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In this lecture:

B 1Part 1: Why Number theory for programmers
I Part 2: Odd-Even & Prime-Composite Numbers
I Part 3: How to prove statements;
I Part 4: Disprove by counterexample;
I Part 5: Direct proofs
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Why Number Theory for Programmers?

* How to learn to be precise in thinking
and 1n programing?

* Mistakes and bugs in programs: e.g., medical

applications, military applications, ... |

* We use numbers everywhere in programs especially in loops and
conditions.

* Studying number theory (properties of numbers) is very helpful, especially
how to prove and disapprove

* For example: (dis/)approve the following properties:
¢ The product of any two even integers is even?
¢ The sum/difference of any two odd integers is even?

¢ The product of any two odd integers is odd?

STUDENTS-HUB.com Uploaded By: anonymaous)



Mustafa Jarrar: Lecture Notes on Number Theory and Proofs.
Birzeit University, Palestine, 2021

Introduction to Number Theory
& Proofs Methods

In this lecture:
I Part 1: Why Number theory for programmers
B Opart 2: 0dd-Even & Prime-Composite Numbers
I Part 3: How to prove statements;
I Part 4: Disprove by counterexample;
I Part 5: Direct proofs

STUDENTS-HUB.com ’ Keywords: Number Theory, Prove, Disapprove, Direct Proofs, Odd, even, Prime, Conlpfﬁllt(saded By: anonymoufs



Odd and Even Numbers

An integer 7 is even if, and only if, n equals twice some integer. An integer » is odd
if, and only if, n equals twice some integer plus 1.
Symbolically, if z is an integer, then

niseven < dan integer k such thatn = 2k.
nisodd < dan integer k such thatn = 2k + 1.

Examples

Is 0 even? v

Is -301 odd? Vv

If a and b are integers, is 6a°b even? v
If a and b are integers,is 10a + 8b + 1 odd? v
Is every integer either even or odd? v/
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Prime and Composite Numbers

An integer n is prime if, and only if, n > 1 and for all positive integers r and s, if
n =rs, then either r or s equals n. An integer n is composite if, and only if, n > 1
and n = rs for some integers r and s with l <r<nand 1 <s <n.

In symbols:

nis prime < V positive integers r and s, 1fn = rs
then eitherr = lands =norr =nands = 1.

n is composite < 3 positive integers r and s such thatn = rs
andl <r <nand1l < s < n.

Example
Is 1 prime? X

Is 1t true that every integer greater than 1 is either
prime or composite? v/
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How to (dis)approve statements

Before (dis)approving, write a math statements as a Universal or an
Existential Statement:

Proving Disapproving
JxeD . Q(x) One example Negate then direct proof
VxeD . Q(x) Direct proof Counter example

This chapter: Direct proofs
with numbers
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Disproof by Counterexample

VabeR . a?2=b* —» a=bh.

Counterexample:
Leta=1andb=-1.Thena’=12=1and b= (-1)*=1,
and so a>=b%. Buta#bsince 1 #-1.
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Proving Universal Statements
The Method of Exhaustion

The majority of mathematical statements to be proved are universal.

VxeD . P(x) > Q(x)

One way to prove such statements is called The Method of Exhaustion,
by listing all cases.

. Use the method of exhaustion to prove the following:
xample

VneZ,if nis even and 4 <n <26, then n can be
written as a sum of two prime numbers.

4=2+2  6=3+3 8§=3+5 10=5+5
12=5+7 14=11+3 16=5+11 18=7+11
20=7+13  22=5+17 24=5+19 26=7+19

=» This method is obviously impractical, as we cannot
STUDENTS-HUB.com check all possibilities. Uploaded By: anonymous3



Direct Proofs

Method of Generalizing from the Generic Particular

To show that every element of a set satisfies a certain property, suppose x 1s a
particular but arbitrarily chosen element of the set, and show that x satisfies the

@ilgaiis 5l (s S0 yuaic

property.

Method of Direct Proof

1. Express the statement to be proved in the form “Vx € D, if P(x) then Q(x).”
(This step 1s often done mentally.)

2. Start the proof by supposing x is a particular but arbitrarily chosen element of D
for which the hypothesis P (x) is true. (This step is often abbreviated “Suppose
x € Dand P(x).”)

3. Show that the conclusion Q(x) is true by using definitions, previously established
results, and the rules for logical inference.
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Example

Prove that the sum of any two even integers is even.

Formal Restatement: V,n €Z . Even(m) AEven(n) — Even(m + n)

Starting Point: Suppose m and n are even /particular but arbitrarily chosen/

We need to Show: m+n is even

m =2k

n=72

m+n =2k + 2j = 2(k+j)
(k+j) 1s integer

Thus: 2(k+j) is even

[ This 1s what we needed to show.]
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In the next sections
we will practice proving more examples
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Relational and Irrational Numbers
doudl) A)as Y

A real number r is rational if, and only if, it can be expressed as a quotient of two
integers with a nonzero denominator. A real number that is not rational is irrational.
More formally, if r is a real number, then

a
r is rational < 3 integers a and b such that r = A and b # 0.

Exampl
ample v Is 10/3 a rational number?

v Is -(5/39) a rational number?

v Is 0.281 a rational number?

v Is 7 a rational number?

v/ Is 0 a rational number?

X Is 2/0 a rational number?

X Is 2/0 an irrational number?  Not number

v Is 0. 1212... a rational number (where 12 are assumed to repeat forever)? 12/99
v If m, n are integers and neither m nor n is zero, is (m + n)/mn a rational number?
X Is ( Sqr root of 2) an rational number?
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Integers are rational numbers

Theorem 4.2.1

Every integer is a rational number.

n
n = —  which is a quotient of integers and hence rational.
7 L. LT .
7 = —  which is a quotient of integers and hence rational.
—12 . o .
—12 = ——  which is a quotient of integers and hence rational.
0 = —  which is a quotient of integers and hence rational.
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Proving Properties of Rational Numbers

Theorem 4.2.2

The sum of any two rational numbers is rational.

Proof:

+ a-l-c
r+s =—+ —
b d
ad + bc

bd

Let p =ad + bcand g = bd.

r+s = P where p and g are integers and g # 0.
q
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Example

Derive the following as a corollary of Theorem 4.2.2.

Corollary 4.2.3

The double of a rational number is rational.

Solution:

Suppose r is any rational number. Then 27 = r + r is a sum of two
rational numbers. So, by Theorem 4.2.2, 2r is rational.
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Deriving Additional Results about Even and Odd Integers

Suppose you already proved the following properties of even and odd integers:
1. The sum, product, and difference of any two even integers are even.
The sum and difference of any two odd integers are even.

The product of any two odd integers 1s odd.

The sum of any odd integer and any even integer 1s odd.

2

3

4. The product of any even integer and any odd integer is even.

5

6. The difference of any odd integer minus any even integer is odd.
7

The difference of any even integer minus any odd integer 1s odd.

Use the properties listed above to prove that if a is any even integer and b

2 2
i i a b 1 1 1 ] 0 %6 =evenneven =evel
is any odd integer, then @~ +0"+1 is an integer Sas seuncton- el

2 0" b* = even + 044 = 0“
=> Try it at home cdde [=cven
"'T”‘= in%eger‘-u:
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Real Numbers in Real Life

Two mechanics were working on a car. One can complete a given job in 6
hours. But, the new guy takes 8 hours. They work together for first two hours.
But then, the first guy left to help another mechanic on a different job. How long
will it take for the new guy to finish the car work?

The first guy can do 1/6 part of job per hour and the second guy can do 1/8 part of job per hour and together they can
do 1/6 + 1/8part of job per hour. Now, let 't’ hours is the time to complete the car job. So, 1/t job will be completed
per hour, Equating the two expressions, we get:
1/6 +1/8 =1/t
7/24 =1/t
As they work for 2 hours, 2 . 7/24 = 14/24 part of job will be done.
The work remainingis 1 - 2/t = (1 - 14/24)
=10/24
=~ 10/24 job is left which has to be completed by the second guy, who will take 10/24 + 1/8
=40/12
=10/3
STUDENISBdWBLcamplete the car job. Uploaded By: anonymous$
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What is Divisibility?
If n and d are integers and d # O then
n 1s divisible by d if, and only if, n equals d times some integer.

Instead of “n 1s divisible by d,” we can say that

n is a multiple of d, or
d is a factor of n, or

d is a divisor of n, or
d divides n.

The notation d | n is read “d divides n.” Symbolically, if n and d are integers and
d # O:

d|n < danintegerk such thatn = dk.

v Is 21 divisible by 3? v Does 5 divide 407 v Does 7| 427

v Is 32 a multiple of —16?  Is 6 a factor of 547 v Is 7 a factor of —7?

Examples

V' If k is any integer, does k divide 0?
STUDENTS-HUB.com Uploaded By: anonym
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Positive Divisor of a Positive Integer

Theorem 4.3.1 A Positive Divisor of a Positive Integer

For all integers a and b, if a and b are positive and a divides b, then a < b.

Proof:
b=ak
Thus 1<k
a.lI<k.a multiply both sides with a.
Thus a<k.a=b
Thus a<b
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Divisibility of Algebraic Expressions

If a and b are integers, is 3a + 3b divisible by 3?
3a+3b=3(a+b)and a+ bisaninteger because it is a sum
of two integers.

If k and m are integers, is [0km divisible by 5?7

10k m =5-(2k m) and 2k mis an integer because it is a
product of three integers.
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Not divisible

n. :
For all integersn andd, d fn < " 1S not an integer.
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Prime Numbers and Divisibility

An alternative way to define a prime number is to say that:

an integer n > 1 is prime if, and only if, its only positive

integer divisors are 1 and itself.
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Transitivity of Divisibility

Theorem 4.3.3 Transitivity of Divisibility

For all integers a, b, and c, if a divides b and b divides c, then a divides c.

Proof:

Starting Point: Suppose a, b, and ¢ are particular but arbitrarily
chosen integers such that a | hand b | c.

We need to show: a | c.

since a | b, b = ar for some integer 7.
Andsince b | c, ¢ = bs for some integer s.
Hence, c =bs = (ar)s

But (ar)s = a(rs) by the associative law
Hence c = a(rs).

As rs is an integer, then a | c.
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Divisibility by a Prime

Theorem 4.3.4 Divisibility by a Prime

Any integer n > 1 is divisible by a prime number.
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Counterexamples and Divisibility

Checking a Proposed Divisibility Property

Is it true or false that for
all integers a and b, if a | b and b|a then a = b?

Counterexample: Let a =2 and b = -2. Then
a|bsince?2 |(-2)and b | a since (-2) | 2, but a#b since 2 # -2.
Therefore, the proposed divisibility property 1s false.
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Important
Theory

The Unique Factorization Theorem

By a German mathematician
(Carl Friedrich Gauss) in
1801.
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The Unique Factorization Theorem

Al gl Alas) G Juala g Al a3 35S O La) a9 G ) @By (6

Any integer greater than 1 either is prime or can be written as
a product of prime numbers in a way that is unique except,

72=2-2-2-3-3=2-3-3-2-2=3-2-2-3-2

Theorem 4.3.5 Unique Factorization of Integers Theorem
(Fundamental Theorem of Arithmetic)

Given any integer n > 1, there exist a positive integer k, distinct prime numbers
Pi, P2, - .., Pk, and positive integers ey, ey, ..., €, such that

@1 €y _ €3

n=p{'pyps-..Po,

and any other expression for n as a product of prime numbers is identical to this
except, perhaps, for the order in which the factors are written.
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The Standard factored Form

Given any integer n > 1, the standard factored form of n is an expression of the

form
_ €1 e €3 €k
n=py PPz " Pr-
where k is a positive integer; pi, p», ..., pr are prime numbers; e, e;, ..., e; are

positive integers; and p; < pr < -+ < pxk.

Example: Write 3,300 in standard factored form.

3,300 =100 . 33

=4.25.3 .11
=2.2.5.5.3.11
=223 52 111,
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Using Unique Factorization to Solve a Problem

Suppose m 1s an integer such that
8.7.6.5.4.3.2. m=17.16.15.14.13.12.11.10

Does 17 | m?

Solution:

Since 17 a prime in the left, it should be also in the right side.
Since we cannot produce 17 form (8,7,6,5,4,3 or 2) it should be a prime
factor of m
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Quotient-Remainder Theorem

2 i
Notice that: 4 m - duotent 11 = 2-T4 + ?
8
_3 <« remainder 2 groups of 4 3 left over

Theorem 4.4.1 The Quotient-Remainder Theorem

Given any integer n and positive integer d, there exist unique integers g and r such
that

n=dg+r and 0<r <d.

5 54=4-13+2 g=13 r=2
S S4=4-(C1+2 g=14 r=2
S 54=70-0+54 g=0  r=54
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divand mod

e Definition

“/” in C++, JAVA, .net

Given an integer n and a positive integer d,

n div d = the integer quotient obtained
when n 1s divided by d, and

n mod d = the nonnegative integer remainder obtained

when n is divided by d. <[ “%” in CJAVA J
Symbolically, if n and d are integers and d > 0, then “\”in .net

ndivd=q and n mod d=r & n=dqg-+r

where g and r are integers and 0 <r < d.

Examples:
32 div 9 =3
32mod9 =5
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Application of divand mod
Computing the Day of the Week

Suppose today is Tuesday, and neither this year nor next
year is a leap year (4«xS 4iw), What day of the week will it be
1 year from today?

365div7 =52 and 365 mod7 =1

So,
after 364 1t will be Tuesday, and after 365 it will be Wednesday
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Application of divand mod
Computing the Day of the Week

If today 1s Saturday and it 1s 16/10/2021, which day 1t will be on
20/2/20227

The number of days from today to 20/2/2022 = 15 in October + 30 1n
November + 31 in December + 31 in January + 20 in February = 127 days

127div7=18 127mod7=1

That 1s, after 18 weeks the day will be Saturday, and one day after, 1t will
be Sunday

STUDENTS-HUB.com Uploaded By: anonymotfs



Application of divand mod

Solving a Problem about mod

Suppose m is an integer. If m mod 11 = 6,
what is 4m mod 11?

m=11g+6
So, 4dm = 44q + 24
= 44q+22 42
=11(4g +2) +2 (4g + 2) is integer

Thus 4dm mod 11 =2
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Representing Integers using

the quotient-remainder theorem
Parity Property

We represent any number as:
n=2q+r and 0<r<2

Because we have only r =0 and r =1, then:

n=2q+0 or n=2qg+1
Even Odd

Therefore, n 1s either even or odd (parity)
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Representing Integers using

the quotient-remainder theorem
Proving Parity Property

Theorem 4.4.2 The Parity Property

L even or ol ,
Any two consecutive integers have opposite parity.

Proof:

Given m and m+1 are consecutive integers

Then, one 1s odd and the other 1s even (by parity property)

Casel (m is even): m = 2k, so m +1 =2k +1, which 1s odd

Case2 (mis odd): m =2k + 1 and so m+1= (2k+1) + 1 =2k + 2 = 2(k+1).
thus m + 1 1s even.

Proof by division into cases
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The “divide into cases” Proof Method

Method of Proof by Division into Cases

To prove a statement of the form “If A; or A, or... or A,, then C,” prove all of the

following: If A,. then C,

If A,, then C,

If A,, then C.
This process shows that C 1s true regardless of which of A, A, ..., A, happens to
be the case.
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Representing Integers using

the quotient-remainder theorem
Integers Modulo 4

We represent any integer as:

n=4q or n=4q+l1 or n=4q+2 or n=4q+3

This implies that there exist an integer quotient ¢ and a
remainder » such that
n=4¢+r and 0=r<4.
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Using the “divide into cases” Proof Method

Theorem 4.4.3

The square of any odd integer has the form 8m + 1 for some integer m.

Proof:  ywneOdd,ImezZ . n2=8m +1.
Hint: any odd integer can be (4q+1) or (4g+3).

Case 1 (n=4q+1):

n*=8m+1=(4q+1)> = 16¢>+8q+1 =8(2¢*+q)+1
(2g* + q) can be is an integer m, thus n>=8m + 1

Case 2 (4q+3):

n>=8m+1=(4¢q+3)?> = 16g*>+24g +8 +1 =8(2q>+ 3g+1) +1
(2¢*% + 3g+1) can be is an integer m, thus n?>=8m + 1
STUDENTS-HUB.com Uploaded By: anonymods
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Absolute Value
Aithal) Ladl

For any real number x, the absolute value of x, denoted |x],
1s defined as follows:

x ifx>0
x| = .
—-x ifx <0
. | ) y=Ix|
xample:
2|=2
-2| =2
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Absolute Value

Lemma 4.4.4

For all real numbers r, —|r| <r < |r]|.

Proof:

Suppose r is any real number. We divide into cases according to
whether r 2 0 or r < 0.

Case 1 (r > 0): by definition |7| = r. Also, r 1s positive and —|r]| 1s
negative, > —|rl<r.

Case 2 (r < 0): by definition |r | = —r, thus, —|r| = r. Also ris negative and
7| 1s positive. =»  r <|r|.

Thus, in either case, —|r|<r<|r|

STUDENTS-HUB.com Uploaded By: anonym



Absolute Value

Lemma 4.4.5

For all real numbers r, | — r| = |r]|.

Proof: Suppose 7 is any real number. By Theorem T23 in Appendix A, if » > 0,
then —7 <0, and if » <0, then —» >0. Thus

’

—-r if —r=>0
I - r| = 9 0 if =r=0 by definition of absolute value
| —(=r) if —r<0
-r if —r>0
) because —(—r) = r by Theorem T4
=41 0 if ~r=20 , ,
) in Appendix A
L if -r<20
-r ifr<0 because, by Theorem T24 in Appendix A, when
=4 0 if =r=20 r>0 thenr <0, when —r <0, thenr > 0,
ifr=0 and when —r =0, thenr =0
r ifr=0 4 ‘ ‘
= { . by reformatting the previous result
—r ifr <0

= |r| by definition of absolute value.
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Absolute Value and Triangle Inequality

Theorem 4.4.6 The Triangle Inequality

For all real numbers x and y, |x + y| < |x]| 4+ |y|.

Proof:

Casel (x+y>0): |[x+y/=x+y
and so, x < |x| and y <y
hence, [x+y|=x+y<|x|+

Case2 (x+y<0): x+y|=—(x+y)=(=x)+ ()
and so, —x<|—x|=|x| and —y <[y =
hence, [x+y[=(=x)+ (-y)=[x|+y|.
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