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Chapter 1

Introduction

An electric circuit is a mathematical model that approximates the behavior of an actual
electrical system, such as computer, power, control or signal processing system. The model is

employed to analyze and design such systems.

Voltage: is the energy per unit charge created by the separation, and is expressed as:

_dw
dq’
where, v is the voltage in Volts, w is the Work (energy) in joules, and g is the charge

v

in coulombs.

Electric current: is the rate of charge flow, and is defined as:
. _ dq
(f = S
dt
where, i is the current in Amperes, g is the charge in coulombs, and t is the time in
seconds.
Power: is the rate of doing work per time, and is defined as:

_dw

T

where, p is the power in Watts, w is the energy (work) in Joules, and t is the time in

seconds. And also is defined as:
_dw _ (dw)(dQ>
P="ar = \ag )\ ar )

The power absorbed by a circuit element is:

p = i 0

where, v is the voltage in Volts and i is the current in Amperes.

1
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Note the polarity of power absorbed (or consumed) by a network for various polarities of
voltage and directions of currents; the power consumed is positive either if the current enters

the positive terminal of the voltage, or the current leaves the negative terminal of the voltage!

I ——— + e
: v
@p = 0)p = v
i [

) v

+ o2 + 2
(c)p = —vi (d)p=wi

2
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Chapter 2

Circuilt Elements

2.1 Circuit Elements

An ldeal Circuit Element: is a two-terminal device, and can be classified as Active or Passive
based simply on whether they supply energy to the circuit or absorb energy from the circuit.
Active elements: Batteries and Generators

Passive elements: Resistors, capacitors and inductors

Active Circuit Elements (Sources):

They are two types; independent and dependent sources.

A) Independent Sources
An electrical source is a device that is capable of converting nonelectric energy to electric
energy and vice versa.
1- An ldeal Voltage Source is a circuit element that maintains a specific

voltage across its terminals regardless of the current through it. Us

2- An ideal Current Source is a circuit element that maintains a prescribed

current through its terminals regardless of the voltage across its terminals. %

Note that, the arrow direction indicates the chosen reference direction of positive

current charges.
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B) Dependent Sources (Controlled Sources)
They generate a voltage or current whose value depends on the value of a voltage or current
elsewhere in the circuit. They are represented by a diamond symbol. An example of

dependent sources is the transistors and many electronic devices.

1) Dependent Voltage Sources

Vg = KUy Vg = ply

a) Voltage-controlled VVoltage Source b) Current-controlled VVoltage Source

Note that, u is a multiplying constant that is dimensionless.

2) Dependent Current Sources

is = av, Ly = le

a) Voltage-controlled Current Source b) Current-controlled Current Source

Note that, 8 is a multiplying constant that is dimensionless.

Passive Circuit Elements
A) Resistor (R):
+ It impedes the current flow. It represents the part of the circuit in which energy entering
the element, by the flow of current through it, is transformed into heat. Light can be emitted
if the resistive element becomes hot enough to glow. R R .
+ Itis measured in Ohms (). .
4+ The relationship between the current and voltage across the resistor is a linear z‘l V2R
relation, and is given by Ohm’s Law as:
v = IR,
where, v is the voltage in Volts (V), R is the resistance in Ohms (Q)

and i is the current in Amperes (A).
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Conductance (G): is the reciprocal of the resistance and is measured in Siemens (S), (U)

or Mho

G S

_ 1
R

Note that,
when R = 0 then G = oo, and it is called a short circuit; v = 0

when R = oo then G = 0, and it is called an open circuit; i = % = 0, regardless of the

voltage at the terminals!
4+ The energy absorbed in the resistor is dissipated in the form of heat or light.

+ The Instantaneous power or the rate of energy absorption in the resistor is:

p = vi
or
p =wvi = (i R)i
- _'2R :i
p =1 P=5
Also,
2
p:‘U__> p—fsz
R
5
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Example # 1:

d{)lA" Sﬂ% ¢5UV U.ZS%
a) Calculate the values of v and i. @ ®)
(c)

b) Determine the power dissipated in each resistor.

1A U0 200 S50V 250
tT

(d)

Solution

a) The voltage v, in Fig.2.8(a) is a drop in the direc-
tion of the current in the resistor. Therefore,

v, = (1)(8) = 8 V.

The current ij, in the resistor with a conductance
of 0.2 S in Fig. 2.8(b) is in the direction of the
voltage drop across the resistor. Thus

i, = (50)(0.2) = 10 A.

The voltage v, in Fig. 2.8(c) is a rise in the direc-
tion of the current in the resistor. Hence

v, = —(1)(20) = =20 V.

The current iy in the 25 () resistor in Fig. 2.8(d)
is in the direction of the voltage rise across the
resistor. Therefore

=50
= -2A.

fa =g

b) The power dissipated in each of the four resistors is

8 2
P = S = (79 = W,
Poas = (50)%(0.2) = 500 W,
- (=20)* — (1) _
Pa0 = "5 = (1)7(20) = 20 W,
(50)°

= _ (o) _
s =5 = (Z2)(25) = 100 W.
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B) Inductor (L):

e It represents a two-terminal circuit element in which energy is stored in the 7
magnetic field; examples of inductors are the coils of wires used to makean -+ v -
electro-magnet, or the windings of wire in an electric motor. The inductance !
is measured in Henry (H).

e The voltage across the inductor is proportional to the rate of change of the current

v = LE’
through it as:

Therefore, the inductor’s current is:

i(t) t
vdt = Ldi - L/ dx=/fud1'
Ji(ty) Sy

1 t
i) = 7 f vdr + ity),
Iy

where i(to) is the initial inductor’s current at time to,

C) Capacitor (C):

> It represents a two-terminal circuit element in which energy is stored in c
the electric field. It is fabricated by placing two parallel conducting plates » _
separated by a layer of an insulating (dielectric) material. l

> Itis measured Farad (F).

» The “displacement current” current of a capacitor is proportional to the rate of change of

the voltage across its terminals as:

» Thus, the capacitor’s voltage is:

~U(T) 1 o
idt =Cdv or / dx = / idr.
. o

vlty)

v(t) = é[z’dr + v(tp)

where v(to) is the initial capacitor’s voltage at time to.
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2.2 Kirchhoff’s Laws

They are used to analyse complex circuits.
A node: is a point of connection of two or more circuit

elements; 4 nodes in the circuit: nodes: a, b, ¢, and d.

A Loop: is any closed path through the circuit in which

no node is crossed more than once. For example, “aba”,

“beb”, “abca”, “acda”, “bdab”, “bcdb”, “abcda” are 7 loops.

A Mesh: is any loop that does not contain within it another loop.

Therefore, the first 6 loops are meshes, but the last (abcda) loop is not a mesh.

A Branch: is a portion of the circuit containing a single element and the nodes are at each end
of the element; 8 branches are in the circuit.

2.2.1 Kirchhoff’s Current Law (KCL)
The algebraic sum of all the currents entering any node in a circuit equals zero.
If the current leaving a node is assumed positive, then the current entering the node is
assumed negative, and vice versa.
Assuming that the current leaving a node is positive, and applying KCL to the nodes in

the figure above yields:

node a i Tiy — i —i5=10
node b i, +i3 — iy —ip — i, =0
node ¢ i, — i3 — iy —i. =0

node d ist+i, +1. =0
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2.2.2 Kirchhoff’s Voltage Law (KVL)
The algebraic sum of all the voltages around any closed path in a circuit equals zero.
It is important to keep track of the voltage polarity; either the decrease in voltage is assumed

positive and then the increase is assumed negative, or vice versa.

Assuming a reduction in the voltage is positive, for the figure below, yields:

d
+
— — — I/l Vi RI
V= Ve + v — v, =0 . 2
+ v —
WA *—o
R, ¢
Example # 2:
Sum the voltages around each designated path in
the circuit shown in Fig. 2.17.
Solution i
. . o 10 d 20
In writing the equations, we use a positive sign for a i o
voltage drop. The four equations are (
path a v vy vy — v, — vy =0,
path b —v, + v3 + vs = 0,
pathc ”Ub_’Ugr_UC_U()_”US:O.
path d —Vy — V1 + V2 — V.t V7 — Vg = 0. Figure 2.17 A The circuit for Example 2.7.
9
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Example # 3:

a) Use Kirchhoff’s laws and Ohm’s law to find i, in

the circuit shown in Fig. 2.18.

10Q
WA L 4
i(l
120V

50 Q 6A

Figure 2.18 A The circuit for Example 2.8.

b) Test the solution for i, by verifying that the total
power generated equals the total power dissipated.

Solution

a) We begin by redrawing the circuit and assigning
an unknown current to the 50 () resistor and
unknown voltages across the 10 ) and 50 ()

v 6A

resistors. Figure 2.19 shows the circuit. The nodes
are labeled a, b, and ¢ to aid the discussion.

Figure 2.19 A The circuit shown in Fig. 2.18, with the
unknowns iy, v,, and v, defined.

Applying KCl at node “b” yields:
if—i,—6=0
Applying KVL for the bath “cabc yields:
—120 + 10i, + 50i; = 0

Solving egs. (1) and (2) yields:
i,=-3A
b) The power dissipated in the 50 () resistor is

and iih=3 A

Psoa = (3)%(50) = 450 W.
The power dissipated in the 10 () resistor is

Pioa = (—3)*(10) = 90 W.

10
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The power delivered to the 120 V source is
proov = —120i, = —120(—3) = 360 W.
The power delivered to the 6 A source is

Poa = —01(6), but vy = 50i; = 150 V

Therefore
Dea = —150(6) = =900 W.

The 6 A source is delivering 900 W, and the
120 V source is absorbing 360 W. The total
power absorbed is 360 + 450 + 90 = 900 W.
Therefore, the solution verifies that the power
delivered equals the power absorbed.

Analysis of a Circuit Containing a Dependent Source:

Example # 4:

: : - 5Q
Find v, in the circuit shown. 5 AMA b :
Solution: iA + ll”

) ) 500V v, 2204 5i
Applying KCL at node “b” yields: .

(¢}

iOZiA +51_\:61A

1)
Applying KVL for the left hand loop “cabc” yields:

500 = 5i, + 20i, @)
Solving egs. (1) and (2) yields:

l.A=4A,

i, =24 A.
v, = 20i, = 480 V

11
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Chapter 3

Simple Resistive Circuits

3.1 Resistors in Series

They carry the same current (by applying KCL).

An example of a simple loop circuit is shown in

the figure next.

Applying KCL at each node yields:
s =11 = —lp =3 =14 = —I5s = ~lg
Applying KVL to the loop yields:

— Uy + isRl + iSRz + iSR3 + i5R4 + iSRS + i5R6 + iSR7 = (),

oo vy, =1I(R + R+ Ry + Ry + Rs + Rs + R7).

The seven resistors can be replaced by a single resistor equivalent to all,

as shown in the equivalent circuit of the figure next, such that; v, T,-\ § Re

Req:Rl+R2+R3+R4+R5+R6+R7

and
vy = IgReq

In general, if k resistors are connected in series, the equivalent single resistor has a resistance

equal to the sum of the k resistances, or

k
Req=§;Ri=R1+R2+--- + Ry

13
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Note that, the resistance of the equivalent resistor is always larger than that of the largest

resistor in the series connection.

[ I
— 1 a Rl RZ RB —|d
T T
E"\ R4 <::> E"\ Req
h R, Ry R;s h

In other words, several voltage sources in series can be replaced by one source, whose value
is the algebraic sum of individual sources. Furthermore, the equivalent resistance of any

number of resistors in series is the sum of individual resistances.

3.2 Resistors in Parallel

When two (or more) elements are connected to the same single node pair, they are said to be

in parallel; they have the same voltage.

E\@ I Rl R2 R3 %R-l

i.e., Parallel-connected circuit elements have the same voltage across their terminals.

[P 4]

Applying KCL at the upper node, node “a”, yields:

iS:i]+ig+ig+i4

where, the currents i1, iz, i3, and i are the currents in the resistors Ri through Rs, respectively.

But, i1R1 = igRQ = l';Rg = i4R4 = Vg

14
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Therefore, each current can be expressed in terms of the source voltage and respective resistor

as:

Rearranging yields:

Thus, the four resistors in the previous circuit can be
replaced by an equivalent resistor, as shown in the figure
next, such that, this equivalent resistor draws the same

current from the source and has the source voltage across

it.

N_l,,m

o e

For “k” resistors connected in parallel, the equivalent resistor is:

In terms of conductance:

k
Gy = X G =G + G+

+ Gy

Note that, since the equivalent conductance is higher than the individual conductance of any

resistor, then the resistance of the equivalent resistor is always smaller than the resistance of

the smallest resistor in the parallel connection.

15
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Two Parallel Resistors

The equivalent resistor is:

a .

1 1 1 R +R

_—= 4 — = = =

Ry, R R R\R, R IR,

[ <
or b
_ RiR,
eq
R, + R,

For two resistors in parallel, the equivalent resistance equals the product of the resistances
divided by the sum of the resistances.

Example # 1:
Find is, i1, and iz, in the circuit shown in the Figure next, by simplifying the circuit using series-

parallel reductions.

40 X 30

Solution:
120V

The resistor 3Q is in series with 6Q resistor;

Req1 = 3 +6 =90

40 x
AMN—= »
This equivalent resistor, 9Q, is in parallel i
with 18Q resistor; 120V f l 180 £ l § 90
18(9) y )
Req2 = 1849 60
The equivalent resistor, 6€2, is in series with 4€ resistor;
40 x
A 'AA% ® ]
Reqs = 4+ 6 = 100 2
120V 6
; L
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The source current, is, is:

g = —— == 124

" Reqs 10
The voltage between x-y is the same as the voltage across the parallel branches, and is:
Vyy = Regals = 6(12) = 72V

Therefore, i; = Py =2 _gh

R, 18
, Uy 72
eq1

Note that, iy = i; + i, (KCL)!

3.3 Voltage Divider Circuit

Applying KVL for the circuit shown in the figure yields:

Vy = lRl + 1R2

Thus, . Vg
[ =
R+ R,

The voltages vi1 and v2 can be found by applying Ohm’s law;

. R,
v = IR, = vSRl TR
and
o R,
v, = iR, = ?)57121 TR

v; and v, are functions of v,

v, is divided between the resistors R: and Rz in a direct proportion to their resistances.

17
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For “n” series resistors, the voltage division is as follows:

h . R, R,
The current 1 Is: — W AM——— - N
i = v v ’\
Ri+R + - +R, Ry Circuit |v ' Rlé v;
1
where Req is the sum of all resistors! o~ AN -
Rn Rnfl
The voltage drop v; across the resistor R;is:
R
v = IRj = v
J Req
Loading Effect on the Potential Divider
Consider the circuit shown in the figure next.
Ry
- + &
The output voltage, v,, across the load, is: U i
Req R, v, §RL
YT R+ Ry B
where ) -
R)R;
Ryg=—"+-—
“ R, + Ry
Thus,
R,
v, =

TR+ (R/R)] + R

Ry
V!

Note that, as R, — oo, then v, =

As long as R;, > R,, then the voltage ratio ';—" is undisturbed by the addition of the load on the

divider.

In other words, R;, should be much larger than R, to avoid loading effect!

18
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3.4 Current Divider Circuit

[ ]
7

Consider the circuit shown in the figure next n

(1) Rigli v Ra3i

The voltage across the parallel resistors is:

RiR,

v=0L[R =LRy= —— i

Rearranging for the branch currents yields:

R, . Rl

= > —j and Ih= 1
R +R "’ - s

i
: R, + R,

These relationships are valid only for two parallel resistors.

The current in one resistor is directly proportional to the value of the other parallel resistor.

For “n” parallel resistors, the current division is as follows:

Circuit R, R,

The voltage v is:
v = i(R|Ry ... IR, = iR

where Req is the equivalent resistor of all resistors!

The current ij through the resistor R;is:

v Req
l . _ — = l
j . .

] Rf

19
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Example # 2:
Find the power dissipated in the 6Q resistor in the circuit shown in the figure below, by
simplifying the circuit using series-parallel reductions.

1.6 Q
& ‘M &

Solution:

10A 16 0 40 360
The resistors 4Q //6Q

4(6) _
4+6

Thus, Req1 = 2.40Q
and 2.4Q is in series with 1.6Q,
Therefore,

Regz = 2.4+ 1.6 = 4Q

The equivalent circuit will be as shown next.

The current in 4Q of the simplified circuit is found by 19 A 16 Q 4 Q§ lz

current divider;

Ry

i, =——m1I
O Ri+Reqz °

i, =——10 = 84

16+4

Thus, the current in 6Q of the original circuit is found by current divider of i, between 4Q &
6Q;

T ire 0
Thus,
ig=—8 =324

4+6

The power dissipated in the 6Q resistor is:
p = Ri%? = 6(3.2)? = 61.44W
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Example # 3:

, 40 Q vl
C . . 360
Use current division to find the current i, and use +
voltage division to find the voltage v, for the circuit %4 CD 003 1008 403 v

440

30020,

L 4 L L

Solution:
The equivalent resistor of all parallel branches is:

R.q = (36 + 44)[10](40 + 10 + 30)[24

= 80]10[80J24 = ——— —60

The output current i, is:

i =2
0 24

where v is the voltage across the parallel branches such that:
vV = Regls
v =6(8) =48V

Therefore,

. _ 6 _
iy = 5,(8A) =2A

and the output voltage, v,, can be obtained by voltage (potential) divider as:

30
48V) =18V
o488 V)

V, —
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3.5 Measuring Voltage and Current

» An ammeter is an instrument designed to measure current; it is placed in series with the

circuit element whose current is being measured. Ideally, it has zero equivalent resistance!

» A voltmeter is an instrument designed to measure voltage; it is placed in parallel with the

element whose voltage is being measured. Ideally, it has infinite equivalent resistance!

> Note that, an ideal ammeter or voltmeter has no effect on the circuit variable it'is designed

to measure.
() R 3
° JPA *
RASIANCY A 5
+ + -
O (O S
?

» These meters are classified in two categories: Analog and digital

3.5.1 Analog Meters

e They are based on the d’Arsonval meter movement, which implements the readout

mechanism.

e A d’Arsonval meter movement consists of a
movable coil placed in the field of a
permanent magnet. When current flows in the
coil, it creates a torque on the coil, causing it
to rotate and move a pointer across a
calibrated scale.

e By design, the deflection of the pointer is

directly proportional to the current in the movable coil.

/Pointer\
}4 / magnet
.\

Scale
>

Moveable

/ col
Permanent

Restoring spring

Magnetic steel core

e The coil is characterized by both a voltage rating and a current rating. For example, one

commercially available meter movement is rated at 50 mV and 1 mA. This means that

when the coil is carrying 1 mA, the voltage drop across the coil is 50 mV and the pointer

is deflected to its full-scale position.
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e An analog DC ammeter has a parallel

resistor, R,, to limit the amount of current Ammeter R, d’Arsonval
terminals movement

through the coil.

e Note that, a real ammeter has an equivalent resistance that is not zero, and it thus
effectively adds resistance to the circuit in series with the element whose current the
ammeter is reading.

e The effective resistance of an ammeter should be no more than 1/10m of the value of the

smallest resistance in the circuit.

e Ananalog DC voltmeter has a series resistor, R,,, to
R,

limit the amount of voltage across the coil. Voltmeter
terminals

d’Arsonval
e Note that, a real voltmeter has an equivalent movement
resistance that is not infinite, so it effectively adds
resistance to the circuit in parallel with the element whose voltage is being read.
3.5.2 Digital Meters
= They measure a continuous voltage or current at discrete points of time, called sampling
time. It converts an analog signal to a digital signal.
= They have several advantages over analog meters:
1. They introduce less effect on the resistance of the circuit.
2. They are easier to connect.

3. They are more precise due to the nature of the readout mechanism.
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Example # 4:

a) A 50 mV, 1 mA d’Arsonval movement is to be
used in an ammeter with a full-scale reading of

10 mA. Determine R 4. Ammeter R d’Arsonval
terminals A movement

b) Repeat (a) for a full-scale reading of 1 A.

c¢) How much resistance is added to the circuit
when the 10 mA ammeter is inserted to measure
current?

d) Repeat (c) for the 1 A ammeter.

Solution:
a) By Ohm’s law, the coil resistance is R, = E:)—mm = 50Q

Since the meter is to measure 10mA, then 9mA must pass through the parallel resistor,
R,. The voltage across the meter at 10mA will be SO0mV. Therefore, applying Ohm’s

law
(9mA)R, = 50mV > R, = = = 55550
b) Since the meter is to measure 10A, then 0.999A must pass through the parallel resistor,

R,. The voltage across the meter at 1A will be 50mV. Therefore, applying Ohm’s law

(0.9994)R, = 50mV > R, = 2 = 50.55m()

0.999

c) Let R, represent the equivalent resistance of the
ammeter. For the 10 mA ammeter,

~ 50mV

R = 10 mA

=510,

or, alternatively,
50)(50/9
NGOG UD .
50 + (50/9)
d) For the 1 A ammeter

_ 50 mV

R
" 1A

= 0.050 (2,

or, alternatively,

~(50)(50/999)

- — 0.050 €.
™50 + (50/999)
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Example # 5:

a) A 50 mV, 1 mA d’Arsonval movement is to be
used in a voltmeter in which the full-scale read-
ing is 150 V. Determine R,.

b) Repeat (a) for a full-scale reading of 5'V.

¢) How much resistance does the 150 V meter
insert into the circuit?

d) Repeat (c) for the 5V meter.

Solution:

R,

d’Arsonval
movement

Voltmeter
terminals

a) The current through the meter at 150V will be ImA. Since the meter is to measure

150V, then 50mV appears across the coils resistance (50€2) and 149.950V appears

across the series resistor, R,,. Therefore, applying potential divider yields:

_ Re __ 50
Vc Vmeasured - 50m =

" Ro+Ry 50+R,

150 —> R, = 149.95kQ

b) Since the meter is to measure 5V, then 50mV appears across the coils resistance (50Q)

and 4.950V appears across the series resistor, R,,. Therefore, applying potential divider

yields:

_ R )
Vc - Rc+Ry Vmeasured - 50m =

50

c) The resistance of the meter R,,, is:

150 V
R, = ——— = 150,000 Q,
103 A

or, alternatively,
R,, = 149,950 + 50 = 150,000 €.
d) Then,

5V
R, =——— = 5000 Q,
107 A

or, alternatively,

R,, = 4950 + 50 = 5000 (2.
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3.6 Delta-to-Wye (Pi-to-Tee) Equivalent
Circuits
In the opposite circuit, there is no series or parallel

connection.
However, the equivalent can be found by
implementing A — Y transformation.

The Delta configuration can be viewed as !

The Y (WYE)- or T- connection is shown in the
Figure next.

A Delta interconnection is equivalent to a WYE interconnection if the resistance between the

corresponding terminal pairs is the same for each connection (third terminal is open circuit).

The resistance between each pair of terminals is:

R.R, + Rp)
= = +
Rap R, + R, + R, Ry + Ry,
R R, + R,)
= = + s
R R, + R, + R. R+ Ry
Ry(R. + R,)
= - + .
Rea R, + R, + R, R+ Ry

Solving the above three equations yields:

1) A->Y
R, R,
R =— %
R, + R, + R,
R R.R,
2" R,+ R, + R,
RaRb
Ry= ot
: R, + R, + R,

IfR1=R2=R3(_>Ra=Rb=RCthen

Ry== and Ry=3Ry

26
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a b a
R
Rh R“
C

2) Y- A
R\R, + RoR; + R3R,
R, =
R,
RR, + RyR; + RyR,
Rb = - -
R,
RR, + RyR; + RyR,
R, = 3T
R;
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Example # 6:

Find the current and power supplied by the 40 V source in the circuit shown using A - Y.

Solution:

Either replace either the upper A (100, 125, 25Q) or the lower A (40, 25, 37.5Q) with its

equivalent Y.

Converting the upper A (100, 125, 25Q) to an equivalent Y, yields:

100 X 125
= —— = S .
R 250 00
125 % 25
R =" """-1250,
2 250
100 X 25
Ry=——c =100

The resulting circuit is as show in the figure next:

The resistance across the terminals of the 40 V
source can be found by series-parallel
simplifications:

50)(50
Ry =55+ O000 _ gy

g 100

100 Q

250

50

125Q

An 80Q resistor across a 40V source, therefore the current is:

. v 40
i=—=—=0.54
Req 80

The source delivers a power of:
p = vi = 40(0.5) = 20W
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Chapter 4

Techniques of Circuits’ Analysis

A planar circuit: is a circuit that can be redrawn on a plane with no crossing branches.

A nonplanar circuit: is a circuit that cannot be redrawn in such a way that all nodes’

connections are maintained and no branches overlap.

An example of nonplanar circuit is shown in

the figure next.

Notes: 1) Node-voltage method is applicable to both planar and nonplanar circuits

2) Whereas the mesh current method is applicable to planar circuits only

An essential node (n,): is a node where three or more circuit elements join.
An essential branch (b,): is a path which connects two essential nodes without passing
through an essential node.

Notes:
1- The number of independent equations obtained by using KCL equals (n, — 1)
2- The number of independent equations obtained by using KVL equals (b, — (n, — 1))

29

STUDENTS-HUB.com Uploaded By: anonymous



4.1 Node-Voltage Method (Nodal Analysis)

+ It relies on finding the node voltages and applies KCL at the essential nodes.
+ The first step is choosing a reference node, which is assumed to have a zero voltage;
the node which is connected to most branches.
+ Find the node voltages (n, — 1); the voltage rise from the reference node to the
nonreference node.
4.1.1 Node-Voltage and Independent Sources
Example # 1
Find the branch currents using nodal analysis

for the circuit shown in the figure next. IAY

Solution:

e There are 3 essential nodes. Thus the number of needed equations is (n, — 1) = 2
e Select the bottom node as the reference node.
e Name the upper nodes’ voltages; v; & v,

e Apply KCL to the upper nodes;

KCL at node 1

v, — 10 V1 — v
1 Ll 2

1 5 2

10171 — 100 + 2771 + 5171 _ sz =0
17v, — 5v, = 100 )

KCL at node 2

IR sy
2 10 B

5U2_5U1+U2_20:0
—5171 + 6172 =20 (2)
Solving egs. (1) and (2) yields:

100
- _ 909V
LT
120
= =1091V
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Now all the branches’ currents can be found!

v;—10 _ 9.91-10 _

iy = 2 — = —0.914
i, =2 =22 = 18184

i3 — v1;v2 — 9.09—210.91 — —091A
iy =2 =2"2= 10914

Note: When there are voltage sources connected directly between essential nodes, the number

of unknown node voltages is reduced, that is because the voltage sources constrain the

difference between the node voltages at these nodes to equal the voltage of the source.

Example # 2: Find the node voltages in the circuit shown in the following figure.

_ 1 100 2
Solution: n WA N 4
e There are 3 essential nodes. 100V 53250 1,$500
e Take the bottom node as a reference -~ _

node with OV.
e The number of needed equations is 3-1 =2 equations.
e But, since the 100V is connected between two essential nodes, then v; = 100V.
e Therefore, only one node voltage is unknown, which is v,
e Applying KCL at node 2 yields:
UV, — 0 v

Substituting for v; = 100V in the above equation and solving for v, yield:

5=0

Uy = 125V

The branches’ currents can now be found!
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4.1.2 Node-Voltage Method with Dependent Sources

Example # 3: Use the node-voltage method to find the power dissipated in the 5Q resistor in

the circuit shown.

2Q 50 20

e There are 3 essential nodes. Thus the
number of needed equations is:
(n,—1)=2

e Select the bottom node as the reference node.

e Name the upper nodes’ voltages; v; & v,
e Apply KCL to the upper nodes;
KCL at node 1

v1—20+ﬂ+vl—v2
2 20 5

=0

15171 — 4'172 =200 (1)
KCL at node 2

Tl SO S Bl
5 10 2
2172 - 2171 + (%) + 5172 - 4‘01@ = O (2)

But, iy ="
Substituting for iy in eqg. (2) yields:
—v,+1.6v,=0 3)
Solving egs. (1) and (3) yields:
v, =16V and v, = 10V
vi-v; _ 16-10

ip =2 == =124

and  Pso = Rig? = 5(1.2)2 = 7.2W
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Cramer’s Rule
It is used to solve a set on linear equations.
The k™ unknown X is:

Ny
%=y

where A is the characteristic determinant, and N is the numerator determinant for the k™
unknown.

For example: Assume that, a set of 3 currents equations is:
21i; — 9, — 12i3 = —33,
=3iy + 6i, — 2i3 = 3,
—8iy — 4ir + 22i; = 50.

The first step is to determine the characteristic determinant, A, as:

21 -9 —12
A=|-3 6 -2
-8 —4 2

6 -2 -9 -12 -9 -12
"\_21(1)‘—4 22‘_3(_1)‘—4 22‘_8(1)‘ 6 —2‘

A = 21(132 — 8) + 3(—198 — 48) — 8(18 + 72)

= 2004 — 738 — 720 = 1146.

The second step is forming the numerator determinant Nk from the characteristic determinant
by replacing the k™ column in the characteristic determinant with the column of values
appearing on the right-hand side of the equations.

33 -9 —12
N=| 3 6 -2
50 —4 22
N, = 1146,
33
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N, = 2292,
21 -9 —33
Ny=1|-3 6 3
—8 —4 50
N3 = 3438.

Thus, the solutions for the currents are:

=M

i A =1A,

. N

i :K: 2A,
And . N;

I3 =T=3A
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4.1.3 Node-Voltage Method and Supernode

Example # 4: Find the node voltages in the circuit shown in the figure below.

Solution:

e Assigning node voltages, and the current 10 4y,
in the dependent source, i, as it cannot be
expressed in terms of node voltages,
yield the figure next.

e Note that, v; = 50V

e Choose the bottom node as the reference node (0V)

e Applying KCL at node 2 yields:

Uy — Uy (%) .
+—=+i=0
5 50

e Applying KCL at node 3 yields:

e Adding the latter two equations to eliminate i yields:

Vy — Vq (] V3
2 2B _4-
5 50 100

The last equation can be obtained directly if the two essential nodes, including the dependent

voltage source, were combined in a one node 23
called supernode, as illustrated in the figure ——=
next, and then apply KCL at the super node 50Q 4.3100Q 4A
as: -
Vy — D (%) V3 . (1)
+—=+——4=0
5 50 100

Supernode: is a node combining two essential nodes with a voltage source between them.
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Another equation can be obtained from the dependent voltage source constraint equation as:

v3 = vy + 10iy

)

where j, — 02 ; >0 3)

Substituting eq. (3) in (2) yields a formula for v5 , then substituting for v; & v; = 50V in eq.

(1) yields:
1 1 1 10
— -+ + =10+ 4 +
”2(50 57100 500) 104+
v,(0.25) = 15,
v, =60V
60 — 50
From eq. (3), iy = - =2 A
and from eq. (2), v; =60 +20 =280V
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4.2 Mesh-Current Method

+ A Mesh current: is the current that exists in the perimeter of a mesh, not necessarily
the branch current.

+ A Mesh is a loop with no other loops inside it.

e

It is applicable to planar circuits only.

+ It describes the circuit by b, — (n, — 1) equations,
where, b, is the number of essential branches with unknown currents, and n, is the
number of essential nodes

4 Assign mesh currents on the circuit

4+ Apply KVL for each mesh

For example, for the circuit shown in the figure next,

ne =4

b =7

# of equations = b, — (n, — 1) = 4 egs. v,

The 4 meshes are marked on the figure.

4.2.1 Mesh Analysis with Independent Sources
Example # 5: For the circuit shown in the figure, use the mesh-current method to:
a) Determine the power associated with each voltage source

b) Calculate the voltage, v,, across the resistor

Solution:
ne =3 40V 20V
b, =5
# of equations = b, — (n, — 1)
=5—-3B3-1)=3 20 6 40
Apply KVL for mesh a:

—40 + 2i, + 8(i, — iy) = 0 20V

Apply KVL for mesh b:
8(iy, — i) + 60, + 6(i, — i) =0
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Apply KVL for mesh c:
6(i. — ip) +4i. +20 =20

Rearranging the latter 3 equations yields:
10i, — 8i, + 0i. = 40;
—8i, + 20i,, — 6i, = 0;
0i, — 6i, + 10i. = —20.

Solving these equations yield:

i, =5.6A,
i, = 2.0 A,
i. = —0.80 A.

a) The current in the 40V-source is the same as the mesh current “i,;”.

The power consumed by the 40V-source is:

Paiov = _4Oia = 224 W

The minus sign of the power means that this source is delivering (supplying) power to
the network.

The current in the 20V-source is identical to the mesh current “i.”, therefore, the power

consumed by 20V-source is:

Prov — 2OIC = —16 W.

The minus sign of the power means that this source also is delivering (supplying) power

to the network.

b) The branch current in the 8Q resistor in the direction of the voltage drop, v,, IS (iz — ip).

Therefore,

v, = 8(iy — i) = 8(3.6) = 28.8 V
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4.2.2 Mesh-Current Method with Dependent Sources
Example # 6: Use the mesh-current method of circuit analysis to determine the power

dissipated in the resistor 4Q in the circuit shown in the figure.

10
AM
Solution:
sov( "
ne =4
b, =6
# of equations = b, — (n, — 1)

=6—(4—-1)=3

Apply KVL for mesh 1:

1)

50 = 5(iy — i) + 20(iy — i3),
Apply KVL for mesh 2:

0 = 5(iy — i) + iy + 40y — i), @
Apply KVL for mesh 3:

0= 20(13 - l]) + 4(13 - lz) + 151¢ (3)
But the branch current i, can be expressed as:

id) = i] - ig
Substituting for iy in eqg. (3) yields:

0= —5i; — 4i, + 9is. 3

Rearranging eqgs. (1), (2) and (3’) yields:
50 = 25i; — Siy — 20is,

O = _Sil + 10l2 — 4i3»

0= —Sil - 412 + 913
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Since the question is concerned with the power in the 4Q resistor it is enough to find i, & i5;

i, =26 A,

i = 28 A.

and

P = (is — i)*(4) = (2)°(4) = 16 W.

Note that, if the node voltage method was used, it reduces the problem to finding one unknown

node voltage because of the presence of two voltage sources between essential nodes.

4.2.3 Mesh-Current Method and Supermesh

Example # 7: For the circuit shown in the figure 100

next find the mesh currents.

Solution:

+
_> 50V

ne. =4

There are 6 essential branches, but the unknown

branch currents are 5; so b, = 5
# of equations = b, — (n, — 1)
=5—(4—-1) = 2 are needed!

Assign the mesh current on the figure as was shown.

Apply KVVL for mesh a:
L. . 1)
100 = 3(i, — ip) + v + 61,
The current source has an unknown voltage across it; v!
Apply KVL for mesh c:
. . . 2
=50 = 4i, — v + 2(i. — ip) @)
Adding egs. (1) and (2) yields:
50 = 9i, — 5i,, + 6i, ©)
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Apply KVL for mesh b:

0 =3, — i,) + 10§, + 2(i, — i) )

The constraint equation of the current source is:

i.—i, =5 (5)

Simplification and solving of egs. (3), (4) and (5) yield:
i, =175A, i,=125A, and i.= 6.75A.

Concept of Supermesh: 100

Equation (3) can be derived directly if KVL is 3q

Supermesh

applied to the supermesh shown in the figure
next, without the need to include the voltage 100V

across the current source, v.

The supermesh is a mesh which a voids the current source!

Applying KVL to the supermesh yields:
—100 + 3(i, — ip) + 2(ic — ip) + 50 + 4i. + 6i, =0

which reduces to

50 = 9i, — 5i, + 6i,

which is the same equation as (3)!

4.3 Nodal Analysis versus Mesh Analysis
1- Use the method which results in a fewer simultaneous equation

2- If there is a super node use Nodal analysis
3- If there is a supermesh use Mesh analysis
4- If there is a method which gives the requested answer by solving a portion of the circuit

only, then use that method.
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Example # 8: Find the power dissipated in the 300Q resistor in the circuit shown in the figure.

_ 3000 <A
Solution: Wy
ne =4 150 Q 100 O 250 Q) 500 Q
b, =8 500,
256 V Tzoog 40003 128V

Using Nodal analysis,
#ofeqgs.=n,—1=4-1=3

Using Mesh analysis,
#ofeqs.=b,—(n,—1)=8—-(4—-1)=5

Thus, use Node method, since it needs less equations.

Choose the bottom node as the reference

node, and assign the other node voltages as 150 Lo, 0,500
shown in the figure next. a ¢
256VT 50 iy ?oon 128V
KCL at node “a” yields: ¢ I ¢
V, +vﬂ—256+va—vb+vﬂ—vczo
200 150 100 300
KCL at node “c” yields:
Ve +?)C+128+fvc—vb+vc—va:0
400 500 250 300
But
’ S0(v, — v Vo — U
/Ub — SOEA — ( C ﬂ) — C a

300 6

Rearrange and solve the above equations to find v, & v,!

_ 2
The power in 300Q is: P30 = (vc3olz)“) = 16.57W (prove it!)
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Derive the equations for Nodal analysis if

3000 <A
the reference was taken at node “a”, then a v
supernode will include the dependent source, 150 O 100 Q2250 Q{22500 O

as shown in the figure next!

256 V TOOQI @OQT 128 V

Study Example 4-6 (of the text book,10™ ed.)

|
|
!
|
Study other examples from the text book!

4.4 Source Transformation

It allows a voltage source in series with a resistor to be replaces by a current source in

parallel with the same resistor, and vice versa.

—’Vl\e/\z—.a ® 2
o) — ) R
L eb L Js)
(a) (b)

If a load resistor R; was connected across the terminals a-b, in both circuits, then the current
in figure (a) is:

L

‘LT RIR,

Whilst, the current in figure (b), by current divider, is:

: R .
], = w1
L R+R ™
If the two circuits are equivalent, then the two load currents must be the same:

Vs __ Rig
R+R;,  R+Rp

S

This implies that, v = Rig or iy = %
Note the polarity of v¢ and direction of i!
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Example # 9: Use Source Transformation
a) For the circuit shown in figure below, find the power associated with the 6 V source.

b) State whether the 6V source is absorbing or delivering the power calculated in (a).

4Q 6Q 5Q

Solution:
Note that,

e 3 node equations or 3 mesh equations have to be solved.

e The 6V source must be preserved when conducting any source transformation.

1- Transform 40V and 5Q 40 60
g1 = % = ? = 84 in parallel with 5Q! oV
2- 5Q//20Q

3- Transform 8A in parallel with 4Q
Vs1 = Regris; = 4(8) = 32V

4- 4Q in series with 10Q and 60
Regz =4+ 10 + 6 = 20Q

5- Transform 32V and 20Q 40
ig; = =2 =22 = 1,64 in parallel with 20Q!
Reqz 20 6V 30 0 200 1.6 A
6- 300Q//20Q
30(20
Reqs = 30&23 =N
40 12Q

7- Transform 1.6A in parallel with 12Q
Vsy = Rogsisy = 12(1.6) = 19.2V

8- The current i,

_ Ps2=6 _ 19276 _ 1 gocy

X 4412 16

9- The power pgy Is:
Pev = Vi, = 6(0.825) = 4.95W
The power is absorbed by the 6V-source, as the current is entering the positive terminal of the

6V-source.
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Note that, a resistor in parallel with the voltage source has no effect on the transformation
(figure (a)), whereas a resistor in series with a current source has no effect on the

transformation (figure (b)).

R Ry
a a a a
j vS j 0’ R
ob zb b b
(a)

(b)

Example # 10:

250 50

a) Use Source Transformation to find the voltage v,
b) Find the power developed by the 250V source ~ 230V 031000 2150

¢) Find the power developed by the 8A source
Solution:

a) The 125Q resistor across the voltage source has no 5t

effect, so it can neglected/removed!

Also the 10Q resistor in series with the current. 2%V 8A 0,3100Q 2200

source has no effect, so it can neglected/removed!
1- 5Qin series with 15Q = R4 = 20Q

2- Transform 250V and 25Q

i, =2 =22 =104 ; in parallel with 25Q!
s R 25

3- 25Q//20Q//100 Q

Regz = 100
4- The current sources can be combined together N
producing i, = 24 source (upwards); in parallel with 2A “13109

10Q

Vp = Regaisy = 10(2) = 20V

b) Refer to the original circuit, the current out of
the 250V source, i4, is the sum of the currentin 250V L21000Q 2150
the 125Q and the current in the 25€;

. v Vg—7 250 250-20
=== 20= =4 =11.24
125 25 125 25

DPasovy = Vsl = 250(11.2) = 2800W (supplied by the source)
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c) Refer to the original circuit,

the power consumed by the

8A source is: S A '
- + st : -
2311V<_> 0, 21000 3150

Psa = Uszlgy

The voltage of 8A source, v,,, is (by KVL):
—vg, + v, —10(8) =0
Vs, = 20 — 10(8)
vy = —60V
pPga = —60(8) = —480W (consumed)
psa = 480W (developed by or supplied by the source)

Note that, the 125Q and 10Q resistors do not affect the value of v,, but do affect the power

calculations.

4.5 Thevenin’s and Norton’s Theorems

Thevenin’s Theorem: it is possible to replace the entire network, exclusive of the load, by an
equivalent circuit that contains only an independent voltage source (Vyp) in series with a

resistor (Ryy), in such a way that the current-voltage relationships at the load are unchanged.

® RTll .
A resistive
network containing ‘
independent and Vn
dependent sources
e b b
(a) (b)

Norton’s Theorem: it is possible to replace the entire network, exclusive of the load, by an
equivalent circuit that contains only an independent current source (Iy) in Parallel with a

resistor (Ry), in such a way that the current-voltage relationships at the load are unchanged.
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Such that,
Vin = Ve , Where V. the open circuit voltage at terminals a-b

Iy = iz, Where i the short circuit current at terminals a-b

Rrp =Ry = ? in general (for cases 1 and 2), but it can be found by various methods

sc

depending on the types of sources in the network!

4,5.1 Case 1: Independent Sources Only
Ry, or (Ry) can be found by looking into the open circuit terminals; a-b, after setting
all sources to zero; current sources are set to zero current (replaced by an open circuit),

and the voltage sources are also set to zero voltage (replaced by a short circuit).

Example # 11: Find the Thevenin’s and Norton’s equivalent of the circuit in the figure below.

50 40
WA ¢ ® AW\ ®a
+
25V 20 Q 3A Va
Solution: . | oh

1- The Thevenin’s voltage, Vi, =V,
Note that, when the terminals a-b are open, there is no current in the 4€ resistor.
Therefore the open-circuit voltage is identical to the voltage across the 3 A current
source, labelled v, .
Using Node-method, taking the lower node as a reference node, and applying KCL at the

upper node yield:

50 40

?)1—25 (%
+L-3=0
5 20

25V

Solving yields, v; = 32V

Therefore, Vo, =V, = Vy, = v; = 32V

2- Thevenin’s resistance, this is case 1, so deactivate 50 40
(get rid of) all independent sources; the current

source is replaced by an open circuit and the voltage 200 <— Rap

source is replaced by a short circuit, then look into

the terminals a-b;
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5 % 20
R, = Ry =4 + 5 =80 ‘%V(\l, P

Therefore, the equivalent Thevenin’s circuit is: <+> PV

b

3- Tofind Iy = i,

Using Node-method, taking the lower

25V
node as a reference node, and applying
KCL at the upper node yield:
UV — 25 5] (25]
= -3+ ==
5 20 4

Solving yields, v, = 16V

Thus, is; = =

16

4- To find the Norton’s equivalent

RN = RTh = 8Q
. Voc __ 32 . A
It can also be found as: Ry = === 8Q; ®a
SC
The equivalent Norton’s circuit is shown in the figure next. 4 A 80

eob

Note that,

e Thevenin’s and Norton’s equivalent circuits are the source transformation of each

other.
e The current in the short circuit i;. must be assumed to flow from the positive to the

negative terminal of V..
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4.5.2 Case 2: Independent and Dependent Sources
In this case,
Vrn = Ve , Where V. the open circuit voltage at terminals a-b
Iy = i, , Where i . the short circuit current at terminals a-b

Rt & Ry can be found either by:

1- Ryp =Ry = ? as explained before, or
2- Rrp =Ry = ';—T where v & i are the Test voltage and current, respectively,
T

applied at the network terminals

Example # 12: Find the Thevenin’s and Norton’s equivalent circuits at the terminals a-b for

the circuit in the figure shown next.

4 @ a
Solution: - i
- 20i V2250 vy
e This is case 2; the network has : !
dependent and independent sources. ) e ob

e Note that, i, is zero as there is no return path!
e To find VTh = VOC = Vab =7,
Vo = —(20i)25 = —=500i (1)

But, the current i, controlling the current-controlled current source, is:

i:5—3U:5_3VTh (2)
2000 2000

Solving egs. (1) and (2) yields:
VTh = —5V

e TofindIy =i,

2 k() a
Place a short circuit link at the WY * *
I
terminals a-b, and assign i . on it, as C) oo i x50 i l
shown in the figure next.
. . b

Since, there is short circuit across a-b, the voltage across a-b is zero v = 0, and therefore

the voltage-controlled voltage source is zero; it is replaced by a short circuit.
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Note that, with a short circuit at a-b, all the current of the current-controlled current-
source flows in the short circuit;
ige = —20i

But, the current, i, controlling the current-controlled current source is:

5
| = — -5
1 2000 2.5 mA

Therefore, iy, = —20(0.0025) = —50mA —» Iy = —50mA
Thus,

Voc -5
RTthNzazmzlooﬂ

100 Q

The Thevenin’s equivalent circuit is shown next.
5V

To find Thevenin’s Resistance using the Test Source:
Deactivate all independent sources and connect a Test source at the terminals a-b of the

original circuit, whose current is i and voltage is v, as shown in the figure below.

I
Apply KCL at the output node: 2,\/1\{,8 o “ o
. vr : i
Ir = E + 20i 37)T¢ @2()1’ 25Q Ur
But, —3v — . i
[ = T mA
2
Combining the latter two equations yields:
. vr 60’UT
IT = - —
25 2000

Rearranging the latter equation, yields:

i 16 50 1
or 25200 5000 100

Therefore, ),
Ry, = —- = 100 O
IT
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4.5.3 Case 3: Dependent Sources Only (Dead Circuits)

Since there is no independent source, Vy;, = 0 & Iy = 0.

Ry =Ry = ';—TT where v & i are the Test voltage and current, respectively, applied at the

network terminals

Example # 13: Find the Thevenin’s and Norton’s equivalent circuits at the terminals x-y for

the circuit in the figure shown next, where:

R;
p=15 A o —
R; = 3Q X
R, =20 Bir, R, § R
R5 = ZQ = RL y
._

Solution:

Since there is no independent source, Vy, = 0& Iy =0

To find Ry, or Ry, apply a test voltage v at x-y, and find iy, then Ry, = Ry = ’L’—T
T
KCL at the upper node, and taking the R iT
3 -
bottom node as a reference yield: AM —
ib X
vT_ﬁib vT i sz R4 UT
R’ ‘R 70
3 4 y
-
But, ib = _iT
Combining the latter two equations, substituting values and rearranging yield:
L =0.6Q - Ry, = Ry = 0.6Q *
ir ' Th N ' Rrp § Rs
y
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4.6 Maximum Power Transfer

To calculate the value of the load resistor that draws the

A

maximum power from a network, replace the whole  Resistive network

containing

network by its equivalent Thevenin’s or Norton’s circuit! independent and
dependent sources

The load power is:
p RTh

be———

o

£,

_pr =Y VR
b k Ry, + R ) F YV

z'lgRL

To find the value of R;, that maximizes the power transferred to the load,
1

derive the power with respect to R, :

dp V2 |:(RTh + R;)* — R -2(Ryy, + RL):|
- Th 4
dR,, (Rth + Ry)

N
1

set the derivative equal to zero:
(Rrn + R.)” = 2R, (Rty + Ry)
3- The power is maximum when:

R, = Ry

4

p 2 ( Vrh ) R _ (VTh )2 R
max Rrn+Rrh Th 2Rrh Th

Thus,

Vp)? Ry(Iy)?
= Vrn) OF Py = NUnN)
4R 4

52
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Example # 14:

a) For the circuit shown in figure next, find the value 30 Q a

of R, that results in maximum power being

transferred to R, 360V 1500 SR,
b) Calculate the maximum power that can be —e

delivered to R,
c) When R, is adjusted for maximum power transfer, what percentage of the power delivered

by 360 V source reaches R, ?

Solution:
a) The Thévenin’s voltage for the circuit to the left of the terminals a-b is:

Vo, = @(360) = 300 V
180
The Thevenin’s resistor is found by looking into the terminals after deactivating the
voltage source, as it is case 1: 25 Q a
= (15f;é30) — 250 300V R,
Therefore, R, = Ry, = 250 b

b) The maximum power that can be delivered to R, is:

_ (vr)? _ (300)% _
Pmax = 4Rrn  4(25) 200w

C) When R, = 250, the voltage v, is:

300
Vup = ( 5 )(25) =150 V

From the original circuits, the source current flowing out of the positive terminal is:
_ Vs—Vgp _ 360—150 _ 210

g = =—=7A
30 30 30

The power delivered by the source to the circuit is:
ps = vgis = 360(7) = 2520W
The percentage of the source power delivered to the load is:

900

—— X 100 = 35.71%
2520
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4.7 Superposition
e Superposition states that whenever a linear system is excited, or driven, by more than

one independent source of energy, the total response is the sum of the individual
responses. An individual response is the result of an independent source acting alone.

e Only one independent source is left in the circuit, all the other independent sources are
deactivated; a current source is replaced by an open circuit, whilst a voltage source is
replaced by a short circuit.

e All dependent sources stay in the circuit.

e Linearity requires additivity and homogeneity (scaling).

e The response to one independent source is superimposed on the responses of the other

independent sources.

Example # 15:

For the circuit shown in the figure next, use

120V 12A

superposition to find the branch currents.

Solution:
1- The response to 120V source acting alone (12A source is replaced by an open circuit)
Use Nodal analysis, and apply KCL at node 1

60 Y
/V\A, &
V| — 120 (] Dy T’ T’
—+ — + =0 ! 3
6 3 244 120V /gl 3 /;1 10
Arranging and solving yields: A
v =30V !
The branch currents in response to the 120V source are:
120 — 30
I =—TT—=15 A,
6
30
I = 3 =10 A,
30
ih=Iy=—=5A
6
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2- The response to 12A source acting alone (120V source is replaced by a short circuit)
6Q 20

12A

Use nodal analysis to find the node voltages v3 & v, with the bottom node as a reference:

KCL at Node 3: ‘W% %v%
v v V3 —
24343 Fo + +
3 6 2

KCL at Node 4:

=)

Uy 30 Uy 40 12 A

Vg — U3 Vyq
— =+ 24+ 12=0
2 4

Arranging and solving the latter two equations yield:
v3; = —12 'V,

v = 24 V.

The branch currents in response to the 12A source are:

- 12
=Pt
6 6
V1 —12
(= 2 - — = —4 A‘
=373

o] B—

I3 =

. 24
z:{=24=4 - 6 A

3- The branch current in the original circuit is the algebraic sum of individual contributions

of each individual source acting alone:
W =0 +il=15+2=1T7 A, h=ih+tih=10—4=06A,

=i +K=5+6=11A, iy =i, +if=5—-6=—-1A.
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Example # 16:

For the circuit shown in the figure next,

use superposition to find the output
voltage, v,. 10V

Solution:
1- The response to 10V source acting alone (5A source is replaced by an open circuit)

0.4 vy’

50
The right hand loop, has a current of 0.4v;; W <Y *
N
vy = —10(0.4v,) 10V 03200 1,/3100
’ ’ I 21y
vp=—4vy, > 1, =0 - - -

No current flows in the right hand branch, which means that the branch containing the two

dependent sources is open circuit.

Therefore, v, is obtained by voltage divider:

[ — 20 J—
v, = 5(10) =8V

2- The response to 5A source acting alone (10V source is replaced by a short circuit)

Use nodal analysis, and assign nodes W

KCL at Node a:

?):9’ ’Ug " " "

%+?—0.4f0;\=0. or Svl — 8 =0 (1)
KCL at Node h:

Uy — 21’_(‘
040y + ————— —5=0, or
A 10
4ol + vp — 2i% = 50. (2)
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But, v, =v,+ vg
v, = 21y + V)

Substituting for v, in eq. (2) yields:
S =50, or vi=10V

Substituting for vg in eq. (1) yields:
Svp =80, or vy =16V

3- The output voltage in the original circuit is the algebraic sum of individual contributions

of each individual source acting alone:
Vo =V, + 1,

vy =8+ 16 = 24V
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Chapter 5

Inductance and Capacitance

5.1 Inductance and Inductors

Inductance: relates the induced voltage (due to the time varying magnetic field) to the current.
An inductor: is a passive circuit element, which is composed of a coil of wire wound around
a supporting core, whose material may be magnetic of nonmagnetic. It stores energy in its
magnetic field.

e Examples of inductors are the coils of wires used to make an electro-magnet, or the

windings of wire in an electric motor.

L
e Itis measured in Henrys (H); uH to ten’s of Henrys e—rYYY__o
e Itis represented graphically as a coiled wire. T v N

1
e The voltage across the inductor is proportional to the rate of change of the current through

it as:

di
— L—
YT

where v is measured in Volts, L in Henrys, i in Amperes, and t in seconds.

Note that,
1- If the inductor current is constant, then v = 0; the inductor is a short circuit

2- The current cannot change instantaneously in an inductor
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The inductor’s current is:

i(7) 1
vdt = Ldi — L/ dx=/vdr
Ji( Ji,

ty)

where i(t,) is the initial inductor’s current at time ¢

1 f
i) =, [ vdr + i(t),

5.1.1 Power and Energy in the Inductor
The power of the inductor is:

p=iv

But, v = LZ—i , therefore,
di 1 /!
p=L1E or pZU[L,[“vdTJ”(IO)]

The energy and the power are related by:

dw di
B T
P= " ~ "t

where w is the energy (or work)
dw = Lidi
If the reference of zero energy corresponds to zero current, changing variables of integration

and integrating yields:
/ dx = L/ydy
Jo Jo

Thus, the energy of an inductor is:

1
w = ELiz

Energy is measured in Joules.
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5.1.2 Series-Parallel Combination of Inductors

A) Series Inductors:

L, L, Ly
They carry the same current, i. + v -+ U -+ U3 -
e—/YYY L _g rYYY\._g rYYY. g
- v —
The voltage across each inductor is: !
di di di
V1=L1E,UZ=Lza,and v3=L3E
But, the total voltage, v: i
V=0, 4+ v, + s L, L, L
O—YYY\L_g rYYY\ g rYYY\. @
di di di + v -
V—L1E+L25+L3E l([o)
ai
U:(L1+L2+L3)d_:_ @
l
di "
U=Le g Lc(1=L1+L2+L%
9 dt e
where L., is the equivalent inductance such that, i(to)
Leg =1L+ 1Ly +1y

For N series inductors, the equivalent inductor is:
Leq=L1+L2+L3+ +Ln

Note that, the equivalent inductor carries also the same initial current, i(t,), as the series

inductors.

B) Parallel Inductors:
Parallel inductors have the same voltage, v.

The currents in the inductors are:

o1 / . :
iy =— [ vdr + ii(ty) L
Lidi | ? i i i
| 2 3
_ 1 /! _ v Lll lil(fo) Lzl liz(fo) le lis(fo)
L. Iy ;

J

1 A
I3 = L?'/ru?)d’r + ig([o)
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KCL at the upper node yields:
i = il + iz + i3

Substituting for each current and arranging terms yield:

(11 1)/ . : :
_ (Z + % + L_q,)/,“vdT + 14(to) + ia(to) + 13(to)

1
i=— [ vdr + i(t)

Leq. I
Such that,
L = i + i + 1 _’..
Leq L] L2 L’a‘ J.r—
] ] ] 1 ) (1, Le(
i(ty) = 11(ty) + ix(ty) + iz(tp) v i O)l% |

Thus, for N parallel inductors, the equivalent inductor is:

1 1 1 1
Leq Ll LZ Ln

and the equivalent initial current is the sum of individual initial currents;

i(ty) = i1(ty) + ix(to) + -+ + inlto)

5.2 Capacitance and Capacitors

A Capacitor (C):

» It is a passive circuit element composed of two conducting plates c
separated by a layer of an insulating or a dielectric material (C = %; eis  + v —
the permittivity of the dielectric, “A” is the area of the plates, and “d” is
the separating distance between plates).

» It is measured in Farads (pF ... mF)

> It stores energy in its electric field.

> As the voltage varies with time, the displacement of charge also varies with time, causing

what is known as the displacement current.
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» The “displacement current” current of a capacitor is proportional to the rate of change of

the voltage across its terminals, with respect to time, as:

i=C—,
dt
where i is measured in Amperes, C in Farads, v in Volts, and t in seconds.

» Thus, the capacitor’s voltage can be found by arranging and integrating as:

~v(1)

1 [
idt = Cdv or / dx = / idr.
Ju(ty) C In

1

o) = . [ idr + (o)

where v(t,) is the initial capacitor’s voltage at time ¢,

5.2.1 Power and Energy in the Capacitor
The power of the capacitor is:

p = Vi

But,i = C—t , therefore,
d 1 '
v . .
= Cv— =i| = [ idr + ot
p v " or p C /{() (fo)

The energy (w) of the capacitor can be found as:

= — = (Cy—
p dt vdt

Therefore, dw = Cvdv

Integrating both side yields:

/deC/ydy
Jo Jo

1
w = ECUZ

Thus,

The reference for zero energy corresponds to zero voltage.
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5.2.2 Series-Parallel Combination of Capacitors

A) Series Capacitors:

Applying KVL: O
= T +
vV=v+v,+ -+ v, €, ==, (1)
But, _
1 t
o(t) = f/ idr + v(ty)
C tO +
Thus, v C, == 2 (1)
1 1 1 t . B
v = (C—1 + C—2+...+C—n) Jy, il + {v1(80) + v2(t0) + -+ va(t0)}
+
C: vy ([O)
1 t . B
v = (C_eq) fto idt + U(to) P
where, is the equivalent capacitor is:
1 1 1 1
Ceq_C1+C2+C3
and the initial voltage is:
i
v(ty) = v1(t) + v, (L) + v3(to) [ ———
: : . D +
In general, For N series capacitors, the equivalent capacitor is: +
1 1 1 1 Y Cog =0 (f0)
ot te )
eq 1 2 n

And the initial voltage at the equivalent capacitor is:

v(ty) = v1(tg) + v2(Tp) + -+ + v, (Lo)

B) Parallel Capacitors:

Applying KCL at the upper node: i
i:i1+i2+“’+in

+ @

But, i; = C; %, the above equation becomes: v C 1% Cv% G/~

Cog o =Cro+ G4t Cy . ,-
Coq 2= (C+ C 4+ C) & SE—
v ~Ceq
Therefore, Cpq = Cq +C3 + -+ Cy .

Note that, the equivalent capacitor has the same initial voltage as the parallel capacitors, v(t,).
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Chapter 6
Response of First-Order RL or
RC Circuits

+ The analysis will be carried out to determine the response (the currents and voltages) that
arise when energy is either released or acquired by an inductor or capacitor in response to
an abrupt change in a DC voltage or current source.

+ The response due to releasing the energy stored by an inductor or capacitor into a resistive
network is known as the natural response, to emphasize that the nature of the circuit itself,
not external sources of excitation, determines its behaviour.

+ The equivalent circuit for the natural response could be represented as shown in the figure

below.

®

(a) (b)
+ RL (resistor-inductor) and RC (resistor-capacitor) circuits are also known as first-order

circuits, because their voltages and currents are described by first-order differential
equations.

+ No matter how complex a circuit may appear, if it can be reduced to a Thévenin or Norton
equivalent circuit connected to the terminals of an equivalent inductor or capacitor, it is a

first-order circuit.

RTh °
+ —’," +
VTh
(Ove 13 () Fn 13
_ . _
(a) (b)
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6.1 The Step Response of an RL and an RC Circuit

It shows how a circuit responds when energy is being released/stored in an inductor or a
capacitor.
6.1.1 The Step Response of an RL Circuit
Assume that the switch in the figure is closed at time t = 0Os.
Applying KVL yfelds: . S
di(t) W -
t=0

LF-FRi(t) =T

| =+
:||
[
h
| =

Dividing both sides by L yields:

dit) | R. N _ Vs
dt +Ll(t)_L

6.1.2 The Step Response of an RC Circuit

Assume that the switch in the figure is closed at time t = Os.
Applying KCL yields:
dv(t) 1 ! ¥

C +—v(t) = I +
ac R I, R C =R
Dividing both sides by C yields: < -
dv(t) 1 _Is
ac T Ev(t) ~c
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6.1.3 Solution to the Differential Equation
Both networks can be described by a single differential equation in the form:

+aX(t) = f(t)

dx(t)
dat

where X(t) represents a current or a voltage in the network; X(t)is the solution to the
differential equation and equals:
X() = X, () + X ()

where X,,(t) is the particular integral solution or forced steady state response, such that:

dx,(t)

20+ X, () = £

X, (t) consists of functional forms of f(t) and its first derivatives, except for f(t) = Ae™%

where "a" in f(t) is the same as "a" in the equation.

Some forms of f(t) and their particular solutions are shown in the table below.

A k,
atn botn + bltn_l + bztn_z + -+ bn
Ae™ ™t kle—rt
A cos wt
B sin wt D cos wt + E sin wt

Whilst, X.(t) is the complementary solution or natural (transient) response, and it is any

solution to the homogeneous equation:
aXe(t)
dt
X.(t) and its derivative have the same time varying form, therefore,
X (t) = ket

+aX.(t)=0
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If £(t) is a constant, A, as it is the case with DC source excitation, then the general solution

to the differential equation

ax(t)
dt

+aX(t)=A

X(t) = Xp(0) + Xc(6)
> X(t) =k, + kye™®

Ast - o, k,e”% — 0, the remaining term k; is referred to as a steady state solution (was

called a particular solution).

If X(t) is writen in the form:
t
X(t) = kl + kze_;

Then the term 7 is called the time constant of the network, and t = %

Time Constant (7):
It determines the rate at which the voltage or current reaches its steady state value.

For RL network, = ;ﬂ , (ort= ;ﬂ if the circuit has dependent sources)
eq Th

For RC network, T = R, Ceq, (Or T = RpyCeq if the circuit has dependent sources)

For example, if
i(t) =Ie /", t>0

after 17:  i(t) = 0.371,
after 5t:  i(t) = 0.011,

i=1le "

i = ]O_(IO/T)[

Which means that during the first 17, 0.37lp= — =

the function has 63% change of its final

value.
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Example # 1: Natural response of an RL circuit

The switch has been closed for a long time before it is opened at ¢t = 0. Find:

a) iy(t)fort=0
b) i,(t) fort = 0%
c) v,(t)fort = 0"

d) the percentage of the total energy stored
in the 2H inductor that is dissipated in the 10Q resistor

Solution:

a) Att=10",
i, (07) = 204; all the source current passes in the inductor as the circuit was in steady
state, and the inductor acts like a short circuit; for a long time means reached steady state!

i,(0%) = i,(07) = 204; no instantaneous change in the inductor’s current.

Fort > 0,
The circuit has no excitation, and can be described by a 20 i
homogeneous differential equation, (f(t) = 0); it has

transient (natural) response only, and no particular

response; steady state response is zero.
Thus,

t
lL(t) = kze_;

The equivalent resistor connected with the inductor is:

R, =2+ (40 | 10) = 100
The time constant () is:

L 2
T=-2===02s
Req

Therefore,

t
lL(t) == kze_E == kze_St

But the inductor current at t = 07 is:
i, (0%) = 204 = k,e5©

~ky =i,(0%) = 204
() =20e A t>0

69

STUDENTS-HUB.com Uploaded By: anonymous



b) The current in 40Q resistor, i,(t), can be found by current

divider:

i,(t) = %ﬁ)) : valid for t > 0%, because the current in the resistor is not a

continuous function; i, (07) = 04
io(t) = —4e >t A ;t=>0"

c) The voltage across the 40Q v, (t) can be found by Ohm’s Law:
v,(t) = 40(—4e7%%) ;t>0"
v,(t) = —160e™5¢ V ;t>0"

d) The power in 10Q resistor:
2

Pall) = 1)8 = 2560e "W, (= 0"

The total energy dissipated in the 10 () resistor is
o0
wigo(t) = [ 2560e " dt = 256 1.
Jo
The initial energy stored in the 2 H inductor is

w(0) = %LiZ(O) = %(2)(400) = 400 J.

The percentage of the inductor’s energy dissipated in the 104 resistor is:

256

100) = 64%
400( )
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Example # 2: Natural response of an RL circuit with parallel inductors
In the circuit shown, the initial currents in inductors L, & L, and have been established by
sources not shown. The switch is opened at t = 0:

a) Findij,i;andis;fort >0

b) Calculate the initial energy stored in the parallel inductors

c) Determine how much energy is stored in the inductors as t — oo

d) Show that the total energy delivered to the resistive network equals the difference

between the results obtained in b) and c)

40
Y Y . & /M Y
| . + |
lfJ l/: =0 fﬁl
SAT 4A o) 3400 150 g0
L, (5H) '3L,(20H)

Solution:

Note that, the initial currents in the inductors are given, so no need to analyse the circuit for
t=0"!

Fort =0,

The two inductors are in parallel, the equivalent inductor is:

L= lalz _ 50) _
€d T L +L, 5+20

The initial current of each individual inductor is:
i11(07) =i;,(07) = 84 and i12(0%) = i;,(07) = 44
The initial current of the equivalent inductor is the algebraic sum of the initial currents in

individual inductors:
iL(0+) = iL1(0+) + iL2(0+) = 8 + 4‘ = 12A

And the equivalent resistor is:
R.q = 40]|(4 + (15]]|10)) = 8Q

the circuit can be reduced to the equivalent circuit shown

@
in the figure next. - !
. : 12A144H (1 80
The time constant () is: T i) §
L

L 4
1=-2=-=0.5s
Req 8
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The circuit has no excitation, thus the current is the inductor’s current is:
i(t) = kye™
i(6) = i, (0-)e a5
i(t) =12e 2t A;t >0
Now v(t) is simply the product 8i, so
o(t) = 9%e 2V. =0 Because v(07) = 0V

a) Refer to the original circuit to be able to calculate the currents iy, i, and i5:

40
’ o 9 A9
| | ¥ |
lfl l“l (=0 “l
Al 4a 20 3400 150 g0
L (5H) 3L, (20 1)
. S

1/
i = 3 / 96e¢ “*dx — 8
< J0

=16 —96e %A, =0,
t

1
h =— [ 96e*dx — 4
I 20/, e “dx

=—-16 —24e %A, =0,

o) 15
10 25

iy = =576¢ A, t=0".

b) The initial stored energy in the inductors is:

w = %(5)(64) + %(20)(16) = 3207

C) - As t— 00, ij—16A and i, — —16A
Thus, the energy stored in the two inductors is:

1 | 1 o
w = 5(5)(1.@)2 + 5(20)(—1.6)- =321.

72

STUDENTS-HUB.com Uploaded By: anonymous



d) The energy delivered to the resistive network can be found by integrating the instantaneous

power function from zero to infinity, where:

v()?  (96e~ Zt)z

p(t) == =1152e~*
eq
Therefore,
w = / pdt = / 1152e *dt
Jo Jo

_ 1152e~ %

= 288J
0

The difference in the inductor’s energy is:
AW = Winitial = Wrinal
Aw = 320 — 32 = 288]J, which is the same as the energy delivered to the

resistive network!

Example # 3: Natural response of an RC circuit
The switch in the circuit shown in the figure has been in position “x” for a long time.
At t = 0 the switch moves instantaneously to position “y”. Find:

a) ve(t) fort = 0,

b) v,(t) fort = 07,

c) i,(t)yfort =07, and

d) the total energy dissipated in the 60 k() resistor.

10 k€ x ko Y

100 V 240 kO Z 60 k)

Solution: . o
Fort <0,

The switch was in its position for a long time, that means the circuit reached its steady state,
and the capacitor was fully charged to its final value; 100V.

The charging current is zero (the source voltage is constant), and the capacitor is represented
as open circuit.

v,(07) = 100V = v,.(0%); the voltage across the capacitor is continuous

73

STUDENTS-HUB.com Uploaded By: anonymous



For t = Os,

The equivalent resistor connected with the capacitor is:

Req = 32k + (240k||60k) = 80kQ

And the time constant is:

a)

b)

d)

T = R.qC = 80k(0.5u) = 40ms

Since there is no excitation in the circuit for t > 0s, the capacitor’s voltage is:
t

v.(t) = ke 7 ,t = 0s v(r)

But, 0.(07) = v,(0*) =k, > ky = 100V |

t
vc(t) = vc(o_)e_m
v.(t) = 100e~ 2t V;t >0

0 T

v, (t) can be found by voltage divider of v, (t) between 32k and (240k||60k);
Req2 = (240k||60k) = 48k

By voltage divider,

48Kk(ve(t) )

vo(t) = 48k+32k

v,(t) = 60e~ 2%tV t > 0%
Note that, v, (t) is valid for > 0" , because v,(0~) = 0!

The output current is found by Ohm’s law:

io(t) =22 = =25t A ¢ > 0*

The instantaneous power of 60k(2 resistor is:
Pooka(t) = (60k)i,(t)*
Peoka(t) = 60e™ % mW , ¢t > 0%
The total energy of the 60kQ resistor is found by integrating the instantaneous power

function from zero to infinity;

N
Weorn, = / 2(£)(60 X 10°)dt = 1.2 mJ.
J0
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6.2 A General Solution for Step and Natural Responses
In general, the step response (for DC sources and switching at t = 0) is in the form:
t
X(t) = kl + kze_;

Such that, For RL network, 7 = :ﬂ

eq

For RC network, T = ReqCeq
Note that, if the circuit has dependent sources, Ry, or Ry has to be found, and
Req = Rrn = Ry
To find the constants k& k:

X(0%) =ky + ks (1)

X(0) = k; (2)
Expressing k,& k, in terms of X(0*) & X () yields:

ki = X(0)

And
ky, = X(0%) — X(o0)

t
Therefore, the solution X(t) = k; + k,e™ = will have the form:

X(t) = X(0) + (X(0%) — X(0))e s ;>0

ic., () = v(e0) + ((0%) — v(e0))e T ;¢ >0

i(0) = 1) + (i(0%) — i(e0))e ™% ;>0
If the switching occurs at t = t,, then:

t—to

X(8) = X() + (X(ty") — X(@))e™ = i¢>1

To find X(to):
1- Draw the network for t = t,*
a) The capacitor is replaced by a voltage source in series with a short circuit; the value of
the voltage source is v (ty ™).
b) The inductor is replaced by a current source in parallel with an open circuit; the value
of the current source is iy (to ).
2- Then use DC analysis to find X (t,*)
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To find X(o0):

1- Draw the network for t = oo

a) The capacitor is replaced by an open circuit (precisely, a voltage source in series with

an open circuit; the value of the voltage source is v.(t,7)).

b) The inductor is replaced by a short circuit (precisely, a current source in parallel with

a short circuit; the value of the current source is i; (t,7)).

2- Then use DC analysis to find X (o)

Example # 4:
The switch in the circuit shown in the figure

has been in position a for a long time. At t =

f:(),\

20 a
0,the switch moves from position “a” to *
. L + -
position “b”. The switch is a make-before- ~— 54y 100 SA
. : . - /lp 200 mH
break type; that is, the connection at position - B

“p” is established before the connection at

position “a” is broken, so there is no interruption of current through the inductor.

a) Find the expression for i(t) fort > 0

b) What is the initial voltage across the inductor just after the switch has been moved to

position “b”?

c) How many milliseconds after the switch has been moved does the inductor voltage equal

24 V?

d) Does this initial voltage make sense in terms of circuit behavior?

e) Plot both i(t) and v(t) versus t.

Solution:

The general solution is: X(t) = X(o) + (X(O*) -

Fort=0"

Since the switch is in position “a” for a long time,
that means steady state is reached and the
inductor is a short circuit and has a current of
—84;i(07) =—-84

~ i(0Y) =i(07) =-84
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Fort > 0,

The time constant (1) is:

T= L=22 0.1s
R 2

Fort = 0%,
The inductor is represented by a current source (of -8A)
: : — 20 4,
in parallel with an open circuit; AM

i(0Y) =i(07) = —84 * +

(07) = i(07) _— 24V 1 oA

v(0%) = 8(2) + 24 = 40V T _ ,l v

Fort = oo,

The inductor is represented by a current source (of -8A) in parallel with a short circuit;

the current at the terminal of the inductor is found by Ohm’s law;
i(00) = 22—4 =124

v(0) = 0V 20 b i(0)

8A

a) Therefore, =

i(t) = i(00) + (i(0*) — i())e™F ;>0

t
i(t)=12+4+(-8—12)e o1 ;t=>0
i(t) =12 —20e~ 10t ¢t >0

b) The voltage across the inductor is:

v = LE
= 0.2(200e 17y
=40e "V, 1= 0"
The initial inductor voltage is

»(07) = 40 V.
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c) The time for the voltage to be equal to 24V is:
24 = 40¢ 1

for t:

= 51.08 x 107
= 51.08 ms.

d) Yes; in the instant after the switch has been moved to position b, the inductor sustains a
current of 8 A counterclockwise around the newly formed closed path. This current causes
a 16 V drop across the resistor. This voltage drop adds to the source voltage, producing a
40 V across the inductor.

e) Plots of i(t) and v(t) versus t are shown below:
v(V)i(A)

40
32
24
16
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Example # 5:

The switch in the circuit shown in the figure 400 X Yl DY . 2,8\,9
has been in position “a” for a long time. At _|__ 1
o s — 90V 60 Q 40V—"
t = 0, the switch is moved to position “b”. : 0 5 uF 1
a) What is the initial value of v.? -

b) What is the final value of v.?

¢) What is the time constant of the circuit when the switch is in position “b”?

d) What is the expression for v.(t) when ; t > 0?

e) What is the expression for i(t) whent > 0*?

f) How long after the switch is in position “b” does the capacitor voltage equal zero?

g) Plot v (t) and i(t) versus t.

Solution:
a) Initial voltage at the capacitor
e The first step is to find the initial voltage at the capacitor before moving the switch.
e The switch has been in position “a” for a long time, so the capacitor looks like an open
circuit.
e Therefore, the voltage across the capacitor is the voltage across the 60€ resistor.

e From the voltage divider rule, the voltage across the resistor 60Q2 is:
Ve(07) = 60420
Thus, Ve(01) = Ve (07) = =30V

b) The final voltage at the capacitor is the same as the source voltage as the capacitor becomes

(=40) = =30V

open circuit at t = oo; V(o0) = 90V
c) The time constant is
T = RC
= (400 X 10°)(0.5 x 107%)
=02s.

d) The capacitor voltage is:
vc(t) = ve() + (vc(0+) - vc(oo))e_?

t
# ve(t) = 90 + (=30 — 90)e ™ oz
— ve(t) =90 —120e~ 5 |t >0
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e) The capacitor current i(t) when t > 0% is:

ic(t) = (0.5u)(—120(=5)e" %), t=0"
ic(t) = 300e~°t ud; t=>0%
or find i(0*); the capacitor is replaced by a battery of -30V

400kQ a 20 Q
£+ 0
90—-30 — ! =
L4 — —%0v ) 40V
i(0%) = ———— = 300uA S o X

And find i(o0); the capacitor is replaced by an open circuit:
i(0) =0

Note that, the time constant is the same as before.

Therefore,

t
i(t) = i(0) + (i(0") — i(0))e" = ;t=0*
t
~i(t) =04+ (300u —0)e o2 ;t=0"*
= i(t) =300e~ 5 pd;t=>0"
f) The time needed for the voltage at the capacitor to become zero is obtained by equating the

capacitor voltage with zero.
ve(t) =90 — 120e™ 56 =0

> 90=120e"% ‘5 e St =L
120

— t =57.54ms

g) Plots of v-(t) and i(t) versus t are:
i (rA) ve (V)

300 120
250 100
200 80
150 60
100 40

50 20

t (ms)
—20

07[ 200 400 600 800
~30
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6.3 Unbounded Response

Example # 6:

a) When the switch is closed in the circuit P
Y
+

(=0
the capacitor is 10 V. Find the expression 10V~ ul v, 10kQ 3 7y s l§20 k@

shown in the figure next, the voltage on +

forv,(t)fort = 0

A A4

b) Assume that the capacitor short-circuits when its terminal voltage reaches 150 V. How

many milliseconds elapse before the capacitor short circuits?

Solution:
a) To find the Thévenin’s equivalent resistance with respect to the capacitor terminals, use
the test source method (case 3).

The circuit becomes as shown next.

Applying KCL at the upper node yields: P . *
+
. Ur Ut ur ) . -
= — — 7(—) + —mA vy 10 kQ i, fl 20 kQ
=10 700 T ™ ) : 12
Rearranging yields: ¢ ¢ ¢
Rpy = oL = —5k0
Ir
The equivalent circuit is shown next. )X
+ - r=0
10V =<5uF v, —5kQ

Since Ry, is negative, the formula (vc(t) = v¢ () + (v (07) — v (oo))e"é ) cannot be
used, because at t = oo, the exponential does not decay and becomes significant. The
aforementioned formula is based on v, () = k;.
Thus, find the differential equation describing the circuit.
ic +ipy, =0
v

d
(5 % 10*6)% -2 X107 =0

Dividing by the coefficient of the first derivative yields:

dv,
dt

— 40v, = 0.
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The solution to the homogeneous differential equation is:
v, (t) = k,e*0t
But,att = 0,v,(0) = 10V.
Thus,
1,(0) = k,e*(©® =10
>k, =10V
v,(t) =10e*t V; t >0
b) When v,(t) = 150V, the time t,, is:
v, (t,) = 10e*%% = 150

p40tx — 150
10
40t, =In15
t, =67.7ms

This type of response is called unbounded response, which may grow rather than decay, Ry,
IS negative, and the time constant is also negative; 7 = % = _%40; resulting in an exponential

increase!

6.4 Sequential Switching

Whenever switching occurs more than once in a circuit, the switching is called sequential

switching.

Example # 7:
The uncharged capacitor in the circuit shown in the a

figure next is initially switched to terminal “a” of 100kQ b ™\

the three-position switch. At t = 0, the switch is +

C
moved to position “b”, where it remains for 15ms.  ***V 50 kﬂ% VA O-dpE

After the 15ms delay, the switch is moved to

position “c”, where it remains indefinitely.
a) Derive the numerical expression for the voltage across the capacitor.
b) Plot the capacitor voltage versus time.

¢) When will the voltage on the capacitor equal 200 VV?
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Solution: a
a) The capacitor voltage
For 0 < ¢ < 15ms, %
Initially discharged capacitor

v(07) =v(07) =0;
If the switch was left indefinitely in position “b”, the capacitor would charge to v(c0") = 400V

The time constant for the circuit during this period is:
T =RC = 100k(0.1u) = 10ms
Therefore,

v(t) = v(") + ((0%) — v(e0))e™ 7

v(t) = 400 + (0 — 400)e™ 501
~v(t) =400(1—e 100 V; 0<t<15ms
After the switch has been in this position for 15ms, the voltage on the capacitor will be:
v(t = 15ms™) = 400(1 — e~ 10005™)) = 310,75V = v(t = 15ms™*)

Thus, the initial voltage at the capacitor for the second period is v.(t = 15ms™) = 310.75V

For t = 15ms; ty, = 15ms!
v(t = 15ms™) = 310.75V
If the switch stays in position ‘“c” indefinitely, then the capacitor will discharge through the

50k resistor, hence, v(o) = 0V

The time constant for the circuit during the second period is:
T, = R,C = 50k(0.1u) = 5ms
Therefore,

(t=to)

v(t) = v() + (v(15ms™) —v(®))e =

(t—0.015)

v(t) =0+ (310.75 — 0)e™ o005
U(t) — 310.758_200(t_0'015) V: 15ms <t
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b) v(t) plot versus time is shown in the figure below:

v (V)
) = 400 — 400e 10V
300]- ' ‘ |
200 - ENCE 310.75¢ 2000 ~ 0019
100 - }
| | | | | | | | | | [(ms)
0 5 10 15 20 25

c) The plot in the figure above reveals that the capacitor voltage will equal 200V at two
different times; once in the interval between 0 and 15ms and once after 15ms.

The first time can be found by solving:

200 = 400 — 400e 100,

t; = 6.93 ms.

The second time can be found by solving:
200 = 310.75¢ 27001,

t, = 17.20 ms.
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Chapter 7
Natural and Step Responses of
RLC Circuits

7.1 Natural Response of Parallel RLC Circuits
e The voltage v is common to all parallel elements. .

¢ l + f/,l //cl

e Assuming that, the initial voltage at the capacitor =y, ; l L R )

+ @

is V, and the initial current in the inductor is I,, -

and applying KCL at the top node yield:

v 1/ dv
— + — +Ip+C—=0
R L,/f“dT ot Cu

Differentiating with respect to time, t, and noting that I, is constant, yield:

1 dv 0 d*v
-t + =0
R dt L Cdtz

Dividing the latter equation by the capacitance C and arranging the derivatives in

descending order yields:

d*v L dv v

+ 4+ =0
d* RC dt LC

which is an ordinary, second-order differential equation with constant coefficients.
e The circuit is called a second order circuit; it contains both an inductor and a capacitor.
e Assuming that the solution is of the form:
v = AeSt
The first derivative of the solution is:

dv
— = Ase’t
dt

The second derivative of the solution is:

d*v — ASZeSt
dt?
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e Substituting the solution and its derivatives in the second order differential equation yields:

As Ae™
A 2 st + 7 st + —
YT RCS T Le

0

and taking Aest as a common factor to all terms;

st| o2 S 1
+—=+—=|=
Ae (s RC LC) 0
Noting that, A cannot be zero, otherwise there is no solution, or es* cannot be zero for any

finite value of st, thus the parenthetical term, which is called a characteristic equation, is

Zero;

e The roots of this quadratic equation determine the mathematical character of v(t), the two

—b+Vb2—-4ac b ’ b2 c
S -—_ = —_—— i —_— =
2a 2a 4a? a
1 \/ 1 \? 1
§ = ——— + — | - —
2RC 2RC LC
1 \/ RS
27 TORC 2RC LC

e Therefore, the solutions to the differential equations, the voltages, are:

roots are:

v, = Aestt
Uz = Azeszt
e The sum of both solutions is also a, general, solution;

v=2; + v, = A’ + A

v= A" + A t>0

e The initial conditions I, & V,, determine the values of the constants 4; & A,.

e 5, &s, are called the complex frequencies measured in rad/s or Hz.
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a= ﬁ : The neper frequency [rad/s]
1 .
and wg = Tic : The resonant radian frequency [rad/s]

Thus, the complex frequencies are:

2
5] = —a T+ a“—w%

_ /2 2
$H=—a— Va — w)

Three types of natural response are possible:
1- Overdamped response
w3 < a? : The roots, s;& s,, are real, negative and distinct
2- Underdamped response
w3 > a? : The roots, s;& s,, are complex conjugates
3- Critically damped response

w3 = a? : The roots, s, & s,, are real and equal

7.1.1 Overdamped Natural Response

e Inthis case, w3 < a?, the roots, s,& s,, are real, negative and distinct;

Is1] < sal; ’ ’
) p i l + //,l f/«l
because s, is more negative than s, ! ==V, I l L R

+ o

and 7, = —

T4 = —
1 Is2|

[51]

e Thus, t; > T,, and the second part of the solution, A,e*2t, dies faster than the first part ,
Aestt,
e The response is:
v(t) = Aestt + A,e$2t | t>0s
o Att=0%s,v(0")= A, + A, =V,
where V, is the initial voltage at the capacitor.

dv(t)

e Sincei.(t)=C "

The current in the capacitor at t = 07 is:
i.(t) = C(A1s1e51t + Ays,e52t)

Z> i.(07) = C(Ays; + Azsy)
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e But, from KCL at the upper node at t = 0,

. d 0 v
i.(0Y) = % = C(A;s1 + A3s;) = = _}0
Therefore, ( av(0r) _ Ai1s1 + Azsy
dv(O"’) 1 Vo
at c( Io = E)

7.1.2 Underdamped Natural Response

In this case, w3 > a?, the roots of the characteristic equation, s;& s,, are complex

conjugates; ) ) .
51 = —« + —(w% _ a2) f((:l,::;o iii llo 1'/\’Rl j
= o+ jVef - @ -] | -
= —a + jo,
5 = —a — jwg,
where w0y = Vb — o

w4 is called the damped radian frequency

1 .
N the resonant frequency

a is called the damping factor or damping coefficient, a = ﬁ , it shows how quickly

Again w, =

the oscillations subside.
e The response is:
v(t) = Aestt + A,e$2t |t >0s

v(t) = AjeCatioat 4 g e-(@tjodt > g

— A e —at jwdt + Aze a ]wdt

Using Euler’s identity

e% = cosf + jsin@

Thus, _ o . .
v(t) = e Y(Ajcoswyt + jJA|sinwgt + A;coswyt — jA,sin wyl)

= eiat[(Al + Az) COS gl + ](A] - Az) sin (Udf].
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And v(t) can be expressed as:

v(t) = e *(B) cos wgt + By sin w,t)

= Bie ™ coswyt + Bre ¥ sin wyt

Note that, B; & B, are real, not complex, because v(t) is a real function
A; & A, are complex conjugates

To be able to plot the response, the voltage v(t) can be re-expressed in terms of a sine (or
a cosine) function only;

v(t) = e *(Esin(w, + 0))
_ 2 2 _ -1B1
where £ = /Bf + B; and 6 =tan™ —

2

e From the initial condition, at t = 0%s,
v(0+) - Bl - VO
where V, is the initial voltage at the capacitor.

dv(t)

e Sincei.(t)=C ”

The current in the capacitor at t = 07 is:

+
Z> i0(07) = €82 = C(=aB; + wyBy)

Therefore,
ic(o* dv(o*
W) _ @) _ g g,
wOH) _ 1/, W
. c( lo R)

Note that, since = ﬁ , If R = oo, then a = 0, there will be no damping in the circuit

and the oscillations (ringing) will be sustained, the circuit will be called lossless circuit.
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7.1.3 Critically Damped Natural Response

In this case, wZ = a?, or w, = a, the response is on the verge of oscillations, the roots

of the characteristic equation, s; & s,, are equal; . .

+
=
-
-
+ e

1 i

S1=8,=—a= SRC c==V, L l]o R )

The response is:
v(t) = Dite % + D,e™* | t>0s

e From the initial condition, at t = 0%s,

v(0Y)=D, =V, ; V, is the initial voltage at the capacitor.
e Since,

. dv(t

io(t) =28

The current in the capacitor at t = 07:

dv(0™)

io(0%) = ¢ =

C(D; — aDy)
Therefore,
i (ot +
Z> ic(0%) _ dv(ot) _ D, —aD,
c dt
dv(oh) _1

dt c (_IO B %)

Example # 1:
a) Find the roots of the characteristic equation

+ @

that govern the transient behaviour of the i, l + i,_l 'f‘l
voltage shown in the figure if eV L 110 R v

R =200Q,L =50mH and C = 0.2uF
b) Will the response be overdamped, underdamped, or critically damped?
c) Repeat (a) and (b) for R = 312.5Q

d) What value of R causes the response to be critically damped?

Solution:

a) For the given values of R, L, and C,

T 10°
2RC  (400)(0.2)

= 1.25 x 10* rad/s,

, 1 (109)(10°)
CLC (50)(0.2)

= 10° rad?/s”.
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The roots of the characteristic equation are:

S = —a + az—w%
$H = —a — \/az—w%

Therefore,

sp = —1.25 x 10* + V1.5625 x 10° — 10°

—12,500 + 7500 = —5000 rad/s,

—1.25 x 10* — V1.5625 x 10° — 108

52

s, = —20,000rad/s

b) The voltage response is overdamped because

w% < o
c) For R = 312.5 Q,
10°
a = m = 8000 rad/s,

a® = 64 X 10° = 0.64 X 10° rad?/s>.
As f remains at 10® rad?/s”,
s, = —8000 + j6000 rad/s,
s, = —8000 — j6000 rad/s.

The voltage response is underdamped because w3 > a?

d) For critical damping, & = «{, so

1V 1 <
<2RC> “re '

or
1 ,
—— = 10",
2RC
and
10°

50 Q.

R = . =2
(2 x 10%)(0.2)
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Example # 2:
For the circuit shown in the figure, if v(0*) = 12V and i, (0") = 30mA, then

a) Find the initial current in each branch of the
circuit. d l

b) Find the initial value of dv/dt. 02 pF==Vo 50 mH

¢) Find the expression for v(f). B}

d) Sketch v(¢) in the interval 0 = ¢ = 250 ms.

+

Solution:
a) The inductor’s current is continuous;
iL(O_) = lL(O) = lL(O—) = 30 mA.
The initial current in the resistor is;

, ot 12
ir(0%) = % = 555 = 60mA
The initial current in the capacitor can be found by applying KCL at the upper node;

ic(07) = —ir(0%) — ir(07)

= —90 mA.
b) The capacitor’s current is:
, dv(t)
lc(t) =C Zt
. dv(o*
i(0%) = ¢
dv(0") _ ic(o%)
at ~ c
dv(0")  —90 x 107*
v@) _ = —450KkV/s.
dt 0.2 X 10

c) The roots of the characteristic equation are:

S = —a + o — w%
_ A/ 2 2
$H = —a — a” — w)
where
1 10°

= 1.25 X 10*rad/s.

“ T 2RC T (400)(0.2)
1 (10Ha0%)
wj = LC = (50)02) 10® rad?/s?.
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Thus,

s; = —1.25 X 10* + V1.5625 x 10° — 10°

—12,500 + 7500 = —5000 rad/s,

s, = —1.25 x 10* — \/ 1.5625 x 108 — 108

—12,500 — 7500 = —20,000 rad/s.

The response

v(t) = AeStt + Ayes?t | t>0s

v(t) = A;e™>000t + 4,720,000t "¢ > (g
But U(0+) = A1 + AZ == VO (1)
And dv§2+) = A5, + 4,5,

—450k = 4,(—5,000) + A,(—20,000) o)

Solving equations (1) and (2) yields:
A= —14Vand A, =26V

Therefore,

o(t) = (147 + 26¢7) V1 = 0.

d) The plot of v(t) for 0s < t < 250ms

v(1) (V)
12

10

0 [ R B N

I (s

0 100 150 200 250 s
ok
4 =

—6 -
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Example # 3:
Find the branch currents ig, i;, and i, for t = 0s in Example 2.

y

Solution: 02 uF 5

The resistor’s current is:
() = 2O
ir(t) = R

t -
ir(t) = 3(()3 = (=70e7 + 130y mA, = 0.

The inductor’s current can be found either from the integral

1 t
lL(t) = Lj) ’UL()C)d)C + 10

or from KCL
iR + iL + iC =0
where . = _dv
lc([) =C dt

= 0.2 X 107%(70,000e """ — 520,000¢ 207"

_ (14675000[ _ 10487200001) HlA., = 0+_

Therefore,

ip(t) = —ig(t) — ic(t)

_ (566750001‘ o 266720.0001) mA. t = 0.
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Example # 4:

In the circuit shown in the figure, Vi, =0, and

Iy = —1225 mA. i l N i[.l [ifl
a) Calculate the roots of the characteristic equation. 0.125uF=<Vo 8H l I, 20kQ .
b) Calculate v and dv/dt att = 0. -

¢) Calculate the voltage response for ¢ = 0.

+

d) Plot w(t) versus ¢ for the time interval
0=rt=11ms.

Solution

a) 1 106
“T2RC T 2(20)10°%(0.125)

1 10° ;
@ =rc =\ @®)012s) 0 rads

Since w? > a?,, the response is underdamped;

= 200 rad/s,

w; = Vo — & = V10° — 4 x 10* = 10096
= 979.80 rad/s,
§| = —a + jwg, = —200 + j979.80 rad/s,

5= —a — jwy = —200 — j979.80 rad/s.

b) From initial conditions,

2(0) = v(0") = V; = 0

Since V, = 0,then iz (0%) = 0,and i, (07) = —i, (07);

ic(0") = —(—12.25) = 1225 mA
and

av(0*) _ ic(0%)
dt C

dv(0*)  (1225)(107%)
dt (0.125)(10°%)

= 98,000 V/s
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c) To find the coefficients,
v(0+) == B]_ = VO = 0

and

dv(o*

—((1t ) = —a31 + deZ

98,000 = —a(0) + wyB,
Thus,

98.000
B, = ~ 100V
Wy

The natural underdamped response is:

v(t) = 100e2"sin 979.80t V, t = 0.

d) The plot the response for the first 11ms, eventually it approaches its final value which is
zero.
v (V)

80 —
60 —
40

28 | LA TN ¢(ms)

L1 |
1 23\45¢7 89 41

—20 \/

—40
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Example # 5:

a) For the circuit in the figure shown next, find the * *

value of R that results in a critically damped volt- Ic l t o l IR l N
age response. 0125 puF=<Vy 8H l Iy R v
b) Calculate v(¢) for t = 0. - .

c) Plot v(t) versustfor 0 = t = 7 ms.
Solution:
a) It was calculated before, the resonant frequency is:
wj = 10°
But, for critically damped response, w, = a, therefore

1
=10 =—
“ 2RC

10°

R = 2000)0.125)

= 4000 ()

b) From the previous example,
v(0") =0 and do(0%)/dt = 98,000 V/s
yielding
D, = 0and D, = 98,000 V/s

Thus the natural response is:

v(t) = 98,000te 'V, ¢ = 0.

c) The plot of the response for 0 < t < 7ms is shown in the figure below.

(V)
40 —
32
24
16

8
N L (ms)
0 5 6 7
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7.2 The Step Response of a Parallel RLC Circuit

Consider the circuit shown in the figure T l‘ ) ¢
f=0 L¢ f/.l /1\'1

next I C L R v

Applying KCL at the upper node yields: T .

iL+iR+iC=I

or
d
i+t Co =
But, di,
TR
dv dziL
ik
and dt dr?

Rearranging yields second order nonhomogeneous differential equation;

dip 1 dip i1

+ — + = —
d* RC dt LC LC

In general, the solution of the second order nonhomogeneous differential equation is of the

form:
X(t) = X5 + x,(t)
x(t) could be: v(t) = Vi + v, ()
or i(t) =Ir +in(t)
where X is the final value of the variable and is called the forced response;
For DC circuits, to find the final value X, set the inductor as a short circuit and the capacitor
as an open circuit.
Whilst, X,,(t) is a function of the same form as the natural response when the sources are

deactivated (an independent current source is open circuit, and an independent voltage source

is short circuit).
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Example # 6:

The initial energy stored in the circuit inthe figure is ® ® s Py °
zero. At t = 0, a dc current source of 24 mA is i i i i"'l‘ +
applied to the circuit. The value of the resistor is =0 25nF 25mH SR
400 . T

a) What is the initial value of iy ? ® * * * o

b) What is the initial value of di;/dt?
c) What are the roots of the characteristic equation?

d) What is the numerical expression for iz (f) when
t =07

Solution:

a) Since the initial stored energy is zero, the inductor’s current is:
iL(0+) =1i,(07) =04

b) Since vc(01) = v:(07) =0V = v(0F)

and because = _ diy/dt

dl'LA_
> ‘po)=o

c) To find the roots, calculate

1 102
1 10°
a = =5 % 10%rad/s,

T 2RC  (2)(400)(25)

or

o =25 x 10°

Because w3 < a?, the roots, s; & s,, are real, negative and distinct (and the response is

overdamped);
51 = —a + o — cu%
$H = —a — o — w%

s; = —5 X 10* + 3 x 10* = —20,000 rad/s

s, = =5 x 10* — 3 x 10* = —80,000 rad/s
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d) i, is overdamped and has the form:

iL = If + A’leslt + Alzeszl

To find A7 and A5 solve the following equations obtained satisfying the initial

conditions;
ir(0) = Iy + A7 + A5 =0,

di;
—(0) = 5;A} + 5545 = 0.
dt( ) = 5141 $2A2

which yields,

Al = -32mA and A5 = 8mA

Therefore, the inductor’s current is:

i) = (24 — 3220 4 8y mA, 1 =0

Example # 7:
If the resistor in Example # 6 was

increased to 6250 then find the inductor’s ; f=0 f ﬂ_
current i, (t) for t > 0Os. T

25nF $25mH 2R

+ @

f{.l f/\’l

Solution:

Since L & C are the same as in Example # 6, then the resonant frequency does not change;

wd =16 x 10°

Buta, a = ﬁ decreases with increasing Rto 3.2 X 104 rad/s

Thus the roots of the characteristic equation are:

2
S| = —a + ozz—a)@

§H = —a — \/az—w%
s; = =32 x 10" + j2.4 X 10* rad/s
5, = —3.2 X 10* — j2.4 X 10* rad/s

100

STUDENTS-HUB.com

Uploaded By: anonymous



The response is underdamped and i, (t) is:
ir(t) = Iy + Bie * coswgt + Bhe “sinw,t.

Here, « is 32,000 rad/s, w; is 24,000 rad/s, and [y is 24 mA.

The constants can be found from initial condition equations for underdamped response:

i(0) =1, + By =0,

GZL(O) = wyB5 — aB| = 0.
Then,
B} = —24mA
and
B, = =32 mA.

The numerical solution for i;(¢) is

ir(t) = (24 — 242" c0s 24,000t — 32¢73200% gin 24, 000f) mA, ¢ = 0.

Example # 8:
If the resistor in Example # 6 was ° * . . °
increased to 5000 then find the inductor’s Y B ﬂ_ ‘L l ”"l
I 25nF 325mH 3R v
current i, (t) fort > 0Os. T B
& L & A g L

Solution:
Since L & C are the same as in Example # 6, the resonant radian frequency does not change;

wd =16 x 10°

Buta, a = ﬁ then it becomes 4 X 10%s7!

Since w3 = a? , the roots, s;& s,, are real and equal, and the response is critically damped.
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The response form for a critically damped i, (t) is:

ir(t) = Iy + Dite™ + Dhe ™.
The constants can be found from initial condition equations for critically damped response;

iL(0)=If+D’2=0,
diy

—(0) = Dy — aD5 = 0.
dr() 1 oL

Thus,

D7 = —960,000mA/s and D5 = —24mA.

The numerical expression for i;(f) is

ir(t) = (24 — 960,000t 1000 — 2474000 At = 0.

A plot of the three types of response is shown in the figure below

ir (mA)

26 Underdamped (R = 625 Q)

2 =-————

18 Overdamped (R = 400 Q)
14 | Critically damped (R = 500 )

10

T
: LS )
0 20 60 100 140 180
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7.3 The Natural and Step Responses of Series RLC Circuits

For the series RLC circuit shown in the Figure next,

R L
apply KVL, W RAAS
pply I .

D C <V

R1+L—+—/:dr+VO—O -

Differentiating with respect to time, ¢, yields:

di d’i i

Ry Lyt ¢ =0
Rearranging yields:

d*i  Rdi | i

+ 4+ -—-=0
d> Ldt LC

The roots of the characteristic equation are
S J%JRCl
oL 2L LC’

S0 = —ax Vo — w%.

or

The neper frequency («) for the series RLC circuit is

@=r rad/s,

and the expression for the resonant radian frequency is

1

VLC

wy = rad/s.

103

STUDENTS-HUB.com Uploaded By: anonymous



Three types of natural response are possible:
4- Overdamped response
w3 < a? : The roots, s, & s,, are real, negative and distinct
5- Underdamped response
w3 > a? : The roots, s; & s,, are complex conjugates
6- Critically damped response

w3 = a? : The roots, s; & s,, are real and equal

The three possible solutions for the current:

i(t) = Ae®" + A,e™ (overdamped),
i(t) = Bie ™ cos wgt + Bre ™ sin wyt (underdamped),

i(t) = Dyte ™ + Dre™® (critically damped).

The step response is also as that of parallel RLC circuits:

+ Vg — + UV —
AN Y Y YL
\ R L R

+ -1
QD e

Applying KVL for the loop, after switching, yields:

di
V=Ri+L -+
A dt Ve

The current (/) is related to the capacitor voltage (v¢) by

d’Uc
= o
! dt
from which
g B dz’UC
dt dr’
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Substituting for the current and its derivative in the KVL equation yields:

d*ve R dvc Ve 14
+ =
d* L dt LC LC

For the voltage across the capacitor, the response has one of the following forms:

ve = Vi + Ale™ + Abe™ (overdamped),
ve = Vi + Ble “cos wyt + Bhe * sin wgt (underdamped),

ve = Vi + Dite ™ + Dhe ™ (critically damped),

where V is the final value of the voltage across the capacitor, and it is for this circuit the same

as the DC source; V.

Example # 9:
The 0.1uF capacitor in the circuit shown t=0
100 mH
in the figure next is charged to 100V. At )X = Y
+
+

t = 0s, the capacitor is discharged :)
2 ) )
through a series combination of a 100mH 100V A~01uE v §560 Q

inductor and a 56041 resistor. °
a) Findi(t) fort > 0s
b) Find v.(t) fort = 0s

Solution:

a) The first step to find i(t) is to calculate the roots of the characteristic equation; the resonant

radian frequency: 2 _ L
“ T L
B (10°)(10°) _ 108
©(100)(0.1)
. R
and the neper frequency: o = —
2L
560 A
= x 10°
2(100)
= 2800 rad/s.
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Thus, 5 p
a” = T7.84 X 10°

= 0.0784 x 10%
Since w3 > a?, w,= V-’ and the response in underdamped and has the form:
i(t) = Bie * cos wyt + Bre “ sin wyt,

where « = 2800 rad/s and w,; = 9600 rad/s.

Note that, the response is natural response, as the excitation in the circuit is zero.
The values of the constants can be found from the initial conditions;

When the switch was open, the inductors current was zero;
i(07)=0=i(0")
Therefore,

[ i)=0=5

Immediately after closing the switch, the voltage drop across the resistor is zero (because the

current is zero), thus,

v, (0%) = L@ = vc(0%)
But,
vc(0%) = v.(07) = 100V
Therefore,
dt
di(0r) _ 190 _ 10004/s
dt 0.1
Because B; = 0,
Zi = 400Be 2°%(24 cos 9600t — 7 sin 9600¢)
Thus, n
ai(07) _ 9600B
dt | g
1000
“:> 2~ 9600
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The solution for i(f) is

i(t) = 0.1042¢ 2% sin 9600t A, t = 0

b) v (t) can be found either by

1/
Ve = _EﬁidT_F 100 or

di
= iR+ L.
Ve l dt

The latter formula is easier to implement;

ve(t) = (100 cos 9600¢ + 29.17 sin 9600t )e 'V, ¢ =0

Example # 10:

No energy is stored in the 100mH inductor )(\ m 2?%’(‘)“9 |
or the 0.4uF capacitor when the switch in g+, (=0 0.4 uF == v,
the circuit shown in the figure next is closed. -

Find v (t) fort > Os.

Solution:

The neper frequency («) for the series RLC circuit is

R
@=-r rad/s,

and the expression for the resonant radian frequency is

1

wy = rad/s.
VLC
The roots of the characteristic equation are:
S1o = —a= o — w%.
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280 \/ 280 \? 10°
S| =~ + el B T
0.2 0.2 (0.1)(0.4)

= (—1400 + j4800) rad/s,
s, = (—1400 — j4800) rad/s.
Since the roots are complex, the voltage response is underdamped and has the form:
ve =V + Ble *cos ot + Bhe ' sin gt
where Vy = 48V and w, = 4800 rad/s

ve(t) = 48 + Ble " cos 4800t + Bhe % gin 4800¢, ¢ = 0,

Since no energy is stored in the circuit;
ve(07) =0 =v:(0%)
iL(O+) =1i,(07) =04

+
Therefore, ic(0%) = Cdvc—(to) =i,(0%)
Hence, C dve(0) =0
dt
de(0+) -0
dt
Thus,
ve(0) = 0 = 48 + B,
d”c((ﬁ) ) ,
— o = 0= 480085 — 1400B).

Solving for B and B} yields
By = —48V
B, =-14V

Theretore, the solution for v¢(t) is

ve(t) = (48 — 487" cos 48001 — 14e " sin 48001) V. = 0
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Chapter 8
Sinusoidal Steady-State Analysis

8.1 Sinusoidal Source
A sinusoidal voltage source (independent or dependent) produces a voltage that varies

sinusoidally with time.
A sinusoidal current source (independent or dependent) produces a current that varies
sinusoidally with time.
The sinusoidally varying function is either the sine function or the cosine function; here the

cosine function will be used.

VI”

v =V, cos(wt + ) | /\
| \/ \/ |

7Vm B

The period (T): is the length of time required for the sinusoidal function to pass through all

its possible values; measured in seconds.

Sinusoidal function is a periodic function; it repeats itself every period.

The frequency(f): is the number of cycles per second; measured in Hertz (Hz). It is the

reciprocal of the period.

Omega (w) is the angular frequency of the sinusoidal function, is measured in radians/second
(rad/s)
o = 2wf = 2m/T (radians/second)

V., is the maximum amplitude of the sinusoidal voltage.
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@ is the phase angle of the sinusoidal voltage, it shift the sinusoidal function along the t-axis.

for v =V, cos(wt + ¢)

If @ is positive the function shifts to the left, and vice versa.

RMS Value
The rms value of a periodic function is defined as the square root of the mean value of the

squared function.
For a sinusoidal voltage, the rms value is:

1 to+T
Vims =\ / V2, cos?(of + ¢)dt.
4

where t, is an arbitrary time

Vi
VI'II]S = \/i
Example # 1:
A sinusoidal current has a maximum amplitude of Solution

20 A.The current passes through one complete cycle

in 1 ms. The magnitude of the current at zero time a) From the statement of the problem, 7 = 1 ms;

hence f = 1/T = 1000 Hz.

is 10 A.
b) w = 27f = 20007 rad/s.
a) What is the frequency of the current in hertz? ¢) We have i(f) = I,,cos (wf + ¢) = 20 cos(20007¢
' ) . ' + ¢), but i(0) = 10 A. Therefore 10 = 20 cos ¢
b) What is the frequency in radians per second? and ¢ = 60°. Thus the expression for i(f) becomes

c) Write the expression for i(f) using the cosine i(t) = 20 cos (2000t + 607).

function. Express ¢ in degrees. d) From the derivation of Eq. 9.6, the rms value of a
sinusoidal current is 1,,/\2. Therefore the rms
d) What is the rms value of the current? value is 20/V2, or 14.14 A.
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8.2 The Sinusoidal Response

Example # 2:
. N . R
Find the total response of the circuit (natural (or transient) X\ -
and forced (steady state) responses), i(t) if: r=0 i(f)
vy L

vy =V, cos (wt + ¢)
Assuming that the initial current is zero; i(0™) = 0A.

Solution:

Applying KVL for the mesh yields:

di
a + Ri =V, cos (wt + ¢)

Ldt

The solution of this ordinary first order differential equation (whose f(t) is a cosine function)

is:
-V Vv,
i =" cos (¢ — ) KM+ ———cos (ot + ¢ — 0)

where § = tan™! (%L)

The solution has two terms, the first is the transient component; it becomes so small as time
elapses:

—Vin _
=cos (¢ — O)e (R/L)t

\V/R? + w?L?

Whilst, the second term is the steady state component; it lasts as long as the switch is closed:
an
VR? + o’L

Note that, the steady state component has the same frequency (or w) as the source frequency.

cos (wt + ¢ — ).

(%)

In this chapter we are interested in finding the steady state response, which will be found using

Phasor method.
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8.3 The Phasor

The phasor is a complex number that carries the amplitude and phase angle information of

a sinusoidal function. It is based on Euler’s identity.

Euler’s Identity: it relates exponential function to trigonometric functions;

e’ = cos® + jsinf

where the real part of the exponential function is:
cosf = N{e}

and the imaginary part of the exponential function is:
sinf = 3{e}

Therefore, the source voltage can be expressed as:

v =V, cos(wt + ¢)
=V, R{e/@ )
=V, R{e/”e/?}.
e Such that, V,,e/? is a complex number that carries the amplitude and the phase angle of a
sinusoidal function.
e This complex number (Vmef“’) is by definition the phasor representation, or phasor

transform, of the given sinusoidal function. Such that, the polar (exponential) form of

the phasor is:

V =V,e?* = P{V,cos (ot + )}

e The phasor transform transfers the sinusoidal function from the time domain to the
complex-number domain, which is also called the frequency domain.

e The rectangular form of the phasor is:

V =V,cosd + jV,sind

e The angle notation of unity phasor is:

1/¢° = 1e?
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Inverse Phasor Transform:
To reverse the process. That is, for a phasor the expression for the sinusoidal function can be

written as for:
V =100/ -26", the expression for v is 100 cos (wf — 26°)

or
PV} = R{V,el%e"}
For the series RL circuit, the steady-state solution for the X R
v
current i(t) is of the form: t=0 i(?)
V L

i(t) = R{LePe/"}

Substituting for iz (t) and % in the differential equation
di :
LE + Ri =V, cos (wt + ¢)

yields:
R{joLl,ePe/} + R{RI, eFe} = R{V, %/}
But, the sum of real numbers is the real number of the sum;
R{(joL + R)1,ePe’} = R{V, %"}
Eliminating, e/®t from both sides, yields:
(jwL + R)I.eP = V,e/*

Therefore,

where, the phase angle of the current is:

— -1 (WL
o= — (R )
And the magnitude of the steady state current is:

_ Vi

fm = Fene
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8.4 Phasor Diagrams

e A phasor diagram shows the magnitude and phase angle of each phasor quantity in the
complex-number plane.

e Phase angles are measured counterclockwise from the positive real axis, and magnitudes

are measured from the origin of the axes.

e The phasor diagrams of the following quantities are shown in the figure below.

10 /30°.12 /150°, 5 /—45", and 8 /—170".

10/30°
12/150°
1500
390
]
Q o —45°
8 /=170 =170 Ve
5 /—45°

To draw the phasor diagram of a quantity given in the rectangular form, convert it into the
polar form first.

For example; X =-7—j3

X= -7 —j3=1762/-15680°

—————— ———— 3
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8.5 Passive Circuit Elements in Frequency Domain

8.5.1 The Resistor R
*— " \—e
If the current is: + v —
i =1,cos(wt + 0;) i

where I,,, is the amplitude of the current, and 6; is the phase angle of the current.

Then the voltage by Ohm’s Law is:

v = R[I,, cos (of + 6;)]

v, 1
= RI,[ cos (ot + 6;)] v v v
In time domain, the waveforms are shown next. | \ | |
~T/40 TR o !
The phasor transformation of this voltage is:

V = RI,e" = RI, /6 ’

Note that, the phase angle of the voltage is the same as the phase angle of current. Both are
in phase.
If the phasor representation of the current is:

VA

Then, the voltage is:

V = RI,
. L L R
Therefore, the representation of the resistor in frequency domain is — M\ — o
the same as it is in the time domain. o _\., -
I
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8.5.2 The Inductor

If the current is:
i =1,cos(wt + 6)
Then, the voltage across the inductor is:

v = Lg = —wLl,sin (ot + 6;)

Using the cosine function, the inductor’s voltage can be written as:
v = —wLl,cos(wt + 6; —907)

The phasor representation of the inductor’s voltage is:

V = —wLl,e )

= —wLI el
Using the identity

e ™ = cos90° — jsin90° = —j

yields V:

= joLI,e"

= joLL

Therefore, the representation of the inductor in frequency domain is:

JoL
._f'YV'Y'\_.
+ v -
I
The voltage can be rewritten as: v, i ”

V = (oL /90),,/0, % ' /><
| | | |
—7/4\0 T2 T \ 37/ t
= wLlI,, /(0; + 90)°

90°
The inductor’s voltage leads its current by 90° or the inductor’s current lags its voltage by

90°.

Note that, the mutual inductance is also represented by jwM.
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8.5.3 The Capacitor

The capacitor’s current is related to its voltage in time domain by:

EZCE

If the voltage is

v =V, cos(wt + 6,)

then, the phasor representation of the capacitor’s current is:

I=joCV
The phasor representation of the capacitor’s voltage is:
1
V=—1NL
joC

1 . .
V== /=901, /6,

= i’é (6; — 90)°.
Note that, the capacitors voltage lags its current 90° or the capacitor’s current leads its
voltage by 90°.
The representation of the capacitor in frequency domain is: 1/joC
e
T

In time domain, plots of the capacitor’s current and voltage are shown in the figure below.

v, i
i i i o

NSNS

—r/4f 0 7/2 T 3T/ 2T
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8.5.4 Impedance and Reactance

The impedance (Z) is a complex number, but not a phasor, which is defined as:

Z=2=R+jX

For a resistor, the impedance Z = R

For an inductor, the impedance is Z = jwL

. . . 1 —j
For a capacitor, the impedance is Z = — = L
joC wC

For mutual inductance, the impedance is Z = joM
Note that, all phasors are complex numbers, but not all complex numbers are phasors, because
the phase is a coefficient e/®*!

The Reactance: is the imaginary part of the impedance, X.

8.6 Kirchhoff’s Voltage and Current Laws in Frequency Domain

KVL.: The algebraic sum of phasor voltages in any closed path is zero;
V1+V2+ +Vn:O,

KCL: The algebraic sum of phasor currents at any node is zero;

I-1‘|‘Iz‘|‘ +In:0_.,

8.7 Series, Parallel, and Delta-to-Wye Simplifications
Series Impedances:

They carry the same phasor current.
ae—| 7, Z -z,
+
. I
To find the total series impedance between the Vab
terminals a-b, apply KVL for the loop: be

Vab:ZII+Zzl+ +an
=(Z,+Zy+ - + Z,L

The series impedance between a-b terminals is:

=Zi+ 2o+ o+ 7,
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Example # 3:

For the circuit shown in the figure next, the source 90 O 32 mH
WA
voltage, vs, is: 750 cos (5000¢ + 30°) V i Mml
a) Construct the frequency-domain equivalent Us S uk
circuit.
b) Calculate the steady-state current i by the phasor
method.
Solution:

a) Form the source voltage, the angular frequency is:
w = 5000 rad/s.

The phasor transform of vy is

V, =750 /30" V.

Thus, the impedance of the inductor is:

Z; = jwL = j(5000)(32 x 107%) = j160 (,

and the impedance of the capacitor is

-1 o 10° .
Ze =100 = T 5000y(5) ~ O
a 900  j160Q

The equivalent circuit in frequency domain is shown in the  750,30°
\%

figure next.

b) The equivalent impedance between the terminals a-b is:

Z. = 90 + j160 — j40
90 + j120 = 150/53.13° Q0.

Thus

. 750 /30°
150 /53.13°

Therefore, the steady state expression for the current in time domain is:

=5/-2313" A.

i = 5cos (5000t — 23.13°) A
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Parallel Impedances:

They are connected to same node-pair and they have the same voltage across them.

Applying KCL at the upper node yields:

Izll+12+"'+ln,
or
A% A% A% A%
Zab Zl Z2 Zn
which can be reduced to:
1 1 1 1

Zw 2, Z,

+ —
Z

Two impedances in parallel has the equivalent impedance as:

Z,\Z,

7, =
w7+ 7,

The Admittance (Y)

+ It is defined as the reciprocal of impedance;

1
Y = 7" G + jB (siemens)

Lz v|z] ullz

Te |

+ The admittance’ real part, G, is called conductance and its imaginary part, B, is called

susceptance.

+ The admittance, conductance and susceptance are measured in siemens (S).

+ For parallel admittances (impedances), the equivalent admittance is the sum of all

admittances;

Yab:Y1+Y2+

+Y,

STUDENTS-HUB.com

120

Uploaded By: anonymous



Example # 4:

The sinusoidal current source in the circuit R
shown in the figure produces the current: + I 6 Q-

iy = 8c0s200,000¢ A iSCDu 100 o ==ipr
a) Construct the frequency-domain B 40 uH

equivalent circuit.

b) Find the steady-state expressions for v, i, i,, and i3

Solution:

a) The phasor transform of the current source is L;
8 /0°: the resistors transform directly to the fre- * *
quency domain as 10 and 6 (); the 40 uH 60
inductor has an impedance of j8 () at the given 8/0° Vioas | i L =<-j50
frequency of 200,000 rad/s: and at this fre- "osalt '
quency the 1 uF capacitor has an impedance of
—j5 £). Figure 9.19 shows the frequency-domain
equivalent circuit and symbols representing the Figure 9.19 A The frequency-domain equivalent circuit.
phasor transforms of the unknowns.

b) The admittances of the branches from left to right, respectively, are:

1
Y=, =018
v,=—L 5= 06— j00ss
2T6+8 100 T
1
Yo=—— =i028$
3 =5 I

The admittance of the three branches is

Y=Y+ +Y
= 0.16 + jO.12
= 0.2/36.87"S.

The impedance at the current source is

Z = 11/ =5 /-3687" .
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The Voltage V is

V=2Z1=40/-36.87" V.

Hence
40 /—36.87°
I, = % =4 /-3687" =32 — j24 A,
40/ -36.87° i )
12_64——]'8_4{—90 = —]4A,
and
40 /—36.87°
I; = % =8/53.13° =48 + jo.4 A.

5/-90

Check the validity of KCL;
Il + 12 + 13 =1L
Specifically,

32— j24 — j4 + 48 + j6.4 =8 + 0.

In time domain:

v = 40 cos (200,000 — 36.87°) V.,
i| = 4 cos (200,000 — 36.87°) A.

i» = 4 cos (200,000 — 90°) A,

iy = 8 cos (200,000 + 53.13°) A.
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Delta-to-Wye Transformations
1) Delta to- WYE

a Z. b
NS
Zl = .
L, + 2y, + Z;
o > 14
Z,+ 2y, + Z,
7.7
Z2 _ atb - C
S Z,t 2y + Z,

2) WYE-to-Delta

, _ Dt o2y + 237,

a Zl >

VAV A I A A VAV A

Ly = .
Z,

L2, + 215+ 217,

Z. = > .

Notethat, IfZ, =27, =Z; & Z, = Z,, = Z. then:

Zy = % and ZA = BZY

Study the example in the text book!
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8.8 Techniques for Sinusoidal Steady-State Analysis

8.8.1 The Node-Voltage Method

Example # 5:

Use the node-voltage method to find 10 j2Q 50

the branch currents I, I, and I inthe 1 ¢/0° ! llw’ 1,

circuit shown in the figure next. A G) I, l 10Q I, l T —ji5Q
201,

Solution:
» The number of essential nodes, n,, is 3, thus:

# of equations with unknown node-voltages =n, —1=3-1=2.
» The circuit is already represented in frequency domain!

» Taking the bottom node as a reference node, 0V, 110 20 5 59

the other two nodes voltages have to be found; m.g&"

Vi, &Vs.
KCL at node 1: ! ¢
_106+&+u—0
T 1+

Multiplying by (1 + j2) and collecting coefficients yield:
V(L1 + j0.2) — V, = 106 + j212 (1)

KCL at node 2:

V, -V, V, V, - 20I, 0

+ +

1+j2  —j5 5 )
But,

ViV

)

Substituting for I,. in eq. (2), multiplying by (1 + j2), and collecting terms yield:
—5V, + (4.8 + j0.6)V, = 0. (3)

Solving egs. (1) and (3) yields:

V, = 6840 — j16.80 V.,
V, = 68 — j26 V.
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Hence the branch currents are

1 10
v, ‘
I,=—— =684 — jl.o8 A, 10.6/0° T
10 A '
v, -V, | 00y
I,=——-"-=376 +jl68 A, .
1+j2
V, — 201, )
I, = — < = —144 — j11.92 A,
v, )
I.=—-=52+j136A.
—j5

To check the solution,

I, +1I,=0684—j1.68 + 3.76 + j1.68
= 10.6 A,

which is the same as the source current!
Also check

I,=1,+ 1, = —144 — j11.92 + 52 + j13.6
= 376 + j1.68 A.

which is the same as the calculated I,, before!
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8.8.2 The Mesh-Current Method
Example # 6:
Use the mesh-current method to find the

branch currents V4,V and V3 in the circuit

shown in the figure next.
+\150/0° ) +
O il
Solution:

_ _ —j16 Q
» The number of essential nodes, n,,is 2, T
and the number of essential branches, b,, is v
3, thus:

Number of equations with unknown currents = b, — (n, —1) =3 -(2—-1) = 2.

» The circuit is already represented in frequency domain!

KVL for mesh 1

150 = (1 + j2)I, + (12 — jle)(1, — L)

or
: o 1)
150 = (13 — j1HI, — (12 — jlo)I,
KVL for mesh 2
0=(12—jl6)I, — L) + (1 + j3)L, + 391, 2
But, the constraint equation: I, =1, — L,
Substituting for I, in eq. (2) and simplifying yield:
0= (27 + j16)I; — (26 + j13)I, ©)
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Solving egs. (1) and (3) for I,& I, yields:
I, = 26 — j52 A,
I, = —24 — j58 A,

L= -2+Jj6A. ; From the constraint equation!
The three voltages are
Vi =1+ j2)I, =78 — jl04 V,
V, = (12 — j1o)I, =72 + jl04 V,
V; = (1 + j3)I, = 150 — j130 V.
Also

391, = =78 + j234 V.

+ A\ — + A% -
10 20 1 10 j38Q
129§
+ ° o
@ L (TR
—j16 Q<
70

Check the answers by summing the voltages around closed paths:

Mesh 1: =150 + Vi + V, = =150 + 78 — jl04 + 72
+ j104 = 0,
Mesh 2:
—V, + V3 + 391, = =72 — j104 + 150 — j130
— 78 + j234 = 0,

Outer mesh: =150 + V; + V3 + 391,

—150 + 78 — j104 + 150
— j130 — 78 + j234 = 0.
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8.8.3 Source Transformation
Example # 7: 10 30 20 j0.6Q
Use source transformation, in frequency

domain, to find the output voltage V, in the

circuit shown in the figure next. C>40&°
- J Vv

Solution: °

1- The voltage source (= 40 V) and the series impedance (1 + j3 Q) can be replaced by a

current source I in parallel with the same impedance. The current source equals:

40 020 j0.60

40
I= =1 -j3)=4-j12A S
1+ 3 10073 /

10 9

<D4—Ajlz

2- The parallel branches ((1 +3)// (9 —j3)) can j30 T—ﬁ 0 —JI‘JQT

10Q

®
9

be replaced by an impedance, Z, equal to:

(13O - 3)
10

= 1.8 + 240

3- The impedance Z (= 1.8 + j2.4 Q) and the parallel current source I (=4 —j12 A) can

be replaced by a voltage source, V, in series with the same impedance, where V is:

V= (4—j12)(1.8 + j2.4) = 36 — j12V

. .y Q240 0.6 Q)
4- The output current I, can be obtained by dividing &2 v %282 0

I,
the voltage over the total impedance;
3612 12(3 — j1) C)Wm
"T 12— 16 43 — j4) ~ v
39 + j27 ,
= T = 1.56 + ]108A

5- The output voltage, V,, is found by applying Ohm’s Law:
V, = (1.56 + j1.08)(10 — j19) = 36.12 — j18.84 V

6- Note that, V,, can be found directly by applying voltage divider; instead of following steps
4 and 5!
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8.8.4 Thevenin’s and Norton’s Equivalent Circuits
Example # 8:
Find the Thévenin’s equivalent circuit with respect to

terminals “a-b” for the circuit shown in the figure next.

Solution:
1- Vi =Voc
e To find the open circuit voltage, V¢, use source transformation to simplify the part of
the circuit containing 120 V, 12 Q and 60Q.
Note that, at the same time, these transformations must preserve the identity of the
controlling voltage V, because of the dependent voltage source.
e 120V and 12Q resistor can be transformed to a current source of 10A in parallel with
the 12Q resistor.
e The 12Q resistor is in parallel with 60Q resistor, and both have the controlling voltage,
V, across them.

e The equivalent parallel resistor is 10€. —j40 Q
|(
e Now replace the 10A source and the I\

parallel resistor, 102, with a 100V source

in series with 10Q.

e Note that, the controlling voltage, V, is
) ) 100/0°
still at the terminals of the transformed \Y

part of the circuit, as shown in the figure
next.
e Assume that the current I is flowing out of the transformed part of the circuit, as marked
on the figure, and apply KVL for the loop yield:
100 = 101 — j40I + 120I + 10V, = (130 — j40)I + 10V,
e But,

V, = 100 — 10I
e Then,

—900
I=_————=18/-12687" A

129

STUDENTS-HUB.com Uploaded By: anonymous



e Thus, the controlling voltage V, is:

V, =100 — 180 /—126.87" = 208 + j144 V

Vi, = 10V, + 1201
= 2080 + j1440 + 120(18) /—126.87°
= 784 — j288 = 835.22 /—-20.17° V.
2- To find Ry, use the Test Source method, as this is case 2 (note also, Ry, = ?)I
SC
+ Deactivate the independent voltage source by replacing —j40 Q
| (
it with a short circuit (0V), and apply a Test voltage, J[‘
Vr, with a current I, as shown in the figure next. I
12 (2 120 Q)

+ Assume that, the branch currents I, &I,, are as - '1_
assigned in the figure. These currents are (noting that, ez, A
12Q//60Q=10Q): - -

Vr
I,=——— V,=10I,,
“T10 — 40 :
I — Vr — 10V,
T 120
=V O+ )
CO120(1 — j4)
+ Apply KCL at the output node:
IT = Ia + Ib
v (1 9 + j4>
10 — j40 12
_ ViG—4)
12(10 — j40)°
Vr . .
I7 oyve I oa

4+ Therefore, the equivalent Thevenin’s 784 — /288

L . . . v
circuit is depicted in the figure next.

eb
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8.8.5 Superposition

e When the sources have different frequencies, this problem can be solved only by
superposition.

e Draw the equivalent circuit when each independent source is acting alone, with the
impedances calculated at the particular frequency of the active independent source, then
find the particular response due to the active source; in frequency and time domains.

e Repeat the procedure for other source.

e When deactivating an independent source, the voltage source is replaced by a short circuit,
and the current source is replaced by an open circuit.

e Dependent sources stay in the circuit, no matter which independent source is active.

e Superimpose all the responses in time domain (if the sources have different frequencies,

do not superimpose responses in the frequency domain).

Example # 9:

Use superposition to find the steady-state current i(t) in
the figure next for R = 10kQ, L =200mH,vs1(t) = v (1) (D

24 c0s20,000t V, and v, (t) = 8 cos(60,000t +30) V. i(7)

vsa(1) (D R

Solution:
Source 1 acting alone (the other voltage source is replaced by a short circuit):

Vg1 =24/0°V at a frequency of w = 20 krad/s.

The impedance is:

The phasor current due to source 1 is:

Vs 24000
" Zeor 10,000 + j4000

L =2.23/-21.8"mA
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Source 2 acting alone (the other voltage source is replaced by a short circuit):

Vs2 = 8/30°V at a frequency of @ = 60krad/s

The impedance is:

ZEQ2 = R + j(.UL = (10 + ]12) kQ

The phasor current due to source 2 is

Vs 8/30°

l = =
* " Zpo» 10,000 + j12000

=0.512/-20.2° mA

Since the two sources have different frequencies, the phasor currents cannot

be added, but the time domain responses can be added:

() = 2.23c0s(20,000¢ — 21.8°) + 0.512 cos(60,000¢ — 20.2°) mA

132

STUDENTS-HUB.com Uploaded By: anonymous



Chapter 9
Sinusoidal Steady-State Power

Calculations

9.1 Instantaneous Power ,
l

The instantaneous power consumed, at any time, by a network is:  +
lv

p =i

where v & i are steady-state sinusoidal signals of the voltage (measured in Volts) and
current (measured in Amperes), respectively.

e If the current is reversed, then p is negative; and the power is delivered or supplied by the
network.

e |f the voltage and current, respectively, are:

v = Vm cos (w[ + Bv)-

i = I, cos(wt + 6,),

where 6, is the voltage phase angle, and 6; is the current phase angle.
e Choosing a reference of time that corresponds to the time when the current has its

maximum value, then:
v=1V,cos(wt + 6, —0;),
i =1, coswt.

Thus, instantaneous power becomes:

p = V,l, cos(wt + 0, — ;) cos wt

e Using trigonometric identity:

1 1
cosacos B = Ecos (a — B) + ECOS (a + B)
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letting « = wt + 6, — 0, and B = wf gives

Vil Vinl

p= 5 cos (0, — 6;) +

cos 2wt + 0, — 6;)

e Using trigonometric identity:

cos(a + B) = cosacos B — sinasinfB

Vinlm Vindm

cos (0, — 0;) +

p = cos (6, — 6;) cos 2wt

Vil
2

A plot of the instantaneous power for 6,, = 60° and 8; = 0° is shown in the figure below:

sin (@, — 6;) sin 2wt.

v,i,p
3VIH‘[IH

) E< +
~

ot
(radians)

_ Vindm

—Im —
_Vm —

Notes:
+ The instantaneous power is not constant and varies with time, causing vibrations to
motors.

+ The frequency of the instantaneous power is twice the frequency of the voltage or

current.

#

The dashed line represents the average power.

#

The negative power implies that energy stored in the inductors or capacitors is now

being extracted.
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9.2 Average and Reactive Power

Recall the instantaneous power equation,

Vil Vial
p=-""cos(0, — 60,)+ ~"cos(h, — 6, cos 2wt
Viul,
— ”’;’” sin (0, — 6;) sin 2wi.

which can be rewritten in the form:

p =P + Pcos2wt — Qsin2wt

where

P is the Average (Real, or Active) power, it represents the power converted from electric to

nonelectric power, measured in Watts, and is:

_ Vil

F==

cos (6, — 0;)

Also, P can be found by integrating the instantaneous power as:
1 I“AT
P=_ / p dt
T [} to

Note that, integrating the instantaneous power equation over one period will yield the first term

of p only, as the integration of the second and the third terms over one complete cycle is zero.

and Q the Reactive power, measured in VVolt-Ampere Reactive (VAR) and is:

Vindm
0 = ~1""sin (6, - 6)
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9.2.1 Power for Purely Resistive Circuits
For a purely resistive circuit, the voltage and current are in phase, 6, = 6;, thus the

instantaneous power is:

p =P + Pcos2wt

z
— Vmlm —9) = lmlm 5
P == cos (6, —0;) = > 2
Note that, the instantaneous power cannot be negative, &
and no power can be extracted from resistors, as =
resistors cannot store energy; all electric energy is ; os L
dissipated as thermal energy. g [\,
= 0
7: 0 0.005 001 0.015 002 0025
— Time (s)

9.2.2 Power for Purely Inductive Circuits
4 For a purely inductive circuit, the current lags the voltage by 90°; 6; = 6,, — 90° or 6, —
0; = 90°. Thus, the instantaneous power is:
p = —Qsin 2wt
because the first two terms are zero; cos(8,, — 6;) = cos90 = 0.

+ Q is positive for inductors (inductors absorb magnetizing VARS);

Q= %sin 6,6, = %sin (90) = %

+ (Q is the reactive power (VAR), because the inductor is a reactive element; its impedance
is purely reactive.

4 The average power for a purely inductive circuit is zero, and no power is dissipated in the
circuit.

+ A plot of the instantaneous power is shown in the

0 (VAR)
)

figure next.
4+ When p(t) is positive, the energy is stored in the
magnetic field of the inductor, and when it is
negative it is extracted from the magnetic field.

4+ The instantaneous power at the terminals in a purely L0 - . )
0 0.005 001 0015 002 0.025

Time (s)

Instantaneous, average and reactive power

inductive circuit is continually exchanged between

the circuit and the source driving the circuit, at a frequency of 2w.
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9.2.3 Power for Purely Capacitive Circuits
+ Forapurely capacitive circuit, the current leads the voltage by 90°; 6, = 6,, + 90° or 6,, —

0; = —90°. Thus, the instantaneous power is:

p = —Qsin 2wt

because the first two terms are zero; cos(6, — ;) = cos —90 = 0.

4+ The average power for a purely capacitive circuit is zero, and no power is dissipated in the
circuit.

+ Q is negative for capacitors (capacitors supply magnetizing VARS);
Vilm -
Q =—=sin (6, - 6;)

Q =™ (—90)

_ Vilm
Q= 2

+ (Q is the reactive power (VAR), because the capacitor is a reactive element; its impedance
is purely reactive.

4+ The instantaneous power can be expressed as:

p =—"2"sin (6, - 6;)sin 20t

Vinlm . )
p=——""sin (—90)sin 2wt
p=—(— %)sin 2wt

+ A plot of the instantaneous power is shown in the D (W)

figure next.
P (W)

4+ When p(t) is positive, the energy is stored in the

electric field of the capacitor, and when it is negative
energy is extracted from the electric field.

Instantaneous, average, and reactive power

0 (VAR)
. . —-1.0
+ The instantaneous power at the terminals of a purely
. . - . -15 | | | | |
capacitive circuit is continually exchanged between 0 0005 00l 005 002 0025
the circuit and the source driving the circuit, at a Time (s)

frequency of 2w.
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9.3 Power Factor

» The angle is 8,, — 8; plays an important role in power calculations, and is called power

factor angle.
» The power factor angle is the same as the load impedance angle; 8, = 6,, — 6;

> Power Factor (pf) is defined as the cosine of the power factor angle
pf = cos(0z,) = cos(6, — 6;)

> Because cos(0,, — 0;) = cos(08; — 0,), is always positive, specify:
1. Lagging power factor is for inductive load, where 8,, — 6; is positive;
The current lags the voltage: 0 < (6, — 6;) < 90°
2. Leading power factor is for capacitive load, where 8,, — 8; is negative;
The current leads the voltage: —90° < (6, — 6;) < 0°
3. Unity power factor is for purely resistive load, where 6,, = 6;, and
pf = cos (6, — 6,) = 1

» The reactive factor (rf) is defined as:
rf =sin(0, —0;)
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Example # 1:
e) Calculate the average power and the reactive power at the terminals of the
network shown in the figure next if: i

—_—

v =100 cos(wt + 15) V +
.

i =4sin(wt—15) A

f) State whether the network inside the box is absorbing or delivering average
power.
g) State whether the network inside the box is absorbing or supplying magnetizing

vars.

Solution:
a) Because i is expressed in terms of the sine function, the first step in the calculation for P
and Q is to rewrite i as a cosine function:
i =4cos(wt —1057) A

Thus,

P = %cos 6, —06,)

P= %ﬂ)cos (15 — —105)

P = 200 cos (120) = —100W
And Q = % sin (6, — 6,)

Q == sin (15 — —105)

Q = 200 sin (120) = 173.21 VAR

b) Since P is negative (= —100W), the network is delivering (or supplying) power to its
terminals.
c) Since Q is positive (= +173.21 VAR), the network is consuming magnetizing VARs at its

terminals.
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9.4 The rms Value and Power Calculations

Assuming that, the voltage across the resistor is: P—
+

v=V,cos(wt+6,)V

" ( v) V,cos (of + 0,) ?R

Then, the instantaneous power of the resistor is: PO
_v®?
=— 2
(Vin cos(wt+8,))
p= R

Thus, the average power delivered to the resistor is:

1 /fo+TV§ncos2(wr + 6y)
dt
fo R

11 1 to+T
o) T/ V3, cos 2wt + 6, )dt
J Iy

Therefore, Vz
. rms

If the resistor current is:
i=1I,cos(wt+6;)A

Then, the average power is

P = ItnR

The rms value is called the effective value!
Note that, the rms value of a sinusoidal source delivers the same energy to a resistor as a DC

source does of the same value during the same period.

C)vs=100\/(rms) R§ — CDVS=100V(dc) R§

140

STUDENTS-HUB.com Uploaded By: anonymous



The average power can be expressed in terms of the rms value as:

Vil
P = cos (6, — 0;)
2
_ ﬁ l_m (9 0 )
V22 e Tl
= Vegelegr cos (0, — 6)):;
or P =V, Irmscos(ev - ei)
P = Vrms I rms pf
Similarly,
Q = Veglegsin (0, — 0;)
or Q =Vims Lyms Sin(ev - ei)

where legr = Irps and Vege = Vigps!

Example # 2:
a) A sinusoidal voltage having a maximum amplitude of 625 V is applied to the terminals of

a 50Q resistor. Find the average power delivered to the resistor.

b) Repeat (a) by first finding the current in the resistor.

Solution:
a) The rms value of the applied voltage is:

V.= % = % = 441.94V

The average (real) power dissipated in the resistor is:

2 441.94)
Pz% — P=(SO)=3906.25W

b) The maximum current in the resistor is:
Vin _ 625 _ = fm _ 125
Im=—1=-"=125A — Y S 7= =8844
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or the rms value of the current can found directly from the rms value of the voltage as:

_ Vems __ 44194
Lims = = T 8.84A!

The average (real) power dissipated in the resistor is:

(44194 )
P=— = W65 W
30

P = (8.84)50 = 3906.25 W

Note that, the reactive power, Q, is zero because the current and the voltage of a resistor
are in phase!

9.5 The Complex Power

=  Complex power is the complex sum of the average (real) power and the reactive power,

or
S=P+j0.

= The complex power is measured in VVolt-Ampere (VA).
= The magnitude of the complex power called the apparent power;
51 =VP2+ Q2
= The apparent power represents the volt-amp capacity required to supply the average
power.
= The power triangle is a plot of the complex power in the complex plane.
The power triangle for an QT

. . S| = apparent power
inductive load.

O = reactive power

o .
P = average power P

Note that, the power triangle for a capacitive load lies in the 4™ quadrant of the complex
plane.
= The angle of the complex power is the same as the power factor angle;
0 =06z =0,—06;

Q
P

tan @ =
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But, Q0  (Vul,/2)sin (0, — 6,)

P (V,1,/2)cos (8, — 6)

= tan (6, — 6;).

= The Average (real) power is real part of the complex power;

P = R{S}
P = |S|cos@
P =S| pf

= And the reactive power is imaginary part of the complex power;

0 = 3{S}
Q = |S|sin@
Q=IS|rf

Example # 3:
An electrical load operates at 240 V rms. The load absorbs an average power of 8 kW at a
lagging power factor of 0.8.

a) Calculate the complex power of the load.

b) Calculate the impedance of the load.

Solution:

) From the power triangle shown

P = |S|cos ¥, S
. O
Q = |§|sin6. N
Now, Dbecause cos 6 = 0.8, sinf = 0.6. v P
Theretore
P S kW
S| = o0 08 10kVA.,

Q0 = 10sinf = 6 kVAR,
and

S =8+ j6kVA.
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b) To calculate the load impedance,
_ Vel
| L
To find the current,
P = Veglegr cos (6, — 6;)
8000 = (240)I¢ (0.8)
logr = 41.67A

The power angle is the same as the impedance angle;

|Z]

6 = cos 1(0.8) = 36.87".

Therefore, the load impedance is:

1% 240
_ Vel _ = 5.76.

7| = = =
2 L 4167

Hence,

Z =576 /36.87° () = 4.608 + j3.456 ().

9.6 Power Calculations
Recall,

S =P+ jo.

But, P =" cos (6, — 6;) and Q = 2™ sin (6, — ;)

Thus, S = %cos 6, -6, +j%sin 6, -6,

=, lcos(8, — 6) + jsin (8, — 6)]

v,I, . 1
Te J6.76) = EVmIm[ (81; — 81)

S = Virilerr/ (0 — 0:)

— (0,—0;
= Vegilegee "%

= Ve "I e
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Note that,
Lge 7% = Igcos (—6;) + jlgsin (—6)
= Lcos (0;) — jlegsin (6;)
= L.

where I¢" is the complex conjugate of I ¢

Therefore,

S =Veseletr :> S = Vimslrms

where I is the complex conjugate of I,y

If the maximum amplitude of the voltage and current are known, then:

1.
= VI
72

Example # 4:

Find the complex power if

vV =100 /15° V,

I=4/-105 A.

Solution:

1
§ = 5(100 /15%)(4 /+105%) = 200 /120°

= —100 + j173.21 VA.

Such that,
P =—-100W,

0 = 17321 VAR.
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Alternate Forms for Complex Power

If the equivalent impedance of the circuit is Z, then the

voltage across the circuit is: —

V. 7z
Veir = Z L. :

Recall, the complex power is:
S = Vestlett
S = Zlglex

= |Ieff|2Z
= [L*(R + jX)

= [Lg’R + jll.gl*X = P + jO,

from which

1
P = [I4°R = EI%qR.»

1
0 = [IuX = Elsz'

Also,

Ve \* Ve
SZVeff( Zeﬂ> =|Zeﬂ| =P +jO

Note that if Z is a pure resistive element,

P = |Vveff|2
R
and if Z is a pure reactive element,
0- | Verel”
X
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Example # 5:

In the circuit shown in the figure, a load having an

impedance of 39 + j26 ) is fed from a voltage 10 j4Q
source through a line having an impedance of
1 + j4 Q). The effective, or rms, value of the source N 250/0°
voltage is 250 V. (_) V (rms) Vi kL l

;
.?

a) Calculate the load current I and voltage V.

b) Calculate the average and reactive power deliv- Source
ered to the load.

c¢) Calculate the average and reactive power deliv-
ered to the line.

Yo

Load

Line

d) Calculate the average and reactive power sup-
plied by the source.

Solution:

a) The load current is:

S AU 5 /-36.87° A
LT 40+ 30 P TY = (rms)

The load voltage is:

V. = (39 + j26)I, = 234 — {13

= 234.36 /—3.18° V (rms).

b) The load complex power is:

S = VI = (234 — j13)(4 + j3)

= 975 + j650 VA.

Since, S = P + jQ, therefore, P = 975W and Q = 650VAR
c) The line power is:
P = [I.4’°R P=(5%1)=25W,
Q = [l X Q = (5)%(4) = 100 VAR.
d) The complex power delivered by the source can be obtained either by adding the complex

power of the line and the load

S =25 + j100 + 975 + j650

S, = —250I;.
or
1000 + j750 VA. S, = —250(4 + j3) = —(1000 + j750) VA.
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9.7 Power Factor Correction (Improvement)
Most load are inductive load and have a lagging power factor.

e The original complex load power is:

Sotd = Poia + JjQota it s .
V. + Koo

Sotd = |Soial L Oo14 T

e The new complex power that results from adding a capacitor in parallel with the load is:

Snew = Pota + JQnew > T
Shew = |Snew| L Onew X Is : CJ_
Because the capacitor does not have real power. < '

o.
-

] =
&

Bhew IS Specified by the (new) required power factor!

..........................

e Since Spew = Sola + Scap, the added capacitor complex power is:
Scap = Snew — Sold
e But, the capacitor is purely reactive;
Scap = 0 +jQcap
and,

— *
Scap - Vrmslrms

Scap = (V;"ms L917)I>1k'ms

Noting that, I,,,s = %

Ims = WC Vs L(6, +90)
Therefore,  I}pms = @WC Vs L(—6,, — 90)
Substituting I, in the capacitor complex power yields:
“Scap = (Vs LO,)(WC Vins L(—6, —90))
Scap = WC Vi3 L —90

Scap = —JjwC V;”%ns

AISO’ Qcap = Qnew — Qota = —](,L)C V72"ms

Note that, most electricity distribution companies require the load power factor to be greater
than 0.92 lag!
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Example # 6:

0050 /050Q
Y'Y Y\

The two loads in the circuit shown in the figure can ~ &—W—— n |
be described as follows: Load 1 absorbs an average I, o

: G apes| R0 ST Y IS
power of 8 kW at a leading power factor of 0.8. ' V (rms)| L v 2
Load 2 absorbs 20 kVA at a lagging power factor - |
of 0.6. ¢

a) Determine the power factor of the two loads in parallel.

b) Determine the apparent power required to supply the loads, the magnitude of the current,
I, and the average power loss in the transmission line.

c) Given that the frequency of the source is 60 Hz, compute the value of the capacitor that
would correct the power factor to 1 if placed in parallel with the two loads. Recompute the
values in (b) for the load with the corrected power factor.

Solution:

a) The voltage is given as rms value. The source current is:

=1 +1
The complex power of the two loads:
S = (250)I;
= (250)(I; + L)’

= (250)I; + (250)I, grw 3687 20kVA
+ 16 KVAR
_ —6kVAR
But. S+ S 10 KVA kW
~8000(.6)
S, = 8000 — ]W (a) (b)
. 2236 kVA
= 8000 — j6000 VA, B
S, = 20.000(.6) + j20.000(.8) 20 kW
= 12,000 + {16,000 VA. (c)

It follows that

§ = 20,000 + ;10,000 VA,

and

. 20,000 + j10,000 .
I = 5 = 80 + j40 A.

Therefore

I, = 80 — j40 = 89.44 /—-26.57° A.
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The power factor of the combined load is:
pf = cos (6, — 6;)
pf = cos (0 — —26.57) = 0.8944 lagging

Note that, the total reactive power (Q) of the load is positive

b) The apparent power which must be supplied to these loads is:
S| = 20 + j10| = 22.36 KVA
The magnitude of the current that supplies this apparent power is:
I = |80 — j40| = 89.44 A
The average power lost in the line is:

Pine = [I,’R = (89.44)*(0.05) = 400 W

The average power supplied by the source is:
P, = P + Ppine = 20,000 + 400 = 20,400/

c) The new power factor is unity; which means that the reactive power of the loads and the
capacitor is zero;
Opew = Ccos™11 =0
Snew = Poia + JQnew s

9]

But,

QTLGW = old tan enew = 20,000 tanO = 0
Therefore, Spew = 20,000 + jO

2236 kVA
mk\Q\R + |-10kVAR

Scap > Snew B SOId 20 kW
a b
Scap = 20,000 — (20,000 + j10,000) @ ®

Scap = —j10,000 = —jwC Vs o
10,000
¢= erst
where w = 2nf = 2m(60) = 376.99 rad/s
10099 _ — 424.4 uF

"~ 376.99 (2502)
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Alternative way to calculate C:

Since the new power factor is unity,
Qcap = Qoia = 10,000VAR

And the reactance of the capacitor is:

-1

|Verel?
X =
0]
_(250)°
~ —10,000 _1
pa—
= —6.25 (. wX

Since the new power factor is unity,

IS| = P = 20 kVA.

The new current from the supply is:

P, 20,000 _

15| = 50

804

Vrms

= (37699)(—625) _ HAAmE

The current is reduced compared to the case without the capacitor!

The average power lost in the line is reduced to:

Pline = |Is|2R = (80)2(005) = 320 W.

The average power supplied by the source is:
P, = P, + Pyine = 20,000 + 320 = 20,320W

Example # 7:

a) Calculate the total average and reactive power
delivered to each impedance in the circuit shown
in Fig. 10.17.

b) Calculate the average and reactive powers asso-
ciated with each source in the circuit.

—j16 QT

V, = 150/0°V

V, = (78 — jl104) V
V, = (72 + jl04) V
V; = (150 — j130) V

c¢) Verify that the average power delivered equals
the average power absorbed, and that the magnet-
izing reactive power delivered equals the magnet-
izing reactive power absorbed.
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Solution:
Note that, the source voltage is given as a maximum amplitude not as an rms value!

a) The complex power delivered to the 1 + j2(Q impedance is:

| S .
S = 5‘7111 =P+ jO,

1
= (78 = jL04)(—26 + j52)

—jmnT

1 y — 5 o
= (3380 + j6760) V, = 150/0° V
2 V,=(18—j104)V I, =(-26-j52)A
V, = (72 +j104) V I=(-2+j6)A
V; = (150 — j130) V I, = (—24 — jS8) A

= 1690 + j3380 VA.

The complex power delivered to the 12 — j16( impedance is:

I, . .
Vol =P+ jO,

52:2

1
= (72 + jl04)(=2 — jo)
= 240 — j320 VA.

The complex power delivered to the 1 + j3Q impedance is:

1 .
83 = 5‘7315 =P+ jO3

1
(150 — j130)(~24 + 58)

= 1970 + j5910 VA.

b) The complex power associated with the independent source is:

| N .
Ss = _Evsli = Ps + ]QS

—;(150)(—26 + j52)

1950 — 73900 VA.
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The complex power associated with the current-controlled voltage source is:

5= H(OM)E) = P, + O,

1
= 5(—78 + j234)(—24 + jS8)

= —5850 — j5070 VA.

V= 150/0°V

V, = (78 —jl104) V I, =(-26—j52)A
V,=(72+j104) V L=(-2+j6)A
V;= (150 —j130)V L, =(-24 —j58) A

c) The total power absorbed by the passive impedances and the independent voltage source
is:
Pﬂbsorbed = Pl + PZ + P’i + Ps = 5850 W.

The dependent voltage source is the only circuit element delivering average power. Thus:

Pdelivered = 5850 W.

Magnetizing reactive power is being absorbed by the two horizontal branches. Thus:

QﬂbSOl‘bt‘(l = Ql + Q3 = 9290 VAR.

Magnetizing reactive power is being delivered by the independent voltage source, the

capacitor in the vertical impedance branch, and the dependent voltage source. Therefore:

delivered — 9290 VAR.

The absorbed and delivered average and reactive powers are balanced!
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9.8 Maximum Power Transfer

e For any network, to find the load impedance Z, which draws the maximum power, the

network is represented by its Thevenin’s or Norton’s equivalent circuit.

a Z
Generalized linear Th

network operating 7 T
in the sinusoidal - V1 Zy

steady state

[ a8

be—

e Assuming that, the Thevenin’s impedance (Z7;,) and the load impedance (Z,), respectively

are.
Zry = Ry + jXp,

ZL - RL + ]XL

e Assuming that, the Thevenin’s voltage (Vrp) is given as an “rms” value, the rms value of
the current is found by KVL.:

_ Vi
(Rty + Ry) + j( X1, + X1)'

|

e The average power delivered to the load is:
P = |I’R,
e Therefore, the load power is

_ V" Ry
(Rrw + R + (X + X))

e For any network, Vpp, Ry, and Xrp, are known, whilst R;, and X; are unknown and can
be adjusted for maximum power transferred to the load.

e To maximize the load power P, R;, and X; must be found such that;

opP oP
O_XL_O and E_O

Thus,
aP — Vi 2R (X + X711

X1 [(RL+ Rpy)* + (Xp + X))

Equating the derivative with zero yields:

XL = _XTh (1)

154

STUDENTS-HUB.com Uploaded By: anonymous



Also,

0P [Vol[(RL + Ryn)® + (Xo + X1)° — 2Riu(RL + Ry))
Ry, [(RL + Rrn)® + (XL + X))

Again, equating the derivative with zero yields:

R = VR%, + (XL + X (2)

e Combining the conditions in egs. (1) and (2) for maximum power transferred to the load

yields:

R, = RE, + (=Xrpn + X11)?
RL = \/erz-vh RL = RTh
Z;, =Ry — jX7p

A Z%

e The current under the above condition is:

_ VThyms
Rrp+jXTh+RL+jXL

_ VThrms
Rrh+jXTh+RTh—JXTH

— VThyms
RTh+RTH

e The maximum average power transferred to the load is:
Prax = lllzRTh

2
P = |VThrms|
MAX " (Rpp+Rpp)2 M

2
P ::EZELEQL
max " (2Rpp2 M

2 2
VTR sl Vrh
P — ™ ms Or P — ™ ms
max 4RTh. max 4'RL
For Norton’s equivalent:
P _ |1Nrms|2 R or P _ |INrms|2 R
max — 4 N max — 4 L

e Interms of the maximum amplitude of the voltage (or current), the maximum power is:

2 2
VTl 1|

Prax = BRZL Or  Prax = ;n Ry
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For a Restricted Z; :
1. If the values of R, and X, are restricted to a limited range of values, but the phase can
be changed, then for maximum power transfer:

» Adjust X; as close to — X, as possible

» Choose R;, as close \/R%h + (X, + Xp,)> to aspossible

2. If the magnitude of Z; can be varied, but not the phase, then set:

|ZL\ = \ZTh|

Example # 8:

50 j3 48 a

a) For the circuit shown in Fig. 10.20, determine the
impedance Z; that results in maximum average 20@
power transferred to Z; . v

b) What is the maximum average power transferred ¢ —

to the load impedance determined in (a)?
Figure 10.20 A The circuit for Example 10.8.

Solution:
a) Using source transformation, 20V in series with 5Q can be transformed to a current source

in parallel with the same resistor;

L=2=4A

The resistors 5Q and 20Q are in parallel and have an equivalent resistor of:

5(20)
Rea1 =35

= 4Q
The current source I in parallel with 4Q can be transformed to a voltage source in series with
the same resistor; 40 i30

Vy = I;(Req1) = 4 (4) = 16V 160

vV

Now, to find V5, use potential divider;

16 /0°
Vi = (=6

=192 /-=53.13° = 11.52 — j15.36 V
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To find Z¢y, this is case 1, deactivate the independent source and look into the terminal a-b:

(—=j6)(4 + j3) o
= PR 596 — 1680
™4k 3 - j6 /

s760 ! 1|.?8 S .
Wy I—*
For maximum power transfer, I 5.76
7 = 7 19.2 /~53.13° C+>
o v - +i1.68 Q)
Z; =576 + j1.68Q .
b

b) To find the maximum power transferred to the load, calculate the effective current first as,

19.2/V2

lg=—7"—=11785A
T 2(5.76)
then P = 1245.76) = 8 W
or directly,
p = Vrngl® o212 _
max = gRrrn - 8(5.76)
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Chapter 10
Introduction to Laplace

Transform

e Laplace Transform is a powerful analytical technique that is widely used to study the
behavior of linear, lumped-parameter circuits.

e Besides, it is used to analyze circuits described by sets of linear differential equations.

e Moreover, it relates, in a systematic fashion, the time domain behavior of a circuit to

its frequency-domain behavior.

10.1 Definition of Laplace Transform
+ The Laplace transform of a function is given by the expression:

F(s) = 9(f@) = [ rwear

which is one sided or unilateral Laplace Transform since its lower limit is zero!
's’ represents the frequency, the complex frequency; s = 0 + jw

+ The Laplace transform transforms the problem from the time domain to the frequency
domain to make manipulation easier; manipulating a set of algebraic equations is easier
than manipulating a set of integro-differential equations!

+ After obtaining the frequency-domain expression for the unknown, inverse-transform
is used to get back the unknown in time domain.

+ Though the upper limit of the integral is oo (improper £
integral), here in linear circuits, we are interested in functions
that have Laplace Transforms, and hence the integral
converges.

4 If the function is discontinuous at 0, then use 0~ as the lower

limit of the integral! 0.1 < ;

The initial conditions account fort < 07!

159

STUDENTS-HUB.com Uploaded By: anonymous



+ Two Types of Laplace Transform:
1- A Functional Transform: is the Laplace Transform of a specific function
2- An Operational Transform: defines a general mathematical property of the

Laplace Transform; e.g., the derivative of f(t)

10.2 The Step Function
» It has a discontinuity of a jump at a specific time!

» The Unit Step Function is zero for t < 0, and has a value of 1 for t > 0;
u(t) =0 for t<O0
u(t) =1 fort>0

» The Step Function is:
Ku(t) =0 for t <0 %
Ku(t)=K for t>0

0
> Ku(t) is not defined at t = 0, but it @
may be assumed that: L
Ku(0) = 0.5K . _:
I :
0" 0"
» The Shifted Step Function
A step that occurs at t = a is: £(0)
Ku(t—a)=0 for t<a
Ku(t—a)=K fort>a K-
0! a r

The plot next is for Ku(t — a) for a > 0!

If ‘a’ is positive, the step occurs to the right of the origin, and if ‘a’ is negative the step
occurs to the left of the origin.

The Step Function is zero when (t — a) is negative, and is K when (t — a) is positive!
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» The Step Function can be also expressed as:
Ku(a—t)=K fort<a
Ku(a—t)=0 for t>a

The plot below is for Ku(a —t) for a >0

()
K
y
0 a
Example # 1:
Express the  waveform, the
. v(r) (V)
Rectangular Pulse Function, shown \
in the Figure below in terms of step .
Jp----
functions!
0 | I— ——
o1 2 3 4 ()
3
Solution:
v The amplitude of the pulse jumps to a value of 3V v(6) (V)
at t = 1s; therefore, 3u(t —1) is part of the ] 3u(t—1)
. 3l AN
equation for the waveform. :
0 | | | t (S)
v/ The pulse returns to zero at t = 3s, S0 an equal and 0 - 345
opposite step must occur at t = 3s; therefore, _3| _____________
—m(r—3};

—3u(t —3) is part of the equation of the

waveform.

v’ Putting these observations together, the rectangular pulse can be expressed as:

v(t) =3u(t—1)—-3u(t—-3) V
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10.3 The Impulse Function (Dirac (Delta) Function)
It is a signal of infinite amplitude and zero duration.

X/
°

2
L X4

X/
L X4

Such signals don’t exist in nature, but some circuit signals come very close to

approximating this definition.

Impulse function enables defining the derivative of a function at the point of

discontinuity.
The Unit Impulse Function is defined as:
6(t) = ,t=0

6(t)=0 ,t#0

As € -0, the
approaches a unit Impulse Function

function  f(¢t)

v(t)

3

A 6(0)
(1)

@)
1/e

The area under a delta function is unity!

[%,8(®)dt = [ s()dt =1

0 €

If K5(t), then K is the strength of the Impulse Function (also the area of the impulse

function).

JZ Ks®)dt =K
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du(t)

«» Definition: 6(t)= dt

f'()

f() 1

2E| |

1.0 | |

| | |

| | |

l | |

—€ OI € t _IE 0 i: l

Again as € — 0, the function f(t) a Unit Step Function, and as € — 0, the function

f'(t) approaches a Unit Impulse Function! As € — 0, the amplitude — oo and the

duration - 0!

¢ If the impulse occurs at t = a, then K§(t — a) is the impulse function.

The graphical symbol of the Impulse function is shown in the Figure below!

[

(K)1

h

(K)

Ka(r) Ké(r — a)

10.4 Sifting Property

a

Assuming that, f(t) is a continuous function at t = a then,

ate

J2 f©)8(t—aydt = [° f(D)6(t —a)dt,  because 5(t —a) =0att #a

ate

= fa_e f(a)é(t —a)dt, because f(t) is continuousatt = a

ate

=f(a) [, §(t—a)dt

= f(a)

Therefore,| [ f(£)8(t — a)dt = f(a)

Using the Sifting Property,

OO

o) = |

JO”

5(t)e™ dt = / 5(1)dt = 1

OO

JO

That is because, a = 0, with f(a) = f(0) = e=5® = 1!
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Again reconsider the function shown in the £

Figure next, as e — 0, the function generates /e
an Impulse Function, &(t).

—e 0 € !

[0
The derivative of f(t) is §'(t). — 1/e2
I

The derivative of the Impulse Function is _é ol € !
referred to a moment function or unit 1/ _:

doublet!

To find the Laplace Transform of §'(¢t),

(07 . 3 .
L{é'(t)} = lim[/ %e‘”dr + / (—iﬁ)e_“dt]
e~0l ) ¢ € 0 €

e + e’ -2 1+1-2 0 et 1
= lim ) = — , use L’Hopital’s rule
e—0 Sez 0 0
' se’€ — se € _ .
= hrr(lz— , again use L’Hopital’s rule
e—0 €S

I
' SZ€SG + s%e Se
= lim
e—0 28

L{&'(t)} = s

In a similar manner, the Laplace Transform of the n' derivative of the Impulse Function is:

PL8(1)} = 5"
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10.5 Functional Laplace Transforms
They are the Laplace Transform of specific functions of t.

10.5.1 Derivation of Laplace Transform of Some Functions

+«+ Step Function

e gee
Plu(t)} = / f(He™ dt = / le™"dt
0 0+
B e—Sl‘ fo'] B 1

Sl S
o 1 o
Flu(t)} = — Note that, the function is defined to be zero for t < 0.

\)

f(0)

+«+ Decaying Exponential

- OO
':Cf:'{e*af} — / e*af e*.ST dt
0+

.00 1
— e—(a+5)r dt =
0+ s+ a

1
3:' e—at —
{ } s+ a
«»+ Sinusoidal Function
2 OO0
F{sinwt} = / (sin wt)e ™ dt uy
0

200 it —iwt 1.0 —
— / u e_Sf dl- /\ etc.
0 2] - / ‘
"0 —(s—jo)t _ —(s+jo)t \/ \/
e e
/ dt -0l
(

: 2j
(1
2j1\s —jo s+ jo
: [0
Fsnot} = ——
5+ w
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10.5.2 Laplace Transform Pairs

All functions are defined to be zero for t < 07!

Type J() (1> 0-) F(s)
(impulse) o(t) 1
1
(step) u(r) 5
1
(ramp) t 2z
1
(exponential) e
s+ a
(sine) sin wt 2 f 7z
: S
(cosine) cos wt )
1
damped ram te
(damp p) G+ ay
1)
d dsi “sin wt
(damped sine) e “sinw G tal+a
s+ a
damped cosine e “ cos wt
(damp ) (s + a) + o

10.6 Operational Laplace Transforms

10.6.1 Multiplication by a Constant, K
It L{f(0)} = F(s). then L{Kf(1)} = KF(s).

10.6.2 Addition and/or Subtraction

it S{fO} = Fis), L{H0} = B(s).  P{f(0)} = Fy(s).
then  F{A) + fo(t) — (D)} = Fi(s) + Fa(s) — Fy(s).
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10.6.3 Differentiation

_Ef{d];?)} = sF(s) — f(07) , Subtracting the initial value of £(t)

Also for the n" derivative,

arra) i v df(0T) s dPf(0) d"'f(07)
& {T} = $"F(s) = s"7If(07) = 5" = = s ‘7&2 =

10.6.4 Integration

EE{ 'f(x)dx} _ £
Jo- s

10.6.5 Translation in the Time Domain

Translating f(t)u(t) in time by a constant "a" yields f(t — a)u(t — a), then

FLf(t — a)u(t —a)} = e “F(s), a>0

For example, knowing that,

P{ru()} = 5
S/_.
Then,
Pt — ayu(t — a)) = =
7

Note that, the translation in the time domain corresponds to multiplication by an

exponential in the frequency domain!

10.6.6 Translation in the Frequency Domain

P f(t)} = F(s + a)

Note that, the translation in the frequency domain corresponds to multiplication by an
exponential in the time domain!
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For example,

If
A)

S2 + wz
Then, it can be deduced that,

F{cos wt} =

s +a

F{e ™™ coswt} =

10.6.7 Scale Changing

P{f(a)} - iF(Z)- a0

(s +a)P + w

A)

For example,
If
F{cost} = %
sc 4+ 1
Then,
1 S/w
F{coswt} = — /

10.6.8 First Derivative

F oy =-=2
10.6.9 nt Derivatives

POy = (i
10.6.10 s Integral

¥ ER =1 Fwdu
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10.7 Applying the Laplace Transform

Example # 2: Use Laplace Transform to solve the ordinary integro-differential equation that
describes the circuit shown in the Figure below, assume that the initial energy stored is zero

before opening the switch at t = 0s!, and find v(t) for t > 0s!!

®
4

T
T4 T R L CT 0

Solution:

Applying KCL to the upper node,

v 1 aoit) _
R + L./l] v(x)dx + C o Ly.u(1)

Transforming the equation to s-domain yields,

V) | 1 VES)
R L s

1
+ CsV(s) — v(07)] = Idc<;>
Collecting terms of V (s) yields,

| 1 Iy
Vi(s) R + SsL +sC | = g, sinceV(07) =0V

Thus,
Iclc/c
s2 + (1/RC)s + (1/LC)

Vi(s) =

But, v(t) is the inverse Laplace Transform of V (s);

o(t) = £ HV(s)}
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10.8 Inverse Laplace Transform

= The corresponding s-domain variables (upper case) and the time domain variables are
illustrated as:

F{v}y =V or v=YHVI},
${iy =1 or i=%"YI},

${fy=F or f=%YF)},

= In general, for linear, lumped-parameter circuits whose component values are constant,
the s-domain expressions for the unknown voltages and currents are always rational

functions of s;
N(s) a,s"+a, s" '+ +as+a,
D(s)  b,s™ + b, s" '+ -+ bs + by

where, a and b are real constants, and m and n are positive integers!

Notes,

1- Theratio P is called a proper rational function if m > n

(s)

2- The ratio % is called an improper rational function if m < n

3- Only a proper rational function can be expanded as a sum of partial fractions.

10.8.1 Partial Fraction Expansion
+ Proper rational functions can be expanded into a sum of partial fractions by writing a
term or a series of terms for each root of D(s); poles of F(s)!
+ For each distinct root of D(s), a single term appears in the sum of partial fractions.

+ For each multiple root of D(s) of multiplicity "r", the expansion contains "r" terms.
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For example, the rational function
s+ 6

s(s + 3)(s + 1)°

can be expanded as,
s+ 6 Kl K, K3 K4
S = + + =+ _
s(s + 3)(s + 1)° s s+3 (s+1) s+1

And

s+ 6
s(s + 3)(s + 1)

g = (K + Kye ™ + Kyte™" + Ky u(t)

The roots of D(s) can be either,
1- real and distinct
2- complex and distinct
3
4

real and repeated

complex and repeated

10.8.1.1 Partial Fraction Expansion - Distinct Real Roots of D(s)
If

F(g):%+£+...+

1 S—Pz S—Pm
Then
K;=F(s)*(s— P1)|s=P1

Km = F(s) * (S_Pm)|s=Pm
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Example # 3: Use Partial Fraction to find the coefficients; K’s, and f(t), given that,

9(s + 5)(s + 12) K, K, K5
F(s) = =— + +
s(s + 8)(s + 6) s s+8 §s+6

Solution:
To find K;, multiply both sides by "s" and evaluate both sides at s = 0;

96(s + 5)(s + 12) ko Ks Kss
(s+8)(s+6) |seo = s+8|;=0 5+ 6|
9%(5)(12)

36) - K, =120

To find K, multiply both sides by "(s + 8)" and evaluate both sides at s = —8;

96(s + S)(s + 12) _Ki(s +8) Ki(s + 8)
G0 s 5 e T 670 |
or .
96(—3)(4
YA _ g~ 7

(—=8)(—2) ’
To find K3, multiply both sides by "(s + 6)" and evaluate both sides at s = —6;

06(s + 5)(s + 12)

SG8) |, T W
Therefore,
96(s + 5)(s + 12 120 48 72
s(s + 8)(s + 6) S s+6 §s+8

Check, F(s) = 0,ats = —5 or s = —12; choosing s = —5, the right hand side yields:

120 48 72
F(s) = + ———=-24+48-24=0
-5 1 3
Thus,
o6t +5)(s +12)] o s
f(t) =« { G+ 86 1 6) } = (120 + 48¢™° — 72¢ 8yu(t)

172

STUDENTS-HUB.com Uploaded By: anonymous



10.8.1.2 Partial Fraction Expansion - Distinct Complex Roots of D(s)
Example # 4: Use Partial Fraction to find the coefficients; K’s, and f(t), given that,

C100(s + 3)
(s + 6)(s> + 65 + 25)

F(s)

Solution:
F(s) is a proper rational function.

The roots of the quadratic equation,

s+ 6s+25=(s+3—jd)(s+ 3+ jb)

Thus, with the denominator in a factored form,

K, K, K5

F(s) = -+ = + :
() s+6 s+3—j4 s+3+j4
To find K;, multiply both sides by "s + 6" and evaluate both sides at s = —6;
100(s + 3 100(—3
K, — 106+ 3) _ 10023 5
§5°+ 65 + 25|5= 6 25

To find K,, multiply both sides by "s + 3 — j4" and evaluate both sides at s = —3 + j4;

_ 100( j4)
s=3+ja B+ JjH(8)

o - 100(s + 3)
2 (s +6)(s + 3+ jd)

K, = 6 — j8 = 10e /3313
To find K5, multiply both sides by "s + 3 + j4" and evaluate both sides at s = —3 — j4;

100(s + 3)
(s + 6)(s + 3 — j4)

_100(—j4)
s=3-ja B = JH(=/8)

K; =

K; =6+ j8 = 10e />

Note that, complex roots coefficients are also conjugates!

Therefore,

F(s) 100(s + 3) —12 10/ —53.13° 10,/53.13°
= +

= . T -
(s +6)(s>+6s+25) s+6 s+3-j4 s +3+j4
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Testing at s = —3 is attractive because the left-hand side reduces to zero at this value;
—12 10 /-=53.13° 10 /53.13°
F(s) = + : + .
3 —j4 j4
= —4 4+ 25 /36.87° + 2.5 /—-36.87°
=—4+20+j15+20—-;15=0

Taking the inverse Laplace Transform of F(s) yields,

- 100(s + 3)
(s + 6)(s® + 65 + 29)

} = (12e7% + 10e 313 G + 10 P41 e u(r)

— (—12e + 10e (g J4=53137) 4 omi(4=53.13) Yu(1)

= [—12e7™ + 20e' cos(4t — 53.13°)]u(t)

Note that, | cos 6 = = (e/? + e~/
2

In general, for the complex roots, the coefficients are also complex conjugates; if the roots are:
(s +a—jB)s +a+jB)
Then, the partial fraction yields,

K N K*
s+ a—jp s+ a+ B

where K = |Kle” = |K|/6° and K* = [Kle? = |K|/—6°

Hence, the complex conjugate pair inverse transform is:

ff“{ K K }: 2|K|e ™ cos(Bt + 0)

s+ a—]jB s+ a+ B

Note that, K is associated with theroot § + o — ]B
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10.8.1.3 Partial Fraction Expansion - Repeated Real Roots of D(s)
Example # 5: Use Partial Fraction to find the coefficients; K’s, and f(t), given that,

100 +25) K K Ky K,
s(s + 5)° s (s+5° (s+5%* s+5

F(s) =

Solution:
To find K;, multiply both sides by "s" and evaluate both sides at s = 0;

~100(s + 25)
(s + 5)°

_100(25) _

e s Y

1

To find K,, multiply both sides by "(s + 5)3" and evaluate both sides at s = —5;

5 5)° 2
100(5;2) = Kl(sg” + Ko + Ks(s + S)ls-s51+ Ky(s +5)7|
100(20)
K, = —400

To find K3, multiply both sides by "(s+5)3". Next, differentiate both sides once with

respect to "s" and evaluate both sides at s = —5;

. <\3
i|:100(s + 25)] B i|:K1(s +5) ] . i[Kz]s——s
ds s =5 ds s §=—5

2
§°

s — (s +25)
100 = K5 = —100
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To find K,, multiply both sides by "(s+5)3". Next, differentiate both sides TWICE with

respect to "s" and evaluate both sides at s = —5;

After simplifying the first derivative, the second derivative becomes:

d| 25 d| (s+5)°@2s—5)
100 | == =K,
ds |: 5? }5——5 lds |: s° s=—5

d d
+ 0+ _[K'S]5=—5 + _[ZK—I(S + 5)]s=—5

ds -~ T ods
which yields, —40 = 2K, o K, = -20
Therefore,
100(s +25) 20 400 100 20
s(s + 3)° s (s+35)7 (s+5? s+5

Check both sides at s = —25, both sides must be equal to zero!

The inverse Laplace Transform of F(s) yields,

100(s + 25 - i i
! {L} = [20 — 200%™ — 100te™™ — 20e~u(t)

s(s + 5)°
Note that, if F(s) = — then d};_(:) - ﬁ ngS) _ (S+25)3
= a0
Thus, £ {28} = 200 £ {(-1)* ===} = 200 £ {(-12 252
= 200t2f(¢)
But, f(¢t)=L"" {i} = f()=e 5t

-1 400 _ 2 5t
£ {=25) = 200e%

-100
(s+5)2

= —100(-1) —= = —100(-1) =2

Besides, 1o

-100
(s+5)2

Therefore, L‘l{ } =—-100L71 {(—1) dF(S)} = —100te~>¢

ds
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10.8.1.4 Partial Fraction Expansion - Repeated Complex Roots of D(s)
Repeated complex roots are treated in a similar manner to that was done to repeated
real roots; the only difference is that the algebra involves complex numbers.
Example # 6: Find f(t), given that,

768
(s? + 65 + 25)°

F(s) =

Solution:

The first step is factoring the denominator polynomial;
768

(s +3 — j4)X(s + 3 + j4)

F(s) =

K, K Ki K5

= + - + + .
(s+3—j4?> s+3—jd4 (s+3+j4> s+3+jd

To find Ky, multiply F(s) by (s + 3 — j4)* and evaluate at s = —3 + j4;

768
K, = 0
(s + 3+ jd) |s—3+j4
768
=———>=—12
(J8)°

To find K,, multiply F(s) by (s + 3 —j4)2. Next, differentiate once with respect to "s" and
evaluate both sides at s = —3 + j4;

d 768
K, = G
B ds (s +3+ j4)° s=—3+j4

2(768)

(s + 3+ j4) s
2768)

(8

— —j3 =3 /=90
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Thus,
Ki=-12

and
K> = Jj3 =3 /90°

Now, grouping the partial fraction expansion by conjugate terms to obtain:

= F(s) = :12 _ 12
(s +3 — j4) (S+ +]4)
3 /—90° /90°
- +
+3—j4 s+3+j4

&

Taking the inverse Laplace transform of F(s) yields:

f(t) = [-24te > cos 4t + 6e " cos(4t — 907)]u(r)

Notes,
#+ If F(s) has a real root a of multiplicity “»” in its denominator, the term in a partial

fraction expansion is of the form:

Kk
(s +a)

The inverse Transform of this term is

) K Kt e
. {(S+a)"} (r — )”(t)
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+ If F(s) has a complex root of @ + jB of multiplicity “r” in its denominator, the term in

partial fraction expansion is the conjugate pair:

K K"

. _|_ .
(s +a—jB) (s+a+jB)

Then the inverse Laplace Transform of this pair is:

K K
g1 { — + , r}
(s+ta—jB) (s+atjB)
2IK[et
= | ————e “cos(Bt + 0) |u(r)
(r — 1)!
Summary:
Nature of
Roots F(s) J(@)
Distinct real K Ke “u(r)
s+ a
Repeated real K Kre “u(t)
pes ‘ (s + a)?
g K K" —at
Distinct complex PT— Lir— B 2|K|e ™ cos (Bt + 0)u(t)
Repeated complex K + K 2t|K|e “ cos (Bt + 0)ul(t)
(s +a—jB)? (s+a+jp)
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10.8.2 Partial Fraction Expansion: Improper Rational Functions

» An improper rational function can always be expanded into a polynomial plus a proper

rational function.

» The polynomial is then inverse-transformed into impulse functions and derivatives of

impulse functions.

» The proper rational function is inverse-transformed by the techniques outlined.
Example # 7: For the function F(s) find f(t)!

st + 135 + 66s% + 200s + 300
52 + 95 + 20

F(s) =

Solution:

1-
2-

F(s) is an improper rational function!
Divide the numerator by the denominator (Algebraic Long Division) until the

remainder is a proper rational function, which yields,
30s + 100

s> + 9s + 20

F(s) = s + 4s + 10 +

305+100
$249s5+20

partial fractions as:

The remainder, , I1s.a proper rational function that can be expanded by

30s + 100 30s + 100 =20 50

= = +
$+95+20 (s+dHs+5 s+4 s+5

Therefore,
20 50
F(s) = s> + 45 + 10 — + =
s+4 s+35
The inverse Transform yields,

d*s(t) . 4d6(r)

% o + 106(t) — (20e™* — 50" )u(r)

f@) =
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10.9 Poles and Zeros of F(s)

The function F(s) can be expressed as,
K(s + z)(s + 22) - (5 + 2p)
(s + p)(s + p2)--- (s + pm)

F(s) =

o The roots of the denominator polynomial are called the poles of
F(s),{—p1, —P2, -, —Pm}; they are the values of “s” at which F (s) goes to infinity.

o Whilst, the roots of the numerator polynomial are called the zeros of F(s),
{—2z1,—2;, ..., —Z,}; ; they are the values of “s” at which F(s) becomes zero.

o The poles and zeros may be represented as points in the complex s-plane!

Example # 8: For the function F(s) find the poles and zeros!

8s% + 120s + 400
2s* + 205 + 705> + 100s + 48

F(s) =
Solution:

The function can be expressed as:

8(s*> + 155 + 50)
2(s* + 10s® + 3557 + 50s + 24)

F(s) =

The numerator and denominator polynomials can be can be factored as:

B 4(s + 5)(s + 10)
(s + D)(s+2)(s +3)(s + 4)

F(s)

~ The poles of F(s) are: —1,—2,—3, and —4
And the zeros of F(s) are: —5, and —10
Example # 9: Plot the poles and zeros of F (s) in the s-plane

C10(s + S)(s + 3 — jA)(s + 3 + j4)
~os(s + 10)(s + 6 — j8)(s + 6 + j8)

F(s)

Solution:
The poles of F(s) are: 0,—10,— 6 + j8,and — 6 — j8
The zeros of F(s) are: =5,— 3 + j4,and — 3 — j4
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The poles and zeros are assigned s plane
in the s-plane as shown in the A A
_ Y
Figure next. |2 H 45
[ i
I I -
IIIIIIIII\I/III:rIIIII_IIIIIIII
—10 rﬁ | —
I I —
=3 —j4F -5
| _
6 — 8 ———}

10.10 Initial- and Final-Value Theorems

4+ They enable determining from F (s) the behavior of f(t) at 0 and oo.

+ Hence, they enable checking whether F(s) is correct and predicts the initial and final

values of f(t); to see if they conform with known circuit behavior, before actually

finding the inverse transform of F(s).

The Initial-value theorem states that:

lilg}1+ f(t) = lim sF(s)
f—> §—> 00

The Final-value theorem states that:

lim f(r) =

[— 00

lin%) sF(s)

functions.

at the origin, lie in the left half of the s-plane.
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Chapter 11

The Laplace Transform in

Circuit Analysis

» The Laplace Transform is an attractive tool in circuit analysis because:

1- It transforms a set of linear constant coefficient differential equations into a set of

linear polynomial equations, which are easier to manipulate.

2- It automatically introduces into the polynomial equations the initial values of the

current and voltage.

» The Laplace Transform tool permits extending the sinusoidal steady state phasor analysis

methods to a much wider setting, where transient and steady state analysis are both possible

for a broad range of input excitations not amenable to phasor analysis.

> Recall that, transient is not possible with phasors.

11.1 Circuit Elements in the s-Domain

11.1.1 A Resistor in the s-Domain
> Ohm’s Law in time domain is:

v =Ri
The Laplace Transform is:
V =RI,

where,

V =%{v} and [ = Z{i}

> In the s-domain, The resistor is measured in Ohms
The current, I, is measured in Amperes-seconds

The voltage, V is measured in Volts- seconds

» The Impedance, Z(s) = % =R

> The admittance, Y (s) = % ==
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11.1.2 An Inductor in s-Domain a
» In time domain,

di
szE E'L l[[\l.’-

where, I, is the initial current b

» The Laplace Transform gives: ] l sL
V =L[sI —i(07)] = sLI — LI,
>
» The equivalent circuit is shown in the Figure next.
LI,

» Arranging for the current, I, yields:
LA}
SL N

I =

which can be represented by an inductor in parallel with a current .

source, as shown in the Figure next.

> If the initial current is zero, then the equivalent circuit is represented by an a

inductor only, as shown in the Figure next, whose impedance is sL, such
that: V sLl [

11.1.3 A Capacitor in s-Domain
» In time domain,

i=Cc2
where, C, is the initial voltage at the capacitor
» The Laplace Transform gives:
[=C[sV—v(07)] = sCV —CV,

> The equivalent circuit is shown in the Figure next. 1/sC 3
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» Arranging for the voltage, V, yields: + ®a

sC s / -

which can be represented by a capacitor in series with a voltage source,

as shown in the Figure next. Ci) Vo/s
— @b

> If the initial voltage is zero, then the equivalent ciruit is represented by a a

+
capacitor only, as shown in the Figure next, whose impedance is é , such Jl
Vv 1/sC
that: T /
1 14 —
Z, = " b

Summary:

TIME DOMAIN FREQUENCY DOMAIN

~eb
v = L di/dt.

1t
i =T (),vdx + 1

+ a -+

fl I‘TC”)

i =Cdvl/dt,

—ifr idx + V, V*LJr— ~
v=os o M 0 T sC s I=sCV - CV,
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11.2 Circuit Analysis in s-Domain
» The first step for circuit analysis is to transfer the time domain circuit into its s-

domain equivalent circuit

> Each element is represented by its s-domain equivalent circuit. The stored energy in
inductors or capacitors is represented by an independent source.

» The rules for combining impedances and admittances in the s-domain are the same
as those for frequency-domain circuits.

» Thus, series-parallel simplifications and A-to-Y conversions also are applicable to s-
domain analysis.

» In addition, Ohm’s law, Kirchhoff’s laws apply to s-domain for currents and
voltages.

> Node voltages, mesh currents, source transformations, and Thévenin-Norton
equivalents are all valid techniques, even when energy is stored initially in the
inductors and capacitors.

» The response in s-domain can be inverse-transformed to find the time domain.

11.3 Applications
11.3.1 The Natural Response of an RC Circuit

Example # 1: If the capacitor in the circuit is initially N )X
charged to V;, then find i(t) and v(t). (=0

Solution: - .
e The first step is to construct the s-domain
equivalent circuit % L N N
e To find the current, use the series representation V, R§ V
of the capacitor as it yields one mesh equation. s B

e Applying KVL yields:

E = LI + RI
s sC
e Solving for [ yields:
CVy Vo/R

I = —
RCs +1 s+ (1/RC)

which has a proper rational function of s.
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e The inverse transform of I yields the time domain function of current:

. Vo —t/RC
I R e u(r)

and v = Ri = Vl]g—tfRCu(f)

e Otherwise, the parallel representation of a capacitor may also be used to find V first, by

applying KCL to the upper node as:

1% . l 1 i
E + sCV = CV{) ('VUCT) T? Rgll

e Arranging for V yields:
B Vo
s + (1/RC)

e The inverse Laplace transform yields:

v = Vye RC = Ve u(t)

where, the time constant, T = RC
11.3.2 The Step Response of a Parallel Circuit

Example # 2: For the circuit shown below, find the current, i, (t) after the constant current

source is switched across the parallel elements. The initial energy stored in the circuit is zero.

T
L4c C R I, 1 L
1\25 nF 625 ()

25 mH
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Solution:

+ The first step is to construct the s-domain equivalent circuit as shown in the Figure below.

4 The Laplace transform of the i
Idc CT) 1 v S'Ll[,ﬂ

] ] — R
switched current source is: s T sC

Eﬁ{lclcu(r)} - ]dc/s i

+ Applying KCL at the upper node yields:

V V I(lc
CV +—+—=
s R sL s

Arranging for V yields:

Iclc/C
s> + (1/RC)s + (1/LC)

_ JIcln:/f—‘c
~ s[s2 + (1/RC)s + (1/LC)]

Thus, N

4 Substituting numerical values of R, L, and C, yields:

;o 384 % 10°
L g(s? + 640005 + 16 % 10%)

+ Factoring the quadratic term in the denominator yields:

;o 384 X 10°
L g(s + 32,000 — j24,000)(s + 32,000 + j24,000)

+ Check the latter expression of I, using the final value theorem at t = oo, all poles of I,
except the first order pole at the origin, lie in the left half of the s-plane, so the theorem
is applicable.

As t — oo, the inductor becomes a short circuit, and, in time domain, I, (o) = 24mA,
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4 Check, for s-domain,
Since currents in the s-domain carry the dimension of ampere-seconds, so the dimension

of sI;, will be Amperes; sI; (0) =??

384 % 10°
limsl, =~ ——— = 24mA
5=0 16 % 10

Therefore, the expression is correct!

+ Expanding the last equation into sum of partial fractions:

K, | K N K,
s s+ 32,000 — j24,000 s + 32,000 + j24.000

+ The partial fraction coefficients are:
384 x 10° .
Ky =———==24X10"
16 X 10
K. — 384 x 10°
2 (=32,000 + 724.000)(j48,000)

=20 x 107 /126.87°.

and K; =20%x1073 [ __—126.87°
+ Note that, K, corresponds to the pole at - a + jB
+ Note also that, the inverse Laplace transform of the second and the third terms is:
2|K,|e~% cos(Bt + 6);
where, |K,| = 20X1073, @ = —32,000, 8 = 24,000,and 6 = 126.87

4+ Substituting the numerical values of K;, K,, andK; in the current equation and inverse

transforming the resulting expression of I, yields:

ip = [24 + 40e720 cos (24,000t + 126.87°)|u(f)mA

Test the latter equation to make sure that, I, (0) satisfied the given initial conditions and

I, (o) satisfies the known behaviour of the circuit!
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11.3.3 The Step Response of a Multiple Mesh Circuit
The Laplace techniques enable solving simultaneous differential equations.

Example # 3: For the circuit shown below, find the current, i, (t) and i, (t)

t=0 I 5)
336 V 2420 $430
@

Solution:

The first step is to find the s-domain equivalent circuit as shown in the Figure below. The two

mesh-current equations are:

336

— (42 + 8.4s)I, — 421,

0 = —421, + (90 + 10s)I,
Using Cramer’s method to solve for I; and I,

yields:

— 42
90 + 10s

42 + 8.4s
— 42

84(s> + 145 + 24)

84(s + 2)(s + 12)
336/s  — 42
0 90 + 10s

3360(s + 9)
A

42 + 8.4s
— 42

336/s

N, 0

14,112
B A)
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Therefore,

;N 406 +9)
LA s(s + 2)(s + 12)
N 168

12: 2:

A s(s + 2)(s + 12)

Expanding I; and I, into a sum of partial fractions yields,

15 14 1

L s s+2 s+ 12
I—z— 8.4 N 1.4
2 s s+2 s+ 12

Inverse transforming the latter equations yields expressions for i, (t) and i, (t);
ip = (15 — 14e™ — e u(r) A
iy = (7 — 8.4€™ + Lde " Mu(t) A

4+ Test the equations for i;(t = 0) = 0 and i,(t = 0) = 0, which is true as no energy was
stored in the inductors!

#+ Check i;(t = w0) =?and i,(t = «) = ? (Note that, the inductors at steady state are short
circuits);

o 336(90)
1) = "hus)

I5A

15(42)
i,(00) = 90 =T7A

These values are the values obtained if the inductors were replaced by short circuits.
4+ The voltage across the 42Q is:

vV = 42(0!1 - 12)

v = (336 — 235.2¢7% — 100.80e 2 Yu(r) V
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Note that,
For a step response, j‘iﬁ{u(f)} — L
4 S

e —is

5

If switching occursatt=a,  F{u(t — a)} =

FLf(t — a)u(t — a)} = e “F(s)

—{s

Pt — a)u(t — a)} = ‘ 5

11.3.4 The Use of Thévenin’s Equivalent Circuit
Example # 4: For the circuit shown in the Figure below, find the current, i-(t) using

Thévenin’s Theorem, if the energy stored in the circuit prior to closing the switch is zero.

20 Q) 60 g
WA )<~ .

= t=20
(_)480\/

Solution: Construct the s-domain equivalent circuit, as shown in the Figure below, and then

S5uF ve

find the Thévenin’s equivalence of this circuit with respect to the terminals of the capacitor.

20 Q) 600 a
: . AW
When opening the terminals a-b, the voltage 1
across the 60Q-resistor is zero; it’s floating. 4§U 0.002 s Ve I (.l;: 2 X 10°
, -
The open circuit voltage can be found by ;

potential divider;
(480/5)(0.002s) 480
™20+ 00025 s+ 104

This is Case 1; looking into the terminal a-b, after replacing the independent voltage source by
a short circuit, the 60Q-resistor is in series with the parallel combination of the 20Q-resistor

and the 2 mH inductor. Thus,
0.002s(20)  80(s + 7500)

+
20 + 0.002s s + 10

ZTh — 60
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The Thévenin’s equivalent circuit is shown in 80 (s + 7500)

the Figure next. s+ 10% +
AP ST,
s + 10* s
o
Thus, the capacitor current I, equals the b

Thévenin voltage divided by the total series impedance:
480/(s + 10%)

Ic = A _
[80(s + 7500)/(s + 104)] + [(2 X 105)/5]

Simplifying I yields:
6s 6s

Ic = 2 - 2
€ 2 +10,000s + 25 X 10° (s + 5000)>

A partial fraction expansion generates:

_—30000 6
(s + 5000)*> s + 5000

C

The inverse Laplace transform yields:
i = (—30,000te 5000 1 6=50000,7) A

K
s+ a

Note that, the inverse Laplace Transform of IS Ke “u(t)

To test the equation, from the circuit, i (t = 0) = % = 64, and this agrees with the result

obtained from the equation.

Also, i (t = o) = 0, as expected!

To find v, (t), in s-domain,

v L, _2x 10° 6s
© sCC s (s + 5000)
_ 12107
(s + 5000)*

ve = 12 X 10%te ™"y (1)
Alternatively, in time domain,

ot
ve =2 X 10° / (6 — 30,000x)e 0% g
0
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11.3.5 The Use of Superposition

Example # 5: For the circuit shown in the Figure below, let v-(07) =V, = y,and i, (07) =

1, = p, find the voltage, v, (t) using Superposition Theorem.

W "
A 1

TO RN = O

The first step is to find the s-domain equivalent circuit as shown in the Figure below; use the

parallel equivalence of L and C for the initial conditions, as nodal Analysis will be used.

To find V, by superposition, calculate the component of V, resulting from each source acting

alone, and then sum the components.
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V4 acting alone:

R, 1/sC
The equivalent circuit is as shown next. AN — I ( —
Ve SL3VI ViR

Applying KCL at node 1 yields:

1 1 Ve
L sC vy —scvy =8
(R1 sL° )‘ Y2 TR

Applying KCL at node 2 yields:

1
—sCV + (F + sc)vg ~-0

Let,

1 1
Yy=F5+ - +sC
=g T ?
Y, = —sC
YzﬁRizﬁ‘.SC

Substituting in the node equations yields:

Yi Vi + YpVs = Vo/R,
and

YpVi+ YoVr =0

Solving the latter equations yields:

—Yio/R,

Vi = ——5V,
Yii'Yo =Y
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1,4 acting alone:

The new equivalent circuit is as T

shown next. sL 3V, Vi3S R, i

Applying KCL at node 1 and rearranging yield:
YIIVT + levg - 0

Applying KCL at node 2 and rearranging yield:
YpVi+ YVs =1,

Solving the latter node equations yields:

. Yi
vi=—>=
Yo —Yp

The source due to the stored inductor’s energy, g , acting alone:

R, II/SC
|

Wh

The new equivalent circuit is as shown

in the Figure next.

Applying KCL at node 1 and rearranging yield:
Yuvi + YpVy = —p/s

Applying KCL at node 2 and rearranging yield:
YV + YoVl =

Solving the latter node equations yields:
Y2 s

vy,

YV = Yo
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The source due to the stored capacitor’s energy, Y C, acting alone:

The new equivalent circuit is as shown in the Figure

next.

Applying KCL at node 1 and rearranging yield:

YuVvi’ + YpVy" =+C

Applying KCL at node 2 and rearranging yield:

YRV + YuVy' = —yC

Solving the latter node equations yields:

—(Y; + Yp)C y
Y Yy - Yh

[ —
2 g

Thus, the expression for V, is:

Vo=Vh+ Vi + Vy + VY

Substituting,

—(Yn/R Y, Yio/s —C(Y,, + Yy
v, - (Yio/ 1)) Vv, + TR 12/ o+ (Y1 21),},
© YuYn - Yo YiuYon — Yo YuYn - Yo YiYn - Y

a

Note that, the problem can be solved directly by applying nodal analysis to the original circuit

in s-domain;

VoV + YoV — £ 4 40 = P
11¥1 12V2 R, Y s

YoVi + Yoo = I, — yC

Solving the latter equations must give the same result for V,, check!
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11.4 The Transfer Function

» The transfer function, H(s), is defined as the s-domain ratio of the Laplace transform of
the output (response), Y (s), to the Laplace transform of the input (source), X(s); with all

initial conditions are set to zero.

Y(s)
X (s)

> If there is multiple independent sources (inputs), the transfer function of each source is

H(s) =

found, then Superposition is used to find the response to all sources.
» The transfer function depends on the output signal!

> For the circuit shown next, if the current is defined as the output signal, then the transfer

function is:
I 1 R sL
H(S) _ T _ AN\ VY N
V., R+ sL+1/sC -

: I
+
- sC V, C_) 1/sC 7RV

s?L.C + RCs + 1

> For the same circuit, if the voltage across “C” is defined as the output signal, then the

transfer function is:

H v 1/sC
S Y TR sLt1sC
1

s’LC + RCs + 1

The Location of Poles and Zeros of H(s):

e For linear lumped-parameter circuits, H(s) is always a rational function of s.

e Complex poles and zeros always appear in conjugate pairs.

e The poles of H(s) must lie in the left half of the s-plane if the response to a bounded source
is to be bounded.

e The zeros of H(s) may lie in either the right half or the left half of the s-plane.

198

STUDENTS-HUB.com Uploaded By: anonymous



11.5 The Transfer Function in Partial Fraction Expansions
4+ The output in s-domain is the product of the transfer function and the driving function:

Y(s) = H(s)X(s)

4 Expanding the right-hand side into a sum of partial fractions produces a term for each pole
of H(s) and X(s).
4+ The terms generated by the poles of H(s) correspond to the transient component of the total

response.
4+ The terms generated by the poles of X(s) corresponds to the steady state component of the

response.

Example # 6: Deriving the Transfer Function of a Circuit

The voltage source, vy, drives the circuit 1000 2
) _ A °
shown in the Figure next. The response +
250 Q)

ignal is the vol r h itor +
signal is the voltage across the capacitor, o C_) LuF o,
Vo, 50 mH T

a) Calculate the numerical expression PY

for the transfer function.
b) Calculate the numerical values for the poles and zeros of the transfer function.

Solution
a) The first step in finding the transfer 1000 Q
. . . 'AA% o
function is to construct the s-domain _ +
250 Q)
10° !

equivalent circuit, as shown in Figure <+
g\ _

“ |

next.

0.05s ’l\ s
@

KCL at the upper node vyields,

VO - Vg Vv VOS

+ ‘ + =0
1000 250 + 0.05s  10°
Solving for V, yields
1000(s + 5000)V,
® s+ 60005 + 25 X 10°
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Hence the transfer function is

v,
H(s) = —

Ve

1000(s + 5000)
s + 6000s + 25 X 10°

b) The poles of H(s) are the roots of the denominator polynomial;
p1 = —3000 — ;4000

py = —3000 + j4000

The zeros of H(s) are the roots of the numerator;

z, = —5000

Example # 7: Analyzing the Transfer Function of a Circuit

The circuit in Example # 6 is driven by 1000 Q
a voltage source whose voltage Wy ? °
+
. : e 250 Q)
increases linearly with time, namely, 6
_ Ve - 10 |
vy = 50tu(t) 0.05s S
& o

a) Use the transfer function to find v,
b) Identify the transient component of the response
c) Identify the steady-state component of the response

d) Sketch v, versust for 0 =t = 1.5ms

Solution

a) From Example # 6, the transfer function is:
1000(s + 5000)

s? + 6000s + 25 x 10°

H(s) =

The Laplace transform of the driving voltage (v, = 50tu(t)), is (l{q = 2)
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The s-domain expression for the output voltage is:

B 1000(s + 5000) 50
? (8% + 6000s + 25 X 10°) s°

The partial fraction expansion of 1 is:
Kl K; K? K3
V, = , + , + —
s + 3000 — j4000 s + 3000 + j4000  §° s

Evaluating the coefficients yields:

K, =5V5 % 10*/79.70°:
K} =5V5 x 107 /=79.70°,

K, = 10,

K; = —4x 10
Therefore, the s-domain expression for the output voltage, v,, is:
v, = [10V3 % 10 % 39 cos (4000f + 79.70°) + 10t — 4 X 107 *u(t) V
b) The transient component of v, is:
10V5 X 10743 cos (40001 + 79.70°)

which is generated by the poles of the transfer function;

(—3000 + j4000) and (—3000 — j4000)

c) The steady-state component of the response is:
(10t — 4 X 107 u(r)

These two terms are generated by the second order pole (Sﬁz) of the driving voltage.
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d) A sketch of v, versus t is shown in the Figure below.

Note that, after 1ms, v, = 10,000t — 0.4 mV, which is the steady state component only!
v, (mV)
16 -
14
12 —
10

(10,000 — 0.4) mV,
6 -

I | | I I I I ¢ (ms)
0 02 04 06 08 1.0 12 14
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Notes,
1- Recall,

Y(s) = H(s)X(s)

If the input is delayed by “a” seconds, then,
F{x(t — a)u(t — a)} = e “X(s)

and the response becomes,

Y(s) = H(s)X(s)e ™

y(6) = £H{H(5)X(5)}

Then
y(t — a)u(t — a) = LH{H(s)X(s)e™™}

[P 4)

i.e., delaying the input by “a” seconds, delays the response by “a” seconds! The circuit

which exhibits this characteristics, is called time invariant!

2- (Introduction to Convolution)
If a unit impulse source drives the circuit, the response of the circuit equals the inverse
transform of the transfer function. Thus if,
x(t) = 8(r), then X(s) =1
Then
Y(s) = H(s)

y(t) = h(z)

i.e., The inverse transform of the transfer function equals the unit impulse response of the

Hence,

circuit. Note that this is also the natural response of the circuit.
In fact, the unit impulse response of a circuit, h(t), contains enough information to compute

the response to any source that drives the circuit, (convolution integral).
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Chapter 12
Introduction to Frequency

Selective Circuits (Filters)

12.1 Overview of Fourier Analysis
If a signal f(t) is periodic with period To and is reasonably well behaved, then f(t) can be

expressed as a Fourier Series of the form:

f(t) = ag + a, cos(2mfot) + a cos(2m2fyt) + - - - + a, cos(2mwnfyt) +
+ by sin(27fpt) + by sin(2m2fot) + - - + b, sin(2wnfyt) +

Examples of periodic signals:

. 10

T() — T[] —D-Ll

A | R A
‘ \ ; t

Rectangular pulse wave T

Square wave

f(r)

flr)

AN e
/ \/ Sawtooth wave l”‘_ T()_“|

Triangular wave

The Fourier Series can be expressed as:

F(1) = ag+ Z a, cos(2mnfyt) + b, sin(2mwnfyt)]

. ,\n—l P

Ve

dc ac
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The Fourier Coefficients are:

ag = —— [(t)dt
Ty -1, 2
2 +Ty/2
ay = — f(t)cos(2mnt/Ty)dt
1o J-19)2
2 [tTo/2 _
by = — f(t)sin(2mnt/Ty)dt
Ty J-1,)2

wheren =1,2,3,..

Alternative form of Fourier Series Expansion (FSE) is:

where

f(r) = Ag + Ay cos(2mfyt + by) + Az cos(2m2for + o) + - -
+ A, cos(2mnfor + &b,) + - -+

B 2 —b
Ap=Vas+b; and o, = tan~! —=

ay,

Note that:

A function is even if: f(t) = f(—t); symmetry around y-axis

A function is odd if: f(t) = —f(=t); symmetry around origin

The product of two even functions is even.

The product of two odd functions is even.

The product of an even function and an odd function is odd.

FSE of an even periodic function (with period 2r) does not have terms with sines;
f(O) = Fye + 3215, 0y cOSTOL,

where, b,, is zero for all n

FSE of an odd periodic function (with period 27) has sine terms only;
f() = X012 b, sinnwt;

where, the average value and a,, are zero for all n
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Example # 1:

Find the Fourier Series Expansion of the square wave!

Solution:

An expression for a square wave on the interval 0 <t < Ty is

m):{ A 0<t<Ty/2

—A T{)/2<i<ﬂ)

The coefficients for the square wave,
The DC value is:

1 Ty/2 1 T,
ay = — Adt+ — —A)dt
T Tolo Ty ﬂ.;"i!( )
A [Ty Ty
_?U[T_D_T{hL? =0

The coefficients of the cosine function,

2 qu.f'z 2 Ty
ay = — A cos(2mnt [ Tp)dt + — (—A)cos(2mnt [ Ty)dt
To Jo To J1y2

24 lsin(21mr/ Tg)} hol2 94 [sin(Z'nm/ Tg)} To

~ To 2an/Ty o To 2on/To |1,

= i[ sin(nm) — sin(0) — sin(2nw) + sin(nmw)| =0
nm
No cosine terms, as the square function is an odd function!

The coefficients of the sine function,

= %[l — cos(n)]

2 To/2 2 T
b, = —/ Asin(2mnt / Ty)dt + —/ (—A)sin(2mwnt/Ty)dt

To Jo 0JTy/2

24 [_ cos(2mnt/ T{;)} T2 24 {_ cos(2mnt /T{;)} To
Ty 2mn/ T, 0 Ty 2mn/ T, Ty/2

= —J— cos(nw) + cos(0) + cos(2nm) — cos(n)]
n

24
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The term [1 — cos(nw)] =2 if n is odd and zero if n is even. Hence b, can be

written as
4A
b — {— n odd

n
0 neven

The first three nonzero terms in the Fourier series of the square wave are
: 4A | | .1 . 1. .
f(t) =— {sm 2wfot + 3 sin 2m3fot + 3 sin 2mSfot + - -
(

Note that this series contains only odd harmonic terms.

Amplitude (Frequency) Spectrum
The Amplitude (Frequency) Spectrum plots the amplitude of each term versus frequency;

Example # 2:
Plot the Amplitude (Frequency) Spectrum for the sawtooth signal shown (with A=5, and To=
4ms)
fn)
3
/I/ »
, ' — |
Solution

The Fourier series expansion can be found as:

£(t) = 2.5 + 1.59 cos(2m250¢ + 90°)
+0.796 cos(2m500t + 90°) + 0.531 cos(2m750¢ + 90°)

The Amplitude spectrum is:
An

'f
2.5

2+

1.59
1

107%, 0531

~ (Hz)

0
0 250 500 750
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12.2 Passive Filters

+ Varying the frequency of a sinusoidal

capacitors and inductors.

voltage/current source changes impedance of

+ Therefore, a careful choice of circuit elements, their values, and their connections to other

elements enables constructing circuits that pass to the output only those input signals that

reside in a desired range of frequencies.

4+ Such circuits are called frequency-selective circuits (Filters); employed in Telephones,

radios, TVs, Computers, Power Electronic circuits. ..

Input
signal

Filter

Output
signal

+ The frequency-selective circuits (Filters) are classified according to frequency response

plot of the magnitude of the transfer function |(H (jw))|, as a frequency function, into four

types:
1. Low Pass Filter

The magnitude plot is shown next, 1

where w, is the cut-off frequency

2. High Pass Filter

3. Band Pass Filter

STUDENTS-HUB.com

|H(jo)]

Passband| Stopband

W, 0

|H(jw)]

1+

Stopband] Passband

W, w
|H(jw)| | |
L | |
Stopband | 25| stopband
Stopband | = | opban
We1 We2 w
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4. Band Reject Filter |H(jw)|

1

Passband Stop Passband
band
Weq Weo w

12.3 Types of Passive Filter
= They are constructed using passive components; resistors, capacitors, and inductors.

= The largest output amplitude that can be achieved is “1”, except if the filter is a series
RLC resonant circuit.

* They may cause loading effect of the input.

= On the other hand, Active Filters, that can amplify the inputs are constructed using op-
amps and passive components; they have large input impedance and low output

impedance; no loading effect!

12.3.1 Low-Pass Filters (LPF)

12.3.1.1 Series RL Circuits LPF L
Assuming zero initial conditions, the voltage +
transfer function of the circuit shown next is: v, R g v,
H(s) R/L -
S) = ——————
s + R/L
To study the frequency response, substitute for s = jw,
e R/L
w) =
Ue) =50 T RIL

The magnitude of the transfer function is:

H(jw)| = R
T e + (R/L)>

The phase angle of the transfer function is:

f(jw) = — tan ! (%)
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To plot the magnitude of the Transfer function,

asw—0,wl = 0,and |[H(jw)| = 1

1.0
asw — oo, wl - o,and |[H(jw)| = 0

To plot the phase angle of the Transfer
0
6(jw)
0°

function,

asw—0,wL - 0,and 8(jw) = 0

as w — o, wL - o, and (jw) » —90°
Define:

The Cut-off Frequency —0

[H(jo)|

I
I
I
|
®

c w

It is the frequency for which the transfer function magnitude is decreased by a factor of % from

its maximum value,

1

H(jo,)| = —=H
‘ (]wC)l ,\/Z max

But,

|H (jo.)||V]
1

= —H,.lV
\/i max‘ t‘

1
= i/‘
\/2 Lm

= 0.707V,max

Vi(joo)l =

ax-

The average power delivered to the load, R, using the formula for peak voltage (not rms value)

is:
1 [Vi(je,)|
2 R

1 2
—V,
(,\/2 Lmﬁx)

R

4 imax/z
R

P(jo.) =

max
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Note that,

VZ
P — Lmax
max 2R

= At the cut-off frequency, the average power delivered to the load is one half the
maximum average power. Thus, w, is also called the half-power frequency.

At the cut-off frequency,

1

‘H(]wc)l - 6

HI‘IIGX

But, for a low pass filter, Hy,q = [H(0)| =1
Therefore, the cut-off frequency can be found as,

R/L

1
H(jo,)| = —=|1| =
Hjool = 51l = s

Solving for w, yields,

R
s
<L

q 5 1 g g
w,. 1S measured in rad/s, (wc = ;); thus, f. = % and is measured in Hz

12.3.1.2 Series RC Circuits LPF

Assuming zero initial conditions, the voltage ,\5\,
transfer function of the circuit shown in the T
Figure next is obtained by voltage divider as: /() — ==V (s)

1
_ W) _ ¢
HS) =y = el

Simplifying yields,

'
RC
R

RC

H(s) =

212

STUDENTS-HUB.com Uploaded By: anonymous



Thus, 1

[H(jo)| =

At the cut-off frequency,

1
H(jo,)| = —=H
‘ (]wC)l \/Z max

But, for a low pass filter, Hy,qr = |H(O)| = 1
Therefore, the cut-off frequency can be found as,

1

i+ (1)
¢ RC

N P
[H(joo| = (1) =

Solving for w, yields,

q 5 1 5 q
w,. 1S measured in rad/s, (wc = ;); thus, f. = % and is measured in Hz

[H(jo)|

1.0 f=——
I

|
|
|
I
1)

w
C
General Comments:

> For both types of low pass filters (LP), the transfer function can be written as:

W,

H(s) =

s T w,

> ForRLLPF, w =7
> ForRC LPF, @, = -

» For both types, w, = %
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Example # 3:

Design an RC low pass filter, whose f, = 3kHz.
Solution:

Let C = 1uF, to find R,

w, = 2nf, = 2(3000) = 18,849.56 rad/s

R=-"1= L = 53.050

weC 18,849.56(1X10~6)

12.3.2 High-Pass Filters (HPF)

12.3.2.1 Series RC Circuits HPF
Assuming zero initial conditions, the voltage transfer

|

o

function of the circuit shown in the Figure next is

—1
~ T
+

obtained by voltage divider as:

Vi(s) CD R§ V,(s)

Vo(s) _ R _
2 = -
Vi(s) R+E

H(s) =

Simplifying yields,

S

MO = 3 yre

Thus,
Jw

Hijw) = — 19
Ue) =20+ 1/RC

The magnitude of the transfer function is:

H (jw)| =

w

Vo + (1/RC)>

and the phase angle of the transfer function is:

O(jw) = 90° — tan 'wRC
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To plot the magnitude of the Transfer function,
asw—0,and |[Hjw)| = 0

asw — oo, and |H(jw)| = 1
To plot the phase angle of the Transfer function,
asw — 0,and (jw) = 90

asw — oo, and 6 (jw) — 0°

To find the cut-off frequency,

0(jw)
+90°

00

We

H(j c)l — —Hmax
|H (jo)| 3
But, for a high pass filter, Hyq, = |[H(joo)| = 1
Therefore,
H(jwg) = —=(1) =

JW, \2 \/w

Solving for w, yields,
_
“ " RC

w,. is measured in rad/s, (wc — %) thus, f;

that for RC LPF!

12.3.2.2 Series RL Circuits HPF

Assuming zero initial conditions, the voltage

transfer function of the circuit shown next is:

2+ (1/RC)?

% and is measured in Hz, which is the same as

Vi(s)

)
H(s) = ———F——+
(5) s + R/L
To study the frequency response, substitute for s = jw,
Hjo) = 2
W) = T
1) = e ¥ R/L
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The magnitude of the transfer function is:

Va? + (R/L)

To find the cut-off frequency,

H (jow)|

1 ‘
V2 Vel + (R/L)
R

L

w

w, which is the same as that for RL LPF!

Note that, for a High-Pass Filter the Transfer function is:

Ay
S + w

c

H(s) =

> For RL HPF, w,

> For RC HPF, @, = —

T

» For both types, w,

Loading the Series RL HPF

To examine the effect of placing a load resistor

in parallel with the inductor in the RL high-pass Vi(s)
L

function as:

sL

filter as shown in Figure find the transfer
Ry

(R+RL
R
+( L

R+ R;
w. = KR/L

R;sL
R, + sL
R;sL
R; + sL

)
)

Ks
S + o,

H(s) = -

R +
L

1.0 (V)
where,
0.8

" R+ R’

K

2 06

0.4

Note that, the effect of the load resistor is to reduce the >3

passband magnitude by the factor K, and to lower the
cutoff frequency by the same factor.
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12.3.3 Band-Pass Filters 1/5‘C
|
|

Assuming zero initial conditions, the voltage ALAL ( N
transfer function of the circuit shown in the

. . . Vi(s) R § V,(s)
Figure next (Series RLC Band-Pass Filter),

H(s) = Yo(8) i obtained by voltage divider as:

Vi(s)
(R/L)s
s? + (R/L)s + (1/LC)

H(s) =

The magnitude of the transfer function is obtained by substituting for s = jw and yields,
w(R/L)
VI/LC) = o] + [w(R/L)]

H (jo)| =

And the phase angle of the transfer function is:

w(R/L) ]

. . ° -1
B(jw) = 90 tan [(l/LC) —

A plot of the magnitude and the phase angle of the transfer function are shown in the Figure

below,
|H(jo)|

1.0
L
V2

9(]0)) W1 W, W w
90°

—90° |-
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Define:
The Center (Resonant) frequency (w,), is defined as the frequency for which the circuit’s

transfer function is purely real, |H(jw,)| = Hpax = 1 and 8(jw,) = 0.

1
w,L + ——7 =10
]wo ](UOC

1
0. =  |—
¢ LC

Bandwidth (B): is the width of the passband; B = w.; — W

Thus,

Wo

Quality Factor (Q): is the ratio of the center frequency to the bandwidth; Q = 3
The Cutoff frequencies (w.4 and w.;): are defined as the frequencies for which
. . Hmax
H(jwen)| = [H(jwe)| = “2

To calculate the cutoff frequencies, first find the value of H,,,4y,

Hl]]ﬁ}( - ‘H(]wO)

w,(R/L)
VI(1/LC) — 03] + (w,R/L)’
VT/LC)(R/L)
VLOR/L) |

=1

\/[(1/LC) - (1/LO) +

To evaluate the transfer function at the cutoff frequencies,

1 w(R/L)

V2 VI1/LC) — o + (0 R/L)

1
V(wL/R) — (1/w.RC)P + 1

- L 1
= o = L RC
w’L + o.R —1/C =0
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w. has 4 values; 2 positive and 2 negative values, only positive values have physical

GG
@et = 51 oL IC)’
8 ()
2 9L 2L LC)

Note that, W, > w¢q

significance.

These cutoff frequencies can be used to prove that,

W, — VW. " W

o - G [ V- G|

The Bandwidth

B=w,y— w

(5 V@) [4 @

219

STUDENTS-HUB.com Uploaded By: anonymous



Therefore, the cutoff frequencies can be written as:

S ) o
2 2
W — E + \/<E)2 + (t)g.
-2 2

The Quality Factor (Q):

Wy
Q_ﬁ
1
Q—LC
— R
I
L
Q= ez

Note that,
Recall that, for a series RLC circuit, the natural response was characterized by the neper
R 1 S
frequency (a = Z) rad/s and the resonant frequency (a)o = JTC) rad/s, then the bandwidth:
B =2«

The transition from overdamped to under damped response occurs when

wri=at == o2=£ )= 2w,

Q=" =) Q=;r [E=)|0=

N

Thus,

For > % : Underdamped response; sharp peak at w, and narrow bandwidth
For = % : Critically damped response

For < % : Overdamped response; broad bandwidth
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Another Configuration of a Band-Pass Filter (Parallel RLC)
R

WA
1 *
The transfer function of the circuit Vv, <+> % T 5L§ V,

shown in the Figure next is:

H(s) s/RC
VTS Y S/RC+1/L.C

The Center frequency is also:
w,= V1/LC
The Bandwidth is
B=1/RC
In general, the Transfer Function of a Band-Pass Filter can be expressed as:
HE) = 5
5T+ Bs + w,

The magnitude of the transfer function can be found, by substituting s = jw, as:

H(jw)| = = L
o)) forc-3)
“R

The magnitude is maximum when <wRC - %) = 0 at the center frequency,

w,= VI1/LC

R

Therefore, Hyoy = 1
The cutoff frequencies are:

wer = () =
€1 ™ Rrc 2RC

1 1\ 1
and v =52+ Gre) — 16
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The bandwidth is:
B = Wep2 — Weq

1
B =z

The quality Factor is:

The cutoff frequencies can be re-expressed as:

oa =2+ [ -y

and Wep = g + (g)z — (wy)?
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Example # 4:
Design a Band-Pass filter (1kHz to 10kHz) using series RLC circuit!

Solution:
fCl = 1 kHZ
feo =10 kHz

fo = /ferfez = +/(1000)(10,000) = 3162.28Hz

1
w, = —
° JIc

Choose, C = 1uF, as there are stricter limitations on commercially available capacitors than

on inductors or resistors

1
L=—1 =) L=2533mH

To calculate R, find

fo _ 3162.28
fcz fer 9,000

But, for series RLC circuit,

f L / |:> 0.002533
Q= ez |:> Q2 \/(10 6(0.3514)2 = 143.240

Substitute in w.; and w., equations and check the answers!

= 0.3514

Note that, only two parameters can be specified independently, and the other three parameters

depend on these values!
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12.3.4 Band-Reject Filters

Assuming zero initial conditions, the voltage transfer R
function of the circuit shown in the Figure next (Series YWV +
RLC Band-Reject Filters), I
g
_ Vo(s)
HE) =36 Vi(s) Vols)
is obtained by voltage divider as: 1/5(? —
1
sl + — _
sC
H(s) = .
R + sL + —
sC
2 1
§°+ —=
H(s) LC
S —
> R N 1
§°+ —5 + —
L LC

The magnitude of the transfer function is obtained by substituting for s = jw and yields,

|H(jw)| = _ : :
V(=) = (5

And the phase angle of the transfer function is:

@R

: . L
O(jw) = —tan | —
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A plot of the magnitude and the phase angle of the transfer function are shown in the Figure

below,

|H(jo)|

_900 L

Define:
The Center (Resonant) frequency (w,), is defined as the frequency for which the circuit’s

transfer function is purely real, |H(jw,)| = Hpin = 0 and 8(jw,) = +90.

: 1
—|— _ =
jo,L j0.C 0

1
w. =  |—
’ LC

The cutoff frequencies (w.4 and w.;): are defined as the frequencies for which
. . Hmax
|H(]“)c1)| = |H(]wc2)| = Vz

BUt, Hypy = |H(j0)| = |H(joo)| = 1, thus,

2 V&G
@l = 757 2L Lc)’
b ()
<z 9L 2L LC)
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Note that, w., > w.q, note also that the cutoff frequencies are the same as those for series

Band-Pass filters.

Bandwidth (f): is the width of the stopband,

ﬂ = We2 — Weq
R

F=1

which is the same as that for series Band-Pass filters

Quality Factor (Q): is the ratio of the center frequency to the bandwidth;

Wo
Q_ﬁ

L
Q= CR2

which is the same as that for series Band-Pass filters

The cutoff frequencies can be expressed as:

We = —g + \/(g)z + w%,

B BY |
WoH = 5 + \/(2) + W,.

or
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Another Configuration of a Band-Reject Filter (Parallel RLC)

sl

The transfer function of the circuit shown in
the Figure next is:

")
s?+1/LC
H(s) =

s2+s/RC+1/LC

—

et

The Center frequency is also:

w,= VI1/LC
The Bandwidth is
1
P =z

The quality Factor is:

Wo _ /ﬂ
Q—;— .

In general, the transfer function of Band-reject filter can be written as:

2 2
5T+ w,
H(s) = — 5
5° + Bs + w

Again, the cutoff frequencies are:

2
e =g+ () —7c
2
and wc2=$+ (ﬁ) —%
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The bandwidth is:

B=w,— w4

The cutoff frequencies can be re-expressed as:

oi =L+ (B~

-2

and we =2+ (g)2 — (w,)?

228

STUDENTS-HUB.com Uploaded By: anonymous



Example # 5:

Design a Band-Reject filter using series RLC circuit, /\f,\, N

whose bandwidth is 250Hz and center frequency is

750Hz, using C = 100nF to compute the values of Q, L, R, sL %

wep and we, Vi(s) Ci) V,(s)
1/sCA~

Solution: B

The quality Factor is:

wo _ 2m(750)

Q=te=TT0-_3

B~ 2m(250)

The center frequency is:

1

Cwy? = (10=7)(2m(750))2 = 450mH

Therefore, L =

The bandwidth,

R —-—
p=2 E===) R=pL EE===) R=21(250)450X10"3 = 7070

Substitute in w.; and w,, equations to find their values!

2
+ /(g) — (w,)? = 3992 rad/s ‘ fe1 = 635.3Hz
2
and we =L+ /(g) — (w,)? = 5562.8 rad/s ‘ f., = 885.3Hz

Check,
The bandwidth is,
B = 885.3 — 635.3 = 250Hz!

N

Wep = —

The geometric mean is,

fo = /ferfez = 4/(635.3)(885.3) = 750Hz!
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Chapter 13

Two Port Networks

+ Analyzing two port networks is convenient, especially when a signal is fed into one

pair of terminals and then, after being processed by the system, is extracted at a second

pair of terminals.

+ A two port building block is shown below,

—.a

Input
port

_.b

Circuit

CcCoO—

d e—

Output
port

+ The use of two port building block is subject to several restrictions:

1. No energy is stored within the circuit.

2. No independent sources within the circuit; dependent sources, however, are

permitted.

3. The current into the port must equal the current out of the port; that is,

iy =1i; and i = ij.

4. All external connections must be made to either the input port or the output port; no

such connections are allowed between ports.

+ The fundamental principle underlying two-port modeling of a system is that only the

terminal variables (i,, v4, i,, and v,) are of interest.

+ Two variables of the four are independent; the other two are found in terms of the

known two variables.
+ The most general description of the
two port networks is carried out in s-

domain.

[

[EE—.

Vi

s-domain a
circuit
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+ A two-port circuit can be modeled by a 2*2 matrix to relate the V /I variables, where
the four matrix elements can be obtained by performing 2 experiments.
+ There are six different ways in which to combine the four V /I variables;

1- Impedance/Admittance Matrices:

Vil [Z11 %12 I]. . .
[Vz] = [221 Zzz] X Iz]’ [Z] is the Impedance matrix

L] i1 Va2 Vl]. — [71-1 ; i
[12] = [y21 yzz] X [Vz ; [Y] = [Z]~' is the Admittance matrix
2- Hybrid Matrices:

[E]Z[Zi ZZ]X[II;Z] [H] is the h-Hybrid matrix

L] _ 1911 912 V1]. — [H1-1i -HVbri '
[Vz] = [g21 922] X L [G] = [H]™" is the g-Hybrid matrix

3- Transmission Matrices:

[VI] _ [all — aqy

Vz] . . .
X : -
I Ay, — azz] [12 ; [A] is the a-Transmission matrix

[VZ] = [bll B blz] X Vl]; [B] = [A]~! is the b-Transmission matrix
12 b21 - b22 11

+ Which set to be choosen depends on which variables are given; e.g., if the source

voltage and current are given then choose the transmission matrix [B] in the analysis.
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13.1 The Immittance (Impedance or Admittance) Parameters
13.1.1 (Impedance) z-Parameters

Vi =znly + 2bh | |

v s-domain
1

circuit
Vo = 201y + 20D -

where, the impedance seen when looking into port 1, with port 2 open (with I, = 0), is:

Vi
{11 = I_ Q
1| 1,=0
The transfer impedances are:
Vi
12 = 5 9
12 1,=0
and
V,
01 T Q
I 1,=0

The impedance seen when looking into port 2, with port 1 open (with I; = 0), is:

Note that, to set the current to zero, open circuit the terminals of the respective port!
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Example # 1:
Find the z-parameters for the circuit shown in the Figure below.

. 50 L
@ ¢ W 4  J
+ +
Vi 320015038 Vs
— ) S

Solution:
The resistance seen when looking into port 1, with port 2 open (with I, = 0), is the parallel

combination between 20Q and (5Q in series with 5Q) and equals:

Vi (20)(20)
- = = -7 ‘7 — )
211 I, - 40 10 Q)
When I, = 0, then V, is:
v, = (15) = 07V,
2= 15 4 59 = 055N
Therefore,
Vs 075Vi _ ¢ o
21 = 4 = = /.
Li|,-0  Vi/10

The resistance seen when looking into port 2, with port 1 open (with I; = 0), is the parallel

combination between 15Q and (5Q2 in series with 20€2) and equals:

Va (15)(25) .
— =———=03750Q
b 1,-0 40

22 =
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When I; = 0, the V; and I, are:

2

Vi =5 500 = 0%
Vi
h=5375
Hence,
LA L T
T Lo V9375 T
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13.1.2 (Admittance) y-Parameters I, I
—e *— -

Iy = yuVi + ypVs | |
v, s-domain "
circuit

L = yu Vi + yoV) . }

where,
I S
Vi = o
. Vilv,=o
I S
Vo = —
. Valv,=o
I
= — S
- Vilv,=o
16
hy = — S
= Valv,=o

Note that, to set the voltage to zero, short circuit the terminals of the respective port!
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13.2 The Hybrid Parameters . ,
1 2
They relate cross variables; the input voltage —® ¢ *_|
and output current (V/; and I,) to the input v, s-domain v,
circuit -
current and output voltage (I; and V); - -
13.2.1 h-Parameters
Vi =huly + hi)Vs
L = hyly + hpVs
where,
PR B hyy = 2
11— 5 12 — 3/
Iy |v,-0 Val1,=0
b 16
hy = — hy = ? S
I, V,=0 2| 1,=0
13.2.2 g-Parameters
I 15
I = guVi + gib 1 S
s-domain
Vo= giVi + 80l B cireuit B
_ _
where,
]1 Il
gu=+| S g2 =7
Vi 1,=0 L V=0
o = 12 A
21 = 1/ 82 = 7
Viln=o Lv,-o
237
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13.3 The Transmission Parameters I,

I
They describe the voltage and current at one  —= o [ “_l
end of the two-port network in terms of the , s-domain o
voltage and current at the other end. circuit )
13.3.1 a-Parameters - ° ° -
Vi=auV, —aph
Iy = a»V, — anh
where,
Vi Vi
ay = 3, ap = —7 Q
V; 1,=0 15 V,=0
11 S a _ Il
ax = 7, 2= T
Valn,=o Lv,-o
13.3.2 b-Parameters
Vo = bV — bl
L, = by Vi — byl
where,
V, V5
bll = blg = — Q
Vi 1,=0 I, V=0
I 5
by = — S by = —F+
2! Viln=o I |v,=0
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Example # 2:

The following measurements pertain to a two-port circuit operating in the sinusoidal steady
state.

With port 2 open,

The voltage applied to port 1 is:
v; = 150 cos 4,000t V
The current into port 1 is:
iy = 25 cos(4,000t —45) A
The voltage measured at port 2 is:
v, = 100 cos(4,000t + 15) V
With port 2 short circuited,

The voltage applied to port 1 is:

vy, = 30 cos 4,000t V
The current into port 1 is:

iy = 1.5 cos(4,000t +30) A
The current into port 2 is:

i, = 0.25 cos(4,000¢ + 150) A

Find the a-parameters that can describe the sinusoidal steady-state behavior of the circuit.

Solution:

e The first set of measurements gives:
V, =150 /0" V, I, =25/-45" A,

V, =100 /15°V, I, = 0A.

Therefore,

\% 150 /0°

a, = —| =—F=15/-15
Valr—o 100/15
I, 25/ —45° |

0 = = === 025/-60"

CUTN e 100/15° 025/-60°5
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e The second set of measurements gives:
vV, =30/0"V, I, = 1.5 /30°A,

V, =0V, I, = 025 /150° A.
Therefore,
v, -3040°
L= L == — 120/30° 0,
“2 Lyl 0.25/150° /30
I, ~1.5/30°
= U = T 660
=L, T 0500 L
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13.4 Relation Among the Two-Port Parameters
13.4.1 Relation between z-Parameters and y-Parameters

Given the y-parameters,
Iy = yuVi + oV
L=y Vi + yuV;

Solving (using Cramer’s rule) for V; and V, to find the z-parameters yields,

Iy

L y» a
Vl - - in

Y1 }’12‘ _Y

)25 B o))

yii 1

v b h
yo 2 Bl

Ay Ay

where,

Ay = YiiYn — Yy

Recall,
Vi =zuly + 2ol
Vo = 2010y + 2005
Therefore,
Y22 P 4 V)
i = -

241
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13.4.2 Relation between z-Parameters and a-Parameters
The a-parameters equations are:
Vi =ayV, — aph
I = ayVy, — anh

Rearranging I; equation yields,
1 a»

]/7 — _]1 + ;12
I 53 as

Substituting the latter equation (V, eq.) in V; equation yields,

ap ayay;
Vi = I + ( - an) I

s as

Thus, from V; equation;

- apy Aa

11— ’ {12 = .

ar : an
: 1 an

and from V, equation; V, = —I, + —1, ,
g aH

_ 1 ar

Q1= Ip = —

as S Ay

where, Aa = ayay — apay

For other conversions, refer to the parameters’ conversion table next!

Parameters’ Conversion Table:

Yo ay by Al |

z = — — — —_
E Ay ay by hy g
yizo  Aa 1 hi; 812
2= — 4. = -5 = - =
Ay as by, hy, 811
7 = Y 1 _ Ab _ hy _ &
! Ay ay by hy  gn
_yn _an by 1 Ag
in = .= = = =
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_ Zn
Vii = A—Z =
2
Yio = *A—Z
221
Wi = _Az =
Yoo = Tz =
Az
hyy=—-=
k)
<12
hyp,=—=
i
421
hyy = —
{22
1
hy = — =
{22
1
& = — =
211
4V
812 — _21—11
0 = <21
2] T T T
<11
Az
8 = =
<11
a = 2L
1=
<21
Az
ap = _— =
221
1
a) = ——
221
4 = 2 =
2= =
421
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ap _bu _ 1 _Ag
ap by hy g»
_ Aa 1 ho g
1 Ab hy g
ap b,  hy 2
ain _bn AR _ 1
ap b hy &2
1 _an_ bp_ 8»
yu an by Ag
Yo _Aa_ 1 8&n
Y11 (15%) bll Ag
w1 Ab g
Y a» by Ag
Ay _an _bn _ gu
yn an by Ag
Ay _m _bu_hn
Y ay by  Ah
Yo Aa 1 hp
y22 ap b22 Ah
yn 1 Ab_ hy
Yo o an by Ah
1 _an_bp _hy
Yo ay by Ah
Y bn AR 1
yn Ab ha &
_L _ E _ _@ _ &
y21 Ab hZI 821
_Ay _bu _ hm gun
yu Ab hyr 8
yn by 1 Ag

yu Ab _?2'1 &
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b, =2 = _-71— = = - R
Y Yo Aa hp 812
b :ﬂz_izﬂzhllz_@
2z yio Aa  hy g
by = Ay ay hy 811
= — = — === — _»oll
212 Yo Aa  hy 21

a Ah 1

bzzzﬂzﬁziz_:__

Such that, the respective determinants are:

Az = 211222 — 212221
Ay = yuyn — Yoy
Aa = apayn — apay,
Ab = by1byy — biabyy
Ah = hyhy — hphy,

Ag = g118&n — &12&
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Example # 3:
Two sets of measurements are made on a two-port resistive circuit. The first set is made with

port 2 open, and the second set is made with port 2 short-circuited. The results are as follows:

Port 2 Open Port 2 Short-Circuited
Vi, = 10 mV Vi =24mV

Iy = 10 pA I =20 pA

Vo = =40V L, = 1mA

Find the h-parameters of the circuit.

Solution:

W
ll_[1

VE:(}

24 x 1073
= ————=12kQ
20 X 107°

b
21_[l

V2:|)

107
20 X 107°

The parameters h,, and h,, cannot be obtained directly from the open-circuit test.

But, the four a-parameters can be derived from the test data.

From the conversion table,

Aa
hy, =

ax

ary
hy =

a2
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Hence,

V, X 1073
a, = — 10X 07T o5« 1073,
Vil —40
I 10 X 107°
4y =+ = = 025 % 10°S,
Vi 1,=0 —40
v 24 % 1073
ap = —— = =240,
. b |v,-o 107
I 20 x 107°
ay = ——= = — — —20 x 10°°
. b|v,-0 107

The determinant is:

Aa = ayay — apay,

=5x10°=-6x10°=—-10"°

Therefore, o &
12 ar»
~107°
= — =5x107
=20 x 10~
and hyy = o1
B ar
—0.25 x 10°
= — = 12.5 uS
-20 x 10~
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Chapter 14

Balanced Three-Phase Circuits

Three-phase circuits are circuits which contain three voltage sources that are a one third of a

cycle apart in time (120°).

It is more advantageous and economical to transmit electric power in a three-phase mode.

14.1 Balanced Three-Phase Voltages
+ A set of balanced three-phase voltages consists of three sinusoidal voltages that have

identical amplitudes and frequencies but are out of phase with each other by exactly 120°.

+ If the load, connected to the voltage sources, draws balanced currents, the entire circuit is

referred to as a balanced three-phase circuit.

Three-phase
line

°
Three-phase
voltage @

A\
/N

source

A

4+ In Time Domain:

o L1ree-phase

load

Balanced positive phase sequence (abc) voltages are defined as:

v,(t) =V, cos(wt)

v, (t) =V, cos(wt — 120°)

v.(t) =V, cos(wt — 240°) =V}, cos(wt + 120°)

For balanced voltages:

Va(8) +vp(t) + () = 0

Note that, v}, (t) lags v, (t) by 120°
v.(t) lags v, (t) by 120°

STUDENTS-HUB.com
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If the load is balanced, then the currents for “abc” sequence are:
i,(t) = I, cos(wt — 6;)
ip(t) =L, cos(wt — 6; —120°)
i.(t) = I, cos(wt —6; +120°)

where 6; is the angle between the phase voltage and current.

Balanced negative phase sequence (ach) voltages are defined as:
v, (t) =V, cos(wt)
v, (t) =V, cos(wt + 120°)
v.(t) =V, cos(wt — 120°)

+ In Frequency Domain:

Balanced positive phase sequence (abc) voltages are:
Vo=V, /0,
V, =V, /=120°,
V.=V, /+120°, A\

Vb
Balanced negative phase sequence (acb) voltages are:

V.=V, /0,
V, =V,, /+120°,
V.=V, /-120".

+ For a balanced system:

V., +V,+V.=0
v,

+ Note that, for a balanced three phase system, determining the voltage (or current) in one
phase is sufficient as the quantities for other phases have the same magnitude, but only with

a phase shift similar to that between the voltage sources.
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14.2 Three-Phase Voltage Sources

e Athree-phase voltage source is a generator with three separate windings distributed around

the periphery of the stator; with 120 electrical degree between the windings of any two

phases. Each winding comprises one phase of the generator.

e The

electromagnet driven at synchronous speed

rotor of the generator is an
by a prime mover, such as a steam or gas
turbine.

e A Prime mover provides the mechanical
energy to the generator (from steam, gas,
coal, hydraulic,...).

e The prime mover rotates the magnetic field
at synchronous speed, thus all phases will
have the same frequency (relative speed).

e |If the windings are identical, identical

voltages result, but out of phase by 120°.

Axis of
a-phase
. winding

:/

e

\
Axis of
b-phase
winding

/ S
Axis ot\/ Stator

c-phase
winding

e The three phase voltage are either connected as WYE or Delta (left and right figures below,

respectively), but the WYE configuration is more commonly used.

e The common node in WYE configuration is called the Neutral point (n).

e Ifthe internal impedance of each voltage source is small, it can be neglected; an ideal source

results.

249

STUDENTS-HUB.com

Uploaded By: anonymous



e If the winding impedances were not neglected, then the equivalent three-phase sources

model are:

e Since the three-phase load can be also connected as WYE or Delta configuration, then 4

possible combinations exist:

Source

Y

b b

STUDENTS-HUB.com

Load Three-phase
line
N e A .
A rec-phase / \ Three-phase
voltage @ \ ] load
Y source .
A
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14.3 Analysis of the Wye-WYye Circuit

e Consider the three-phase circuit shown in the figure below,

A
- o
e Let the neutral point of the N
sources be the reference A
voltage; OV. o B Zs
e The impedances of the | Z.
sources, the transmission
lines, and loads are shown T b
in the figure.
e Applying KCL at the Neutral point of the load (N), which has a voltage with respect to “n”,
Vy, yields:
Vx AN VN — Vi VN — Vou

+ - + ‘ =0
Ly Zphn+tZywtZy ZptZnwtZy ZotZiot Zyg

e |f the three-phase circuit is balanced, then:

1. The source voltages, v, v,', and v, are balanced,
Varn + Vprn +Vern =0

2. The impedance of the each phase source is the same;
Zga =Zgp = ch

3. The impedance of each transmission line is the same;
Zig =21 = Zic

4. The impedance of each phase of the load is the same;
Zy=1Zp =Zc

e Thus, the node voltage equation can be rewritten for a balanced circuits as:

VN( 1 3 ) _ Vn'n + Vb’n + Vc’n

— +
Z,  Z4 Zy

where
Z(i)zzA+Zla+Zga=ZB+Z]b+Zgb=ZC+ZIC+ZgC
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But, V., + Vyn + Ve, = 0, the right hand side of the node equation is zero; leading to
the fact that for a balanced system,

Vy=0
Since no potential difference between the load’s and the sources’ neutral points;

Vy=V, =0,
The current in the neutral transmission line is:

I, =0

Which means that the neutral conductor can be short circuited or even removed (open
circuited).

e Therefore, the three line currents are:

L. = Vc’n - VN — Vc'n
CZe+ Zi+Z,  Zy

e Thus, the line current of each phase equals that phase’s voltage divided by the total
impedance of its circuit.

e To analyze a balanced three-phase circuit, a single (per-phase) equivalent circuit suffices
to analyze the system. Then, the currents (voltages) in the other phases can be found, with

an appropriate phase shift.

a A

Zgn —— 2, —&—

Note that, the neutral has also the currents l—: >
a'n . A

from the other phases; l

_ n N

I, = Lia + g + I
A
+ o—
e Once, the line currents are found, then the line to neutral Vie Vi A

(phase) voltages at the load can be found.

Vea 107 Zy —eN

The line-to-neutral voltages are Van, Vpn, and Veno Vie Ve Zc
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The Line-to-Neutral (phase) voltages are: A
Van = Vg LO°V *
Vpy = Vp L—120° V -
Ven =V L120° V Vea e % =9\
The Line-to-Line voltages are: Vee  Von Ze

Vas = Van — Vine B

Ve = Van — Vonu
Vea = Ven — Van

Hence, substituting the phase voltages in Vyg;
Vag = Van — Van
VAB = V@ LOO - V@ L—1200
1 .3
Vag = Vo — Vp (_;—17)
1 .V3
Vag = Vp (5 +17)
Vag = V3V, L+30°
Similarly,
VBC = \/§VQ§ |__900

Vea = V3V, L—210° :> Vca = V3V L+150°

Thus, the line-to-line voltages are obtained by multiplying the phase voltages with v/3 and
shifted by +30°; Vi, = V3V L6,+30°.
The phasor diagram of these voltages (“abc” for left figure) is shown below, whist the phasor

diagram for “acb” is shown in the right figure below.

VCA \"( ‘N VAB
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For Y-Y connection, the line currents are the same as the phase currents; I, = Iy.

The line currents are:

L. = Van
aA Zy
Lo = VpN
bB = 7
Ven
I.r =—
cC Zy

The neutral current for a balanced load:;

I, =La + Iig + Ic

Example # 1:
A balanced three-phase Y-connected generator a) Construct the a-phase equivalent circuit of
with positive sequence has an impedance of the system.

0.2 + jO0.5 Q/¢ and an internal voltage of 120 V /.

The generator feeds a balanced three-phase b) Calculate the three line currents I, I)g, and I.c.

Y-connected load having an impedance of c¢) Calculate the three phase voltages at the load,
39 + j28 Q/¢. The impedance of the line connect- Vin. Van. and Ve

ing the generator to the load is 0.8 + j1.5 Q/¢. The

a-phase internal voltage of the generator is speci- d) Calculate the line voltages Vap. Vpc. and Vea at
fied as the reference phasor. the terminals of the load.

e) Calculate the phase voltages at the terminals of
the generator, V,,, Vi, and V.

f) Calculate the line voltages V,,, V. and V_, at
the terminals of the generator.

¢) Repeat (a)—(f) for a negative phase sequence.

Solution:

a) The single phase equivalent circuit is:
2 020 JO5Q 4 080 J15Q A

90

120/0°V V.,
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b) The a-phase line current is

120 /0°
LA = 02508 +39) + (0.5 + 1.5 + 28)
120 /0°
T 40 + j30
— 24 /=3687" A.

For a positive phase sequence,

I = 2.4 /—156.87° A,
I =24 /8313 A

¢) The phase voltage at the A terminal of the load is
Van = (39 + j28)(2.4 /—36.87")
= 11522 /-1.19° V.
For a positive phase sequence,
Vpy = 11522 /—121.19° V,
Ven = 11522 /118.81° V.

d) For a positive phase sequence, the line voltages
lead the phase voltages by 30°; thus

Vag = (V3 /30°)Vaxn
= 199.58 /28.81° V,

Vi = 199.58 /=91.19° V.,
Vea = 19958 /148.81° V.

e) The phase voltage at the a terminal of the source is

Van = 120 — (0.2 + j0.5)(2.4 /—=36.87")
120 — 1.29 /31.33°

= 118.90 — jO.67
= 118.90 /—-0.32° V.

For a positive phase sequence,
Vin = 11890 /—120.32° V,
Ven = 11890 /119.68° V.
tf) The line voltages at the source terminals are
Vab = (V3 /30°)V,,
= 205.94 /29.68° V,

Ve = 205.94 /=90.32° V,
V., = 205.94 /149.68° V.
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g) Changing the phase sequence has no effect on
the single-phase equivalent circuit. The three line
currents are

La=24/-3687" A,
Ig = 2.4 /83.13° A,
Ic=24/-15687" A.
The phase voltages at the load are
Van = 11522 /—1.19"V,
Vgy = 115.22 /118.81° V,
Ven = 11522 /—121.19° V.

For a negative phase sequence, the line voltages
lag the phase voltages by 30°:

Vag = (V3 /=30")Van
=199.58 /-31.19° V,

Vie = 199.58 /88.81° V,

Vea = 199.58 /—151.19° V.

The phase voltages at the terminals of the gener-
ator are

V,, = 11890 /—0.32° V,
V,, = 11890 /119.68° V,
V., = 118.90 /=12032° V.

The line voltages at the terminals of the genera-
tor are

Vab = (\@[ —30° )Van

= 205.94 /=30.32° V,
Ve = 205.94 /89.68° V.,

V., = 205.94 /—150.32° V.
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14.4 Analysis of the Wye-Delta Circuit

e For a A-load, the phase voltages are the same as the line voltages.
e The A-load can be transformed into a Wye by using the delta-to-wye transformation.
e When the A-load is balanced, the impedance of each leg of the wye is one third the

impedance of each leg of the delta, or

7,
ZY =S TA
e After the A-load has been replaced by its equivalent Y, the a-phase can be modeled by the

single phase equivalent circuit, as shown in the figure below.

a’ a A
Zgn —® Zla 1

Va n

Za
N

e This circuit is used to calculate the line currents, and then the line currents are used to find

n

the currents in each leg of the original A-load.

e The relationship between the line currents and the
currents in each leg of the delta can be derived using
the circuit shown in the figure next.

e Assuming a positive sequence (abc), and assuming

the phase currents are:
Ing = 1, /0,
Igc = Iy /120",
Iea = 1, /120"

where I is the magnitude of each phase current.

e The line currents can be derived in terms of the phase currents by applying KCL at each
node. KCL at node A:

La = Iag — Ica
=1, /0° — I, /120°
— 3L, /=30,
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e KCL at nodes B and C, respectively;

Iig = Ipc — Iap
I¢ {—120” — I¢&°
= \/§I¢ {—150".

ILc = Ica — Ipc

=1, /120° — 1, /—120°

= V3l /90°.
Notes:

For a positive sequence, the magnitude of the line currents is v/3 times the magnitude of

the phase currents, and that the set of line currents lags the set of phase currents by 309;

I, =3Iy LOy—30°.

Similarly, it can be shown that, for a negative sequence the magnitude of the line currents

is v/3 times the magnitude of the phase currents, and that the set of line currents leads the

set of phase currents by 30°;

I, = V3l L6p+30°.

e The phasor diagrams for the currents of a A-load are shown for positive sequence in figure

(a), and for a negative sequence in figure (b) below.
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Example # 2:

The Y-connected source in Example#1 feeds a -
A-connected load through a distribution line hav- Three-phase
. . . A ry
ing an 1mpedance of‘0.3 + j0.9 Q/¢. The load SRR 7\ .
impedance is 118.5 + j85.8 1/¢. Use the a-phase voltage  ® o lTrcephise
internal voltage of the generator as the reference. SOUTEE o N,

a) Construct a single-phase equivalent circuit of the
three-phase system.

b) Calculate the line currents L5, L5, and L.
c¢) Calculate the phase voltages at the load terminals.
d) Calculate the phase currents of the load.

e) Calculate the line voltages at the source terminals.

Solution:

a) The load impedance of the Y equivalent is

Z
Zv=3

1185 + j85.8

Zv =
Y 3

= 39.5 + j28.6 /¢
a’ 020 j05Q 4, 03Q j09Q A

The single-phase equivalent circuit is shown in 3950

the figure. 120/0° V
j28.6 Q

n N

Figure 11.14 A The single-phase equivalent circuit for
Example 11.2.

b) The a-phase line current is

. 120 /0°
02 + 03 + 39.5) + (0.5 + 0.9 + 28.6)

—120&0—24 36.87° A
40 + 30 4 /3687 A.

Hence

I = 2.4 /—156.87° A.
Ic =24 /8313 A,
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c) Because the load is A connected, the phase volt-
ages are the same as the line voltages. To calcu-
late the line voltages, we first calculate V oy:

Van = (395 + j28.6)(2.4 /—36.87")

= 117.04 /—-0.96" V.

Because the phase sequence is positive, the line
voltage Vg is

Vag = (\ﬁﬂ) Van

=202.72 /29.04" V.

Therefore
Vpe =202.72 /—90.96° V,

Vea = 20272 /149.04° V.

d) The phase currents of the load may be calculated
directly from the line currents:

1 .
IAB = (\@530 ) IaA

1.39 /—6.87" A.

Once we know I5p, we also know the other load
phase currents:

Igc = 1.39 /—126.87° A,
Ica = 139 /113.13° A,

Note that we can check the calculation of I,y by
using the previously calculated Vp and the
impedance of the A-connected load; that is,

[ _ Vag _ 20272/29.04
ARz, 1185 + j858
=139 /—6.87° A.

e) To calculate the line voltage at the terminals of
the source, we first calculate V,,. Figure 11.14
shows that V,, is the voltage drop across the line
impedance plus the load impedance, so

V.. = (39.8 + j29.5)(2.4 /—36.87")
= 11890 /—0.32° V.

The line voltage V,, is

Vab = (\/gz 30° )Van»
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or
V., = 205.94 /29.68° V.

Therefore

Vie = 205.94 /—9032° V,
V., = 205.94 /149.68° V.
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14.5 Power Calculations in Balanced Three-Phase Circuits

14.5.1 Average Power in a Balanced Wye Load

» For the Y- connected load, shown in the figure next,

where all voltages and currents are given in their rms 71V
values, the average power associated with a-phase is: I8 B . VN
— & ZB N B
_ Ze| v
Pa = [Van|[Lial cos (B4 — 0a), of e

C

where 0,5 and 6;, denote the phase angles of V oy and I, respectively.

» The average power associated with b — and c-phases are:

Py = |Vpl|Lyp| cos (0yp — 0)

Pc = |Ven[Iec| cos (B¢ — 6ic)

> Inabalanced three-phase system, the magnitude of each line-to-neutral voltage is the same,
as is the magnitude of each phase current.

» Also, the argument for the cosine function is the same for the three phases;
Vi = ['Vanl = [Venl = [Venl.
I(f’ =

Lal = |IbB‘ = \Icc‘|~

and
Oy = Opp — Oin = O, — bip = O,c — bic.
» Therefore, the average power of each phase is equal to the other phases’ power;

PAngzpc*:P¢:V¢I¢COSB¢.

» The total average power delivered to the balanced Y-connected load in phase quantities is:

Pr =3Py = 3V I, cos Oy,

In terms of the line quantities, V; & I;, the total average (real) power is:

Vi

PT = 3(\/§)ILCOS 9¢,

PT = \/§VLIL COS 9(2)
where 6 is the phase angle between the phase voltage and current; 65 = 6, — 6;
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14.5.2 Complex Power in a Balanced Wye Load

e The reactive power of the load,

For a single phase is: Q4 = Vil ysin by,

For the three phases is: Or = 3Q, = V3V I sin b,

e For abalanced load, the complex power associated with any phase is:
Sy, = Vanlia = Venlip = Venlic = Vgl

where V, and I, represent a phase voltage and current

e In general, the complex power for a Y-connected load

For a single phase is: Sy = Py + jO4 = V.

For the three phases is: St =38, = V3V /0.

14.5.3 Power Calculations in a Balanced Delta Load

» For the A- connected load, shown in the figure next, where

all voltages and currents are given in their rms values, the

average power associated with each phase are:

P = |Vagl[lag|cos (Byap — 0iaB)-

Pg = |Vpc|[Igc| cos (Byge — Oipe)-

Pc = [Vealllcal cos (Byca — Bica).

> In a balanced three-phase system, the magnitude of each phase voltage is the same, as is
the magnitude of each phase current. Also, the argument for the cosine function is the same
for the three phases;
[Vagl = [Vicl = [Veal = Vy,
Hagl = Mgc| = Meal = 14
OoaB — OiaB = Oupc — Bipc = Buca — Oica = Oy
and
Py, =Pg=Pc=Py,=Vyl,cosby.
Thus, in a balanced load, regardless of whether it is Y- or A-connected, the phase average

power is the same.
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The total power delivered to a balanced A-connected load is

PT = 3P¢, = 3V¢,I¢COSB¢,

1
= 3VL(\/L§> cos b

= \@VL]L COos 0¢, .

Pr = \/EVLIL €0s O ; which is the same as of Y-load

where 6y is the phase angle between the phase voltage and current; 64 = 6,, — 6;

The expressions for reactive power and complex power also have the same form as those

developed for the Y load:

Q¢ = V¢,I¢Sln 6(’{)-.
Or = 30, = 3V I 4sin b,
S‘b = Pq!, + ]Q‘f) = V('blqg-.

ST = 3S¢ = %VLIL&

where Vj and 15 represent the phase voltage and current, respectively.
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14.5.4 Instantaneous Power in Three-Phase Circuits

The instantaneous power of each phase of a Y-connected load is:

Pa = Vaniaa = Vul,,cos wf cos (wf — 6,),
P = VpNibg = Vil cos (wf — 1207) cos (wt — 64 — 1207),
pc = VenNlee = Vi p cos (wf + 1207) cos (ot — 0, + 1207),

where V,,, and I, represent the maximum amplitude of the phase voltage and line current,

respectively.

The total instantaneous power is the sum of the instantaneous phase powers, which reduces to:

Pr = Pa + PB + Pc = 1-5vmlm cOos 8(})

But, V;,, = V2V, and I,,, = V21, therefore the instantaneous power becomes:
Pr = 15(\/§V@)(\/§I@) Cos 9@
Pr = 3V¢I@ COS 0@

which is the same as the average three-phase power; the instantaneous power is constant!
Note: In a balanced three-phase circuit, the instantaneous power is time invariant! Thus, the

torque developed at the shaft of a three-phase motor is constant, which in turn means less

vibration in machinery powered by three-phase motors.
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Example # 3:

a) Calculate the average power per phase delivered to the Y-connected load of Example # 1.
b) Calculate the total average power delivered to the load.

c) Calculate the total average power lost in the line.

d) Calculate the total average power lost in the generator.

e) Calculate the total number of magnetizing VARSs absorbed by the load.

f) Calculate the total complex power delivered by the source.

Solution:

a’ 020 J05Q 45 080 LS5O A

a) From example # 1, the per phase
equivalent circuit is shown in the figure 90

next. It was calculated that, 120/°V V.,

laa =24 /—3687° A.
Van= 11522 /—1.19° V.

Therefore, the mag. Vy=11522 V. 1,=24 A,
and 0, = —1.19 — (—36.87) = 35.68". Therefore

P, = (11522)(2.4) cos 35.68°
= 224.64 W.

The power per phase may also be calculated
from [ éR¢. or

P, = (24)%(39) = 224.64 W.

b) The total power delivered to the load is either
Pr = 3Py = 3(224.64) = 673.92W
or  V, =3V, =v/3(115.22) = 199.58V
I, = Iy = 2.44
and Pp =+/3V,I; cos 0y
P; =+/3(199.58)(2.4) cos 35.68 = 673.92W

¢) The total power lost in the lines is:
Piine = 3(2.4)%(0.8) = 13.824 W.
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d) The total internal power lost in the generator is:

Pyen = 3(2.4)%(02) = 3.456 W

e) The total number of magnetizing VARSs absorbed by the load is:

Or = V3(199.58)(2.4) sin 35.68°
— 483.84 VAR.

f) The total complex power associated with the source is:

Sy =35, = —3(120)(2.4) /36.87°

—691.20 — j518.40 VA.

The minus sign indicates that the internal power and magnetizing reactive power are being
delivered to the circuit.

To check the balance of powers:

P =P, + Pripe + PgenLoss and Q = Qp + Quine + QgenLoss

P = 673.92 + 13.824 + 3.456
= 691.20 W (check).

O = 483.84 + 3(2.4)%(1.5) + 3(2.4)%(0.5)
= 483.84 + 25.92 + 8.64
= 518.40 VAR(check).

Example # 4:
a) Calculate the total complex power delivered to the A-connected load of Example # 2.
b) What percentage of the average power at the sending end of the line is delivered to the

load?
Solution:
a) Using the a-phase values from the solution of Example # 2, parts c) and d),

Vy = Vap = 202.72 /29.04° V,
I, = Iy = 1.39 /—6.87° A.

The total complex power is:

Sy = 3(202.72 /29.04°)(1.39 /6.87°)
682.56 + j494.21 VA.
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b) The total power at the sending end of the distribution line equals the total power delivered

to the load plus the total power lost in the line;

Piyput = 682.56 + 3(2.4)*(0.3)

= 687.74 W.
Precentage of power reaching the load = P x100%
input
682.56
= 577, X100% = 99.25%

Example # 5:

A balanced three-phase load requires 480 kW at a lagging power factor of 0.8. The load is fed
from a line having an impedance of 0.005 + j0.025Q/@. The line voltage at the terminals of
the load is 600V.

b) Construct a single-phase equivalent circuit of the system.

c) Calculate the magnitude of the line current.

d) Calculate the magnitude of the line voltage at the sending end of the line.

e) Calculate the power factor at the sending end of the line.

Solution:
a) The single-phase equivalent circuit is A .ML. A
shown in the figure next. Take the phase N l_: 600 - .
to neutral voltage as the reference; Van o ok ath e
Van =V, LO ne —*N

Van = ‘J—g L0 = 346.41 LOV
b) The line current can be found from:
Pr = V3V I cos o,
= V/3(600)1(0.8)
= 480,000 W;

;480000
L V/3(600)(0.8)
1000
V3

= 577.35 A.

It has the same angle as | — (cos™1 0.8); which is L — 36.87, because of lagging pf.
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Alternative solution to find the line current:
The reactive power per phase is:

Qp = Py tan(cos™1 0.8)

Qp = 160k tan(36.87)

Qp = 160k(0.75) = 120kVARs

Thus, the load per-phase complex power is:

Sy = Py + jQp = 160,000 + j120,000 VA = V,l,’

160,000 + j120,000 = (Y£) Iy’

» __ 160,000+120,000

IaA - VL

NG
[+ — 160000+120,000
aA — 346.41

I,,* =577.35 1.36.87 A
Therefore, the phase and the line currents are the same;
I,o =57735| —36.87 A

c) The magnitude of the line voltage at the sending end is:
Van = VAN + Z('IaA

600
= W + (0.005 + j0.025)(577.35 {—36.87“)
= 357.51 51.57° V.
Thus,
VL = \/g‘vrm‘
= 61923 V.

d) The power factor at the sending end is cosine the angle between V,,, and I,,,

pf = cos [1.57° — (—36.877)]

cos 38.44°

0.783 lagging.
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An alternative way to calculate power factor at the sending end;

Sy = (160 + j120)10° + (577.35)%(0.005 + j0.025)

161.67 + j128.33 kVA

206.41 /38.44° kVA.

The power factor is
pt = cos 38.44°
= 0.783 lagging.

Note that, if the total complex power at the sending end was calculated, after first calculating

the magnitude of the line current, it may be used to calculate the magnitude of line voltage;

V3V I = 3(206.41) x 10°,

3(206.41) x 10°
V3(577.35)

VLZ

= 619.23 V.
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14.6 Measuring Average Power in Three-Phase Circuits

e An Electrodynamometer Wattmeter is an instrument used to
measure the real (average) power. It has two coils; a current ‘
coil (low impedance) and a potential coil (high impedance). L % _ 5 [~ wau

e The average (upscale) deflection of the pointer attached to the
movable coil is proportional to the product of the effective ©

(rms) value of the current in the current coil, the effective

|
Current-coil
terminals

(rms) value of the voltage impressed on the potential coil, and = [ poineer

the cosine of the phase angle between the voltage and current.

network

+
o B
e The direction in which the pointer deflects depends on the cc +
instantaneous polarity of the current-coil current and the potential-coil W, pc
% :
oltage be
’
The Two-Wattmeter Method:
> To measure the total power at the terminals of the box of
n conductors, (n — 1) currents and voltages need to be . ei
known. This follows because one terminal is chosenasa - | o5 Genem

reference, there are only (n—1) independent

voltages/currents.

Thus, the total average power is:
p =i+ vy + o+ vyl

» For a three-conductor circuit, whether balanced or not, only two wattmeters are needed to
measure the total average power.
» For a balanced three-phase circuit, only three conductors are needed (the neutral in a Y-

connection has a zero current, and can be removed), therefore two wattmeters are needed.
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The reading of Wattmeter # 1 is: L

Wy = [Vagl[L,al cos 6, e e B

Wi pe Zy =1Z| LOy Vax

= VLI cosb,. X - 1
where 6, is the angle between Vg & I,4. - ¢ o

. . W Vo

The reading of Wattmeter # 2 is: R CN
cC 1= C+

W, = [VegllLec| cos 6, cogT e — 7

= VLIL COs 92.

where 6, is the angle between Vg & 1.

Note that, the load impedance is:
Zo = 12| Ly
where —90° < 85 < 90°.

0, & 6, can be found in terms of the load impedance angle, 84, and for positive sequence;

[Vanl _ [Vanl -0
1z Loy Iz 0

The voltage for W1: Vag = V3|Vyy| L + 30

The current for W1: 1,4 =

01="0v,5 — O1a4

0, = 30 — (—6p)

0,=6,+ 30
Similarly,

[Ven! L120 Venl
The current for Wa: 1. = =
2 7€ = Tzl Lo, 12|

1120 — 6,

The voltage for Wa2: Veg = V3|Vuy| L + 90 ; because Vgc = v3|Vyy| L — 90!
02 = Oy — b1
0, = 90 — (120 — 6;)
0, =6,—30
Thus, the Wattmeters’ readings are:
Wy =V, I, cos(6g + 30)
W, =V.I; cos(85 — 30)
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The total power is:
PT = W1 + Wz
Pr =V, I, cos(6s + 30) + V. I}, cos(68y — 30)

Using the trigonometric identity,

cosA + cosB = 2cos (#) cos (%)
Therefore,
Pr =V, I, (cos(6y + 30) + cos(6s — 30))

LetA =65+ 30and B = 65 — 30

Py =V, (2 cos ((9¢+ 30):(%— 30)) oS ((9¢+ 30)-(8g— 30)))

2
Pr =2V, I, (cos (Z;ﬂ) cos (%))

Pr = 2V, I; (cos(8y) cos(30))

Py =2V,I, (COS(HQ)) ?)

Py = V3V, I, cos(8y), which the same as the three-phase power!
Notes,
Recall, W; =V,I; cos(6y + 30)
W, =V.I; cos(85 — 30)
1. If the load power factor is greater than 0.5 (85 < |60°]), both wattmeters read positive.
2. If the load power factor equals 0.5 (6, = |60°[), one wattmeter (W,) reads zero.
if (65 = 60°), W, reads zero.
if (6 = —60?), W, reads zero.
3. If the load power factor is less than 0.5 (64 > |60°[), one wattmeter reads negative;
if (65 > 60°), W, reads negative.
if (65 < —60°), W, reads negative.

4. Reversing the phase sequence will interchange the readings on the two wattmeters.
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Example # 6:

Calculate the reading of each wattmeter in the | N

circuit in figure if the phase voltage at the Ioad  , ¢ Tr~~_o
i 120 V and

(@) Zy =8+j6Q;

(b) Zy =8—j6Q;

(€) Zy = 5 + j5V3 Q; and

(dyZy =10 L —75Q;

(e) Verify for (a)—(d) that the sum of the

wattmeter readings equals the total power

delivered to the load.

Solution:

a) Zy =10 /36.87° 0,V = 1203 V. and
Iy = 120/10 = 12 A.

W, = (120V/3)(12) cos (36.87° + 30°)
— 97975 W,
W, = (120V/3)(12) cos (36.87° — 307)

= 247625 W.

b) Zy = 10 /—36.87° Q. V| = 120V/3 V. and
I = 120/10 = 12 A.

Wi = (120V/3)(12) cos (—36.87° + 30°)

= 247625 W,

W, = (120V/3)(12) cos (—36.87° — 30°)
= 97975 W.

) Zy =5(1 +jV3) =10 /60° Q. V| = 120V3 V.,
and I} = 12 A.

W, = (120V/3)(12) cos (60° + 30°) = 0,

W, = (120V3)(12) cos (60° — 30°)
— 2160 W.
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d) Zy =10 /=75 Q. V| = 1203 V., and
I, = 12A.

Wy = (120V3)(12) cos (=75° + 30°) = 1763.63 W,
W, = (120V3)(12) cos (—75° — 30°) = —645.53 W.
e) Pr(a) = 3(12)*(8) = 3456 W,
W, + W, = 979.75 + 2476.25
= 3456 W,
Pr(b) = Pr(a) = 3456 W,

W, + W, = 2476.25 + 979.75
= 3456 W,

Pr(c) = 3(12)*(5) = 2160 W,
W, + W, =0 + 2160
= 2160 W,
Pr(d) = 3(12)%(2.5882) = 1118.10 W,

W, + W, = 1763.63 — 645.53
1118.10 W.

14.7 Combined Loads and Power Factor Improvement
Example # 7:

An 11kV, 50 Hz, three phase power line

. 4
feeds two isolated factories, which are T TT

effectively connected in parallel with each

other. The first factory load is Y-connected Y A
4 5MVAR SMW

and is rated at 4. 5MVARs at a power factor 0.8Lead 0.6Lag

of 0.8 leading. The second factory is A-

connected, and it is rated at BMW at a power factor of 0.6 lagging. Then,
a) Calculate the supply line current and the combined power factor of the two rated loads
b) Determine the phase voltage and current of the two factory loads at rated conditions
¢) What is the value of the capacitor bank to be connected across the two rated loads as

WYE and to improve the power factor to 0.95 lagging?
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Solution:

4
V, =11kV LOV T
For Y-connected load: T
The power can be found from the power Y A
triangle: 45MVAR 8MW
0 0.8Lead 0.6Lag
p, = —Y _
Y tan(0y)

But, 6, = cos~10.8 = 36.9; since the power factor is leading, the load is capacitive;

And Qy = —4.5MVARs i0
-4.5M S| = apparent power
ThUS, Py:m:6MW Pl l

Q = reactive power
4.5
Py =—=6MW
3/4 ]
P = average power P

For A-connected load:
Py = 8MW
And Q, = P,tan@,
But 8, = cos™1 0.6 = 53.13, since the power factor is lagging, the load is inductive, and
0, = +53.13
Thus, Q, = 8M tan53.13
Q) =8Mtan53.13 = 10.67MVARs
Therefore, the total load power is:

Py, = Py + Py
Py, = 6M + 8M = 14MW
The total reactive power is:
Qin =0y + Qs
Qi = (—)4.5M + 10.67M = 6.17MVARs

The input (combined) power factor is:

cos 0, = cos (tan‘1 %)

_1 6.17
cos 0;, = cos (tan 17)
cos 0, = cos(23.78) = 0.915

S pfy, = cos6;, = 0.915 (lagging)
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Since, P;,, = V3|V, ||1,] cos 6;,, then the line current is:

| = it
L™ V31Vl cos 0in

In,| = 14M
L1 ™ /3]11Kk|0.915

s—> 1,=801.1[—-23.8-30A

Notes,

=801.14

The phase current lags the phase voltage of the combined load by 8;,, = 23.78°.

The line current lags the line voltage by 30°, regardless of the load connection!

For the Y-connected load:

The phase voltage is:
Vi
Voy =7 L —30°

11,000
V3

:> Vpy = 6.35 L —30° kV
The phase current is:

L0 —30°

V(DY =

gy| = Py
oYl — 3|Vgy| cos 8y
6M
oy = 3(6.35k)0.8 393.7

Igy = 393.7 L — 30 + 36.9
Note that, the phase current leads the phase voltage by cos~1(0.8)

:> I;y =393.7 L69 A
For the A-connected load:

The phase voltage is:
Voa = Vi,
Vpa = 11,000 LO° V

:> Vpa = 11 L0° kV

The phase current is:

ol = s—Teosan
oAl — 3|Vga| cos 8,
8M
[Igal = 3006 404.04

Ijp = 404.04 L —0—-53.13 A
Note that, the phase current lags the phase voltage by cos™1(0.6)
:> Iyp = 404.04 L —53.13 A
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e The original complex load power is:

- ¢
Sold = Pota +JQota T j TW ‘

Sold = 14 + j6.17 MVA v Y A
Caps 4.5MVA SMW
R 0.6La
e The new complex power that results from 2

adding a capacitor in parallel with the load is:
Snew = Pota + JQnew
Qnew = Poiq tan(cos™ pfye,)
Qnew = 14M tan(cos~10.95)
Qnew = 4.6MVARSs
Spew = 14 + j4.6 MVA "

e Since Spew = Sola + Scap, the added capacitor complex power is:
Scap = Snew — Sold
e But, the capacitor is purely reactive;
Scap = 14 +j4.6 — (14 + j6.17)MVA = —j1.57 MVA (for 3 phase)
and,
Scap = ~3J0Cy Vgrms

—j1.57M = —3jwC Vgrms

C, = 1,570,000
Y 7 3(21(50))(6,350)2
Cy = 41.31uF
Note that, if the capacitors are to be connected in A configuration, the required capacitors value
is: Scap = —3JwC Virms
C. = 1,570,000
A ™ 3(2m(50))(11,000)2
Cy = 13.77uF ;

Cp = C?Y ; Cpis smaller than Cy but it has to tolerate the line-to-line voltage!
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Chapter 15
Mutual Inductance and

Transformers

15.1 Mutual Inductance

Recall that, the self inductance is the parameter that relates a voltage to a time-varying current

in the same element.

Mutual Inductance (M) is a circuit parameter R,
relating the voltage induced in one circuit to the

time-varying current in another circuit. The two vg

circuits are linked together by a magnetic field.

e The circuit has two magnetically coupled coils.
diq

e The self induced voltage in the first coil is L, —

e The mutually induced voltage in the first coil is M%Z

e Dot Convention: Itis used to determine the mutually induced voltages.
When the reference direction for a current
enters the dotted terminal of a coil, the
reference polarity of the voltage that it induces K e

in the other coil is positive at its dotted
terminal.

Alternatively, when the reference direction for a current leaves the dotted terminal of a
coil, the reference polarity of the voltage that it induces in the other coil is negative at its

dotted terminal.
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The voltages induced across each

inductor are assigned on the figure next;

applying KVL for each loop yields:

_ di, di,

—Vg + 11R1 + Lla — ME =0,
_ di di
iR, + Lz—df - M—d; = 0.

Note that, M = k./L;L,, where k is the coefficient of coupling, and 0 < k < 1.

Procedure for Determining The Dots Markings
1- Arbitrarily select one terminal of one coil, say D, and
mark it with a dot.

2- Assign a current into the dotted terminal and label it,

ip.

3- Use the right-hand rule to determine the direction of

)

) (step?
the magnetic field established by i, inside the coupled "

coils and label this field @p.

Arbitrarily
dotted
— D terminal

B{ (Step” (Step 1)

4- Arbitrarily pick one terminal of the second coil, say A,
and assign a current into this terminal, showing the current as i,

5- Use the right-hand rule to determine the direction of the flux established by i, inside the
coupled coils and label this flux @ ,.

6- Compare the directions of the two fluxes @, and @, if the fluxes have the same reference
direction, place a dot on the terminal of the second coil where the test current i, enters. (In
the figure, the fluxes @, and @, have the same reference direction, and therefore a dot goes
on terminal A.)

If the fluxes have different reference directions, place a dot on the terminal of the second

coil where the test current i, leaves.
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Experimentally,

e The terminal connected to the positive

supply terminal is given a dot.

e If the voltmeter deflection is upscale, —

voltmeter 0

the coil terminal connected to the -

positive terminal of the voltmeter is

given a dot, and vice versa.

Example #1:
Write the mesh current equations that describe the circuit in tehfigure in terms of i; and i,

° 4 H
YL
A
50 S,H 200
———— WA\ L 2 AMNM——9
[ ]

/
w(4) (i) 160 (1) 6003

Solution:
Applying KVVL for mesh 1:

di a . . . ; ; j
4510+ 85 Gy — ) + 20, — ) + 50y — i) = 0.

Applying KVVL for mesh 2:

d di;
20(i, — iy) + 60i, + 16——(i, — i,) — &= 0.
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15.2 Transformers

A transformer is a device that is based on magnetic coupling. Transformers are used in both
communication and power circuits. In communication circuits, the transformer is used to match
impedances and eliminate dc signals from portions of the system. In power circuits,
transformers are used to establish ac voltage levels that facilitate the transmission, distribution,

and consumption of electrical power.

An ideal transformer consists of two magnetically coupled coils having N; and N, turns,
respectively.

Recalling that, M = k\/L,L,, where k is the coefficient of coupling, and 0 < k < 1, and
exhibiting these three properties:

1. The coefficient of coupling is unity; k = 1

2. The self-inductance of each coil is infinite; L, = L, =

3. The coil losses, due to parasitic resistance, are negligible; R, = R, = 0.

Determining the Voltage and Current Ratios

The voltage ratio,

ViV @
N, N,

The current ratio,

IlNl = IzNz. (2)

For the polarity, note the dot convention;

+ o|N| N, +

v 1 ‘ LV,
— Ideal |® —
vi_ Ve .Y,
Nl_ N, Nl_Nz
NI = NI, NI, = N,
(b) (c)
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tive sign.

marked terminal, use a minus sign in eg. (2)
plus sign.

If the coil voltages V; and V, are both positive or negative at the dot-
marked terminal, use a plus sign in _eg. (1) . Otherwise, use a nega-

If the coil currents I and I, are both directed into or out of the dot-
. Otherwise, use a

Define the transformer turns’ ratio as:

_ M

a—Nl

The Use of an Ideal Transformer for Impedance Matching

Ideal transformers can also be used to raise or lower the impedance level of a load.

I I,
Z —_— I —
e I
TORINE ([
° Ideal °
V
V1=_2’
a
and
Il=a12.

Therefore the impedance seen by the practical source is

vV, 1V,
Z = — = =,
IN I1 (12 I2

but the ratio V,/I, is the load impedance Z; , so

1
ZIN — —2ZL .
a
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Thus, the ideal transformer’s secondary coil reflects the load impedance
back to the primary coil, with the scaling factor 1/a”.

Note that the ideal transformer changes the magnitude of Z; but does not

affect its phase angle.

This can be used for achieving maximum power transfer to the load.

Example # 2:

The load impedance connected to the
secondary winding of the ideal
transformer, in the figure shown
next, consists of a 237.5m( resistor

in series with a 125uH inductor.

0250 5mH 237.5 mQ

— [

Ideal

If the sinusoidal voltage source (v,) is generating the voltage 2500 cos 400t V, find the

steady-state expression for: (a) i; (b) v, ()i, and (d) v,

Solution:

a) to convert the circuit into the frequency domain;

The voltage source becomes:
2500/0° V

Since w = 400 rad/s, and the inductor’s impedance is:

ZL :](I)L

The 5mH inductor converts to:

Z, = j400(0.005) = 2Q

The 125uH inductor converts to:

Z, = j400(0.000125) = 0.05Q

Applying KVL for mesh 1:

0.2375 Q)
AN

e —=1

-
—_
T
P
b=
AAAS

2500,/0° = (0.25 + j2)I, + V,

And

V, = 10V, = 10[(0.2375 + j0.05)L,].
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Because
12 = 101 1

Then
V; = 10(0.2375 + j0.05)10I,

— (2375 + j9)I,.

Therefore,
2500 /0° = (24 + jD)I,
or
I, =100 /—16.26" A.
Thus the steady-state expression for 7, is

i; = 100 cos (400t — 16.267) A.

b) V; = 2500,/0° — (100 /—16.26°)(0.25 + j2)
= 2500 — 80 — j185
= 2420 — j185 = 2427.06 /—4.37° V.

Hence

v = 2427.06 cos (400t — 4.37°) V.
c) I, =10I, = 1000 /—16.26° A.

Therefore

i, = 1000 cos (400 — 16.26°) A.

d) V, =01V, = 24271 /—437° V,
giving

v, = 242.71 cos (400t — 4.37°) V.
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