6.2 Solution of Initial Value Problems

Method of Laplace Transforms

To solve an initial value problem:

(a) Take the Laplace transform of both sides of the equation.

(b) Use the properties of the Laplace transform and the initial conditions to obtain an
equation for the Laplace transform of the solution and then solve this equation for
the transform.

(¢) Determine the inverse Laplace transform of the solution by looking it up in a table or
by using a suitable method (such as partial fractions) in combination with the table.
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Inverse Laplace Transform

Definition 4. Given a function F(s), if there is a function f(t) that is continuous on
[0, o0 ) and satisfies

(2) Fift = F,

then we say that f(7) is the inverse Laplace transform of F(s) and employ the notation
f=%{F}.

Linearity of the Inverse Transform

Theorem 7. Assume that £ '{F}, £ {F,},and ¥ '{F,} exist and are continuous
on [0, « ) and let ¢ be any constant. Then

3  ELYHR+R} =L YR}+E R},
4) $HeF} = cFF}.
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Example 1 Determine ¥ ' {F}, where

> 3 s—1
(@) F(s) = 5. b) F(s) = 5~ () F(s) = e3i2¢+5'
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Solution compute g { F}, we refer to the Laplace transform table

(a) Ef";%}(r) = Ef"{z—;(f) =t

K

(3 (3 ,
(b) £ q3+9}(f) =$K T2+32}(:) = sin3t

(c) E"'#r | }(I)ZE"{( s }(I)ZEEEUSZI

(=25 +5 s—1)*+2°

In part (c) we used the technique of completing the square to rewrite the denominator in a form
that we could find 1n the table. &
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5 6s 3
Example 2 Determine .E.E’_'{ — n }
P s—6 $24+9 2¢+8s+10
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Solution We begin by using the linearity property. Thus,
5 6. 3
s—=6 §s+9 2(s°+4s+5)

=SE£’"{ : }—65.8"{15 }+§5£—'{2 : }
s—06 s +9 2 s“+4s5s+5

Referring to the Laplace transform tables, we see that

E_I{Siﬁ}{f) = % and Ef_]{r?-‘l-—fﬁ‘r?}(f} = cos3r.

This gives us the first two terms. To determine £ '{1/(s” + 4s +5) }. we complete the
square of the denominator to obtain s* + 4s +5 = (s + 2)? + 1. We now recognize from the

tables that

1
.ff_l{ = j}(t} = ¢ “'sinr .
(s +2)°+ 1°

Hence,

— +
s — 6 52+ 9 25> + 8s + 10

—2r
.ffli > Os 5 }{r) = Se‘f”—ﬁc053r+3z sint. ®
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5
Example 3 Determine Ef_l{ 4}.
(s +2)
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Solution The (s+2)" in the denominator suggests that we work with the formula

f_f_l{ (S _H;)”H}(f) — M

Here we have a = =2 and n =3, so ¥ '{6/(s+2)*}(t) = ¢ “f. Using the linearity
property, we find

)9 ) 3 :§€—2z3
! {(s+2)4}(r)_6$ {(s+2)4}m 6¢ " *
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5 +
Example 4 Determine Ef_l{ . S }
s°+ 2s + 10
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Solution By completing the square, the quadratic in the denominator can be written as
SS+25+10=5"+2s+1+9 = (s+1)>+3°.

The form of F(s) now suggests that we use one or both of the formulas

b

P ( S_)f+ - *(1) = e“cosbht,
" S_ﬂ - “..J
i b !

P : e (1) = e"sinbt .
" S_ﬂ B H..J

Is+2 s+ 1 1 3
ff{ : }(r)=3ﬁf-l{ — 1}(1)-—55-1{ : j}(r)
s+ 25+ 10 (s+1)"+3 3 (s+1)"+3°

| )
= 3¢ "cos3t — Ee_faln?ﬂ. +
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Example 5 Determine ™ '{F}, where

_ Ts — 1
(s+1)(s+2)(s—3)

F(s)
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Solution  We begin by finding the partial fraction expansion for F(s). The denominator consists of three
distinct linear factors, so the expansion has the form

) Ts — 1 A N B N C
(s+1)(s+2)(s—=3) s+1 s+2 s—3°

where A, B, and C are real numbers to be determined.
(7) Ts—1 =A(s+2)(s—3)+B(s+1)(s—3)+C(s+1)(s+2).,7
which reduces to
7s—1 = (A+B+C)s*’+ (—A—2B+3C)s+ (—6A — 3B + 2C) .
Equating the coefficients of 52, s, and 1 gives the system of linear equations

A+B+C = 0,
—A—2B+3C =7

—6A — 3B +2C = —1.
Solving this system yields A = 2, B = —3, and C = 1. Hence,
(8) Ts — 1 2 3 N 1
I[n';—l-Z}{i—3) s+1 s+2 s—3°
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» 75 — 1 ) 23 1
* {(s+1)(s+2](5—3)}m_SE {5+] s+2+s—3}m
s o-s (o
+§£‘1{513}(r)

=2 =34+ @
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s*+9s+2
Example 6 Determine E.E_'{ s~ 9s } .

(s—1)*(s+3)
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Solution Since s — 1 is a repeated linear factor with multiplicity two and s + 3 is a nonrepeated linear
factor, the partial fraction expansion has the form

5>+ Og + 2 A B C

(s—1)*(s+3) :c—l+(:~::—l)3+.-;+3'
We begin by multiplying both sides by (s — 1)*(s + 3) to obtain
9) F+9%+2=A(s—1)(s+3)+B(s+3)+C(s—1)%.
S+95+2=(A+C)s"+ (2A+B—2C)s+ (-3A+3B+C).

Then, equating the corresponding coefficients of s%, s, and 1 and solving the resulting system,
weagainfind A = 2,B = 3,and C = —1.
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o s+ 9s+2 2 3
. {{5—])3{3+3)}“) =7 {5—1+(5_1)2 5+3}(”
— ~1 1 _| 1
= 2% {S_l}{z)+3££’ {{3—1}2}“]
1 1
-7 {5+3}“)

=2+ 3t —e . @
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25" + 10s }

Example 7 Determi Ef'l{
’ SIS (2= 25 +5) (s + 1)
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Solution  We first observe that the quadratic factor s* — 2s + 5 is irreducible (check the sign of the
discriminant in the quadratic formula). Next we write the quadratic in the form (s — a)* + 8°
by completing the square:

sS—2s+5 = (s—1)"+2%.
Since s — 2s + 5 and s + 1 are nonrepeated factors, the partial fraction expansion has the form

25% + 10s A(s—1)+2B C

5 + .
(s"—2s+5)(s+1) (s—1)"+2° s+1
When we multiply both sides by the common denominator, we obtain
(11) 25+ 10s = [A(s—1)+2B](s+ 1)+ C(s*—2s+5) .
Hence, A = 3. B = 4, and C = —1 so that

252 + 10s 3(s—1)+2(4) 1

(*=25+5)(s+1) (s—1)*+2* s+1
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53—1{( 2% + 10s }“) 23_1{3(3—1)+2(4) R }m

s —25+5)(s+1)
» s—1

» 2 o) 1
wad {(3—1)1+21}m + {s+1}m

= 3é'cos2t+ 4e'sin2t—e . *
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Laplace Transform of the Derivative

Theorem 4. Let f(¢) be continuous on [0, ) and f’(t) be piecewise continuous on
[D, 0 ), with both of exponential order a.. Then, for s > a,

@) LI (s) =sLIfY(s) = £(0) .
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Proof. Since £ {f’} exists, we can use integration by parts [ with u = ¢ * and dv =
f'(t)dt] to obtain

oo N
3 LY (s) /e--f;f*(f)df= lim [ e (1) dr
0 0

N—rx
N N
= lim [e“‘“f(r) + s / E““f(f)df}
— 0 0
N
— hlri_r}nme_'ﬂf(ﬁ] —f(0) +s ﬁlrErnﬁc 0 e "f(1)dr
_ hlri_rﬂﬂe-jwf{:N} _f{:.[}) +q££{f}('i‘) .

To evaluate limy_... e *Vf(N), we observe that since f(t) is of exponential order «, there exists
a constant M such that for N large,

|E-.er(N)| = ¢ SNpfeN = ME-[::—&}N _
Hence, for s > a,

0= lim |e*Yf(N)| = f}i_:}ane‘i-?‘“J” =0,
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Laplace Transform of Higher-Order Derivatives

Theorem 5. Let f(t),f'(t),....f" " (r) be continuous on [0, %) and let f'") (1)

be piecewise continuous on [0, o), with all these functions of exponential order e.
Then, for s > «,

@ LYY (s) =L} (s) = "TH(0) —s"H(0) — -+ —f=D(0) .

LU (1)) = sE(s) — £(0).
L)) = s2°F(s) — sf(0) — £'(0).

LA () = s°F(s) — s°f(0) — sf'(0) — f7(0).
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Example 1 Solve the initial value problem

(1) Y =2y +5y=-8"; y(0)=2, y'(0)=12.
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Solution The differential equation in (1) is an identity between two functions of 7. Hence equality holds
for the Laplace transforms of these functions:

L{y"—=2y'+5y} = £{-8¢"}.

Using the linearity property of & and the previously computed transform of the exponential
function, we can write

-3
s+ 1

2) L") —28{y" }(s) +5E{y} (s) =

Now let Y(s) == £{y}(s). From the formulas for the Laplace transform of higher-order
derivatives (see Section 7.3) and the initial conditions in (1), we find

('} (s) = s¥(s) = ¥(0) = s¥(s) 2.
P{y"}(s) = $Y(s) —sy(0) —y'(0) = sY(s) — 25— 12.

Substituting these expressions into (2) and solving for ¥(s) yields

[9(s) =25 12] = 2[s¥(s) ~2] +5¥(s) = —
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2 _
s =25+ 5)Y(s) = 25+ 8 —
( ) () ¢+ 1

25"+ 10s
s+ 1
252 + 105

(s*=2s+5)(s+1)

(s =25+ 5)Y(s)

Y(s) =

Our remaining task is to compute the inverse transform of the rational function Y(s ). This
was done in Example 7

(3) y(1) = 3¢'cos2t + 4e'sin2t — e,

which 1s the solution to the initial value problem (1). ®
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Example 2 Solve the initial value problem

(4) y'+d4y' =Sy =1t; y(0)=1, y'(0)=0.
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Solution et Y(s) = £{y}(s). Taking the Laplace transform of both sides of the differential equation
in (4) gweq

|
(5) Ly H(s) +4L{y"}(s) = 5Y(s) = S,
(s=1)°
Using the initial conditions, we can express £{y'} (s) and £{y"} (s) in terms of ¥ (s ). That is,
L{y'}(s) = s¥(s) —y(0) = s¥(s) — 1,
£{y"}(s) = 2¥(s) —s9(0) —v'(0) = L¥(s) —s.

Substituting back into (5) and solving for Y (s) gives

[s2Y(s) —s] +4[sY(s) — 1] — 5Y(s) = s _1 BE
5 1
L 4s — 35 )¥(s) = s 4
(s + V() = s +4+ 53
s> +252 —Ts+ 5
5 S)(s— 1)Y¥(s) =
(s +5) (s = 1)¥(s) T

s+ 257 —Ts+ 5
(s +5)(s — 1)? Uploaded By: anonymous
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The partial fraction expansion for ¥(s) has the form

$+25—Ts+5 A B C D
= + + + |
(s+5)(s—1)° s+5 s=1 (s=1)* (s—1)°

Solving for the numerators, we ultimately obtain A = 35/216, B = 181/216, C = —1/36,
and D = 1/6. Substituting these values into (6) gives

35 (1 181/ 1 1/ 1 1/ 2
Fis) = 216(5+5) +216(5— 1)_36((:«:— 1)1) ’ 12((5-1)3)‘

where we have written D = 1/6 = (1/12)2 to facilitate the final step of taking the inverse
transform. From the tables, we now obtain

35 1 l
7 (1) = — e’-—r +—r
D (1) =568 *216¢ 36 T 121

as the solution to the initial value problem (4). #

(6)
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Find the solution of the differential equation

EXAMPLE
2 y' 4y =sin2t (19)

satisfying the imtial conditions

y0) =2, yO)=1 (20)
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s2Y (s) —sy(0) — Y'(0) + Y(s) =2/(s* + 4),

where the transform of sin 2¢ has been obtained from line 5 of Table 6.2.1. Substituting for y(0)
and y'(0) from the initial conditions and solving for Y (s), we obtain

'O=Grne e )
Using partial fractions, we can write Y (s) in the form
Y(s) = as+b cs+d  (as+ b)(s> +4) + (cs + d)(s* + 1). (22)

52—|—1+53+4_ 2+ 1D(s2+4)

By expanding the numerator on the right side of Eq. (22) and equating it to the numerator in
Eq. (21), we find that

27 + 5> + 8 +6=(a+c)s + b+ d)s” + (4a + ¢)s + (4b + d)
for all 5. Then, comparing coefficients of like powers of s, we have

a+c=2, b+d=1,

4a + ¢ = 8, 4b + d = 6.
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Consequently,a =2,c =0,b = %,and d = —%, from which 1t follows that

s 553 23

Y(s)= — . 23
) 53+1+53+1 s2+4 ()

From lines 5 and 6 of Table 6.2.1, the solution of the given initial value problem is
y = @(1) =2mst+§5int— %511121*. (24)
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Find the solution of the initial value problem

EXAMPLE
3 yW—y =0, (25)

y(U) = 0, y’(ﬂ) = 1, y”(ﬂ) = O, ym(O) = (). (26)
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s'Y (s) — 57y (0) — 5%y (0) — sy"(0) — ¥y (0) — Y (s) = 0.

Then, using the initial conditions (26) and solving for Y (s), we have

52
Y = : 27
) = o— (27)
A partial fraction expansion of ¥ (s) is
as + b cs +d
Y(s) = ———— D —
(=) 53—1+32—|—1’
and it follows that
(as + P)(s> + 1) +(es +d)(s> — 1) = 5° (28)
for all s. By setting s = 1 and s = —1, respectively, in Eq. (28), we obtain the pair of equations
2(a+ b) =1, 2(—a + b) =1,

and therefore a = 0 and b = 3. If we set s = 0 in Eq. (28), then b — d = 0,so d = 3. Finally,
equating the coefficients of the cubic terms on each side of Eq. (28), we find thata + ¢ = 0, so

¢ = 0. Thus
1/2 1/2

.5'2—1_'_334—1’

Y (s) = (29)

and from lines 7 and 5 of Table 6.2.1, the solution of the initial value problem (25), (26) is

sinht 4+ sin ¢
y =@ = - . (30)
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