis if 

the reference was taken at node “a”, then a 

supernode will include the dependent source, 

as shown in the figure next!  

 

Study Example 4-6 (of the text book,10th ed.) 

 

Study other examples from the text book! 

 

 Source Transformation 

It allows a voltage source in series with a resistor to be replaces by a current source in 

parallel with the same resistor, and vice versa. 

    

 

If a load resistor 𝑅𝐿 was connected across the terminals a-b, in both circuits, then the current 

in figure (a) is: 

 

 

 

Whilst, the current in figure (b), by current divider, is: 

 

 

If the two circuits are equivalent, then the two load currents must be the same: 

      
𝑣𝑠

𝑅+𝑅𝐿
=

𝑅𝑖𝑠

𝑅+𝑅𝐿
 

This implies that, 𝒗𝒔 = 𝑹𝒊𝒔 or 𝒊𝒔 =
𝒗𝒔

𝑹
 

 

Note the polarity of 𝒗𝒔 and direction of 𝒊𝒔! 
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Example # 9: Use Source Transformation 

a) For the circuit shown in figure below, find the power associated with the 6 V source. 

b) State whether the 6V source is absorbing or delivering the power calculated in (a). 

 

 

Solution: 

Note that,  

 3 node equations or 3 mesh equations have to be solved. 

 The 6V source must be preserved when conducting any source transformation. 

1- Transform 40V and 5Ω  

  𝑖𝑠1 =
𝑣𝑠

𝑅
=

40

5
= 8𝐴 in parallel with 5Ω! 

2- 5Ω//20Ω 

  𝑅𝑒𝑞1 =
5(20)

5+20
= 4Ω 

3- Transform 8A in parallel with 4Ω 

 𝑣𝑠1 = 𝑅𝑒𝑞1𝑖𝑠1 = 4(8) = 32𝑉 

4- 4Ω in series with 10Ω and 6Ω  

  𝑅𝑒𝑞2 = 4 + 10 + 6 = 20Ω 

5- Transform 32V and 20Ω  

𝑖𝑠2 =
𝑣𝑠1

𝑅𝑒𝑞2
=

32

20
= 1.6𝐴 in parallel with 20Ω!  

6- 30Ω//20Ω 

 𝑅𝑒𝑞3 =
30(20)

30+20
= 12Ω 

7- Transform 1.6A in parallel with 12Ω  

        𝑣𝑠2 = 𝑅𝑒𝑞3𝑖𝑠2 = 12(1.6) = 19.2𝑉 

8- The current 𝑖𝑥 

  𝑖𝑥 =
𝑣𝑠2−6

4+12
=

19.2−6

16
= 0.825𝐴 

9- The power 𝑝6𝑉 is: 

       𝑝6𝑉 = 𝑣𝑖𝑥 = 6(0.825) = 4.95𝑊  

The power is absorbed by the 6V-source, as the current is entering the positive terminal of the 

6V-source. 

 

 

𝑖𝑥 
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Note that, a resistor in parallel with the voltage source has no effect on the transformation 

(figure (a)), whereas a resistor in series with a current source has no effect on the 

transformation (figure (b)). 

Example # 10:  

a) Use Source Transformation to find the voltage 𝑣𝑜 

b) Find the power developed by the 250V source 

c) Find the power developed by the 8A source  

Solution:   

a) The 125Ω resistor across the voltage source has no 

effect, so it can neglected/removed! 

Also the 10Ω resistor in series with the current 

source has no effect, so it can neglected/removed! 

1- 5Ω in series with 15Ω → 𝑅𝑒𝑞1 = 20Ω 

2- Transform 250V and 25Ω   

  𝑖𝑠1 =
𝑣𝑠

𝑅
=

250

25
= 10𝐴 ; in parallel with 25Ω!   

3- 25Ω//20Ω//100 Ω 

     𝑅𝑒𝑞2 = 10Ω 

4- The current sources can be combined together 

producing 𝑖𝑠2 = 2𝐴 source (upwards); in parallel with 

10Ω  

   𝑣𝑜 = 𝑅𝑒𝑞2𝑖𝑠2 = 10(2) = 20𝑉 

 

b) Refer to the original circuit, the current out of 

the 250V source, 𝑖1, is the sum of the current in 

the 125Ω and the current in the 25Ω; 

    𝑖1 =
𝑣𝑠

125
+

𝑣𝑠−𝑣𝑜

25
=  

250

125
+

250−20

25
= 11.2𝐴 

   𝑝250𝑉 = 𝑣𝑠𝑖1 = 250(11.2) = 2800𝑊 (supplied by the source) 

𝑖1 
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c) Refer to the original circuit, 

the power consumed by the 

8A source is: 

    

𝑝8𝐴 = 𝑣𝑠2𝑖8𝐴 

 

The voltage of 8A source, 𝑣𝑠2, is (by KVL): 

   −𝑣𝑠2 + 𝑣𝑜 − 10(8) = 0 

   𝑣𝑠2 = 20 − 10(8) 

   𝑣𝑠2 = −60𝑉 

𝑝8𝐴 = −60(8) = −480𝑊 (consumed) 

   𝑝8𝐴 = 480𝑊 (developed by or supplied by the source) 

 

Note that, the 125Ω and 10Ω resistors do not affect the value of 𝑣𝑜 , but do affect the power 

calculations. 

 

 Thevenin’s and Norton’s Theorems 

Thevenin’s Theorem: it is possible to replace the entire network, exclusive of the load, by an 

equivalent circuit that contains only an independent voltage source (𝑽𝑻𝒉) in series with a 

resistor (𝑹𝑻𝒉), in such a way that the current-voltage relationships at the load are unchanged. 

 

 

 

 

 

 

 

Norton’s Theorem: it is possible to replace the entire network, exclusive of the load, by an 

equivalent circuit that contains only an independent current source (𝑰𝑵) in Parallel with a 

resistor (𝑹𝑵), in such a way that the current-voltage relationships at the load are unchanged. 

 

 + 
𝒗𝒔𝟐 

     _ 
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Such that,   

  𝑽𝑻𝒉 = 𝑽𝒐𝒄 , where 𝑉𝑜𝑐 the open circuit voltage at terminals a-b 

𝑰𝑵 = 𝒊𝒔𝒄 , where 𝑖𝑠𝑐 the short circuit current at terminals a-b 

 𝑹𝑻𝒉 = 𝑹𝑵 =
𝑽𝒐𝒄

𝒊𝒔𝒄
; in general (for cases 1 and 2), but it can be found by various methods 

depending on the types of sources in the network! 

 

 Case 1: Independent Sources Only 

𝑅𝑇ℎ or (𝑅𝑁) can be found by looking into the open circuit terminals; a-b, after setting 

all sources to zero; current sources are set to zero current (replaced by an open circuit), 

and the voltage sources are also set to zero voltage (replaced by a short circuit). 

 

Example # 11:  Find the Thevenin’s and Norton’s equivalent of the circuit in the figure below. 

 

 

 

Solution: 

1- The Thevenin’s voltage, 𝑉𝑇ℎ = 𝑉𝑜𝑐: 

Note that, when the terminals a-b are open, there is no current in the 4Ω resistor. 

Therefore the open-circuit voltage is identical to the voltage across the 3 A current 

source, labelled 𝑣1. 

Using Node-method, taking the lower node as a reference node, and applying KCL at the 

upper node yield: 

  

 

 

Solving yields, 𝑣1 = 32𝑉 

Therefore, 𝑉𝑇ℎ = 𝑉𝑜𝑐 = 𝑉𝑎𝑏 = 𝑣1 = 32𝑉 

 

2- Thevenin’s resistance, this is case 1, so deactivate 

(get rid of) all independent sources; the current 

source is replaced by an open circuit and the voltage 

source is replaced by a short circuit, then look into 

the terminals a-b;  
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Therefore, the equivalent Thevenin’s circuit is:  

 

 

3- To find 𝑰𝑵 = 𝒊𝒔𝒄 

    

Using Node-method, taking the lower 

node as a reference node, and applying 

KCL at the upper node yield: 

 

 

 

Solving yields, 𝑣2 = 16𝑉 

Thus, 𝑖𝑠𝑐 =
𝑣2

4
=

16

4
= 4𝐴 = 𝐼𝑁 

4- To find the Norton’s equivalent  

   𝑅𝑁 = 𝑅𝑇ℎ = 8Ω 

It can also be found as: 𝑅𝑁 =
𝑉𝑜𝑐

𝑖𝑠𝑐
=

32

4
= 8Ω; 

The equivalent Norton’s circuit is shown in the figure next. 

 

 

 

Note that,  

 Thevenin’s and Norton’s equivalent circuits are the source transformation of each 

other. 

 The current in the short circuit 𝑖𝑠𝑐 must be assumed to flow from the positive to the 

negative terminal of  𝑉𝑜𝑐. 
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 Case 2: Independent and Dependent Sources  

In this case, 

 𝑽𝑻𝒉 = 𝑽𝒐𝒄 , where 𝑉𝑜𝑐 the open circuit voltage at terminals a-b 

 𝑰𝑵 = 𝒊𝒔𝒄 , where 𝑖𝑠𝑐 the short circuit current at terminals a-b 

 𝑹𝑻𝒉 & 𝑹𝑵 can be found either by: 

1- 𝑹𝑻𝒉 = 𝑹𝑵 =
𝑽𝒐𝒄

𝒊𝒔𝒄
, as explained before, or 

2- 𝑹𝑻𝒉 = 𝑹𝑵 =
𝒗𝑻

𝒊𝑻
, where 𝑣𝑇  & 𝑖𝑇 are the Test voltage and current, respectively, 

applied at the network terminals 

 

Example # 12: Find the Thevenin’s and Norton’s equivalent circuits at the terminals a-b for 

the circuit in the figure shown next.  

 

Solution: 

 This is case 2; the network has 

dependent and independent sources. 

 Note that, 𝑖𝑥 is zero as there is no return path!  

 To find  𝑽𝑻𝒉 = 𝑽𝒐𝒄 = 𝑽𝒂𝒃 = 𝒗,  

        𝑉𝑎𝑏 = −(20𝑖)25 = −500𝑖                 (1) 

      But, the current 𝑖, controlling the current-controlled current source, is: 

 

                                  (2) 

 

 

        Solving eqs. (1) and (2) yields: 

  𝑽𝑻𝒉 = −𝟓𝑽 

 To find 𝑰𝑵 = 𝒊𝒔𝒄 

 

Place a short circuit link at the 

terminals a-b, and assign 𝑖𝑠𝑐 on it, as 

shown in the figure next.  

 

Since, there is short circuit across a-b, the voltage across a-b is zero 𝒗 = 0, and therefore 

the voltage-controlled voltage source is zero; it is replaced by a short circuit. 
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Note that, with a short circuit at a-b, all the current of the current-controlled current-

source flows in the short circuit; 

    𝑖𝑠𝑐 = −20𝑖    

But, the current, 𝑖, controlling the current-controlled current source is: 

 

 

 

Therefore, 𝑖𝑠𝑐 = −20(0.0025) = −50𝑚𝐴 →  𝑰𝑵 = −𝟓𝟎𝒎𝑨 

Thus,  

   𝑅𝑇ℎ = 𝑅𝑁 =
𝑉𝑜𝑐

𝑖𝑠𝑐
=

−5

−0.05
= 𝟏𝟎𝟎Ω 

 

The Thevenin’s equivalent circuit is shown next. 

 

 

 

To find Thevenin’s Resistance using the Test Source: 

Deactivate all independent sources and connect a Test source at the terminals a-b of the 

original circuit, whose current is 𝑖𝑇 and voltage is 𝑣𝑇, as shown in the figure below.   

 

Apply KCL at the output node: 

 

 

But,  

 

Combining the latter two equations yields: 

 

 

Rearranging the latter equation, yields:  

 

 

 

Therefore,   
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 Case 3: Dependent Sources Only (Dead Circuits) 

Since there is no independent source, 𝑉𝑇ℎ = 0 & 𝐼𝑁 = 0.  
 

𝑅𝑇ℎ = 𝑅𝑁 =
𝒗𝑻

𝒊𝑻
, where 𝑣𝑇  & 𝑖𝑇 are the Test voltage and current, respectively, applied at the 

network terminals 

 

Example # 13: Find the Thevenin’s and Norton’s equivalent circuits at the terminals x-y for 

the circuit in the figure shown next, where: 

   𝛽 = 1.5 

   𝑅3 = 3Ω 

   𝑅4 = 2Ω 

   𝑅5 = 2Ω = 𝑅𝐿 

Solution: 

Since there is no independent source, 𝑉𝑇ℎ = 0 & 𝐼𝑁 = 0  

 

To find 𝑅𝑇ℎ 𝑜𝑟 𝑅𝑁, apply a test voltage 𝑣𝑇 at x-y,  and find 𝑖𝑇 , then 𝑅𝑇ℎ = 𝑅𝑁 =
𝑣𝑇

𝑖𝑇
 

 

KCL at the upper node, and taking the 

bottom node as a reference yield: 

 

𝑣𝑇 − 𝛽𝑖𝑏

𝑅3
+

𝑣𝑇

𝑅4
− 𝑖𝑇 = 0 

 

But,  𝑖𝑏 = −𝑖𝑇 

 

Combining the latter two equations, substituting values and rearranging yield: 

    

     
𝒗𝑻

𝒊𝑻
= 0.6Ω → 𝑅𝑇ℎ = 𝑅𝑁 = 0.6Ω  

𝑖𝑏 𝒙 

𝒚 

𝑖𝑏 𝒙 

𝒚 

𝑅𝑇ℎ 

𝒙 

𝒚 
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 Maximum Power Transfer 

To calculate the value of the load resistor that draws the 

maximum power from a network, replace the whole 

network by its equivalent Thevenin’s or Norton’s circuit! 

 

 

The load power is: 

 

 

 

To find the value of 𝑅𝐿 that maximizes the power transferred to the load,  

1- derive the power with respect to 𝑅𝐿: 

 

2- set the derivative equal to zero: 

 

 

3- The power is maximum when: 

    𝑹𝑳 = 𝑹𝑻𝒉 

4- The maximum power is obtained by substituting for 𝑅𝐿 = 𝑅𝑇ℎ in the power equation: 

            𝑝𝑚𝑎𝑥 = (
𝑉𝑇ℎ

𝑅𝑇ℎ+𝑅𝑇ℎ
)

2

𝑅𝑇ℎ = (
𝑉𝑇ℎ

2𝑅𝑇ℎ
)

2

𝑅𝑇ℎ         

Thus,  

          𝒑𝒎𝒂𝒙 =
(𝑽𝑻𝒉)𝟐

𝟒𝑹𝑻𝒉
       or     𝒑𝒎𝒂𝒙 =

𝑹𝑵(𝑰𝑵)𝟐

𝟒
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Example # 14:  

a) For the circuit shown in figure next, find the value 

of 𝑅𝐿 that results in maximum power being 

transferred to 𝑅𝐿  

b) Calculate the maximum power that can be 

delivered to 𝑅𝐿  

c) When 𝑅𝐿 is adjusted for maximum power transfer, what percentage of the power delivered 

by 360 V source reaches 𝑅𝐿? 

 

Solution: 

a) The Thévenin’s voltage for the circuit to the left of the terminals a-b is: 

 

 

The Thevenin’s resistor is found by looking into the terminals after deactivating the 

voltage source, as it is case 1: 

 

 

Therefore, 𝑅𝐿 = 𝑅𝑇ℎ = 𝟐𝟓Ω 

b) The maximum power that can be delivered to 𝑅𝐿 is:  

                  𝑝𝑚𝑎𝑥 =
(𝑉𝑇ℎ)2

4𝑅𝑇ℎ
=

(300)2

4(25)
= 900𝑊        

c) When 𝑅𝐿 = 25Ω, the voltage 𝑣𝑎𝑏 is:  

 

 

From the original circuits, the source current flowing out of the positive terminal is:  

   𝑖𝑠 =
𝑣𝑠−𝑣𝑎𝑏

30
=

360−150

30
=

210

30
= 7𝐴 

      The power delivered by the source to the circuit is: 

               𝑝𝑠 = 𝑣𝑠𝑖𝑠 = 360(7) = 2520𝑊  

      The percentage of the source power delivered to the load is: 
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 Superposition 

 Superposition states that whenever a linear system is excited, or driven, by more than 

one independent source of energy, the total response is the sum of the individual 

responses. An individual response is the result of an independent source acting alone. 

 Only one independent source is left in the circuit, all the other independent sources are 

deactivated; a current source is replaced by an open circuit, whilst a voltage source is 

replaced by a short circuit. 

 All dependent sources stay in the circuit. 

 Linearity requires additivity and homogeneity (scaling). 

 The response to one independent source is superimposed on the responses of the other 

independent sources. 

 

Example # 15: 

For the circuit shown in the figure next, use 

superposition to find the branch currents.  

 

Solution: 

1- The response to 120V source acting alone (12A source is replaced by an open circuit) 

Use Nodal analysis, and apply KCL at node 1 

 

 

Arranging and solving yields: 

 

The branch currents in response to the 120V source are: 
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2- The response to 12A source acting alone (120V source is replaced by a short circuit) 

 

 

 

 

Use nodal analysis to find the node voltages 𝑣3 & 𝑣4, with the bottom node as a reference: 

KCL at Node 3: 

 

 

KCL at Node 4: 

 

 

Arranging and solving the latter two equations yield: 

 

 

 

 

The branch currents in response to the 12A source are: 

 

 

 

 

 

 

 

 

 

 

3-  The branch current in the original circuit is the algebraic sum of individual contributions 

of each individual source acting alone: 
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Example # 16: 

For the circuit shown in the figure next, 

use superposition to find the output 

voltage, 𝑣𝑜.  

 

 

Solution: 

1- The response to 10V source acting alone (5A source is replaced by an open circuit) 

 

The right hand loop, has a current of 0.4𝑣∆
′ ; 

  𝑣∆
′ = −10(0.4𝑣∆

′ ) 

  𝑣∆
′ = −4𝑣∆

′ → 𝑣∆
′ = 0 

 

No current flows in the right hand branch, which means that the branch containing the two 

dependent sources is open circuit. 

Therefore, 𝑣𝑜 is obtained by voltage divider: 

 

 

 

2- The response to 5A source acting alone (10V source is replaced by a short circuit) 

 

Use nodal analysis, and assign nodes 

 

 

KCL at Node a: 

 

                       (1) 

 

KCL at Node b: 

 

 

      (2) 
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But,    𝑣𝑏 = 𝑣𝑐 + 𝑣∆
"
 

 

 

Substituting for 𝑣𝑏 in eq. (2) yields: 

 

 

Substituting for 𝑣∆
"  in eq. (1) yields: 

 

 

3- The output voltage in the original circuit is the algebraic sum of individual contributions 

of each individual source acting alone: 

                  𝑣0 = 𝑣𝑜
′ + 𝑣𝑜

"  

        𝑣0 = 8 + 16 = 24𝑉 
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Inductance and Capacitance  

 Inductance and Inductors 

Inductance: relates the induced voltage (due to the time varying magnetic field) to the current. 

An inductor: is a passive circuit element, which is composed of a coil of wire wound around 

a supporting core, whose material may be magnetic of nonmagnetic. It stores energy in its 

magnetic field. 

 Examples of inductors are the coils of wires used to make an electro-magnet, or the 

windings of wire in an electric motor. 

 It is measured in Henrys (H); 𝜇H to ten’s of Henrys  

 It is represented graphically as a coiled wire.  

 

 The voltage across the inductor is proportional to the rate of change of the current through 

it as: 

 

 

 

where 𝑣 is measured in Volts, 𝐿 in Henrys, 𝑖 in Amperes, and 𝑡 in seconds. 

 

Note that,  

1- If the inductor current is constant, then 𝑣 = 0; the inductor is a short circuit 

2- The current cannot change instantaneously in an inductor 
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The inductor’s current is:   

                                                   → 

 

 

where 𝑖(𝑡0) is the initial inductor’s current at time 𝑡0. 

 

 Power and Energy in the Inductor 

The power of the inductor is:  

    𝑝 = 𝑖𝑣 

But, 𝑣 = 𝐿
𝑑𝑖

𝑑𝑡
 , therefore,  

    𝑝 = 𝐿𝑖
𝑑𝑖

𝑑𝑡
      or   

 

The energy and the power are related by: 

 

 

 

where 𝑤 is the energy (or work) 

 

If the reference of zero energy corresponds to zero current, changing variables of integration 

and integrating yields: 

 

 

 

 

Thus, the energy of an inductor is: 

 

 

 

Energy is measured in Joules. 
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 Series-Parallel Combination of Inductors  

A) Series Inductors: 

They carry the same current, 𝑖.  

 

The voltage across each inductor is: 

               𝑣1 = 𝐿1
𝑑𝑖

𝑑𝑡
 , 𝑣2 = 𝐿2

𝑑𝑖

𝑑𝑡
 , and  𝑣3 = 𝐿3

𝑑𝑖

𝑑𝑡
 

  

But, the total voltage, 𝑣: 

   𝑣 = 𝑣1 + 𝑣2 + 𝑣3 

   𝑣 = 𝐿1
𝑑𝑖

𝑑𝑡
+ 𝐿2

𝑑𝑖

𝑑𝑡
+ 𝐿3

𝑑𝑖

𝑑𝑡
  

   𝑣 = (𝐿1 + 𝐿2 + 𝐿3)
𝑑𝑖

𝑑𝑡
 

 𝑣 = 𝐿𝑒𝑞
𝑑𝑖

𝑑𝑡
 

where 𝐿𝑒𝑞 is the equivalent inductance such that, 

         𝐿𝑒𝑞 = 𝐿1 + 𝐿2 + 𝐿3 

For N series inductors, the equivalent inductor is: 

  

 

Note that, the equivalent inductor carries also the same initial current, 𝑖(𝑡0), as the series 

inductors. 

 

B) Parallel Inductors: 

Parallel inductors have the same voltage, 𝑣. 

The currents in the inductors are:  
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KCL at the upper node yields: 

   𝑖 = 𝑖1 + 𝑖2 + 𝑖3 

Substituting for each current and arranging terms yield: 

 

 

 

 

 

 

Such that, 

 

 

 

 

 

Thus, for N parallel inductors, the equivalent inductor is:  

 

 

 

and the equivalent initial current is the sum of individual initial currents; 

 

 

 

 Capacitance and Capacitors 

A Capacitor (C): 

 It is a passive circuit element composed of two conducting plates 

separated by a layer of an insulating or a dielectric material (𝐶 =
𝜀𝐴

𝑑
; ε is 

the permittivity of the dielectric, “A” is the area of the plates, and “d” is 

the separating distance between plates). 

 It is measured in Farads (pF … mF) 

 It stores energy in its electric field. 

 As the voltage varies with time, the displacement of charge also varies with time, causing 

what is known as the displacement current. 
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 The “displacement current” current of a capacitor is proportional to the rate of change of 

the voltage across its terminals, with respect to time, as: 

where 𝑖 is measured in Amperes, 𝐶 in Farads, 𝑣 in Volts, and 𝑡 in seconds. 

 Thus, the capacitor’s voltage can be found by arranging and integrating as: 

 

where 𝑣(𝑡0)  is the initial capacitor’s voltage at time 𝑡0. 

 

 Power and Energy in the Capacitor 

The power of the capacitor is:  

           𝑝 = 𝑣𝑖 

But, 𝑖 = 𝐶
𝑑𝑣

𝑑𝑡
 , therefore,  

        𝑝 = 𝐶𝑣
𝑑𝑣

𝑑𝑡
   or  

 

The energy (𝑤) of the capacitor can be found as: 

     𝑝 =
𝑑𝑤

𝑑𝑡
= 𝐶𝑣

𝑑𝑣

𝑑𝑡
    

Therefore,  𝑑𝑤 = 𝐶𝑣𝑑𝑣 

Integrating both side yields: 

 

 

Thus,  

 

 

The reference for zero energy corresponds to zero voltage. 
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 Series-Parallel Combination of Capacitors 

A) Series Capacitors: 

Applying KVL: 

   𝑣 = 𝑣1 + 𝑣2 + ⋯ + 𝑣𝑛 

But,  

 

Thus, 

 𝑣 = (
1

𝐶1
+

1

𝐶2
+. . . +

1

𝐶𝑛
) ∫ 𝑖𝑑𝜏

𝑡

𝑡0
+ { 𝑣1(𝑡0) + 𝑣2(𝑡0) + ⋯ + 𝑣𝑛(𝑡0)}   

 

   𝑣 = (
1

𝐶𝑒𝑞
) ∫ 𝑖𝑑𝜏

𝑡

𝑡0
+  𝑣(𝑡0) 

where, is the equivalent capacitor is: 

    
1

𝐶𝑒𝑞
=

1

𝐶1
+

1

𝐶2
+

1

𝐶3
 

and the initial voltage is: 

𝑣(𝑡0) = 𝑣1(𝑡0) + 𝑣2(𝑡0) + 𝑣3(𝑡0)   

In general, For N series capacitors, the equivalent capacitor is: 

   
𝟏

𝑪𝒆𝒒
=

𝟏

𝑪𝟏
+

𝟏

𝑪𝟐
+ ⋯ +

𝟏

𝑪𝒏
 

And the initial voltage at the equivalent capacitor is: 

   𝒗(𝒕𝟎) = 𝒗𝟏(𝒕𝟎) + 𝒗𝟐(𝒕𝟎) + ⋯ + 𝒗𝒏(𝒕𝟎) 

 

B) Parallel Capacitors: 

Applying KCL at the upper node: 

   𝑖 = 𝑖1 + 𝑖2 + ⋯ + 𝑖𝑛 

But, 𝑖𝑗 = 𝐶𝑗
𝑑𝑣

𝑑𝑡
, the above equation becomes:  

   𝐶𝑒𝑞
𝑑𝑣

𝑑𝑡
= 𝐶1

𝑑𝑣

𝑑𝑡
+ 𝐶2

𝑑𝑣

𝑑𝑡
+ ⋯ + 𝐶𝑛

𝑑𝑣

𝑑𝑡
  

  𝐶𝑒𝑞
𝑑𝑣

𝑑𝑡
= (𝐶1 + 𝐶2 + ⋯ + 𝐶𝑛)

𝑑𝑣

𝑑𝑡
 

 

Therefore,   𝑪𝒆𝒒 = 𝑪𝟏 + 𝑪𝟐 + ⋯ + 𝑪𝒏 

Note that, the equivalent capacitor has the same initial voltage as the parallel capacitors, 𝑣(𝑡0). 
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 R

Response of First-Order RL or 

RC Circuits 

 

 The analysis will be carried out to determine the response (the currents and voltages) that 

arise when energy is either released or acquired by an inductor or capacitor in response to 

an abrupt change in a DC voltage or current source. 

 The response due to releasing the energy stored by an inductor or capacitor into a resistive 

network is known as the natural response, to emphasize that the nature of the circuit itself, 

not external sources of excitation, determines its behaviour. 

 The equivalent circuit for the natural response could be represented as shown in the figure 

below. 

 

 

 

 

 RL (resistor-inductor) and RC (resistor-capacitor) circuits are also known as first-order 

circuits, because their voltages and currents are described by first-order differential 

equations.  

 No matter how complex a circuit may appear, if it can be reduced to a Thévenin or Norton 

equivalent circuit connected to the terminals of an equivalent inductor or capacitor, it is a 

first-order circuit. 
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 The Step Response of an RL and an RC Circuit  

It shows how a circuit responds when energy is being released/stored in an inductor or a 

capacitor. 

 The Step Response of an RL Circuit 

Assume that the switch in the figure is closed at time 𝑡 = 0𝑠.  

Applying KVL yields: 

𝐿
𝑑𝑖(𝑡)

𝑑𝑡
+ 𝑅𝑖(𝑡) = 𝑉𝑠 

 

Dividing both sides by 𝐿 yields: 

        
𝑑𝑖(𝑡)

𝑑𝑡
+

𝑅

𝐿
𝑖(𝑡) =

𝑉𝑠

𝐿
 

 

 

 

 The Step Response of an RC Circuit 

 

Assume that the switch in the figure is closed at time 𝑡 = 0𝑠.  

Applying KCL yields: 

𝐶
𝑑𝑣(𝑡)

𝑑𝑡
+

1

𝑅
𝑣(𝑡) = 𝐼𝑠  

 

Dividing both sides by 𝐶 yields: 

        
𝑑𝑣(𝑡)

𝑑𝑡
+

1

𝑅𝐶
𝑣(𝑡) =

𝐼𝑠

𝐶
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 Solution to the Differential Equation 

Both networks can be described by a single differential equation in the form: 

   
𝑑𝑋(𝑡)

𝑑𝑡
+ 𝑎𝑋(𝑡) = 𝑓(𝑡) 

 

where 𝑋(𝑡) represents a current or a voltage in the network; 𝑋(𝑡)is the solution to the 

differential equation and equals: 

   𝑋(𝑡) = 𝑋𝑝(𝑡) + 𝑋𝑐(𝑡) 

 

where 𝑋𝑝(𝑡)  is the particular integral solution or forced steady state response, such that: 

   
𝑑𝑋𝑝(𝑡)

𝑑𝑡
+ 𝑎𝑋𝑝(𝑡) = 𝑓(𝑡) 

𝑋𝑝(𝑡)  consists of functional forms of 𝑓(𝑡) and its first derivatives, except for 𝑓(𝑡) = 𝐴𝑒−𝑎𝑡 

where "𝑎" in 𝑓(𝑡) is the same as "𝑎" in the equation.  

 

Some forms of 𝑓(𝑡) and their particular solutions are shown in the table below. 

 

𝒇(𝒕) 𝑿𝒑(𝒕) 

𝑨 𝑘1 

𝒂𝒕𝒏 𝑏0𝑡𝑛 + 𝑏1𝑡𝑛−1 + 𝑏2𝑡𝑛−2 + ⋯ + 𝑏𝑛 

𝑨𝒆−𝒓𝒕 𝑘1𝑒−𝑟𝑡 

𝑨 𝐜𝐨𝐬 𝝎𝒕 

𝐷 cos 𝜔𝑡 + 𝐸 sin 𝜔𝑡 
𝑩 𝐬𝐢𝐧 𝝎𝒕 

  

Whilst, 𝑋𝑐(𝑡) is the complementary solution or natural (transient) response, and it is any 

solution to the homogeneous equation:  

         
𝑑𝑋𝑐(𝑡)

𝑑𝑡
+ 𝑎𝑋𝑐(𝑡) = 0 

𝑋𝑐(𝑡) and its derivative have the same time varying form, therefore,  

        𝑿𝒄(𝒕) = 𝒌𝟐𝒆−𝒂𝒕 
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If 𝑓(𝑡) is a constant, 𝐴, as it is the case with DC source excitation, then the general solution 

to the differential equation 

 

         
𝑑𝑋(𝑡)

𝑑𝑡
+ 𝑎𝑋(𝑡) = 𝐴 

is:  

        𝑋(𝑡) = 𝑋𝑝(𝑡) + 𝑋𝑐(𝑡)                         

                    → 𝑋(𝑡) = 𝑘1 + 𝑘2𝑒−𝑎𝑡 

 

As t → ∞,  𝑘2𝑒−𝑎𝑡 → 0, the remaining term k1 is referred to as a steady state solution (was 

called a particular solution). 

 

If 𝑋(𝑡) is writen in the form:  

   𝑋(𝑡) = 𝑘1 + 𝑘2𝑒− 
𝑡

𝜏 

Then the term 𝜏 is called the time constant of the network, and 𝜏 =
1

𝑎
. 

 

Time Constant (𝜏): 

It determines the rate at which the voltage or current reaches its steady state value. 

For RL network, =
𝐿𝑒𝑞

𝑅𝑒𝑞
 ,  (or τ =

Leq

RTh
 if the circuit has dependent sources) 

For RC network, 𝜏 = 𝑅𝑒𝑞𝐶𝑒𝑞, (or  τ = RThCeq if the circuit has dependent sources) 

 

For example, if 

           𝑖(𝑡) = 𝐼0𝑒−𝑡∕𝜏 ,   𝑡 ≥0 

 

after 1𝜏:    𝑖(𝑡) = 0.37𝐼0 

after 5τ:      𝑖(𝑡) = 0.01𝐼0 

 

Which means that during the first 1𝜏, 

the function has 63% change of its final 

value. 

  

 

  

0.37𝐼0 
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Example # 1: Natural response of an RL circuit 

The switch has been closed for a long time before it is opened at 𝑡 = 0. Find: 

 

a) 𝑖𝐿(t) for 𝑡 ≥ 0 

b) 𝑖𝑜(t) for 𝑡 ≥ 0+  

c) 𝑣𝑜(𝑡) for 𝑡 ≥ 0+ 

d) the percentage of the total energy stored 

in the 2𝐻 inductor that is dissipated in the 10Ω resistor 

Solution: 

a) At 𝒕 = 𝟎−,  

𝑖𝐿(0−) = 20𝐴; all the source current passes in the inductor as the circuit was in steady 

state, and the inductor acts like a short circuit; for a long time means reached steady state! 

   𝑖𝐿(0+) = 𝑖𝐿(0−) = 20𝐴; no instantaneous change in the inductor’s current. 

 

For 𝒕 > 𝟎,  

The circuit has no excitation, and can be described by a 

homogeneous differential equation, (𝑓(𝑡) = 0); it has 

transient (natural) response only, and no particular 

response; steady state response is zero. 

Thus,  

   𝑖𝐿(𝑡) = 𝑘2𝑒− 
𝑡

𝜏 

The equivalent resistor connected with the inductor is: 

 

 

        The time constant (𝜏) is: 

   𝜏 =
𝐿𝑒𝑞

𝑅𝑒𝑞
=

2

10
= 0.2𝑠 

Therefore,  

   𝑖𝐿(𝑡) = 𝑘2𝑒− 
𝑡

0.2 = 𝑘2𝑒− 5𝑡 

But the inductor current at 𝑡 = 0+ is: 

   𝑖𝐿(0+) = 20𝐴 = 𝑘2𝑒− 5(0) 

           ∴ 𝑘2 = 𝑖𝐿(0+) = 20𝐴 

   𝑖𝐿(𝑡) = 20 𝑒− 5𝑡 A; 𝑡 ≥ 0 
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b) The current in 40Ω resistor, 𝑖𝑜(𝑡), can be found by current 

divider:  

 

 

  𝑖𝑜(𝑡)  =
10(−𝑖𝐿(𝑡) )

10+40
 ; valid for 𝑡 ≥ 0+ , because the current in the resistor is not a 

continuous function; 𝑖𝑜(0−) = 0𝐴 

  𝑖𝑜(𝑡) = −4𝑒−5𝑡 A    ; 𝑡 ≥ 0+ 

 

c) The voltage across the 40Ω 𝑣𝑜(𝑡) can be found by Ohm’s Law:  

𝑣𝑜(𝑡) = 40(−4𝑒−5𝑡)     ; 𝑡 ≥ 0+ 

𝑣𝑜(𝑡) = −160𝑒−5𝑡  V   ; 𝑡 ≥ 0+ 

 

d) The power in 10Ω resistor: 

 

 

 

The percentage of the inductor’s energy dissipated in the 10Ω resistor is: 
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Example # 2: Natural response of an RL circuit with parallel inductors 

In the circuit shown, the initial currents in inductors 𝐿1& 𝐿2 and have been established by 

sources not shown. The switch is opened at 𝑡 = 0: 

a) Find 𝑖1, 𝑖2 and 𝑖3 for 𝑡 ≥ 0  

b) Calculate the initial energy stored in the parallel inductors 

c) Determine how much energy is stored in the inductors as 𝑡 → ∞  

d) Show that the total energy delivered to the resistive network equals the difference 

between the results obtained in b) and c) 

 

 

 

 

 

Solution: 

Note that, the initial currents in the inductors are given, so no need to analyse the circuit for 

𝑡 = 0−! 

For 𝑡 ≥ 0,  

The two inductors are in parallel, the equivalent inductor is: 

   𝐿𝑒𝑞 =
𝐿1𝐿2

𝐿1+𝐿2
=

5(20)

5+20
= 4𝐻 

The initial current of each individual inductor is: 

𝑖𝐿1(0+) = 𝑖𝐿1(0−) = 8𝐴           and         𝑖𝐿2(0+) = 𝑖𝐿2(0−) = 4𝐴 

The initial current of the equivalent inductor is the algebraic sum of the initial currents in 

individual inductors: 

   𝑖𝐿(0+) = 𝑖𝐿1(0+) + 𝑖𝐿2(0+) = 8 + 4 = 12𝐴 

 

And the equivalent resistor is: 

  𝑅𝑒𝑞 = 40||(4 + (15||10)) = 8Ω 

the circuit can be reduced to the equivalent circuit shown 

in the figure next.  

The time constant (𝜏) is: 

   𝜏 =
𝐿𝑒𝑞

𝑅𝑒𝑞
=

4

8
= 0.5𝑠 
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The circuit has no excitation, thus the current is the inductor’s current is: 

   𝑖(𝑡) = 𝑘2𝑒− 
𝑡

𝜏 

   𝑖(𝑡) = 𝑖𝐿(0−)𝑒− 
𝑡

0.5 

   𝑖(𝑡) = 12𝑒− 2𝑡 A; 𝑡 ≥ 0 

 

Because 𝑣(0−) = 0𝑉 

 

a) Refer to the original circuit to be able to calculate the currents 𝑖1, 𝑖2 and 𝑖3: 

 

 

 

 

 

 

 

 

 

 

 

 

 

b) The initial stored energy in the inductors is: 

 

 

 

c)  

Thus, the energy stored in the two inductors is: 

 

 

 

 

 

 

Uploaded By: anonymousSTUDENTS-HUB.com



 

73 

 

d) The energy delivered to the resistive network can be found by integrating the instantaneous 

power function from zero to infinity, where: 

         𝑝(𝑡) =
𝑣(𝑡)2

𝑅𝑒𝑞
=

(96𝑒− 2𝑡)
2

8
= 1152𝑒− 4𝑡 

Therefore,  

 

 

 

                             𝑤 =
1152𝑒− 4𝑡

−4
|

0

∞

= 𝟐𝟖𝟖𝑱 

The difference in the inductor’s energy is: 

   ∆𝑤 = 𝑤𝑖𝑛𝑖𝑡𝑖𝑎𝑙 − 𝑤𝑓𝑖𝑛𝑎𝑙 

   ∆𝑤 = 320 − 32 = 𝟐𝟖𝟖𝑱, which is the same as the energy delivered to the 

resistive network! 

 

Example # 3: Natural response of an RC circuit  

The switch in the circuit shown in the figure has been in position “x” for a long time.  

At 𝑡 = 0 the switch moves instantaneously to position “y”. Find: 

 

 

 

 

 

 

 

 

Solution: 

For 𝒕 < 𝟎,  

The switch was in its position for a long time, that means the circuit reached its steady state, 

and the capacitor was fully charged to its final value; 100𝑉. 

The charging current is zero (the source voltage is constant), and the capacitor is represented 

as open circuit. 

   𝑣𝑐(0−) = 100𝑉 = 𝑣𝑐(0+); the voltage across the capacitor is continuous 
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For 𝒕 ≥ 𝟎s,  

The equivalent resistor connected with the capacitor is: 

   𝑅𝑒𝑞 = 32𝑘 + (240𝑘||60𝑘) = 80𝑘Ω 

And the time constant is: 

   𝜏 = 𝑅𝑒𝑞𝐶 = 80𝑘(0.5𝜇) = 40𝑚𝑠 

a) Since there is no excitation in the circuit for 𝑡 ≥ 0s, the capacitor’s voltage is: 

   𝑣𝑐(𝑡) = 𝑘2𝑒− 
𝑡

𝜏  , 𝑡 ≥ 0s 

     But,              𝑣𝑐(0−) = 𝑣𝑐(0+) = 𝑘2 → 𝑘2 = 100𝑉 

   𝑣𝑐(𝑡) = 𝑣𝑐(0−)𝑒− 
𝑡

40𝑚 

   𝑣𝑐(𝑡) = 100𝑒− 25𝑡 V; 𝑡 ≥ 0 

 

b) 𝑣𝑜(𝑡) can be found by voltage divider of 𝑣𝑐(𝑡) between 32𝑘 𝑎𝑛𝑑 (240𝑘||60𝑘);  

   𝑅𝑒𝑞2 = (240𝑘||60𝑘) = 48𝑘  

      By voltage divider,  

         𝑣𝑜(𝑡) =
48k(𝑣𝑐(𝑡) )

48k+32k
  

𝑣𝑜(𝑡) = 60𝑒− 25𝑡𝑉 , 𝑡 ≥ 0+ 

      Note that, 𝑣𝑜(𝑡) is valid for ≥ 0+ , because 𝑣0(0−) = 0! 

c) The output current is found by Ohm’s law: 

   𝑖𝑜(𝑡) =
𝑣𝑜(𝑡)

60k
= 𝑒− 25𝑡 𝑚𝐴 , 𝑡 ≥ 0+ 

d) The instantaneous power of 60kΩ resistor is: 

   𝑝60𝑘Ω(𝑡) = (60𝑘)𝑖𝑜(𝑡)2 

   𝑝60𝑘Ω(𝑡) = 60𝑒− 50𝑡 𝑚𝑊 , 𝑡 ≥ 0+ 

The total energy of the 60kΩ resistor is found by integrating the instantaneous power 

function from zero to infinity; 
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 A General Solution for Step and Natural Responses 

In general, the step response (for DC sources and switching at 𝑡 = 0) is in the form: 

   𝑋(𝑡) = 𝑘1 + 𝑘2𝑒− 
𝑡

𝜏 

Such that,        For RL network, 𝜏 =
𝐿𝑒𝑞

𝑅𝑒𝑞
 

For RC network, 𝜏 = 𝑅𝑒𝑞𝐶𝑒𝑞 

Note that, if the circuit has dependent sources, 𝑅𝑇ℎ 𝑜𝑟 𝑅𝑁 has to be found, and  

 𝑅𝑒𝑞 = 𝑅𝑇ℎ = 𝑅𝑁 

To find the constants 𝑘1& 𝑘2: 

   𝑋(0+) = 𝑘1 + 𝑘2                 (1) 

   𝑋(∞) = 𝑘1               (2) 

Expressing 𝑘1& 𝑘2 in terms of 𝑋(0+) & 𝑋(∞) yields: 

   𝑘1 = 𝑋(∞) 

And  

   𝑘2 = 𝑋(0+) − 𝑋(∞) 

 

Therefore, the solution  𝑋(𝑡) = 𝑘1 + 𝑘2𝑒− 
𝑡

𝜏 will have the form: 

   𝑿(𝒕) = 𝑿(∞) + (𝑿(𝟎+) − 𝑿(∞))𝒆− 
𝒕

𝝉   ; 𝑡 > 0 

 

i.e.,    𝑣(𝑡) = 𝑣(∞) + (𝑣(0+) − 𝑣(∞))𝑒− 
𝑡

𝜏   ; 𝑡 > 0 

     𝑖(𝑡) = 𝑖(∞) + (𝑖(0+) − 𝑖(∞))𝑒− 
𝑡

𝜏   ; 𝑡 > 0 

If the switching occurs at 𝑡 = 𝑡0, then: 

   𝑿(𝒕) = 𝑿(∞) + (𝑿(𝑡0
+) − 𝑿(∞))𝒆− 

𝒕−𝑡0

𝝉    ; 𝑡 > 𝑡0 

 

To find 𝑿(𝒕𝟎
+): 

1- Draw the network for 𝑡 = 𝑡0
+ 

a) The capacitor is replaced by a voltage source in series with a short circuit; the value of 

the voltage source is 𝒗𝒄(𝒕𝟎
−).  

b) The inductor is replaced by a current source in parallel with an open circuit; the value 

of the current source is 𝒊𝑳(𝒕𝟎
−).  

2- Then use DC analysis to find 𝑋(𝑡0
+) 
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To find 𝑿(∞): 

1- Draw the network for 𝑡 = ∞ 

a) The capacitor is replaced by an open circuit (precisely, a voltage source in series with 

an open circuit; the value of the voltage source is 𝑣𝑐(𝑡0
−)).  

b) The inductor is replaced by a short circuit (precisely, a current source in parallel with 

a short circuit; the value of the current source is 𝑖𝐿(𝑡0
−)).  

2- Then use DC analysis to find 𝑋(∞) 

 

Example # 4: 

The switch in the circuit shown in the figure 

has been in position a for a long time. At 𝑡 =

0, the switch moves from position “a” to 

position “b”. The switch is a make-before-

break type; that is, the connection at position 

“b” is established before the connection at 

position “a” is broken, so there is no interruption of current through the inductor. 

a) Find the expression for 𝑖(𝑡) for 𝑡 > 0   

b) What is the initial voltage across the inductor just after the switch has been moved to 

position “b”?  

c) How many milliseconds after the switch has been moved does the inductor voltage equal 

24 V?  

d) Does this initial voltage make sense in terms of circuit behavior? 

e) Plot both 𝑖(𝑡) and 𝑣(𝑡) versus 𝑡. 

 

Solution: 

The general solution is: 𝑋(𝑡) = 𝑋(∞) + (𝑋(0+) − 𝑋(∞))𝑒− 
𝑡

𝜏   ; 𝑡 > 0 

For 𝒕 = 𝟎−,  

Since the switch is in position “a” for a long time, 

that means steady state is reached and the 

inductor is a short circuit and has a current of 

−8𝐴; 𝑖(0−) = −8𝐴 

  ∴  𝑖(0+) = 𝑖(0−) = −8𝐴 
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For 𝒕 > 𝟎, 

The time constant (𝜏) is: 

  𝜏 =
𝐿

𝑅
=

0.2

2
= 0.1𝑠 

 

For 𝒕 = 𝟎+, 

The inductor is represented by a current source (of -8A) 

in parallel with an open circuit;  

  𝑖(0+) = 𝑖(0−) = −8𝐴 

  𝑣(0+) = 8(2) + 24 = 40𝑉 

 

For 𝒕 = ∞, 

The inductor is represented by a current source (of -8A) in parallel with a short circuit;  

the current at the terminal of the inductor is found by Ohm’s law; 

 𝑖(∞) =
24

2
= 12𝐴 

  𝑣(∞) = 0𝑉 

 

a) Therefore, 

 𝑖(𝑡) = 𝑖(∞) + (𝑖(0+) − 𝑖(∞))𝑒− 
𝑡

𝜏   ; 𝑡 > 0 

𝑖(𝑡) = 12 + (−8 − 12)𝑒− 
𝑡

0.1   ; 𝑡 ≥ 0 

𝑖(𝑡) = 12 − 20𝑒− 10𝑡      ; 𝑡 ≥ 0 

 

b) The voltage across the inductor is: 

 

 

 

 

 

 

 

 

8A 

8A 

 
𝑖(∞) 
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c) The time for the voltage to be equal to 24V is: 

 

 

 

 

 

 

 

d) Yes; in the instant after the switch has been moved to position b, the inductor sustains a 

current of 8 A counterclockwise around the newly formed closed path. This current causes 

a 16 V drop across the resistor. This voltage drop adds to the source voltage, producing a 

40 V across the inductor. 

 

e) Plots of 𝑖(𝑡) and 𝑣(𝑡) versus 𝑡 are shown below: 
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Example # 5: 

The switch in the circuit shown in the figure 

has been in position “a” for a long time. At 

𝑡 = 0, the switch is moved to position “b”. 

a) What is the initial value of 𝑣𝐶?  

b) What is the final value of  𝑣𝐶? 

c) What is the time constant of the circuit when the switch is in position “b”? 

d) What is the expression for 𝑣𝐶(𝑡) when ; 𝑡 ≥ 0? 

e) What is the expression for 𝑖(𝑡) when 𝑡 ≥ 0+? 

f) How long after the switch is in position “b” does the capacitor voltage equal zero? 

g) Plot 𝑣𝐶(𝑡) and 𝑖(𝑡) versus 𝑡. 

 

Solution: 

a) Initial voltage at the capacitor 

 The first step is to find the initial voltage at the capacitor before moving the switch. 

 The switch has been in position “a” for a long time, so the capacitor looks like an open 

circuit. 

 Therefore, the voltage across the capacitor is the voltage across the 60Ω resistor.  

 From the voltage divider rule, the voltage across the resistor 60Ω is: 

    𝑉𝐶(0−) =
60

60+20
(−40) = −30𝑉 

       Thus,          𝑉𝐶(0+) = 𝑉𝐶(0−) = −30𝑉 

b) The final voltage at the capacitor is the same as the source voltage as the capacitor becomes 

open circuit at 𝑡 = ∞; 𝑉𝐶(∞) = 90𝑉 

c) The time constant is  

 

 

 

d) The capacitor voltage is: 

   𝑣𝐶(𝑡) = 𝑣𝐶(∞) + (𝑣𝐶(0+) − 𝑣𝐶(∞))𝑒− 
𝑡

𝜏    

  ∴ 𝑣𝐶(𝑡) = 90 + (−30 − 90)𝑒− 
𝑡

0.2    

→  𝑣𝐶(𝑡) = 90 − 120𝑒− 5𝑡   , 𝑡 ≥ 0 
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e) The capacitor current 𝑖(𝑡) when 𝑡 ≥ 0+ is: 

    𝑖𝐶 = 𝐶
𝑑𝑣𝐶

𝑑𝑡
 

    𝑖𝐶(𝑡) = (0.5𝜇)(−120(−5)𝑒− 5𝑡) ,    𝑡 ≥ 0+ 

    𝑖𝐶(𝑡) =  300𝑒− 5𝑡 𝜇𝐴;    𝑡 ≥ 0+ 

or find 𝑖(0+); the capacitor is replaced by a battery of -30V 

 

                            𝑖(0+) =
90−−30

400𝑘
= 300𝜇𝐴 

And find 𝑖(∞); the capacitor is replaced by an open circuit: 

           𝑖(∞) = 0 

Note that, the time constant is the same as before. 

Therefore, 

𝑖(𝑡) = 𝑖(∞) + (𝑖(0+) − 𝑖(∞))𝑒− 
𝑡

𝜏   ; 𝑡 ≥ 0+ 

     ∴ 𝑖(𝑡) = 0 + (300𝜇 − 0)𝑒− 
𝑡

0.2   ; 𝑡 ≥ 0+ 

 →  𝑖(𝑡) = 300𝑒− 5𝑡   𝜇𝐴 ; 𝑡 ≥ 0+ 

f) The time needed for the voltage at the capacitor to become zero is obtained by equating the 

capacitor voltage with zero. 

    𝑣𝐶(𝑡) = 90 − 120𝑒− 5𝑡 = 0    

          →          90 = 120𝑒− 5𝑡   →      𝑒− 5𝑡 =
90

120
 

          −5𝑡 = 𝑙𝑛
3

4
    →    𝑡 =

1

5
𝑙𝑛

4

3
 

                                  →  𝑡 = 57.54𝑚𝑠  

 

 

g) Plots of 𝑣𝐶(𝑡) and 𝑖(𝑡)  versus 𝑡 are: 
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 Unbounded Response 

Example # 6: 

a) When the switch is closed in the circuit 

shown in the figure next, the voltage on 

the capacitor is 10 V. Find the expression 

for 𝑣𝑜(𝑡) for 𝑡 ≥ 0 

b) Assume that the capacitor short-circuits when its terminal voltage reaches 150 V. How 

many milliseconds elapse before the capacitor short circuits? 

 

Solution: 

a) To find the Thévenin’s equivalent resistance with respect to the capacitor terminals, use 

the test source method (case 3). 

The circuit becomes as shown next. 

Applying KCL at the upper node yields: 

 

 

Rearranging yields: 

 

 

The equivalent circuit is shown next. 

 

 

 

Since 𝑅𝑇ℎ is negative, the formula (𝑣𝐶(𝑡) = 𝑣𝐶(∞) + (𝑣𝐶(0+) − 𝑣𝐶(∞))𝑒− 
𝑡

𝜏 ) cannot be 

used, because at 𝑡 = ∞, the exponential does not decay and becomes significant. The 

aforementioned formula is based on 𝑣𝐶(∞) = 𝑘1.  

Thus, find the differential equation describing the circuit. 

   𝑖𝑐 + 𝑖𝑅𝑇ℎ
= 0 

 

 

       Dividing by the coefficient of the first derivative yields: 
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The solution to the homogeneous differential equation is: 

    𝑣𝑜(𝑡) = 𝑘2𝑒40𝑡 

But, at 𝑡 = 0, 𝑣𝑜(0) = 10𝑉. 

Thus, 

                        𝑣𝑜(0) = 𝑘2𝑒40(0) = 10 

   → 𝑘2 = 10𝑉 

   𝑣𝑜(𝑡) = 10𝑒40𝑡  𝑉 ;   𝑡 ≥ 0 

b) When 𝑣𝑜(𝑡) = 150𝑉, the time 𝑡𝑥 is: 

   𝑣𝑜(𝑡𝑥) = 10𝑒40𝑡𝑥 = 150 

     𝑒40𝑡𝑥 =
150

10
 

   40𝑡𝑥 = ln 15 

       𝑡𝑥 = 67.7𝑚𝑠 

This type of response is called unbounded response, which may grow rather than decay, RTh 

is negative, and the time constant is also negative; 𝜏 =
1

𝑎
=

1

−40
; resulting in an exponential 

increase! 

 

 Sequential Switching 

Whenever switching occurs more than once in a circuit, the switching is called sequential 

switching. 

 

Example # 7: 

The uncharged capacitor in the circuit shown in the 

figure next is initially switched to terminal “a” of 

the three-position switch. At 𝑡 = 0, the switch is 

moved to position “b”, where it remains for 15ms. 

After the 15ms delay, the switch is moved to 

position “c”, where it remains indefinitely. 

a) Derive the numerical expression for the voltage across the capacitor. 

b) Plot the capacitor voltage versus time. 

c) When will the voltage on the capacitor equal 200 V? 
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Solution: 

a) The capacitor voltage 

For 𝟎 ≤ 𝒕 ≤ 𝟏𝟓𝒎𝒔, 

Initially discharged capacitor 

   𝑣(0+) = 𝑣(0−) = 0;  

If the switch was left indefinitely in position “b”, the capacitor would charge to 𝑣(∞′) = 400𝑉  

The time constant for the circuit during this period is: 

   𝜏 = 𝑅𝐶 = 100𝑘(0.1𝜇) = 10𝑚𝑠 

Therefore, 

   𝑣(𝑡) = 𝑣(∞′) + (𝑣(0+) − 𝑣(∞′))𝑒− 
𝑡

𝜏 

   𝑣(𝑡) = 400 + (0 − 400)𝑒− 
𝑡

0.01 

          ∴ 𝑣(𝑡) = 400(1 − 𝑒− 100𝑡)  V;    0 ≤ 𝑡 ≤ 15𝑚𝑠 

After the switch has been in this position for 15ms, the voltage on the capacitor will be: 

𝑣(𝑡 = 15𝑚𝑠−) = 400(1 − 𝑒− 100(15𝑚)) = 310.75V = 𝑣(𝑡 = 15𝑚𝑠+)  

Thus, the initial voltage at the capacitor for the second period is 𝑣𝐶(𝑡 = 15𝑚𝑠+) = 310.75𝑉 

 

For 𝒕 ≥ 𝟏𝟓𝒎𝒔; 𝒕𝟎 = 𝟏𝟓𝒎𝒔! 

   𝑣(𝑡 = 15𝑚𝑠+) = 310.75𝑉 

If the switch stays in position “c” indefinitely, then the capacitor will discharge through the 

50𝑘Ω resistor, hence, 𝑣(∞) = 0𝑉  

 

The time constant for the circuit during the second period is: 

   𝜏2 = 𝑅2𝐶 = 50𝑘(0.1𝜇) = 5𝑚𝑠 

Therefore, 

   𝑣(𝑡) = 𝑣(∞) + (𝑣(15𝑚𝑠+) − 𝑣(∞))𝑒
− 

(𝑡−𝑡0)

𝜏2  

   𝑣(𝑡) = 0 + (310.75 − 0)𝑒− 
(𝑡−0.015)

0.005  

          ∴ 𝑣(𝑡) = 310.75𝑒− 200(𝑡−0.015)  V;    15𝑚𝑠 ≤ 𝑡 
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b) 𝑣(𝑡) plot versus time is shown in the figure below: 

 

 

 

 

 

 

 

c) The plot in the figure above reveals that the capacitor voltage will equal 200V at two 

different times; once in the interval between 0 and 15ms and once after 15ms. 

The first time can be found by solving: 

 

 

 

 

The second time can be found by solving: 
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Natural and Step Responses of 

RLC Circuits 

 Natural Response of Parallel RLC Circuits 

 The voltage 𝑣 is common to all parallel elements. 

 Assuming that, the initial voltage at the capacitor 

is 𝑉0 and the initial current in the inductor is 𝐼0, 

and applying KCL at the top node yield: 

 

 

 

Differentiating with respect to time, 𝑡, and noting that 𝐼0 is constant, yield: 

  

 

Dividing the latter equation by the capacitance C and arranging the derivatives in 

descending order yields: 

 

 

which is an ordinary, second-order differential equation with constant coefficients. 

 The circuit is called a second order circuit; it contains both an inductor and a capacitor. 

 Assuming that the solution is of the form: 

   𝑣 = 𝐴𝑒𝑠𝑡 

The first derivative of the solution is:   

  
𝑑𝑣

𝑑𝑡
= 𝐴𝑠𝑒𝑠𝑡 

The second derivative of the solution is: 

   
𝑑2𝑣

𝑑𝑡2
= 𝐴𝑠2𝑒𝑠𝑡 
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 Substituting the solution and its derivatives in the second order differential equation yields: 

 

 

and taking 𝐴𝑒𝑠𝑡 as a common factor to all terms; 

 

 

Noting that, 𝐴 cannot be zero, otherwise there is no solution, or 𝑒𝑠𝑡 cannot be zero for any 

finite value of  𝑠𝑡, thus the parenthetical term, which is called a characteristic equation,  is 

zero;   

 

 

 The roots of this quadratic equation determine the mathematical character of 𝑣(𝑡), the two 

roots are: 

   𝑠 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
= −

𝑏

2𝑎
± √

𝑏2

4𝑎2 −
𝑐

𝑎
 

 

 

 

 

 

 

 

 Therefore, the solutions to the differential equations, the voltages, are: 

 𝑣1 = 𝐴1𝑒𝑠1𝑡 

                         𝑣2 = 𝐴2𝑒𝑠2𝑡      

 The sum of both solutions is also a, general, solution; 

 

 

𝑡 ≥ 0 

 

 The initial conditions 𝐼0 & 𝑉0 determine the values of the constants 𝐴1 & 𝐴2.  

 𝑠1 & 𝑠2 are called the complex frequencies measured in rad/s or Hz. 
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 Let 

 𝜶 =
𝟏

𝟐𝑹𝑪
                             : The neper frequency [rad/s] 

and      𝝎𝟎 =
𝟏

√𝑳𝑪
                            : The resonant radian frequency [rad/s]            

 

Thus, the complex frequencies are: 

 

 

 

 

Three types of natural response are possible:  

1- Overdamped response  

   𝜔0
2 < 𝛼2                  : The roots, 𝑠1& 𝑠2, are real, negative and distinct 

2- Underdamped response  

  𝜔0
2 > 𝛼2                  : The roots, 𝑠1& 𝑠2, are complex conjugates 

3- Critically damped response 

   𝜔0
2 = 𝛼2                  : The roots, 𝑠1& 𝑠2,  are real and equal 

 

 Overdamped Natural Response  

 In this case, 𝜔0
2 < 𝛼2, the roots, 𝑠1& 𝑠2, are real, negative and distinct; 

|𝑠1| < |𝑠2|;  

because 𝑠2 is more negative than 𝑠1! 

𝜏1 =
1

|𝑠1| 
    and  𝜏2 =

1

|𝑠2| 
     

 Thus, 𝜏1 > 𝜏2, and the second part of the solution, 𝐴2𝑒𝑠2𝑡, dies faster than the first part , 

𝐴1𝑒𝑠1𝑡. 

 The response is: 

𝑣(𝑡) =  𝐴1𝑒𝑠1𝑡 +  𝐴2𝑒𝑠2𝑡     ,  𝑡 ≥ 0𝑠 

 At 𝑡 = 0+𝑠, 𝑣(0+) =  𝐴1 +  𝐴2 = 𝑉0      

where 𝑉0 is the initial voltage at the capacitor. 

 Since 𝑖𝑐(𝑡) = 𝐶
𝑑𝑣(𝑡)

𝑑𝑡
 

The current in the capacitor at 𝑡 = 0+ is: 

   𝑖𝑐(𝑡) = 𝐶(𝐴1𝑠1𝑒𝑠1𝑡 + 𝐴2𝑠2𝑒𝑠2𝑡) 

   𝑖𝑐(0+) = 𝐶(𝐴1𝑠1 +  𝐴2𝑠2) 
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 But, from KCL at the upper node at 𝑡 = 0+, 

  𝑖𝑐(0+) = 𝐶
𝑑𝑣(0+)

𝑑𝑡
= 𝐶(𝐴1𝑠1 +  𝐴2𝑠2) = −𝐼0 −

𝑉0

𝑅
 

        Therefore, 
𝑑𝑣(0+)

𝑑𝑡
= 𝐴1𝑠1 +  𝐴2𝑠2 

     
𝑑𝑣(0+)

𝑑𝑡
=

1

𝐶
(−𝐼0 −

𝑉0

𝑅
) 

 

 Underdamped Natural Response  

In this case, 𝜔0
2 > 𝛼2, the roots of the characteristic equation, 𝑠1& 𝑠2, are complex 

conjugates; 

 

 

 

 

 

 

where  

 

𝜔𝑑 is called the damped radian frequency 

Again ω0 =
1

√LC
 is the resonant frequency 

𝛼 is called the damping factor or damping coefficient, 𝛼 =
1

2𝑅𝐶
 , it shows how quickly 

the oscillations subside. 

 The response is: 

𝑣(𝑡) =  𝐴1𝑒𝑠1𝑡 +  𝐴2𝑒𝑠2𝑡     ,  𝑡 ≥ 0𝑠 

𝑣(𝑡) =  𝐴1𝑒(−𝛼+𝑗𝜔𝑑)𝑡 +  𝐴2𝑒−(𝛼+𝑗𝜔𝑑)𝑡     ,  𝑡 ≥ 0𝑠 

 

     

         Using Euler’s identity 

 

 

       Thus,   

 

 

     

𝑣(𝑡) 
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      And 𝑣(𝑡) can be expressed as: 

 

 

 

 

     Note that, 𝐵1 & 𝐵2 are real, not complex, because 𝑣(𝑡) is a real function 

        𝐴1 & 𝐴2 are complex conjugates 

 

To be able to plot the response, the voltage 𝑣(𝑡) can be re-expressed in terms of a sine (or 

a cosine) function only; 

   𝒗(𝒕) = 𝒆−𝜶𝒕(𝑬 𝐬𝐢𝐧(𝝎𝒅 + 𝜽)) 

 where 𝐸 = √𝐵1
2 + 𝐵2

2    and   𝜃 = tan−1 𝐵1

𝐵2
 

 

 From the initial condition, at 𝑡 = 0+𝑠, 

𝑣(0+) =  𝐵1 = 𝑉0      

where 𝑉0 is the initial voltage at the capacitor. 

 Since 𝑖𝑐(𝑡) = 𝐶
𝑑𝑣(𝑡)

𝑑𝑡
 

The current in the capacitor at 𝑡 = 0+ is: 

   𝑖𝑐(0+) = 𝐶
𝑑𝑣(0+)

𝑑𝑡
= 𝐶(−𝛼𝐵1 +  𝜔𝑑𝐵2) 

        Therefore, 

 
𝑖𝑐(0+)

𝐶
=

𝑑𝑣(0+)

𝑑𝑡
= −𝛼𝐵1 +  𝜔𝑑𝐵2 

     
𝑑𝑣(0+)

𝑑𝑡
=

1

𝐶
(−𝐼0 −

𝑉0

𝑅
) 

 

Note that, since =
1

2𝑅𝐶
 , if 𝑹 = ∞, then 𝜶 = 𝟎, there will be no damping in the circuit 

and the oscillations (ringing) will be sustained, the circuit will be called lossless circuit. 

 

  

𝑣(𝑡) 
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 Critically Damped Natural Response  

In this case, 𝜔0
2 = 𝛼2,  or 𝜔0 = 𝛼, the response is on the verge of oscillations, the roots 

of the characteristic equation, 𝑠1& 𝑠2, are equal; 

 𝑠1 = 𝑠2 = −𝛼 = −
1

2𝑅𝐶
 

 

The response is: 

𝑣(𝑡) =  𝐷1𝒕𝑒−𝛼𝑡 +  𝐷2𝑒−𝛼𝑡     ,  𝑡 ≥ 0𝑠 

 From the initial condition, at 𝑡 = 0+𝑠, 

𝑣(0+) =  𝐷2 = 𝑉0     ;           𝑉0 is the initial voltage at the capacitor. 

 Since, 

  𝑖𝑐(𝑡) = 𝐶
𝑑𝑣(𝑡)

𝑑𝑡
 

The current in the capacitor at 𝑡 = 0+: 

   𝑖𝑐(0+) = 𝐶
𝑑𝑣(0+)

𝑑𝑡
= 𝐶(𝐷1 − 𝛼𝐷2) 

        Therefore, 

 
𝑖𝑐(0+)

𝐶
=

𝑑𝑣(0+)

𝑑𝑡
= 𝐷1 − 𝛼𝐷2 

     
𝑑𝑣(0+)

𝑑𝑡
=

1

𝐶
(−𝐼0 −

𝑉0

𝑅
) 

Example # 1: 

a) Find the roots of the characteristic equation 

that govern the transient behaviour of the 

voltage shown in the figure if 

 𝑅 = 200Ω, 𝐿 = 50𝑚𝐻 and 𝐶 = 0.2𝜇𝐹 

b) Will the response be overdamped, underdamped, or critically damped? 

c) Repeat (a) and (b) for 𝑅 = 312.5Ω 

d) What value of 𝑅 causes the response to be critically damped? 

 

Solution: 
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   The roots of the characteristic equation are: 

 

 

 

    Therefore,  

 

 

 

 

 

  𝑠2 = −20,000 𝑟𝑎𝑑/𝑠 

 

 

      The voltage response is underdamped because 𝜔0
2 > 𝛼2                   
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Example # 2: 

For the circuit shown in the figure, if 𝑣(0+) = 12𝑉  and 𝑖𝐿(0+) = 30𝑚𝐴, then 

 

Solution: 

a) The inductor’s current is continuous; 

 

The initial current in the resistor is; 

  𝑖𝑅(0+) =
𝑣(0+)

𝑅
=

12

200
= 60𝑚𝐴 

The initial current in the capacitor can be found by applying KCL at the upper node; 

 

 

b) The capacitor’s current is: 

  𝑖𝑐(𝑡) = 𝐶
𝑑𝑣(𝑡)

𝑑𝑡
 

  𝑖𝑐(0+) = 𝐶
𝑑𝑣(0+)

𝑑𝑡
 

  
𝑑𝑣(0+)

𝑑𝑡
=

𝑖𝑐(0+)

𝐶
 

 

 

c) The roots of the characteristic equation are: 

 

 

 

where  
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Thus,  

 

 

 

 

 

The response  

𝑣(𝑡) =  𝐴1𝑒𝑠1𝑡 +  𝐴2𝑒𝑠2𝑡     ,  𝑡 ≥ 0𝑠 

𝑣(𝑡) =  𝐴1𝑒−5,000𝑡 +  𝐴2𝑒−20,000𝑡     ,  𝑡 ≥ 0𝑠 

      But  𝑣(0+) =  𝐴1 +  𝐴2 = 𝑉0                                                                              (1) 

     And     
𝑑𝑣(0+)

𝑑𝑡
= 𝐴1𝑠1 +  𝐴2𝑠2 

   −450𝑘 = 𝐴1(−5,000) +  𝐴2(−20,000)                                                   (2)   

Solving equations (1) and (2) yields: 

 

 

Therefore, 

 

 

 

d) The plot of 𝑣(𝑡) for 0𝑠 ≤ 𝑡 ≤ 250𝑚𝑠 
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Example # 3: 

Find the branch currents 𝑖𝑅 , 𝑖𝐿 , and 𝑖𝐶  for 𝑡 ≥ 0𝑠 in Example 2. 

 

Solution: 

The resistor’s current is: 

  𝑖𝑅(𝑡) =
𝑣(𝑡)

𝑅
 

 

 

The inductor’s current can be found either from the integral   

 

 

or from KCL 

 

where  

 

 

 

 

 

Therefore, 

 

 

 

 

 

 

 

 

 

 

 

 

 

Uploaded By: anonymousSTUDENTS-HUB.com



 

95 

 

Example # 4: 

Solution 

a)  

 

 

 

 

      Since 𝜔0
2 > 𝛼2,, the response is underdamped;  

 

 

 

 

 

 

 

b) From initial conditions,  

 

 

Since 𝑉0 = 0, then 𝑖𝑅(0+) = 0, and 𝑖𝐶(0+) = −𝑖𝐿(0+); 

 

and  

 
𝑑𝑣(0+)

𝑑𝑡
=

𝑖𝑐(0+)

𝐶
 

 

 

 

 

 

the figure, 
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c) To find the coefficients, 

𝑣(0+) =  𝐵1 = 𝑉0 = 0     

and 

 
𝑑𝑣(0+)

𝑑𝑡
= −𝛼𝐵1 + 𝜔𝑑𝐵2 

 98,000 = −𝛼(0) +  𝜔𝑑𝐵2 

Thus, 

  

 

The natural underdamped response is: 

 

 

d) The plot the response for the first 11ms, eventually it approaches its final value which is 

zero. 
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Example # 5: 

 

 

 

 

Solution: 

a) It was calculated before, the resonant frequency is: 

 

But, for critically damped response, 𝜔0 = 𝛼, therefore 

 

 

 

 

b) From the previous example, 

 

yielding  

 

 Thus the natural response is: 

 

 

c) The plot of the response for 0 ≤ 𝑡 ≤ 7𝑚𝑠  is shown in the figure below. 

 

 

 

 

 

 

  

 the figure shown next, 

     R 
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 The Step Response of a Parallel RLC Circuit  

Consider the circuit shown in the figure 

next   

Applying KCL at the upper node yields: 

  

 

or  

   

 

But,   

 

 

and   

 

Substituting for 𝑣 and its first derivative in the differential equation yields, 

 

 

Rearranging yields second order nonhomogeneous differential equation; 

 

 

In general, the solution of the second order nonhomogeneous differential equation is of the 

form: 

   x(𝒕) = 𝑿𝒇 + 𝒙𝒏(𝒕) 

 𝑥(𝑡) could be:  𝑣(𝑡) = 𝑉𝑓 + 𝑣𝑛(𝑡) 

  or  𝑖(𝑡) = 𝐼𝑓 + 𝑖𝑛(𝑡) 

where 𝑿𝒇 is the final value of the variable and is called the forced response;  

For DC circuits, to find the final value 𝑋𝑓, set the inductor as a short circuit and the capacitor 

as an open circuit. 

Whilst, 𝑋𝑛(𝑡) is a function of the same form as the natural response when the sources are 

deactivated (an independent current source is open circuit, and an independent voltage source 

is short circuit). 
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Example # 6: 

 

 

 

 

 

Solution: 

a) Since the initial stored energy is zero, the inductor’s current is: 

   𝑖𝐿(0+) = 𝑖𝐿(0−) = 0𝐴 

 

b) Since   𝑣𝐶(0+) = 𝑣𝐶(0−) = 0𝑉 = 𝑣(0+)  

and because  

 

 

 

c) To find the roots, calculate  

 

 

 

 

 

 

 

Because 𝜔0
2 < 𝛼2, the roots, 𝑠1& 𝑠2, are real, negative and distinct (and the response is 

overdamped);  

 

 

 

 

 

 

the figure is 
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d) 𝑖𝐿 is overdamped and has the form: 

 

 

To find 𝐴1
′  and 𝐴2

′  solve the following equations obtained satisfying the initial 

conditions; 

 

 

 

 

which yields,  

 

Therefore, the inductor’s current is: 

 

 

Example # 7: 

If the resistor in Example # 6 was 

increased to 625Ω then find the inductor’s 

current 𝑖𝐿(𝑡) for 𝑡 ≥ 0𝑠. 

 

Solution:  

Since 𝐿 & 𝐶 are the same as in Example # 6, then the resonant frequency does not change; 

 

 

But 𝛼, 𝛼 =
1

2𝑅𝐶
, decreases with increasing 𝑅 to 

  

Thus the roots of the characteristic equation are: 
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The response is underdamped and 𝑖𝐿(𝑡) is: 

 

 

 

 

The constants can be found from initial condition equations for underdamped response:  

 

 

 

 

  

 

 

 

 

 

 

Example # 8: 

If the resistor in Example # 6 was 

increased to 500Ω then find the inductor’s 

current 𝑖𝐿(𝑡) for 𝑡 ≥ 0𝑠. 

 

Solution:  

Since 𝐿 & 𝐶 are the same as in Example # 6, the resonant radian frequency does not change; 

 

 

But 𝛼, 𝛼 =
1

2𝑅𝐶
, then it becomes  

Since 𝜔0
2 = 𝛼2 , the roots, 𝑠1& 𝑠2,  are real and equal, and the response is critically damped.  
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The response form for a critically damped 𝑖𝐿(𝑡) is: 

 

 

The constants can be found from initial condition equations for critically damped response;  

 

 

 

 

 

Thus,  

 

 

 

 

 

 

 

A plot of the three types of response is shown in the figure below 
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 The Natural and Step Responses of Series RLC Circuits 

For the series RLC circuit shown in the Figure next, 

apply KVL, 

 

 

 

 

 

 

Differentiating with respect to time, 𝑡, yields: 

 

 

 

Rearranging yields: 
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Three types of natural response are possible:  

4- Overdamped response  

   𝜔0
2 < 𝛼2                  : The roots, 𝑠1& 𝑠2, are real, negative and distinct 

5- Underdamped response  

  𝜔0
2 > 𝛼2                  : The roots, 𝑠1& 𝑠2, are complex conjugates 

6- Critically damped response 

   𝜔0
2 = 𝛼2                  : The roots, 𝑠1& 𝑠2,  are real and equal 

 

The three possible solutions for the current: 

 

 

 

 

 

 

The step response is also as that of parallel RLC circuits: 

 

 

 

 

 

 

 

 

 

Applying KVL for the loop, after switching, yields: 
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Substituting for the current and its derivative in the KVL equation yields: 

 

 

 

 

For the voltage across the capacitor, the response has one of the following forms: 

 

 

 

 

 

 

 

 

where 𝑉𝑓 is the final value of the voltage across the capacitor, and it is for this circuit the same 

as the DC source; 𝑉. 

 

Example # 9: 

The 0.1𝜇𝐹 capacitor in the circuit shown 

in the figure next is charged to 100V. At 

𝑡 = 0𝑠, the capacitor is discharged 

through a series combination of a 100mH 

inductor and a 560Ω resistor. 

a) Find 𝑖(𝑡) for 𝑡 ≥ 0𝑠 

b) Find 𝑣𝐶(𝑡) for 𝑡 ≥ 0𝑠  

 

Solution: 

a) The first step to find 𝑖(𝑡) is to calculate the roots of the characteristic equation; the resonant 

radian frequency:  

 

 

 

and the neper frequency: 
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Thus,   

 

 

Since 𝜔0
2 > 𝛼2, and  the response in underdamped and has the form: 

 

 

 

Note that, the response is natural response, as the excitation in the circuit is zero. 

 

The values of the constants can be found from the initial conditions; 

 

When the switch was open, the inductors current was zero; 

    𝑖(0−) = 0 = 𝑖(0+) 

Therefore,  

 

 

Immediately after closing the switch, the voltage drop across the resistor is zero (because the 

current is zero), thus,  

    𝑣𝐿(0+) = 𝐿
𝑑𝑖(0+)

𝑑𝑡
= 𝑣𝐶(0+) 

But, 

     𝑣𝐶(0+) = 𝑣𝐶(0−) = 100𝑉 

Therefore,  

    𝐿
𝑑𝑖(0+)

𝑑𝑡
= 100 

    
𝑑𝑖(0+)

𝑑𝑡
=

100

0.1
= 1000𝐴/𝑠 

 

 

 

Thus,   
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b)  𝑣𝐶(𝑡) can be found either by 

 

 

 

 

The latter formula is easier to implement; 

 

 

 

 

 

Example # 10: 

No energy is stored in the 100mH inductor 

or the 0.4𝜇𝐹 capacitor when the switch in 

the circuit shown in the figure next is closed. 

Find 𝑣𝐶(𝑡)  for 𝑡 ≥ 0𝑠. 

 

Solution: 

 

 

 

 

 

 

 

 

The roots of the characteristic equation are: 
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Since the roots are complex, the voltage response is underdamped and has the form: 

 

 

where 𝑉𝑓 = 48𝑉 and 𝜔𝑑 = 4800 rad/s 

 

 

 

Since no energy is stored in the circuit;  

 𝑣𝐶(0−) = 0 = 𝑣𝐶(0+) 

 𝑖𝐿(0+) = 𝑖𝐿(0−) = 0𝐴 

Therefore,  𝑖𝐶(0+) = 𝐶
𝑑𝑣𝐶(0+)

𝑑𝑡
= 𝑖𝐿(0+) 

Hence,   𝐶
𝑑𝑣𝐶(0+)

𝑑𝑡
= 0 

    
𝑑𝑣𝐶(0+)

𝑑𝑡
= 0 

Thus,  
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Sinusoidal Steady-State Analysis 

 Sinusoidal Source 

A sinusoidal voltage source (independent or dependent) produces a voltage that varies 

sinusoidally with time.  

A sinusoidal current source (independent or dependent) produces a current that varies 

sinusoidally with time. 

The sinusoidally varying function is either the sine function or the cosine function; here the 

cosine function will be used. 

 

 

 

 

 

 

 

 

The period (𝑻): is the length of time required for the sinusoidal function to pass through all 

its possible values; measured in seconds. 

Sinusoidal function is a periodic function; it repeats itself every period. 

 

The frequency(𝒇):  is the number of cycles per second; measured in Hertz (Hz). It is the 

reciprocal of the period. 

 

 

Omega (𝜔) is the angular frequency of the sinusoidal function, is measured in radians/second 

(rad/s) 

 

 

𝑽𝒎 is the maximum amplitude of the sinusoidal voltage. 
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∅ is the phase angle of the sinusoidal voltage, it shift the sinusoidal function along the t-axis. 

 

for  

If ∅ is positive the function shifts to the left, and vice versa. 

 

 

 

 

 

 

 

RMS Value 

The rms value of a periodic function is defined as the square root of the mean value of the 

squared function.  

For a sinusoidal voltage, the rms value is: 

 

 

where 𝑡0 is an arbitrary time 

 

 

Example # 1: 
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 The Sinusoidal Response 

Example # 2: 

Find the total response of the circuit (natural (or transient) 

and forced (steady state) responses), 𝑖(𝑡) if:                       

 

Assuming that the initial current is zero; 𝑖(0−) = 0𝐴. 

 

Solution: 

Applying KVL for the mesh yields: 

 

 

The solution of this ordinary first order differential equation (whose 𝑓(𝑡) is a cosine function) 

is: 

 

 

where 𝜃 = tan−1 (
𝜔𝐿

𝑅
) 

 

The solution has two terms, the first is the transient component; it becomes so small as time 

elapses: 

 

 

 

Whilst, the second term is the steady state component; it lasts as long as the switch is closed:  

 

 

Note that, the steady state component has the same frequency (or 𝜔) as the source frequency. 

 

In this chapter we are interested in finding the steady state response, which will be found using 

Phasor method. 
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 The Phasor 

The phasor is a complex number that carries the amplitude and phase angle information of 

a sinusoidal function. It is based on Euler’s identity. 

 

Euler’s Identity: it relates exponential function to trigonometric functions; 

 

 

where the real part of the exponential function is:  

 

 

and the imaginary part of the exponential function is: 

 

Therefore, the source voltage can be expressed as: 

 

 

 

 

 

 Such that, 𝑽𝒎𝒆𝒋∅ is a complex number that carries the amplitude and the phase angle of a 

sinusoidal function. 

 This complex number (𝑽𝒎𝒆𝒋∅ ) is by definition the phasor representation, or phasor 

transform, of the given sinusoidal function. Such that, the polar (exponential) form of 

the phasor is: 

 

 

 The phasor transform transfers the sinusoidal function from the time domain to the 

complex-number domain, which is also called the frequency domain. 

 The rectangular form of the phasor is: 

 

 

 The angle notation of unity phasor is:  
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Inverse Phasor Transform: 

To reverse the process. That is, for a phasor the expression for the sinusoidal function can be 

written as for: 

 

or    

 

 

For the series RL circuit, the steady-state solution for the 

current 𝑖(𝑡) is of the form: 

 

  

Substituting for 𝑖𝑠𝑠(𝑡) and 
𝑑𝑖𝑠𝑠(𝑡) 

𝑑𝑡
 in the differential equation 

 

 

 yields: 

 

 

But, the sum of real numbers is the real number of the sum; 

 

 

Eliminating, 𝒆𝒋𝝎𝒕 from both sides, yields: 

 

 

Therefore,  

 

 

where, the phase angle of the current is: 

   𝛽 = ∅ − tan−1 (
𝜔𝐿

𝑅
) 

And the magnitude of the steady state current is: 

   𝐼𝑚 =
𝑉𝑚

√𝑅2+(𝜔𝐿)2
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 Phasor Diagrams 

 A phasor diagram shows the magnitude and phase angle of each phasor quantity in the 

complex-number plane. 

 Phase angles are measured counterclockwise from the positive real axis, and magnitudes 

are measured from the origin of the axes. 

 The phasor diagrams of the following quantities are shown in the figure below. 

 

 

 

 

 

 

 

 

 

 To draw the phasor diagram of a quantity given in the rectangular form, convert it into the 

polar form first.  

 For example;     𝑿 = −7 − 𝑗3 

   

 𝑿 = 
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 Passive Circuit Elements in Frequency Domain 

 The Resistor 

If the current is:  

 

 

where 𝐼𝑚 is the amplitude of the current, and  𝜃𝑖 is the phase angle of the current. 

 

Then the voltage by Ohm’s Law is: 

 

 

 

 

 

 

In time domain, the waveforms are shown next. 

 

The phasor transformation of this voltage is: 

 

 

Note that, the phase angle of the voltage is the same as the phase angle of current. Both are 

in phase. 

If the phasor representation of the current is:  

 

 

 

Then, the voltage is: 

 

 

 

Therefore, the representation of the resistor in frequency domain is 

the same as it is in the time domain.  
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 The Inductor 

If the current is:  

 

 

Then, the voltage across the inductor is: 

 

 

Using the cosine function, the inductor’s voltage can be written as: 

 

The phasor representation of the inductor’s voltage is: 

 

 

 

Using the identity  

         

 

yields V:     

 

 

 

Therefore, the representation of the inductor in frequency domain is:  

 

 

 

 

The voltage can be rewritten as:  

 

 

 

 

 

 

 

 

The inductor’s voltage leads its current by 90o, or the inductor’s current lags its voltage by 

90o. 

Note that, the mutual inductance is also represented by 𝑗𝜔𝑀. 
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 The Capacitor 

The capacitor’s current is related to its voltage in time domain by: 

 

 

 

If the voltage is  

 

 

then, the phasor representation of the capacitor’s current is: 

 

 

The phasor representation of the capacitor’s voltage is: 

 

 

 

 

 

 

 

Note that, the capacitors voltage lags its current 90o, or the capacitor’s current leads its 

voltage by 90o. 

The representation of the capacitor in frequency domain is:  

 

 

 

In time domain, plots of the capacitor’s current and voltage are shown in the figure below. 
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 Impedance and Reactance 

The impedance (𝒁) is a complex number, but not a phasor, which is defined as: 

   𝒁 =
𝑽

𝑰
= 𝑅 + 𝑗𝑋 

 For a resistor, the impedance 𝒁 = 𝑅  

 For an inductor, the impedance is 𝒁 = 𝑗𝜔𝐿 

 For a capacitor, the impedance is 𝒁 =
𝟏

𝒋𝝎𝑪
=

−𝒋

𝝎𝑪
 

 For mutual inductance, the impedance is 𝒁 = 𝑗𝜔𝑀 

Note that, all phasors are complex numbers, but not all complex numbers are phasors, because 

the phase is a coefficient 𝑒𝑗𝜔𝑡! 

The Reactance: is the imaginary part of the impedance, 𝑋. 

 

 Kirchhoff’s Voltage and Current Laws in Frequency Domain 

 

KVL: The algebraic sum of phasor voltages in any closed path is zero; 

 

 

KCL: The algebraic sum of phasor currents at any node is zero; 

 

 

 Series, Parallel, and Delta-to-Wye Simplifications 

Series Impedances: 

They carry the same phasor current. 

  

To find the total series impedance between the 

terminals a-b, apply KVL for the loop: 

 

  

 

The series impedance between a-b terminals is: 
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Example # 3: 

For the circuit shown in the figure next, the source 

voltage, 𝑣𝑠, is: 

 

 

Solution: 

a) Form the source voltage, the angular frequency is: 

 

 

 

 

Thus, the impedance of the inductor is: 

 

 

 

 

 

 

The equivalent circuit in frequency domain is shown in the 

figure next.  

 

b) The equivalent impedance between the terminals a-b is: 

 

Therefore, the steady state expression for the current in time domain is: 
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Parallel Impedances: 

They are connected to same node-pair and they have the same voltage across them. 

Applying KCL at the upper node yields: 

 

 

or  

 

 

which can be reduced to: 

 

 

 

Two impedances in parallel has the equivalent impedance as: 

 

 

The Admittance (Y) 

 It is defined as the reciprocal of impedance;  

 

 

 The admittance’ real part, G, is called conductance and its imaginary part, B, is called 

susceptance.  

 The admittance, conductance and susceptance are measured in siemens (S).  

 For parallel admittances (impedances), the equivalent admittance is the sum of all 

admittances; 
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Example # 4: 

The sinusoidal current source in the circuit 

shown in the figure produces the current:  

 

a) Construct the frequency-domain 

equivalent circuit.  

b) Find the steady-state expressions for 𝑣, 𝑖1, 𝑖2, and 𝑖3 

 

Solution: 

 

b) The admittances of the branches from left to right, respectively, are: 
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Check the validity of KCL;  

 

 

 

 

 

In time domain: 
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Delta-to-Wye Transformations 

1) Delta to- WYE  

 

 

 

 

 

 

 

 

 

 

2) WYE-to-Delta 

 

 

 

 

 

 

 

 

 

Note that,  If 𝑍1 = 𝑍2 = 𝑍3 ↔ 𝑍𝑎 = 𝑍𝑏 = 𝑍𝑐 then: 

𝒁𝒀 =
𝒁∆

𝟑
      and    𝒁∆ = 𝟑𝒁𝒀 

Study the example in the text book! 
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 Techniques for Sinusoidal Steady-State Analysis 

 The Node-Voltage Method 

Example # 5:  

Use the node-voltage method to find 

the branch currents 𝑰𝒂, 𝑰𝒃 and 𝑰𝒄 in the 

circuit shown in the figure next.   

 

Solution: 

 The number of essential nodes, 𝑛𝑒 , is 3, thus: 

 # of equations with unknown node-voltages = 𝑛𝑒 − 1 = 3 − 1 = 2 . 

 The circuit is already represented in frequency domain!  

 Taking the bottom node as a reference node, 0V, 

the other two nodes voltages have to be found; 

𝑽𝟏, & 𝑽𝟐.  

KCL at node 1: 

 

 

 

Multiplying by (1 + 𝑗2) and collecting coefficients yield: 

     (1) 

 

KCL at node 2: 

 

                                                  (2) 

But, 

 

  

Substituting for 𝑰𝒙 in eq. (2), multiplying by (1 + 𝑗2), and collecting terms yield: 

    (3) 

 

Solving eqs. (1) and (3) yields: 
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To check the solution,  

 

 

which is the same as the source current! 

Also check 

 

 

which is the same as the calculated 𝑰𝒙 before! 
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 The Mesh-Current Method 

Example # 6:  

Use the mesh-current method to find the 

branch currents 𝑽𝟏, 𝑽𝟐 and 𝑽𝟑 in the circuit 

shown in the figure next.    

 

Solution: 

 The number of essential nodes, 𝑛𝑒 , is 2, 

and the number of essential branches, 𝑏𝑒 , is 

3, thus: 

Number of equations with unknown currents = 𝑏𝑒 − (𝑛𝑒 − 1) = 3 − (2 − 1) = 2. 

 The circuit is already represented in frequency domain!  

 

 

KVL for mesh 1 

 

 

 

 

        (1) 

 

KVL for mesh 2 

                             (2) 

 

But, the constraint equation:  

 

Substituting for 𝑰𝒙  in eq. (2) and simplifying yield: 

                                      (3) 
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Solving eqs. (1) and (3) for 𝑰𝟏& 𝑰𝟐 yields: 

 

 

 

 ; From the constraint equation! 

 

 

 

 

 

 

 

 

 

 

 

Check the answers by summing the voltages around closed paths: 

Mesh 1:  

 

Mesh 2: 

 

 

Outer mesh: 
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 Source Transformation 

Example # 7: 

Use source transformation, in frequency 

domain, to find the output voltage 𝑽𝒐 in the 

circuit shown in the figure next.    

 

 

Solution: 

1- The voltage source (= 40 𝑉) and the series impedance (1 + 𝑗3 Ω) can be replaced by a 

current source 𝑰 in parallel with the same impedance. The current source equals: 

 

 

2- The parallel branches ((1 + 𝑗3)//  (9 − 𝑗3)) can 

be replaced by an impedance, 𝒁, equal to: 

 

 

 

 

3- The impedance 𝒁 (= 1.8 + 𝑗2.4 Ω)  and the parallel current source 𝑰 (= 4 − 𝑗12 𝐴)  can 

be replaced by a voltage source, V, in series with the same impedance, where 𝑽 is: 

 

 

4- The output current 𝑰𝒐 can be obtained by dividing 

the voltage over the total impedance;  

 

 

 

  

5- The output voltage, 𝑽𝒐, is found by applying Ohm’s Law:  

 

 

6- Note that, 𝑽𝒐 can be found directly by applying voltage divider; instead of following steps 

4 and 5! 
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 Thevenin’s and Norton’s Equivalent Circuits 

Example # 8:  

Find the Thévenin’s equivalent circuit with respect to 

terminals “a-b” for the circuit shown in the figure next. 

 

 

Solution: 

1- 𝑽𝑻𝒉 = 𝑽𝑶𝑪 

 To find the open circuit voltage, 𝑽𝑶𝑪, use source transformation to simplify the part of 

the circuit containing 120 V, 12 Ω and 60Ω.  

Note that, at the same time, these transformations must preserve the identity of the 

controlling voltage 𝑽𝒙 because of the dependent voltage source. 

 120V and 12Ω resistor can be transformed to a current source of 10A in parallel with 

the 12Ω resistor. 

 The 12Ω resistor is in parallel with 60Ω resistor, and both have the controlling voltage, 

𝑽𝒙 across them. 

 The equivalent parallel resistor is 10Ω. 

 Now replace the 10A source and the 

parallel resistor, 10Ω, with a 100V source 

in series with 10Ω.  

 Note that, the controlling voltage, 𝑽𝒙 is 

still at the terminals of the transformed 

part of the circuit, as shown in the figure 

next. 

 Assume that the current 𝑰 is flowing out of the transformed part of the circuit, as marked 

on the figure, and apply KVL for the loop yield: 

 

 But,  

 

 

 Then,  
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 Thus, the controlling voltage 𝑽𝒙 is: 

 

 

 𝑽𝑻𝒉 = 𝑽𝑶𝑪;  

 

 

 

  

2- To find 𝑅𝑇ℎ, use the Test Source method, as this is case 2 (𝑛𝑜𝑡𝑒 𝑎𝑙𝑠𝑜, 𝑅𝑇ℎ =
𝑉𝑂𝐶

𝐼𝑆𝐶
)! 

 Deactivate the independent voltage source by replacing 

it with a short circuit (0V), and apply a Test voltage,  

𝑽𝑻, with a current 𝑰𝑻, as shown in the figure next. 

 Assume that, the branch currents 𝑰𝒂 & 𝑰𝒃, are as 

assigned in the figure. These currents are (noting that, 

12Ω//60Ω=10Ω): 

 

 

 

 

 

 

 Apply KCL at the output node: 

 

 

 

 

 

 

 

 Therefore, the equivalent Thevenin’s 

circuit is depicted in the figure next.  
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 Superposition 

 When the sources have different frequencies, this problem can be solved only by 

superposition. 

 Draw the equivalent circuit when each independent source is acting alone, with the 

impedances calculated at the particular frequency of the active independent source, then 

find the particular response due to the active source; in frequency and time domains.   

 Repeat the procedure for other source. 

 When deactivating an independent source, the voltage source is replaced by a short circuit, 

and the current source is replaced by an open circuit. 

 Dependent sources stay in the circuit, no matter which independent source is active. 

 Superimpose all the responses in time domain (if the sources have different frequencies, 

do not superimpose responses in the frequency domain). 

 

Example # 9: 

Use superposition to find the steady-state current 𝑖(𝑡) in 

the figure next for 𝑅 = 10𝑘Ω, 𝐿 = 200𝑚𝐻, 𝑣𝑠1(𝑡) =

24 𝑐𝑜𝑠20,000𝑡 𝑉, and 𝑣𝑠2(𝑡) = 8 cos (60,000𝑡 + 30) 𝑉.  

 

 

 

Solution: 

Source 1 acting alone (the other voltage source is replaced by a short circuit): 

 

 

The impedance is: 

 

 

The phasor current due to source 1 is: 
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Source 2 acting alone (the other voltage source is replaced by a short circuit): 

 

 

The impedance is: 

 

 

 

 

 

Since the two sources have different frequencies, the phasor currents cannot 

be added, but the time domain responses can be added: 
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Sinusoidal Steady-State Power 

Calculations 

 Instantaneous Power 

 The instantaneous power consumed, at any time, by a network is: 

 

 

where 𝑣 & 𝑖 are steady-state sinusoidal signals of the voltage (measured in Volts) and 

current (measured in Amperes), respectively. 

 If the current is reversed, then 𝑝 is negative; and the power is delivered or supplied by the 

network. 

 If the voltage and current, respectively, are: 

 

 

 

where 𝜃𝑣 is the voltage phase angle, and 𝜃𝑖  is the current phase angle. 

 Choosing a reference of time that corresponds to the time when the current has its 

maximum value, then: 

 

 

 

      Thus, instantaneous power becomes: 

 

  

 Using trigonometric identity: 
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 Using trigonometric identity: 

 

 

 

 

 

 

A plot of the instantaneous power for 𝜃𝑣 = 60𝑜 and 𝜃𝑖 = 0𝑜  is shown in the figure below: 

 

 

 

 

 

 

 

 

 

 

 

 

 

Notes:  

 The instantaneous power is not constant and varies with time, causing vibrations to 

motors. 

 The frequency of the instantaneous power is twice the frequency of the voltage or 

current. 

 The dashed line represents the average power. 

 The negative power implies that energy stored in the inductors or capacitors is now 

being extracted. 
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 Average and Reactive Power 

Recall the instantaneous power equation, 

 

 

 

 

 

 

 

which can be rewritten in the form: 

 

 

 

where  

 

𝑷 is the Average (Real, or Active) power, it represents the power converted from electric to 

nonelectric power, measured in Watts,  and is: 

 

 

 

 

 

Also, 𝑷 can be found by integrating the instantaneous power as:  

 

 

 

 

 

Note that, integrating the instantaneous power equation over one period will yield the first term 

of 𝑝 only, as the integration of the second and the third terms over one complete cycle is zero. 

 

 

and 𝑸 the Reactive power, measured in Volt-Ampere Reactive (VAR) and is: 
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 Power for Purely Resistive Circuits 

For a purely resistive circuit, the voltage and current are in phase, 𝜃𝑣 = 𝜃𝑖, thus the 

instantaneous power is: 

 

 

   𝑷 =
𝑽𝒎𝑰𝒎

𝟐
𝒄𝒐𝒔 (𝜃𝑣 − 𝜃𝑖) =

𝑽𝒎𝑰𝒎

𝟐
 

Note that, the instantaneous power cannot be negative, 

and no power can be extracted from resistors, as 

resistors cannot store energy; all electric energy is 

dissipated as thermal energy. 

 

 

 Power for Purely Inductive Circuits 

 For a purely inductive circuit, the current lags the voltage by 90𝑜; 𝜃𝑖 = 𝜃𝑣 − 90𝑜 𝑜𝑟 𝜃𝑣 −

𝜃𝑖 = 90𝑜. Thus, the instantaneous power is: 

 

because the first two terms are zero; cos(𝜃𝑣 − 𝜃𝑖) = cos 90 = 0. 

 𝑸 is positive for inductors (inductors absorb magnetizing VARs); 

 

    𝑸 =
𝑽𝒎𝑰𝒎

𝟐
𝒔𝒊𝒏 (𝜃𝑣 − 𝜃𝑖) =

𝑽𝒎𝑰𝒎

𝟐
𝒔𝒊𝒏 (90) =

𝑽𝒎𝑰𝒎

𝟐
 

 𝑄 is the reactive power (VAR), because the inductor is a reactive element; its impedance 

is purely reactive. 

 The average power for a purely inductive circuit is zero, and no power is dissipated in the 

circuit.  

 A plot of the instantaneous power is shown in the 

figure next.  

 When 𝑝(𝑡) is positive, the energy is stored in the 

magnetic field of the inductor, and when it is 

negative it is extracted from the magnetic field. 

 The instantaneous power at the terminals in a purely 

inductive circuit is continually exchanged between 

the circuit and the source driving the circuit, at a frequency of 2𝜔. 
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 Power for Purely Capacitive Circuits 

 For a purely capacitive circuit, the current leads the voltage by 90𝑜; 𝜃𝑖 = 𝜃𝑣 + 90𝑜 𝑜𝑟 𝜃𝑣 −

𝜃𝑖 = −90𝑜. Thus, the instantaneous power is: 

    

because the first two terms are zero; cos(𝜃𝑣 − 𝜃𝑖) = cos −90 = 0. 

 

 The average power for a purely capacitive circuit is zero, and no power is dissipated in the 

circuit.  

 𝑸 is negative for capacitors (capacitors supply magnetizing VARs); 

    𝑸 =
𝑽𝒎𝑰𝒎

𝟐
𝒔𝒊𝒏 (𝜃𝑣 − 𝜃𝑖) 

   𝑸 =
𝑽𝒎𝑰𝒎

𝟐
(−90) 

   𝑸 = −
𝑽𝒎𝑰𝒎

𝟐
 

 𝑄 is the reactive power (VAR), because the capacitor is a reactive element; its impedance 

is purely reactive. 

 The instantaneous power can be expressed as: 

   𝒑 = −
𝑽𝒎𝑰𝒎

𝟐
𝒔𝒊𝒏 (𝜃𝑣 − 𝜃𝑖)𝒔𝒊𝒏 𝟐𝝎𝒕 

 𝒑 = −
𝑽𝒎𝑰𝒎

𝟐
𝒔𝒊𝒏 (−90)𝒔𝒊𝒏 𝟐𝝎𝒕 

  𝒑 = −(−
𝑽𝒎𝑰𝒎

𝟐
)𝒔𝒊𝒏 𝟐𝝎𝒕 

 

 A plot of the instantaneous power is shown in the 

figure next.  

 When 𝑝(𝑡) is positive, the energy is stored in the 

electric field of the capacitor, and when it is negative 

energy is extracted from the electric field. 

 The instantaneous power at the terminals of a purely 

capacitive circuit is continually exchanged between 

the circuit and the source driving the circuit, at a 

frequency of 2𝜔. 
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 Power Factor 

 The angle is 𝜽𝒗 − 𝜽𝒊 plays an important role in power calculations, and is called power 

factor angle. 

 

  The power factor angle is the same as the load impedance angle;  𝜽𝒁𝑳 = 𝜽𝒗 − 𝜽𝒊 

 

 Power Factor (pf) is defined as the cosine of the power factor angle  

   𝒑𝒇 = 𝒄𝒐𝒔(𝜽𝒁𝑳) = 𝒄𝒐𝒔(𝜽𝒗 − 𝜽𝒊) 

 

 Because 𝒄𝒐𝒔(𝜽𝒗 − 𝜽𝒊) = 𝒄𝒐𝒔(𝜽𝒊 − 𝜽𝒗), is always positive, specify: 

1. Lagging power factor is for inductive load, where 𝜽𝒗 − 𝜽𝒊 is positive; 

The current lags the voltage: 0 < (𝜃𝑣 − 𝜃𝑖) < 90𝑜 

2. Leading power factor is for capacitive load, where 𝜽𝒗 − 𝜽𝒊 is negative; 

The current leads the voltage: −90𝑜 < (𝜃𝑣 − 𝜃𝑖) < 0𝑜 

3. Unity power factor is for purely resistive load, where 𝜃𝑣 = 𝜃𝑖 , and 

 𝒑𝒇 = 𝒄𝒐𝒔 (𝜽𝒗 − 𝜽𝒊) = 𝟏 

 

 The reactive factor (rf) is defined as: 

    𝒓𝒇 = 𝒔𝒊𝒏(𝜽𝒗 − 𝜽𝒊) 
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Example # 1: 

e) Calculate the average power and the reactive power at the terminals of the 

network shown in the figure next if: 

    𝑣 = 100 𝑐𝑜𝑠(𝜔𝑡 + 15) 𝑉 

 

    𝑖 = 4 𝑠𝑖𝑛(𝜔𝑡 − 15) 𝐴 

 

 

f) State whether the network inside the box is absorbing or delivering average 

power. 

g) State whether the network inside the box is absorbing or supplying magnetizing 

vars. 

 

 

Solution: 

a) Because 𝑖 is expressed in terms of the sine function, the first step in the calculation for 𝑃 

and 𝑄 is to rewrite 𝑖 as a cosine function: 

 

 

Thus,   

    𝑃 =
𝑉𝑚𝐼𝑚

2
𝑐𝑜𝑠 (𝜃𝑣 − 𝜃𝑖) 

    𝑃 =
100(4)

2
𝑐𝑜𝑠 (15 − −105) 

    𝑃 = 200 𝑐𝑜𝑠 (120) = −100𝑊 

And    𝑄 =
𝑉𝑚𝐼𝑚

2
 𝑠𝑖𝑛 (𝜃𝑣 − 𝜃𝑖) 

    𝑄 =
100(4)

2
 𝑠𝑖𝑛 (15 − −105) 

    𝑄 = 200 𝑠𝑖𝑛 (120) = 173.21 𝑉𝐴𝑅 

 

b) Since 𝑃 is negative (= −100𝑊), the network is delivering (or supplying) power to its 

terminals. 

c) Since 𝑄 is positive (= +173.21 𝑉𝐴𝑅), the network is consuming magnetizing VARs at its 

terminals. 
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 The rms Value and Power Calculations 

Assuming that, the voltage across the resistor is: 

   𝑣 = 𝑉𝑚 𝑐𝑜𝑠(𝜔𝑡 + 𝜃𝑣) 𝑉 

 

Then, the instantaneous power of the resistor is: 

 

   𝑝 =
𝑣(𝑡)2

𝑅
 

   𝑝 =
(𝑉𝑚 𝑐𝑜𝑠(𝜔𝑡+𝜃𝑣))

2

𝑅
 

 

Thus, the average power delivered to the resistor is:  

 

 

 

 

 

 

 

Therefore,   

 

 

 

If the resistor current is: 

   𝑖 = 𝐼𝑚 𝑐𝑜𝑠(𝜔𝑡 + 𝜃𝑖) 𝐴 

Then, the average power is  

   

 

The rms value is called the effective value!  

Note that, the rms value of a sinusoidal source delivers the same energy to a resistor as a DC 

source does of the same value during the same period.  

 

 

 

 

𝜃𝑣 

𝜃𝑣 

𝑉𝑟𝑚𝑠
2  
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The average power can be expressed in terms of the rms value as: 

 

 

 

 

 

 

  

 or                       𝑷 = 𝑽𝒓𝒎𝒔 𝑰𝒓𝒎𝒔𝒄𝒐𝒔(𝜽𝒗 − 𝜽𝒊)  

                           𝑷 = 𝑽𝒓𝒎𝒔 𝑰𝒓𝒎𝒔 𝒑𝒇 

Similarly,  

 

  

 

or      𝑸 = 𝑽𝒓𝒎𝒔 𝑰𝒓𝒎𝒔 𝐬𝐢𝐧(𝜽𝒗 − 𝜽𝒊) 

 

where 𝐼eff = 𝐼𝑟𝑚𝑠 and 𝑉eff = 𝑉𝑟𝑚𝑠! 

 

Example # 2: 

a) A sinusoidal voltage having a maximum amplitude of 625 V is applied to the terminals of 

a 50Ω resistor. Find the average power delivered to the resistor.  

b) Repeat (a) by first finding the current in the resistor.  
 

Solution: 

a) The rms value of the applied voltage is: 

  𝑉𝑟𝑚𝑠 =
𝑉𝑚

√2
=

625

√2
= 441.94𝑉 

The average (real) power dissipated in the resistor is: 

 

 

 

b) The maximum current in the resistor is: 

 𝐼𝑚 =
𝑉𝑚

𝑅
=

625

50
= 12.5𝐴                          𝐼𝑟𝑚𝑠 =

𝐼𝑚

√2
=

12.5

√2
= 8.84𝐴  
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or the rms value of the current can found directly from the rms value of the voltage as: 

  𝐼𝑟𝑚𝑠 =
𝑉𝑟𝑚𝑠

𝑅
=

441.94

50
= 8.84𝐴!                           

The average (real) power dissipated in the resistor is: 

 

 

 

 

Note that, the reactive power, Q, is zero because the current and the voltage of a resistor 

are in phase! 

 

 The Complex Power  

 Complex power is the complex sum of the average (real) power and the reactive power, 

or 

  

 

 The complex power is measured in Volt-Ampere (VA). 

 The magnitude of the complex power called the apparent power; 

        |𝑺| = √𝑃2 + 𝑄2 

 The apparent power represents the volt-amp capacity required to supply the average 

power. 

 The power triangle is a plot of the complex power in the complex plane.  

 

The power triangle for an 

inductive load. 

 

 

 

 

 

Note that, the power triangle for a capacitive load lies in the 4th quadrant of the complex 

plane. 

 The angle of the complex power is the same as the power factor angle; 

    𝜽 = 𝜽𝒁𝑳 = 𝜽𝒗 − 𝜽𝒊 

 

 

  P 

   jQ 
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But, 

 

 

 

 The Average (real) power is real part of the complex power; 

 

 

          𝑷 = |𝑺| 𝐜𝐨𝐬 𝜽 

                   𝑷 = |𝑺| 𝒑𝒇 

 And the reactive power is imaginary part of the complex power; 

 

  

       𝑸 = |𝑺| 𝐬𝐢𝐧 𝜽 

       𝑸 = |𝑺| 𝒓𝒇 

 

Example # 3: 

An electrical load operates at 240 V rms. The load absorbs an average power of 8 kW at a 

lagging power factor of 0.8. 

a) Calculate the complex power of the load.  

b) Calculate the impedance of the load. 

 

Solution:  

a)  
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b) To calculate the load impedance,  

 

 

      To find the current, 

   𝑃 = VeffIeff 𝑐𝑜𝑠(𝜃𝑣 − 𝜃𝑖) 

        8000 = (240)Ieff (0.8) 

           Ieff = 41.67𝐴 

The power angle is the same as the impedance angle; 

 

 

Therefore, the load impedance is: 

 

 

 

 

 

 

 Power Calculations 

Recall,   

 

 

But,           𝑃 =
𝑉𝑚𝐼𝑚

2
cos  (𝜃𝑣 − 𝜃𝑖)  and 𝑄 =

𝑉𝑚𝐼𝑚

2
sin  (𝜃𝑣 − 𝜃𝑖) 

 

Thus,     𝑺 =
𝑉𝑚𝐼𝑚

2
cos  (𝜃𝑣 − 𝜃𝑖) + 𝑗

𝑉𝑚𝐼𝑚

2
sin  (𝜃𝑣 − 𝜃𝑖) 
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Note that,  

 

 

 

 

 
where 𝐈eff

∗
 is the complex conjugate of 𝐈eff 

Therefore, 

          𝑆 = 𝑽eff𝑰eff
∗                                   𝑆 = 𝑽rms𝑰𝑟𝑚𝑠

∗ 

where 𝐈𝐫𝐦𝐬
∗ is the complex conjugate of 𝐈𝐫𝐦𝐬 

 

If the maximum amplitude of the voltage and current are known, then: 

 

 

 

 

Example # 4: 

Find the complex power if  

 

 

 

 

Solution: 

 

 

 

 

 

 

 

Such that,  
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Alternate Forms for Complex Power 

If the equivalent impedance of the circuit is 𝑍, then the 

voltage across the circuit is:   

   

 

Recall, the complex power is: 

                     𝑆 = 𝑽eff𝑰eff
∗        

 

 

 

 

 

 

 

 

 

 

 

 

 

Also, 
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Example # 5: 

 

 

 

 

 

 

 

 

 

 

Solution: 

a) The load current is: 

 

 

The load voltage is: 

 

 

 

 

b) The load complex power is: 

 

 

 

Since, 𝑆 = 𝑃 + 𝑗𝑄, therefore, 𝑃 = 975𝑊  and 𝑄 = 650𝑉𝐴𝑅 

c) The line power is: 

 

 

 

d) The complex power delivered by the source can be obtained either by adding the complex 

power of the line and the load 

 

 or 

             

the figure, 
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 Power Factor Correction (Improvement) 

 Most load are inductive load and have a lagging power factor. 

 The original complex load power is: 

   𝐒𝐨𝐥𝐝 = 𝑃𝑜𝑙𝑑 + 𝑗𝑄𝑜𝑙𝑑 

   𝐒𝐨𝐥𝐝 = |𝐒𝐨𝐥𝐝|⎿ 𝜃𝑜𝑙𝑑 

 

 The new complex power that results from adding a capacitor in parallel with the load is: 

   𝐒𝐧𝐞𝐰 = 𝑃𝑜𝑙𝑑 + 𝑗𝑄𝑛𝑒𝑤 

   𝐒𝐧𝐞𝐰 = |𝐒𝒏𝒆𝒘|⎿ 𝜃𝑛𝑒𝑤 

Because the capacitor does not have real power. 

θnew is specified by the (new) required power factor! 

 

 Since 𝐒𝐧𝐞𝐰 = 𝐒𝐨𝐥𝐝 +  𝐒𝐜𝐚𝐩, the added capacitor complex power is: 

    𝐒𝐜𝐚𝐩 = 𝐒𝐧𝐞𝐰 − 𝐒𝐨𝐥𝐝 

 But, the capacitor is purely reactive;  

   𝐒𝐜𝐚𝐩 = 0 + 𝑗𝑄𝑐𝑎𝑝 

and, 

   𝐒𝐜𝐚𝐩 = 𝑽𝒓𝒎𝒔𝑰𝒓𝒎𝒔
∗  

   𝐒𝐜𝐚𝐩 = (𝑉𝑟𝑚𝑠⎿𝜃𝑣)𝑰𝒓𝒎𝒔
∗  

Noting that,    𝑰𝒓𝒎𝒔 =
𝑉𝑟𝑚𝑠⎿𝜃𝑣

1/𝑗𝜔𝐶
 

  𝑰𝒓𝒎𝒔 = 𝜔𝐶 𝑉𝑟𝑚𝑠⎿(𝜃𝑣 + 90) 

Therefore,       𝑰𝒓𝒎𝒔
∗ = 𝜔𝐶 𝑉𝑟𝑚𝑠⎿(−𝜃𝑣 − 90) 

Substituting 𝑰𝒓𝒎𝒔
∗  in the capacitor complex power yields: 

          ∴ 𝐒𝐜𝐚𝐩 = (𝑉𝑟𝑚𝑠⎿𝜃𝑣)(𝜔𝐶 𝑉𝑟𝑚𝑠⎿(−𝜃𝑣 − 90)) 

   𝐒𝐜𝐚𝐩 = 𝜔𝐶 𝑉𝑟𝑚𝑠 
2 ⎿ − 90 

   𝐒𝐜𝐚𝐩 = −𝒋𝜔𝐶 𝑉𝑟𝑚𝑠 
2

 

Also,  𝑄𝑐𝑎𝑝 = 𝑄𝑛𝑒𝑤 − 𝑄𝑜𝑙𝑑 = −𝒋𝜔𝐶 𝑉𝑟𝑚𝑠 
2

 

  

Note that, most electricity distribution companies require the load power factor to be greater 

than 0.92 lag! 
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Example # 6: 

a) Determine the power factor of the two loads in parallel.  

b) Determine the apparent power required to supply the loads, the magnitude of the current, 

𝐈𝐬,  and the average power loss in the transmission line.  

c) Given that the frequency of the source is 60 Hz, compute the value of the capacitor that 

would correct the power factor to 1 if placed in parallel with the two loads. Recompute the 

values in (b) for the load with the corrected power factor. 

Solution: 

a) The voltage is given as rms value. The source current is:  

 

The complex power of the two loads: 

 

 

 

 

But,   

   

 

And     

 

 

 

 

 

 

 

 

 

 

the figure 
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      The power factor of the combined load is: 

   𝑝𝑓 = 𝐜𝐨𝐬  (𝜽𝒗 − 𝜽𝒊) 

   𝑝𝑓 = cos  (0 − −26.57) = 0.8944 lagging  

      Note that, the total reactive power (Q) of the load is positive 

 

b) The apparent power which must be supplied to these loads is: 

 

The magnitude of the current that supplies this apparent power is: 

 

The average power lost in the line is: 

 

 

The average power supplied by the source is: 

   𝑃𝑠 = 𝑃𝐿 + 𝑃𝐿𝑖𝑛𝑒 = 20,000 + 400 = 20,400𝑊 

 

c) The new power factor is unity; which means that the reactive power of the loads and the 

capacitor is zero; 

   𝜃𝑛𝑒𝑤 = cos−1 1 = 0  

Snew = 𝑃𝑜𝑙𝑑 + 𝑗𝑄𝑛𝑒𝑤  

       But, 

 𝑄𝑛𝑒𝑤 = 𝑃𝑜𝑙𝑑 tan 𝜃𝑛𝑒𝑤 = 20,000 tan 0 = 0 

       Therefore,        Snew = 20,000 + 𝑗0 

 𝐒𝐜𝐚𝐩 = 𝐒𝐧𝐞𝐰 − 𝐒𝐨𝐥𝐝 

 𝐒𝐜𝐚𝐩 = 20,000 − (20,000 + 𝑗10,000) 

 𝐒𝐜𝐚𝐩 = −𝑗10,000 = −𝑗𝜔𝐶 𝑉𝑟𝑚𝑠 
2  

 𝐶 =
10,000

𝜔𝑉𝑟𝑚𝑠 
2  

        where 𝜔 = 2𝜋𝑓 = 2𝜋(60) = 376.99 𝑟𝑎𝑑/𝑠 

   𝐶 =
10,000

376.99 (2502)
= 424.4 𝜇𝐹 
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Alternative way to calculate C:  

Since the new power factor is unity, 

 Qcap = 𝑄𝑜𝑙𝑑 = 10,000𝑉𝐴𝑅 

And the reactance of the capacitor is: 

 

 

 

 

Since the new power factor is unity,  

 

 

The new current from the supply is: 

  |𝐈𝐬| =
𝑃𝐿

𝑉𝑟𝑚𝑠
=

20,000

250
= 80𝐴  

The current is reduced compared to the case without the capacitor! 

The average power lost in the line is reduced to: 

 

 

The average power supplied by the source is: 

   𝑃𝑠 = 𝑃𝐿 + 𝑃𝐿𝑖𝑛𝑒 = 20,000 + 320 = 20,320𝑊 

 

Example # 7: 
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Solution: 

Note that, the source voltage is given as a maximum amplitude not as an rms value! 

a) The complex power delivered to the 1 + 𝑗2Ω impedance is: 

 

 

 

 

 

 

 

 

 

The complex power delivered to the 12 − 𝑗16Ω impedance is: 

 

 

 

 

 

 

 

The complex power delivered to the 1 + 𝑗3Ω impedance is: 

 

 

 

 

 

 

b) The complex power associated with the independent source is: 
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The complex power associated with the current-controlled voltage source is: 

 

 

 

 

 

 

 

 

c) The total power absorbed by the passive impedances and the independent voltage source 

is: 

 

 

The dependent voltage source is the only circuit element delivering average power. Thus: 

 

 

Magnetizing reactive power is being absorbed by the two horizontal branches. Thus: 

 

 

Magnetizing reactive power is being delivered by the independent voltage source, the 

capacitor in the vertical impedance branch, and the dependent voltage source. Therefore: 

 

 

The absorbed and delivered average and reactive powers are balanced! 
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 Maximum Power Transfer 

 For any network, to find the load impedance 𝑍𝐿 which draws the maximum power, the 

network is represented by its Thevenin’s or Norton’s equivalent circuit.  

 

 

 

 

 

 Assuming that, the Thevenin’s impedance (𝑍𝑇ℎ) and the load impedance (𝑍𝐿), respectively 

are: 

 

 

 

 Assuming that, the Thevenin’s voltage (𝑽𝑻𝒉) is given as an “rms” value, the rms value of 

the current is found by KVL: 

 

 

 The average power delivered to the load is: 

 

 Therefore, the load power is  

 

 

 

 For any network, 𝑽𝑻𝒉, 𝑅𝑇ℎ, 𝑎𝑛𝑑 𝑋𝑇ℎ are known, whilst 𝑅𝐿 , 𝑎𝑛𝑑 𝑋𝐿 are unknown and can 

be adjusted for maximum power transferred to the load. 

 To maximize the load power 𝑃, 𝑅𝐿 , 𝑎𝑛𝑑 𝑋𝐿 must be found such that; 

   
𝜕𝑃

𝜕𝑋𝐿
= 0    and     

𝜕𝑃

𝜕𝑅𝐿
= 0      

      Thus,  

 

 

Equating the derivative with zero yields:  

            (1) 
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Also,  

 

 

Again, equating the derivative with zero yields: 

                       (2) 

 

 Combining the conditions in eqs. (1) and (2) for maximum power transferred to the load 

yields: 

   𝑅𝐿 = √𝑅𝑇ℎ
2 + (−𝑋𝑇ℎ + 𝑋𝑇ℎ)2 

   𝑅𝐿 = √𝑅𝑇ℎ
2     𝑅𝐿 = 𝑅𝑇ℎ 

   𝒁𝑳 = 𝑅𝑇ℎ − 𝑗𝑋𝑇ℎ 

 

 

 

 The current under the above condition is: 

   𝑰 =
𝑽𝑻𝒉𝒓𝒎𝒔

𝑅𝑇ℎ+𝑗𝑋𝑇ℎ+𝑅𝐿+𝑗𝑋𝐿
 

   𝑰 =
𝑽𝑻𝒉𝒓𝒎𝒔

𝑅𝑇ℎ+𝑗𝑋𝑇ℎ+𝑅𝑇ℎ−𝑗𝑋𝑇ℎ
 

   𝑰 =
𝑽𝑻𝒉𝒓𝒎𝒔

𝑅𝑇ℎ+𝑅𝑇ℎ
 

 The maximum average power transferred to the load is: 

   𝑃𝑚𝑎𝑥 = |𝐼|2𝑅𝑇ℎ 

    𝑃𝑚𝑎𝑥 =
|𝑉𝑇ℎ𝑟𝑚𝑠|

2

(𝑅𝑇ℎ+𝑅𝑇ℎ)2
𝑅𝑇ℎ 

   𝑃𝑚𝑎𝑥 =
|𝑉𝑇ℎ𝑟𝑚𝑠|

2

(2𝑅𝑇ℎ)2 𝑅𝑇ℎ 

𝑃𝑚𝑎𝑥 =
|𝑉𝑇ℎ𝑟𝑚𝑠|

2

4𝑅𝑇ℎ
      or         𝑃𝑚𝑎𝑥 =

|𝑉𝑇ℎ𝑟𝑚𝑠|
2

4𝑅𝐿
 

For Norton’s equivalent: 

   𝑃𝑚𝑎𝑥 =
|𝑰𝑵𝒓𝒎𝒔|

𝟐

𝟒
𝑅𝑁      or         𝑃𝑚𝑎𝑥 =

|𝑰𝑵𝒓𝒎𝒔|
𝟐

𝟒
𝑅𝐿 

 In terms of the maximum amplitude of the voltage (or current), the maximum power is: 

𝑃𝑚𝑎𝑥 =
|𝑉𝑇ℎ𝑚|

𝟐

8𝑅𝑇ℎ
   or    𝑃𝑚𝑎𝑥 =

|𝐼𝑁𝑚|
2

8
𝑅𝑁       
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For a Restricted 𝒁𝑳: 

1. If the values of 𝑅𝐿 and 𝑋𝐿are restricted to a limited range of values, but the phase can 

be changed, then for maximum power transfer: 

 Adjust 𝑋𝐿 as close to − 𝑋𝑇ℎ as possible 

 Choose 𝑅𝐿 as close to  as possible 

 

2. If the magnitude of 𝑍𝐿 can be varied, but not the phase, then set: 

 

 

Example # 8: 

  

Solution: 

a) Using source transformation, 20V in series with 5Ω can be transformed to a current source 

in parallel with the same resistor; 

   𝐼1 =
20

5
= 4𝐴  

The resistors 5Ω and 20Ω are in parallel and have an equivalent resistor of: 

   𝑅𝑒𝑞1 =
5(20)

25
= 4Ω 

The current source 𝐼1 in parallel with 4Ω can be transformed to a voltage source in series with 

the same resistor;  

   𝑉1 = 𝐼1(𝑅𝑒𝑞1) = 4 (4) = 16𝑉 

 

Now, to find 𝑽𝑻𝒉, use potential divider; 
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To find 𝒁𝑻𝒉, this is case 1, deactivate the independent source and look into the terminal a-b: 

 

 

 

 

 

 

For maximum power transfer, 

 

 

 

 

 

b) To find the maximum power transferred to the load, calculate the effective current first as, 

 

 

then 

 

or directly,     

   𝑃𝑚𝑎𝑥 =
|𝑉𝑇ℎ𝑚|

𝟐

8𝑅𝑇ℎ
=

|19.2|𝟐

8(5.76)
= 8𝑊 
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Introduction to Laplace 

Transform 

 

 Laplace Transform is a powerful analytical technique that is widely used to study the 

behavior of linear, lumped-parameter circuits. 

 Besides, it is used to analyze circuits described by sets of linear differential equations. 

 Moreover, it relates, in a systematic fashion, the time domain behavior of a circuit to 

its frequency-domain behavior. 

 Definition of Laplace Transform 

 The Laplace transform of a function is given by the expression: 

 

 

 

which is one sided or unilateral Laplace Transform since its lower limit is zero! 

′𝑠′ represents the frequency, the complex frequency; 𝑠 = 𝜎 + 𝑗𝜔 

 The Laplace transform transforms the problem from the time domain to the frequency 

domain to make manipulation easier; manipulating a set of algebraic equations is easier 

than manipulating a set of integro-differential equations! 

 After obtaining the frequency-domain expression for the unknown, inverse-transform 

is used to get back the unknown in time domain. 

 Though the upper limit of the integral is ∞ (improper 

integral), here in linear circuits, we are interested in functions 

that have Laplace Transforms, and hence the integral 

converges.  

 If the function is discontinuous at 0, then use 0− as the lower 

limit of the integral!  

The initial conditions account for 𝑡 < 0−! 
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 Two Types of Laplace Transform: 

1- A Functional Transform: is the Laplace Transform of a specific function 

2- An Operational Transform: defines a general mathematical property of the 

Laplace Transform; e.g., the derivative of 𝑓(𝑡) 

 The Step Function 

 It has a discontinuity of a jump at a specific time! 

 The Unit Step Function is zero for 𝑡 < 0, and has a value of 1 for 𝑡 ≥ 0; 

𝑢(𝑡) = 0   for  𝑡 < 0 

𝑢(𝑡) = 1   for  𝑡 > 0 

 

 The Step Function is: 

𝐾𝑢(𝑡) = 0   for  𝑡 < 0 

𝐾𝑢(𝑡) = 𝐾   for  𝑡 > 0  

 

 

 

 𝐾𝑢(𝑡) is not defined at 𝑡 = 0, but it 

may be assumed that:  

𝐾𝑢(0) = 0.5𝐾    

 

 

 The Shifted Step Function 

A step that occurs at 𝑡 = 𝑎 is: 

𝐾𝑢(𝑡 − 𝑎) = 0   for  𝑡 < 𝑎 

𝐾𝑢(𝑡 − 𝑎) = 𝐾   for  𝑡 > 𝑎  

 

 

The plot next is for 𝐾𝑢(𝑡 − 𝑎) for  𝑎 > 0! 

 

If ′𝑎′ is positive, the step occurs to the right of the origin, and if ′𝑎′ is negative the step 

occurs to the left of the origin. 

The Step Function is zero when (𝑡 − 𝑎) is negative, and is 𝐾 when (𝑡 − 𝑎) is positive! 
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 The Step Function can be also expressed as: 

𝐾𝑢(𝑎 − 𝑡) = 𝐾   for  𝑡 < 𝑎 

𝐾𝑢(𝑎 − 𝑡) = 0   for  𝑡 > 𝑎  

 

The plot below is for 𝐾𝑢(𝑎 − 𝑡)   for  𝑎 > 0 

 

 

 

 

 

 

 

Example # 1: 

Express the waveform, the 

Rectangular Pulse Function, shown 

in the Figure below in terms of step 

functions! 

 

 

 

 

Solution: 

 The amplitude of the pulse jumps to a value of 3V 

at 𝑡 = 1𝑠; therefore, 3𝑢(𝑡 − 1) is part of the 

equation for the waveform. 

 

 The pulse returns to zero at 𝑡 = 3𝑠, so an equal and 

opposite step must occur at 𝑡 = 3𝑠; therefore, 

−3𝑢(𝑡 − 3) is part of the equation of the 

waveform. 

 

 Putting these observations together, the rectangular pulse can be expressed as:  

   𝑣(𝑡) = 3𝑢(𝑡 − 1) − 3𝑢(𝑡 − 3)  𝑉 
 

Uploaded By: anonymousSTUDENTS-HUB.com



 

162 

 

 The Impulse Function (Dirac (Delta) Function) 

 It is a signal of infinite amplitude and zero duration.  

 Such signals don’t exist in nature, but some circuit signals come very close to 

approximating this definition. 

 Impulse function enables defining the derivative of a function at the point of 

discontinuity. 

 The Unit Impulse Function is defined as: 

     𝛿(𝑡) = ∞       , 𝑡 = 0 

𝛿(𝑡) = 0        , 𝑡 ≠ 0  

 

 

 

 

 

 

 As 𝜖 → 0, the function 𝑓(𝑡) 

approaches a unit Impulse Function 

 

 

 

 The area under a delta function is unity! 

    ∫ 𝛿(𝑡)𝑑𝑡
∞

−∞
= ∫ 𝛿(𝑡)𝑑𝑡

𝜖

−𝜖
= 1 

 

 If 𝐾𝛿(𝑡), then 𝐾 is the strength of the Impulse Function (also the area of the impulse 

function).       

   ∫ 𝐾𝛿(𝑡)𝑑𝑡
∞

−∞
= 𝐾 
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 Definition:   𝛿(𝑡) =
𝑑𝑢(𝑡)

𝑑𝑡
       

 

Again as 𝜖 → 0, the function 𝑓(𝑡) a Unit Step Function, and as 𝜖 → 0, the function 

𝑓′(𝑡) approaches a Unit Impulse Function! As 𝜖 → 0, the amplitude → ∞ and the 

duration → 0! 

 

 If the impulse occurs at 𝑡 = 𝑎, then 𝐾𝛿(𝑡 − 𝑎) is the impulse function. 

The graphical symbol of the Impulse function is shown in the Figure below! 

 

 

 

 

 

 

 Sifting Property 

Assuming that, 𝑓(𝑡) is a continuous function at 𝑡 = 𝑎 then, 

 ∫ 𝑓(𝑡)𝛿(𝑡 − 𝑎)𝑑𝑡
∞

−∞
= ∫ 𝑓(𝑡)𝛿(𝑡 − 𝑎)𝑑𝑡

𝑎+𝜖

𝑎−𝜖
,       because 𝛿(𝑡 − 𝑎) = 0 at 𝑡 ≠ 𝑎 

          = ∫ 𝑓(𝑎)𝛿(𝑡 − 𝑎)𝑑𝑡
𝑎+𝜖

𝑎−𝜖
,      because 𝑓(𝑡) is continuous at 𝑡 = 𝑎 

          = 𝑓(𝑎) ∫ 𝛿(𝑡 − 𝑎)𝑑𝑡
𝑎+𝜖

𝑎−𝜖
 

          = 𝑓(𝑎) 

Therefore,  ∫ 𝑓(𝑡)𝛿(𝑡 − 𝑎)𝑑𝑡
∞

−∞
= 𝑓(𝑎) 

 

Using the Sifting Property,  

 

 

 

That is because, 𝑎 = 0, with 𝑓(𝑎) = 𝑓(0) = 𝑒−𝑠(0) = 1! 
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Again reconsider the function shown in the 

Figure next, as 𝜖 → 0, the function generates 

an Impulse Function, 𝛿(𝑡). 

 

 

 

The derivative of 𝑓(𝑡) is 𝛿′(𝑡). 

 

The derivative of the Impulse Function is 

referred to a moment function or unit 

doublet! 

 

 

To find the Laplace Transform of 𝛿′(𝑡),  

 

 

 

 

,                  
𝟏+𝟏−𝟐

𝟎
=

𝟎

𝟎
  , use L’Hopital’s rule                                                                                        

                                                                                  

,                again use L’Hopital’s rule 

  

 

 

 

 

 

In a similar manner, the Laplace Transform of the nth derivative of the Impulse Function is:  
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 Functional Laplace Transforms 

They are the Laplace Transform of specific functions of t. 

 Derivation of Laplace Transform of Some Functions 

 Step Function 

 

 

 

 

 

                                             Note that, the function is defined to be zero for 𝑡 < 0−. 

 

 Decaying Exponential 

 

 

 

 

 

 

  

 

 Sinusoidal Function 
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 Laplace Transform Pairs 

All functions are defined to be zero for 𝑡 < 0−! 

 

 

 

 

 Operational Laplace Transforms 

 Multiplication by a Constant, K 

If               then   

 

 Addition and/or Subtraction 

If     

 

Then   
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 Differentiation 

 

, Subtracting the initial value of  𝑓(𝑡)                                                      

 

Also for the nth derivative, 

 

 Integration 

  

 

 

 

 Translation in the Time Domain 

 

Translating 𝑓(𝑡)𝑢(𝑡) in time by a constant "𝑎" yields 𝑓(𝑡 − 𝑎)𝑢(𝑡 − 𝑎), then 

 

 

 

 

For example, knowing that, 

 

 

 

 

 

Then, 

 

 

 

 

Note that, the translation in the time domain corresponds to multiplication by an 

exponential in the frequency domain! 

 

 Translation in the Frequency Domain 

 

 

 

 

Note that, the translation in the frequency domain corresponds to multiplication by an 

exponential in the time domain! 
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For example,  

If  

 

 

 

Then, it can be deduced that,  

 

 

 

 

 

 

 Scale Changing 

 

 

 

 

 

 For example,  

If 

 

 

 

 Then,  

 

 

 

 

 

 First Derivative 

 

{𝑡𝑓(𝑡)} = −
𝑑𝐹(𝑠)

𝑑𝑠
  

 

 nth Derivatives 

 

{𝑡𝑛𝑓(𝑡)} = (−1)𝑛 𝑑𝑛𝐹(𝑠)

𝑑𝑠𝑛   

 

 s Integral 

 

{
𝑓(𝑡)

𝑡
} = ∫ 𝐹(𝑢)𝑑𝑢

∞

𝑠
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 Applying the Laplace Transform 

Example # 2: Use Laplace Transform to solve the ordinary integro-differential equation that 

describes the circuit shown in the Figure below, assume that the initial energy stored is zero 

before opening the switch at 𝑡 = 0𝑠!, and find 𝑣(𝑡) for 𝑡 ≥ 0𝑠!! 

 

 

 

 

 

Solution:  

Applying KCL to the upper node, 

 

 

 

 

Transforming the equation to s-domain yields, 

 

 

 

 

 

Collecting terms of 𝑉(𝑠) yields, 

 

 

 

 ,   since 𝑉(0−) = 0𝑉  

 

 

Thus,  

 

 

 

 

 

But, 𝑣(𝑡) is the inverse Laplace Transform of 𝑉(𝑠); 
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 Inverse Laplace Transform 

 The corresponding s-domain variables (upper case) and the time domain variables are 

illustrated as: 

 

 

 

 

 

 

 

 

 

 

 In general, for linear, lumped-parameter circuits whose component values are constant, 

the s-domain expressions for the unknown voltages and currents are always rational 

functions of s; 

 

 

 

where, 𝑎 and 𝑏 are real constants, and 𝑚 and 𝑛 are positive integers! 

Notes, 

1- The ratio 
𝑁(𝑠)

𝐷(𝑠)
 is called a proper rational function if 𝑚 > 𝑛 

2- The ratio 
𝑁(𝑠)

𝐷(𝑠)
 is called an improper rational function if 𝑚 ≤ 𝑛 

3- Only a proper rational function can be expanded as a sum of partial fractions. 

 

 Partial Fraction Expansion 

 Proper rational functions can be expanded into a sum of partial fractions by writing a 

term or a series of terms for each root of 𝐷(𝑠); poles of 𝐹(𝑠)! 

 For each distinct root of 𝐷(𝑠), a single term appears in the sum of partial fractions. 

 For each multiple root of 𝐷(𝑠) of multiplicity "𝑟", the expansion contains "𝑟" terms. 
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For example, the rational function  

 

 

 

can be expanded as, 

 

 

 

 

 

And  

 

 

 

 

 

 

 

 The roots of 𝐷(𝑠) can be either,  

1- real and distinct  

2- complex and distinct  

3- real and repeated 

4- complex and repeated 

 

10.8.1.1 Partial Fraction Expansion - Distinct Real Roots of 𝑫(𝒔) 

If  

 𝐹(𝑠) =
𝐾1

𝑠−𝑃1
+

𝐾2

𝑠−𝑃2
+ ⋯ +

𝐾𝑚

𝑠−𝑃𝑚
 

Then 

  𝐾1 = 𝐹(𝑠) ∗ (𝑠 − 𝑃1)|𝑠 = 𝑃1
 

⋮  

  𝐾𝑚 = 𝐹(𝑠) ∗ (𝑠 − 𝑃𝑚)|𝑠 = 𝑃𝑚
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Example # 3: Use Partial Fraction to find the coefficients; K’s, and 𝑓(𝑡), given that,  

  

 

Solution: 

 To find 𝐾1, multiply both sides by "𝑠" and evaluate both sides at 𝑠 = 0; 

 

 

 

 

 

 

 

 

 

 To find 𝐾2, multiply both sides by "(𝑠 + 8)" and evaluate both sides at 𝑠 = −8; 
 

 

 

 

 

 

or  

 

 

 

 

 To find 𝐾3, multiply both sides by "(𝑠 + 6)" and evaluate both sides at 𝑠 = −6; 
 

 

 

 

 

Therefore, 

 

 

 

 

 

Check, 𝐹(𝑠) = 0, at 𝑠 = −5 or 𝑠 = −12; choosing 𝑠 = −5, the right hand side yields: 

 

 

 

Thus,  
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10.8.1.2 Partial Fraction Expansion - Distinct Complex Roots of 𝑫(𝒔) 

 Example # 4: Use Partial Fraction to find the coefficients; K’s, and 𝑓(𝑡), given that,  

  

 

 

Solution: 

𝐹(𝑠) is a proper rational function. 

The roots of the quadratic equation,  

 

 

Thus, with the denominator in a factored form, 

 

 

 

 

To find 𝐾1, multiply both sides by "𝑠 + 6" and evaluate both sides at 𝑠 = −6; 

 

 

 

 

To find 𝐾2, multiply both sides by "𝑠 + 3 − 𝑗4" and evaluate both sides at 𝑠 = −3 + 𝑗4; 

 

 

 

 

 

∴ 
 

To find 𝐾3, multiply both sides by "𝑠 + 3 + 𝑗4" and evaluate both sides at 𝑠 = −3 − 𝑗4; 

 

 

 

 

 

∴ 
 

Note that, complex roots coefficients are also conjugates! 

 

 

Therefore,   
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Testing at 𝑠 = −3 is attractive because the left-hand side reduces to zero at this value; 

 

 

 

 

 

 

 

Taking the inverse Laplace Transform of 𝐹(𝑠) yields, 

  

 

 

 

 

 

 

 Note that,   cos 𝜃 =
1

2
(𝑒𝑗𝜃 + 𝑒−𝑗𝜃) 

 

In general, for the complex roots, the coefficients are also complex conjugates; if the roots are:  

 

 

Then, the partial fraction yields,  

 

 

 

 

 

where   and  

 

 

Hence, the complex conjugate pair inverse transform is: 

 

  

 

 

 

 

 

Note that, K is associated with the root  
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10.8.1.3 Partial Fraction Expansion - Repeated Real Roots of 𝑫(𝒔) 

Example # 5: Use Partial Fraction to find the coefficients; K’s, and 𝑓(𝑡), given that, 

 

 

 

 

 

Solution: 

To find 𝐾1, multiply both sides by "𝑠" and evaluate both sides at 𝑠 = 0; 

 

 

 

 

To find 𝐾2, multiply both sides by "(𝑠 + 5)3" and evaluate both sides at 𝑠 = −5; 

 

 

 

 

 

      ⟹ 

 

 

 

 

To find 𝐾3, multiply both sides by "(s+5)3". Next, differentiate both sides once with 

respect to "𝒔" and evaluate both sides at 𝑠 = −5; 

  

 

  ∴ 
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To find 𝐾4, multiply both sides by "(s+5)3". Next, differentiate both sides TWICE with 

respect to "𝒔" and evaluate both sides at 𝑠 = −5; 

 

After simplifying the first derivative, the second derivative becomes: 

 

 

 

 

 

 

which yields,    or   

 

Therefore,  

 

 

 

 

Check both sides at 𝑠 = −25, both sides must be equal to zero! 

 

The inverse Laplace Transform of 𝐹(𝑠) yields, 

 

  

 

  

Note that, if  𝐹(𝑠) =
1

𝑠+5
   then    

𝑑𝐹(𝑠)

𝑑𝑠
=

−1

(𝑠+5)2   and    
𝑑2𝐹(𝑠)

𝑑𝑠2 =
2

(𝑠+5)3 

 

  ∴  
400

(𝑠+5)3 = (−1)2(200)
𝑑2𝐹(𝑠)

𝑑𝑠2   

 

Thus,  ℒ−1 {
400

(𝑠+5)3} = 200 ℒ−1 {(−1)2 2

(𝑠+5)2} = 200 ℒ−1 {(−1)2 𝑑2𝐹(𝑠)

𝑑𝑠2 } 

              = 200𝑡2𝑓(𝑡)  

 

But,   𝑓(𝑡) = ℒ−1 {
1

𝑠+5
}  ⟹  𝑓(𝑡) = 𝑒−5𝑡 

 

   ∴  ℒ−1 {
400

(𝑠+5)3} = 200𝑡2𝑒−5𝑡 

 

Besides,    
−100

(𝑠+5)2 = −100(−1)
−1

(𝑠+5)2 = −100(−1)
𝑑𝐹(𝑠)

𝑑𝑠
 

 

     

Therefore, ℒ−1 {
−100

(𝑠+5)2
} = −100ℒ−1 {(−1)

𝑑𝐹(𝑠)

𝑑𝑠
} = −100𝑡𝑒−5𝑡 
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10.8.1.4 Partial Fraction Expansion - Repeated Complex Roots of 𝑫(𝒔) 

Repeated complex roots are treated in a similar manner  to that was  done to repeated 

real roots; the only difference is that the algebra involves complex numbers. 

Example # 6: Find 𝑓(𝑡), given that, 

 

 

 

 

Solution: 

The first step is factoring the denominator polynomial; 

 

 

 

  

 

To find 𝐾1, multiply 𝐹(𝑠) by (𝑠 + 3 − 𝑗4)2
 and evaluate at 𝑠 = −3 + 𝑗4; 

 

 

 

 

 

 

 

 

 

To find 𝐾2, multiply 𝐹(𝑠) by (𝑠 + 3 − 𝑗4)2
. Next, differentiate once with respect to "𝒔" and 

evaluate both sides at 𝑠 = −3 + 𝑗4; 
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Thus,  

 

 

and  

 

 

 

Now, grouping the partial fraction expansion by conjugate terms to obtain: 

 

 

    ⟹   

 

 

 

 

 

 

 

 

 

 

 Taking the inverse Laplace transform of 𝐹(𝑠) yields: 

 

 

 

 

 

 

 

 

Notes, 

 If 𝐹(𝑠) has a real root a of multiplicity “r” in its denominator, the term in a partial 

fraction expansion is of the form: 

 

 

 

The inverse Transform of this term is  

 

 

 

 

 

 

2|K| 

𝛽 

𝜃 

𝛼 
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 If 𝐹(𝑠) has a complex root of 𝛼 + 𝑗𝛽 of multiplicity “r” in its denominator, the term in 

partial fraction expansion is the conjugate pair: 

 

 

 

 

Then the inverse Laplace Transform of this pair is: 

 

  

 

 

 

 

 

Summary: 
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 Partial Fraction Expansion: Improper Rational Functions 

 An improper rational function can always be expanded into a polynomial plus a proper 

rational function.  

 The polynomial is then inverse-transformed into impulse functions and derivatives of 

impulse functions.  

 The proper rational function is inverse-transformed by the techniques outlined. 

Example # 7: For the function 𝐹(𝑠) find 𝑓(𝑡)! 

 

 

 

Solution: 

1- 𝐹(𝑠) is an improper rational function! 

2- Divide the numerator by the denominator (Algebraic Long Division) until the 

remainder is a proper rational function, which yields, 

 

 

3- The remainder,  
30𝑠+100

𝑠2+9𝑠+20
 , is a proper rational function that can be expanded by 

partial fractions as: 

 

 

 

4- Therefore,  

 

 

5- The inverse Transform yields,  
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 Poles and Zeros of F(s) 

The function 𝐹(𝑠) can be expressed as, 

 

 

 

o The roots of the denominator polynomial are called the poles of 

𝐹(𝑠), {−𝑝1, −𝑝2, … , −𝑝𝑚}; they are the values of “s” at which 𝐹(𝑠) goes to infinity.  

o Whilst, the roots of the numerator polynomial are called the zeros of 𝐹(𝑠),

{−𝑧1, −𝑧2, … , −𝑧𝑛}; ; they are the values of “s” at which 𝐹(𝑠) becomes zero. 

o The poles and zeros may be represented as points in the complex s-plane! 

 

Example # 8: For the function 𝐹(𝑠) find the poles and zeros! 

 

 

Solution: 

The function can be expressed as: 

 

 

 

The numerator and denominator polynomials can be can be factored as: 

 

 

   

  ∴ The poles of 𝐹(𝑠) are: −1, −2, −3, and −4 

   And the zeros of 𝐹(𝑠) are: −5, and −10 

 

Example # 9: Plot the poles and zeros of 𝐹(𝑠) in the s-plane 

 

 

 

Solution: 

The poles of 𝐹(𝑠) are: 0, −10, − 6 + 𝑗8, and − 6 − 𝑗8  

The zeros of 𝐹(𝑠) are: −5, − 3 + 𝑗4, and − 3 − 𝑗4 
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The poles and zeros are assigned 

in the s-plane as shown in the 

Figure next. 

 

 

 

 

 

 

 

 

 

 Initial- and Final-Value Theorems 

  They enable determining from 𝐹(𝑠) the behavior of 𝑓(𝑡) at 0 and ∞. 

 Hence, they enable checking whether 𝐹(𝑠) is correct and predicts the initial and final 

values of 𝑓(𝑡); to see if they conform with known circuit behavior, before actually 

finding the inverse transform of 𝐹(𝑠). 

 The Initial-value theorem states that: 

 

 

 

 The Final-value theorem states that: 

 

 

 

Notes: 

1- The Initial-value theorem is based on the assumption that 𝑓(𝑡) contains no impulse 

functions. 

2- The Final-value theorem is valid only if the poles of F(𝑠), except for a first-order pole 

at the origin, lie in the left half of the s-plane. 
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The Laplace Transform in 

Circuit Analysis 

 

 The Laplace Transform is an attractive tool in circuit analysis because: 

1- It transforms a set of linear constant coefficient differential equations into a set of 

linear polynomial equations, which are easier to manipulate. 

2- It automatically introduces into the polynomial equations the initial values of the 

current and voltage. 

 The Laplace Transform tool permits extending the sinusoidal steady state phasor analysis 

methods to a much wider setting, where transient and steady state analysis are both possible 

for a broad range of input excitations not amenable to phasor analysis.  

 Recall that, transient is not possible with phasors. 

 

 Circuit Elements in the s-Domain 

 A Resistor in the s-Domain 

 Ohm’s Law in time domain is: 

      𝑣 = 𝑅𝑖 

The Laplace Transform is: 

      𝑉 = 𝑅𝐼, 

where,    

 

 In the s-domain, The resistor is measured in Ohms        

The current, 𝐼, is measured in Amperes-seconds 

The voltage, 𝑉 is measured in Volts- seconds  

 

 The Impedance, 𝑍(𝑠) =
𝑉(𝑠)

𝐼(𝑠)
= 𝑅                                   (𝑂ℎ𝑚𝑠, Ω) 

 The admittance, 𝑌(𝑠) =
𝐼(𝑠)

𝑉(𝑠)
=

1

𝑅
                               (Siemens, S) 
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 An Inductor in s-Domain 

 In time domain,  

   𝑣 = 𝐿
𝑑𝑖

𝑑𝑡
  

  where, 𝐼0 is the initial current 

 The Laplace Transform gives: 

𝑉 = 𝐿[𝑠𝐼 − 𝑖(0−)] =  𝑠𝐿𝐼 − 𝐿𝐼0   

 The equivalent circuit is shown in the Figure next. 

 

 

 Arranging for the current, 𝐼, yields: 

   𝐼 =
𝑉

𝑠𝐿
+

𝐼0

𝑠
 

 

which can be represented by an inductor in parallel with a current 

source, as shown in the Figure next.  

 

      

 If the initial current is zero, then the equivalent circuit is represented by an 

inductor only, as shown in the Figure next, whose impedance is 𝑠𝐿, such 

that: 

   𝑍𝐿 = 𝑠𝐿 =
𝑉

𝐼
  

 

 A Capacitor in s-Domain 

 In time domain,  

   𝑖 = 𝐶
𝑑𝑣

𝑑𝑡
  

  where, 𝐶0 is the initial voltage at the capacitor 

 The Laplace Transform gives:  

𝐼 = 𝐶[𝑠𝑉 − 𝑣(0−)] =  𝑠𝐶𝑉 − 𝐶𝑉0   

 The equivalent circuit is shown in the Figure next.  
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 Arranging for the voltage, 𝑉, yields: 

   𝑉 =
𝐼

𝑠𝐶
+

𝑉0

𝑠
 

 

which can be represented by a capacitor in series with a voltage source, 

as shown in the Figure next.  

 

   

 If the initial voltage is zero, then the equivalent ciruit is represented by a 

capacitor only, as shown in the Figure next, whose impedance is 
1

𝑠𝐶
 , such 

that:     

    𝑍𝑐 =  
1

𝑠𝐶
=

𝑉

𝐼
 

 

Summary: 
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 Circuit Analysis in s-Domain 

 The first step for circuit analysis is to transfer the time domain circuit into its s-

domain equivalent circuit 

 Each element is represented by its s-domain equivalent circuit. The stored energy in 

inductors or capacitors is represented by an independent source.  

 The rules for combining impedances and admittances in the s-domain are the same 

as those for frequency-domain circuits. 

 Thus, series-parallel simplifications and ∆-to-Y conversions also are applicable to s-

domain analysis. 

 In addition, Ohm’s law, Kirchhoff’s laws apply to s-domain for currents and 

voltages. 

 Node voltages, mesh currents, source transformations, and Thévenin-Norton 

equivalents are all valid techniques, even when energy is stored initially in the 

inductors and capacitors.  

 The response in s-domain can be inverse-transformed to find the time domain. 

 Applications 
 The Natural Response of an RC Circuit 

Example # 1: If the capacitor in the circuit is initially 

charged to 𝑉0, then find 𝑖(𝑡) and 𝑣(𝑡). 

 

Solution: 

 The first step is to construct the s-domain 

equivalent circuit 

 To find the current, use the series representation 

of the capacitor as it yields one mesh equation. 

 Applying KVL yields: 

 

 

 Solving for 𝐼 yields: 

 

 

which has a proper rational function of 𝑠. 
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 The inverse transform of 𝐼 yields the time domain function of current: 

 

 

 

and              

 

 Otherwise, the parallel representation of a capacitor may also be used to find 𝑉 first, by 

applying KCL to the upper node as: 

 

 

 

 

 

 Arranging for 𝑉 yields: 

 

 

 

 The inverse Laplace transform yields: 

 

 

where, the time constant, 𝜏 = 𝑅𝐶 

 

 The Step Response of a Parallel Circuit 

 

Example # 2: For the circuit shown below, find the current, 𝑖𝐿(𝑡) after the constant current 

source is switched across the parallel elements. The initial energy stored in the circuit is zero. 
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Solution: 

 The first step is to construct the s-domain equivalent circuit as shown in the Figure below. 

 

 The Laplace transform of the 

switched current source is: 

   

 

 

 Applying KCL at the upper node yields: 

 

 

Arranging for 𝑉 yields: 

 

 

  

But,    

 

  

Thus,    

 

 Substituting numerical values of 𝑅, 𝐿, 𝑎𝑛𝑑 𝐶, yields: 

 

 

 

 Factoring the quadratic term in the denominator yields: 

 

 

 

 Check the latter expression of 𝐼𝐿 using the final value theorem at 𝑡 = ∞, all poles of 𝐼𝐿, 

except the first order pole at the origin, lie in the left half of the s-plane, so the theorem 

is applicable. 

As 𝑡 → ∞, the inductor becomes a short circuit, and, in time domain, 𝐼𝐿(∞) = 24𝑚𝐴, 
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 Check, for s-domain,  

Since currents in the s-domain carry the dimension of ampere-seconds, so the dimension 

of 𝑠𝐼𝐿 will be Amperes; s𝐼𝐿(0) =? ? 

  

 

Therefore, the expression is correct! 

 

 Expanding the last equation into sum of partial fractions: 

 

 

 

 The partial fraction coefficients are: 

 

  

 

 

 

 

and               𝐾2
∗ = 20 × 10−3⎿___ − 126.87𝑜 

 Note that, 𝐾2 corresponds to the pole at – 𝛼 + 𝑗𝛽 

 Note also that, the inverse Laplace transform of the second and the third terms is:  

       2|𝐾2|𝑒−𝛼𝑡 cos(𝛽𝑡 + 𝜃);  

      where, |𝐾2| = 20𝑋10−3, 𝛼 = −32,000, 𝛽 = 24,000, 𝑎𝑛𝑑 𝜃 = 126.87 

 

 Substituting the numerical values of 𝐾1, 𝐾2, 𝑎𝑛𝑑𝐾2
∗ in the current equation and inverse 

transforming the resulting expression of 𝐼𝐿 yields: 

   

 

Test the latter equation to make sure that, 𝐼𝐿(0) satisfied the given initial conditions and 

𝐼𝐿(∞) satisfies the known behaviour of the circuit! 
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 The Step Response of a Multiple Mesh Circuit 

The Laplace techniques enable solving simultaneous differential equations. 

Example # 3: For the circuit shown below, find the current, 𝑖1(𝑡) and 𝑖2(𝑡) 

 

 

 

 

 

 

 

 

Solution: 

The first step is to find the s-domain equivalent circuit as shown in the Figure below. The two 

mesh-current equations are: 

 

 

 

 

 

Using Cramer’s method to solve for 𝐼1 and 𝐼2, 

yields: 
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Therefore,  

 

 

 

 

 

 

 

 

Expanding 𝐼1 and 𝐼2 into a sum of partial fractions yields, 

 

 

 

 

 

 

 

 

Inverse transforming the latter equations yields expressions for 𝑖1(𝑡) and 𝑖2(𝑡); 

 

 

 

 

 

 

 Test the equations for 𝑖1(𝑡 = 0) = 0 and 𝑖2(𝑡 = 0) = 0, which is true as no energy was 

stored in the inductors! 

 Check 𝑖1(𝑡 = ∞) = ? and 𝑖2(𝑡 = ∞) = ? (Note that, the inductors at steady state are short 

circuits); 

 

 

 

 

 

 

 

 

 

These values are the values obtained if the inductors were replaced by short circuits. 

 The voltage across the 42Ω is: 

 

 

  ⋮   
 

 

 

 

Uploaded By: anonymousSTUDENTS-HUB.com



 

192 

 

Note that,  

For a step response, 

 

 

If switching occurs at t = a,  

 

 

 

 

  

 

 

 

 The Use of Thévenin’s Equivalent Circuit  

Example # 4: For the circuit shown in the Figure below, find the current, 𝑖𝐶(𝑡) using 

Thévenin’s Theorem, if the energy stored in the circuit prior to closing the switch is zero.  

 

 

 

 

 

 

Solution: Construct the s-domain equivalent circuit, as shown in the Figure below, and then 

find the Thévenin’s equivalence of this circuit with respect to the terminals of the capacitor. 

 

When opening the terminals a-b, the voltage 

across the 60Ω-resistor is zero; it’s floating. 

 

The open circuit voltage can be found by 

potential divider;  

 

 

 

This is Case 1; looking into the terminal a-b, after replacing the independent voltage source by 

a short circuit, the 60Ω-resistor is in series with the parallel combination of the 20Ω-resistor 

and the 2 mH inductor. Thus, 
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The Thévenin’s equivalent circuit is shown in 

the Figure next.  

 

 

Thus, the capacitor current 𝐼𝐶 equals the 

Thévenin voltage divided by the total series impedance: 

 

 

Simplifying 𝐼𝐶 yields: 

 

 

A partial fraction expansion generates: 

 

 

 

The inverse Laplace transform yields: 

 

 

Note that, the inverse Laplace Transform of                       is               

 

To test the equation, from the circuit, 𝑖𝐶(𝑡 = 0) =
480

80
= 6𝐴, and this agrees with the result 

obtained from the equation. 

Also, 𝑖𝐶(𝑡 = ∞) = 0, as expected! 

 

To find 𝑣𝐶(𝑡), in s-domain,  

 

 

 

 

 

∴ 

Alternatively, in time domain, 
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 The Use of Superposition 

 

Example # 5: For the circuit shown in the Figure below, let 𝑣𝐶(0−) = 𝑉𝑜 = 𝛾, and 𝑖𝐿(0−) =

𝐼𝑜 = 𝜌, find the voltage, 𝑣2(𝑡) using Superposition Theorem.  

 

 

 

 

 

 

  

 

 

The first step is to find the s-domain equivalent circuit as shown in the Figure below; use the 

parallel equivalence of L and C for the initial conditions, as nodal Analysis will be used. 

 

 

 

 

 

 

 

 

 

 

To find 𝑉2 by superposition, calculate the component of 𝑉2 resulting from each source acting 

alone, and then sum the components. 
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𝑽𝒈 acting alone: 

The equivalent circuit is as shown next. 

 

 

 

 

Applying KCL at node 1 yields: 

 

 

 

Applying KCL at node 2 yields: 

 

 

 

Let, 

 

 

 

 

 

 

 

 

 

Substituting in the node equations yields: 

 

 

and 

 

 

 

Solving the latter equations yields: 
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𝑰𝒈 acting alone: 

 

The new equivalent circuit is as 

shown next. 

 

 

Applying KCL at node 1 and rearranging yield: 

 

 

Applying KCL at node 2 and rearranging yield: 

 

 

Solving the latter node equations yields: 

 

 

 

The source due to the stored inductor’s energy, 
𝝆

𝑺
 , acting alone: 

 

 

The new equivalent circuit is as shown 

in the Figure next. 

 

 

Applying KCL at node 1 and rearranging yield: 

 

 

Applying KCL at node 2 and rearranging yield: 

 

 

Solving the latter node equations yields: 
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The source due to the stored capacitor’s energy, 𝜸𝑪, acting alone: 

 

 

The new equivalent circuit is as shown in the Figure 

next.  

 

Applying KCL at node 1 and rearranging yield: 

 

 

Applying KCL at node 2 and rearranging yield: 

 

 

Solving the latter node equations yields: 

 

 

 

Thus, the expression for 𝑉2 is: 

 

 

 

Substituting, 

 

Note that, the problem can be solved directly by applying nodal analysis to the original circuit 

in s-domain;   

 

 

 

 

 

 

 

Solving the latter equations must give the same result for 𝑉2, check! 
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 The Transfer Function 

 

 The transfer function, 𝐻(𝑠), is defined as the s-domain ratio of the Laplace transform of 

the output (response), 𝑌(𝑠), to the Laplace transform of the input (source), 𝑋(𝑠); with all 

initial conditions are set to zero. 

 

 

 

 If there is multiple independent sources (inputs), the transfer function of each source is 

found, then Superposition is used to find the response to all sources. 

 The transfer function depends on the output signal! 

 For the circuit shown next, if the current is defined as the output signal, then the transfer 

function is: 

 

 

 

 

 

 

 For the same circuit, if the voltage across “C” is defined as the output signal, then the 

transfer function is: 

 

 

 

 

 

 

The Location of Poles and Zeros of H(s): 

 For linear lumped-parameter circuits, H(s) is always a rational function of s. 

 Complex poles and zeros always appear in conjugate pairs. 

 The poles of H(s) must lie in the left half of the s-plane if the response to a bounded source 

is to be bounded. 

 The zeros of H(s) may lie in either the right half or the left half of the s-plane. 
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 The Transfer Function in Partial Fraction Expansions 

 The output in s-domain is the product of the transfer function and the driving function: 

 

 

 Expanding the right-hand side into a sum of partial fractions produces a term for each pole 

of H(s) and X(s). 

 The terms generated by the poles of H(s) correspond to the transient component of the total 

response. 

 The terms generated by the poles of X(s) corresponds to the steady state component of the 

response.  

 

Example # 6: Deriving the Transfer Function of a Circuit 

The voltage source, 𝑣𝑔, drives the circuit 

shown in the Figure next. The response 

signal is the voltage across the capacitor, 

𝑣𝑜,  

a) Calculate the numerical expression 

for the transfer function. 

b) Calculate the numerical values for the poles and zeros of the transfer function. 

 

Solution 

a) The first step in finding the transfer 

function is to construct the s-domain 

equivalent circuit, as shown in Figure 

next. 

 

     KCL at the upper node yields, 
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b) The poles of 𝐻(𝑠) are the roots of the denominator polynomial; 

 

 

 

The zeros of 𝐻(𝑠) are the roots of the numerator; 

 

 

Example # 7: Analyzing the Transfer Function of a Circuit 

The circuit in Example # 6 is driven by 

a voltage source whose voltage 

increases linearly with time, namely,  

   𝑣𝑔 = 50𝑡𝑢(𝑡) 

 

a) Use the transfer function to find 𝑣𝑜 

b) Identify the transient component of the response  

c) Identify the steady-state component of the response 

d) Sketch 𝑣𝑜 versus 𝑡  for  

 
 
Solution 

a) From Example # 6, the transfer function is: 

 

 

 

The Laplace transform of the driving voltage (𝑣𝑔 = 50𝑡𝑢(𝑡)), is (𝑉𝑔 =
50

𝑠2)   
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The s-domain expression for the output voltage is: 

 

 

 

 

The partial fraction expansion of 𝑉𝑜 is: 

 

 

 

Evaluating the coefficients yields: 

 

 

 

 

 

 

 

Therefore, the s-domain expression for the output voltage, 𝑣𝑜, is: 

 

 

b) The transient component of 𝑣𝑜 is: 

 

 

which is generated by the poles of the transfer function;  

 

 

c) The steady-state component of the response is: 

 

 

       These two terms are generated by the second order pole (
𝐾

𝑠2) of the driving voltage. 
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d) A sketch of 𝑣𝑜 versus t is shown in the Figure below. 

Note that, after 1𝑚𝑠, 𝑣𝑜 = 10,000𝑡 − 0.4 𝑚𝑉, which is the steady state component only! 
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Notes, 

1- Recall,   

 

 

      If the input is delayed by “a” seconds, then, 

 

 

      and the response becomes,  

 

 

 

If  

 

 

Then 

 

 

 

i.e., delaying the input by “a” seconds, delays the response by “a” seconds! The circuit 

which exhibits this characteristics, is called time invariant! 

 

2- (Introduction to Convolution) 

 If a unit impulse source drives the circuit, the response of the circuit equals the inverse 

transform of the transfer function. Thus if, 

 

      Then 

 

      Hence,  

 

i.e., The inverse transform of the transfer function equals the unit impulse response of the 

circuit. Note that this is also the natural response of the circuit. 

In fact, the unit impulse response of a circuit, ℎ(𝑡), contains enough information to compute 

the response to any source that drives the circuit, (convolution integral). 
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Introduction to Frequency 

Selective Circuits (Filters) 

 

 Overview of Fourier Analysis 

If a signal 𝑓(𝑡) is periodic with period T0 and is reasonably well behaved, then 𝑓(𝑡) can be 

expressed as a Fourier Series of the form: 

 

 

 

Examples of periodic signals: 

 

 

The Fourier Series can be expressed as: 
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The Fourier Coefficients are: 

  

 

 

 

 

 

 

where 𝑛 = 1, 2, 3, .. 

Alternative form of Fourier Series Expansion (FSE) is: 

 

 

 

 

 

Note that:  

 A function is even if: 𝒇(𝒕) = 𝒇(−𝒕); symmetry around y-axis 

 A function is odd if: 𝒇(𝒕) = −𝒇(−𝒕); symmetry around origin 

 The product of two even functions is even. 

 The product of two odd functions is even. 

 The product of an even function and an odd function is odd. 

 FSE of an even periodic function (with period 2𝜋) does not have terms with sines;  

                      𝒇(𝒕) = 𝑭𝒅𝒄 + ∑ 𝒂𝒏 𝐜𝐨𝐬 𝒏𝝎𝒕∞
𝒏=𝟏,𝟐,… ;  

where, 𝒃𝒏 is zero for all 𝑛 

 FSE of an odd periodic function (with period 2𝜋) has sine terms only;  

                      𝒇(𝒕) = ∑ 𝒃𝒏 𝐬𝐢𝐧 𝒏𝝎𝒕∞
𝒏=𝟏,𝟐,… ;  

where, the average value and 𝒂𝒏 are zero for all 𝑛 
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Example # 1: 

Find the Fourier Series Expansion of the square wave! 

 

Solution: 

 

 

 

 

 

The coefficients for the square wave,  

The DC value is:  

 

 

 

 

 

The coefficients of the cosine function, 

 

 

 

 

 

 

No cosine terms, as the square function is an odd function! 

 

The coefficients of the sine function,  
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Amplitude (Frequency) Spectrum  

The Amplitude (Frequency) Spectrum plots the amplitude of each term versus frequency; 

Example # 2: 

Plot the Amplitude (Frequency) Spectrum for the sawtooth signal shown (with A= 5, and T0 = 

4ms) 

 

 

 

 

 

Solution 

 The Fourier series expansion can be found as: 

 

 

 

The Amplitude spectrum is: 
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 Passive Filters 

 

 Varying the frequency of a sinusoidal voltage/current source changes impedance of 

capacitors and inductors. 

 Therefore, a careful choice of circuit elements, their values, and their connections to other 

elements enables constructing circuits that pass to the output only those input signals that 

reside in a desired range of frequencies.  

 Such circuits are called frequency-selective circuits (Filters); employed in Telephones, 

radios, TVs, Computers, Power Electronic circuits… 

 

 

 

 The frequency-selective circuits (Filters) are classified according to frequency response 

plot of the magnitude of the transfer function |(𝐻(𝑗𝜔))|, as a frequency function, into four 

types: 

1. Low Pass Filter 

The magnitude plot is shown next, 

where 𝜔𝑐 is the cut-off frequency 

 

 

   

2. High Pass Filter 

 

 

 

 

 

3. Band Pass Filter 
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4. Band Reject Filter 

 

 

 

 

 Types of Passive Filter 

 They are constructed using passive components; resistors, capacitors, and inductors. 

 The largest output amplitude that can be achieved is “1”, except if the filter is a series 

RLC resonant circuit. 

 They may cause loading effect of the input. 

 On the other hand, Active Filters, that can amplify the inputs are constructed using op-

amps and passive components; they have large input impedance and low output 

impedance; no loading effect! 

 

 Low-Pass Filters (LPF) 

12.3.1.1 Series RL Circuits LPF 

Assuming zero initial conditions, the voltage 

transfer function of the circuit shown next is:  

 

 

 

 

 

To study the frequency response, substitute for 𝑠 = 𝑗𝜔, 

 

 

 

 

 

The magnitude of the transfer function is: 

 

 

 

 

 

The phase angle of the transfer function is: 
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To plot the magnitude of the Transfer function,  

    as 𝜔 → 0, 𝜔𝐿 → 0, and |𝐻(𝑗𝜔)| → 1 

    as 𝜔 → ∞, 𝜔𝐿 → ∞, and |𝐻(𝑗𝜔)| → 0  

 

To plot the phase angle of the Transfer 

function,  

     as 𝜔 → 0, 𝜔𝐿 → 0, and 𝜃(𝑗𝜔) → 0 

     as 𝜔 → ∞, 𝜔𝐿 → ∞, and 𝜃(𝑗𝜔) → −90𝑜  

Define: 

The Cut-off Frequency 

It is the frequency for which the transfer function magnitude is decreased by a factor of 
1

√2
 from 

its maximum value, 

 

 

 

But,  

 

 

 

 

 

 

 

The average power delivered to the load, R, using the formula for peak voltage (not rms value) 

is: 

 

 

 

 

 

 

 

 

= 0.707𝑉𝐿𝑚𝑎𝑥 
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Note that,  

 𝑃𝑚𝑎𝑥 =
𝑉𝐿𝑚𝑎𝑥

2

2𝑅
 

 At the cut-off frequency, the average power delivered to the load is one half the 

maximum average power. Thus, 𝜔𝑐 is also called the half-power frequency. 

At the cut-off frequency,  

 

 

 

But, for a low pass filter, 𝐻𝑚𝑎𝑥 = |𝐻(𝑗0)| = 1 

Therefore, the cut-off frequency can be found as,      

 

 

 

Solving for 𝜔𝑐 yields,   

 

 

 

𝜔𝑐 is measured in rad/s, (𝜔𝑐 =
1

𝜏
); thus, 𝑓𝑐 =

𝜔𝑐

2𝜋
  and is measured in Hz 

 

12.3.1.2 Series RC Circuits LPF 

Assuming zero initial conditions, the voltage 

transfer function of the circuit shown in the 

Figure next is obtained by voltage divider as:  

 

               𝐻(𝑠) =
𝑉𝑜(𝑠)

𝑉𝑖(𝑠)
=

1

𝑠𝐶

𝑅+
1

𝑠𝐶

 

 

Simplifying yields, 
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Thus,  

 

 

 

At the cut-off frequency,  

 

 

 

But, for a low pass filter, 𝐻𝑚𝑎𝑥 = |𝐻(𝑗0)| = 1 

Therefore, the cut-off frequency can be found as,     

 

 

 

 

Solving for 𝜔𝑐 yields,   

 

 

 

𝜔𝑐 is measured in rad/s, (𝜔𝑐 =
1

𝜏
); thus, 𝑓𝑐 =

𝜔𝑐

2𝜋
 and is measured in Hz 

  

 

 

 

 

 

 

General Comments: 

 For both types of low pass filters (LP), the transfer function can be written as: 

 

 

 

 For RL LPF, 𝝎𝒄 =
𝑹

𝑳
 

 For RC LPF, 𝝎𝒄 =
𝟏

𝑹𝑪
 

 For both types, 𝝎𝒄 =
𝟏

𝝉
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Example # 3: 

Design an RC low pass filter, whose 𝑓𝑐 = 3𝑘𝐻𝑧. 

Solution: 

Let 𝐶 = 1𝜇𝐹, to find R,  

   𝜔𝑐 = 2𝜋𝑓𝑐 = 2𝜋(3000) = 18,849.56 𝑟𝑎𝑑/𝑠 

   𝑅 =
1

𝜔𝑐𝐶
=

1

18,849.56(1𝑋10−6)
= 53.05Ω 

 

 High-Pass Filters (HPF) 

 

12.3.2.1 Series RC Circuits HPF 

Assuming zero initial conditions, the voltage transfer 

function of the circuit shown in the Figure next is 

obtained by voltage divider as:   

       

   𝐻(𝑠) =
𝑉𝑜(𝑠)

𝑉𝑖(𝑠)
=

𝑅

𝑅+
1

𝑠𝐶

 

 

Simplifying yields, 

 

  

 

Thus,  

 

 

 

The magnitude of the transfer function is: 

 

 

 

and the phase angle of the transfer function is:  
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To plot the magnitude of the Transfer function,  

    as 𝜔 → 0, and |𝐻(𝑗𝜔)| → 0 

    as 𝜔 → ∞, and |𝐻(𝑗𝜔)| → 1  

 

To plot the phase angle of the Transfer function,  

     as 𝜔 → 0, and 𝜃(𝑗𝜔) → 90 

     as 𝜔 → ∞, and 𝜃(𝑗𝜔) → 0𝑜  

 

To find the cut-off frequency,  

 

 

 

But, for a high pass filter, 𝐻𝑚𝑎𝑥 = |𝐻(𝑗∞)| = 1 

Therefore,      

 

 

 

Solving for 𝜔𝑐 yields,   

 

 

 

𝜔𝑐 is measured in rad/s, (𝜔𝑐 =
1

𝜏
); thus, 𝑓𝑐 =

𝜔𝑐

2𝜋
 and is measured in Hz, which is the same as 

that for RC LPF! 

 

12.3.2.2 Series RL Circuits HPF 

Assuming zero initial conditions, the voltage 

transfer function of the circuit shown next is:  

 

 

 

 

To study the frequency response, substitute for 𝑠 = 𝑗𝜔, 
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The magnitude of the transfer function is: 

 

 

 

 

To find the cut-off frequency,  

 

 

 

 

∴                                                                     which is the same as that for RL LPF! 

 

Note that, for a High-Pass Filter the Transfer function is:  

 

 

 

 For RL HPF, 𝝎𝒄 =
𝑹

𝑳
 

 For RC HPF, 𝝎𝒄 =
𝟏

𝑹𝑪
 

 For both types, 𝝎𝒄 =
𝟏

𝝉
 

 

Loading the Series RL HPF 

To examine the effect of placing a load resistor 

in parallel with the inductor in the RL high-pass 

filter as shown in Figure find the transfer 

function as: 

 

 

 

 

where,  

 

 

Note that, the effect of the load resistor is to reduce the 

passband magnitude by the factor K, and to lower the 

cutoff frequency by the same factor.     
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 Band-Pass Filters 

Assuming zero initial conditions, the voltage 

transfer function of the circuit shown in the 

Figure next (Series RLC Band-Pass Filter), 

𝐻(𝑠) =
𝑉𝑜(𝑠)

𝑉𝑖(𝑠)
 is obtained by voltage divider as:   

 

          

 

The magnitude of the transfer function is obtained by substituting for 𝑠 = 𝑗𝜔 and yields, 

 

  

 

And the phase angle of the transfer function is: 

 

 

 

A plot of the magnitude and the phase angle of the transfer function are shown in the Figure 

below, 
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Define: 

The Center (Resonant) frequency (𝝎𝒐), is defined as the frequency for which the circuit’s 

transfer function is purely real, |𝐻(𝑗𝜔𝑜)| = 𝐻𝑚𝑎𝑥 = 1 and 𝜃(𝑗𝜔𝑜) = 0.  

 

 

Thus,  

 

 

 

 

Bandwidth (𝜷): is the width of the passband; 𝜷 = 𝝎𝒄𝟐 − 𝝎𝒄𝟏   

Quality Factor (Q): is the ratio of the center frequency to the bandwidth; 𝑸 =
𝝎𝒐

𝜷
 

The Cutoff frequencies (𝝎𝒄𝟏 𝒂𝒏𝒅 𝝎𝒄𝟐): are defined as the frequencies for which  

   |𝐻(𝑗𝜔𝑐1)| = |𝐻(𝑗𝜔𝑐2)| =
𝐻𝑚𝑎𝑥

√2
 

To calculate the cutoff frequencies, first find the value of 𝐻𝑚𝑎𝑥 , 

 

 

 

 

 

To evaluate the transfer function at the cutoff frequencies, 

 

 

 

 

⟹ 
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 𝜔𝑐 has 4 values; 2 positive and 2 negative values, only positive values have physical 

significance. 

 

 

 

 

Note that, 𝝎𝒄𝟐 > 𝝎𝒄𝟏 

 

These cutoff frequencies can be used to prove that,  

 

 

 

 

 

 

 

 

 

  

 

The Bandwidth 

  𝜷 = 𝝎𝒄𝟐 − 𝝎𝒄𝟏   

 

 

    𝜷 =
𝑹

𝑳
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Therefore, the cutoff frequencies can be written as: 

 

 

 

 

 

 

The Quality Factor (Q): 

  𝑸 =
𝝎𝒐

𝜷
 

         𝑄 =

1

√𝐿𝐶
𝑅

𝐿

   

   𝑸 = √
𝑳

𝑪𝑹𝟐    

 

Note that, 

Recall that, for a series RLC circuit, the natural response was characterized by the neper 

frequency (𝛼 =
𝑅

2𝐿
) rad/s and the resonant frequency (𝜔𝑜 =

1
√𝐿𝐶

) rad/s, then the bandwidth: 

 𝜷 = 𝟐𝜶 

The transition from overdamped to under damped response occurs when  

𝜔𝑜
2 =

𝛽2

4
                               𝜷 = 𝟐𝝎𝒐    𝜔𝑜

2 = 𝛼2                           

 

Then the quality factor, 

 

𝑸 =
𝟏

𝟐
  𝑄 =

𝜔𝑜

𝛽
                   𝑸 =

𝝎𝒐

𝟐𝝎𝒐
                           

Thus,  

For >
1

2
 : Underdamped response; sharp peak at 𝜔𝑜 and narrow bandwidth 

For =
1

2
 : Critically damped response 

For <
1

2
 : Overdamped response; broad bandwidth 
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Another Configuration of a Band-Pass Filter (Parallel RLC) 

 

 

The transfer function of the circuit 

shown in the Figure next is: 

 

 

 

 

The Center frequency is also: 

 

 

The Bandwidth is  

 

 

In general, the Transfer Function of a Band-Pass Filter can be expressed as: 

 

 

 

The magnitude of the transfer function can be found, by substituting 𝑠 = 𝑗𝜔, as: 

     |𝐻(𝑗𝜔)| =
𝜔

𝑅𝐶

√(
1

𝐿𝐶
 − 𝜔2)

2
+(

𝜔

𝑅𝐶
)

2
=

1

√1+(𝜔𝑅𝐶 − 
1

𝜔
𝐿
𝑅

)

2
 

The magnitude is maximum when (𝜔𝑅𝐶 −
1

𝜔
𝐿

𝑅

) = 0 at the center frequency, 

 

 

Therefore, 𝐻𝑚𝑎𝑥 = 1 

The cutoff frequencies are: 

    𝜔𝑐1 = −
1

2𝑅𝐶
+ √(

1

2𝑅𝐶
)

2

−
1

𝐿𝐶
 

and                 𝜔𝑐2 =
1

2𝑅𝐶
+ √(

1

2𝑅𝐶
)

2

−
1

𝐿𝐶
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The bandwidth is:  

   𝜷 = 𝝎𝒄𝟐 − 𝝎𝒄𝟏 

   𝜷 =
𝟏

𝑹𝑪
 

 

The quality Factor is: 

   𝑄 =
𝜔𝑜

𝛽
= √

𝑅2𝐶

𝐿
 

 

The cutoff frequencies can be re-expressed as: 

    𝜔𝑐1 = −
𝛽

2
+ √(

𝛽

2
)

2

− (𝜔𝑜)2 

and                 𝜔𝑐2 =
𝛽

2
+ √(

𝛽

2
)

2

− (𝜔𝑜)2 
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Example # 4: 

Design a Band-Pass filter (1kHz to 10kHz) using series RLC circuit! 

 

Solution: 

   𝑓𝑐1 = 1 𝑘𝐻𝑧 

   𝑓𝑐2 = 10 𝑘𝐻𝑧 

   𝑓𝑜 = √𝑓𝑐1𝑓𝑐2 = √(1000)(10,000) = 3162.28𝐻𝑧 

   𝜔𝑜 =
1

√𝐿𝐶
 

Choose, 𝐶 = 1𝜇𝐹, as there are stricter limitations on commercially available capacitors than 

on inductors or resistors 

   𝐿 =
1

𝜔𝑜
2𝐶

                           𝐿 = 2.533𝑚𝐻 

To calculate R, find  

   𝑄 =
𝑓𝑜

𝑓𝑐2−𝑓𝑐1
=

3162.28

9,000
= 0.3514 

But, for series RLC circuit, 

 𝑄 = √
𝑳

𝑪𝑹𝟐                       𝑅 = √
𝑳

𝑪𝑸𝟐                      𝑅 = √
𝟎.𝟎𝟎𝟐𝟓𝟑𝟑

(𝟏𝟎−6 )(𝟎.𝟑𝟓𝟏𝟒)2   = 143.24Ω    

 

Substitute in 𝜔𝑐1 𝑎𝑛𝑑 𝜔𝑐2 equations and check the answers! 

 

Note that, only two parameters can be specified independently, and the other three parameters 

depend on these values!  
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 Band-Reject Filters  

 Assuming zero initial conditions, the voltage transfer 

function of the circuit shown in the Figure next (Series 

RLC Band-Reject Filters),  

                     𝐻(𝑠) =
𝑉𝑜(𝑠)

𝑉𝑖(𝑠)
  

is obtained by voltage divider as:    

 

          

 

 

 

 

 

 

 

The magnitude of the transfer function is obtained by substituting for 𝑠 = 𝑗𝜔 and yields, 

 

  

 

 

 

 

And the phase angle of the transfer function is: 
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A plot of the magnitude and the phase angle of the transfer function are shown in the Figure 

below, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Define: 

The Center (Resonant) frequency (𝝎𝒐), is defined as the frequency for which the circuit’s 

transfer function is purely real, |𝐻(𝑗𝜔𝑜)| = 𝐻𝑚𝑖𝑛 = 0 and 𝜃(𝑗𝜔𝑜) = ∓90.  

 

 

Thus,  

 

 

 

 

The cutoff frequencies (𝝎𝒄𝟏 𝒂𝒏𝒅 𝝎𝒄𝟐): are defined as the frequencies for which  

    |𝐻(𝑗𝜔𝑐1)| = |𝐻(𝑗𝜔𝑐2)| =
𝐻𝑚𝑎𝑥

√2
 

But, 𝐻𝑚𝑎𝑥 = |𝐻(𝑗0)| = |𝐻(𝑗∞)| = 1, thus, 
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Note that, 𝝎𝒄𝟐 > 𝝎𝒄𝟏, note also that the cutoff frequencies are the same as those for series 

Band-Pass filters. 

 

Bandwidth (𝜷): is the width of the stopband; 

 𝜷 = 𝝎𝒄𝟐 − 𝝎𝒄𝟏   

  𝜷 =
𝑹

𝑳
      

which is the same as that for series Band-Pass filters 

 

Quality Factor (Q): is the ratio of the center frequency to the bandwidth; 

  𝑸 =
𝝎𝒐

𝜷
 

 𝑸 = √
𝑳

𝑪𝑹𝟐     

which is the same as that for series Band-Pass filters 

 

The cutoff frequencies can be expressed as: 

 

 

 

 

 

 

or  
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Another Configuration of a Band-Reject Filter (Parallel RLC) 

 

 

 

The transfer function of the circuit shown in 

the Figure next is: 

 

 

The Center frequency is also: 

 

 

The Bandwidth is  

      𝜷 =
𝟏

𝑹𝑪
 

 

The quality Factor is: 

    𝑸 =
𝝎𝒐

𝜷
= √𝑹𝟐𝑪

𝑳
 

 

In general, the transfer function of Band-reject filter can be written as: 

 

 

 

 

Again, the cutoff frequencies are: 

   𝝎𝒄𝟏 = −
𝟏

𝟐𝑹𝑪
+ √(

𝟏

𝟐𝑹𝑪
)

𝟐

−
𝟏

𝑳𝑪
 

and      𝝎𝒄𝟐 =
𝟏

𝟐𝑹𝑪
+ √(

𝟏

𝟐𝑹𝑪
)

𝟐

−
𝟏

𝑳𝑪
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The bandwidth is:  

   𝜷 = 𝝎𝒄𝟐 − 𝝎𝒄𝟏 

   

             𝜷 =
𝟏

𝑹𝑪
 

 

The quality Factor is: 

   𝑄 =
𝜔𝑜

𝛽
= √

𝑅2𝐶

𝐿
 

 

The cutoff frequencies can be re-expressed as: 

   𝜔𝑐1 = −
𝛽

2
+ √(

𝛽

2
)

2

− (𝜔𝑜)2 

 

and                𝜔𝑐2 =
𝛽

2
+ √(

𝛽

2
)

2

− (𝜔𝑜)2 
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Example # 5: 

Design a Band-Reject filter using series RLC circuit, 

whose bandwidth is 250Hz and center frequency is 

750Hz, using C = 100nF to compute the values of Q, L, R, 

𝜔𝑐1 and 𝜔𝑐2 

 

Solution: 

The quality Factor is: 

   𝑄 =
𝜔𝑜

𝛽
=

2𝜋(750)

2𝜋(250)
= 𝟑 

 

The center frequency is: 

𝜔𝑜 =
1

√𝐿𝐶
  

Therefore,      𝐿 =
1

𝐶𝜔𝑜
2 =

1

(10−7)(2𝜋(750))2 = 𝟒𝟓𝟎𝒎𝑯 

 

The bandwidth, 

             𝛽 =
𝑅

𝐿
                       𝑅 = 2𝜋(250)450𝑋10−3 = 𝟕𝟎𝟕Ω                         𝑅 = 𝛽𝐿                             

 

Substitute in 𝜔𝑐1 𝑎𝑛𝑑 𝜔𝑐2 equations to find their values! 

 

   𝜔𝑐1 = −
𝛽

2
+ √(

𝛽

2
)

2

− (𝜔𝑜)2 = 3992 𝑟𝑎𝑑/𝑠 𝑓𝑐1 = 635.3𝐻𝑧 

and                𝜔𝑐2 =
𝛽

2
+ √(

𝛽

2
)

2

− (𝜔𝑜)2 = 5562.8 𝑟𝑎𝑑/𝑠 𝑓𝑐2 = 885.3𝐻𝑧 

 

Check, 

The bandwidth is, 

    𝛽 = 885.3 − 635.3 = 250𝐻𝑧! 

 

The geometric mean is, 

𝑓𝑜 = √𝑓𝑐1𝑓𝑐2 = √(635.3)(885.3) = 750𝐻𝑧!   
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Two Port Networks 

 

 Analyzing two port networks is convenient, especially when a signal is fed into one 

pair of terminals and then, after being processed by the system, is extracted at a second 

pair of terminals.  

 A two port building block is shown below, 

 

 

 

 

 

 

 

 The use of two port building block is subject to several restrictions: 

1. No energy is stored within the circuit.  

2. No independent sources within the circuit; dependent sources, however, are 

permitted. 

3. The current into the port must equal the current out of the port; that is, 

𝑖1 = 𝑖1
′   and 𝑖 = 𝑖2

′ .  

4. All external connections must be made to either the input port or the output port; no 

such connections are allowed between ports. 

 The fundamental principle underlying two-port modeling of a system is that only the 

terminal variables (𝑖1, 𝑣1, 𝑖2, and 𝑣2) are of interest. 

 Two variables of the four are independent; the other two are found in terms of the 

known two variables. 

 The most general description of the 

two port networks is carried out in s-

domain. 
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 A two-port circuit can be modeled by a 2*2 matrix to relate the 𝑉/𝐼 variables, where 

the four matrix elements can be obtained by performing 2 experiments. 

 There are six different ways in which to combine the four 𝑉/𝐼 variables; 

1- Impedance/Admittance Matrices: 

  [
𝑉1

𝑉2
] = [

𝑧11 𝑧12

𝑧21 𝑧22
] × [

𝐼1

𝐼2
];   [𝑍] is the Impedance matrix   

  [
𝐼1

𝐼2
] = [

𝑦11 𝑦12

𝑦21 𝑦22
] × [

𝑉1

𝑉2
];   [𝑌] = [𝑍]−1 is the Admittance matrix   

 

2- Hybrid Matrices: 

 [
𝑉1

𝐼2
] = [

ℎ11 ℎ12

ℎ21 ℎ22
] × [

𝐼1

𝑉2
];   [𝐻] is the h-Hybrid matrix   

  [
𝐼1

𝑉2
] = [

𝑔11 𝑔12

𝑔21 𝑔22
] × [

𝑉1

𝐼2
];   [𝐺] = [𝐻]−1 is the g-Hybrid matrix   

 

3- Transmission Matrices: 

 [
𝑉1

𝐼1
] = [

𝑎11 − 𝑎12

𝑎21 − 𝑎22
] × [

𝑉2

𝐼2
];   [𝐴] is the a-Transmission matrix   

  [
𝑉2

𝐼2
] = [

𝑏11 − 𝑏12

𝑏21 − 𝑏22
] × [

𝑉1

𝐼1
];   [𝐵] = [𝐴]−1 is the b-Transmission matrix   

 

 

 Which set to be choosen depends on which variables are given; e.g., if the source 

voltage and current are given then choose the transmission matrix [B] in the analysis. 
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 The Immittance (Impedance or Admittance) Parameters 

 (Impedance) z-Parameters 

 

 

 

 

 

 

where, the impedance seen when looking into port 1, with port 2 open (with 𝐼2 = 0), is: 

 

  

 

 

 

      The transfer impedances are:  

 

                                                                                                                                                                                                                                          

                                                                    

 

      and 

                                                              

                                                                          

 

      The impedance seen when looking into port 2, with port 1 open (with 𝐼1 = 0), is: 

 

 

 

     Note that, to set the current to zero, open circuit the terminals of the respective port! 
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Example # 1: 

Find the z-parameters for the circuit shown in the Figure below. 

 

 

 

 

 

 

 

 

Solution: 

The resistance seen when looking into port 1, with port 2 open (with 𝐼2 = 0), is the parallel 

combination between 20Ω and (5Ω in series with 5Ω) and equals: 

 

 

 

 

 

When 𝐼2 = 0, then 𝑉2 is:  

 

 

 

 

Therefore, 

 

 

 

The resistance seen when looking into port 2, with port 1 open (with 𝐼1 = 0), is the parallel 

combination between 15Ω and (5Ω in series with 20Ω) and equals: 
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When 𝐼1 = 0, the 𝑉1 and 𝐼2 are: 

 

 

 

 

 

 

 

Hence,  
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 (Admittance) y-Parameters 

 

 

 

 

 

where,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Note that, to set the voltage to zero, short circuit the terminals of the respective port! 
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 The Hybrid Parameters 

They relate cross variables; the input voltage 

and output current (𝑉1 and 𝐼2) to the input 

current and output voltage (𝐼1 and 𝑉2);   

 h-Parameters 

 

 

 

 

          where,  

 

 

 

 

 

 

 

 

 g-Parameters 

 

 

 

 

 

           where,  
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 The Transmission Parameters 

They describe the voltage and current at one 

end of the two-port network in terms of the 

voltage and current at the other end.  

 a-Parameters 

 

 

 

 

 

 

where,  

 

 

 

 

 

 

 

 

 

 

 

 

 b-Parameters 

 

 

 

 

 

where,
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Example # 2: 

The following measurements pertain to a two-port circuit operating in the sinusoidal steady 

state. 

With port 2 open,  

The voltage applied to port 1 is: 

   𝑣1 = 150 cos 4,000𝑡  𝑉 

The current into port 1 is: 

𝑖1 = 25 cos(4,000𝑡 − 45)  𝐴  

The voltage measured at port 2 is: 

𝑣2 = 100 cos(4,000𝑡 + 15)  𝑉  

   With port 2 short circuited,  

The voltage applied to port 1 is: 

   𝑣1 = 30 cos 4,000𝑡  𝑉 

The current into port 1 is: 

𝑖1 = 1.5 cos(4,000𝑡 + 30)  𝐴  

The current into port 2 is: 

𝑖2 = 0.25 cos(4,000𝑡 + 150)  𝐴  

Find the 𝑎-parameters that can describe the sinusoidal steady-state behavior of the circuit. 

 

Solution: 

 The first set of measurements gives: 

 

 

 

     Therefore,  
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 The second set of measurements gives: 

 

 

 

Therefore, 
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 Relation Among the Two-Port Parameters 

 Relation between z-Parameters and y-Parameters  

Given the y-parameters,  

 

 

 

Solving (using Cramer’s rule) for 𝑉1 and 𝑉2 to find the z-parameters yields,  

 

 

  

 

 

 

 

 

 

where,  

 

Recall,  

 

 

 

Therefore, 
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 Relation between z-Parameters and a-Parameters  

The a-parameters equations are: 

 

 

 

 

Rearranging 𝐼1 equation yields, 

 

 

 

 

Substituting the latter equation (𝑉2 eq.) in 𝑉1 equation yields,  

 

 

 

Thus, from 𝑉1 equation; 

 

 

 

and from 𝑉2 equation;                                                                                     , 

 

 

 

 

where,  

 

For other conversions, refer to the parameters’ conversion table next! 

Parameters’ Conversion Table: 
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Such that, the respective determinants are: 
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Example # 3: 

Two sets of measurements are made on a two-port resistive circuit. The first set is made with 

port 2 open, and the second set is made with port 2 short-circuited. The results are as follows: 

 

 

 

 

 

 

Find the h-parameters of the circuit. 

 

Solution: 

 

 

 

 

 

The parameters ℎ12 and ℎ22 cannot be obtained directly from the open-circuit test.  

 

 

 

But, the four a-parameters can be derived from the test data. 

From the conversion table,  
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Hence, 

 

 

 

 

 

 

 

The determinant is: 

 

Therefore,  

 

 

and  
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Balanced Three-Phase Circuits 

 

Three-phase circuits are circuits which contain three voltage sources that are a one third of a 

cycle apart in time (120𝑜). 

It is more advantageous and economical to transmit electric power in a three-phase mode. 

 

 Balanced Three-Phase Voltages 

 A set of balanced three-phase voltages consists of three sinusoidal voltages that have 

identical amplitudes and frequencies but are out of phase with each other by exactly 120𝑜. 

 If the load, connected to the voltage sources, draws balanced currents, the entire circuit is 

referred to as a balanced three-phase circuit.  

 

 

 

 

 

 

 

 In Time Domain: 

Balanced positive phase sequence (abc) voltages are defined as: 

   𝑣𝑎(𝑡) = 𝑉𝑚 cos(𝜔𝑡) 

   𝑣𝑏(𝑡) = 𝑉𝑚 cos(𝜔𝑡 − 120𝑜) 

   𝑣𝑐(𝑡) = 𝑉𝑚 cos(𝜔𝑡 − 240𝑜) = 𝑉𝑚 cos(𝜔𝑡 + 120𝑜) 

 

For balanced voltages: 

   𝑣𝑎(𝑡) + 𝑣𝑏(𝑡) + 𝑣𝑐(𝑡) = 0 

 

Note that, 𝑣𝑏(𝑡) lags 𝑣𝑎(𝑡) by 120𝑜 

𝑣𝑐(𝑡) lags 𝑣𝑏(𝑡) by 120𝑜 

𝑣𝑎(𝑡) 

𝑣𝑏(𝑡)  𝑣𝑐(𝑡) 
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If the load is balanced, then the currents for “abc” sequence are: 

   𝑖𝑎(𝑡) = 𝐼𝑚 cos(𝜔𝑡 − 𝜃𝑖) 

   𝑖𝑏(𝑡) = 𝐼𝑚 cos(𝜔𝑡 − 𝜃𝑖 − 120𝑜) 

   𝑖𝑐(𝑡) = 𝐼𝑚 cos(𝜔𝑡 − 𝜃𝑖 + 120𝑜) 

where 𝜃𝑖 is the angle between the phase voltage and current.  

 

Balanced negative phase sequence (acb) voltages are defined as: 

   𝑣𝑎(𝑡) = 𝑉𝑚 cos(𝜔𝑡) 

   𝑣𝑏(𝑡) = 𝑉𝑚 cos(𝜔𝑡 + 120𝑜) 

   𝑣𝑐(𝑡) = 𝑉𝑚 cos(𝜔𝑡 − 120𝑜) 

 

 In Frequency Domain: 

Balanced positive phase sequence (abc) voltages are: 

 

 

 

 

 

 

 

 

 

Balanced negative phase sequence (acb) voltages are: 

 

 

 

 

 

 

 

 For a balanced system: 

 

 

 Note that, for a balanced three phase system, determining the voltage (or current) in one 

phase is sufficient as the quantities for other phases have the same magnitude, but only with 

a phase shift similar to that between the voltage sources. 
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 Three-Phase Voltage Sources 

 A three-phase voltage source is a generator with three separate windings distributed around 

the periphery of the stator; with 120 electrical degree between the windings of any two 

phases. Each winding comprises one phase of the generator.  

 The rotor of the generator is an 

electromagnet driven at synchronous speed 

by a prime mover, such as a steam or gas 

turbine. 

 A Prime mover provides the mechanical 

energy to the generator (from steam, gas, 

coal, hydraulic,…).  

 The prime mover rotates the magnetic field 

at synchronous speed, thus all phases will 

have the same frequency (relative speed). 

 If the windings are identical, identical 

voltages result, but out of phase by 120o. 

 

 The three phase voltage are either connected as WYE or Delta (left and right figures below, 

respectively), but the WYE configuration is more commonly used. 

 The common node in WYE configuration is called the Neutral point (n).  

 If the internal impedance of each voltage source is small, it can be neglected; an ideal source 

results. 
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 If the winding impedances were not neglected, then the equivalent three-phase sources 

model are: 

 

 

 

 

 

 

 

 

 

 

 

 Since the three-phase load can be also connected as WYE or Delta configuration, then 4 

possible combinations exist: 
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 Analysis of the Wye-Wye Circuit 

 Consider the three-phase circuit shown in the figure below, 

 

 

 Let the neutral point of the 

sources be the reference 

voltage; 0V. 

 The impedances of the 

sources, the transmission 

lines, and loads are shown 

in the figure. 

 Applying KCL at the Neutral point of the load (N), which has a voltage with respect to “n”, 

𝑉𝑁, yields: 

 

 

 

 If the three-phase circuit is balanced, then: 

1. The source voltages, 𝑣𝑎′𝑛, 𝑣𝑏′𝑛 and 𝑣𝑐′𝑛 are balanced;  

𝐕𝐚′𝐧 + 𝐕𝐛′𝐧 + 𝐕𝐜′𝐧 = 0  

2. The impedance of the each phase source is the same;   

𝑍𝑔𝑎 = 𝑍𝑔𝑏 = 𝑍𝑔𝑐  

3. The impedance of each transmission line is the same;     

𝑍𝑙𝑎 = 𝑍𝑙𝑏 = 𝑍𝑙𝑐  

4. The impedance of each phase of the load is the same;     

𝑍𝐴 = 𝑍𝐵 = 𝑍𝐶   

 

 Thus, the node voltage equation can be rewritten for a balanced circuits as: 

 

 

 

where  
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But,  𝐕𝐚′𝐧 + 𝐕𝐛′𝐧 + 𝐕𝐜′𝐧 = 0, the right hand side of the node equation is zero; leading to 

the fact that for a balanced system,  

     𝐕𝐍 = 0 

 Since no potential difference between the load’s and the sources’ neutral points; 

𝐕𝐍 = 𝐕𝒏 = 0, 

        The current in the neutral transmission line is: 

     𝐈𝟎 = 0 

Which means that the neutral conductor can be short circuited or even removed (open 

circuited). 

 Therefore, the three line currents are: 

 

 

 

 

 

 

 

 Thus, the line current of each phase equals that phase’s voltage divided by the total 

impedance of its circuit. 

 To analyze a balanced three-phase circuit, a single (per-phase) equivalent circuit suffices 

to analyze the system. Then, the currents (voltages) in the other phases can be found, with 

an appropriate phase shift.  

 

Note that, the neutral has also the currents 

from the other phases; 

  

 

 

 Once, the line currents are found, then the line to neutral 

(phase) voltages at the load can be found.  
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The Line-to-Neutral (phase) voltages are: 

  𝐕𝐀𝐍 = 𝑉∅⎿0𝑜 V 

  𝐕𝐁𝐍 = 𝑉∅⎿−120𝑜 V 

  𝐕𝐂𝐍 = 𝑉∅⎿120𝑜 V 

The Line-to-Line voltages are: 

 

 

 

 

 

Hence, substituting the phase voltages in 𝐕𝐀𝐁; 

  𝐕𝐀𝐁 = 𝐕𝐀𝐍 − 𝐕𝐁𝐍 

  𝐕𝐀𝐁 = 𝑉∅⎿0𝑜  − 𝑉∅⎿−120𝑜 

  𝐕𝐀𝐁 = 𝑉∅ − 𝑉∅ (−
1

2
− 𝑗

√3

2
) 

  𝐕𝐀𝐁 = 𝑉∅ (
1

2
+ 𝑗

√3

2
) 

  𝐕𝐀𝐁 = √3𝑉∅⎿+30𝑜 

Similarly,  

  𝐕𝐁𝐂 = √3𝑉∅⎿−90𝑜 

  𝐕𝐂𝐀 = √3𝑉∅⎿−210𝑜                                𝐕𝐂𝐀 = √3𝑉∅⎿+150𝑜 

 

Thus, the line-to-line voltages are obtained by multiplying the phase voltages with √3 and 

shifted by +30𝑜; 𝐕𝐋 = √3𝑉∅⎿𝜃∅+30𝑜. 

The phasor diagram of these voltages (“abc” for left figure) is shown below, whist the phasor 

diagram for “acb” is shown in the right figure below. 
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For Y-Y connection, the line currents are the same as the phase currents; 𝐈𝐋 = 𝐈∅. 

The line currents are: 

   𝐈𝐚𝐀 =
𝐕𝐀𝐍

𝒁∅
 

   𝐈𝐛𝐁 =
𝐕𝐁𝐍

𝒁∅
 

   𝐈𝒄𝑪 =
𝐕𝐂𝐍

𝒁∅
 

The neutral current for a balanced load; 

 

 

 

Example # 1: 

 

 

 

 

 

 

Solution: 

a) The single phase equivalent circuit is: 
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 Analysis of the Wye-Delta Circuit 

 For a ∆-load, the phase voltages are the same as the line voltages. 

 The ∆-load can be transformed into a Wye by using the delta-to-wye transformation.  

 When the ∆-load is balanced, the impedance of each leg of the wye is one third the 

impedance of each leg of the delta, or  

 

 

 

 After the ∆-load has been replaced by its equivalent Y, the a-phase can be modeled by the 

single phase equivalent circuit, as shown in the figure below. 

 

 

 

 

 

 This circuit is used to calculate the line currents, and then the line currents are used to find 

the currents in each leg of the original ∆-load.  

 The relationship between the line currents and the 

currents in each leg of the delta can be derived using 

the circuit shown in the figure next.  

 Assuming a positive sequence (abc), and assuming 

the phase currents are: 

 

 

 

 

where 𝐼∅ is the magnitude of each phase current. 

 The line currents can be derived in terms of the phase currents by applying KCL at each 

node. KCL at node A:  
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 KCL at nodes B and C, respectively; 

 

 

 

 

 

 

 

 

Notes: 

For a positive sequence, the magnitude of the line currents is √3 times the magnitude of 

the phase currents, and that the set of line currents lags the set of phase currents by 30𝑜; 

 𝐈𝐋 = √3𝐼∅⎿𝜃∅−30𝑜. 

 

Similarly, it can be shown that, for a negative sequence the magnitude of the line currents 

is √3 times the magnitude of the phase currents, and that the set of line currents leads the 

set of phase currents by 30𝑜; 

 𝐈𝐋 = √3𝐼∅⎿𝜃∅+30𝑜. 

 

 The phasor diagrams for the currents of a ∆-load are shown for positive sequence in figure 

(a), and for a negative sequence in figure (b) below. 
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Example # 2:  

 

 

 

 

 

 

 

 

 

 

Solution: 

a) The load impedance of the Y equivalent is 

 

 

 

 

 

The single-phase equivalent circuit is shown in 

the figure. 

 

  

 

 

 

 

 

 

 

 

 

 

 

𝑍𝑌 = 

  Example # 1 
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 Power Calculations in Balanced Three-Phase Circuits 

 Average Power in a Balanced Wye Load 

 For the Y- connected load, shown in the figure next, 

where all voltages and currents are given in their rms 

values, the average power associated with a-phase is: 

 

 

 

 

 

 The average power associated with b – and c-phases are: 

 

 

 

 In a balanced three-phase system, the magnitude of each line-to-neutral voltage is the same, 

as is the magnitude of each phase current. 

 Also, the argument for the cosine function is the same for the three phases; 

 

 Therefore, the average power of each phase is equal to the other phases’ power;  

 

 

 The total average power delivered to the balanced Y-connected load in phase quantities is: 

 

 

In terms of the line quantities, 𝑉𝐿 & 𝐼𝐿, the total average (real) power is: 

 

 

 

 

    𝑷𝑻 = √𝟑𝑽𝑳𝑰𝑳 𝐜𝐨𝐬 𝜽∅ 

 where 𝜃∅ is the phase angle between the phase voltage and current; 𝜃∅ = 𝜃𝑣 − 𝜃𝑖 
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 Complex Power in a Balanced Wye Load 

 The reactive power of the load, 

For a single phase is: 

For the three phases is: 

 

 For a balanced load, the complex power associated with any phase is: 

 

 

 

 In general, the complex power for a Y-connected load 

For a single phase is: 

For the three phases is: 

 

 Power Calculations in a Balanced Delta Load 

 For the ∆- connected load, shown in the figure next, where 

all voltages and currents are given in their rms values, the 

average power associated with each phase are: 

 

 

 

 

 In a balanced three-phase system, the magnitude of each phase voltage is the same, as is 

the magnitude of each phase current. Also, the argument for the cosine function is the same 

for the three phases;  

 

 

 

 

 

 

Thus, in a balanced load, regardless of whether it is Y- or ∆-connected, the phase average 

power is the same. 
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    𝑷𝑻 = √𝟑𝑽𝑳𝑰𝑳 𝐜𝐨𝐬 𝜽∅ ; which is the same as of Y-load 

 where 𝜃∅ is the phase angle between the phase voltage and current; 𝜃∅ = 𝜃𝑣 − 𝜃𝑖 

 

The expressions for reactive power and complex power also have the same form as those 

developed for the Y load: 

 

 

 

 

 

 

 

 

 

 

where 𝐕∅ and 𝐈∅ represent the phase voltage and current, respectively. 
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 Instantaneous Power in Three-Phase Circuits 

The instantaneous power of each phase of a Y-connected load is: 

 

 

 

 

 

 

where 𝑉𝑚 and 𝐼𝑚 represent the maximum amplitude of the phase voltage and line current, 

respectively. 

 

The total instantaneous power is the sum of the instantaneous phase powers, which reduces to:  

 

 

But, 𝑉𝑚 = √2𝑉∅ and 𝐼𝑚 = √2𝐼∅, therefore the instantaneous power becomes: 

𝑝𝑇 = 1.5(√2𝑉∅)(√2𝐼∅) cos 𝜃∅   

𝒑𝑻 = 𝟑𝑽∅𝑰∅ 𝐜𝐨𝐬 𝜽∅   

 

which is the same as the average three-phase power; the instantaneous power is constant! 

 

Note: In a balanced three-phase circuit, the instantaneous power is time invariant! Thus, the 

torque developed at the shaft of a three-phase motor is constant, which in turn means less 

vibration in machinery powered by three-phase motors. 
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Example # 3: 

a) Calculate the average power per phase delivered to the Y-connected load of Example # 1. 

b) Calculate the total average power delivered to the load. 

c) Calculate the total average power lost in the line. 

d) Calculate the total average power lost in the generator. 

e) Calculate the total number of magnetizing VARs absorbed by the load. 

f) Calculate the total complex power delivered by the source. 

 

Solution:  

a) From example # 1, the per phase 

equivalent circuit is shown in the figure 

next. It was calculated that, 

 

 

 

 

 

 

 

 

 

 

b) The total power delivered to the load is either 

        𝑃𝑇 = 3𝑃∅ = 3(224.64) = 673.92𝑊 

or    𝑉𝐿 = √3𝑉∅ = √3(115.22) = 199.58V 

        𝐼𝐿 = 𝐼∅ = 2.4𝐴 

           and  𝑃𝑇 = √3𝑉𝐿𝐼𝐿 cos 𝜃∅ 

        𝑃𝑇 = √3(199.58)(2.4) cos 35.68 = 673.92𝑊 

 

c) The total power lost in the lines is:  

 

 

𝐈𝐚𝐀 

 𝐕𝐀𝐍𝐍 

 
Therefore, the mag. 
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d) The total internal power lost in the generator is: 

 

 

 

e) The total number of magnetizing VARs absorbed by the load is: 

 

 

 

f) The total complex power associated with the source is: 

 

 

 

The minus sign indicates that the internal power and magnetizing reactive power are being 

delivered to the circuit. 

 To check the balance of powers: 

  𝑃 = 𝑃𝐿 + 𝑃𝐿𝑖𝑛𝑒 + 𝑃𝑔𝑒𝑛𝐿𝑜𝑠𝑠   and   𝑄 = 𝑄𝐿 + 𝑄𝐿𝑖𝑛𝑒 + 𝑄𝑔𝑒𝑛𝐿𝑜𝑠𝑠 

 

     

 

 

 

 

Example # 4: 

a) Calculate the total complex power delivered to the ∆-connected load of Example # 2. 

b) What percentage of the average power at the sending end of the line is delivered to the 

load? 

Solution: 

a) Using the a-phase values from the solution of  Example # 2, parts c) and d), 

 

 

The total complex power is: 
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b) The total power at the sending end of the distribution line equals the total power delivered 

to the load plus the total power lost in the line;  

 

 

 

 𝑃𝑟𝑒𝑐𝑒𝑛𝑡𝑎𝑔𝑒 𝑜𝑓 𝑝𝑜𝑤𝑒𝑟 𝑟𝑒𝑎𝑐ℎ𝑖𝑛𝑔 𝑡ℎ𝑒 𝑙𝑜𝑎𝑑 =
𝑃𝐿

𝑃𝑖𝑛𝑝𝑢𝑡
𝑋100% 

             =
682.56

687.74
𝑋100% = 99.25% 

 

Example # 5: 

A balanced three-phase load requires 480 kW at a lagging power factor of 0.8. The load is fed 

from a line having an impedance of 0.005 + 𝑗0.025Ω/∅. The line voltage at the terminals of 

the load is 600V. 

b) Construct a single-phase equivalent circuit of the system. 

c) Calculate the magnitude of the line current. 

d) Calculate the magnitude of the line voltage at the sending end of the line. 

e) Calculate the power factor at the sending end of the line. 

Solution: 

a) The single-phase equivalent circuit is 

shown in the figure next. Take the phase 

to neutral voltage as the reference; 

   𝐕𝐀𝐍 = V∅⎿0 

   𝐕𝐀𝐍 =
VL

√3
⎿0 = 346.41⎿0𝑉 

b) The line current can be found from: 

 

 

 

 

 

 

 

 

        It has the same angle as ⎿ − (cos−1 0.8);  which is⎿ − 36.87, because of lagging pf. 
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Alternative solution to find the line current: 

The reactive power per phase is: 

  𝑄∅ = 𝑃∅ tan(cos−1 0.8) 

  𝑄∅ = 160𝑘 tan(36.87) 

  𝑄∅ = 160𝑘(0.75) = 120𝑘𝑉𝐴𝑅𝑠 

       Thus, the load per-phase complex power is: 

                   𝐒∅ = 𝑃∅ + 𝑗𝑄∅ = 160,000 + 𝑗120,000 𝑉𝐴 = 𝐕∅𝐈∅
∗ 

   160,000 + 𝑗120,000 = (
VL

√3
) 𝐈𝐚𝐀

∗
 

   𝐈𝐚𝐀
∗ =

160,000+𝑗120,000
VL
√3

 

  𝐈𝐚𝐀
∗ =

160,000+𝑗120,000 

346.41
 

  𝐈𝐚𝐀
∗ = 577.35⎿36.87 𝐴 

Therefore, the phase and the line currents are the same; 

                       𝐈𝐚𝐀 = 577.35⎿ − 36.87 𝐴 

 

c) The magnitude of the line voltage at the sending end is:  

 

 

 

 

 

Thus,  

 

 

 

d) The power factor at the sending end is cosine the angle between 𝐕𝐀𝐧 and 𝐈𝐚𝐀,  
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An alternative way to calculate power factor at the sending end; 

 

 

 

 

 

 

 

 

Note that, if the total complex power at the sending end was calculated, after first calculating 

the magnitude of the line current, it may be used to calculate the magnitude of line voltage; 
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 Measuring Average Power in Three-Phase Circuits 

 An Electrodynamometer Wattmeter is an instrument used to 

measure the real (average) power. It has two coils; a current 

coil (low impedance) and a potential coil (high impedance).  

 The average (upscale) deflection of the pointer attached to the 

movable coil is proportional to the product of the effective 

(rms) value of the current in the current coil, the effective 

(rms) value of the voltage impressed on the potential coil, and 

the cosine of the phase angle between the voltage and current. 

 The direction in which the pointer deflects depends on the 

instantaneous polarity of the current-coil current and the potential-coil 

voltage. 

 

The Two-Wattmeter Method: 

 To measure the total power at the terminals of the box of 

𝑛 conductors, (𝑛 − 1) currents and voltages need to be 

known. This follows because one terminal is chosen as a 

reference, there are only (𝑛 − 1) independent 

voltages/currents. 

 

Thus, the total average power is: 

 

 

 For a three-conductor circuit, whether balanced or not, only two wattmeters are needed to 

measure the total average power. 

 For a balanced three-phase circuit, only three conductors are needed (the neutral in a Y-

connection has a zero current, and can be removed), therefore two wattmeters are needed. 
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The reading of Wattmeter # 1 is: 

 

 

 

 

 

where 𝜃1 is the angle between 𝐕𝐀𝐁 & 𝐈𝒂𝑨. 

 

The reading of Wattmeter # 2 is: 

 

 

 

 

where 𝜃2 is the angle between 𝐕𝐂𝐁 & 𝐈𝒄𝑪. 

 

Note that, the load impedance is: 

   𝑍∅ = |𝑍|⎿𝜃∅ 

where −90𝑜 < 𝜃∅ < 90𝑜. 

 

𝜃1& 𝜃2 can be found in terms of the load impedance angle, 𝜃∅, and for positive sequence; 

The current for W1:  𝐈𝒂𝑨 =
|𝑽𝑨𝑵|

|𝑍|⎿𝜃∅
=

|𝑽𝑨𝑵|

|𝑍|
⎿ − 𝜃∅ 

The voltage for W1: 𝐕𝐀𝐁 = √3|𝑉𝐴𝑁|⎿ + 30 

   𝜃1 = 𝜃𝑉𝐴𝐵
− 𝜃𝐼𝑎𝐴

 

   𝜃1 =  30 − (−𝜃∅) 

   𝜽𝟏 = 𝜽∅ +  𝟑𝟎 

Similarly,  

The current for W2:  𝐈𝒄𝑪 =
|𝑽𝑪𝑵|⎿120

|𝑍|⎿𝜃∅
=

|𝑽𝑪𝑵|

|𝑍|
⎿120 − 𝜃∅ 

The voltage for W2: 𝐕𝐂𝐁 = √3|𝑉𝐴𝑁|⎿ + 90 ; because 𝐕𝐁𝐂 = √3|𝑉𝐴𝑁|⎿ − 90! 

   𝜃2 = 𝜃𝑉𝐶𝐵
− 𝜃𝐼𝑐𝐶

 

   𝜃2 =  90 − (120 − 𝜃∅) 

   𝜽𝟐 = 𝜽∅ − 𝟑𝟎 

Thus, the Wattmeters’ readings are: 

   𝑊1 = 𝑉𝐿𝐼𝐿 cos(𝜃∅ +  30) 

   𝑊2 = 𝑉𝐿𝐼𝐿 cos(𝜃∅ −  30) 

 

 

 

𝑍∅ = |𝑍|⎿𝜃∅ 
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The total power is: 

   𝑃𝑇 = 𝑊1 + 𝑊2 

   𝑃𝑇 = 𝑉𝐿𝐼𝐿 cos(𝜃∅ +  30) + 𝑉𝐿𝐼𝐿 cos(𝜃∅ −  30) 

Using the trigonometric identity,  

   cos 𝐴 +  cos 𝐵 = 2 cos (
𝐴+𝐵

2
) cos (

𝐴−𝐵

2
) 

Therefore,  

   𝑃𝑇 = 𝑉𝐿𝐼𝐿 (cos(𝜃∅ +  30) + cos(𝜃∅ −  30))  

Let 𝐴 = 𝜃∅ +  30 and 𝐵 = 𝜃∅ −  30 

   𝑃𝑇 = 𝑉𝐿𝐼𝐿 (2 cos (
(𝜃∅+ 30)+(𝜃∅− 30)

2
) cos (

(𝜃∅+ 30)−(𝜃∅− 30)

2
)) 

   𝑃𝑇 = 2𝑉𝐿𝐼𝐿 (cos (
2𝜃∅

2
) cos (

 60

2
)) 

   𝑃𝑇 = 2𝑉𝐿𝐼𝐿 (cos(𝜃∅) cos(30)) 

   𝑃𝑇 = 2𝑉𝐿𝐼𝐿 (cos(𝜃∅)
√3

2
) 

   𝑃𝑇 = √3𝑉𝐿𝐼𝐿 cos(𝜃∅), which the same as the three-phase power! 

Notes,  

       Recall,      𝑊1 = 𝑉𝐿𝐼𝐿 cos(𝜃∅ +  30) 

   𝑊2 = 𝑉𝐿𝐼𝐿 cos(𝜃∅ −  30) 

1. If the load power factor is greater than 0.5 (𝜃∅ < |60𝑜|), both wattmeters read positive. 

2. If the load power factor equals 0.5 (𝜃∅ = |60𝑜|), one wattmeter (𝑊1) reads zero. 

if (𝜃∅ = 60𝑜), 𝑊1 reads zero. 

if (𝜃∅ = −60𝑜), 𝑊2 reads zero. 

3. If the load power factor is less than 0.5 (𝜃∅ > |60𝑜|), one wattmeter reads negative; 

if (𝜃∅ > 60𝑜), 𝑊1 reads negative. 

if (𝜃∅ < −60𝑜), 𝑊2 reads negative. 

4. Reversing the phase sequence will interchange the readings on the two wattmeters. 
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Example # 6: 

Calculate the reading of each wattmeter in the 

circuit in figure if the phase voltage at the load 

is 120 V and  

(a) 𝑍∅ = 8 + 𝑗6 Ω;  

(b)  𝑍∅ = 8 − 𝑗6 Ω;  

(c) 𝑍∅ = 5 + 𝑗5√3 Ω; and  

(d) 𝑍∅ = 10⎿ − 75 Ω;   

(e) Verify for (a)–(d) that the sum of the 

wattmeter readings equals the total power 

delivered to the load.  

 

Solution: 
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 Combined Loads and Power Factor Improvement 

Example # 7: 

An 11kV, 50 Hz, three phase power line 

feeds two isolated factories, which are 

effectively connected in parallel with each 

other. The first factory load is Y-connected 

and is rated at 4.5MVARs at a power factor 

of 0.8 leading. The second factory is ∆-

connected, and it is rated at 8MW at a power factor of 0.6 lagging. Then, 

a) Calculate the supply line current and the combined power factor of the two rated loads 

b) Determine the phase voltage and current of the two factory loads at rated conditions 

c) What is the value of the capacitor bank to be connected across the two rated loads as 

WYE and to improve the power factor to 0.95 lagging? 

 

Y 

4.5MVAR 

0.8Lead 

∆ 
8MW 
0.6Lag 
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Solution: 

    𝑽𝑳 = 11𝑘𝑉⎿0𝑉 

For Y-connected load: 

The power can be found from the power 

triangle: 

  𝑃𝑌 =
𝑄𝑌

tan(𝜃𝑌)
     

But,    𝜃𝑌 = cos−1 0.8 = 36.9; since the power factor is leading, the load is capacitive;  

  𝜃𝑌 = −36.9 

And     𝑄𝑌 = −𝟒. 𝟓𝑴𝑽𝑨𝑹𝒔 

Thus,   𝑃𝑌 =
−4.5𝑀

tan(−36.9)
= 6𝑀𝑊 

  𝑃𝑌 =
4.5

3/4
= 𝟔𝑴𝑾 

For ∆-connected load: 

  𝑃∆ = 𝟖𝑴𝑾 

And    𝑄∆ = 𝑃∆ tan 𝜃∆ 

 But 𝜃∆ = cos−1 0.6 = 53.13, since the power factor is lagging, the load is inductive, and  

 𝜃∆ = +53.13  

Thus,   𝑄∆ = 8𝑀 tan 53.13 

  𝑄∆ = 8𝑀 tan 53.13 = 𝟏𝟎. 𝟔𝟕𝑴𝑽𝑨𝑹𝒔 

Therefore, the total load power is: 

  𝑃𝑖𝑛 = 𝑃𝑌 + 𝑃∆ 

  𝑃𝑖𝑛 = 6𝑀 + 8𝑀 = 𝟏𝟒𝑴𝑾 

The total reactive power is: 

  𝑄𝑖𝑛 = 𝑄𝑌 + 𝑄∆ 

  𝑄𝑖𝑛 = (−)4.5𝑀 + 10.67𝑀 = 𝟔. 𝟏𝟕𝑴𝑽𝑨𝑹𝒔 

 

The input (combined) power factor is: 

  cos 𝜃𝑖𝑛 = cos (tan−1 𝑄𝑖𝑛

𝑃𝑖𝑛
) 

  cos 𝜃𝑖𝑛 = cos (tan−1 6.17

14
) 

  cos 𝜃𝑖𝑛 = cos(23.78) = 0.915 

              pfin = cos 𝜃𝑖𝑛 = 𝟎. 𝟗𝟏𝟓 (lagging) 

 

Y 

4.5MVAR 

0.8Lead 

∆ 
8MW 
0.6Lag 

  P 

   jQ 
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Since, 𝑃𝑖𝑛 = √3|V𝐿||I𝐿| cos 𝜃𝑖𝑛, then the line current is: 

   |I𝐿| =
𝑃𝑖𝑛

√3|V𝐿| cos 𝜃𝑖𝑛
 

   |I𝐿| =
14𝑀

√3|11k|0.915
= 801.1𝐴  

𝐈𝑳 = 𝟖𝟎𝟏. 𝟏⎿ − 𝟐𝟑. 𝟖 − 𝟑𝟎A 

Notes,  

The phase current lags the phase voltage of the combined load by 𝜽𝒊𝒏 = 𝟐𝟑. 𝟕𝟖𝒐. 

    The line current lags the line voltage by 𝟑𝟎𝒐, regardless of the load connection! 

 

For the Y-connected load: 

The phase voltage is: 

   𝐕∅𝐘 =
𝐕𝐋

√3
⎿ − 30𝑜 

   𝐕∅𝐘 =
11,000

√3
⎿0 − 30𝑜 

   𝐕∅𝐘 = 6.35⎿ − 30𝑜 kV 

The phase current is: 

   |I∅Y| =
𝑃𝑌

3|V∅𝐘| cos 𝜃𝑌
 

   |I∅Y| =
6𝑀

3(6.35𝑘)0.8
= 393.7 

   𝐈∅𝐘 = 393.7⎿ − 30 + 36.9  

Note that, the phase current leads the phase voltage by cos−1(0.8) 

   𝐈∅𝐘 = 393.7⎿6.9 A 

For the ∆-connected load: 

The phase voltage is: 

   𝐕∅∆ = 𝐕𝐋 

   𝐕∅∆ = 11,000⎿0𝑜 V 

   𝐕∅∆ = 11⎿0𝑜 kV 

The phase current is: 

   |I∅∆| =
𝑃∆

3|V∅∆| cos 𝜃∆
 

   |I∅∆| =
8𝑀

3(11𝑘)0.6
= 404.04 

   𝐈∅∆ = 404.04⎿ − 0 − 53.13 A  

Note that, the phase current lags the phase voltage by cos−1(0.6) 

   𝐈∅∆ = 404.04⎿ − 53.13 A  
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 The original complex load power is: 

   𝐒𝐨𝐥𝐝 = 𝑃𝑜𝑙𝑑 + 𝑗𝑄𝑜𝑙𝑑 

   𝐒𝐨𝐥𝐝 = 14 + 𝑗6.17 MVA 

  

 The new complex power that results from 

adding a capacitor in parallel with the load is: 

   𝐒𝐧𝐞𝐰 = 𝑃𝑜𝑙𝑑 + 𝑗𝑄𝑛𝑒𝑤 

   𝑄𝑛𝑒𝑤 = 𝑃𝑜𝑙𝑑 tan(cos−1 pf𝑛𝑒𝑤) 

   𝑄𝑛𝑒𝑤 = 14𝑀 tan(cos−1 0.95) 

   𝑄𝑛𝑒𝑤 = 4.6𝑀𝑉𝐴𝑅𝑠 

   𝐒𝐧𝐞𝐰 = 14 + 𝑗4.6 MVA 

 Since 𝐒𝐧𝐞𝐰 = 𝐒𝐨𝐥𝐝 +  𝐒𝐜𝐚𝐩, the added capacitor complex power is: 

    𝐒𝐜𝐚𝐩 = 𝐒𝐧𝐞𝐰 − 𝐒𝐨𝐥𝐝 

 But, the capacitor is purely reactive;  

   𝐒𝐜𝐚𝐩 = 14 + 𝑗4.6 − (14 + 𝑗6.17)MVA = −𝑗1.57 MVA (for 3 phase) 

and, 

   𝐒𝐜𝐚𝐩 = −3𝑗𝜔𝐶𝑌 𝑉∅𝑟𝑚𝑠 
2  

   −j1.57M = −3𝑗𝜔𝐶 𝑉∅𝑟𝑚𝑠 
2  

   𝐶𝑌 =
1,570,000

3(2𝜋(50))(6,350)2 

   𝐶𝑌 = 41.31𝜇𝐹 

Note that, if the capacitors are to be connected in ∆ configuration, the required capacitors value 

is:   𝐒𝐜𝐚𝐩 = −3𝑗𝜔𝐶∆ 𝑉𝐿𝑟𝑚𝑠 
2  

   𝐶∆ =
1,570,000

3(2𝜋(50))(11,000)2
 

   𝐶∆ = 13.77𝜇𝐹 ;  

𝐶∆ =
𝐶Y 

3
 ; 𝐶∆ is smaller than 𝐶Y  but it has to tolerate the line-to-line voltage! 

  

Y 

4.5MVA

R 

0.8Lead 

∆ 
8MW 
0.6Lag 

Y 

Caps 
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Mutual Inductance and 

Transformers 

 

 Mutual Inductance  

Recall that, the self inductance is the parameter that relates a voltage to a time-varying current 

in the same element.  

 

Mutual Inductance (𝑴) is a circuit parameter 

relating the voltage induced in one circuit to the 

time-varying current in another circuit. The two 

circuits are linked together by a magnetic field.  

 

 The circuit has two magnetically coupled coils.  

 The self induced voltage in the first coil is 𝐿1
𝑑𝑖1

𝑑𝑡
 

 The mutually induced voltage in the first coil is 𝑀
𝑑𝑖2

𝑑𝑡
 

 

 Dot Convention: It is used to determine the mutually induced voltages.  

When the reference direction for a current 

enters the dotted terminal of a coil, the 

reference polarity of the voltage that it induces 

in the other coil is positive at its dotted 

terminal. 

Alternatively, when the reference direction for a current leaves the dotted terminal of a 

coil, the reference polarity of the voltage that it induces in the other coil is negative at its 

dotted terminal. 
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The voltages induced across each 

inductor are assigned on the figure next; 

applying KVL for each loop yields:  

 

 

 

 

 

Note that, 𝑀 = 𝑘√𝐿1𝐿2, where 𝑘 is the coefficient of coupling, and 0 ≤ 𝑘 ≤ 1.   

 

Procedure for Determining The Dots Markings 

1- Arbitrarily select one terminal of one coil, say D, and 

mark it with a dot. 

2- Assign a current into the dotted terminal and label it, 

𝑖𝐷. 

3- Use the right-hand rule to determine the direction of 

the magnetic field established by 𝑖𝐷 inside the coupled 

coils and label this field ∅𝐷. 

4- Arbitrarily pick one terminal of the second coil, say A, 

and assign a current into this terminal, showing the current as 𝑖𝐴. 

5- Use the right-hand rule to determine the direction of the flux established by 𝑖𝐴. inside the 

coupled coils and label this flux ∅𝐴. 

6- Compare the directions of the two fluxes ∅𝐴 and ∅𝐷 , if the fluxes have the same reference 

direction, place a dot on the terminal of the second coil where the test current 𝑖𝐴. enters. (In 

the figure, the fluxes ∅𝐴 and ∅𝐷 have the same reference direction, and therefore a dot goes 

on terminal A.)  

If the fluxes have different reference directions, place a dot on the terminal of the second 

coil where the test current 𝑖𝐴. leaves. 
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Experimentally,  

 The terminal connected to the positive 

supply terminal is given a dot. 

 If the voltmeter deflection is upscale, 

the coil terminal connected to the 

positive terminal of the voltmeter is 

given a dot, and vice versa. 

 

 

Example #1:   

Write the mesh current equations that describe the circuit in tehfigure in terms of  𝑖1 and 𝑖2. 

 

 

 

 

  

Solution:  

Applying KVL for mesh 1: 

 

 

 

Applying KVL for mesh 2: 
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 Transformers 

A transformer is a device that is based on magnetic coupling. Transformers are used in both 

communication and power circuits. In communication circuits, the transformer is used to match 

impedances and eliminate dc signals from portions of the system. In power circuits, 

transformers are used to establish ac voltage levels that facilitate the transmission, distribution, 

and consumption of electrical power. 

 

An ideal transformer consists of two magnetically coupled coils having 𝑁1 and 𝑁2 turns, 

respectively.  

Recalling that, 𝑀 = 𝑘√𝐿1𝐿2, where 𝑘 is the coefficient of coupling, and 0 ≤ 𝑘 ≤ 1, and 

exhibiting these three properties: 

1. The coefficient of coupling is unity; 𝑘 = 1 

2. The self-inductance of each coil is infinite; 𝐿1 = 𝐿2 = ∞ 

3. The coil losses, due to parasitic resistance, are negligible; 𝑅1 = 𝑅2 = 0. 

 

Determining the Voltage and Current Ratios  

The voltage ratio, 

                                                                                                        

(1) 

 

  

The current ratio, 

 (2) 

 

For the polarity, note the dot convention; 
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Define the transformer turns’ ratio as: 

 

 

 

The Use of an Ideal Transformer for Impedance Matching 

Ideal transformers can also be used to raise or lower the impedance level of a load. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  eq. (1) 

   eq. (2) 
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This can be used for achieving maximum power transfer to the load. 

 

Example # 2: 

The load impedance connected to the 

secondary winding of the ideal 

transformer, in the figure shown 

next, consists of a 237.5𝑚Ω resistor 

in series with a 125𝜇𝐻 inductor.  

If the sinusoidal voltage source (𝑣𝑔) is generating the voltage 2500 cos 400𝑡  𝑉, find the 

steady-state expression for: (a) 𝑖1  (b) 𝑣1 (c) 𝑖2 and (d) 𝑣2 

 

Solution: 

a) to convert the circuit into the frequency domain; 

The voltage source becomes: 

 

Since 𝜔 = 400 rad/s, and the inductor’s impedance is: 

    𝑍𝐿 = 𝑗𝜔𝐿 

The 5𝑚𝐻 inductor converts to: 

   𝑍𝐿 = 𝑗400(0.005) = 2Ω 

The 125𝜇𝐻 inductor converts to: 

  𝑍𝐿 = 𝑗400(0.000125) = 0.05Ω 

        

     Applying KVL for mesh 1: 

  

 And  
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Because  

 

 

Then  

 

 

      Therefore,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Uploaded By: anonymousSTUDENTS-HUB.com



 

286 

 

  

Uploaded By: anonymousSTUDENTS-HUB.com



 

287 

 

 

 

References 

[1] James Nilsson and Susan Riedel, “Electric Circuits”, 10th ed., Pearson, 2015. 

[2] Robert L. Boylestad and Louis Nashelsky, “Electronic Devices and Circuit Theory”, 11th 

ed. Pearson, 2012. 

[3] Roland E. Thomas, Albert J. Rosa, and Gregory J. Toussaint, “The Analysis and Design 

of Linear Circuits”, 7th ed. Wiley and Sons Inc. 2012. 

 

Uploaded By: anonymousSTUDENTS-HUB.com


