Properties of Determinants

Lemma 2.2.1 Let A be an n x n matrix. If Ajr denotes the cofactor of aji fork =1, ...,n, then

det(A)  ifi=]
0 ifi #
Proof Ifi = j, (1) is just the cofactor expansion of det(A) along the ith row of A. To prove (1)

in the case i ## j, let A* be the matrix obtained by replacing the jth row of A by the ith
row of A:

aitAj + apAp + - - - + ainAjp = ()

aji ap2 Aln

il a;2 Ain Jjth row
AT =

il ago ip

(25731 a2 et Uun

Since two rows of A* are the same, its determinant must be zero. It follows from the
cofactor expansion of det(A™*) along the jth row that

O

det(A™) = aflx’?’k_;ﬁ —+ a> ;:2 -+ - - - 4 aan;
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Let us now consider the effects of each of the three row operations on the value of
the determinant.

Row Operation |

Two rows of A are interchanged.
If Ais a2 x 2 matrix and

0 1
E= [1 0]
then
det(EA) = |21 92| — 4014 — amay = — det(A)
app djpz

In general, if A is an n x n matrix and Ej; is the n x n elementary matrix formed by
interchanging the ith and jth rows of 7, then
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Row Operation 11

A row of A is multiplied by a nonzero scalar.

Let E denote the elementary matrix of type II formed from / by multiplying the
ith row by the nonzero scalar «. If det(EA) is expanded by cofactors along the ith row,
then

det(EA) = waj|Ajy + aapApy + - - - + aa;A;,
— Q‘((IHA” —|— t‘.IQAI'z ‘|‘ e ‘|‘ aanfﬂ)
— a det(A)
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Row Operation 111

A multiple of one row is added to another row.

Let E be the elementary matrix of type III formed from / by adding ¢ times the ith
row to the jth row. Since FE is triangular and its diagonal elements are all 1, it follows
that det(E) = 1. We will show that

det(EA) = det(A) = det(E) det(A)

[f det(EA) 1s expanded by cofactors along the jth row, it follows from Lemma 2.2.1 that

det(EA) = (a; +caj)Aj + (ap +cap)Ap + - - + (aju + cai)Aj,
= (apAj + -+ apAjn) + cl@nfj + - -+ + ainAjn)
= det(A)
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Determinants and Elementary Row

In summation, if E is an elementary matrix, then

det(EA) = det(E) det(A)

where
—1 if E is of type I
det(E)=4{ a #0 if E is of type II
1 if E is of type III

Thus, the effects that row or column operations have on the value of the determinant
can be summarized as follows:

I. Interchanging two rows (or columns) of a matrix changes the sign of the
determinant.

II. Multiplying a single row or column of a matrix by a scalar has the effect of
multiplying the value of the determinant by that scalar.

III. Adding a multiple of one row (or column) to another does not change the
sTuDENYRINE QL he determinant. Uploaded By: Rawan Fares



Matrices with Proportional Rows or Columns

Theorem.
If A is a square matrix with two proportional rows or two proportional columns, then

|A] = 0.

Example. Evaluate the determinants

0
2

1
—4

b)

1 0 -3
-1 3 3
2 1 -6
1 4 -3
2 1 -2
7 3 3
2 1 -2
-QIUB‘E.}com_3
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Evaluating Determinants by Row (or Column) Reduction

e Elementary row (or column) operations can be used to develop a method for
evaluating determinants that involves substantially less computation than
cofactor expansion.

e The idea of the method is to reduce the given matrix to triangular form by
elementary row (or column) operations, then compute the determinant of the
triangular matrix (an easy computation), and then relate that determinant to that

of the original matrix.

Remark.

Even with today’s fastest computers, it would take millions of years to calculate a

25 X 25 determinant by cofactor expansion, so methods based on row reduction are
often used for large determinants. For determinants of small size (such as those in

our textbaok&, cofactor expansion is often a reasonable choice.
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Example. Evaluate the determinant

1 5
IA)=| 3 9
eﬁ_% ! 6 Ra-—-: Rz -3 R,-
Yl S

0o @5 | |@
@ -6 9|3
O 61 0

R.
o @5 L]lod s

!nﬁff- (-1) (-1) (J)(;) (126) = 126
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Example. Evaluate the determinant
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Example. Given that

evaluate the determinants

a)

b)

3a
—d
49

2d

3b
—e
4h

g+ 3a
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3cC
—f
4i

b
2e
h+ 3b

=

C

2f
I + 3cC
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Theorem 2.2.2 Ann X n matrix A is singular if and only if
det(A) =0

Proof The matrix A can be reduced to row echelon form with a finite number of row
operations. Thus,

U= E,E:Ek—l .. E1A

where U 1s in row echelon form and the E;’s are all elementary matrices. It follows that

dE‘I(U) = dﬁt(EkEk_l s EIA)
= det(Ey) det(E;_1) - - - det(E;) det(A)

Since the determinants of the E;’s are all nonzero, it follows that det(A) = 0 if and only
if det(U) = 0. If A 1s singular, then U has a row consisting entirely of zeros, and hence
det(U) = 0. If A is nonsingular, then U 1s triangular with 1’s along the diagonal and
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EXERCISES

18. Let A and B be n x n matrices and let C = AB.
Prove that if B 1s singular then C must be singular.
Hint: Use Theorem 1.5.2.

BIS %’“W@ :7;.—;/_0 s Z /_gj-;o
= Jdd 20 =2 Yy o__
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Theorem 2.2.3  IfA and B are n x n matrices, then
det(AB) = det(A) det(B)

Proof 1f Bis singular, it follows from Theorem 1.5.2 that AB is also singular (see Exercise 14
of Section 1.5), and therefore,

det(AB) = 0 = det(A) det(B)

If B is nonsingular, B can be written as a product of elementary matrices. We have
already seen that the result holds for elementary matrices. Thus

det(AB) = det(AELE_; - - - Ey)
= det(A) det(Ey) det(E;_;) - - - det(E))
= det(A)det(E E,—; -+ - Ey)

— det(A) det(B) m
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EXERCISES

5. Let A be an n x n matrix and « a scalar. Show that
det(eA) = " det(A)

6. Let A be a nonsingular matrix. Show that

1
det(A)

7. Let A and B be 3 x 3 matrices with det(A) = 4 and
det(B) = 5. Find the value of

(a) det(AB) (b) det(3A)
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14. Let A and B be n xn matrices. Prove that the product
AB 1s nonsingular 1f and only if A and B are both
nonsingular.

16. A matrix A 1s said to be skew symmetric it
A" = —A. For example,

0 1
a=[1 o)
1s skew symmetric, since
0O —1
Ir —
= [0 ) =-a

It A 1s an n x n skew-symmetric matrix and »n 1s
<rupRdd, show that A must be singular.
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