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7.1 Introduction to Functions

In this lecture:

Part 1: What is a function
Part 2: Equality of Functions
Part 3: Examples of Functions
Part 3: Checking Well Defined Functions

Keywords: Function, Mathematical Functions, domain, range, co-domain, inverse function, equality of 
functions,  identity function, sequence function, 
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Many issues in life can be mathematized and used as functions:
• Div(x), mod(x), ….
• FatherOf(x), TruthTable (x) 

• In this lecture we focus on discrete functions 

Motivation

Uploaded By: anonymousSTUDENTS-HUB.com



28-Nov-21

3

5,

A function is a relation from X, the domain, to Y, the co-
domain, that satisfies 2 properties: 1) Every element is related 
to some element in Y; 2) No element in X is related to more 
than one element in Y

Domain Co-domain

What is a Function

SonOf

6,

Function Definition
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Example

a. Write the domain and co-domain of f .
b. Find f (a), f (b), and f (c).
c. What is the range of f?
d. Is c an inverse image of 2? Is b an inverse image of 3? 
e. Find the inverse images of 2, 4, and 1.
f. Represent f as a set of ordered pairs.

Let X = {a, b, c} and Y = {1,2,3,4}. Define a function f from X to Y

8,

Example

Which are functions?

99 . 6 , 23 9 1, 2, 3 , 43

2 4 2

R(f) = (2 , 43

Yes No

a, C 6 - fill= ga. 1)
fix)= b

19. 2) (6, 1) (C · 2)

L

L

6 isn't sent to C has two images a function

any element
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Example

Which are functions?

(a) There is an element x, namely b, that is not sent to any 
element in of Y (i.e., there is no arrow coming out of Y
(b) The element c isn’t sent to a unique element of Y: that is, 
there are two arrows coming out of c; one pointing to 2 and the 
other is pointing to 3

10,

7.1 Introduction to Functions

In this lecture:
Part 1: What is a function

Part 2: Equality of Functions
Part 3: Examples of Functions
Part 3: Checking Well Defined Functions
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Equality of Functions

Let J3 = {0, 1, 2}, and define functions f and g from J3 to J3 as 
follows: For all x in J3

f(x) = (x2 + x + 1) mod 3    and g(x) = (x + 2)2 mod 3.

Does f = g?

Example:

12,

Equality of Functions

Let J3 = {0, 1, 2}, and define functions f and g from J3 to J3 as 
follows: For all x in J3

f(x) = (x2 + x + 1) mod 3    and g(x) = (x + 2)2 mod 3.

Does f = g?

Example:

Equal functions in reality?
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Equality of Functions

Let F: R → R and G: R → R be functions. Define new functions 
F + G: R → R and G + F: R→R as follows: For all x ∈R,

(F + G)(x) = F(x) + G(x)    and   (G + F)(x) = G(x) + F(x). 

Does F + G = G + F? 

Example:

14,

Equality of Functions

Let F: R → R and G: R → R be functions. Define new functions 
F + G: R → R and G + F: R→R as follows: For all x ∈R,

(F + G)(x) = F(x) + G(x)    and   (G + F)(x) = G(x) + F(x). 

Does F + G = G + F? 

Example:
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7.1 Introduction to Functions

In this lecture:
Part 1: What is a function
Part 2: Equality of Functions

Part 3: Examples of Functions
Part 3: Checking Well Defined Functions
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Examples of Functions
Identity Function

Identity function send each element of X to 
the element that is identical to it

E.g., Ix(y) = y

E.g., Let X be any set and suppose that aij
k and 

φ(z) are elements of X. Find Ix(aij
k )and  

Ix(φ(z))
Sol. Whatever is input to the identity function 
comes out unchanged. So, Ix(aij

k ) = aij
k and 

Ix(φ(z)) = φ(z)

IX(x) = x for all x in X.
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Examples of Functions
Sequences 

An infinite sequence is a function defined on set of integers that 
are greater than or equal to a particular integer.

can be thought as a function f from the nonnegative integers to 
the real numbers that associate 0 → 1, 1 → -1/2, 2 → 1/3, …

send each integer n>= 0 to 

E.g., Define the following sequence as a function from the set of 
positive integers to the set of real numbers

18,

Draw an arrow diagram for F as follows: 

Examples of Functions
Function Defined on a Power Set 

Define a function f:  ℘({a, b, c})  Znonneg

as follows: for each x∈℘({a, b, c})  Znonneg

F(x) = the number of elements in X.
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Draw an arrow diagram for F as follows: 

Examples of Functions
Function Defined on a Power Set 

Define a function f:  ℘({a, b, c})  Znonneg

as follows: for each x∈℘({a, b, c})  Znonneg

F(x) = the number of elements in X.

20,

Examples of Functions
Cartesian product

M is the multiplication function that sends each pair of real numbers to the product 
of the two. R is the reflection function that sends each point in the plane that 
corresponds to a pair of real numbers to the mirror image of the point across the 
vertical axis. 
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Examples of Functions
Cartesian product

M is the multiplication function that sends each pair of real numbers to the product 
of the two. R is the reflection function that sends each point in the plane that 
corresponds to a pair of real numbers to the mirror image of the point across the 
vertical axis. 

22,

g: S  Z

g(s) = the number of a's in s.

Find the following.

Examples of Functions
String Functions

a. g(e) b. g(bb) c. g(ababb) d. g(bbbaa)
O O 2 2
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Examples of Functions
Logarithmic functions 

• log3 9 = 2   because 32 = 9. 
• log2 (1/2) = -1 because 2-1 = ½.
• log10(1) = 0 because 100 = 1.
• log2(2m) = m because the exponent to which 2 must be raised to 

obtain 2m is m.
• 2log2 m = m because log2 m is the exponent to which 2 must be 

raised to obtain m.

388 Chapter 7 Functions

Solution

∅

{a}

{b}

{c}

{a, b}

{a, c}

0

1

2

3

4

5

{b, c}

{a, b, c}

({a, b, c}) Znonneg

■

Note It is customary to
omit one set of
parentheses when
referring to functions
defined on Cartesian
products. For example,
we write M(a, b) rather
than M((a, b)).

Example 7.1.7 Functions Defined on a Cartesian Product
Define functions M: R × R→ R and R: R × R→ R × R as follows: For all ordered
pairs (a, b) of integers,

M(a, b) = ab and R(a, b) = (− a, b).

Then M is the multiplication function that sends each pair of real numbers to the product
of the two, and R is the reflection function that sends each point in the plane that corre-
sponds to a pair of real numbers to the mirror image of the point across the vertical axis.
Find the following:

a. M(− 1, − 1) b. M 1
2 ,

1
2 c. M(

√
2,
√

2)
d. R(2, 5) e. R(− 2, 5) f. R(3, − 4)

Solution
a. (− 1)(− 1) = 1 b. (1/ 2)(1/ 2) = 1/ 4 c.

√
2 ·
√

2 = 2
d. (− 2, 5) e. (− (− 2), 5) = (2, 5) f. (− 3, − 4) ■

• Definition Logarithms andLogarithmic Functions

Let b be a positive real number with b ̸= 1. For each positive real number x , the
logarithm with base b of x, written logb x, is the exponent to which b must be
raised to obtain x . Symbolically,

logb x = y ⇔ by = x .

The logarithmic function with base b is the function from R+ to R that takes each
positive real number x to logb x .

Note It is not obvious,
but it is true, that for any
positive real number x
there is a unique real
number y such that
by = x . Most calculus
books contain a
discussion of this result.

Example 7.1.8 The Logarithmic Function with Base b
Find the following:

a. log3 9 b. log2
1
2 c. log10(1) d. log2(2m) (m is any real number)

e. 2log2 m(m > 0)

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.
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Examples of Functions
Boolean Functions

r
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Examples of Functions
Boolean Functions

26,

Examples of Functions
Boolean Functions

f (1, 1, 1) = (1 + 1 + 1) mod 2 = 3 mod 2 = 1 
f (1, 1, 0) = (1 + 1 + 0) mod 2 = 2 mod 2 = 0 
and so on to calculate the other values
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7.1 Introduction to Functions

In this lecture:
Part 1: What is a function
Part 2: Equality of Functions
Part 3: Examples of Functions

Part 3: Checking Well Defined Functions

Keywords: Function, Mathematical Functions, domain, range, co-domain, inverse function, equality of 
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Checking Whether a Function Is Well Defined

A function is not well defined if it fails to satisfy at least one of the 
requirements of being a function

E.g., Define a function f : R → R by specifying that for all real 
numbers x, f(x)is the real number y such that x2+y2 =1. 

There are two reasons why this function is not well defined:
For almost all values of x either (1) there is no y that satisfies the 
given equation or (2) there are two different values of y that satisfy 
the equation

Consider when x=2 
Consider when x=0

Well-defined Functions
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Checking Whether a Function Is Well Defined

Is f a well defined function?

Well-defined Functions

defines this formula:

It is not a well defined function
since fractions have more than 
one representation as quotients
of integers.

30,

Checking Whether a Function or not

Y= BortherOf(x)
Y= Parent Of(x)
Y= SonOf(x)
Y= FatherOf(x)
Y= Wife Of(x)
.
.
.

Well-defined Functions

Rationalopes
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7.2 Properties of Functions

In this lecture:

Part 1: One-to-one Functions
Part 2: Onto Functions
Part 3: one-to-one Correspondence Functions
Part 4: Inverse Functions
Part 5: Applications: Hash and Logarithmic Functions

Keywords: Function, Mathematical Functions, domain, range, co-domain, inverse function, equality of 
functions,  identity function, sequence function, 
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One-to-One Functions

x
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One-to-One Functions
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One-to-One Functions
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One-to-One Functions

(a) F is one-to-one but G is not. F is one-to-one because no two different elements of X are 
sent by F to the same element of Y . G is not one-to-one because the elements 
a and c are both sent by G to the same element of Y: G(a) = G(c) = w but a≠ c. 

(b) H is one-to-one but K is not. H is one-to-one because each of the three elements 
of the domain of H is sent by H to a different element of the co-domain: 
H(1) ≠ H(2), H (1) ≠ H (3), and H (2) ≠ H (3). K , however, is not one-to-one because 
K (1) = K(3) = d but 1≠ 3. 

8,

To prove f is one-to-one (Direct Method):
suppose x1 and x2 are elements of X | f (x1) = f (x2), and   
show that x1 = x2.

To show that f is not one-to-one: 
Find elements x1 and x2 in X so f(x1)= f(x2) but x1 ≠ x2.

Proving/Disproving Functions are One-to-One
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Proving/Disproving Functions are One-to-One
Example 1

Define f : R→R   by the rule 
f(x) = 4x−1       for all x∈R

Is f one-to-one? Prove or give a counterexample.

10,

Proving/Disproving Functions are One-to-One
Example 1

Define f : R→R   by the rule 
f(x) = 4x−1       for all x∈R

Is f one-to-one? Prove or give a counterexample.

Suppose x1 and x2 are real numbers such that f (x1) = f (x2). 
[We must show that x1 = x2] By definition of f ,

4x1 − 1 = 4x2 − 1. Adding 1 to both sides gives

4x1 = 4x2, and dividing both sides by 4 gives
x1 = x2, which is what was to be shown.
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Define g : Z→Z by the rule
g(n) = n2 for all n ∈ Z. 

Is g one-to-one? Prove or give a counterexample.

Proving/Disproving Functions are One-to-One
Example 2

12,

Define g : Z→Z by the rule
g(n) = n2 for all n ∈ Z. 

Is g one-to-one? Prove or give a counterexample.

Counterexample:
Let n1 =2 and n2 = −2.  Then by definition of g, 

g(n1) = g(2) = 22 = 4 and also
g(n2) = g(−2) = (−2)2 = 4.

Hence            g(n1) = g(n2) but n1 ≠ n2,
and so g is not one-to-one.

Proving/Disproving Functions are One-to-One
Example 2
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Define g : MobileNumber → People by the rule
g(x) = Person     for all x∈MobileNumber

Is g one-to-one? Prove or give a counterexample.

Counter example:
0599123456 and  0569123456  are both for Sami

Proving/Disproving Functions are One-to-One
Example 3

14,

Define g : Fingerprints → People by the rule
g(x) = Person    for all x∈R Fingerprint

Is g one-to-one? Prove or give a counterexample.

Prove:
In biology and forensic science: “The flexibility of 
friction ridge skin means that no two finger or palm prints 
are ever exactly alike in every detail” [w].

Proving/Disproving Functions are One-to-One
Example 4
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7.2 Properties of Functions

In this lecture:
Part 1: One-to-one Functions

Part 2: Onto Functions
Part 3: one-to-one Correspondence Functions
Part 4: Inverse Functions
Part 5: Applications: Hash and Logarithmic Functions

Keywords: Function, Mathematical Functions, domain, range, co-domain, inverse function, equality of 
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Onto Functions

x
onto but not one to one one to one

F

-X
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Onto Functions

18,

Onto Functions

X
=
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Onto Functions

(a) F is not onto because b ≠ F(x) for any x in X. G is onto because each element of Y 
equals G(x) for some x in X: a = G(3), b = G(1), c = G(2) = G(4), and d = G(5). 

(b) H is onto but K is not. H is onto because each of the three elements of the co-domain 
of H is the image of some element of the domain of H: a = H(2),b = H(4), and c=H(1)=H(3).
K, however, is not onto because a ≠ K(x) for any x in{1,2,3,4}. 

20,

To prove F is onto, (method of generalizing from the generic particular)
suppose that y is any element of Y
show that there is an element x of X with F(x) = y. 

Proving/Disproving Functions are Onto

To prove F is not onto, you will usually
find an element y of Y  |  y ≠ F(x) for any x in X.
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Proving/Disproving Functions are Onto
Example 1

Define f : R→R
f(x) = 4x − 1         for all x∈R

Is  f  onto? Prove or give a counterexample.

22,

Proving/Disproving Functions are Onto
Example 1

Define f : R→R
f(x) = 4x − 1         for all x∈R

Is  f  onto? Prove or give a counterexample.
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Define  h : Z→Z by the rules 
h(n) = 4n − 1           for all n ∈ Z. 

Is h onto? Prove or give a counterexample.

Proving/Disproving Functions are Onto
Example 2

24,

Define  h : Z→Z by the rules 
h(n) = 4n − 1           for all n ∈ Z. 

Is h onto? Prove or give a counterexample.

Proving/Disproving Functions are Onto
Example 2
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Define g : MobileNumber → People by the rule
g(x) = Person    for all x∈MobileNumber

Is g onto? Prove or give a counterexample.

Counter example:
Sami  does not have a mobile number

Proving/Disproving Functions are Onto
Example 3

26,

Define g : Fingerprints → People by the rule
g(x) = Person     for all x∈Fingerprint

Is g onto? Prove or give a counterexample.

Prove:
In biology and forensic science: there is no person without fingerprint

Proving/Disproving Functions are Onto
Example 4
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7.2 Properties of Functions

In this lecture:
Part 1: One-to-one Functions
Part 2: Onto Functions
Part 3: one-to-one Correspondence Functions
Part 4: Inverse Functions
Part 5: Applications: Hash and Logarithmic Functions
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One-to-One Correspondences

408 Chapter 7 Functions

each element of X with exactly one element of Y and each element of Y with exactly one
element of X . Such a pairing is called a one-to-one correspondence or bijection and is
illustrated by the arrow diagram in Figure 7.2.5. One-to-one correspondences are often
used as aids to counting. The pairing of Figure 7.2.5, for example, shows that there are
five elements in the set X .

a
b
c
d
e

1
2
3
4
5

X = domain of F Y = co-domain of  FF

Figure 7.2.5 An Arrow Diagram for aOne-to-OneCorrespondence

• Definition

A one-to-one correspondence (or bijection) from a set X to a set Y is a function
F: X → Y that is both one-to-one and onto.

Example 7.2.8 A Function from a Power Set to a Set of Strings
Let P ({a, b}) be the set of all subsets of {a, b} and let S be the set of all strings of length 2
made up of 0’s and 1’s. Then P ({a, b}) = {∅, {a}, {b}, {a, b}} and S = {00, 01, 10, 11}.
Define a function h from P ({a, b}) to S as follows: Given any subset A of {a, b}, a is
either in A or not in A, and b is either in A or not in A. If a is in A, write a 1 in the first
position of the string h(A). If a is not in A, write a 0 in the first position of the string
h(A). Similarly, if b is in A, write a 1 in the second position of the string h(A). If b is not
in A, write a 0 in the second position of the string h(A). This definition is summarized in
the following table.

h

Subset of {a, b} Status of a Status of b String in S

∅ not in not in 00
{a} in not in 10
{b} not in in 01
{a, b} in in 11

Is h a one-to-one correspondence?

Solution The arrow diagram shown in Figure 7.2.6 shows clearly that h is a one-to-one
correspondence. It is onto because each element of S has an arrow pointing to it. It is
one-to-one because each element of S has no more than one arrow pointing to it.

∅
{a}
{b}

{a, b}

00
10
01
11

Sh({a, b})

Figure 7.2.6 ■
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each element of X with exactly one element of Y and each element of Y with exactly one
element of X . Such a pairing is called a one-to-one correspondence or bijection and is
illustrated by the arrow diagram in Figure 7.2.5. One-to-one correspondences are often
used as aids to counting. The pairing of Figure 7.2.5, for example, shows that there are
five elements in the set X .
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X = domain of  F Y = co-domain of  FF

Figure 7.2.5 An Arrow Diagram for a One-to-One Correspondence

• Definition

A one-to-one correspondence (or bijection) from a set X to a set Y is a function
F: X → Y that is both one-to-one and onto.

Example 7.2.8 A Function from a Power Set to a Set of Strings
LetP ({a, b}) be the set of all subsets of {a, b} and let S be the set of all strings of length 2
made up of 0’s and 1’s. Then P ({a, b}) = {∅, {a}, {b}, {a, b}} and S = {00, 01, 10, 11}.
Define a function h from P ({a, b}) to S as follows: Given any subset A of {a, b}, a is
either in A or not in A, and b is either in A or not in A. If a is in A, write a 1 in the first
position of the string h(A). If a is not in A, write a 0 in the first position of the string
h(A). Similarly, if b is in A, write a 1 in the second position of the string h(A). If b is not
in A, write a 0 in the second position of the string h(A). This definition is summarized in
the following table.

h

Subset of {a, b} Status of a Status of b String in S

∅ not in not in 00
{a} in not in 10
{b} not in in 01
{a, b} in in 11

Is h a one-to-one correspondence?

Solution The arrow diagram shown in Figure 7.2.6 shows clearly that h is a one-to-one
correspondence. It is onto because each element of S has an arrow pointing to it. It is
one-to-one because each element of S has no more than one arrow pointing to it.

∅
{a}
{b}

{a, b}

00
10
01
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Sh({a, b})

Figure 7.2.6 ■
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String-Reversing Function
Let T be the set of all finite strings of x’s and y’s. Define 

g : T →T by the rule:      For all strings s ∈ T ,
g(s) = the string obtained by writing the characters of s in reverse 
order.       E.g., g(“Ali”) = “ilA”

Is g a one-to-one correspondence from T to itself?

1. We have to show that if g is one-to-one & onto
(a) one-to-one: suppose that for some strings s1 and s2 in T , 
g(s1) = g(s2). [We must show that s1 = s2.] Now to say that g(s1) 
= g(s2) is the same as saying that the string obtained by writing 
the characters of s1 in reverse order equals the string obtained by 
writing the characters of s2 in reverse order. But if s1 and s2 are 
equal when written in reverse order, then they must be equal to 
start with. In other words, s1 = s2 [as was to be shown]. 

30,

String-Reversing Function
Let T be the set of all finite strings of x’s and y’s. Define 

g : T →T by the rule:      For all strings s ∈ T ,
g(s) = the string obtained by writing the characters of s in reverse 
order.       E.g., g(“Ali”) = “ilA”

(b) onto: suppose t is a string in T. [We must find a string s in T 
such that g(s) = t.] Let s = g(t). By definition of g, s = g(t) is the 
string in T obtained by writing the characters of t in reverse 
order. But when the order of the characters of a string is reversed 
once and then reversed again, the original string is recovered. 
Thus 
g(s) = g(g(t)) = the string obtained by writing the characters of t 

in reverse order and then writing those 
characters in reverse order again 

= t.
This is what was to be shown. 
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7.2 Properties of Functions
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32,

Inverse Functions

 Is it always that the inverse of a function is a function?

7.2 One-to-One and Onto, Inverse Functions 411

Theorem 7.2.2

Suppose F: X → Y is a one-to-one correspondence; that is, suppose F is one-to-one
and onto. Then there is a function F− 1: Y → X that is defined as follows:

Given any element y in Y,

F− 1( y) = that unique element x in X such that F(x) equals y.

In other words,

F− 1(y) = x ⇔ y = F(x).

The proof of Theorem 7.2.2 follows immediately from the definition of one-to-one
and onto. Given an element y in Y , there is an element x in X with F(x) = y because F
is onto; x is unique because F is one-to-one.

• Definition

The function F− 1 of Theorem 7.2.2 is called the inverse function for F .

Note that according to this definition, the logarithmic function with base b > 0 is the
inverse of the exponential function with base b.

The diagram that follows illustrates the fact that an inverse function sends each ele-
ment back to where it came from.

x = F –1( y) F(x) = y

X = domain of F Y = co-domain of  F

F

F –1

Example 7.2.11 Finding an Inverse Function for a Function Given by an Arrow Diagram
Define the inverse function for the one-to-one correspondence h given in Example 7.2.8.

Solution The arrow diagram for h− 1 is obtained by tracing the h-arrows back from S to
P ({a, b}) as shown below.

∅
{a}
{b}

{a, b}

00
10
01
11

Sh–1({a, b})

h–1(00) = ∅  h–1(10) = {a}
h–1(01) = {b}  h–1(11) = {a, b}

■

Example 7.2.12 Finding an Inverse Function for a Function Given in Words
Define the inverse function for the one-to-one correspondence g given in Example 7.2.9.

Solution The function g: T → T is defined by the rule

For all strings t in T ,

g(t) = the string obtained by writing the
characters of t in reverse order.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

Uploaded By: anonymousSTUDENTS-HUB.com



28-Nov-21

18

35,

The function f : R → R defined by the formula
f(x) = 4x−1 for all real numbers x

(was shown one-to-one and onto)
Find its inverse function?

Finding Inverse Functions

36,
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Hash Functions

• Maps data of arbitrary length to data of a fixed length.

• Very much used in databases and security 

38,

How to store long (ID numbers) for a small set of people

For example: n is an ID number, and m is number of people we have 
Hash(n) = n mod m

collision?

Hash Functions

~ data structures

uniqueasposi
-

on

two or more keys index
to the same hash.
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Exponential and Logarithmic Functions

Logb x = y ⟺ by = x

40,

Relations between Exponential and Logarithmic Functions

The exponential and logarithmic functions are one-to-one and onto. 
Thus the following properties hold:
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How to prove this?

We can derive additional facts about exponents and logarithms, e.g.: 

Relations between Exponential and Logarithmic Functions

42,

Using the One-to-Oneness of the Exponential Function

Prove that: 
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