CHAPTER 10 INFINITE SEQUENCES AND SERIES

10.1 SEQUENCES

_ 1=l _ _ 12 _ 1 -3 _ 2 -4 _ 3
La=F=0a=3=—,8= 3 =—5, 4= 5 =7
_ 1 _ 1 1 11 11
2ay=g=la=g=7.4=g5=gu=3=y
TR VR ) T C | BN LS WY ) ) S |
L=9-7 — 2 =347 = 738V~ 6-1 54— 381~ 7
4. gy =24+ (-D'=laa =24+ (=12 =3, a3 =2+ (1P =1lLa=2+(-1D*=3
_ 2 _1 _ 2 _ 1 _ 2B 1 1
S M= F ===, = =, =5 =)
_2-1_ 1 2-1_3 B_1 _ 7 _ 21 _ 15
6~ a; = 2 _2932 72 _4933_ 23 _8734_ 20 T ]
_ _ 1_3 3,1 7 _ 7,1 _15 _ 15, 1 _ 3l 63
T aa=l,aa=1l+5=5,3=5+5 =7, 4=7+5=7,8=3 15 =78 = 3,
— 127 — 25 — 511 — 1023
47 = 64 - 88 = 13889 = 356040 = S
1 1 1
_ S U €2 NS WA ) R IR () RO U 1.1 _ 1
8. ay=lay=5,83="5 =g, 4= "4 =35,8= "5 = 55,8 = 755> 47 = 5505 8 = 75320 >
_ 1 _ 1
49 = 352,880 » 410 = 3628800
_ _ =D _ DR 1 (D' (-3 1 (-1’ (-} 1
9' a1_25a2_T_17a3_ 2 ——5,34— 2( 2) Z,a5 2( 4) g
- 1 _ 1 _ 1 - L
a4 = 1607 32 98 64> %9 = Tog > 310 = 755
_ 1(=2) _ 2= _ _ 2 (=3 _ (-3 _ 1
10 al_iz’ag_T_ 1933_ 3 —75,3.4— (3 —75,35— 52)—75,3.6—75,
__2 _ 2 1
A7 = —37,88 = 73,8 = —5,310 = — 3
11. s =l,aa=1l,a3=141=2,a4=24+1=3,a3 =3+2=5,a3 =8,a;y = 13, a3 = 21, a9 = 34, a;9 = 55
1 1
-3 1 3 1 1
12. a1 =2, ay=—-l,a3=—5, a4 = (,f) =35,8 = ((jz) =-l,as=-2,a7 =2,a3 = —l,a9 = — 5,210 = 3
2
13. a, = (=)™ n=1,2,... 14. a, = (=), n=1,2, ...
_ 1)+l
15. ay = (—=D™'n2,n=1,2,... 16. a, = "0~ n=1,2,...
_ ! _ _ -5 _
17. a, = 3(n+2),n—1,2,... 18. an—n(nﬂ),n—l,Z,
19. a,=n>—1,n=1,2,... 20. a,=n—4,n=1,2,
21. a,=4n—-3,n=1,2,... 22. a,=4n—-2,n=1,2,
3
23. a, =42 n=1,2, 24, ay=g7.n=1,2,...
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570  Chapter 10 Infinite Sequences and Series

25 a, = HCU n— 12, 26 ay = "2 OVl g,

27. n1i>mOO 24 (0.1)" =2 = converges (Theorem 5, #4)

28. lim " — gim 14+ S =1 = converges
n — oo n n — oo n
29, fim_ =20 — im 92— fim 22 = _1 = converges
"n—oo I+2n T n—=o0 H+2 T nsSe 2 T g
2v/n + (=
30. lim -2+l — Jim 2 () _ —o0 = diverges
n—oo 1-3y/n  n—oco (%_3)
) 1) =5
31, lim 1= = lim (&) 7 = —5 = converges

n—>oo n'+8 T n S0 1+(8

- n43 n43 1 1 _
32 Mm oi5ie = oM Giamro — ol ayz = 0 = converges
. 2 _ . — — . .
33. lim M=t =y @=DO=D iy (n—1) = 0o = diverges
n— oo n—1 n— oo n—1 n— oo

34 lim = lim

n=oo T4 T n S0 (1) 1y =00 = diverges

35. lim_ (14 (=1)") does not exist = diverges 36.  lim_ (—1) (1 — 1) does not exist = diverges

37. lim (=) (1-1) = lim_(3+4)(1—1) =4 = converges

n — oo n

n+1
38. lim (2—4)(3+4) =6 = converges 39. lim (;nl)_j =0 = converges
40. lim (— %)n =, lim (;)n =0 = converges
- /2 [ 2 [ 2
41, lim = o i T = i <1+%) = \/5 = converges
42. lim G = lim ()" =00 = diverges

SE
ol

=1 = converges
n— oo n — 00

43, tim_ sin (5 + 1) =sin (lim (5 + 1)) =sin

44. nli)mOO n7m cos (nw) = nli’mOO (nm)(—1)" does not exist = diverges

45. lim_ $M0 — ( because — < S0 < 1 — converges by the Sandwich Theorem for sequences
n — oo n n n n

46. lim “gﬁ = 0 because 0 < “;ﬁ < 2i = converges by the Sandwich Theorem for sequences

n— oo
. . . B NT
47. nleoo = nleOO 513 = 0 = converges (using I'Hopital's rule)
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Section 10.1 Sequences 571

im 3 = im 2Un3 iy 33 o 33 : B
48. nleoo 23 _nleoo n? _nlem o _nleDO ¢ = oo = diverges (using I'Hopital's rule)

~—

1 2
o, tim Mot gy ) gy 2m g

n—o0o /n ~ n=o0 (\1[) am e = am 1+(%)=0:>C0nverges
2y/n
| (
: nn __ . n)
50. nleoo hon 7nlimOO ) =1 = converges

51 lim 8" =1 = converges (Theorem 5, #3)
52. nlgnOO (0.03)" =1 = converges (Theorem 5, #3)

53. lim_ (1+1)"=e” = converges (Theorem 5, #5)

n— oo

54, lim (1-1)"= lim_ [1 + %] sl converges (Theorem 5, #5)
55. lim_+v/10n= lim 10/".n!/m=1.1=1 = converges (Theorem 5, #3 and #2)

56. lim_ v/n?2= lim (\“/3)2 =12=1 = converges (Theorem 5, #2)

n— oo n— oo

im 3!/
Un _ i 301 1 = converges (Theorem 5, #3 and #2)

lim n!/n 1
n—noo

57. lim_ (3)

n— oo n

58. lim_ (n+ 4)1/<n+4> = XILmoo xX/*x=1 = converges; (let X = n + 4, then use Theorem 5, #2)

n— oo

Inn _ ,im Inn

59. lim

n—=oo n'/

= 2 =0 = diverges (Theorem 5, #2)

lim n!/n 1
n—oo

60. lim_ [nn—In(n+ D] = lim In(z7) =In (nleOC n“?) =In1=0 = converges

61. lim /4"n= Jim 4 V/n=4-1=4 = converges (Theorem 5, #2)

n— oo

62. lim /3% = lim 3*"(/" = lim 3%.3'/"=9.1=9 = converges (Theorem 5, #3)

n — oo

ol 1:2:3--(n = () . 1y _ n! ol
63. nleOO o= nlgmOO s S nILmOO (ﬁ) =0and &= 0 = nleoc o = 0 = converges

64. lim X =0 = converges (Theorem 5, #6)

n—oo nl

65. nlem 13(!,,, = nlem @ = oo = diverges (Theorem 5, #6)

n!

—

66. lim % = lim i = oo = diverges (Theorem 5, #6)

67. lim (%)1/(1“) = lim_ exp (ﬁ In (%)) = nlem exp (%) =e! = converges
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572 Chapter 10 Infinite Sequences and Series

68. nleoo In (1 + %)n =1In (n1i>moo (1 + %)n) =Ine =1 = converges (Theorem 5, #5)

: 3n+1\™ _ g 3n+1 T InB3n+1)—In(3n—1)
69. n1l>moo (3n71) _n1l>moo €xp (nln(anl)) _n1l>moo exp( % )

3 3

- 1 Bel -1 | _ 1 6n’ _ 6) _ o2/3
= lim exp( (_ %) ) = lim _ exp ((3n+l)(3n—l)> = exp(g) =e”° = converges

n

11
70.  lim (nil) = lim_ exp (n ln(nil)) = lim_ exp (lnn_(l+)("+l)> = lim_exp (“( “+)‘>

1

. 2
= lim_ exp (— ﬁ) =e~" = converges

7 tim (5)"" = lim x (575)"" = x lim ) exp (3 n (5747)) = xlim,_ exp (=G0
0

T “2 ) _ el —
=x lim_ exp (577) = xe” = x,x >0 = converges

s
—
Ce
—
SN~—
|
=1
5
a
o)
g=
| —
—
2
—
—
! —
o= =
~ |
2=
—
—

1
nmmAvéwnmwwmweabg%a%ﬂ%—

— 1 —2n \ _ .0 _
= lim_exp () =e’ =1 = converges

: -6" : 36"
73. rllgmOO Soa] = IllgmOO = =0 = converges (Theorem 5, #6)
74. lim N G lim ()" () = lim ()" =0 = converges
"= ()" ()" T n=oe (1) () (R ()" T n=oo (1) 41
(Theorem 5, #4)
. _ . el —e . 62"—1 _ . 26_ _ . _
75. nleoo tanh n = n1l>moo T = nleOC & = nleoo Sem nlem 1 =1 = converges
. . . elnn _ g—Inn . n— (l) .
76. lim_ sinh(Inn) = lim = lim 2L =00 = diverges
n— oo n— 0o 2 n— oo 2

n?sin (1) sin (8) . = (cos (1)) (,%2) . —cos (1) 4
77, lim == o lim (z,g)) o lim (7%+%> o lim v () 2 = converges
_ 1 sin (1 ES
78. lim n(l — COoS —) = lim w = lim M = lim_sin (l) =0 = converges
00 (L) n— 0o (%) n— 0o n

79. lim \/ﬁsin(i> = lim ﬁ = lim w = lim _ cos (i) = cos0 = 1 = converges

n

3"n3+5"n5

80. lim (3" + sml/n — Llim exp {ln(Sn + 5“)1/“] = lim_exp [%} = lim_exp [‘"f"]

. % In3+1In5 . N"n3+1n5
= lim exp{%} = lim_ exp[%} =exp(ln5) =35

81. lim_ tan'n=7Z = converges 82. lim - tan"'n=0-2 =0 = converges
n— oo 2 n— oo \/H 2
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Section 10.1 Sequences 573

83. lim (%)n+ L — [im ((%)n+(%) ):0 = converges (Theorem 5, #4)

84. lim v/n?+n=_lim_exp [WTH)] = lim_exp (BE5) =e’ =1 = converges

. 200 . 199 . . 198 .
85. lim 10— — jy 20Wn " _ oy 20090 - i 299 — 0 = converges
n — oo n n— oo n n— oo n n—oo n
(S(Inn)'l) ,
. 5 . . . 3 .
86. lim 2 — Jim . = lim_ 10" _ pjy 80w — fijm 340 — 0 = converges
n— oo \/E n— oo (\l[) n — oo \/H n— oo \/H n— oo \/E
2¢y/n

/N
=]

. . 2 _ . .
87. lim (n—+/n2—n)= lim (n—+vn2—n)(28¥2=2)— [im —2 — — lim —3+—
n— oo n — 0o ++v/n2—n n—00 n++yn2-n n—oo j4.,/1-1
n

= converges

[T

38 lim 1 — lim < 1 )(\/n271+\/n2+n) — lim vVn2—1+4++/n2+n
"n=>00 vn2—1-—+/n2+n n—00 \yv/n2—1-+v/n+n V2—1+y/n24n)  n=00 —l—n
. I— 54y
= nILmOO e vy —2 = converges
89. nlem % 1 %dx:nliﬂmOO h‘Tn :nleoo %:0 = converges (Theorem 5, #1)
90. lim | dx= lim_ |:11Tp %} = lim ﬁ (r — 1) = ;5 ifp > 1 = converges
91. Since a, converges = lim a, =L = lim a,; = nlemlizan =L= 11—2L =L(I+L)=72=L2+L-72=0
=L=—-—9orL =8;sincea, >0forn 1=L=28
92. Since a, converges = lim a, =L = lim a,; = nlemz:ig =L= Iﬂ—ig =LL+2)=L+6=L>+L-6=0

=L=-30orL=2;sincea, >0forn 2=L=2

93. Sinceanconverges:>nli>mooan:L:>nli>mooan+1: lim /8+2a, =L=+/8+42L=1?-2L-8=0=L=-2

n— oo

orL =4;sincea, >0forn 3=L=4

94. Since a, convergesénleman:L:>n1Lmooan+1 :nli{noo 8+2a, =L=+/8+2L=12-2L-8=0=L=-2
orL =4;sincea, >0forn 2=L=4

95. Since a, converges = nli)mooan =L= nli}mooanﬂ = nli)moow/San =L=+5L=1?-5L=0=1L=0o0rL = 5;since
a, >0forn 1=L=5

96. Since a, converges = nll)mooan =L= nli}mooanﬂ = nli)moo(IZ — 4 /an) =L= (12 — \/E) =12-25L+144=0
=L=9orL =16;since 12 — /a, < 12forn 1=L=9

97. an+1:2—|—i,n 1, a; = 2. Since a, converges = lim a, =L = 1lim a,.; = lim 244L)=L=2+41
ap g n— 0o n— 0o n— oo ap L

=12-2L—1=0=L=14+/2;since a, >0forn 1=L=1++/2
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574  Chapter 10 Infinite Sequences and Series

98. a1 =+/1+a,,n

=172

1l,a; = \/I Since a, converges = nleman =L= nleman+1 = nlew\/l 4+a,=L=+1+4+L

1£/5,

—L—-1=0= L= -—=;since a, > 0forn

_1+45
=L =168

99. 1,1,2,4,8,16,32,... =1,2°,21,22,23 2425 .| = x;=1landx,=2"2forn 2
100. (a) 12 —2(1)? = —1,32 —2(2)? = 1; let f(a,b) =

=2b%—a%a? —2b* =

(a+2b)? —2(a+ b)? = a? + 4ab + 4b? — 2a® — 4ab — 2b?
—1 = f(a,b) =2b?> —a’>=1;a> —2b> =1 = f(a,b) =2b° —a’ = —1

. 2
2 _ (a+2b)?2 _ 2 fdabf4b? 222 —dab—2b? _ —(a¥—=2b%) _ +1 _ 1

(b) 1‘“—2— (H—b) —2= (a+b)? - (a+b)? _y_;’ = r, = 2+ ;
In the first and second fractions, y,  n. Let { represent the (n — 1)th fraction where { landb n—1
for n a positive integer 3. Now the nth fractlon is a++2bb anda+b 2b 2n—2 n =y, n. Thus,

n1i’mOO r, = \/E
101. f(x) = x? — 2; the sequence converges to 1.414213562 ~ \/_
f(x) = tan (x) — 1; the sequence converges to 0.7853981635 ~
f(x) = e*; the sequence 1, 0, —1, —2, =3, —4, -5, ...

(a)
(b)
(©)

4
diverges

fan oy
Ax— 0t B T Ax— ot

(3) =10 = 75 = LX) =
Jim n(e —1) =) =e" = 1,f(x) =e — 1
2) = £'(0) = =2,f(x) = In(1 + 2x)

f(0+Ax) —£(0)

102. Ax

= lim

(a)
(b)
()
(d)

,lim  nf (%) = {/(0), where Ax = %

nli’mOO ntan~! tan~! x

plim _ nln (1+ 1+2(0>

103. Ifa=2n+1,thenb=|&| = [ dntl] — 202 4 2n+ 1| =202+ 2n,¢ = [£] = [2n> + 20 + 1]
=2n2+2n+ landa® + b2 = 2n+ D)% + (202 + 2n)° = 4n® + 4n + 1 + 4n* + 8n3 + 4n?

—dnt 480 +8n2+4n+1=(2n2+2n+1)" =2

5] | _

a— oo (d] =

(a)

,_
|5

sinf =1

2n42n :
aleoo 2n2+2n+1 loralgnoo i

(b)

= lim sinf = lim
1] a—oo g

2
s, (12)

(g) v/ 2n7, Stirlings approximation = +/n! ~ (g) (2nm)!/ (2" ~ ¢ for large values of n

wolRs

104.

(a)

In 2nm )

nlem (2n7r)1/(2") = hm exp( = = nlem exp (2171) =el=1;

n! ~

105.

106.

(b)

n

n

n!

n

40

15.76852702

€
14.71517765

50

19.48325423

18.39397206

60

23.19189561

22.07276647

Inn

(a) nlem = lim

nc

(b) For all € > 0, there exists an N = e~n9/e gych thatn > e~ ™9/¢ = Inn >

:>n°> = 1

nc

n— oo cn"

W) _

<e = |4

nc

hm -
— 00 on

L =0
—lan = lnn°>ln(%)

0<e= lim L=
n—oo o

Let {a,} and {b,} be sequences both converging to L. Define {c,} by c,, = b, and ¢,,_, = a,, where
n=1,2,3,.... Forall ¢ > 0 there exists N; such that when n > Nj then |a, — L| < ¢ and there exists Ny
such that when n > Ny then |[b, — L| < e. If n > 1 4+ 2max{Ny,N»}, then |c, — L| < ¢, so {c,} converges to L.
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107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

120.

121.

Section 10.1 Sequences 575

: In _ 1 1 _ 1) _ o0 —
Llim n/t = lim exp(nlnn) = lim exp(n) =e' =1

lim_ x'" = lim_exp (l In x) = e = 1, because x remains fixed while n gets large
n— oo n — oo n

Assume the hypotheses of the theorem and let € be a positive number. For all € there exists a N; such that
whenn > Nj then |a, —L| <e = —e<a,—L<e = L—e¢< a,,and there exists a Ny such that when
n>Nythen|c, —L| <e = —e<c,—L<e = ¢, <L+e Ifn>max{Ny,Ny}, then
L-e<a<b,<cy<L+e=|b—L|<e = nleoobn:L.

Let € > 0. We have f continuous at L = there exists ¢ so that |[x — L| < § = |f(x) — f(L)| < e. Also, a, — L = there
exists N so that forn > N |a, — L| < é. Thus forn > N, [f(a,) — f(L)| < e = f(a,) — f(L).

3+ D41 _ 34l 3n+4 30+l 2 2
Ay Ay = (;n+1))+1 > = H > = 30 +3n+4n+4 > 30 +6n+4n+2

= 4 > 2; the steps are reversible so the sequence is nondecreasing; 3::11 <3 = 3n+1<3n+3

= 1 < 3; the steps are reversible so the sequence is bounded above by 3

Qo+ 1D+3)!  @n+3)! @n+5!  2n+3)! @n+5)! _ @+2)!
Al W = CGrnrn @i 7 @il @Dl 7 @)~ @i
= (2n+ 5)(2n + 4) > n + 2; the steps are reversible so the sequence is nondecreasing; the sequence is not

(2n+3)!
m+ D!

bounded since

= (2n+3)2n + 2)---(n 4 2) can become as large as we please

gy <a, = 2(::—3:;1 <L o 2";3:“ < @tD = 2.3 <n+ 1 whichis true forn  5; the steps are

reversible so the sequence is decreasing after as, but it is not nondecreasing for all its terms; a; = 6, ap = 18,

a3 = 36,a4 = 54, a5 = 3% = 64.8 = the sequence is bounded from above by 64.8

2 1 2 1
an1 an$2—n—+1—w 2_3_—:>

2 1 1 2
n+1 ontl 20 = n(n+ 1)

AN

— o7 ; the steps are

reversible so the sequence is nondecreasing; 2 — % — % < 2 = the sequence is bounded from above

a,=1-— % converges because % — 0 by Example 1; also it is a nondecreasing sequence bounded above by 1

a,=n-— % diverges because n — oo and ﬁ — 0 by Example 1, so the sequence is unbounded

1

n

— 0 (by Example 1) = Qin — 0, the sequence converges; also it is

1
5 =1

a nondecreasing sequence bounded above by 1

a, = —%and0<%<%;since

a, = 251 = (2)" — L ; the sequence converges to 0 by Theorem 5, #4

ap = ((=D"+ 1) (™) diverges because a, = 0 for n odd, while for n even a, = 2 (1 + %) converges to 2; it

diverges by definition of divergence

Xn = max {cos 1,cos 2,cos 3, ... ,cos n} and X,+; = max {cos 1,cos 2,cos 3,... ,cos(n+ 1)} x, withx, <1
so the sequence is nondecreasing and bounded above by 1 = the sequence converges.

a, apy < Hﬁ H\/—Vnzif;rl) = \/n+1+\/2n2+2n ﬁ+\/2n2+2n < \/n+1 \/ﬁ

and %ﬁ \/E; thus the sequence is nonincreasing and bounded below by \/5 = it converges
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576  Chapter 10 Infinite Sequences and Series

122, ay gy < 2 @EDEL o 249041 2420 & 1 0and ™1 1; thus the sequence is

n n+1

nonincreasing and bounded below by 1 = it converges
123. 4”;—"”" =4+(%)nsoan e & 4+(?¢)n 4+ (%)n+1 N (f—‘)n (%{)n+1 < 1 2and

44 (%)n 4; thus the sequence is nonincreasing and bounded below by 4 = it converges

124, aj =1l,ap=2-3,a3=22-3)-3=2>-(22-1)-3,a, =2(2>2-(22-1)-3)-3=2 - (22 - 1)3,
a; =222 - (2> -1)3]-3=2-(2*-1)3,...,a, =2"" 1 - (2! - )3 =201 -3.2"1 43
=211 -3)4+3=-2"4+3;a, an; o —2"+3 2143 o 0 ol o <2
so the sequence is nonincreasing but not bounded below and therefore diverges

125. Let0 <M < 1andletheanintegergreaterthan%. Thenn >N = n > I_L = n—-nM>M

M
= n>M+oM = n>Man+1) = S5 >M

126. Since M; is a least upper bound and My is an upper bound, M; < M. Since M is a least upper bound and M;
is an upper bound, My < M;. We conclude that M; = M so the least upper bound is unique.

L 3 13
22222222

but it clearly does not converge, by definition of convergence.

127. The sequence a, = 1 + # is the sequence . This sequence is bounded above by % ,

128. Let L be the limit of the convergent sequence {a, }. Then by definition of convergence, for 5 there
corresponds an N such that forallmandn,m >N = |a, —L| < fandn >N = |a, — L[ < §. Now
|am — ay| = |am —L+L —a,| < |ay —L| + |L —a,| < § + § = € whenever m > N andn > N.

129. Given an € > 0, by definition of convergence there corresponds an N such that for all n > N,
IL; —a,| < eand |Ly —a,| <e. Now |Ly —Lj| =|Ly —a, +a, — L] < |Ly —ay| + |ay — Li| < € + € = 2e.
|Ls — L1| < 2e says that the difference between two fixed values is smaller than any positive number 2e.
The only nonnegative number smaller than every positive number is 0, so |[L; — Lo| = 0 or L; = Lo.

130. Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose
ranges are a subset of the positive integers. Consider the two subsequences ay(,y and a;(,), where ay,) — Li,
ai(ny — Lo and Ly # L. Thus |agm) — ajm)| — [L1 — La| > 0. So there does not exist N such that for all m,n > N

= |a, — a,| < €. So by Exercise 128, the sequence {a, } is not convergent and hence diverges.

131. ayx — L < givenan e > 0 there corresponds an Ny such that [2k > Ny = |ay — L| < ¢]. Similarly,
axi1 — L < [2k+1 >Ny = |ax —L| <¢€]. Let N =max{N;,Ny}. Thenn >N = |a, — L| < e whether
nis even or odd, and hence a, — L.

132. Assume a, — 0. This implies that given an € > 0 there corresponds an N such thatn > N = |a, — 0] < ¢
= |ay| <€ = ||| <€ = [lan]| — 0] <€ = |ay| — 0. On the other hand, assume |a,| — 0. This implies that
given an € > 0 there corresponds an N such that forn > N, [|a,| — 0] < € = [|ay|| <€ = |an| <€
= |la,— 0| <e = a, — 0.

2 2Wo(doa) _ R+
133, @ 0 =x—a = [0 =2X = X1 = X — 5=t = xppy = 28— xta

(b) x; =2,x9 = 1.75, x5 = 1.732142857, x4 = 1.73205081, x5 = 1.732050808; we are finding the positive

number where x? — 3 = 0; that is, where x> = 3, x > 0, or where x = /3.

(xn+ﬁ)
2
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134. x; =1,x9 = 1 4 cos(1) = 1.540302306, x3 = 1.540302306 + cos (1 4 cos (1)) = 1.570791601,
x4 = 1.570791601 + cos (1.570791601) = 1.570796327 = 7 to 9 decimal places. After a few steps, the

arc (x,_,) and line segment cos (x,_,) are nearly the same as the quarter circle.

135-146. Example CAS Commands:
Mathematica: (sequence functions may vary):
Clear([a, n]
a[n_J;=n'""
first25= Table[N[a[n]],{n, 1,25}]
Limit[a[n], n — 8]
Mathematica: (sequence functions may vary):
Clear|a, n]
aln_J;=n'/"
first25= Table[N[a[n]],{n, 1,25}]
Limit[a[n], n — 8]
The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging your table
to more than the first 25 values.
If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01 of the
limit, do the following.
Clear[minN, lim]
lim=1
Do[{diff=Abs[a[n] — lim], If[diff < .01, {minN= n, Abort[]}]}, {n, 2, 1000}]
minN
For sequences that are given recursively, the following code is suggested. The portion of the command a[n_]:=a[n] stores
the elements of the sequence and helps to streamline computation.
Clear|[a, n]
a[l]l=1;
a[n_]; = a[n]=a[n — 1] + (1/5)®" P
first25= Table[N[a[n]], {n, 1, 25}]
The limit command does not work in this case, but the limit can be observed as 1.25.
Clear[minN, lim]
lim=1.25
Do[{diff=Abs[a[n] — lim], If[diff < .01, {minN= n, Abort[]}]}, {n, 2, 1000}]
minN

10.2 INFINITE SERIES

_al-m _20-()) i — 2 __
Losn=~— = =) = lim Sn—l,(%)—3

—al=m _ (g) (1= ()" ; — _w) _ 1
2o Sa="1p = s éngmmsn_l_(ﬁ)_ll

_all=m) 1= (=9)" ; _ 12
3=y = ey = lim s, = 3 =3
4. sp = 11__(—(__22); , a geometric series where |[r| > 1 = divergence

1 _ 1 1 _ (1 _1 11 1 1)y _1 1 : _1

S0 GFDeTY T ooyl T avE Si=(3—3)+(G—3)+ +(n+l 7n+2)_§7n+2 = L Him sy =3
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10.

11.

12.

13.

14.

15.

16.

17.

18.

21.

23.

24.

Chapter 10 Infinite Sequences and Series
5 _5 5 _ 5 5_5 5_5 5 5 5 5y 5
st = w=0-3)+E-)+G-D+ +EE-N G- =5
= nllmm Sp =5
1-1+ % — 6% + ... , the sum of this geometric series is ;— (1_ 5= 1+1(§) = ‘5—‘
1
% + é + 2;—6 + ..., the sum of this geometric series is ; (i 6()4) = %
% + 116 + Jq + ..., the sum of this geometric series is ; E%()%) = %
5,5 _ 5 : : g 5 _
5—-3+5 &t thesumof this geometric series is ;— = 4
G+DH+ (% %) + (% + %) + (% + %) + , is the sum of two geometric series; the sum is
5 1 3 _ 23
motgT0te=y
G-D+E-H+E -3+ (3 —-35)+....is the difference of two geometric series; the sum is
S ___1 __q10-3=-1L1
-G 1-6) 22
a+1D+ (% %) + (% + %) + (% — %) + ..., is the sum of two geometric series; the sum is
1 1 5_ 17
o tEmT2TeT e
2444 8416 :2(1—|— + 5= + + ) the sum of this geometric series is 2 1 =10
5725 T a5 T 25 T 125 g 6 3
. . . . 2 2 _ 5
Series is geometric withr = £ = ‘5 =3
Series is geometric withr = =3 = ’—3‘ > 1 = Diverges
. . 1 |
Series is geometric with r = 8 ‘ ‘ < 1= Convergesto ;=1 = 5
Series is geometric withr = —3 = ‘——‘ < 1 = Converges to ;—'7y = —1
3
093 =S~ 2 (1 o (#) _» 20. 0934 — S~ 234 (10 _ (%) _ om
3= iw () = g = 8 : —Zm(m)—l,(¢>—@
n=0 n=0 1000
7oy () G oy ()
0-7*210(10) = Ny~ 9 22 O'dleo(lo) = Yy~ 9
n=0 - (m) n=0 - (m)
006 =S (L) (&) (L) — (%) _ 6 _ 1
=5 () (8) (h)" = 122 = § = &
VA4 — 1 45 414 (10 _ (%) S PN P
= +n§=:0m(ﬁ) =y T e =
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38. s

39.

40.

Section 10.2 Infinite Series 579

3 123 123,999 _ 41,333

24 123 124
100 10°—102 — 100 99,900 — 99,900 ~ 33,300

__ 124 123 1\ _ 124
1.24123 = 100+HZ 2 (k) =&+

00 142,857
ey erre il 142,857 ( 1 \M _ < 106 ) _ 142,857 __ 3,142,854 __ 116,402
3142857 =3 + ZO 220 (75) =3+ 34 0521 = G9099 = 37,037
b

. n _
nlggo o = hrn =1 # 0 = diverges

T (G DI F 4 iy 2041 2

HILIIO10 e nlg?c g nlg?c Snis = nlj»?oz =1 # 0 = diverges

lim m = 0 = test inconclusive
n—oo

. n o . 1 . .
HILIEO 73 = nhl?o = 0 = test inconclusive
lim cos -~ = cos0 = 1# 0= diverges
n—oo
. en o . C“ o . i _ . l _ .
nlg& a i = r}illolo T = nlg& - = nlglolol =1 # 0 = diverges
lim 1n - = —oo # 0 = diverges
n—oo
lim cosnm = does not exist = diverges
n—oo

= (=D + (oD + (oD b+ (- D+ (- ) = 1-hy = lim s
1

= klimm (1 — +5) = 1, series converges to 1

3_3 3_3 3_ 3 3 3 3 3 _ :
Sk—(T_Z)+(Z_§)+ §_E)+ +((k—1)2 k2)+(k2_(k+1)2) (k+1)? = klimm Sk
— i _ 3
= lemOO (3 r 1>2) 3, series converges to 3

Sk = (1n\/§— ln\/I) + (ln 3 - ln\/E> + (1n\/1— ln\/g) +. (lnf Inv/k — ) + (1n\/k—|— 1 - ln\/E)
=Inyvk+1- ln\/T =Ihvk+1= klim Sk = klim In\/k + 1 = oo; series diverges
— 0 — 0

= (tan1 —tan0) + (tan2 —tan 1) 4 (tan3 —tan2) + ... + (tank — tan (k — 1)) + (tan (k + 1) — tank)
=tan(k+ 1) —tan0O=tan(k + 1) = klim sk = klim tan (k + 1) = does not exist; series diverges
— 0 — OO

5= (cos™ (3) — o5~ (1) + (cos™ (3) —cos™ (1) + (cos™ (2) —cos™ (1) + .
+eos™ (1) = cos™ (1)) + (cos™ () —cos™ () = § —os™ (k)

i — 1 To_ —1(_1 _ T _ T _ T : s
= klimoo Sy = klgnOC {3 cos (k+2)] 3 — 3 = g series converges to g

sk:(\/—\/i)+(\/€—ﬁ)+(\f—\/5)+...+<\/ﬁ—\/k+—2)+(\/m-\/m>

k+4 -2= klim Sk :klim [\/k+4 —2} = 00; series diverges
— OC — OO
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4 _ 1 1 _ 1 11 1 1 1 1
41. @n—3)@n+1) — 4n—3 4n+1 = Sk*(1_§)+(§_§)+(§_ﬁ)+" +(4k—7_4k—3)
1 1 _ 1 : T 1 _
+(@s —wr) = - = Jm s = lim (I—557) =1
6 _ A B _ ACn+1)+B@n—1) _ _
42. (2n—1>(2n+1)*2n—1+2n+1 = "o oD A2n+1)+B@2n—1)=6= 2A+2Bn+(A—B)=6
2A+2B =0 A+B=0 K 6 1 1
_ 11,1 1,1 1 1 1 1 _ 1 :
= (T*§+§*§+§*7+'“ 72(k—1)+1+2k—172k+1) =3 (1= 557) = thesumis
: 1 _
k1i>m003(1—2k+1)—3
40 A B C D  _ A@n—1)(@2n+1)? + B@n+1)? + C(2n+1)2n—1)* + D@2n—1)*
43. (2n—1)2(;n+1)2 =t Teaont ooy = (2n—1)’2n+1)?

= A2n— 1)2n+ 1Y+ B@n + 12 + C2n + 1)2n — 1)> + D2n — 1)2 = 40n
= A@Bn®+4n> —2n—1)+B(4n® +4n+1)+C(8n® —4n> —2n+ 1) =D (4n> —4n + 1) = 40n
— (8A + 8C)N® + (4A + 4B — 4C + 4D)n? + (—2A + 4B — 2C — 4D)n + (—A + B + C + D) = 40n

8A+8C= 0 8A+8C= 0
A e e o AT e~ {2 B
-A+ B+ C+ D=0 -A+ B+C+ D=0
andD = -5 = {—A—i—S—fC—?’——CS::OO = C=0and A=0. Hence,nz::1 [%}
=5Z[ﬁ_m}:5(%_l+%_%+%_'“ _<2<k711)+1)2+(2k£1>2_<2k~1*1>2)

n=1

_ 1 T 1 _
=5 (1 — (2k+1)2) = the sumlsnleOQ 5 (1 — (2k+1)2) =5

Mot =t s a=(-D+E-H+G -5+ + [t - &)+ B - ]

= lm oso= lim [1- g ln] =1

k — o0 k — o0

4. sk:(1—%)+(%—%)+(%—ﬁ)+...+( k1—1+ﬁ>+(ﬁ_ k1+1>:1_ e
—~ lim s = lim (1— 1 ):1

k — o0 k — o0

—_
—_

46. sc=(3—g) + (s —3s) + (gs — )+ + (gmv — 3x) + (5x — 700) =3 — 700

_ (1 1 1 1 1 1 1 1 1 1
47. sk = (m - m) + (m - m) + (E - m) +..+ (ln(k+1) - m) + (ln(k+2) - 1n(k+1))

48. s, = [tan~! (1) — tan~* (2)] + [tan (2) — tan"' (3)] + ... + [tan"! (k — 1) — tan~! (k)]

+ [tan~? (k) —tan' (k+ D] =tan' () —tan" ' (k+ 1) = lim sy=tan ' ()-F=F—-F=—-7
k — o0
49. convergent geometric series with sum —+ =2 2+ \/5
ECANNE

()

50. divergent geometric series with |r| = ﬁ > 1 51. convergent geometric series with sum . ( ) =1
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52.

54.

55.

56.

57.

58.

59.

60.

61.

63.

64.

65.

66.

67.

68.

69.

70.
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,Jim (—D™'n #£ 0 = diverges 53. lim_cos(nm) = lim_(—1)" #0 = diverges
cos (nm) = (—1)" = convergent geometric series with sum . (1 1) = %
-\~s
1 e?

convergent geometric series with sum . ( T ) = o
“\2
€

. 1 _ .
Jlim In 5 = —o00 #0 = diverges
: P 2 _ 20 _ 18 _
convergent geometric series with sum . (1) —2=5 -3 =3

convergent geometric series with sum % =2

difference of two geometric series with sum ﬁ — ﬁ =3-2=3
-5 -5

. 1 n _ . -1 n _ —1 .
Jdim o (1-3) = lim (143" =e ' #0 = diverges
Jim g = 00 # 0 = diverges 62. lim = lim {5 > lim n=oco = diverges
Oozn+3n Oozn oo%“ e 1\ OC 3\n s 1\n x 3\n . .
SEE =Yy =3 (1) +>X(3)both =) (1) and Y (3)" are geometric series, and both converge
n=1 n=1 n=1 n=1 n=1 n=1 n=1

. 1 1 3 3 - o~ (1)D 3 o~ (3)" 3
sincer = 5 = ‘5’ <landr=3; = ‘Z < l,respectwleyéX:I H'= 1i§ =1 andZ:I () = 11% =3=

n= n=

> n n
> 2453 =1+ 3 =4 by Theorem 8, part (1)
n=1

n n . E . l " . .
lim 450 = lim & S T G 1 =1+ 0= diverges by n" term test for divergence
n—oo o' 1 n—oo g +1 nooo (3) +1

[o¢]

fj In(25) =X [In(m) —Inm+1)] = s =[In(1) —In@2)] + [n(2) —In3)] + [In(3) —In(#)] + ...
n=1

n=1

+[Ink—1)—In®)]+ [Ink) —lnk+ 1)) =—-Ink+1) = klirn sk = —oo, = diverges
— Q0
Jima, = lim In(5%) =In(3) #0 = diverges

convergent geometric series with sum ﬁ =1

divergent geometric series with |r| = & ~ 2141 ~

me ™ 22459
[o¢] [o0)
> (=xt =3 (=x)a= 1,1 = —x; converges to y—— = 1 for [x| < 1
n=0 n=0
ZO (=X = ZO (—x%)" a = 1,r = —x?; converges to ;- for [x| < 1
n= n=|
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582  Chapter 10 Infinite Sequences and Series

71. a:3,r:x_l;Convergestoﬁ:%for—l<%<10r—1<x<3

2 x—1

[ee] oo 1
=" n_ L(_ =1 o1 . _ -1 . 3)
72. Y 5 Gres) =X 3 (55 ,a—g,r—3+Sinx,convergestoli(271 )

n=| 3 +sinx

(=1

__ 34sinx __ 3+sinx : 1 1 1
T 2(4+sinx) ~ 8+2sinx for all x (SIHCC 4 < 3 + sin x < 2 for all X)

73. a=1,r = 2x; converges to ;= for [2x| < 1 or [x| < }

74. a:l,r:—é;convergestol E 1) :%forh—ﬂ <lor|x| > 1.
2
75. a:l,r:—(x—i—l)“;convergestom:ﬁfor|x+l|<10r—2<x<0

1

1 ._ 3-x. _ 2 3—x
76. a=1,r= ,convergest0717<3;x)——X71f0r|
2

2

3 |<10r1<x<5

77. a=1,r = sin x; converges to ;—— for x # (2k + 1) 7, k an integer

78. a=1,r = Inx; converges to ;—— for [Inx| < lore! <x <e

. @ ;2 M+ Hn+3) (b) HZ:% +2)(0+3) © n; (D)

50 (@ §;<WHNW$ (b)zgoramfn @)2;)GTE%:T§
~ 11 ()

81. (a) oneexamplels%—i—%—i—g—i—ﬁ—l—...: “~ =1

. > n+1 . . . .
82. The series Y k(3)"  is a geometric series whose sum is

n=0 1= (%)

= k where k can be any positive or negative number.

83. Letay =b, = (3)". Then ) a, =3 b,

n=1 n=1

I
8

(1) =1 while > (&) = 3 (1) diverges.

n=1 " n=1

=
Il

84. Leta, =by = ()" Then>> a, =3 by =3 (1)" =1L while 3" (aby) = 3. ()" =1 # AB.
n=1 n=1 n=1 n=1 n=1

NgE
NgE

)". ThenA =3 ap=3,B =

n=1 n

85. Leta, = (1) andb, = ( b= Tand 32 () =3 (3)" =1 #
n=1

o>

1
2

1 1

n

86. Yes: Y, (%) diverges. The reasoning: > a, converges = a, — 0 = i — 00 = Y (al,.) diverges by the

nth-Term Test.
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87. Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series
that diverges does not change the divergence of the series.

88. LetA, =a;+ay+... +a,and lim A, = A. Assume > (an + by) converges to S. Let

Sn:(al+b1)+(ag+b2)+... +(an+bn) = Sn:(a1+a2+... +an)+(b1—|—b2—|— +bn)
= by +by+... +b, =S, — A, = nli}rnoO (by+by+... +b,) =S —A = > b, converges. This

contradicts the assumption that Y b, diverges; therefore, > (a, + by,) diverges.

89. (1) 2-=5=2=1-r=>r=2:242()+2(3)°+
13
® W5 s ot B )RR E )
90. 1+e"+e®+...=25=9= §=1-¢"=>¢e"=3 = b=n(

Ol sy=14+2r+2+208 +r* + 20+ ... + ™ 422t n=0, 1, ...
= so=(1+rP+rt o )+ e 20 + 20 . 20" 5 dim s, =
=MZif | <lorr <1

—12

2r
+ 1—r2

1-12

n

92. L—s, = & — 0= _ ar

1-r 1—-r 1 —r

93. area:22+(ﬁ) (12 + (7)2+...=4+2+1+§+...: 4 _gm?

n—1

94. () Li=3,Ly=3(%),Ly=3(4), ..., L.=3(%)"" = Jim L, = lim 3(3)" =00

(b) Using the fact that the area of an equilateral triangle of side length s is \ﬁsz we see that A} =
3 3
Ara%+305N9 LA M+ﬂ@%%}@»-—f ERCRE

= Ag+3@)° (42) ()7 As = Ac+3@)° () ()%
(£) ! =F 4 5 3w () = +ava(3 ).
lim_ A, = lim_ (Vf+3ﬁ(z ;‘if)) - ¢45+3\/§(13_2

k=2
4@ -t

V3

A—f+z3 k=2

10.3 THE INTEGRAL TEST

b
_ 1
1. f(x) = 2 is positive, continuous, and decreasing for x  1; f = dx = b11m f 2 dx = blimoo [—;]1

= lim (—{+1)=1= f % dx converges = Z 1 converges

b— o0

b b
2. f(x) = - is positive, continuous, and decreasing forx  1; f L dx = lim f L dx= lim [%XO'S]
X X b—oo VI b— oo

T 51,08 _ 5\ _ | : (IS
_bhm (3b —Z)_oo;Sfl wdxdlvergesézwdlverges

— n=1
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00 b b
o 1 . oL . . ) 1 o . 1 o . 1 —1x
3. f(x) = 3 1s positive, continuous, and decreasing forx  1; fl e dx = l1m fl et dx = bh_r}nOO [2tan 2} ]

— Lian=1b _ Liap—11) = @ _ Lign-11
,bll)moo (3tan™'? — Jtan7'1) = 7 — ltan :>f X2+4 dxconverges:>z:r12+4 converges

o0 1 . b . b
L ax= i [T ax = tim [infx 4]

b— o0

4. f(x):xjr4

= bli)mOO (Inb+4| —1In5) = 0 = fl 3 dx diverges = Z — diverges

oS b b
5. f(x) = e > is positive, continuous, and decreasing for x  1; f e Xdx = lim e X dx = lim [f%e’zx}
1 b—oo VI b — oo 1
= _lim (*L + L) =55 = fme’z" dx converges = ie’zn converges
R Ny 2e% T 2e2) T 2¢? 1 g P g
b b
6. f(x) = n)? is positive, continuous, and decreasing for x  2; ) X (ln 7 s dx = bll)mOO 2 Xinn? dx = bll>moo { ]nx] .

— i NS BRI B R -
= bll>moo (-5 +1m3) =5 = j; (lnx) > dx converges = Z )7 converges

7. f(x) =

is positive and continuous forx 1, f'(x) = < O for x > 2, thus f is decreasing forx  3;

4—
< +4)’

o b 0
X — N X _ 1 2 I H 1 2 1 _ X

D, S
x2+4

o0
——diverges = Z Lo =142+ Y ot diverges
n=3

n?+4

diverges = Z T
n=

8. f(x) = 1“" is positive and continuous forx 2, f’(x) = ﬁ < 0 for x > e, thus fis decreasing forx  3;
b
)

><lnx _ : Inx _ : _ _ In x2
SR ax = tim Lde_bleoc [(lnx = lim (2(Inb) —2(In3)) = 0o = [ dx

|_|

[o.¢] o0 [o¢]
: Inn? q: Inn? __ In4 Inn”
diverges = > 3waerges = zT =5+ . dlverges
n= n= n=

9. f(x)= X—i is positive and continuous forx 1, f'(x) = 7)‘3(;‘: 8 < 0 for x > 6, thus f is decreasing for x 7
. . W 1sx _ sa ]t —3b2—18b—54 | 327 _
j; B dx = bleOO 7 exﬂ dx = bleOO [_eX—S N ewL N b1l>m00 (T + W) B
— 3-6b—18) | 327 _ —s4y | 327 _ 327 R S
= lim o + 3= lim () +FH == , o dx converges = ) Jzconverges
— 00 b— oo =7
.
2
:>Zen3— st art gt i+ 2+ 2+ Y 25 converges
n=7
10. f(x) = x2f5x4+1 = (::14)2 is continuous for x 2, fis positive for x > 4, and f'(x) = . ; < 0forx > 7, thus fis
.  x-1 * 3 b 3
decreasing for x  8; f 2 dx = bleOO fs 1P dx — fs TE dx| = 8 o dx
. b .
:bhm [ln| Xil} :bhm (ln|b—1|+b—il—ln7—%)—oo:>f dxdlverges
— 00 8 — 0
s 4 s 4 1 L2 3 4
n— : n— _ n— .
= Zs i rpdiverges = 2:2n2—2n+1 =2 7+0+ g+ +3+ 28112—2n+1 diverges
n= n= n=
11. converges; a geometric series withr = % <1 12. converges; a geometric series withr = % <1

13. diverges; by the nth-Term Test for Divergence, n liﬂmOO

nilzl#o
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14. diverges by the Integral Test; fl ;dx=5In(n+1)-5mn2 = f N o1dx — o0

[o0) (o 0]

15. diverges; > % =3 ﬁ , which is a divergent p-series (p = 3)
n=1

n=

o0

16. converges; >

n=1

-2

[\C1198)
~

[e 0]
= -2 -5, which is a convergent p-series (p =

n=1

5

17. converges; a geometric series withr = % <1

18. diverges; >, =2 = —83" 1 and since Z diverges, —8 Z diverges

n=1 n=1

19. diverges by the Integral Test: f;h‘T" dx = % (In’n —In2) = fle“T" dx — oo
‘ t=Inx
20. diverges by the Integral Test: f2 I“Ti dx; | di=2 | — j:ﬂ te/? dt =  lim [2te!/? — 4e'/?] :’nz
dx = e dt o

= lim [2e"%(b—2)—2eM™?/2(In2 - 2)] = 00
b— o0

21. converges; a geometric series withr = % <1

: C1 s "5 _ 7 In5Y) (5\" _
22. diverges; lim gz = lim = lim (1n4) (4) =00 #0

[o0) [o0]

23. diverges; Y n;—zl =23 - +1 , which diverges by the Integral Test
n=0 n=0
24. & =1In@2n—1) — coasn — o0
. . . 2“ _ . 2nl 2 _
25. diverges; nleoo a, = 1l>moo = n1l>moo T“ =00#0

u—f—i—l

du — 4 j;ﬁ+l‘il]—“:1n(\/ﬁ+l)—ln2—>ooasn—>oo
T

26. diverges by the Integral Test: fl n% ; [

1
27. diverges;  lim %E = lim_ (E‘S) = lim_ 4 =00 #0

28. diverges; nleOO a, = nleOC (1 4 %)“ =e#0

29. diverges; a geometric series withr = ﬁ ~ 144> 1

30. converges; a geometric series withr = % 091 <1

> (1) u=Inx )
31. converges by the Integral Test: j; I VT =T dx; qu—lax| — j;“}um du
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= lim [sec™! |uf]}, = R lim [sec™!b—sec™' (In3)] = lim [cos™* () — sec™ (In 3)]
b — oo

= cos By (0) — sec™! (In 3) T _sec ! (In3)~ 1.1439

00 1 =1 00
32. converges by the Integral Test: fl Tnz,)dx:f1 () dx; [ N ] — j; i du

1+ (In x)2 du = % dx
. _ b . — — s m
:blgnOO [tan~tu], = leOO (tan'b—tan'0) =5 - 0=1
in (1 A
33. diverges by the nth-Term Test for divergence; lim nsin (3) = lim S“(ll()“) = lim sinx — 1 £ Q
— : X — X
1 — &) sec? (]
34. diverges by the nth-Term Test for divergence; lim ntan (1) = lim tanl(“) = lim ( "‘) W)
n— oo n n=o0 (1) n— 0o (_LQ)

:nli)mOO sec? (%) =sec’0=1+#0

. u=c¢e" < T 1. 1b

35. converges by the Integral Test: fl : +e2x dx; [ du= e dx — fe e du= lim [tan"'u],

= lim (tan"'b—tan"'e) =7 —tan"'e~ 0.35

b— o0
u=c¢e* . N
36. converges by the Integral Test: fl e dx; | du=e*dx er u(l+u) du*j; (2 - ui]) du
dx = ldu_
— T b_ b — —
= Jim 2 ;5] = Jim 2In(525) —2In (%) =2In1—2In (%) = —2In (555) =~ 0.63

o

T4x2

= tan~! )
37. converges by the Integral Test: fl Blan 'x gy; [L(liu dx x] f 8u du = [4u? ]_/4 4 <WT — ”—2> =3

Ju=x241 1 [ du . 1 b S|
38. diverges by the Integral Test: f] 2 dx; [du o dx 3 f2 4= ILmOO [5Inu], = blimoc 3(nb—1In2)= oo
b X
39. converges by the Integral Test: f sechxdx =2 hm — S dx=2 hm [tan~! ¥ °
1 b— oo J1 1+(e") b — 1

h

=2 lim (tan"!e’ —tanle) =7 —2tan"le~ 0.71
b — oo

0 b
40. converges by the Integral Test: f sech’x dx = lim f sech?x dx = lim [tanh x]? = lim (tanhb — tanh 1)
1 b— oo V! b — oo b— oo
=1—tanh 1~ 0.76

41.f] (25 - 1)dx:bliqmOO [a1n|x—|—2|—1n|>(—i—4|]t,’:])1imOC In ©22 _n ()

o0o,a>1
1, a=1

a > 1. Ifa < 1, the terms of the series eventually become negative and the Integral Test does not apply. From

= the series converges to In ( ) if a = 1 and diverges to oo if

P CH ) N a1 _
i G5 =a im0 = {

that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges.

o0 b
1 2a I x—1 _ 1 b—1 2. b—
42. f; (7 - x+1) dx _bhjnoo {ln G D= L _bhjnoo In &5 —In (7%) ’bhjnoo (b+1)2‘
li L l,a—% h i In (4 In 2 if L and di if
= b gnoc 2alb+ =T — 00,2 < % = the series converges to In (5) =InzZira= 3 an 1verges tooo1
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ifa< % . Ifa> % , the terms of the series eventually become negative and the Integral Test does not apply.

From that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges.

43. (a)

n+1 n
LIRS TR R 1+Le v Loy Lo
1 x 2 n 2 n 1 X

(b) There are (13)(365)(24)(60)(60) (109) seconds in 13 billion years; by part (a) s, < 1 + In n where
n = (13)(365)(24)(60)(60) (10?) = s, < 1 + In ((13)(365)(24)(60)(60) (10°))
=14+1In(13) + In(365) +In(24) 4+ 2 In (60) + 9 In (10) ~ 41.55

00 o0 o0
1 _ 1 1 1 g
44. No, because 21 —=:> rand El < diverges
n= n=

45. Yes. If ) a, is a divergent series of positive numbers, then (1) 3~ a, = > (%) also diverges and & < a,.

n=1 n=1 n=1

oo
There is no “smallest” divergent series of positive numbers: for any divergent series Y. a, of positive numbers

n=1

> (%“) has smaller terms and still diverges.

n=

o0 o0 o
46. No, if > a, is a convergent series of positive numbers, then 2 > a, = Y 2a, also converges, and 2a, a,.

n=1 n=1 n=1

There is no “largest" convergent series of positive numbers.

47. (a) Both integrals can represent the area under the curve f(x) = \/—, and the sum ssy can be considered an

50
approximation of either integral using rectangles with Ax = 1. The sum ssp = > \/nlﬁ is an overestimate of the
n=1

integral f

each sublnterval for ¢;) and because f is a decreasing function, the value of f is a maximum at the left-hand endpoint of

dx The sum ss( represents a left-hand sum (that is, the we are choosing the left-hand endpoint of

51 50
. . 1 1 .
each sub interval. The area of each rectangle overestimates the true area, thus fl ors dx < n§=1 WSk In a similar

50
manner, Sso underestimates the integral fo \/xlﬁdx. In this case, the sum ssg represents a right-hand sum and because

f is a decreasing function, the value of f is aminimum at the right-hand endpoint of each subinterval. The area of each

50 50 51
rectangle underestimates the true area, thus Z \/'— < j; \/Xlﬁdx. Evaluating the integrals we find fl

:[2 X+ ] —2/52-2 2~116andf dx_[Z x+l]50:2\/5_1 24/1 ~ 12.3. Thus,
0

50
1
11.6 < ,12::1 \/n—? < 12.3.

1
Zirdx

n+1 ) n+1 2
(b) s> 1000 = [ mdx:[z x+1]1 =2/n+1-2 2>1000:»n>(500+2ﬁ) ~ ~ 2514142
—n 251415
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30 o) 0
48. (a) Since we are using s30 = Y % to estimate n%, the error is given by > % We can consider this sum as an estimate
n=1 n=1 n=31

of the area under the curve f(x) = x—14 when x 30 using rectangles with Ax = 1 and ¢; is the right-hand endpoint of

each subinterval. Since f'is a decreasing function, the value of f is a minimum at the right-hand endpoint of each

0 b b
. 1 _ 1 T ~ -5
subinterval, thus < Ldx = hm “ 4dx = lim [_E}SO = lim ( 3b3 + 3<30> ) ~ 123 x 107,

s
n=31 o X b—o0v 3 b—00 b—00

Thus the error < 1.23 x 1072,

0 [ b b
(b) We want'$ — s, < 0.000001 = [~ kdx < 0000001 = [ Ldx = lim [ hax = lim [~3k]

b—ooY'

= lim (—35 + 5) = 37 < 0.000001 = n > /19990 ~ 69.336 = n  70.

b—oo

00 00 b b
49. WewantS =5, < 001 = [ " hdx <001 = [ kde= lim [7 kdx = lim [~5k] = lim (—55 + )

3
X b—oo

8
=55 <001=n>/50~7071=n 8=S~sg=) & ~1.195
n=1

b
50. WewantS —s, < 0.1 = fn 2+4dx <0.1= hm ﬁdx = lim Btan’l(

b
b—oo b—oo )]

n

[SSTESd

= Jlim (jtan™! (3) — tan"!(2)) = 7 — tan" (%) < 0.1 = n >2tan(5 —0.2) ~9.867=n 10=S ~ sy

10
=Y 75~ 057
n=1

b
hdx < 000001 = [ dhrax = lim [ chdx = gim [—30] = tim (<3¢ + 19)

]l
b—ooVn X b—oo

51, S—sn<0.00001:>L

T

= 19 < 0.00001 = n > 1000000 = n > 10%

b b
dx<001éf Gipdx = gim [T olodx = lim {f ! }

boooYn x(lnx) 2(Inx)" |,

52.8 -5, <001 = [

. _ V5
— lim ( i + ) = e <001 = 0> eV 1177405 50 1178

b—oo

n n
53. LetAp, =) acand B, =) 2ka(2k) , where {ay} is a nonincreasing sequence of positive terms converging to
k=1 k=1

0. Note that {A,} and {B,} are nondecreasing sequences of positive terms. Now,
B, = 2ay +4ay + 8ag + ... +2"am = 2ay + (2a4 + 2a4) + (2ag + 2ag + 2ag + 2ag) +
+ (2agm +2agm) + ... +2am)) < 2ay + 2a, + (2a3 + 2a4) + (2a5 + 2a6 + 2a7 + 2ag) +

271 terms
+ (2am1) + 2800141y + ... 4 2am)) = 2An) <2 ar. Therefore if ) a converges,
k=1
then {B,} is bounded above = ) 2*a., converges. Conversely,

Ap=a; + (ag+ag)+ (ag+as +ag+ar) +... +a, <ay+2a+4ay+... +2"%p =a; +By<a;+ ) 2ka<2k).
k=1

Therefore, if > 2k3(2k> converges, then {A,} is bounded above and hence converges.
k=1

o0 oo
_ 1 _ 1 n n _ 1 1 : :
54. (@) apn) = spman hE) = T = Ez 2%agn) E 2 n(ln % = o §2 < » which diverges
n=. =

o0
1 .
= 22 i diverges.
=
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Section 10.3 The Integral Test 589

o0

(b) a(zn> = % = Z:l 2“a(2n) = ; 2. % = Z (2“;,1 =

n=1

gk

n . .
(55r) ", a geometric series that

n=1

converges if % < lorp>1,butdivergesifp < 1.

4 u=Inx S . -+ 1P . - -
55. @) [ ks [du_%] — Jowrda= tim [E]0 < im () b - dn2) )

b— o0
—— (In 2)~**! 1
= { p-1 (In2)™" p > = the improper integral converges if p > 1 and diverges if p < 1.

oo, p<1
Forp = 1: ;C x(ljr);x = limm [In (In x)]'; = blimw [In (In b) — In (In 2)] = oo, so the improper integral diverges if

p=1.

(b) Since the series and the integral converge or diverge together, > converges if and only if p > 1.
n=2

n(ln n)P

56. (a) p=1 = the series diverges
(b) p=1.01 = the series converges
(©) HZ:% m =1 n;z i 5P =1 = the series diverges

(d) p=3 = the series converges

n+1
57. (a) From Fig. 10.11(a) in the text with f(x) = % and ay = %, we havef1 % dx <1+ % + % +... + %

<1+ [f0dx = W@+ D<I+i4i+. +1<I+hn=0<lh@+D)-ln
< (1—1—%4—%—}—... +%) —Inn< 1. Thereforethesequence{(1—1—%—}—%—1—... —1—%) —lnn} is bounded above by
1 and below by 0.
n+1
(b) FromthegraphinFig. 10.11(b) with f(x) = 1, —=5 <f ldx=In(n+1)—1Inn
— —M@+)—Inn]=(14+34+5+...+75-In+1) - (1+3+5+... +%—Inn).

If we definea, = 1 + % = % + % —Inn,then0 > a,, —a, = ay4 < a, = {a,} is a decreasing sequence of

= 0>

nonnegative terms.

—x? - X Ay — T —x1b _ s -b —1 -
58. e * < e *forx 1,andjl e dx—blgnOO [—e x]1—bllmOo ( +e ) =e! :>f dxconvergesby
the Comparison Test for improper integrals = e =1+ > e converges by the Integral Test.
n=0
59 =5 L= 197531986 [ hdx= tim [xFax= tim [~ = i L+ 5) = 255 and
. (a) slo—nZ::1 =5 =1 P )y e dx= limJ x7dx= lim | =% ”—bimoc(—m+m)—man
1 : S S 21" _ 1 1y _ 1
\/‘IOFdX: hm flxng— hm |:_Ti|10_b1i>m( ?—'—m)—m
197531986 + 55 <'s < 1.97531986 + 200 = 1.20166 < s < 1.20253
(b) g = Z % ~ 120166;1.20253 —_ 1202095’ error S 1.20253;1.20166 = 0.000435
60 =5t L= 1082036583 [ dx= tim [xtdx= tim [~ = Lt 55) = 5 and
. (a) slo—nZ::l =1 | R ll—bimm(—m+m)—man

00 b b
1 dx = i f _4 T x3 1 1 1 |
- dx = lim X" 7dx = lim [——} = lim (—35 + 5 ) = 3555
j:o x4 b oo J10 b o0 3 0 OO( 303 3000) 3000

b—

= 1.082036583 + 5oz < 5 < 1.082036583 + 5o = 1.08229 < s < 1.08237

(b) s = Zl nl_4 ~ 1.08229-5 1.08237 __ 108233, error S 1.08237; 1.08229 __ 0.00004
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590  Chapter 10 Infinite Sequences and Series

10.4 COMPARISON TESTS

[o¢]
1. Compare with > n% which is a convergent p-series, since p = 2 > 1. Both series have nonnegative terms forn 1. For

n 1, wehaven? <n?+30= n% T30 +30 Then by Comparison Test, Z +%o converges.

(o 0]
2. Compare with Y %, which is a convergent p-series, since p = 3 > 1. Both series have nonnegative terms forn 1. For
n=1

oo
4 4 1 1 n n 1 n n—1
n 1,wehaven® <n*+2= e S Bt B, B gl T3 n4 +2 Then by Comparison Test, 2

n=1

converges.

3. Compare with Z \/— which is a divergent p-series, since p = % < 1. Both series have nonnegative terms forn 2. For

[o0)

n 2, we have ﬁ Then by Comparison Test,

4. Compare with Z , which is a divergent p-series, since p = 1 < 1. Both series have nonnegative terms forn 2. For
n=2

o0
—1 n+2 n 1 n+2 g;
== = o Thus Ez o diverges.
=

n 2

[o 0]

5. Compare with ) #, which is a convergent p-series, since p = % > 1. Both series have nonnegative terms forn 1.

[o 0]

. 2
Forn 1,wehave0 <cos’n<1= C‘? r < 3/2 Then by Comparison Test, > €A converges.

n=1

[o 0]
6. Compare with ) 3—1n, which is a convergent geometric series, since |r| = ’%‘ < 1. Both series have nonnegative terms for

n=1
o0

< % Then by Comparison Test, 5 -1 — converges.

n=1

n 1.Forn 1,wehaven-3" 3"=

o0
7. Compare with Z 57 2 The series Z m is a convergent p-series, since p = 5 > 1, and the series n;—g
n=1

n=1 n=1

o0
= \/g > # converges by Theorem 8 part 3. Both series have nonnegative terms forn 1. Forn 1, we have

n=1

n® <n* = 4n® < 4n* = n* + 4n? <n4—|—4n4:5114:>n4—f—4n3 <5n*+20=5(n*+4) = "zj’ff <.

‘(n+4 4 3 4
= nrl(f+4> <5= r?4t-4 < n; = < i% z/z Then by Comparison Test, 21 [':414 converges.

o0

8. Compare with > ﬁ, which is a divergent p-series, since p = % < 1. Both series have nonnegative terms forn 1. For
n lwehave/n 1=2y/n 2=2y/n+1 3=n(2y/n+1) 3n 3=2ny/n-+n
=n>+2ny/n +n n2+3:>% 1:% %:% Loy 61; f

\\//_% ﬁ Then by Comparison Test, Z \/—H dlverges

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Addtmﬂ%eala/ed By J | breel Bornat



Section 10.4 Comparison Tests 591

(o 0]
9. Compare with ) niz, which is a convergent p-series, since p = 2 > 1. Both series have positive terms forn 1. lim &

n—oo - n
— lim TS — fjm D= _ lim 3 —dn _ iy S04 _ 11m % — 1 > 0. Then by Limit Comparison Test,
M B =20~ M en—2 y
o0
Z n—2
P23 converges.
n=1
o0
10. Compare with Wthh is a divergent p-series, since p = 1 < 1. Both series have positive terms forn 1. lim &
2 ba
=1 n—oo -1
n+l 3 5
= lim X “ = lim /%2 = ./ lim %32 = / lim 2! = / lim 2 = /1 = 1 > 0. Then by Limit Comparison
n—oo 1/vV/0 7T 1l n’+2 n—oo 1° 12 nooo 20 n—oo 2 f y P

Test, Z ;‘2112 diverges.
n=1

11. Compare with E , which is a divergent p-series, since p = 1 < 1. Both series have positive terms forn 2. lim &

n—»oob“
n(n+l)
. (n2+l)(n—]) . 4l . 3n2+2n . 6n+2 .6 .. .
= nILn;lo i = nlggo P e e B nlirgo g = HILIEO s = nlinolo ¢ = 1> 0. Then by Limit Comparison
— n(n+1)
Test, > o diverges.
o~ 1 |
12. Compare with ) 5, which is a convergent geometric series, since [r| = ‘5‘ < 1. Both series have positive terms for
n=1
I lim® = lim 58 = lim ;& 4114 = 1 > 0. Then by Limit C ison Test, > o2
n - lim 3 m o = Im = = 7z — 1 > 0. Then by Limit Comparison Test, > 354 converges.
n—o00 n—o0 n—00 n—o0 =1

[o¢]
13. Compare with Z -L_ which is a divergent p-series, since p = 1 < 1. Both series have positive terms forn 1. lim &
\/ﬁ 2 n—oo °on
li lim 3 = lim (3)" Then by Limit C isonTest, > 2 di
= lim = lim 3z = lim (3) = oo. Then imit Comparison Tes iverges.
n—00 1/\[ n—oo " n—oo 4 y P ’ =i Vo £
. s 2 n . . . . . 2 . ..
14. Compare with (g) , which is a convergent geometric series, since [r| = |z| < 1. Both series have positive terms for
n=1
n L lim® = lim &) = lim (0nt15)" = exp lim In(12t15)" = exp lim nin(10nt15)
Cnmeobn T nmeo (25T oo \ 100+ 8 e 10n+8 e 10n+8
—exp lim In(65%) _ exp lim M ex 11m T oy hm T
= exp um no - OXp MM TS = OXp M a1y (on+8) - OXP M T00m2 2300+ 120
140n s 140 _ L7/10 . : 2n+3)n
= exp lim 555 = exp lim 355 = e7/!% > 0. Then by Limit Comparison Test, Zl (2£3)" converges.
=

15. Compare with Z , which is a divergent p-series, since p = 1 < 1. Both series have positive terms forn 2. lim &

n=2 n_>oobn
1 00
= nLr?c 1‘"/‘;1 = n]Lr?O i nan;C ﬁ = nler;Jn = 00. Then by Limit Comparison Test, ﬁ diverges.
n=2
[o 0]
16. Compare with %, which is a convergent p-series, since p = 2 > 1. Both series have positive terms forn 1. lim &
n=1 n—oo On
Cow(es) o wr) . . x 1
= lim =+ = lim ——<— = lim —— = 1 > 0. Then by Limit Comparison Test, ln(l + 7) converges.
n—oo / n—o00 (—n%) n—o00 2 n= n
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592  Chapter 10 Infinite Sequences and Series

17. diverges by the Limit Comparison Test (part 1) when compared with ﬁ , a divergent p-series:

o

B
; _ _ _
nlgnoo ( ) _nharnoc 2f+f n%oo (2+11r1/6) _%

\|“ +“

18. diverges by the Direct Comparison Test sincen +n+n > n+ f +0 = . \[ > =, which is the nth

term of the divergent series Z < or use Limit Comparison Test with b, = H

n=1

19. converges by the Direct Comparison Test; ‘”‘ n <l o= » which is the nth term of a convergent geometric series

t; 1+cosn < 2

20. converges by the Direct Comparison Tes and the p-series > = -3 converges

. . . 2n  __ 2
21. diverges since lim =57 =3 #0

22. converges by the Limit Comparison Test (part 1) with # , the nth term of a convergent p-series:

<n9+1)
nlem (“~ ") :nlem (n+1) =1

o

3/2

n

23. converges by the Limit Comparison Test (part 1) with 1

10n+1
: ("("+])(“+2)> _ 10n°+n  __ 20n+1 __ : 20
nll>moo (L _n1l>moo n2+3n+2 nleoo 2n+3 _nlgnoo 2 = 10

n2

-z » the nth term of a convergent p-series:

24. converges by the Limit Comparison Test (part 1) with -3 , the nth term of a convergent p-series:
5n% —3n 15n% -3

< 5113—3n

n2(n—2) (n2 +5)

1 N 0 N 7 __oSn°—=3n  _ _ 150" =3 __ 30n
 m ( =M s = M set s = im gmg =5

2=

25. converges by the Direct Comparison Test; (5:2)" < (£)" = (3)", the nth term of a convergent geometric series

26. converges by the Limit Comparison Test (part 1) with # , the nth term of a convergent p-series:

. <3/ _ . 2
nll>moo ( 1 _nleoo \/ nlgnoo \/1+n—3_

3+2

1
Inn

27. diverges by the Direct Comparison Test;n > Inn = Inn >Inlnn = % < < and Z L diverges

In(In n) (ln n)

28. converges by the Limit Comparison Test (part 2) when compared with Z -z » a convergent p-series:

n=1
[ (In n)2 }
. 3
lim =

n— oo (

1
. (Inny® __ . 2(In n)(;)
> 7n1l1>’noo n 7nh—I>noo 1

=2 lim mr—=o
n— oo n

2=

29. diverges by the Limit Comparison Test (part 3) with % , the nth term of the divergent harmonic series:

e S RV

nleoo (E) = M nn _nlgnoo 6 nleao
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Section 10.4 Comparison Tests 593

30. converges by the Limit Comparison Test (part 2) with /4 , the nth term of a convergent p-series:

. . 2 . ZInn . . l .
lim 2 = lim &0 = fim () 8 lim mn—g8 [im G 32 lim ; =32-0=0
n— oo 1 n— oo n/ n—oo 1 n—oo nv n—oo 1 n—oo n
nd/4 4n3/‘1> (4113/'1)

31. diverges by the Limit Comparison Test (part 3) with % , the nth term of the divergent harmonic series:

() _

. o . 1 . . _
nlgnoo 6 _thnm l+nlnn_nhﬂmoo (%) _nhﬂmoon_OO
32. diverges by the Integral Test: f GetD gx = fmu du= lim [} uz]b = lim L1 (b>-1n?3)=
. Tx+1 In3 b — oo 2 In3 b — 0o 2

33. converges by the Direct Comparison Test with — n3/2 , the nth term of a convergent p-series: n> — 1 > n for

n 2=nm-1)>n =/n2-1>n? = 3 > \/1)71 or use Limit Comparison Test with
77

34. converges by the Direct Comparison Test with ng% , the nth term of a convergent p-series: n? 4+ 1 > n?

= n’+1>/mn*? = "Zﬁ' >n’? = n;/j ; < =7 or use Limit Comparison Test with —1-

o0

D Z 1 which is the sum of two convergent series:
n=

35.

(o 0] [o0)
> 5 converges by the Direct Comparison Test since n—2n < ﬁ ,and > ;—“1 is a convergent geometric series

n= n=1

36. converges by the Direct Comparison Test: Z ot 22,, = 231 (n%,. + ) and @ + % < % + n% , the sum of
e

the nth terms of a convergent geometric series and a convergent p-series

1

37. converges by the Direct Comparison Test: 7+

< which is the nth term of a convergent geometric series

1
3n 1

38. diverges; lim (3";ln+1) = lim (% +i)=1+#0

n— oo

o0
39. converges by Limit Comparison Test: compare with > (%)n, which is a convergent geometric series with |r| = é <1,
n=1

(3+1 ‘l"> +1 1
: n-+3n _ 3 n _ H _—
nlil;noo (1/5)" _nlgnoo n?+3n _nlil;noo 2n+3 =0

[o0)
40. converges by Limit Comparison Test: compare with (%)n, which is a convergent geometric series with |r| = % <1,
n=1

\oc

B (& lim 812 — jigm ¢
anoo (3/4)" — anoo on 412 T anoo (

S

) S
S _1_1>O.

NIV”

41. diverges by Limit Comparison Test: compare with Z , which is a divergent p-series, leOC ( ;';:1 ) = leOO 2"2: I
1 2'2—1 _ 2" (In2)*
- nlgnoo Pin2 nlgmoo 2 (In2)? =1>0.

42. diverges by the definition of an infinite series: > ln( o) = [ln n—In(n+1)],sx =(In1—1n2)+ (In2 —In3)

n=1

+ ...+ (In(k—=1)—Ink) + (Ink—In(k+ 1)) = —In(k + :) llmoosk:—oo
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43. converges by Comparison Test with > m which converges since ﬁ = > {nll — %},and
n=2 n=2 n=2

sk:(lf%)wL(%*%)Jr...+(ﬁfﬁ)+(klﬁf%)zlf%ékli)mooskzl;forn 2,(n=2)! 1

=nn—-1)(n—-2)! nmn—-1)=n! nn-1)=1L <

o0 1
.. . . . 1 . . . . m+2)
44. converges by Limit Comparison Test: compare with Zl o7» Which is a convergent p-series, gmw 73
n=
T n’(n—1)! T n’ T 2n . q; 2 _
- nll)moc (n+2)(n+n(n—-1)! — nll>moc n24+3n+2 n1i>moo 2n+3 nli>moo 2 1>0

45. diverges by the Limit Comparison Test (part 1) with % , the nth term of the divergent harmonic series:
in 1
(SE‘})") = lim

n x—0

sinx __
= =1

lim
n— oo

46. diverges by the Limit Comparison Test (part 1) with % , the nth term of the divergent harmonic series:

. (ani) . 1 (sinly . 1 ; . .
nli>moo (%) - nll>moo (COS%) (%) - xlgno (cosx) (SmTX) =1-1=1
47. converges by the Direct Comparison Test: “’Ei“ < % and > n% =5 ﬁ is the product of a

convergent p-series and a nonzero constant

00 T 00
48. converges by the Direct Comparison Test: sec™'n < 5 = see n (T and > @ =5 .misthe

product of a convergent p-series and a nonzero constant

49. converges by the Limit Comparison Test (part 1) with % . liﬂmC>C

(%) = nleoo cothn=lim &=
— lim 14e™™
T n—oo l—e™
langn) B
50. converges by the Limit Comparison Test (part 1) with % : _lim <~ = lim_tanhn= lim $=%%
n n— oo (%) n— oo n—oo €e"+e
_ N l—e™™ _
_n1l>oc 14+e 20 — 1
51. diverges by the Limit Comparison Test (part 1) with 1: lim ("Jﬁ> = lim =1
) ges by P p n‘n=o00 (L) T = YT O
52. converges by the Limit Comparison Test (part 1) with &: lim (7%) = lim ﬁ =1
. g y p p n?’ n =00 (Lz) T n—=00 B
53. 1+2+31+... = = (n<n§l>) = n(ni 0y The series converges by the Limit Comparison Test (part 1) with n%
li <"(“2+1>) T n? li n 4_ 9
nl>moo (%) _nl»moc n2+n_ni>moo 2n+1_ni>moo§_ :
1 . . .
54. 5 > +3§ T = W BN =@ +1)6(2n ) < % = the series converges by the Direct Comparison Test
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55. (a) If nli>moo f}—“ = 0, then there exists an integer N such that for all n > N,

n

Bo0f<l= —l<p<l
= a, < by. Thus, if > b, converges, then Y a, converges by the Direct Comparison Test.
(b) If lim_ & = oo, then there exists an integer N such that for alln > N, & > 1 = a, > b,. Thus, if
n— oo bn n
> by diverges, then > a, diverges by the Direct Comparison Test.

[ee]
a, : . a,
56. Yes, ) “ converges by the Direct Comparison Test because T < aj

n=1

57. nlem % = oo = there exists an integer N such that foralln > N, & > 1 = a, > b,. If > a, converges,

then Y b, converges by the Direct Comparison Test

58. > a, converges = nli}moO a, = 0 = there exists an integer N such that foralln > N,0<a, <1 = aﬁ < ay

= 3" a2 converges by the Direct Comparison Test

59. Since a, > 0 and nli}mOo a, = co # 0, by n' term test for divergence, Y a, diverges.

60. Since a, > 0 and nlem (n?-a,) = 0, compare > _a, with Z#, which is a convergent p-series; lim

_ . 2 _ . . .
= lim_(n”-a,) =0 =3 a, converges by Limit Comparison Test

61. Let —oo < q<ooandp > 1.If q = 0, then iz (l‘:l';)q = i n—lp, which is a convergent p-series. If q # 0, compare with
122 L where 1 <1 < p, then L lim :nﬁj = lim_ (l:prl),q, andp—r>0.1fq<0= —q>0and lim_ (1:;1),(]
= lim e = 0.06q > 0, fim B0 = gim ATG) gy 00 g 1 <0 1-q  Oand
Jlim (q;lfrr’));:r = _lim_ m = 0, otherwise, we apply L'Hopital's Rule again. lim migﬁi(%)
= lim_ %. Ifq—2<0=2-q Oand nlem % = lim % = 0; otherwise, we

apply L'Hopital's Rule again. Since q is finite, there is a positive integer k suchthatq —k < 0=k —q 0. Thus, after k

icati Honital' i lim 4@- D@kt D) al@=De(goke D) i imit i
applications of L'Hopital's Rule we obtain _lim FEREE = lim TS 0. Since the limit is

(Inn)?
P

[o¢]
0 in every case, by Limit Comparison Test, the series >
n=1

converges.

(Inn)?

NgE!

62. Let —oo < q< ooandp < 1.Ifq= 0, then ) nflp, which is a divergent p-series. If q > 0, compare with

n=2 o n=2
00 (Inn)d 0o
n;z &, which is a divergent p-series. Then L lim lyip = lim (Inn)? = co. If q < 0 = —q > 0, compare with ‘é I
(Inn)d .
where 0 <p <r< 1. nli}mOC l')‘;, = nlew (1:;1),(1 = nli)mOC az—n;ﬂ since r — p > 0. Apply L'Hopital's to obtain
: (t—ppr! (r—p)n'® —a— : (r—p)nP(nn)*!
rllgmOO Catan (0 — nlem Cann) ™ If-q—1<0=q+1 Oand nleoo =) = 00,
(r=p)’n"! (r—p)’nP

Cata— Dm0~ 0 Toig- oam= 1

_ (=pln g (r—pPnP(nn)d"?
Colca- D — ni ~q=a-D)

apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that —q —k <0 =-q+k 0. Thus, after

( r— p>knr7p _ llm ( r— p)kn"l”(ln n)‘1l+k
(=) (—q—1)---(—q—k+1)(Inn) ™ 7 n—=o00 (-9)(-q—1)-(—q—k+1)

otherwise, we apply L'Hopital's Rule again to obtain _ ILmOC

—q-2<0=q+2 Oand lim_ = 00, otherwise, we

k applications of L'Hopital's Rule we obtain R Ime = o0.
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(Inn)?
nP—T

Since the limit is oo if ¢ > 0 or if ¢ < 0 and p < 1, by Limit comparison test, the series » diverges. Finally if ¢ < 0
n=1

and p = 1 then ) “‘;{,‘)“ = 3 U Compare with 3 L which is a divergent p-series. Forn 3, Inn 1
n=2

n
n=2 n=2

= (nn) 1= O g S 00 giverees by C ison Test. Thus, if — dp<1
o o . ges by Comparison Test. Thus, if —co < q < ocoandp <1,

[ee]
. (Inn)? ..
the series > = diverges.
n=1

63. Converges by Exercise 61 withq = 3 and p = 4.

64. Diverges by Exercise 62 with q = % andp = %

65. Converges by Exercise 61 with ¢ = 1000 and p = 1.001.

66. Diverges by Exercise 62 with q = % and p = 0.99.

67. Converges by Exercise 61 withq = —3 andp = 1.1.
68. Diverges by Exercise 62 withq = —1 and p = 1.

69. Example CAS commands:

Maple:
a:=n-> 1./n"3/sin(n)"2;
s :=k ->sum( a(n), n=1..k ); # (a)]
limit( s(k), k=infinity );
pts := [seq( [k,s(k)], k=1..100 )]: # (b)
plot( pts, style=point, title="#69(b) (Section 10.4)" );
pts := [seq( [k,s(k)], k=1..200 )]: #(c)
plot( pts, style=point, title="#69(c) (Section 10.4)" );
pts = [seq( [k,s(k)], k=1..400 )]: #(d)
plot( pts, style=point, title="#69(d) (Section 10.4)" );
evalf( 355/113);

Mathematica:
Clear[a, n, s, k, p]
a[n_]:=1/(n’ Sin[n]?)
slk_]= Sum[ a[n], {n, 1, k}]
points[p_]:= Table[{k, N[s[k]]}, {k, 1,p}]
points[100]
ListPlot[points[100]]
points[200]
ListPlot[points[200]
points[400]
ListPlot[points[400], PlotRange — All]

To investigate what is happening around k = 355, you could do the following.
N[355/113]
N[m — 355/113]
Sin[355]//N
a[355]//N
N[s[354]]
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NI[s[355]]
NI[s[356]]

70. (a) LetS Z iz which is a convergent p-series. By Example 5 in Section 10.2, > m converges to 1. By Theorem 8,
n=1 n=1

™ 8
23—

s= -3

(N+1)

n n

NgE
ﬁMg

= n(n1+1) +> (# - m) also converges.
n=1

n=1

[ee]

(b) Since Zn Ty converges to 1 (from Example 5 in Section 10.2), S = 1 + 3 (é - M) =1+ Zm
n=1 n=1

(o)

(c) The new series is comparible to %, so it will converge faster because its terms — O faster than the terms of
n=1 n:

1000 1000

(d) The series 1 + Z glves a better approximation. Using Mathematica, 1 + Z

™8

1
n2*
1

AT i = 1644933568, while

1000000
E iz = 1.644933067. Note that = 1.644934067. The error is 4.99 x 1077 compared with 1 x 10~ 6,

10.5 THE RATIO AND ROOT TESTS

n—o0 ",

on+1 [o¢]
1. £ >0foralln 1; lim ( o > = lim (# . ;—"') = lim (-%;) =0 < 1= 32 converges

I

_

=
—~

(n+1)+2
n+2 . 3+l ; n+3 3"\ _ 15 n+3\ _ 1; 1
2. L JH&( niz > o arz) = Jlim (575%) = lim (5) = E

((n1)=1)!
3. 8=U S 0foralln 1; lim (((“£')$])2> = lim ("'(“_12! . (“’:1)2> = lim <w) = lim (M)
n+1 n : —00

7
( ) N—00 o n2+4n+4 N—00 2n+4

— im (x4
= lim (*3) = POy T

o0 nan—1 n—oo \ (+1)-371:3 n—oo 3N +3

e
4. 22> 0foralln  1; lim (””) = lim (G2 ) = lim (525) = lim (3) =3 <1

00
n+1
= > Z converges

n=1

n* grian ; (+1)* g0 ; *+4n> 4 6n> +4n+ 1
5. & >0foralln 1; lim {25 ) = hm( . .n_4): hm(%)

n—oo 4u n—oo

[ee]
— fm(lela 3ty n
= n]l»no]c(4 Foitspt st 4n4) =;<1= 214n converges

3(n+1)+2

6. 22> 0foralln 2 nm<'“;":;> ) = Jim (- ) = dim (E3Reg) = dim () = lim (52)

n—oo Inn n—oo n—oo n—oo

Fl=lp 1w

=lim(3)=3>1= Z " diverges

n—oo

+ D2 (n+1)+2)!
n’(n+2)! -1 w — 1 (n+1)’(n+3)(n+2)! . _ ni3x _ n’+5n°4+7n43
7. == >0foralln L lim Pl = Im (Tarymee  waror) = Im (S onron

*(n+2)!
. (;,;2) converges

8

1 3+ 15n+7\ _ 7; 6n+ 15 6 1
= hm( 2707+ 180 ) = lim (§555%) = lim ( ) =5 <1=

n—oo n—oo

n
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(n+1)50+1
5 L1 DS E R W (n41)5"5 (2n+3)In(n+1)
i (S D-043) @41\ i (10024 250+ 15 (41 _ e (200425 I
= I}L‘g( n2n+s) ln(n+2)) = nl‘g( prewry ) ) nhj}o(ln(nm)) = n]l,r&( i ) l}ggo(m‘)
_ 20 S n42) . 1 _ .
= nlinolc( ) nli%(nil) =5. r}iglo(T) =5.1=5> 1:>Zm leergeS
7 T L A V1 _ 7
9. Gy Oforalln 1 nlirgo T nlggc(mﬁ) =0<1 :>I12::1(2n+5>n converges
10. (3‘::),, Oforalln 1; nlln’olc n (3‘1‘1—")“ — nlggo(3 ) =0<1= Z (3 Gnyr CONverges
4nt3\n Copie of(4na 3\ i (4nd3) . pi (4) _ 4 o (404 3\0 g
11 (££2)" Oforalln  2; Jlim (2£3)" = nll»To(“tS) = JLr&(g) =3:>1= ;(ﬁ) diverges
| n+1 . . 1 n+1 . 1 1+1/n
12. [ln(e2 + H)] Oforalln 1; lim [ln(e2 + H)} = lim [ln(e2 + H)} =In(e?) =2 > 1
00 n+1
= {ln (e + %)} diverges
n=1
8 ) . 8 _ 1 8
13. 7(3+%)2n Oforalln 1; nEIoIl % nlinc;lo< %)2) 7 < 1 érlz::li(%L%)z,, converges
14. [sin(ﬁ)} Oforalln 1; nlgglo sm ﬁ nlggo sin ﬁ) =sin(0) =0< 1 :>nZ:1 [sm(ﬁ)} converges

15. (1 - %)nz Oforalln 1; lim v/ ( lim ( %)n =el<l=> i (1- %)nz converges
n—oo n—>OO n:l

16. L. Oforalln  2; lim ¢/-k = lim (1@1) - nlirgc(%) =0<1=Y L converges

n
n—oo n—o0 n \/H n—2

V2

n+1)

: T N RT [”‘“]_-(nﬂ)ﬁ » g 1\WV2 1y 1

17. converges by the Ratio Test: _lim * = lim W = lim “om— - 25 = lim 1+HY"(3)=3<1
P

. L M e
18. converges by the Ratio Test: lim = = lim (n__) = m o e -z = im

- : C i B L MDD _opn ondl
19. diverges by the Ratio Test: nleOC = nleoo @ = nll)moO ST o] = nleOC — =00

; : ; gl ; ((1‘10:43’) ; (m+1D! 10" : n
20. diverges by the Ratio Test: _lim =t = lim - = lim -~ = _lim % =00

n—o00 & n—oo (fn) n—oo 1O n! n—oo 10
o4 D0
21. converges by the Ratio Test: _lim 2 = ]im ((13‘121 ) = lim_ &XD° .10 _ iy (1+ l)10 (f5) =1 <1
: ges by T T T (§) o o e T My n 10) = 10
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. . . _ N n—2 n _ . -2 n _ _
22. diverges; lim a, = lim (=2) = lim (1+=2)" =e2#£0

23. converges by the Direct Comparison Test: 2(Jlr (2’5;3" = (‘5—‘)n R+(D < (%)H(S) which is the n" term of a convergent

geometric series

24. converges; a geometric series with |r| = [— 2| <1

. . . _ . 3 n_ . -3 n_ -3 ~
25. diverges; lim_a, = lim_ (1—-3)" = lim_ (1+3}) =e?~005#0

()

n— oo

n
26. diverges; lim a, = lim_ (1- %)n = lim (1 + ) =e 3 =072+#0

Inn

27. converges by the Direct Comparison Test: =3 < 5 = n% forn 2, the n'" term of a convergent p-series.

1
= lim_ 10— Jim ;) =0<1
n—oo n n—oo 1

of nme ((In n)")‘f'“
n" n-— 0o (n")l n

28. converges by the nth-Root Test: leOO Van = li)mOo

29. diverges by the Direct Comparison Test: % - 1l=131y % (%) for n > 2 or by the Limit Comparison Test (part 1)

: 1
with ne

30. converges by the nth-Root Test: nlem Va, = nlem y (

=R

31. diverges by the Direct Comparison Test: an > % forn 3

32. converges by the Ratio Test: lim ~* = lim wtlinintl), nlﬁ"(n) =1<1
33. converges by the Ratio Test: lim = = lim u rnzl(?;!r 3 . o 1‘)‘(!11 5 =0<1
34. converges by the Ratio Test: lim ™ = lim _ (";111)3 =11
35. converges by the Ratio Test: _lim__ aa—:‘ = ,lim_ 3!(12[3:;?;,,“ - (3“!1!33;! = lim 3;’“141) =1<1
36. converges by the Ratio Test: lim = = 1lim (“21212251“1;2)' . nz“?;'il)! = lim (1) (5) (23) =3<1
37. converges by the Ratio Test: lim = = lim ((2";;13))!! e Jim o Sy =0 < 1
38. converges by the Ratio Test: lim ™ = lim _ (é":% SO = Jlim (29)" = Jlim (n:ll)n
= lim_ (Hl%)n =11
39. converges by the Root Test: nli)mOO \f/aTn = nli’mOO v (ln“n),, = nli)mOo % = n&mm ﬁ =0<1
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. 1 n — 1 n n — 1 % — nanr_;lc \"/H —
40. converges by the Root Test: lim  y/a, = lim T = L im Vinn = Jim Vi 0<1

(slimg ¥ =1)

41. converges by the Direct Comparison Test: n?}ilf;)! = @ +li‘)?n = < mm H’;(n 5 = o +1)1(n 5 < %
which is the nth-term of a convergent p-series
42. diverges by the Ratio Test: lim ~* = lim ﬁ 2 ,lim (ni—zl); (3)=2>1
43. converges by the Ratio Test: nlgnOo a;—“ = nlLrnOC % . % = nILmOO % = nllmw 4&2212—6‘}11'2 = % <1
44. converges by the Ratio Test: _lim  “ = lim (n +3?,>+(12r21+3) en f;)fz?, 5 = o lim %Eig : §j§§i;‘§§i§§212

_ 1 w45 . g 26" 442" 433" 46| _ 1.2 _ 2
= plim, [2n+3] o AL {3~6“+9~3"+2»2"+6:| =l-3=35<I

1 +sinn
45. converges by the Ratio Test: _lim 2t = [im e 0<1
n—o00 4 n— oo an
<l+lan ln)an .
46. converges by the Ratio Test: IlleOO “;—“ = imw = R imm “"“% = 0 since the numerator
approaches 1 + 5 while the denominator tends to oo
47. diverges by the Ratio Test: _lim 2 = lim Gis)an _ lim 2=1-=3>1
’ g y ‘n=00 a4  n-—o00 ap T n—oo 2n+5 " 2

_n_

48, diverges: vt = a0 = ana = (727) (5 ) = ana = (527) () (223 )

= a1 = (72) (54) (2=3) - (3) & = an1 = 785 = ay41 = 7= . which is a constant times the

general term of the diverging harmonic series

2
2\, .
49. converges by the Ratio Test: _lim_ 2 = im <“> = lim %2=0<1
n— oo an n— oo an n—oo n
. . a . (4) & . {l/ﬁ 1
50. converges by the Ratio Test: lim = = lim = lim =3 <1
n—o0 & n— 0o ap n—oo n 2
(l+lnn) .,
51. converges by the Ratio Test: _lim % = lim 22" = Jjm 40— |im l=-0<1
n — oo an n— oo an n — oo n n—oo n

52. “nil'l‘o" >0anda; = § = a, >0;Inn>10forn>¢! = n+Inn>n+10 = "nil'f()“ > 1

= apny] = a, > ap; thus a, | > a, % = nlem a, # 0, so the series diverges by the nth-Term Test

n+lnn
n+ 10

53. diverges by the nth-Term Test: a; = }, a, = \Z/I, ag = (| \z/g = \"’/I, ag =4

a, = { % = lim_ a, = I because {{/g} is a subsequence of {\/;} whose limit is 1 by Table 8.1
n— oo 3
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54. converges by the Direct Comparison Test: a; = 1, ay = (%)2,33 = ((%)2)3 = (%)6, a, = ((%)6)4 = (%)24,...

! A . .
= a, = (%)n < (%)n which is the nth-term of a convergent geometric series

. .1 a1 Mo+ D@+ D! e 2+ D@+ 1)

55. converges by the Ratio Test: nILmOO = nleoc i) Sntnl = nILmOO RSN

_ : n+1 _ 1

_n1i>moo n+1 2 <1

: : . : Al 13 (3n +3)! _nl(@m+ Dl +2)!
56. diverges by the Ratio Test: nleoo = nlgmOO eSS CE) Gl

o Gn+3)HB+2G@u+1D _ 3n+2) (3n41) _ —

= lim, e ey =l limg 3(557) (355) =3-3-3=27> 1

1 . 1 n = 1 of @Y 1 nl __
57. diverges by the Root Test: nlgnOO Wa, = lim = lim % =o0c0>1

n — 00 (m? ~ n—o00 n

58. converges by the Root Test: _lim_ ¢ @ — lim (“?Z = lim 2= lim (%) (3)(3)..- (2=1)(n
n = 0o n n=oo0 \ (n") n=—o00 n n—oo \n/ \n/ \n n n

n"

< lim i=0<1
n—oo n

. : n _ : n/ 0" __ n o__
59. converges by the Root Test: nleoo Wa, = nlgnOO = nhmoO o = nhmOC s = 0<1
: oo o — i A TR
60. diverges by the Root Test: nILmOO Wa, = nleoo @y = nILmOO 1=00>1
: .l Al i L3e@n-D@n4 D) 4r2tnl g m+1 1
61. converges by the Ratio Test:  lim =% = lim —— =g T 3 n 1) — L im @Goasn — 1< 1
. L. 13--@n-1  _ 1234--Qn—DEn) _ (2n)!
62. converges by the Ratio Test: a, = Ta @D = @A D) @) D)
. (2n + 2)! C@m)’@E 4 g @n+1)2n+2)(3" + 1)
= nll>moo 20t (n + DI (30 + 1) (2n)! - nll>moo 22(n+ 12 (3" + 1)
T dn®+6n+2) 1+3™ _ 1_1
= im (4n2+8n+4) Gz = l3=3<1
. . . Ayl 1 P . n P_ qp .
63. Ratio: lim ™% = lim gog-T = lim_(747)" =1°=1 = no conclusion
. . N _ . n L _ . 1 _ L _ .
Root: lim y/a, = lim /5 = lim WP = aF = I = no conclusion
64. Rati li At li 1 (In n)? Ii Inn b li (%) ’ li n+1 P
- Ratio: fm =" = UM Ggror 1 [nl»moo 1n(n+1)} = oM )| — (anoo )

= (1)) =1 = no conclusion

. : n — 1 nf_ 1 _ 1 . _ 1 _ Indnn)
Root: nleoo Va, = 111i>m00 Ty = ( — n)l/n)p : let f(n) = (In n)!/", then In f(n) = ndnn)

1
S lim_ Infm) = lim 200 = o @) o om0 5 Jim (nn)'
n — oo n— oo n n— oo n—oo nlnn n— oo
— i Inf(n) _ L0 _ 1. ; n _ 1 _ 1 _ ;
nll)rnOO e e 1; therefore nll)mOO W a, (nlLHolo I /n)p Ty 1 = no conclusion
. > . . . m+1) 2 1
65. a, < 21 for every n and the series ) 21 converges by the Ratio Test since nleoo i m =3 < 1

n=1

= > a, converges by the Direct Comparison Test

n=1
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n2 M 2420+ 1 n+ n n
66. Zn—, >O0foralln 1; lim <(“2+T§)> = lim (2—21 . 2%) = lim (22 1) = lim (ﬂ) — lim (%)

n—00 nooo \ (nF1)-n! n—oo 01 n—oo

o 2
=o00> 1= 2 diverges
n=1

10.6 ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE

1. converges by the Alternating Convergence Test since: u, = ﬁ >O0foralln 1;n 1=n+1 n=+n+1 \/H

1 1 . . 1
< — < Un: — I
= iy = Upt1 < Uy, nlLr&un n]l)rgo\/H 0

(o 0] [o0)
2. converges absolutely = converges by the Alternating Convergence Test since > |a,| = > n?,% which is a

n=1 n=1

convergent p-series

3. converges = converges by Alternating Series Test since: u, = n%" >O0foralln 1;n 1=n+1 n=3"" 30

= (n+1)3"! n3"= W < L= upg <uy nlirlolcun = nli_}lgoﬁ =0.
4. converges = converges by Alternating Series Test since: u, = (ln4n)2 >0foralln 2;n 2=n+4+1 n
=In(n+1) Inn= (In(n+1))*> (Inn)* = (1n(nl+1))2 < <1n1n)2 = (]n(n‘:_mz < (1n4n)2 = Uy < Up;
Jfimn = Jim, g =0,
5. converges = converges by Alternating Series Test since: u, = ;%4 > Oforalln  1;n 1= 2n>+2n n’+n+1

=n’+2n+2n n’+n*+n+1=n(n’+2n+2) n3—|—n2+n—|—1$n((n—|—l)2+1) M+ 1)n+1)
=0.

n n+1 < -0 _ : n
imu, = Ilim ———
= P (141 = Up+1 S Ups nﬂocun ST

. . . . . 2 . 2 .
6. diverges = diverges by n'" Term Test for Divergence since: lim %2 = 1= lim (-1 nl 43 — does not exist
ges by & n2+4 nZ+4
n—oo n—oo

7. diverges = diverges by n" Term Test for Divergence since: lim %; =o00= lim (71)rl+1 %Z = does not exist
n—oo n—oo
00 [e¢] 0
8. converges absolutely = converges by the Absolute Convergence Test since ) |a,| = > ﬁ, which converges by the
n=1 n=1
: : : antl o 10 __
Ratio Test, since nll»rgo = nlirlgo 3 = 0<1

9. diverges by the nth-Term Test since forn > 10 = > 1 = lim_ ()" #0 = > (=D (&)" diverges
n=1

1

10. converges by the Alternating Series Test because f(x) = In x is an increasing function of x = =~

is decreasing

. : 1
= U, Uy forn 1;alsou, Oforn landnleoom—O

11. converges by the Alternating Series Test since f(x) = me = f'(x) = 1—)(# < 0Owhenx >e = f(x)is decreasing

1
Inn __ . (H>
n _n1l>moo 1

=0

= U, Uyrq;alsou, Oforn landnlgmOO u, = nlgnOO
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12. converges by the Alternating Series Test since f(x) = In (1 +x71) = f'(x) = < 0forx >0 = f(x)isdecreasing

X(X+ 1)

= U, Upypsalsouy, Oforn  land lim u, = lim_1In (1+1)=1In (nlem (1+ %)) =Inl=0

13. converges by the Alternating Series Test since f(x) = Vit = f'x) = 5 \[X = i‘l/; < 0 = f(x) is decreasing

x+1
. - — qim Vol
= u, U,;;alsou, Oforn landnlgnOO Uy —nleOO o =0

3\/n+71: 1 3 ]+%:3¢0

14. diverges by the nth-Term Test since ILmOO /ol —all, ( %[ )

o0 oo
. n . .
15. converges absolutely since Y- |a,| = > (f;)" a convergent geometric series

n=1 n=1

(—1)™10.1)"
n

= (101)“11 < (%)n which is the nth term

16. converges absolutely by the Direct Comparison Test since ‘

of a convergent geometric series

NgE
‘H

17. converges conditionally since ﬁ > \/n— >0and lim 7 =0 = convergence; but Z lag| =

n=1 n

072
1

is a divergent p-series

.. . 1 1
18. converges conditionally since T > T Tt > 0and lim

n— oo

1 .
v i 0 = convergence; but

00

Sl =3

1 1 1 . _ .
Fey W andnz_:1 77 is a divergent p-series

19. converges absolutely since Zl lag| = Zl oy and i < < which is the nth-term of a converging p-series
n= n=
20. diverges by the nth-Term Test since _lim ;‘—' =00
n— oo

21. converges conditionally since - L

1 . _
3 > mrnis > Oand lim m 0 =- convergence; but Z |an|

n=1

1

o0
_ 1
=) 5 diverges because +

n=1

1
- and Z is a divergent series

S .
22. converges absolutely because the series ) | e

n=1

| converges by the Direct Comparison Test since |

sinn| < 1
2 | > 2

+n __
+n717é0

23. diverges by the nth-Term Test since ILmOO 2

n+1 n . .
24. converges absolutely by the Direct Comparison Test since (ni)s: = nz++51“ <2 (%)n which is the nth term
of a convergent geometric series
25. converges conditionally since f(x) = L + 1 = f'(x) = — (3 + &) <0 = f(x) is decreasing and hence

oo o0
: 1 1\ . _ 14+n
u, > u,,; > 0forn landnhﬂmOO (? + ﬁ) =0 = convergence; but El la,| = 1 i
= -
o0

(o)
=3 é +> % is the sum of a convergent and divergent series, and hence diverges
n=1

n=1
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26. diverges by the nth-Term Test since _lim_ a, = lim_ 10'/" =1#0
n— oo n— oo

2
27. converges absolutely by the Ratio Test: nlem (“1":) = lim [%

n— oo

28. converges conditionally since f(x) = L = f(x)=— 0w+l g = f(x) is decreasing

In x (x In x)2

= u,>u,,; >0forn 2and nILm = 0 = convergence; but by the Integral Test,

nlnn

00 b 1
f2 S :bli)mOO , (1(112) dx = limOO [ln(lnx)];’:bli)moo [In(Inb) — In(In 2)] = o

[o¢] [o0)
= > |ag| = Z —L diverges
n=1 n=1

oo _ 29 b
29. converges absolutely by the Integral Test since fl (tan~! x) (ﬁ) dx = lim [(tan; x) }
1

= tim [~ b - a0 =3 [~ ()] = %

— 00

In x = f’(X) _ (%)(xflnx)*(lnx)(l,%)

x—Inx (x —In x)2

30. converges conditionally since f(x) =

— 1,(1‘17)‘>7mx+(m) _ 1-Inx
- (x —In x)? T (x—Inx)?

()

P ()

Inn
n—Inn

<0 = u, uyr;>0whenn>eand lim
n— oo

=0 => convergence;butn —Inn<n = —— >1 = o0 5 Loy

n—Inn n n—Inn

(o 0]

> |an] = Z Inn_ diverges by the Direct Comparison Test

n—Inn

n=1 n=1

31. diverges by the nth-Term Test since lim - T =1#0

o0 o0
. n. . .
32. converges absolutely since Y |a,| = Y (1) is a convergent geometric series

n=1 n=1

: . . Unsp | aoo™' - nr 100
33. converges absolutely by the Ratio Test: nhmm ( o ) nll>moo orDr ooy = nleDO i =0<1

(o @] [o0)
34. converges absolutely by the Direct Comparison Test since Y [a| = Y. 577 and -7 < ¢ Which is the
1

n=1 n=

nth-term of a convergent p-series

[o0) (e ¢] (e @]
35. converges absolutely since Y |ay| = > Z is a convergent p-series

n=1 n=1

& > no. . . .
36. converges conditionally since ) | <07 = 3~ % is the convergent alternating harmonic series, but
n=1 n=1

Mg

(o)
|lan| = Z L diverges

Il
-

n;

1/n
. : n _ 1 (n+D" _ i n —_
37. converges absolutely by the Root Test: _lim  v/[a,| = lim ( By ) lim " =1<1
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; . ; Al | ((n+ DY’ L@ (n+1)° 1
38. converges absolutely by the Ratio Test: nlimOO - nILmoo G nlgnOO G D — 4 < 1
. . . li @n! . (n+1)(n+2)---(2n)
39. diverges by the nth-Term Test since lim _ lan| = Llim oot = lim e
— T M+ 1Dn+2)--(n+(n—1)) ; ntl _
Ainhy%o on-1 >.nhy%o ( 2 ) = #:0
n+1
40. converges absolutely by the Ratio Test: lim || = lim o+ 1();51“:3;!)! S (i?:,gl,? !
_ m+1D?*3 3
=M sy =1 <1
.. . \/n+ \f Vn+l+y/n 1 { 1 }
41. converges conditionally since Tt e = VAT \[ and worsEey-S Rk
decreasing sequence of positive terms which converges to 0 = Z \/FJr 7 converges; but
o0 oo
dolanl = >0 ﬁ diverges by the Limit Comparison Test (part 1) with \}— a divergent p-series:
n=1 n=1
1
Vatleva | g W 1 _1
nlgnoo ( ﬁ )nlimoc atltyn n—>oo 1+l 2

42. diverges by the nth-Term Test since lim (\/ n?+n-— n) = lim (\/ n’?+n-— n) ( \/:z%::)
4

= lim ——— = lim L 0
n— 0o n2+n+n n — 0o 1+1+1
n

43. diverges by the nth-Term Test since lim (\/n—l—\/_— \/ﬁ) =, lim [(\/n—i—\/__ \/—) < niii?)]

- lim " i 1 1
n L /ot o++/n a2, 1+ﬁ+1 27&0

DO

.o . 1 . . .. .
44. converges conditionally since {7\/ﬁ+ \/m} is a decreasing sequence of positive terms converging to 0

1
(=" . : (ﬁ+¢nTl) _ - 1 _1
= Z \/-+\/—converges,butn1l>moo <%> nli>oo NN n_>oo ok

so that Z o \/— diverges by the Limit Comparison Test with Z 7 which is a divergent p-series

45. converges absolutely by the Direct Comparison Test since sech (n) = ﬁ = ez%i: ;< g—?: = e% which is the

nth term of a convergent geometric series

2

ehl_e—n

46. converges absolutely by the Limit Comparison Test (part 1): > |a,| = >

n=1 n=1

Apply the Limit Comparison Test with L, the n-th term of a convergent geometric series:

e"’

2
. — . n .
lim dem ) = |im 2 = lim —25=2
n 00 o n—oo € —¢ n— oo l—e

47. i — % + % — % + % — ﬁ 4+ ...= n; ;(_nl)fll); converges by Alternating Series Test since: u, = m >O0foralln 1;
n+2 n+l1=20n+2) 2n+1)= 2«“11)“) < 2(n+1> = Upyg < Up; nlirglcun = hm 2(n1+1) =0.
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48. 141 -4t Lp L4 L4 = 3 a, converges by the Absolute Convergence Test since > [a,| = >
n=1 n=1 n=1
which is a convergent p-series
49. lerror| < [(=1D% (£)] =0.2 50. error| < |(=1)° ()| =
51. |error| < ’(—1)6 OO — 2 % 1071 52. lerror| < [(-=D*t'| =t < 1

53. Jerror| < 0.001 = u,y; < 0.001 = <0.001 = (n+1)> 43> 1000 = n > —1 + /997 ~ 30.5753 =n 31

1
(n+1)*+3

998+/9982 + 4(998)
2

54. |error| < 0.001 = u,yy < 0.001 = - <0.001 = (n+ 1> +1>1000(n+1) = n >

~998.9999 = n 999

(n+ )

55. |error| < 0.001 = upy; < 0.001 = : < 0.001 = ( ) + 3v/n + 1) > 1000

.

(n+1)+3v/n+1)
2

:(\/n+1) F3/n+1-10>0=/n+ 1=-32H0 9 n_354 4

56. lerror| < 0.001 = upyy < 0.001 = s < 0.001 = In(In(n + 3)) > 1000 = n > —3 + ¢ & 5.297 x 107232847
which is the maximum arbitrary-precision number represented by Mathematica on the particular computer solving this
problem..

57. g < = @ > 18 =200000 = n 5= 1-L+4— L+ & ~054030

8. L< = Waont=n 9= 1-1+4 -4+ L -4+ -4+ 1 ~0367881944
59. (@) a, ang fails smce% <3
(b) Since Z = > [(H)"+ (1) = Z H"+ Z( )" is the sum of two absolutely convergent
n=1 n=1 n=1

series, we can rearrange the terms of the original series to find its sum:

Gegrdr)-Grdrtrn) = -y —4-1--

O [—=

60. sy0=1—3+1 -2+ + & — 55 ~ 06687714032 = sy + 1 - 57 ~ 0.692580927

ESTS

61. The unused terms are Z (=D = (=)™ (agy) — @nya) + (=D (@3 — 8pa) + - -

j=n+1
= (="' [(as1 — @ny2) + (8ns3 — @nya) + ... ]. Each grouped term is positive, so the remainder

has the same sign as (—1)**', which is the sign of the first unused term.

_kj-)

) which are the first 2n terms

onlled

n
_ 1 1 1
62. So=17ta3t3st-- n(n+1) Zk(k-H) kz_:l(

—(-D+G-DHG-D+E-D e+ (-
of the first series, hence the two series are the same. Yes, for

=2 G-e)=0-3)+G-)+GE-D+G-D+ +GE-D+G-77) =11
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= lim_s,= lim (1 —57) =1 = both series converge to 1. The sum of the first 2n + 1 terms of the first
series is (1 — —5) + =5 = L. Their sumis lim s, = lim_ (1-+45) =1L

o0 (o 0] (o 0] o0
63. Theorem 16 states that > |a,| converges = > a, converges. But this is equivalent to )  a, diverges = ) |a,| diverges

n=1 n=1 n=1 n=1

64. |ag +as + ... +ay| < |aj| + |ag] + ... + |ay| for all n; then ) |a,| converges = > a, converges and these imply that
n=1

n=1 =

65. (a) > |an + by| converges by the Direct Comparison Test since |a, + by| < |ay| + |bs| and hence
n=1

[o¢]

>~ (an + by) converges absolutely

n=1

(b) > |by| converges = > —b, converges absolutely; since Y a, converges absolutely and
n=1 n=1 n=1
> —b, converges absolutely, we have > [a, + (—byp)] = > (an, — by) converges absolutely by part (a)
n=1 n=1 n=1

(c) > |an| converges = |k| > |an| = >_|kan| converges = > ka, converges absolutely
n=1

n=1 n=1 n=1

CIfay=by = (~1)" L then Y (1) L but 3 agby = 3 L di
66. If a =D" 7. enn;( )" ~J; converges, un;a n; L diverges
67. 81:—%,82:—%_‘_1:%’
_ 1 1111 1 1 1 1 1 1.
ss=—3+l—7—6¢-§— 1141618 w m~ 0509,

S4 = 83 + % ~ —0.1766,

S = S5 + % ~ —0.312,

- _ 4+ 1 _1_ 1 _ 1 _ 1 _ 1 1 1 _ 1 _
§7 =956 726 " 28 T 50 52 54 56 38 60 62 64 66 0.51106

0.4
0.2
2 4 6 8
-0.2 *
L
-0.4
o - . y =1/2

N;—1

> |an|—M’<§

n=1

68. (a) Since ) |a,| converges, say to M, for € > O there is an integer N; such that

N;—1 N;—1 00 00 00
S 1> = | X Janl + 0 Ja] | [ <5 & [ lal[<§ & > || <§. Also, ) a,
n=1 n=1 n=N, n=N; n=N;

converges to L. < for € > 0 there is an integer N2 (which we can choose greater than or equal to N;) such
[o 0]
that |sn, — L| < §. Therefore, > |a,| < §and |sy, —L| < §.
n=N,
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(b) The series Y . |a,| converges absolutely, say to M. Thus, there exists Ny such that

n=1

whenever k > N;. Now all of the terms in the sequence {|b,|} appear in {|a,|}. Sum together all of the

k
) |an|—M’<e

n=1

terms in {|b,|}, in order, until you include all of the terms {|a,|} "

> [on] M

and let Ny be the largest index in the

n=1’

sum Z |ba| so obtained. Then
n=1

< easwell = Z\bn| converges to M.
n=1

10.7 POWER SERIES

—1 < x < 1; when x = —1 we have ) (—1)", a divergent

n=1

1. lim
n— oo

Un+1
up

<1 = lim
n — 0o

o0
series; when x = 1 we have > 1, a divergent series

n=1
(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c) there are no values for which the series converges conditionally

. . n+1
2. lim [ft <1 = lim (’Ex“f;)n <1l = |x+ 5| <1 = —6 <x < —4; whenx = —6 we have
(—1) a divergent series; when x = —4 we have 1, a divergent series
g g
n=1 n=1

(a) the radius is 1; the interval of convergence is —6 < x < —4
(b) the interval of absolute convergence is —6 < x < —4
(c) there are no values for which the series converges conditionally

(dx+ D!
@x+ 1y

l-ln—H

<l = [4x+1<l = -1<4x+1<1 é—l<x<0;whenx:—lwe

3. lim 3

n— oo

<1 = _lim
n — 0o

have Z (=D (=D = i (=D = Z 1", a divergent series; when x = 0 we have Z =Dy (D" = Z (=",
n=1

n=1 n=1 n=1
a divergent series
(a) the radius is }1; the interval of convergence is — % <x<0
(b) the interval of absolute convergence is — % <x<0

(c) there are no values for which the series converges conditionally

(3X _ 2)n+l
n+t1 (3x 2

4 lim u"“
" n— 00

<1 = lim
n— oo

<1 = [3x =2 lim_ (2

)<l = 3x—-2|<1

= —-1<3x-2<1 = % <x < I;whenx = % we have Z % which is the alternating harmonic series and is

n=1

o0
conditionally convergent; when x = 1 we have ) % , the divergent harmonic series

n=1

(a) the radius is %; the interval of convergence is % <x<1

(b) the interval of absolute convergence is % <x<1

(c) the series converges conditionally at x = %

50 lim_ | <1 = dim |2 % <1 = Bl = x-2/<10 = —10<x—-2< 10
n — oo — 00 (x— 2) 10
= —8 < x < 12; when x = —8 we have Z (—1)", a divergent series; when x = 12 we have Zl, a divergent series
n=1 n=1

(a) the radius is 10; the interval of convergence is —8 < x < 12
(b) the interval of absolute convergence is —8 < x < 12
(c) there are no values for which the series converges conditionally
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@x)™!
@x"

6. lim |=

n— oo

<1l = lim
n— oo

<l = lim [2x[<1 = [2x[<1 = — 3 <x < §;whenx = — 1 wehave
n— oo

o0

(e @]
> (—1)", adivergent series; when x = 3 we have ) 1, a divergent series
n=1 n= 1

(a) the radius i 1s ; the interval of convergence is— 3 < X < 5
(b) the interval of absolute convergence is — 5 <x < 5

(c) there are no values for which the series converges conditionally

. Uni1 . (n+ Dx™! (4 2) (n+ D +2)
7. Jdim | <1 = lim (RS- S50 <D= x[ lim ) eSS <1 = x[ <
= —1 < x < 1;whenx = —1 we have Z (=" 7, adivergent series by the nth-term Test; when x = 1 we

n=1

[e¢]
have ) 1, a divergent series

n=1
(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c) there are no values for which the series converges conditionally

G+
n+l X T x+2r

8. _lim |22 <1 = o lim

n— oo

<l = [x+2] lim (7)) <1 = x+2[<1

Up

n+l

= —1<x+2<1 = -3 <x<—1;whenx = -3 we have Z , a divergent series; when x = —1 we have

n=1
0

—n .
> (T) a convergent series

n=1
(a) the radius is 1; the interval of convergence is —3 < x < —1
(b) the interval of absolute convergence is —3 < x < —1

(c) the series converges conditionally at x = —1
. un+l . xn+1 . n\/—3 u n
9. lim_ <l lim | <1 = B (i 2) (o limg ) <1

= I’;—‘ (O <1 = |x] <3 = —3 <x < 3;whenx = —3 we have Z (;3—1/; an absolutely convergent series;
n=1

when x = 3 we have Z 3/2, a convergent p-series
n=1

(a) the radius is 3; the interval of convergence is —3 < x <3
(b) the interval of absolute convergence is —3 < x <3
(c) there are no values for which the series converges conditionally

- Unel : =™ /m
10. lim  [%t) <1 = lim_ T & 1)n<1:>|x—1| hmOO .

= —1<x—-1<1 = 0<x<2;whenx =0 we have Z 1/, , a conditionally convergent series; when x = 2

n=1

<1 = |x—1<1

Up

we have Z 1 5, a divergent series

(a) the radius is 1; the interval of convergence is 0 < x < 2
(b) the interval of absolute convergence is 0 < x < 2
(c) the series converges conditionally at x = 0

n+1

un+l X .
(n+1)! X“

<1 = lim

n— oo

11. lim
n— oo

<1 = x| lim_ (755) < 1forall x

(a) the radlus is oo; the series converges for all x
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610  Chapter 10 Infinite Sequences and Series

(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

Uny 3n+l xn+1

<1 = lim |57 cal <l = 30x|  lim (il)<1f0rallx

n

12. lim
n — 0o

Up

(a) the radius is co; the series converges for all x
(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

: un+1 : 4nly2nt2 2 1 dn \ _ 442 2 1
13, lim <1l = lim |[%25w| <1 = %2 lim ((F) =47 <1=x><;
o0
1 1. _ 1 4n 0 1\ 1 : e _ 1
= —5 <x < 3;whenx = —3 we have § ;(75) => -, a divergent p-series; when x = 5 we have

n=1 n=I
N 4\
Zl )7 = 21 1 adivergent p-series
n= n=

(a) the radius is !; the interval of convergence is —% <x <

=

(b) the interval of absolute convergence is —% <X < %

(c) there are no values for which the series converges conditionally

un+l

. . =Dt p230 _ n2 _ 1y
14, lim_ <1= lim [ OS] <1 = 1|nll>moo(3(n+l)2)—3|x <1

o0 n o0
= —2 < X < 4; when x = —2 we have 2(73) = Z(
n=1 n=1

—1n .
T3 n2) , an absolutely convergent series; when x = 4 we have

n2 3
n=1 n

(a) the radius is 3; the interval of convergence is —2 < x < 4

L., an absolutely convergent series.
n

NgE

(b) the interval of absolute convergence is —2 < x < 4
(c) there are no values for which the series converges conditionally

: un+l x"1 \/n +3 n2+3
15, lim <1 = lim_ \/(n+l)2+3 o | <1 = x4/, im s <1 = [x[<1
= —1 <x < 1;whenx = —1 we have Z \};}% , a conditionally convergent series; when x = 1 we have
—1 >
o0
3. —L—, adivergent series
n*+3

n=1
(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1

(c) the series converges conditionally at x = —1
; Ups) x! vni+3 n?+3
16. lim |5 <1 = lim \/(n+l)2+3 | <1 = x4/, im s <1 = [x[ <1

= —1 <x < 1;whenx = —1 we have Z \/T a divergent series; when x = 1 we have Z \};21% ,

n=1 n=1

a conditionally convergent series

(a) the radius is 1; the interval of convergenceis —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1

(c) the series converges conditionally at x = 1
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l-ln-H

17. lim

: (m+ Dx+3)"! 5 IX+3] s +1 x+3]
<1 = hm ST -n(x+%)n<1:>—hm (n )<1:>?<1

= [x+3]<5 = -5<x4+3<5=> -8<x<2; Whenx—78wehavez "( % — S (—1)"n, a divergent

n=1 n=1
o0 n o0
series; when x = 2 we have Y “Si,, = > n, adivergent series
n=1 n=1
a) the radius is 5; the interval of convergence is —8 < x < 2
g
(b) the interval of absolute convergence is —8 < x < 2
(c) there are no values for which the series converges conditionally
: un | : (n+ Dx"*! 4" m24+1) x| (+1D(%+1)
18. lim S| <1 = WM @y e | <1 = 7,00 sy | <1 = X[ <4
= —4 < x < 4; when x = —4 we have 21 ';(211)1“ , a conditionally convergent series; when x = 4 we have 21 T
n= n=

a divergent series

(a) the radius is 4; the interval of convergence is —4 < x < 4
(b) the interval of absolute convergence is —4 < x < 4

(c) the series converges conditionally at x = —4

<t =B /am () <1 = Bar = x<3
n— oo n

oo
= —3 < x < 3; when x = —3 we have Z (—1)"\/5, a divergent series; when x = 3 we have ) \/ﬁ, a divergent series
n=1 n=1

. /o4 [x!
<l= nleoo 30+l : ﬁx"

19. lim
n— oo

Un+i
Up

(a) the radius is 3; the interval of convergence is —3 < x < 3
(b) the interval of absolute convergence is —3 < x < 3
(c) there are no values for which the series converges conditionally

20 tim [ <1 = tim [SAEEST cqo px | lim (Do) <1
= |2x + 5| (‘ﬁx\é%> <1l =]2x+5|<1 = —-1<2x+5<1 = -3 <x< —2;whenx = —3 we have

o0 o0
Zl (-1 \"/ﬁ, a divergent series since . leoo \’/ﬁ = 1; when x = —2 we have ) \'/ﬁ, a divergent series
=

n=1
(a) the radius is %; the interval of convergence is —3 < x < —2
(b) the interval of absolute convergence is —3 < x < —2
(c) there are no values for which the series converges conditionally

21. First, rewrite the seriesas > (2 + (=D")(x+ D™ ' =S 2(x+ )" + 3 (=1)"(x + 1)™". For the series
n=1

n=1 n=1

un+l

S 2(x+ 1) Llim

<1 = lim ’2<+;zl‘,‘<lé|x+l|n&mm 1 =|x+1]< 1= -2 < x < 0; For the

= n—o0o |2(x+1)"
seﬁesZ(—l)“(x+1)“_l'n1Lmoo il <1 = lim [SUO) 1 lim_ 1=[x+1]<1

n=1

= —2 < x <0;whenx = —2 wehave }_ (2+ (—1)“)(—1)"_1, a divergent series; when x = 0 we have
n=1
> (24 (=1)"), a divergent series

n=1

(a) the radius is 1; the interval of convergence is —2 < x < 0

(b) the interval of absolute convergence is —2 < x < 0

(c) there are no values for which the series converges conditionally
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. (71)n+]32n+2(x _ 2)n+1 3n B
22. nleoo lCESD) T 2| lim lim n+l =9x—-2| <1
n22n
= % <x< Y whenx = 197 we have Zl (Gt Vi 1) 3 ( é)n = Z: ﬁ, a divergent series; when x = 199 we have
> 1)n32n sl (=1
Z (3)" =3 S, a conditionally convergent series.

= n=1

(a) the radius is L. the interval of convergence s <«x< 19

(b) the interval of absolute convergence is 17 < x < £

(c) the series converges conditionally at x = %

Un+1

23. lim
n— oo

<1l = lim
n — 0o

(1+%) Xt lim (1+%>

= —1 <x < 1;whenx = —1 we have }_ (—1)" (1 + %)n, a divergent series by the nth-Term Test since

n=1

n+1Xn m 1)
(a) e <1:>IXI<M><1:>X|(§)<1:>|X|<1

lim (1+ %)n = e # 0; when x = 1 we have ; (1+ %)n, a divergent series

(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c) there are no values for which the series converges conditionally

(1)
()

= —1 <x < 1; when x = —1 we have Z (—1)" In n, a divergent series by the nth-Term Test since hrn Inn # 0;

n=1

In (n + Dx"*!
X" Inn

24, lim u"“ <1l = lim
n— oo n— oo

<1 = [|x| lim_ () <1 = xI<1

<1l = [x| lim_

[o¢]
when x = 1 we have ) In n, a divergent series

n=1
(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c) there are no values for which the series converges conditionally

(n+ 1)n+lxn+1
nnxn

un+l

25. lim
n— oo

<1 = lim
n— oo

<1 = |x (nlem (1+ %)n) (nimm (n+ 1)) <1
= e|x| nleoo (n+1) <1 = only x = 0 satisfies this inequality
(a) the radius is O; the series converges only for x = 0

(b) the series converges absolutely only for x = 0
(c) there are no values for which the series converges conditionally

(n+ D! (x —4)"*!
n!(x —4)n

uﬂ+l

26. lim
n—oo

<1 =  lim_ <1l = |x—4 Llim_(n+41) <1 = only x = 4 satisfies this inequality
(a) the radlus is 0; the series converges only for x = 4
(b) the series converges absolutely only for x = 4

(c) there are no values for which the series converges conditionally

2 him () <1 = B2

2 n=o00

<1 = |

p . (x+2)"*! n2"

Un+i
Un

0 n+1
= —2<x+2<2 = —4<x<0;when x = —4 we have Z_Tl,adivergentseries;whenx:Owehave Z%,

n=1 n=1
the alternating harmonic series which converges conditionally
(a) the radius is 2; the interval of convergence is —4 < x <0
(b) the interval of absolute convergence is —4 < x < 0
(c) the series converges conditionally at x = 0
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(72)n+](n+2)(x _ 1)n+]
(=2)"(n+ DHx— D"

l-ln-H

28. lim
n— oo

<1 = lim <1l =2x-1] lim (M) <1 =2x-1]<1
n— oo n — 0o +1

n

o0
= |X71‘<% = ,%<X,1<% = %<X<%;Whenx:%WehaveZ(n+1),adivergentseries;whenx:%

n=1
o0
we have ) (—1)"(n + 1), a divergent series
n=1
(a) the radius i 1s 5; the interval of convergence 1s 5 <X <
(b) the interval of absolute convergence is 5 <x < 5
(c) there are no values for which the series converges conditionally
29. lim |52 <1 =  lim X - ) LI [P x| (,lim ) (,lim o )" <1
' n—= o0 =00 |(+1)(In(n+1))> n—oo n+tl) \n=Soo Inn+1D)

0o\ 2
= [x|(1) { lim (’1‘) <1 = x| ( lim ot <1 = x| <1 = —1 <x<1;whenx = —1 we have
n=o0 () n=oo n

Tl which converges

n(ln n)? n(l

> D% which converges absolutely; when x = 1 we have Z

(a) the radius is 1; the interval of convergence is —1 < x <1
(b) the interval of absolute convergence is —1 < x <1
(c) there are no values for which the series converges conditionally

Un+1

30. lim

. X! nln(n) n In (n)
<l = lm |ecomes - S <1 =[x (nlgmoo n+1) (nleoo 1(—+1)) <l

Up

= [x|[(D(1) <1 = |x] <1 = —1<x<1;whenx =—1 we have Z a convergent alternating series;

nlnn’

when x = 1 we have Z —— which diverges by Exercise 38, Section 9.3
n=2

(a) the radius is 1; the interval of convergenceis —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c) the series converges conditionally at x = —1

31, i 1 li Gx—S5P? ol 1 4x — 5)2 (i n VP 4x —5)2 < 1
-y <l = ,um, (+ D¥Z " @x =5 <l = @x=5 (anoo n+l) <l = @x-5"<

Un+i
Un

= 4x-5/<1 = -1<4x-5<1= 1<x<%;whenx:1wehavez (7n1§/2;+1 =
n=1

n=1

n_s/lz which is

2

1
we have Z ¢ ) , a convergent p-series

n=1

(a) the radius is %; the interval of convergence is 1 < x < %

absolutely convergent; when x =

(b) the interval of absolute convergence is 1 < x < %

(c) there are no values for which the series converges conditionally

: u, : Gx+D"2  2n42 : 2042
32 lim % <1 o= lim o |S  ge| < 1= [3x hmoo (23 <1 = 3x+1|<1
= -1 <3x+1<1 = -3 < x < 0;whenx = — % We have Z +1 , a conditionally convergent series;

(1)n+l
2n+1

when x = 0 we have >

n=1

(a) the radius is %; the interval of convergence is — % <x<0

_ 1 . .
= Zl anoT » @ divergent series
b

(b) the interval of absolute convergence is — % <x<0

(c) the series converges conditionally at x = — %
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Xt 246

Un+1 .
2:4.6---(2n)(2(n+ 1)) X"

33. lim
n— oo

. (2n) .
<1=  lim_ <l = [x| lim_ (2n+2)<1forallx

(a) the radlus is 00; the series converges for all x
(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

35720+ D2+ 1)+ Hx"2 n22"

(2n+3)n?
(n 4 1)%20+1 357(2n + Dxi T EYAETY

2(n+1)2) <1 = only

un+l

34, lim
n— oo

<1l=  lim_ <1:>|x\n1me(
x=0 satlsfles this inequality

(a) the radius is O; the series converges only for x = 0

(b) the series converges absolutely only for x = 0

(c) there are no values for which the series converges conditionally

35. For the series > %x“,recall 142+ ---4+n= w and 12422+ -4 n2 = w so that we can
n=1

3xn+! o (n+1)
(2(n+1)+1) 3xn

00 n(n+1) 0 .
rewrite the series as <MM)X“ =3 (557)x" then lim | == <1
n=1

<1= lim ‘
n— oo

(2n+1
2n+ 3)

= [x| lim_ ‘ ‘ <l=x|<l=-1<x<Il;whenx=—1 Wehavez (327)(—1)", a conditionally

convergent series; when x = 1 we have Z (

n=1

(a) the radius is 1; the interval of convergenceis —1 < x < 1

5> )» a divergent series.

(b) the interval of absolute convergence is —1 < x < 1
(c) the series converges conditionally at x = — 1

e _ 2\ _ _ WVntl-Vn Vnti+yn 1
36. Forthesenesnz:I (\/nJr n)(x 3)", note that \/n+ 1 — \/n = ] T \/m+\/ﬁsothatwe

(x— 3)“+‘ V1 +\/—

n+2+ (x=3)"

can rewrite the series as Z \/—+ 7 ; then Ime

mw

=[x — 3| lim
— 00 n+2+

-<I=[x=3|<1=2<x<4 Whenx_2wehavez\/— \/_aconditionally

. ] . .
convergent series; when x = 4 we have > | —————+, a divergent series;
b r; n+1+\/;9 b

(a) the radius is 1; the interval of convergence is 2 < x < 4
(b) the interval of absolute convergence is 2 < x < 4
(c) the series converges conditionally at x = 2

. Uy . 1)xnt! 3.6.9.

37, lim | < 1= lim | e - 2o lim |20 <1 M cis K <3R=3
. uﬁ (2:46--2n)(2(n+1))*x™" (2583 -1))’ (2n+2)° 4[x|

38. lim, |5 <1=lim ’(2-5'8.'-(31171)(3( TD-D)  (246-(n)x n o ’(3n+2)2 g <1

é|X|<Z:>R:—

((n+ D! 2"<2n>
20+1(2(n+1))! (n)

(n+1)

: Unt1 —_—
39. n 1l>moo u, 2(2n+2)(2n+1

< 1= lim
n— 0o

< 1= x| lim_ ‘ ‘<1:>‘X‘<1:>|x|<8:>R—8

2
40. lm _ /uy <1= lim v (n_';])nx“<1$|X|nli>rnoC (nil)n<1:>|x|e’1<1:>|X|<e:>R:e
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41. lim_ (%2 <1 = lim_ |32 <1 = x| lim 3<1 = [x| <! = -l <x<liatx=—1 wehave
n—o00 | U n — 0o 3hx n = 0o 3 3 3 3
530 (—1)" = 3°(=1)", which di catx = L wehave 337 (1)" = S°1, which di The series 3 37 x®
2%3 (—3) = z%(, )", which diverges; at x = 3 we ave2)3 (3) = 2% , which diverges. eser1es2%3 X
n= n= n= n= n=

[o 0]
= > (3x)" is a convergent geometric series when —§ < x < 1 and the sum is 5.

n=0
2. lim ") <1= lim [Eo90 <l=le*—4] lim l<l=|e*—4/<l=>3<e*<5=mh3<x<n5;
n—o0 | U n—oo | (ex—4) n— 0o
atx = In3 wehave }° (e"3 —4)" = 3°(—1)", which diverges; at x = In5 we have 3 (e™® —4)" = "1, which
n=0 n=0 n=0 n=0

[o¢]
diverges. The series Y (e* — 4)" is a convergent geometric series when In3 < x < In5 and the sum is m = ﬁ

n=0

: Uns ; (x— D2 4" =1 2
43. nll)moo u—: <1l = nleoo T'(X—I)Z“ <l = TnleOO |1|<1 = (X—l) <4 = |X—l|<2

oo n o o) . .
= -2<x—-1<2 = —-1<x<3;atx=—1wehave ) (742“)2 = > % = 1, which diverges; at x = 3
n=0 n=0 n=0

X o X < . . . : 3
we have > %17 => i—n = > 1, adivergent series; the interval of convergence is —1 < x < 3; the series
n=0 n=0 n=0

4n 2
n=0 n=0
1 1 _ 4 _ 4
17(,‘,1)2 [47(%1)2} T 4—-x242x—1 T 342x—x2

X - X 2\". . . .
3 G-DF > (("‘ ') ) is a convergent geometric series when —1 < x < 3 and the sum is

Unig
Up

2n+2 n 2 .
D Il <t = S dim (1] <1 = G+ 1)2<9 = [x+1]<3

44. lim <1 = lim
n— oo n— 0o

= -3<x+1<3 = —4<x<2;whenx =—4wehave ) (_93“)2“ = > 1 which diverges; at x = 2 we have
n=0 n=0

o0 o0
> %i,, = > 1 which also diverges; the interval of convergence is —4 < x < 2; the series
n=0

n=0
>, x4+ D™ >, n2\". . . .
YT =2 ((%) ) is a convergent geometric series when —4 < x < 2 and the sum is
n=0 n=0
1 _ 1 _ 9 - _ 9
27 T9-x+D2] T 9—xF—2x—1 " 8-2x—x%

1_(x-§l) [9 <9+1>}

im | T [Vt N _ _ _

45. lim | <1:>n1gn00’ - (ﬁfz),,<1;»y\[ 2|<2 = —2</x-2<2 = 0</x<4

= 0 < x < 16; when x = 0 we have ) (—1)", a divergent series; when x = 16 we have >_ (1)", a divergent
n=0 n=0

00 n
. . . . x—2 . . .
SEries, the interval of convergence 18 0<x< 16, the series g <\[2 ) 1S a Convergent geometrlc series when
n=0

0 < x < 16 and its sum is 17<E> = (@) _ 4_2\/;

n+1
46. 1lim_ (%1 <1 = lim [WY70 1 = jnx|<1 = —1<Inx<1 = ¢! <x<e whenx=c'orewe
n—oo | U n—oo | (nx)
o0 o0 o0
1 1 n n M 1 . 1 M -1 . n __ 1
obtain the series ZO 1" and ZO (—1)" which both diverge; the interval of convergence ise™ < x < e; ZO (Inx)" = 1=~
n=| n=| n=|

whene ! <x<e
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47. lim &)
n— oo

<l =

Un+1
Up

o Jim 1] <1 = Sl s P2

1
<1 = lim_ ’(xQ;I)” ()"

= x| < V2 = —V/2<x<+/2;atx = + /2 we have >~ (I)™ which diverges; the interval of convergence is

n=0

o0 n
—\/5 <x < \/5; the series ("23—“) is a convergent geometric series when —\/5 <x < \/5 and its sum is
n=0

(x2 _ 1)n+] on

Un+1 P R
o+l E+"

48'nleOO \/§<X<\/§;Whenx::|: 3 we

<1l = lim
n— oo

o] n
have 2% 1", a divergent series; the interval of convergence is ,\/3 <x < \/§ ; the series Z% ("22’ 1) isa
n= n=

convergent geometric series when f\/g <x< \/g and its sum is . (i?q) = (2(1_,1)> = 3_2—)(2

2

o)

. (x— 3)n+l on
49 n ll)moo on+l1 ( 3)n

<l = x-3<2=1<x<5 whenx—lwehavez ()™ which diverges;

n=1

when x = 5 we have ) (—1)" which also diverges; the interval of convergence is 1 < x < 5; the sum of this

n=1

x=3
2

convergent geometric series is ﬁ = % Iffx)=1-— (X -3)+ %(X =32 +... + (— —) x=3)"+

K =—3+3x=3)+...+ (- —) n(x — 3)"~! 4 ... is convergent when 1 < x < 5, and diverges

When x = 1 or 5. The sum for f'(x) i is ¢ the derivative of %

l)f) s

50. IHf) =1— L (x—3)+ Lx =32+ ... + (- 1) "x =3+ [t dx
:x—@—i—(xg) +.o+ (=) (x;j)lw + ... Atletheserieszn+1 diverges; atx = 5

e n . . .
the series Z (;212 converges. Therefore the interval of convergence is 1 < x < 5 and the sum is

2In|x — 1|+ @B —1n4), smcef —7dx=21In|x — 1] + C, where C = 3 — In 4 when x = 3.

51. (a) leferentlate the series for sin x to getcos x = 1 — —, Ssi, Sy 99", — 1{’1‘!10 +...
=1- 5 + 2 ﬂ . SN Tl 1(1)0, + ... . The series converges for all values of x since
. X2n+2 (2“) 2 1 o
nleoo 2n+2)! - n =X g}moo (m) = 0 < 1 fOr all X.
3¢3 5 -J QXQ llxll X X XT X X11
(b) sin2x =2x — B 4 22Xy 2xd 2wl 4 ox - 8¢ 320 18 S 2048xT
(¢) 2sinxcosx=2[0-D+©O-0+1-Dx+(0-F+1-0+0-1)x*+(0-0—-1-5+0-0—1- 3i)

+(0-F+1-0-0-2-0-540-1)x*+(0-04+1-L40-0+3-L4+0-0+1-24)x°

+(0'54—1-04—0-%—1—0-%4—0-l—l—O-%-l—O-l)xG—i—...]—Z[X—‘gi,-i-lé—x—...}
343 55 7 99 1111
=2x - 23)'("’_2__27_)'( 29' i
52. (@) 4(e )—l—i—%’,‘—i—z". +4Af, +55i!+... :1+X+§+§+§+... = e*; thus the derivative of e* is e* itself

(b) fe dx=e"+C=x+7% : 4 3—3 + 2—4 + ’5‘, + ... 4+ C, which is the general antiderivative of e*

x3 4 5

(©) eX—l—x—|—2,—§+%—§—|—...;ef*-e*:l-l—l—(l-l—l-l)x—k( s — 114 - 1) x?

>

P g e ) (g = Lt g g = e )
(-t b+ AL L+ L L D)X+ =1 4+04+0+0+0+0+...

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Add(mﬂ%eala/ed By J | breel Bornat



Section 10.8 Taylor and Maclaurin Series 617

53. (a) 1n\secx|+C:ftanxdx:f<x+ +—+%+g§—§5+ )dx

X xtx8 17, 31x1 e _ X xt K8 I 31X
2—}—12—}—45—1—25204—14,175—1—...—|—C,x70:>Cf0:>ln\secx|f2—1—12—1—454—2520—4-14,175—1—...,

converges when — 7 < x < §

(b) sec?x = 400 — d( +E X 1371"5 + 8= ) 2"44— ¢ 4 @2¢ 1 .., converges
when — 5 <x < §
(c) sec?x = (sec x)(sec x) = ( %—1—52— i D4 )(1 "2—2 +67]2’B+ )
1 6 5 .5 . 6l
=1+ G+)+(Grita) (o tatatm Tt
=144 B 00, _Toxcl

54. (a) ln\secx+tanx|+C:fsecxdx:f(l—}—x;—{—%—i—%—i—...)dx

3 5 7 9
:x+%+§—4+%—i‘0+722775’;6+... +C;x=0 = C=0 = In|sec x + tan x|

:x+%+§—z+%+%g’;6+ , converges when — 7 < x < %

(b) secx tanx = 4N = 4 (1+ Ry ):x+5?"3+%’§+217()7()’§7+...,converges
when — 5 <x < §

©) (secx)(tanx)z( +E 4R ey )( +§+21—X5+‘37f57+...)
_ 1,1 5 7 401 405 4 61,7 _ 5% 4 6lx5 | 277xT
—X+(§+§)X +(E+g+§)x +(m+ﬁ+ﬁ+ﬁ)x +..o =X+ + 55+ Joos -
—5<x<3

55. (a) Iff(x) = Zan“thenf )(x) =Y n(n— 1)(n —2)---(n — (k — 1)) a,x"* and £ (0) = k!ay
n=0 n=k

®) . .. ..
= a = % ; likewise if f(x) = Z b,x", then by = fl kfo) = ax = by for every nonnegative integer k
n=0

(b) Iff(x) = > a,x" = 0 for all x, then f ®)(x) =0forall x = from part (a) that ay = O for every nonnegative integer k
=0

10.8 TAYLOR AND MACLAURIN SERIES

1. f(x) = e, f'(x) = 2%, f/(x) = 4e>*, f"(x) = 8e**; f(0) = 2O =1, f'(0) = 2, f"(0) = 4, {”(0) = 8 = Py(x) = 1,
Pi(x) =1 +2x, Po(x) = 1 + x4+ 2x2, P3(x) = 1 + x + 2x% + ;—‘x3

2. f(x) = sinx, f'(x) = cosx, f""(x) = —sinx, f”’(x) = —cosx; f(0) = sin0 = 0, '(0) = 1, f”(0) = 0, f”(0) = —
= Py(x) =0, P1(x) = X, Py(X) = X, P3(x) = x — %XS

3. f)=Inx,f'x)=1,"x)=-5.,"x)=3:f(1)=In1=0,f'(1) = L,f'(1) = -1, (1) =2 = Py(x) =
Pix)=x—1),Pox)=x—D—-x—DAPsx)=x—-D—ix—-1D?+ix-1°

4. fx) =In(1 +x), f'(x) =

s = 0L = =1+ 073 7(x) = 21 + 0% f(0) = In 1 =0,

f(0) = L = 1,£7(0) = —(1) 2 = =1, £(0) = 2(1)® = 2 = Py(x) = 0, Py(x) = x, Pa(x) = x — £, P3(x) = x — & + &
5. (0 =L=x1 ) =—x2f'x)=2x3%"x)=-6xLf2)=1,FQ)=-1 Q) =11"x=-3

= Py = 1 Pl(x)—é——(x 2, Patx) = Lo lx—2) 4+ -2

Ps(x) =1 —1(x—2) 4+ §(x =2 — = (x—2)°
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618  Chapter 10 Infinite Sequences and Series

6. f(x) =(x+2)Lf'x)=—-x+272%fx) =2x+2)7%"(x) = —6(x +2)4 f(O) @' =1.1'0)=—-@2)7?
=10 =20 =1 "0 =62 = -} = P =1, P =5 -5, P =1 -+ %,

2 3

Psx)=3—-3+%— %

7. f(x) = sin x, {'(x) = cos x, f’(x) = —sin x, f”/(x) = — cos X;f(%) =sin § = 4, f’ (%) =cos j = # ,
P1(2) = —sin T = — Y2 f7(3) = —cos T = — L2 = Py= Y2 Py(x)= L2 4 V2 (x—1I),
P = G+ (= §) = 8 (- D) R0 = (- ) - - ) - - )]

8. f(x) = tan x, f’(x) = sec? x, f”(x) = 2sec? x tan x, f”(x) = 2sec* x + 4sec? x tan® x; f (%) = tan
( ) sec (—) =2 f”(—) = 2sec? ( )tan ( ) =4 f”’( ) = 2sec’ (%) + 4sec? (%) tanZ(%) 16 = Py(x) =1,
Px)=1+2(x—%).Pax)=1+2(x—5)+2(x— %) Psx)=1+2(x—%)+2 T

9. f(x) = /X =x"2f'(x) = () x V2, () = (- 1) x P2 7"(x) = (3) x % f4) = V4 =2,
4= (3412 =1"@= (-4 =-L "= ()47 =% = P =2PIx) =2+ 1 (x—4),

Pyx) =2+ ;(x =4 — g x4 P30 =2+ 1 x—4) - H x4+ 55 x4

10. fx) =1 —0Y2 ') =-11 =2 "x) = -1 (1 =072 {"(x) = —3(1 =072 £(0) = (D2 = 1,
flO)=—3(M) 2 =-1 f0)=— ()32 =—1.{"0) = -3 (1) = —% = Py(x) =1,
PIX)=1-3xPx)=1—-3x— x4 Ps(x)=1—1x—§x?— %3

11 fx) =e ™, f'(x) = —e ™, f'(x) = e ™, {"(x) = —e ¥ = ... f¥(x) = (—=1)*e ™ f(0) = @ =1, f(0) = —1,
') =1, f(0) = —1,... ,fO0) = (-D= e*=1—-x+ x> = I3+ -

12. f(x) = xe*, f'(x) = xe¥ +e*, f/(x) = xe* + 2¢*, f”(x) = xe* +3e* = ... fM(x) = xe* + ke*; f(0) = (0)e® =0,
f(0) =1L, f"0) =2, f"0) =3, ... fY0) =k= x+x*+ 3 +... =% 2

n=0

13 fx) =(14+%" = fx) = (1 +072(x) = 2(1 + )73, £ (x) = =311 + )~ = ... f¥(x)
= (=DK1 + )75 £0) = 1, £(0) = —1, £(0) = 2, £(0) = —3!, ... ,£®(0) = (—1)*k!

> 1-x+x2-xX+... =Y (—x)=Y (-1)x"
n=0
14, f(x) = 22 = fi(x) = (l_x)z,f”(x) 6(1 —%)73, £7(x) = 18(1 — )% = ... f¥(x) = 3(k!)(1 — x)*'; f(0) = 2,
£(0) = 3, £7(0) = 6, " (0) = L LENO0) =3k = 24 3x 432 33 + .. =2+ 3 3x"
n=1
15 S Z ( 1)n 2n+1 N S_ 3 o i (—1)"(3)()2"“ o i (_1)n32n+lx2n+] o 3 . ﬂ + E .
. sinx = Cnr1)! 1 5X = b T CnrD)! X =7 31
)2t (=" 2n+1 0 12t 3 5
16. smx—z(gzﬂ), = sin § = Z (%Erl)), -2 %:%_%M—’_zéy"—.“

2 4 6 . . . .
17. 7cos(—x) =T cosx =7 Z ((2131)’,‘ =7 7i + l — % + ..., since the cosine is an even function
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Section 10.8 Taylor and Maclaurin Series 619

00 00

_ (=D _ (D@ Smx? Srixt 579x8

18. cosx=3_ (2n)! :SCOSWX_SZ% 2n)! =Sty e e
n=

19. coshx:e‘;ex:%[(1+x2+§+§+§+...)+(1—x+;—f—*—',+%—...)}=1+§—f+3—f+g—f+...

S
[
= (2n)!

20. sinhx:e‘f*:%[(1+x+g—f+g—f+3—’§+...)—(1_x+;—j—"—'!+*—,—...)} —x+ S

2n+l

Z @+

21, f(x) =x* —2x —=5x +4 = f'(x) =4x> — 6x2 — 5, f"(x) = 12x2 — 12x, " (x) = 24x — 12, f#(x) = 24
= fMW(x)=0ifn 5;f(0) =4, f'(0)=—5,f"(0) =0, f”0) = —12, f{?(©0) =24, f™(©0) =0ifn 5
:>x4—2x3—5x+4:4—5x— x3—|—24x4—x4 2x3 — 5x + 4

2. f(x) = 25 = f'(x) = 25 f(x) = i 700 = m = f(x) = g‘l,,f(O) =0, f'(0) =0, {"(0) = 2,

£7(0) = 76f (O) (7)n!ifn 2 =2xX-x3+xt-% +...:Z(71)X

23. fx) =x> —2x+4 = f'x) =3x2 -2, f'x) =6x, f"(x) =6 = fMW(x)=0ifn 4;f2) =8, f'(2)=
£7(2) = 12, £(2) = 6, {M2) = 0ifn 4 = x* —2x+4 =8+ 10(x —2) + 2 (x =2 + & (x — 2)°
— 84 10(x — 2) + 6(x — 2)> + (x — 2}

24 fx) =23+ x2 +3x — 8 = f/(x) = 6x% +2x + 3, f"(x) = 12x + 2, f"(x) = 12 = fW(x) = 0ifn 4;f(1) = —2,
(1) = 11, £(1) = 14, f”’(l)— 12,fW(1)=0ifn 4 = 2x3+x2+3x—8
= 24+ G- D+ B -1+ 2x— 1P = 24+ 11(x— D)+ 7(x — D? +2(x — 1)?

25. fx) = x* +x2 4+ 1 = f'(x) = 4x% + 2x, f"(x) = 12x2 + 2, f"(x) = 24x, ¥ (x) = 24, f{™W(x) = 0ifn 5;
f(—2) = 21, f'(=2) = —36, f(— 2) =50, f""(=2) = —48, f*(=2) = 24, fW(=2) = 0ifn 5 = x*+x>+1
=21-36(x+2)+ 3 (x+2)? = P x+2)° + 3} (x +2)' =21 — 36(x +2) + 25(x + 2)* — 8(x + 2)° + (x + 2)*

26. f(x) =3x° —x* +2x3 +x2 -2 = f'(x) = 15x* — 4x3 + 6x% + 2x, f(x) = 60x® — 12x%> + 12x + 2,
£7(x) = 180x2 — 24x + 12, f®(x) = 360x — 24, f®)(x) = 360, f{™M(x) = 0ifn 6;f(—1) = —7,
f'(—1) =23, f"(—1) = =82, f""(—1) = 216, f*)(— 1) = 384, fO)(—1) = 360, f{™W(—=1) = 0ifn 6
= 3 —x 2+ —2=-T+2x+ D -2+ 1D+ 30 x+1° - B+ D4+ x4+ 1)°
=—T7+23x+1)—41x+1)?+36(x+ 1) — 16(x + D* +3x + 1)5

27. f(x) =x2 = f'(x) = —2x 3, f"(x) = 3!1x 4L, f"(x) = —4!x % = fOx) = (=D)"n+ D!Ix "2
f() =1,f'(1) = =2, (1) = 3L, (1) = 4L, (D) = (- D"+ D! = %
=1-2x—D+3x—-1?—4x—-1P>+... = Z D"+ D(x — 1"

n=0

28. f(x) = ) =31 — %)~ "(x) = 12(1 = %)%, () = 60(1 =00 = fW(x) = 252 (1 —x)";

£(0) = 1,f’(0):3, £7(0) = 12, ”(0) = 60, ... , f™(0) = @2 — =1+3x+6x2+ 105> + ...

(1*X)3

) SLE= LN

n=0
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620  Chapter 10 Infinite Sequences and Series

29. f(x) =e* = f'(x) =" f'(x) =e* = fM(x)=¢e*;f(2) =2 f'2) =e?, ... {M(2) = ¢?
= @ =4 -+ =2+ = o = S (x -2
n=0

30. f(x) =2* = f'(x) =2*In 2, f"(x) = 2*(In 2)%, f”(x) = 2*(In 2)* = f(x) = 2*(In2)"; f(1) = 2, f'(1) = 2 In 2,
£7(1) = 2(In 2)2, £(1) = 2(In 2)3, ... , £™(1) = 2(In 2)"

= 20X =24 (21 2)(x — 1) 4 202 ()2 p 20DT (3= 3 A2l

n!
n=0

31. f(x) = cos(2x+ 7). f'(x) = =2sin(2x + 7), {"(x) = —4cos(2x + ), f”(x) = 8sin(2x
(

@(x) = os(2x+ 1), fO(x) = —2%sin(2x + §), . .;f(3) = -1, (%) =0, {” g) ’"(g) =0,fW(5) =24,
5><%> =0, FO(5) = ()27 = eos(2xt5) = 1 42( - 5) =3 (- 9"+
=35 22"( 5"

32, f(0) = Vx+ L =x+ 1) 870 = —Lx+ 1) 70 = 3(x + 1) W (%) = ——g(x+ )R
f(0) = 1,f'(0) = 3, £7(0) = =4, £7(0) = 3, fW0) = -1, ... = Vx+ 1T =1+ Ix — §x2 4+ £x* — gx* + ...

33. The Maclaurin series generated by cosx is %in which converges on (—o0, co) and the Maclaurin series generated
n=0 ’

by 12— is 2> x" which converges on (—1, 1). Thus the Maclaurin series generated by f(x) = cosx — 12— is given by
n=0
D — 23 x"=—1—2x — 3x? — .... which converges on the intersection of (—oo, c0) and (—1, 1), so the
n=0
interval of convergence is (—1, 1).
34. The Maclaurin series generated by e* is Z ; Which converges on (—o0, 00). The Maclaurin series generated by
n=0

f(x) = (1 —x+x?)e*isgivenby (1 —x+x?) 3 & =1+ 12 + x3.... which converges on (—o0, 00).
n=0

35. The Maclaurin series generated by sin X is Z 2n-+1

(2 ), X which converges on (—o0, 00) and the Maclaurin series

generated by In(1 + x) is Z 'x" which converges on (—1, 1). Thus the Maclaurin series genereated by

n
n=1

f(x) = sinx - In(1 + x) is given by <Z (2<n+>:)1x2“+1> <Z ﬁx“) =x? — 3x* + ¢x* — ... which converges on
n=0

the intersection of (—oo, 00) and (—1, 1), so the interval of convergence is (—1, 1).

(=D" _2n+1
[TENR

o0
36. The Maclaurin series generated by sinx is ) which converges on (—o0, 00). The Maclaurin series
n=0

00 n 2 0 n ) n
genereated by f(x) = x sin? x is given by x (Z <2(;1r>])! XZI‘“) =x (Z ﬁxznﬂ) (Z (2(nJ1r)1)'X2n+1>
n=0 n=0 ’ n=0 '

= x> — 1x° + &x’ + ... which converges on (—c0, 00).

37. Ife":z (a)(x a)" and f(x) = e*, we have f{™(a) = e* foralln =0, 1, 2, 3, .

= e =¢? [(x&a)(’ + ("T!a)l + (x;!a)Z + ] =e? [1 +(x—a)+ (x;a)z + ] atx =a
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38.

39.

40.

41.

42.

43.

44.

45.

46.

Section 10.9 Convergence of Taylor Series 621

fx) =e* = fM(x)=e*foralln = f™(l)=eforalln=0,]1,2,.

S —etex— D4+ Ex-D2+Ex—-1P 4. =¢ 1+(x—1)+%+%+...

a)+f”ﬂ(x a)? 4+ L@ (a)( —aP+... = f'x)
PO3x —a? +... = "(x) = {"(a) + " (2)(x

f(x) = f(a) + f'(a)(x —
= f'(a) + f"(a)(x — a) +

—a)+ D@4 3x —ap +

= f(x) = f"() + f<“+1>(a)(x @)+ U0 (x —a)? +
= f(a) =f(a) +0,f'(a) =f'(a) + 0, .. (a) =f™(@)+0
E(x) = f(x) —by — by(x —a) — ba(x — a)2 —bg(x —a)® — ... —by(x — a)"
= 0 =E(a) = f(a) — by = by = f(a); from condition (b),
lim f(x) — f(a) — by (x —a) — ba(x —a)? —bs(x —a)’ — ... — by(x —a)" -0
X —a (x—a)y
. f/(x) — by — 2ba(x —a) — 3bg(x —a)> —... —nby(x —a)" !
= thna n(x —a)-! =0

f(x) —2by —3!bs(x —a) —... —n(n — Dby(x —a)* 2 __ 0
n(n— 1)(x —a)"2 -

= b =1'(a) = Jim

o o ()= 3tbs— ... —n(n— Hn—2by(x—a)" 3 _
= by=31"a) = Jim, uf(n—l)(:fm(xfa)ﬂ Y= =0
=by= 4@ = Jim TS —0 = b, = L) (); therefore,
g(x) = f@) + f'(a)(x —a) + 2@ (x —a)? +. @( )" = P,(x)

f(x) = In(cos x) = f'(x) = —tan x and f"(x) = —sec? x; f(0) = 0, f'(0) = 0, f"(0) = —1 = L(x) = 0 and Q(x) = — ’g

f(x) = "X = f'(x) = (cos x)e*"* and f"(x) = (— sin x)e*"* + (cos x)%e*™*; f(0) = 1, f'(0) = 1, f"(0) = 1
LX) =1+xandQx) =1+x+7%

2)—1/2

f(x) = (1 = £'(x) =x (1 —x2) 7 and £"(x) = (1 — x2) " +3x2 (1 — x2) /%, £(0) =

f0)=1 = Lx) =landQx) = 1 + &

1, £'(0) = 0,

f(x) = cosh x = f'(x) = sinh x and f”(x) = cosh x; f(0) = 1, f'(0) = 0,f"(0) =1 = Lx)=1and Qx) =1+ %2

f(x) =sinx = f'(x) = cos x and f’(x) = —sin x; f(0) = 0, f'(0) = 1, f"(0) = 0 = L(x) = x and Q(x) = x

f(x) =tanx = f'(x) =sec’x and f’(x) = 2 sec’x tan x; f(0) = 0, f'(0) = I, f" = 0 = L(x) = x and Q(x) = X

10.9 CONVERGENCE OF TAYLOR SERIES

53x3

0 —1)n5nxn
=X =

Il
NgE
2t

o2
S =1+x+5+... = e =1+ (=50+ S 4 =1 -5+ 2 8
! ! ! =
X X > x" —x/2 —Xx (_%)2 X x? x3 = ="
C=lt+xth+... =Y h ==+ (F)+ 5+ =15+t -+t =X T
n=0 n=0
3 5 (=1t 2041 . _ ) 5(—1)rtix2n
SlnX:X__!+_!_ —Z (2n+1), = SSln(—X)ZS{(—x)— 30 —] :ZW
n=0
. 3 5 O (g2t . )3 )5 )7 1yt 12041
smx:x—"—!—i—x—!—...zz(@ﬁl)! = sm%":%"—(%,) —l—(é!) —(2) —2(223+1(2n+1)|
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622  Chapter 10 Infinite Sequences and Series

o0
— oy e 2 Gl (=Dt 25%4 | 625x° _ 15625x1
5. cosX = Z: am— = cos 5x Z (2n)' Z COs = -2 et usedse? |
3\ 1/2
& (1) 2\ e G0N ((%) %
o <71> X2n 3/2 . 3 o ( 2 . (71)11 3n
6. cosx =2, Gy = cos (7)) =cos{ (7 =2 @) =2 Fow
n=0 n=0 =0

3 6 9
— _ X X _ X
=l=s5tag —mat -

o0 1 n—1_n o0 (71)11—1 2\n o0 1 n—1 _2n 4 6 8
7on(1+x) = 5 SR (1 4a0) = 3 G = G o2 o g g g
o] n.2n X 1\n 4)2n+1 o] N A2n 0
8. tan~!x =3 7(7212 :ZIH = tan~!(3x}) = 3 ELOO 1)2123}:]) =3y e 32n+1x8 T3yt —oxi2 4 T2 _ 2AByB 4
n=0 n=0 n=0

1= n_n 1w n(3.3\0 _ o N3\ 3n _ 3,34 9.6 27,9
9. =X (N % i = 5 (1" (30) = (M) = 1 - g - B

3 S S 1y
10 llngxn:le:%IJ%x:%g(%x) :Z::O(%) n=l 4 ix 4 e+ x4

1 3 4 5
=x+xX+5+5+5H+

|><
|
>
~~
NgE!
2%
~__
gk

11. e Z

o ( 1)n 2n+1 92 - . > ( 1)n 2n+1 ( l)n 2n+3 .3 x5 X7 %9
12. sinx = Z omor = X sin x = x2 (z_: TR Z omnr =X Rt RE -Gt

X )20 ny2n 2 2 1 6 8 10
13.cosx:2((;)’§ = 1+cosx—771+2((21), =L - 1+1-5+5-5+5-"Ta+ -
-
_xt x5 x5 x! (=D"x™
ok ke Z(?n)'

( l)“ 2n+1 . X ( 1)n 2n+1 X3
14. smx—z “onminr = SinX—x+ 3§ = (Z TV ) — X+ 5

i X3 x5 X7 X9 x11 B X X7 X9 x11 . 0 (= D2t
= (X_§+§_ﬁ+_!_1_1!+"')_X+§*§_W+¥_W+ *Zz @ni D
=
OO (= 1y (= 1) (mx)?® O (—1)rr2ng2n+l 2x3 x5 707
15. cosx:z%) e :>xcos7rx—xz @)1 :z%) o =x—5-+ 5 - T+
n=| n— n=|
o (D 2 2 2 o (=D ()™ U2 g k8 x10 xM
16. cosx =Y, o = X cos (x*) =x Z (2n), _2% oy =X —ntEm &t
= =
2n 2 4 6 8
17. cos?x = L peos2x — 1 41 Z( Chevt _ 141 [1_<2x> 4@t ey oo _}
— (2x)? 2x)* (2x)° (2x)® =™ (= 1y 221 g0
=1- 2or t 2ar — Zer togs =1+ Z 2-2n)! T 1+ Z 2n)!

18. sin?x = (I—C—O‘Z") =

2 4 6 2 4 6
: _%_%(1 <2x> +(2x> @Jr) _ (2_x)‘ <2x>4 e

6!
o0 o0
1)n+](2x)2n ( 1)n 2211 1 2n
Z T 2:2n)! Z:l (2n)!
n=1 n=
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19. 25 =x2 (2

1-2x

) =x2 320" =322 = x4 2x3 4 22x + 23%° 4 .
n=0 n=0

0 (_l)n—l(zx)n 00 (_1)n—12nxn+l 9 22X3 23X4 24X5
20. xln(1+2x):lefzzlfzzx - S N A
n=

2. =Y x"=1+x+x>+x3+... = £ (L) = = x)2 =1+2x+3x%+. —Z nx""! = Z(n—f—l)x“
n=0
22. 23:%(11—X)=%(ﬁ):%(1+2x+3x2+...)=2+6x+12x2+...:;n(n—lx—

_ _ 3 5 7
23. tan~'x =x — 1x* + 1x° — Ix7 + ... = xtan ]x2:x<x2—%(x2) + 1(x?) = 1(x?) —|—>

o0
3 1.7 1 11 1,15 _ (="t
=X —3X +3X 2 =2 o7
n=1
3 5 7 . . ) 2%) 257
24, sinx=x—-3;+ %5 — 5 +... :>s1nx-cosx:%s1n2x:%(2x—<x,) —|—(5X,) —(7"!) + ...
. 4x3 | 16x°  64x] . 2x 5_4_ (=22 xntt
=X T 7t =X 54T 315 Z T

25. e"zl—!—x—i—’;—?—l—’g—?—k...and =1—-x4x2—-x+... >+

1+x l+x
:<1+x+g—2!+’3‘—3!+...)+(1—x+x2—x3+...)—2+3 2334 Bt L =2+ (-D)N)xe
n=0
26. sinXx =X — 3—;_+"—5!—"—7!—|— andcosx—l—’g—z!+3—j—"—6,—|— = COS X — Sin X
:(1—g—f+§,‘f§+...)7<x—§—3!+’5‘—5,7"—7,+...):1—x—§+§+§—ff§f’g—?+%+...

. i (=1nx2n B (=1)nx2n+!
- (2n)! (2n+1)!
n=0

27. In(1+x) =x— x>+ L3 — Ix* 4+ ... = SIn(1 +x%) = %(x2 - %(x2)2+ %(xz)3 - %(x2)4+...)

00 -1
1.3 1 1,7 1,9 ( 2n+1
= %X 6X =+ X 12X +... = E 3n X

28. In(1+x)=x—3x*+1x* = Ix*+ .. andIn(l —x) = —x — x> — 1> = Ix* + ... = In(1 + x) — In(1 — x)

2n+1

o0
oy _Llg2 1,3 1.4 (g _1lg2 1,3 1.4 _ 243 4 2,5 _
=(x— 3+ It (x—g —i —x ) =2x+ 30 + 3x +...—z%2n+lx

=

2 3 . .
29. e =1+x+5+5+...andsinx=x—5+35 — 5 +... >e"-sinx

+
:(1+X+§+§+...)(X—’3‘—74—%——!—1—...):x+x + 3% — gx’— .

X

30. In(1+x)=x— x>+ 33— Ix*+ . and T2 =1+ x+x2+x3 4 ... = ity _ ln(1+x)-li
+

1-x
=(x— 3+ - ) Hx+ 2+ ) =x a2 Sxt
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624  Chapter 10 Infinite Sequences and Series

3 tan'x=x -1+ - IX+... = (tan~'x)” = (tan~'x)(tan"'x)

_ 13 1.5 1,7 13 1.5 1,7 g2 2.4 236 44 8
_(x 3X +5x 7X +...)(x 3X +5x 7X —I—...)—x ;X — 55X 105 X + ...,

. 3 5 7 2 4 6 . .

32.sinx=x—F+5 —F+...andcosx=1—3; + 7 — &+ ... = C0s2X - Sin X = COS X - COS X - sin X
1 1 2 4 6 2x)* 2x)° 2x)’ 7 61 1247

ZCOSX'ist":5(1_%Jr%—%*“)(zx_%ﬂds—!)_%*“ =x = g%+ X — gk e

. 3 5 7 2 3
33. smx:x—§+%—%+...ande":l—i—x—f—%—i—x—!—i—...

2 3
sinx __ X X X’ 1 X X X/ 1 X3 x° x’
= € —1+(X*§+§*7+ +§ X*§+§*7+.. +g X*§+§*ﬁ+ +

5 7 1

e X x X -1y _ 103 4 1.5 1.7 ; —lg) — 103 4 15 1.7
34. sinx=x— 5+ 5 -5 4. andtan'x =x — 1 + 1xX° — X'+ ... = sin(tan'x) = (x — 0 + 1 - IxXT 4. )

1.7 3 (y 13 015 1.7 S 1 (134 1,5 1.7 7
x—l—...)—f—lzo(x 3X +5X 7X —|—) 5040()( 3X +5x 7X —|—) + ...

35. Since n = 3, then f*)(x) = sinx, |f*)(x)| < Mon [0, 0.1] = |sinx| < 1 0n [0,0.1] = M = 1. Then |R3(0.1)| < 1%
=42 %1079 = error < 4.2 x 107°

36. Since n = 4, then f®)(x) = &*, |f¥)(x)] < Mon [0, 0.5] = |¢*| < \/eon [0, 0.5] = M = 2.7. Then
IR4(0.5)] < 272529 — 703 x 10~* = error < 7.03 x 10~

IxP’

37. By the Alternating Series Estimation Theorem, the error is less than X- = [x|> < (5!) (5 x 107%) = |x|° < 600 x 10~

51
= |x| < V6 x 1072 ~ 0.56968

38. Ifcosx=1— "; and |x| < 0.3, then the error is less than ‘%‘ = 0.0026, by Alternating Series Estimation Theorem:;
X2

5 is too small, by the Alternating Series Estimation

since the next term in the series is positive, the approximation 1 —

Theorem

(10-%°
3!

39. If sin x = x and |x| < 1073, then the error is less than ~ 1.67 x 1071°, by Alternating Series Estimation Theorem;
The Alternating Series Estimation Theorem says Ro(x) has the same sign as — ’3‘—? Moreover, x < sin X

= 0<sinx—x=Ry(X) = x<0 = —103 <x<0.

2 . . . . 2
40. \1+x=1+73— £y ’l‘—z — ... . By the Alternating Series Estimation Theorem the |error| < ‘T"Q < O3
=1.25x107°
c (0.1) 3 .
41. |Ry(x)| = ‘33—’,‘3 < # < 1.87 x 107, where c is between 0 and x
c 3 .
42. |Ry(x)| = || < @ = 1,67 x 107, where c is between 0 and x
.  cos 2 1 6 5
43, sinx = (L) = —deosax =L - J(1- G G -G )= nd B
. : : 5.6 3 5 7 .
= L sin’x) =& (22—",2 - L’,‘A + % —) =2x — (23’(!) + (25’(!) - (27"!) +... = 2sinxcosx
3 5 7
=2Xx — % + (2;‘!) — (27"!) + ... = sin 2x, which checks

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Add(mﬂ%eala/ed By J | breel Bornat



Section 10.9 Convergence of Taylor Series 625

. 2 1 6 3yt 56 748
44. cos?x = cos 2x + sin?x = (1—%4—(24"!) (2") +(2§‘,) +. )+(22i,—2——|—26, —28—’!‘—}-...)

31 5,6
=1- 22",+2 ——26’!‘—1—...:1—)(2—}-%)(4 Z 64 1 x8_

45. A special case of Taylor's Theorem is f(b) = f(a) + f'(c)(b — a), where c is between a and b = f(b) — f(a) = f'(c)(b — a),
the Mean Value Theorem.

46. If f(x) is twice differentiable and at x = a there is a point of inflection, then f”(a) = 0. Therefore,
L(x) = Q(x) = f(a) + f'(a)(x — a).

47. (a) f” <0, f’'(a) = 0 and x = a interior to the interval I = f(x) — f(a) = @ (x — a)? < 0 throughout I
= f(x) < f(a) throughoutI = f has a local maximum at x = a
(b) similar reasoning gives f(x) — f(a) = @ (x —a)> Othroughoutl = f(x) f(a) throughoutl = fhasa

local minimum at x = a

48. f(x)=(1—-x)""' = /X =01-%x"2 = f"®x)=201-x"° = fOK)=6(1 - x)_4
#)(x) = 24(1 — x)77; therefore L =~ +x+x2+x3 x| <01 = % <5< m = ‘(] 5| < (%)5
= | 255] <X () = theerror e < | i < 0.1yt (%)5:0.00016935 < 0.00017, since | 5| = | s

49. () f(x) = (1 +x* = F(x) = k(I + 05 = (x) = k(k — D(1 + )52 £0) = 1, £'(0) = k, and £"(0) = k(k — 1)
= Q) =1 +kx+ 22
(b) Rox)| =252 x| < g = IX¥| < i = 0<x< 75 0or 0 < x < .21544

50. (a) LetP=x+7m = |x| =[P —7| < .5 x 107" since P approximates 7 accurate to n decimals. Then,
P+sinP=(m+x)+sin(mr+x)=(r+x)—sinx=r+ (x —sinx) = |(P+ sinP) — 7|

= |sinx — x| < ‘Xl < 2B % 107" < 5x 107" = P + sin P gives an approximation to 7 correct to 3n decimals.

51, If f(x) = ff anx, then f9(x) = 3 n(n — D0 — 2)--(n — k + Dapx"* and £O(0) = k! ay
n=k

(
= a = f (0)

for k a nonnegative integer. Therefore, the coefficients of f(x) are identical with the corresponding
coefficients in the Maclaurin series of f(x) and the statement follows.

52. Note: feven = f(—x) = f(x) = —f'(—x) =f'(x) = {'(—x) = —f'(x) = {’ odd;
fodd = f(—x) = —fx) = —f'(—x) = —f'(x) = f'(—x) =1f'(x) = {’ even;
also, fodd = f(—0) =f(0) = 2f(0) =0 = f(0) =
(a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x = 0. Therefore,
a; = ag = a5 = ... = 0; that is, the Maclaurin series for f contains only even powers.
(b) If f(x) is odd, then any even-order derivative is odd and equal to O at x = 0. Therefore,
ag = ag = a4 = ... = 0; that is, the Maclaurin series for f contains only odd powers.

53-58. Example CAS commands:

Maple:
f:=x -> 1/sqrt(1+x);
x0 :=-3/4;
x1 := 3/4;
# Step 1:

plot( f(x), x=x0..x1, title="Step 1: #53 (Section 10.9)" );
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626  Chapter 10 Infinite Sequences and Series

# Step 2:

P1 :=unapply( TaylorApproximation(f(x), x = 0, order=1), x );

P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x );

P3 :=unapply( TaylorApproximation(f(x), x = 0, order=3), x );

# Step 3:

D2f := D(D(f));

D3f := D(D(D(1)));

D4f := D(D(D(D(H))));

plot( [D2f(x),D3f(x),D4f(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], title="Step 3: #57 (Section 9.9)" );

cl :=x0;

M1 :=abs( D2f(c1) );

c2 :=x0;

M2 := abs( D3f(c2) );

c3 :=x0;

M3 := abs( D4f(c3) );

# Step 4:

R1 :=unapply( abs(M1/2!*(x-0)"2), x );

R2 := unapply( abs(M2/3!*(x-0)"3), x );

R3 := unapply( abs(M3/4!*(x-0)"4), x );

plot( [R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], title="Step 4: #53 (Section 10.9)" );

# Step 5:

E1 := unapply( abs(f(x)-P1(x)), x );

E2 := unapply( abs(f(x)-P2(x)), x );

E3 := unapply( abs(f(x)-P3(x)), x );

plot( [E1(x),E2(x),E3(x),R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green],
linestyle=[1,1,1,3,3,3], title="Step 5: #53 (Section 10.9)" );

# Step 6:
TaylorApproximation( f(x), view=[x0..x1,DEFAULT], x=0, output=animation, order=1..3 );
L1 := fsolve( abs(f(x)-P1(x))=0.01, x=x0/2 ); # (a)

R1 :=fsolve( abs(f(x)-P1(x))=0.01, x=x1/2 );
L2 := fsolve( abs(f(x)-P2(x))=0.01, x=x0/2 );
R2 :=fsolve( abs(f(x)-P2(x))=0.01, x=x1/2 );
L3 := fsolve( abs(f(x)-P3(x))=0.01, x=x0/2 );
R3 := fsolve( abs(f(x)-P3(x))=0.01, x=x1/2 );
plot( [E1(x),E2(x),E3(x),0.01], x=min(L1,L2,L.3)..max(R1,R2,R3), thickness=[0,2,4,0], linestyle=[0,0,0,2],
color=[red,blue,green,black], view=[DEFAULT,0..0.01], title="#53(a) (Section 10.9)" );
abs(f(x)"-"P*[1](x) ) <= evalf( E1(x0) ); # (b)
abs(Cf(x)"-"P*[2](x) ) <= evalf( E2(x0) );
abs("f(x)"-"P*[3](x) ) <= evalf( E3(x0) );
Mathematica: (assigned function and values for a, b, ¢, and n may vary)
Clear[x, f, c]
flx_]= (1+x)¥
{a,b}={—1/2,2};
pf=Plot[ f[x], {x, a, b}];
poly1[x_]=Series[f[x], {x,0,1}]//Normal
poly2[x_]=Series[f[x], {x,0,2}]//Normal
poly3[x_]=Series[f[x], {x,0,3}]//Normal
Plot[{f[x], polyl[x], poly2[x], poly3[x]}, {X,a,b},
PlotStyle — {RGBColor[1,0,0], RGBColor[0,1,0], RGBColor[0,0,1], RGBColor[0,.5,.5]}1;
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The above defines the approximations. The following analyzes the derivatives to determine their maximum values.

f'[c]

Plot[f"[x], {x,a,b}];

f"[c]

Plot[f"[x], {x,a,b}];

f"[c]

Plot[f"'[x], {x,a,b}];
Noting the upper bound for each of the above derivatives occurs at x = a, the upper bounds m1, m2, and m3 can be defined
and bounds for remainders viewed as functions of x.

ml=f"[a]

m2=-f"[a]

m3=f""[a]

rl[x_]=ml x> /2!

Plot[r1[x], {x,a,b}];

2[x_]=m2 x> /3!

Plot[r2[x], {x,a,b}];

r3[x_]=m3 x* /4!

Plot[r3[x], {x,a,b}];
A three dimensional look at the error functions, allowing both ¢ and x to vary can also be viewed. Recall that c must be a
value between 0 and x, so some points on the surfaces where c is not in that interval are meaningless.

Plot3D[f"[c] x* /2!, {x,a,b}, {c,a,b}, PlotRange — All]

Plot3D[f"[c] x> /3!, {x,a,b}, {c,a,b}, PlotRange — All]

Plot3D[f"[c] x* /4!, {x,a,b}, {c,a,b}, PlotRange — All]

10.10 THE BINOMIAL SERIES

1) (1) 52 1) (1) (— 3) 3
1. (1+X)1/2:l+%x+(2)(2!2)x +(2)( 22)!( z)x + ... :1+%X—%X2+%X3—
1) (Z 2) 52 1) (2) (543
2 (1+X)1/3:1+%X+(3)(2!3)X +(3)( 33)!( 3)x + :1+%X7%X2+QX3*
1Y (—3) (—x)2 LYy (—3) (—5) (-
3 (1_x)—1/2:1 %(—X)-i-( 2)(2‘2)(") +( 3) ( 2)3!( 2)(X)+ :1+%X+%X2+%x3+
1) (L 1) (Z2x)2 Dy (-3) (-32) 207
4. (1—2x)1/2=1+%(—2X)—|—(2)( 22)'( 2x) +(->( —)g! —)( ) + Zl—x——XZ—%X?’—
S (14x) 2 21 _g(x) 4 CAEDE) L I () 9 32143
S (143) T=1-2(5) + 21 + 3l T =l=-x+3x"—35x
x)4 L @D wee =Y weeo (- 4. 2.2 43, 1.4
6. (1-3) =1+4(=3)+ =5~ +—5—+ o POt =1 5XT g X X
1y (Z3) (x3)? Ly (Z3) (—8) (x3)?
T () = b EACDOY | EHEHEDE e e Sy
LY () (x2)2 LYy (—4) (— 1) (x2)°
8 (1+X2)_1/3=1 1X2+( %)(2!%)(") _|_( 3)( 3)3!( 3)(x) + :1—%X2+%X4—%X6+
1y (_ 1y (1)? 1y (_ 1y 3y (13
9 (]_‘_%)1/2:14_%(%)_‘_ (2)( 2%)()() + (2)( 2)3(! 2)(x) + :1_1_%_#_*_ 161)(‘_1_
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10.

11.

13.

14.

15.

16.

17.

18.

19.

20.

21.

2

\S)

23.

Chapter 10 Infinite Sequences and Series

wl»—t

1y (42 WY (A (1) 3
HXHZX(HX)-ua:x(l_( PERCHICH LN ICHICHE +___>:X_lx2+gx3_ﬂx4+_._

(1+ %) = 1+4x + QO | DOOC 4 GODC _ g 4 gx 4 6x° + 4x° + X

2 3
(1+x2)° =1+322 + Q) 4 OODET _ 7 4 352 4 354 4 %

(1= 2x)% = 1 4 3(—2x) + QA" | GO _ g _ 6x 4 12x2 — §x3

(1 _ §)4 — 144 (_ %) + (4)(3)2(!7 5’ + (4)(3)(23)'(* 9 + (4)(3)(2)(1)(* %) —1—2x+ %Xg _ %x?’ + % x4

0.2 0.2 0.2
j; sinxde:j; <2—§+X5—T—...)dx:{";—%+...} z[";}o ~ 0.00267 with error

IE| < £ ~ 0.0000003

7-3!
02 0.2 2 o o 0.2 . o 8
x> x3 0-2 : 0.2)*
=[xy =5+~ —0.19044 with error B[ < 2 ~ 0.00002

B < @D — 0.000001

0.25 025 , s : 47 0.25
S VTR a= [T (15 -5 )ax= xS -5+ o x4 3]~ 025174 with error

E| < ©29° ~ 00000217

O Ginx 01 X x® x? x° X X x° 01
Jomrax= U (- g ) ax = xS g - | o x5 ]

~ 0.0999444611, [E| < DT~ 2.8 x 10712

01 2 _ 01 2 x! x° x _ x3 x° x" 01 ~ x3 X X" 0-1
fO exp(—x)dx—f; (l—x +2_!_§+4_!_"')dx_[X_.T"_ﬁ"’_ﬁ"‘"'}o N[x—?—}-m—ﬁ}

~ 0.0996676643, [E| < G ~ 4.6 x 10712

(1 +X4)1/2 — ()2 ¢ @ (1)~1/2 (x}) + (é)( 5) (1)—3/2( ) + (3) (—3%!) (=3) (1)~5/2 (x4)3

% ,% ,% ,é B 4 x4 X8 x12 <16
YIS T D DI S
57 0.1
;»f( 8 §+%—%§+...)dxz{x+7—o]o ~ 0.100001, [E] < V" ~ 1.39 x 101!
. 1
1— X 1 x2 x* X8 x5 ~ | x x3 x° X' x?

- fo( < )dX—L<§*T+§*§+ﬁ*“'>dXN[§*ﬁ+5'6!*7-8!+9-101}0

~ 0.4863853764, < ~19x1071°

~.00011

! 1 12 5 9 13 1
focostht:fO(1~+m—‘6—,+ )d :[t—;—0+ﬁfﬁ,+...]o = lerror| <
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1 1 2 3 4 2 3 4 5 1
24. [ cos /idt= [ <1—%+%—&+%—...)dt: {t—‘z+ﬁ—%+ﬁ—...}o
= lerror| < g% ~ 0.000004960
25Hm—f< L )d—F_i%ﬁn_ﬁ_%}xNﬁ_i+xn
: - 5! 7! |3 7-3! 11-5! 15-7! 0 ~ 3 7-3! 11-5!
= |error| < 157,~0.000013
26 F(x)—f< I I = ) —{f—ﬁ+i = ]
. =) = |37 57T 72 93' ZI TR
3 7
%%—Xg-l—ﬁ—ﬁ—kﬁ = \err0r|<ﬁf»¢0.00064
27. (a) F(x) = ( +%—7+ )dt {‘5 {—44—3‘—6—...}0%%2—’1‘—; |error|<@~.00052
X X4 X X X
(b) lerror| < 55 A~ .00089 when F(x) & & — 25 4+ 20 — X 4 (—1)ls 22
28 @ Fo=[(1-3+5-5+., )d:Pf%+£fj%+%fmhzxf§+§*§+§

= |error| < (062) ~ .00043
(b) lerror| < 55 ~.00097 when F(x) ® x — 5 + 5 — S+ ... + =D &

29. L (e —(1+x)):%((1+x+";+’3§,+...)fl—x):%+%+%+... e

X“

S 1 2 1
= lim, (§+§+§—,+...)_§

30. L(e*—e) =

_ 2x? 2X 2x6 : ef—e _ : 2x?2 2x4 2x6 _
N Xlino —_thoo C+E+Z+3+..)=2

2
2
1 2 1 2 2 4 6 1 2 4 . 1—cost— (%
3 (1mcost—§) =3 [1- - (1= G fi— o) m—h e b = tim ()
2 @
— lim (—i+‘———+...):—L
t—0 4! 24
i
L L o PP 16 . sing—0+ (%)
_ 1 1 62 6! _ 1
= Jim (§—ﬁ+9—!—~~>—1zo
33, L(y—tanly) = & _< Yy ) Sl ¥y o im0y iy (l_Y_z_|_Y_4_ )
c ey V=3ply-(y-5+%5—... 35 t+5— ... Jimy = Jimy (5-5+7
1
-3
35 3 5 3 93,5 23y2
R P ok Ak I Gk ket O G s ) B G o)
) ylcosy T y3 cosy - y3 cosy - cosy
1, 23y?
—teE
. tan"ly—siny _ 1. ( 6 St )_ 1
= ylgno y3 cosy - ylgno cosy — 6

35. X2(71+e*1/x2):x (Fl+l-p+gm—got.)=—ldgo—ga+... = lim x2(e71/x271)
— i 1 —
_x1l>moo (—1+ﬁ—m+...)——1
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36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

Chapter 10 Infinite Sequences and Series

: 1 _ 1 1 1 _ 1 1
(X+1)Sln(x+l)—(X+1)<m—m+m—...)—1—m+5!(x—+1)4—

: : 1 _ : 1 1 —
= lemoo (X+1)Sln(x+l) —xll’moc (1—m+m—) 71

2 X-L x0 x2 x‘1
- 5+=5—... 1-54+5—...
In(1+x%*) _ (X 23 o 73 lim In(1+x*) _

= . = = lim ~—5——+ =2!=
— 2 4 2 — P] .
Peosx —_(1-5+%-..) (H-%+-) x—0 Teosx o (Bogrs )
x> —4 x=2)(x+2) x+2 : x2—4
= : = = lim J——
— —2)2 — 23 —9)2 _
In(x—1) {(x72)7(x 22) +(x 32) 7} [17%4»()( 32) _ X — 2 In(x—1)
= lim 2 =4
x—2 [17%+—(X’32> 7}
: 2 _ 12,2 _ 9,6 8110 _ 92 244 4 4.6 . sin 3x>
sin 3x~ = 3x 2X7 + 35X ... and 1 —cos2x = 2x 5X7 4 X ...:>X1£>no T
. 3x2— 2x6 4 81410 . 3 2x4 4 8148
= lim 2523 %t "o 42x6 = lim 35wt o :%
X — 0 2x2—35xt+ 5x0—. .. X —0 2-5x+ x4 —. ..
3y 3 x ¥ x c02 317 LIl 1 15 . In(14x%)
In(14+x°) =x =5 + % —%-+... and xsinx> = x’ — gx’ + 35X X T :>Xlino T
FESICINE I oS0
= lim 234 — lim A =]
X — 0 ¥ —ix+ggxll = ggoxB 4.0 T 01— ixt gk — ppx 2+
I+1+5+5+5+...=c' =e¢
ATy T T
1\3 1\4 1)3 _ (1)\3 1 1\2 _ 1 _ 1 _14_ 1
() +@) +@)+ =@ 1+ @) +E)+ T — 643 — 18
3 3 36 _ 1 (32 1(3\%_ 1(3\6 _ 3
l—mtim—wat--=1-73) +33) —a@) + ... =cos(3)
L =) L)+ =) = m(+ ) =m(d)
2T 22 T3P T AR 2 2\2 3\2 z\3 2 2
T bt T il 7 1 (7\3 1 (7\5 1(m\7 _ Tr_ﬁ
S—Fmtsm ot =5-3() +3(8) -2 + sin() =%
2 2 2’ 27 _ (2 12\3 L 1(2\5 _ 1(2\7 — tan—1(2
Sostss ot =03)-33)+5G6) -3G) +.. =an7'(3)
3
Chxt+ x4+ =3 x4 ) =0 () = 2
32x2 34x4 30x6 _ 1 2 1 4 1 6 .
2 3 3
X3 =x+x=x+ ... :x3(1—x2+(xz) — (x%) +...>:x3(rlxz):ﬁ
2.4 3.5 4.6 2x)? 2x)? 2x)* -
) e e L S :x2(1—2x+(zx!) —(3’? +(:!) — ) =x%eH
—142x —3x® +4x> —5x* + . .. :(;ix(l—x+x2—x3—|—x4—x5+...):ﬁ(lix):(ljrlx)z
X x> X x4 _ 1 x* X x* X _ 1 _ In(1—x)
1+§+?+T+?+"__;<_X_?_?_I_F_“)__Zln(l_x)—_T
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Section 10.10 The Binomial Series 631

3. (E2) =40 -I0-0=(x-5+5 -5+ )= (x-3-y-5-.)=2(x+5+5+...)

2 3 4 _1)n—lgn n—ly
S4 (40 =x— %+ % =5+ EUN g o ferror] = | S = C when x = 0.1;
= < ;s = nl0" > 10* whenn 8 = 7 terms
3 5 7 9 _1\yn—1¢2n-1 _1yn—1y2n—1
55. tan'x=x—-5+5¥ -S4+ 5.+ (1%117_;; = lerror| = (I;ni—);‘ =1 whenx = I;
55 < 15 = n> 101 =500.5 = the first term not used is the 501" = we must use 500 terms
1 o x:g X5 XT Xg ( 1)" 1 2n 1 xZH-H 2n—1 U2 . _
56. tanT x =x -5+ -5+ 5 — ..+ + ... and ILmOO MW’ =X lim [ S| =
= tan~! x converges for |x| < 1; when x = —1 we have Z 1 " which is a convergent series; when x = 1
=1
we have I x diverges for |x| > 1
3 5 7 9 n—1,2n—1 . .
57. tan"!'x = x — TH+HE -5+ ...+ (I)T + ... and when the series representing 48 tan~! (%) has an

error less than 10 6 then the series representing the sum
48 tan~! () —l— 32tan"! (&) —20tan! (

57
( 1 )2n—l

2n—1

239) also has an error of magnitude less than 10~%; thus

< 34105 = n 4 using a calculator = 4 terms

lerror| = 48

2 4 6

58. ln(secx):j;xtantdt:L[:<t+§+21—t55+...)dtz%—1—1‘——1—2—5—1—...

59. (a) (17x2)71/2“’1+ +7+7 = sinlx~x+ % +—+m,UsmgtheRatloTest

. 13-5--2n— D@+ D 2:46--20)(20 + 1) 2 @2n+ D@n+1)
nleoo 2-4-6---20)(2n+2)2n+3) ~ 1-3-5---(2n — 1)x2+T <l =x n1l>moo (2n+2)(2n+3) <1
= |x| <1 = the radius of convergence is 1. See Exercise 69.
d -1 _ 2\—1/2 -1y _ @ -1, o T 3x ~ T x3 3x° 5x7
(b) 4 (cos™'x) =—(1-x%) = Ccos" X = 7 —sin x~§—(x+ +0+“2>~5—x—€—m—m

60 (&) (142)"2 ~ (112 4 (= 1) (132 (2) 4 CREDOE | ) EDEDOT
2

2 3
_ 3tt 3.5t PISTO B 3t 58 _ 35 5x7
_1—2+222,—ﬁ:>smh ij;(—i—i————)dt X — +E_m
(b) sinh™' (1) =~ — 4 + 41(),3% = 0.24746908; the error is less than the absolute value of the first unused
7 . .. . Iy
term, 2%, evaluated at t = 1 since the series is alternating = |error| < 51(1“2) ~~ 2.725 x 1076
-1 _ 3 d (=1 _ 1 3
0l Fh=-—m="l+x-x+ - = L (FH) =me=aCl+x-x+x-..)

=1—-2x+3x2—4x3 + ...

62. =1+ +x'+x"+... = S (Fe)= Be=n 0+ +x x4+ ) =2x+4x H6x° + ..
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632  Chapter 10 Infinite Sequences and Series

63. Wallis' formula gives the approximation 7 = 4 {3_?‘5‘:2:2:3:?:(‘2'5122 T).z()z'flzf)l)] to produce the table

n ~T
10 3.221088998
20 3.181104886
30 3.167880758
80 3.151425420
90 3.150331383
93 3.150049112
94 3.149959030
95 3.149870848

100 3.149456425

At n = 1929 we obtain the first approximation accurate to 3 decimals: 3.141999845. Atn = 30,000 we still do
not obtain accuracy to 4 decimals: 3.141617732, so the convergence to 7 is very slow. Here is a Maple CAS
procedure to produce these approximations:

pie =
proc(n)
local i;
a(2) :=evalf(8/9);
for i from 3 tondo a(i) := evalf(2*(2*1—2)*i/(2*i—1)"2*a(i—1)) od;
[:4*a()] $ G = n=5 .. n)]
end

64. (@) £(x) = 1+ 3 (M)xk = £(x) = S (M)kxk = (14+%) - F(x) = (1+ x5 (")kx!

k=1 k=1 k=1
= S (MR xS ()R = S (MR S () = () (1) x4 3 (T kx50 (1 )k
k=1 k=1 k=1 k=1 k=2 k=1
:m+i (M)kxk=1 4 i (T)kx* Note that: i (M)kxk—1 = i (7)) +1)x*
k=2 k=1 k=2 k=1

Note that: (") (k+ 1) + ( )k = mim=bi e el (e gy 4 mim=dodn =kt Dy

m<(m7112-!~(m7k) + m~(m71)~i(~‘(m7k+1)k _ m<(m71)-i(~!(m7k+l)((m 71() +k) _ mm-(mfl)-i(»’(mfkle) _ m(rlx:)
k

Thus, (143 7() = m+ 3 [((7) K+ 1) + ()] =mt & [(m(3))x] = m+m3(7)x

(
= m(l + Z(’;;)ﬁ) =m-f(x) = '(x) = Fgif -1 <x < 1.

(b) Let g(x) = (1+x) ™f(x) = ¢(x) = —m(1 +x) ™ '(x) 4+ (1 +x) "f'(x)
=-m(1+x) ™M)+ (1+x)™ 20— 1+ )™ )+ (1T+x) ™ m-f(x) =

0
© gx)=0=g(x)=c= (1 +x)"™Mx) =c=f(x) = (Hi),m =c(1 +x)™. Since f(x) = 1 + i(f)xk

:>f(0):1+§:(']‘:)(0)k:1—|—021:>c(1—|—0)m:1:>c:1:>f(x):(1+x)m.

k=1
_ _ _ 1y (_3 —5/2 (22
65. (1—x2) 2 = (14 (=) 2 = ()12 4 (= 1) ()32 (—x2) 4 2L RO
_% _% _% (])77/2_23 x2 3xt -3-5x6 X 1:3-5---2n—1)x2
+( “)( “)(3“,) (=x) +...:1+7+1223_’2!+12%_; +...:1+§_:171352§?:! Dx
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Section 10.10 The Binomial Series 633

~ sin-lx — fx(l — ) V2 g — f‘* i SR )l I i 1-3-5.--(2n — 1)x2!
s x = J, 2nn =X < 24+ D)
=

where |x| <1

o <[ (4
oo 47 =5 = [ [0

— 1_ 1,1 1 - 111 41 b_1_ 1 41 1
T Jx (t2 ate—st )dt*bll)moc[ T —w ]xix w5~ T
X

ly —m_ 1, 1 _ 1 . 1 — 1 T dt
= tan X=5— +33—355+....x>1Lftan"" ] =tan" x+ f e
— 1 Ll 11 1 P T N 1 1y — o _ 1, 1 1
_blln_lw[ ttw st o]y x T30~ 50 T30 ZAnTX =y T Ty Tse T
x < —1

67. (a) e '™ =cos(—m) +isin(—m) = —14+1i(0) = —

(b) e™* =cos (%) +isin (%) = \/» \/» (%) (1+1)
() e ™2 =cos(—Z)+isin(—2) =0+i(—1)=—i

68. e’ =cosf +isinf = e ¥ =el"? = cos(—60) +isin(—6) = cos § — i sin 6;

i 3 .. .. i6 —if
el + e =cosh+isinf+cosf—isind=2cosfh = cos@—%;
i 0

o _ il
el — e — cosf +isinf — (cosf —isinf)=2isinfd = sinfh = 5
2 3 1 : . i0)2 i0)* i9)*
69. e =1+x+5+5+5+... = =1+i0+ G + G + 9 4 and
i 9 0 —ioy* i i9 o) 6
e =1 — 19-1-(1!)+(1g)+(i!)+---:]_19+(12!) (])+(]4')
02 G0d . ot . 0?2 @03 | 0!
e _ (0 G ) (o )
= £t - 3
2 4 6
=1-5+% - % +. . =cos;
0 3 N | i0)2 i6)3 i)
e = %
3 5 7 :
=0-%5+% -5 +... =sind

70. ¢ =cosf+isinf = e =e-% = cos(—6) +isin(—6) =cosH —isin @
(@) e’ +e ¥ = (cos @ +isinf) + (cos —isinf)=2cosf = cosf = W = cosh i

(b) ¢ —e ¥ = (cos @ +isinf) — (cos§ —isinf) =2isinh = isinfh = e

_ 0 L
5— = sinh i

X 2 X2 x3 X4 X3 X5 XT
=Mx+M+ (—+ D)+ (i + )+ (g ta)C+ =x+x2+ 33— x4+

e* - e = e(IH% — eX (cos x 41 sin x) = e* cos x +i (e* sin x) = e sin x is the series of the imaginary part

of e(*)* which we calculate next; e(!*1)x Z (H”‘) =14+ x+ix)+ (H,”‘) + (X+,lx)3 + (XZ,"‘) +.

=1+x+ix+ % (2ix2) 4 (2ix3 = 2x3) + 3 (—4x") + 4 (—4x° — 4ix°) + & (—8ix®) + ... = the imaginary part
of e isx + Zx?+ Zx3 — 4 x° = Ex04+ .. =x+ x4+ 1x3 - £ x° — & x°+ ... in agreement with our
product calculation. The series for e*sin x converges for all values of x.

72. O% (e<a+ib)) = (%( [e**(cos bx + i sin bx)] = ae**(cos bx + i sin bx) + e**(—b sin bx + bi cos bx)
= ae®™(cos bx + i sin bx) + bie®*(cos bx + i sin bx) = ae@+P)X 4 jhel@tib)x — (3 4 jp)elatib)x
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634  Chapter 10 Infinite Sequences and Series

73. (a) e%el”> = (cos 6, + i sin 0;)(cos Oy + i sin By) = (cos H1cos By — sin O;sin B) + i(sin O cos Oy + sin fycos 6;)
= cos(f; + 6o) +isin(f; + 6y) = '@ +02)

(b) e = cos(—0) + i sin(—0) = cos # — i sin 6 = (cos § — i sin f) (ol — L — 5

74, 520 @ 4 ) 4iCy = (A525) e (cos bx + i sin bx) 4 Cy +iC,

= ﬁax]ﬂ(acosbx—i—iasinbx—ibcosbx+bsinbx)+C1—|—iC2

= =% [(a cos bx + b sin bx) + (a sin bx — b cos bx)i] 4+ C; +iCy

_ @ Cosasitz’b sin bx) +C + ie™(a sinaia:szb cos bx) +iCy:

e(@Fbix — eXebX — 62X (cog bx + i sin bx) = e®™ cos bx 4 ie** sin bx, so that given

f e(atbix gx = a"}jr—%iz e@ X 4 C; +iC, we conclude that f e cos bx dx = -acosbxrbsinby) | o

a? + b2
. ax i —_
and feax sin bx dx = -(@sinbx—bcosbx) 51“321 bE cosbn) 4,

CHAPTER 10 PRACTICE EXERCISES
. . . . (71)" o
1. converges to 1, since nlgmOO a, = nlgnOC (1 + T) =1

2

2. converges to 0, since 0 < a, < 2 lim 0=0, lim -2 =0 using the Sandwich Theorem for Sequences
Vv’ n=00 n—=o00 +/n
. . o -2\ g 1 1) =
3. convergesto —1,since lim a, = lim ('5%) = lim (5 —1)= -1

4. convergesto I, since lim a,= lim [l +(0.9)']=1+0=1
5. diverges, since {sin T } = {0,1,0,-1,0,1,...}

6. converges to 0, since {sinnm} = {0,0,0,... }

7. converges to 0, since lim_ a, = lim
n— oo n— oo n

8. converges to 0, since _lim a, = _lim n@u+D — im =0
n— oo n— oo n n— oo 1
. . . . 1+(4
9. convergesto 1, since lim_a, = lim (M) = lim <") =1
n— 0o n =00 n n— 00 1
. . . In (2n% + 1) : (263nil) 12n : 2
10. converges to 0, since lim a, = lim ———— = lim 2 = lim == lim ==0
n— 0o n =00 n n—00 1 n—=o00 6n n=—o00 n

11. converges to e, since Jlim a, = lim (“*5)" = lim (1 + (;i) = e~ by Theorem 5

12. converges to ¢, since lim _a, = lim (1+;) "= lim +1§)“ = 1 by Theorem 5

. . . ny1/n .
13. converges to 3, since lim _a, = lim (%) M— fim 2 =3=3 by Theorem 5
n— oo n—oo \n n—oo n' 1
. . . 1/n . 1/n
14. converges to 1, since lim a, = lim_ (2) ™~ im 32 — 1 — 1 by Theorem 5
n— oo n— oo \n n—oo n/ 1
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(721/“ In 2)

n2

15. converges toIn2, since lim a, = lim n(2"*—1)= lim 27l = lim +———< = lim_ 2""In2
n =00 n= 00 n =00 (%) n= 00 ( ) n =00

| |
-

|

n

=2-1n2=Im2
2
16. converges to 1, since nlem a, = nlem vV2n+1= nlem exp (W) = nlem exp (”‘f‘) =e'=1

. . . T m+1D! g _
17. diverges, since nlgnOO a, = nll)mOO = nll)moo n+1)=00

18. converges to 0, since _lim_a, = _lim ﬂ = 0 by Theorem 5
n — oo n— oo n!

) e D IO INONNE
19. (2n73)1(2n71) = 2r(11)3 251)1 = S = [<§> _Q + (§> - (7) +..F 2217)3 - 2g>1] = (3) _2217)1
1
= nli>moo Sn_nli;moo [é2£l)l :%
20 =t 2 = (T )T F D+ A (R ) =ty = lim s
= lim (-1+-2;)=-1
n— oo n+1

21. (3n71)9(3n+2) = 3n371 - 3n12 = S = (%_%) +(%_%)+(%_%)+“' +(3n371 - 3n3+2)
:%73113ﬁ = nIme S":nimoo (573n3+2):%

-8 _ 2 2 _ (=2 2 2 2 2 2 -2 2
22. (4n—=3)@dn+1) ~ 4n-3 taTn T s = (T + E) + (T + ﬁ) + (ﬁ + i) t...+ (4n—3 + 4n+1)
_ 2., 2 : o 2, 2y _ 2
7_§+4n+1 = nleoo s“7n1l>moo (_§+4n+l)7_§
[ee) oo
23. 2% e " = Z% - » a convergent geometric series withr = 2 anda =1 = the sum is 1,1(1> =&
n= n= e

—1ypi=3 (-

n=0

8

24, ) (3*)" a convergent geometric series withr = — § anda = 2> = the sum is

Ao

=]

—
|

ISP

—

|
Ll

|
—

al
+
|

25. diverges, a p-series with p = %

o0 [ee]
75 _ 1 . . o, . . . . .
26. 2:1 - =-5 Zl 5, diverges since it is a nonzero multiple of the divergent harmonic series
n= n=
. 1 1 . . . . 1
27. Since f(x) = 7 = f'(x) = — 5om < 0 = f(x) is decreasing = an41 < a,, and I lgnoo a, = thHOO = 0, the

(e ¢] n [o0)
series % converges by the Alternating Series Test. Since ) ﬁ diverges, the given series converges conditionally.
1 n=1

n=

28. converges absolutely by the Direct Comparison Test since ﬁ < nl—3 forn 1, which is the nth term of a convergent

p-series
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636  Chapter 10 Infinite Sequences and Series
29. The given series does not converge absolutely by the Direct Comparison Test since ln(nl—+1) > which is

1 1
In(x+1) (In(x+ Dy*(x + 1)

= apy1 < a,, and nli}mOO a, = lew m = 0, the given series converges conditionally by the Alternating

n+1’

the nth term of a divergent series. Since f(x) = = f'(x) = — < 0 = f(x) is decreasing

Series Test.

o0 b
30 L x(lnx)z dX = lim )2 dX = llm [—(]n X)_l]z = — lim (1L — IL) = % = the series

b— oo J2 x(lnx

converges absolutely by the Integral Test

lnn

31. converges absolutely by the Direct Comparison Test since <g5= nl—z , the nth term of a convergent p-series

32. diverges by the Direct Comparison Test fore”™ >n = In (e““) >Inn = n">Inn = Inn" > In(Inn)

Inn
In (In n)

= nlnn >In(lnn) = > % , the nth term of the divergent harmonic series

1
33. nleOo (" i ' ,/nleoo 27 +1 \f 1 =1 = converges absolutely by the Limit Comparison Test

=0, the

nd+ 1

34. Since f(x) = 2= = f/(x) = X2=x) () when 2 = a,.; <a,forn 2and lim
- oL X) =81 M= ey whenx s n

series converges by the Alternating Series Test. The series does not converge absolutely: By the Limit

(#5)
n2 +1 — llm 3n®

@ ol i

Comparison Test, N llmm = 3. Therefore the convergence is conditional.

35. converges absolutely by the Ratio Test since lim { ni2_ ., _ol } = lim 22, =0<1

(m+D! n+1 n—oo (m+1)?2

—1)" (n2 .
36. diverges since nIme a, = lim O+ 1) does not exist

n—oo 2n2+n-1

37. converges absolutely by the Ratio Test since lim [% . '3‘—'] = lim =2;=0<1
. . N _ . n/ 2030 _ . é _
38. converges absolutely by the Root Test since lim V/a, = Jim /5 = lim 2 =0<1
L : - - (#) ot DHn+2)
39. converges absolutely by the Limit Comparison Test since lim —"~—~ = lim ————~=1
n— oo 1 n— oo n
<x/n(n + l)(n+2))
o W s
40. converges absolutely by the Limit Comparison Test since _lim ——*4~ = lim T 1
n— oo ( 1 ) n— oo n
nvn2 -1
. u“+1 . x+4H™ a3 x+4] 1: |x 4]
41 Tim <l = lm \tog5mr - moan| <1 = = lim_ (n+l) <l = =<1

n3n"

= [x+4]/<3 = 3<x+4<3 = 77<X<71;atx:77wehavez(71)n3“ Z(’l)
n=1 n=1

o0 o0
harmonic series, which converges conditionally; at x = —1 we have) % => % , the divergent harmonic series
n=1 n=1

(a) the radius is 3; the interval of convergence is —7 < x < —1
(b) the interval of absolute convergence is —7 < x < —1
(c) the series converges conditionally at x = —7
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U (=17 2n—1)! B .
L St <1l = x-1)72 L lim —(2n)(2n+l) = 0 < 1, which holds for all x

42. lim
n— oo

<l = leoo @ntrD! T =12
(a) the radlus is 0o; the series converges for all x
(b) the series converges absolutely for all x

(c) there are no values for which the series converges conditionally

H Un+1 H Bx =Dt n’
43. nleOO + <1l = leOO m—l)z'm <1:>|3X—1| ll)moo (n+1)2<1$\3x—1|<1

—1y=le_1)n 2n—1
= —1<3x—1<1=0<3x<2= 0<x<2atx=0wehavey LD 2< L

n=1

% , a nonzero constant multiple of a convergent p-series, which is absolutely convergent; at x = % we

Il
|
8

=
Il

0 _1\yn—1 n 0 _1\yn—1 .
have ) (1)114 =3 % , which converges absolutely

n=1 n=1

(a) the radius is % ; the interval of convergence is 0 < x < %
(b) the interval of absolute convergence is 0 < x < %

(c) there are no values for which the series converges conditionally

. Upti . n+2 (2x + 1)rt! C2n+1 [2x + 1] : n+2 _2n+41
44, nll>m()o + <1l = 1l>m00 2n+3 o0+l ntl (2X+l)" <1l = s n1l>m00 n+3 1 <1
= —|2X2+”(1)<1 = 2x+1]<2 = 2<2x+1<2 = -3<2x<1 = —3<x<1ljatx=-2 wehave
o 2 D+
2nn++ll . (_2.1) = Z S 2) Ernf ) which diverges by the nth-Term Test for Divergence since

n=1

o0 o0

: n+l) 1 . _1 n+l1 2% _ n+1 : : R

nh_{nOO (2n+l) = 5 # 0;atx = 5 we have E|2n+1 w2 which diverges by the nth-Term Test
= =

(a) the radius is 1; the interval of convergence is — 3 < x < 3
(b) the interval of absolute convergence is — % <X < %
(c) there are no values for which the series converges conditionally

xl’l+l
(4 DT " e

<1 = 8 m () <1

45. nli)mOO -

<1 = [x| o lim |(nil)n (nJlrl

Un+]
Un

<1 = lim
n—

[e¢]

= IZ—‘ -0 < 1, which holds for all x
(a) the radius is oco; the series converges for all x
(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

46. lim (] <1 = lim \/"l;—ll -2 Jim /o4 <1 = [x| < 1; whenx = —1 we have
Z ( \/l—) which converges by the Alternating Series Test; when x = 1 we have Z \}— , a divergent p-series
n=1

(a) the radius is 1; the interval of convergenceis —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1

(c) the series converges conditionally at x = —1
: Uni i : (n+2)x>H! 21 n+2 .
47. lim (=) <1 = lim = (n+1)x2n,‘<l = % lim_ (=) <1 = —V3<x< /3

the series Z \[ and ) “\%1 , obtained with x = =+ \/g both diverge
n=1

(a) the radius is ﬁ; the interval of convergence is —\/5 <x< \/5

(b) the interval of absolute convergence is —\/5 <x< \/§
(c) there are no values for which the series converges conditionally
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638  Chapter 10 Infinite Sequences and Series

G=Dx3  onyl

48. lim |2 <1 = lim  |%505— - 52| <1 = =17 lim (325) <1 = x-D(H<1
= x-1)P2<1l = x—-1l<l = -1<x-1<1 = O<X<2;atx:0wehave§%
Z ;i;' > (2; IIT which converges conditionally by the Alternating Series Test and the fact
n=1 n=1

[o 0]
Z > +1 , which also converges conditionally

n=1

. ) 1) 2n+1
that Z s diverges; at x = 2 we have Z e =
(a) the radius is 1; the interval of convergence is 0 < x <2
(b) the interval of absolute convergence is 0 < x < 2
(c) the series converges conditionally at x = 0 and x = 2

[
en+1 _e—n—1

csch (n + Dx"*!

3 un+l 3 1
49.  lim <1 = lim |=Gos—| <1 =[x lim —— <1
= x| lim_ el <l = ‘eﬁ <1 = —e < x <e;theseries >_( & ¢)" csch n, obtained with x = +e,
n=1

both diverge since nlem (£e)cschn#0

(a) the radius is e; the interval of convergence is —e < X < e

(b) the interval of absolute convergence is —e < X < e

(c) there are no values for which the series converges conditionally

x"*! coth (n+ 1)
x" coth (n)

. . —2n-2 _ a—2n
Sonleoo u;_:] ‘<1:>|X|n1i)moo %'% <1:>|X|<l

<1 = lim
n — 0o

= —1 < x < 1; the series >_( & 1)" coth n, obtained with x = = 1, both diverge since Jim o (E 1)" cothn # 0

n=1
(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c) there are no values for which the series converges conditionally

51. The given series has the form 1 — x4+ x2 — x> +... + (=x)"+... = 1+ , Wwhere x = %;the sum is ﬁ = ‘5—‘
4
52. The given series has the form x — "5) + "; — .+ (=Dt ";" + ... =In(1 + x), where x = % ; the sum is
In () ~ 0.510825624
53. The given series has the form x — "4? +5 .. (D" (ZHT:), + ... =sin X, where x = 7; the sumissin7T =0
54. The given series has the form 1 — ’2‘—2,) + 2—4, .+ (D" éz")! + ... = cos X, where x = %; the sum is cos % = %
55. The given series has the form 1 + x + 3; X 31 S+ ni,' + ... =¢*, where x = In 2; the sum is e™ () =2
56. The given series has the form x — %3 + Xg — .+ (=D (z’injll) +... =tan"!x, where x = % ; the sum is

-1 1)y _ =
! (J5) = %
57. Consider —; 2 as the sum of a convergent geometric series witha =1 andr = 2x = ﬁ

=14+02x)+2x)2+2x)32 +... = Z 2x)" = Z 2°x" where 2x] < 1 = |x| < 5

n=0 n=0
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. 1 . . . _ .3 1 _ 1
58. Consider 17 as the sum of a convergent geometric series witha = landr = —x* = 5 = 1= =5

=1+ (=x3) + (=3 + (=x3)° + ... =3 (= D)"x®™ where |—x3| < 1 = [x}| < 1= |x| <1

n=0

l)n 2n+1
@n+ D!

)uﬂ.2n+1 X2n+]

0 n 2n+1 0 _
59. smxfz( :>sin7rX:Z_(*1)(”>+ :Z(l
n=0 n

2n+ ! ~@n D!

. (_])" (%)Zn +1

_ (=Dnx+! 2X _ (=
60. sinx = Z Gnt DT sin 5 =3 Cnr) Z 3120 1 1)!

1)n22n+l 2n+1

1)nx!10n/3
(2n)!

O 1)y X (=1 (x93 x©
61. cosx =3¢ (21)’!‘ = cos (x3%) =% (2(;)! )" 2% (
-

n=0 n=0

jee] — A n [e¢]

_ (=D X\ _ ( \ﬁ) _ (=1"xon

62. cosx = 2% o = COS(%) =2 = z%) 57 (2n)!
o=

63. CX:Z X—r: = e(TrX/2>:Z ( ‘) :Z 7T"X.

n=0 n=0 n=0

64. e* = i ﬁ—: = e*XZ — io: (*x'z)n — io: (—=D)"x™

n!

65 f(X) — /3 +X2 — (3 +X2)1/2 = f/(X) — X(3 +X2)*1/2 = f//(X) — _X2 (3 + X2)*3/2 + (3 + XZ)*l/Q

= 1700 =3 342 P 23 (B34 x) (- =2, F(—-) = -1, () =—141=3

8 b
f///(_]) - _ 33_2 + % — % = 3+ X2 =2 — (’(241'1) 4 3(2::'21!)2 + 9(;4—31) + .
66. f(x)=7=(1-0"!=fO=(01-02= ®=2(1-x7 =f"x)=6(1-x)"% f(2) = -1,(Q2) =1,
f'2) = -2,1"2) =6 = £ =—-1+x—-2)—(x—2>+(x—2)*—
67. f(x) = =x+D! = R =-x+D? = @ =2x+D"7? = {"x) = -6+ 174 f3) =1,

PO =-F. '@O=3.1"Q=30 = H=i -3 G-+ FHE-3—F&x-3"+
68. fx) =L =x"1 = ) =—x7? = =27 = ") =—6x" fl)=1.f@)=—2%. '@ =
f///(a):,—_f:>lzi_%(x_a)_ka}(x ) al,l(x—a)3+

a X

1/2 1/2 6 9 12 4 7 10 13 1/2
69. fO exp(—x3)dx:j; (1—X3+’2‘—!—%+’§‘—,+...>dx:[X—%—i—%—l’(‘)_m—}-ﬁ—...}o
o1 1 1 1 1
N5~ gig T a7 2003 T oamaar  am 16 5~ 0.484917143
1 1 - 7 1
70. ‘/;xsin(x?’)dx:j;x(xg—’;—?—l—%—%—i—%—i—...)dx:ﬁ (x4—"3—1!0+%—x7—2!2+"9—27—...)dx
5 11 17 23 29 1
= {X? ~ T s T ona T - ] o~ 0.185330149
172 tan"' x 172 x2 x* x8 x5 x10 x3 x° x’ x? x!! 1/2
71»f| fdx:fl (1*§+§*7+3*T+...)dxz|:X*§+E*@+8j*m+...:|
1

~ 1 1 1 1 1 1 1 1 1 1
i~ orptyr T ry ter T ipan T3 T s T par T wran Toame B 0.4872223583
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640  Chapter 10 Infinite Sequences and Series
/64 1/64 3 5 - 1/64
tan" " x — 1 _x2, x2 _ x! _ 1/2 _ 1¢5/2 0 1.,9/2 1 ,13/2
e dx = . \/;(x T+ % 7+...)dx-j; (x X754 35X 7 X +...)dx
—[243/2 _ 2 47/2 1 2 411/2 _ 2 15/2 Vet (2 2, 2 2 ~
_[3x 5 X + X To5 X +...]0 _(3'83 srgr T s5gm 105_8154—...)NO.0013020379
S 2t
T tim s g PSR ) TS o),
. X — 0 32X71_x—>0 <2X+22x2+23x3<‘r )_X—>0 (2+&+23x2+ >_2
2! 3T ! 3T
2 3 2 3 3 5
a2 _ (1+9+§—,+§—!+...)7(179+§—!—§—!+...)729_1. 2(5+%+.)
Ty -sme gl 9—(9—@+@— ) o (@—@+ )
3! 5! T 30
o 2(h+ G+
= lim 5 =2
™ (%)
2 4 4 6
12—2+2(1—‘—+‘—— 2(‘— S+
2 24 a7 6
75. lim (5—— — 1) = lim 532E2cst — [y = lim
t—0 (=21 — %) t—0 WA=eosh 0 se(1-14G-fh) (=0 (024
12
— lim 2(ﬂia+m) — 1
T t—>0 2 TR
4!+"'
(M)—coqh (1*2*%+%4|* )—(*%?+l}jf )
76. lim ~"4,—— — lim : . -
h—=0 h -0 K
B2 n2  hd opt w6 6
— lim ?_T+§_ﬂ+a_ﬁ+m) — lim (4 _ 14w _nw_ n_n 1
_h*)O h2 _hHO 2! 3! ! ! ! ! -3
4 4
1— 1—22+177,.. ZQ,LJ’,'“
. 1—cos?z T ( 3 ) . ( 3 )
77 im e e = MMy T A P L S G S
) 3 tlz—F+75 2 3 7
2
N (s N
z—0 (‘5‘?‘?‘ :
2 2 2
78. lim —X —— = lim Y = lim —X——
— cosh 2 4 6 2 4 6 2 6
y— 0 COSYTCoshy -y 0 (1—%+%72—!+...)—<1+y27+§7+y67+...> y—0 <7%7%7...>
= lim +:—1
y—0 (717&,7..‘)
Go° | Gx°
. sin3x 4 1 o (3X‘T+W"“) r o 39, 8ix? r _
79. lim (S + 5 +s) = lim 3 tots|=lim (F-3+% +. +x+s)=0
r 3 _ 9 __ _ _ 9
= st+z=0ands—5=0=r=-3ands=73
80. The approximation sin x ~ 6ixx2 is better than sin x ~ x. y
y=sinz—z
\ 5
\
’ 1
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81.

82.

83.

84.

85.

86.

87.

88.

89.

Chapter 10 Practice Exercises 641

lim 2-5-8---(3n — 1)(3n + 2)x"*! N 2-4-6---(2n)
n — oo 2:4-6---(2n)(2n +2) 2-5-8---(3n — 1)x"

<1 = x| lim |35 <1 = x| <3

= the radius of convergence is 3

lim  [337-@neDenida=r - 4914 (Sn—1)
n =00 4:9-14---(5n—1)(5n+4) 35-7---2n+)x"
5

= the radius of convergence is 3

<1 = x| lim [B2E]<1 = x| <3

Shl-%)=>[In(1+3)+n(1-1)]=>[nk+1) —Ink+Ink—1)—InK]
k=2 k=2
=[In3—-In2+Inl-In2]+[In4—-In3+mIn2—-In3]+In5—In4+In3—-In4/+In6—In5+1n4—In5]

+...4+[Inm+1)—Inn+Inm—1)—Innj=[nl—In2]+ [In(n+ 1) —Inn] after cancellation
:>Z n(l-%)=Imn(% éiln(l—%): lim In (%31) =In § is the sum
k=2 k=2

k=2 k=2
1 1 _ 11 1 1 1 _1(3 1 1 1 |3nm+D—-2n+DH—2n| _ 3n’-n-2
+(n—17n+1)]—§(I+§***n+1)—§(§*5*n+1) 5{ 2n(n+1) }— 4n(n+1)
= o 1(3 1 1y _3
:>k¥2k21 n1l>moo§(§_a_n+l)7z
. 1-4-7---(3n — 2)(3n+1)x>+3 (3n)! 3 3n+1)
(a) lim Gt 3) “taen | < L= I sean ey

= [x*|-0 <1 = the radius of convergence is co

. X 1-47-Bn=2) _3n dy o~ 1-4-7--(Gn—2) -1
b)) y=1+ Zl Gl X T & T Zl G- 1)
n= n=

Py _ S 14T Gn=2) 147Gn-5) 302
= =2 Gn-2)! " X+Z Gn=3)! "

&)

(@) £~ = 1_"—2 =X+ X))+ X2+ (x4 ... =x2 =3+ x =X+ ... = (=1)"x" which

X (=x) n=2

+

converges absolutely for x| < 1

b) x=1= > (=D"x"=>" (—1)" which diverges

n=2 n=2

[ee) oo
Yes, the series) | a,b, converges as we now show. Since ) a, converges it follows thata, — 0 = a, < 1

n=1 n=1

forn > some index N = a,b, < b, forn >N = > a,b, converges by the Direct Comparison Test with > b,

n=1 n=1

No, the series Y a,b, might diverge (as it would if a, and b, both equaled n) or it might converge (as it would if

n=1

a, and b, both equaled %).

o0 o0
> Kol — Xp) = L lim ];(ka —x) = lim_ (xp41 —x1) = lim_ (Xp11) — X1 = both the series and

sequence must either converge or diverge.
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642  Chapter 10 Infinite Sequences and Series

o]
= 1 because ) a, converges

n=1

90. It converges by the Limit Comparison Test since _lim - = lim L
n— 0o ap n—oo l+a

and so a, — 0.

9L Y e =a+ 5 +5+5+ at(GatGrutrGretity)as
n=1
+ (% + % + ﬁ +... + 116) ag+ .. %(ag—|—a4—|—a8—|—a16+...)Whichisadivergent series
_ 1 1 1 1 _ 1 1 1
92. ay = forn 2 = a a3 a ...,andm+m—|—m+...—m+m—l—m+...

diverges by the Integral Test.

nln

=L (l+5+3+...) whichdivergessothatl—i—z

CHAPTER 10 ADDITIONAL AND ADVANCED EXERCISES

[o¢]
1. converges since Gno 2%(2“ 72 < & 712)3,2 and ) Gn 712)3 5 converges by the Limit Comparison Test:
n=1

)
! ((31172)3/2)

(272" = 3

0 _ 37b _ 3
. “14\2 dx_ _ 1: (tan lx)j T (tan~!'b) )
2. converges by the Integral Test: fl (tan™'x)" = b1i>moo [ 3 = bleOO = 15
— (=t _ ) 1
—\22 7 192) T 192
. . . _ . _ n _ . _ n 1 _e—2n _ n
3. diverges by the nth-Term Test since nleoo a, = nll)mOO (—D" tanhn = bll>moo -1 (1 +e’2“> = nll’mOO -0
does not exist
4. converges by the Direct Comparison Test: n! < n" = In(n!) < nln(n) = 11?1((?1? <n
= log,(n!)) <n = logn# < % , which is the nth-term of a convergent p-series
; : 1 12 _12_ 12 _ (23 (12
5. converges by the Direct Comparison Test: a1 = 1 = gyarap - 2 = 55 = muae 3 = (13) (53)
__ 12 (34 (23 (12) _ _ 12 = 12
= oo@r M= (5 6) (4 5) (33) = @oGr T = 1+ Zl T DM m T ay fepresents the
-

12

given series and G FaTaE < n4 )

which is the nth-term of a convergent p-series

6. converges by the Ratio Test: nleOO il — , lim =0<1

e - 1)(n+ D

7. diverges by the nth-Term Test since ifa, — Lasn — oo, thenL = ﬁ = L24+L-1=0= L= 71i2\/g #0

8. Split the given series into Z 32,,“ and Z T the first subseries is a convergent geometric series and the

n=1 n=1
second converges by the Root Test: nIme v % = nlem \[\/— = 17 = 5 <1
9. f(x)=cosxwitha=7% = f(3) =05,f (5) = f" (3) =-05,£"(3) = 4 9 (5) =0.5;

W= wy

V3

2 x 3
x5+ Bl H 1

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Addtmﬂ%eala/ed By J | breel Bornat
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10. f(x) = sin x witha = 27 = fQ27m) = 0, £'2m) = 1, £"(27) = 0, £ (27) = —1, f9(2m) = 0, £927) = 1,
FOQ2m) =0, f{D(2m) = —1;sin x = (x — 2m) — O520° 4 G207 o2l g

11. e":1+x+§—f+§+... witha =0

12. fx) =Inxwitha=1 = f(1) =0, (1) = 1, £'(1) = —1f"(1) = 2, f9(1) = —6;

2 1 T
Inx=@x—1)-8 L pobb &by

13. f(x) = cos x witha = 227 = £(221) = 1, f'(22m) = 0, £"(221) = —1, £ (227) = 0, f9(227) = 1,
fOQ227r) =0, fO227m) = —1;cos x = 1 — 3 (x = 22m)? + 3; (x — 22m)* — & (x — 22m)° + ...

14, f(x) =tan"'xwitha=1 = f(1)=12,f() =1, f"() =1, f"(1)=1;

-1y _ 7 x-=1 (x—1)? (x—1)?
tan" X=73+"—F5——-—~—F+F+...

™ & lim ¢, =Inb+ lim 2GS+
n— oo n—00 n

15. Yes, the sequence converges: ¢, = (a" + b“)l/n = c,=b ((%)n + l)1

0in ()

=Inb+lim Bt — b4 520 — nbsince 0 < a < b. Thus,  lim ¢, = e"® = b.
6. 1+ttt T Tt = 1 X e + X e + 2 om
n=1 n=1 1

0 ) oo 3 0 ; (l)
=1+ Z 1030 +1 + Z 103n+2 + Z 103 — 14 1 101
n=0 n=0 n=0 —\10
— 200 4 30 7 __ 9994237 __ 412
=1+ 999 + 999 + 999 T 999 T 333

1

= Kt dx dx 2 dx " dx " odx
17. Sn:l;)ﬁ 1+ x2 = S = 01+x2+j‘1 l+x2—’_"'—‘r_j;1l+x2 = S = 0 1+x2

= lim_ s, = lim (tan"'n—tan"'0) =%
n— oo n— oo

X (n+1)

(+Dx™' @+ DEx+ D ;
2x+1 nn+2)

(n+2)(2x + 1)1 nxn

= lim
n— oo

= lim

n— oo

18. lim

n— oo
= x| <[2x+1]5if x>0, x| <2x+ 1] = x<2x+1 = x> -1if =1 <x<0,[x| <[2x+ 1
= —x<2x+1 = 3x>-1= x> —1;ifx< =1, x| <|2x+ 1] = —x < —-2x—1 = x < —1. Therefore,

the series converges absolutely for x < —1 and x > — % .

:‘2x:1| <l

Un+1
u,

n

19. (a) No, the limit does not appear to depend on the value of the constant a
(b) Yes, the limit depends on the value of b

cos (3) 1 - — & sin (&) +cos (&)
(@) _ (=) - _ <4nl)( )
€ s=(1-=2) = Ins=——+—~% = lim Ins=
n (%) n =00 (—nlz)
= tim G esl) _0mt oy jim s = el & 03678794412; similarly,
n—oo 1,% n— oo
; cos (D\" _ o—1/b
Riiu (1_T> =e
x> : . . 1 +sina, \1 l/n . 1+sin a, I+sin (nlggc a,,) 1+sin 0
20. > a,converges = lim a, =0; lim_ [(T) } = lim_ (sna) — ! = L

n=1
1

= 5 = the series converges by the nth-Root Test
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644  Chapter 10 Infinite Sequences and Series

bn+lxn+l 11’1 n
In(n+1) b

Un+1

21. lim
n— oo

<l = lim
n— oo

<l =|x|<l = —-l<x<i{=5=b==+1

22. A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin x, In x and
e* have infinitely many nonzero terms in their Taylor expansions.

3.3
. G () — i X . ax— X 4 ) - (x=%+...)—x _ 5
23. lim WZ lim ( ! ) ( ] ) = lim {axzzfgjﬁr%*(%f%)XQJr...}

x—0 x—0 x—0
isfiniteifa—2=0 = a=2; lim St2-gher = —Z 4§ =1
2,2 hd
24, lim S&=b | - Jim <17 : 7"'>7b——1 T D
T X—0 2x? X — 0 2x2 - X — 0 2x2 4 48 )T
= b=1anda= £2
(n+ 1)? 2 S
25. (a) ﬁl:“T=1+;+$ = C=2>1and Z % converges
(b) o=l =14+ 0 = C=1<1land} ! diverges
n=1
u, _ 20@n+1) _ _4n’42n (g) 5 (%) [(4"2in4"+1)} fi vici
260 o = o T a1 = Lt T aemmyy = 1+ 7 + = after long division
= C=3 > land |f(n)| = 4n2_5‘fn+l = C = y <5 = Z u, converges by Raabe's Test
—i ~

[o0) [o0) (o @]
27. (a) Y. a,=L = a?<a, ) a,=a,L = > a2 converges by the Direct Comparison Test
n=1 n=1

. . N L.
(b) converges by the Limit Comparison Test: nleOC = nleoo -4 = lsince n; a, converges and

therefore _lim a, =0
X — 0

28. If0<an<1then|1n(1fan)|:fln(lfan):an+§+%ﬁ+... <mtaltalt.. = b

l1—a,”’

a positive term of a convergent series, by the Limit Comparison Test and Exercise 27b

2. 1—-x)"1=1+ 21 x™ where |x| <1 = (1—1x)2 =41-x'= an“ !and when x = § we have

n=1

4= 14200 430 +4 )+ k() 4

30. (a) ;Xnﬂ =& = Z(n+l)x = xx)2 = ZH(IH-I)XH =y = Zn(n Dx" = 725

X
n=1

(S}

<

0
nn+1) _ 2x?
= r; X0 - (1_1)3 - (X—l)3’

(b)y x=3 Mth -

XN

x| >1

%

)1/3

1)3:>x3—3x —i—x—l—O@x_l—i-( £)1/3 (1_

31. (a) (13x)2 =4 () =L (0+x+x2+x+.)=1+2x+37+43 + ... =3 mx"!

) from part @ wehave 5 ()~ (2) = () [0 = 6
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—_ 9 __9_1
(c) from part (a) we havegnp Iqg= TP =4 =3
00 00 1 00 o0 o0
2@ ¥ k=3 2 k= lfz()% = 1and (O = 3 kpy = Zkzk_%ZkT‘k:(%) )

N

= -7

by Exercise 31(a)
O S =2 =12 ()= () [fig] = e Ew = 2 ee= 3k =5 k(@)
k=1 k=1 k=1 =1 k=1 k=1

© > pk=) k(k{%l):Z(%_%): lim (1 k—H)—landE(x) Ekpkzl;k(ﬁ)

k=1 k=1 k=1 k — oo
=Y =7 adivergent series so that E(x) does not exist
k=1
—kty _ ) —nkty __ C —ktp 1— —nkty . . . C ki, . C
33. (@) Ry=Coe™ 4 Coe 20 4. 4 Coe™o = Cple™) o R— lim R, = S5 = Oy

(b) Ry = 1= = R —e ! & 0.36787944 and Ryy = “—1=5") ~ 0.58195028;

R = L ~0.58197671; R — Ryg ~ 0.00002643 = 281 < 0.0001

_ _e—In _ a—In

(© Ry="Ue™ R 1(_ 1) ~47541659; R, > & = 5 5 (1) (1)

= l-eV0>l o el o 2 cin(l) = &>-In() = n>693 = n=7

M. @ R=gly = RM=R+C=Cy = =3 = y=1In(Q)

ek‘O —1
(b) tg = ﬁ Ine = 20 hrs
(c¢) Give an initial dose that produces a concentration of 2 mg/ml followed every t) = 555 In (%) ~ 69.31 hrs

by a dose that raises the concentration by 1.5 mg/ml
d ty=g5In(&) =5In (L) ~6hrs
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NOTES:

STUDENTS-HUB. CoCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Ad%—l%eélHEd By J | b reel Bornat



CHAPTER 11 PARAMETRIC EQUATIONS AND
POLAR COORDINATES

11.1 PARAMETRIZATIONS OF PLANE CURVES

. x=3t,y=93, —co<t<oo = y=x> 2. x=—\/t,y=tt 0= x=—/y
ory=x2,x<0
X 2 l>°y
y=x
X-—ﬁ
t<0 t>0

3. x=2t=-5,y=4t—-7, —c0 <t <
= X+5=2t = 2(x+5) =4t
= y=2x+5-7 = y=2x+3

4. x=3-3ty=20<t<1 = J=t

= x=3-3(}) = 2x=6-13y
= y=2-32x0<x<3

5. x=cos2t,y=sin2t,0<t<m

6. x=cos(m—t),y=sin(mr—1),0<t<7
= cos?2t+sin2t=1 = x> +y> =1

= cos?(m —t) +sin®(r—t) =1
= x*+y’=1y 0

y

x4y =1 X +Y =1
1

Kﬂq
L tax
_//\\0 '-or x
1 1 2 1 1 1 1 x —1 1
-2 -1 0 1 2

- t=1 -1
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648  Chapter 11 Parametric Equations and Polar Coordinates

7. x=4dcost,y=2sint,0 <t <27 8. x=4sint,y=5cost,0<t<2r
:>16(1:gszt+4%nzt:1:>%+3;_2:1 :>16i§i6n2t+25(2:gszt:1:>%+¥:1
A I-hyl-ﬂ
%+§=I

N \ |

i=x
9. x:sint,y:cos2t,—§§t§§ 10.x=1+sint,y=cost—2,0<t<7
= y=cos2t=1-2sin®t=y=1-2x2 = sint+cos’t=1 = (x— 1)+ (y+2)>=1
y
X
y=1-247 : 2
t=0
-1
1 1 x
-1 1
T ks -2
=7 o =7
(x=1)"+(y+2)° =1
-3
t=m
2 o 46 4 _ =2
1. x =,y =t = 2t*, —o0o <t < 0 12.x =2y, y= 51, —1<t<1
3 2 _
=y=() -2t) =y=x>-2x* = t= 2 éy:—zzx_"]
y y
y:xz(x—Z) y= 2-x

t<0 J
2 4 6
ha S
direction ! —-1<t<1
j -2

ut[=0\ ©.0)

A

13. x=t,y=v1-,-1<t<0 14. x=/t+1,y=/tt 0
- y=+1-x = y2=t=x=+y2+1y 0

t=-1 ‘,
1
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Section 11.1 Parametrizations of Plane Curves 649

15. x =sec’t—l,y=tant, - <t < % 16. x=—sect,y=tant, — 5 <t <3
= sec’t— 1 =tan’t = x =1y = sec’t—tan’t=1 = x> —y? =1
y
3
0<t<m/2
2L
1+ —v2
t=0 =y X
1 Il 1 1 1 1 x
2 -1 1 2 3 4
-1k
2k
4 —gst<0
17. x = —cosht,y =sinht, —oco < 1 < 00 18. x =2sinht,y =2cosht, —oo <t < o0
= cosh’t—sinh’t=1 = x> —y?> =1 = 4cosh’t—4sinh’t=4 = y> —x>=4
y
/
/
/
/
/
/
/
/
1
0 \
\
\
\
\
\
AN
\\

19. (a) x=acost,y=—asint,0 <t <27 20. (a) x=asint,y =bcost, 5 <t <
(b) x=acost,y=asint,0 <t <27 (b) x=acost,y=bsint,0 <t <27
(c) x=acost,y=—asint,0 <t<4r (©) x:asint,y:bcost,ggtg977r
(d) x=acost,y=asint,0 <t <4r (d) x=acost,y=bsint,0 <t<4r

21. Using (—1, —3) we create the parametric equations x = —1 + atand y = —3 + bt, representing a line which goes

through (—1, —3) att = 0. We determine a and b so that the line goes through (4, 1) when t = 1.
Since4 = —14+a=-a=>5.Since ] = —3 +b =- b = 4. Therefore, one possible parameterization is x = —1 + 5t,
y ==-34+4t,0<t< 1.

22. Using (—1, 3) we create the parametric equations x = —1 + atand y = 3 + bt, representing a line which goes through
(—1, 3) att = 0. We determine a and b so that the line goes through (3, —2) whent = 1. Since3 = —1+a=a=4.
Since —2 = 3 +b = b = —5. Therefore, one possible parameterizationis x = —1 +4t,y =3 —-5t,0 <t < 1.

23. The lower half of the parabola is given by x = y? + 1 for y < 0. Substituting t for y, we obtain one possible
parameterization X = t2 4+ 1, y=tt<0.

24. The vertex of the parabola is at (—1, —1), so the left half of the parabola is given by y = x? + 2x for x < —1. Substituting
t for x, we obtain one possible parametrization: x =t, y = 242t < —1.

25. For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (2, 3) for t = 0 and passes
through (—1, —1) at t = 1. Then x = f(t), where f(0) = 2 and f(1) = —1.
Since slope = £* = =122 = _3 x = f(t) = —3t + 2 = 2 — 3t. Also, y = g(t), where g(0) = 3 and g(1) = —1.

‘At 1-0
Since slope = §¥ = 5123 = 4.y = g(t) = —4t + 3 =3 — 4t.

One possible parameterizationis: x =2 — 3t,y =3 —4t,t 0.
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Chapter 11 Parametric Equations and Polar Coordinates

For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (—1, 2) for t = 0 and
passes through (0, 0) at t = 1. Then x = f(t), where f(0) = —1 and f(1) =

Since slope = % = % =1,x=1f(t) = 1t+ (—1) = =1 4+ t. Also, y = g(t), where g(0) = 2 and g(1) = 0.
Sinceslope = 3 = 4=2 = 2.y =g(t) = ~2t +2 =2 — 2t

One possible parameterizationis: x = =1 4+t,y =2 —2t,t 0.

Since we only want the top half of a circle,y 0, so let

Since we want x to stay between —3 and 3, let x = 3 sint, then y = (3 sin t)2 = 9sin? ¢, thus x = 3sint, y = 9sin’t,
0<t< o

Xpyt=a? = 2x4+2y P =0= F=-Tiltt=F = —X=t = x=—yt Substitution yields
Ve+yl=a = y= mandx— \/ﬁ,—oo<t<oo
In terms of @, parametric equations for the circle are x =acosf,y =asin 4,0 < 0 < 2x. Since § = § , the arc

length parametrizations are: X = a cos i ,y = asin i ,and 0 < i <27 = 0 <s < 2mais the interval for s.

Drop a vertical line from the point (x, y) to the x-axis, then 6 is an angle in a right triangle, and from trigonometry we
know that tanf = ¥ =y = xtan9 The equation of the line through (0, 2) and (4, 0) is given by y = —1x + 2. Thus

andy = ;2% where 0 < 6 < 3.

_ 1 _
xtanf = —3x +2 = x = Ten g1

2tan9+1

Drop a vertical line from the point (X, y) to the x-axis, then 6 is an angle in a right triangle, and from trigonometry we
know thattanf = ¥ = y = xtan . Since y = \/x = y> = x = (xtanf)’ = x = x = cot’d = y = cot§ where
0<0< 7.

The equation of the circle is given by (x — 2)2 + y? = 1. Drop a vertical line from the point (x, y) on the circle to the
x-axis, then 6 is an angle in a right triangle. So that we can start at (1, 0) and rotate in a clockwise direction, let
x=2-—cosf,y=sinf,0 <6 < 2.

Drop a vertical line from the point (x, y) to the x-axis, then 6 is an angle in a right triangle, whose height is y and whose
base is X + 2. By trigonometry we have tan 6 = ﬁ =y = (x + 2) tan f. The equation of the circle is given by

2 4y?=1= x>+ ((x+2)tanh)* = 1 = x?sec?d + 4x tan’d + 4tan20 — 1 = 0. Solving for x we obtain

—4tan?6 + |/ (4tan20)* — 4 sec?0 (4tan20 — 1) _ Atan? /1— :
/ 5570 = —HafLIVI =3 — _9sin?g + cos 0/ cos? O — 3sin20

= —2 4+ 2c0s?0 £ cos 0\/4cos?f — 3and y = (72 + 2c0s26 + cos 0\/4cos? 6 — 3 + 2) tan 0

= 2sinf cos § =+ sin 8/ 4cos? § — 3. Since we only need to go from (1, 0) to (0, 1), let

X = —2 4 208?60 + cos 61/ 4cos? 0 — 3,y = 2sinf cos § + sin\/4cos? 0 — 3,0 < 6 < tan~' (1).

To obtain the upper limit for 6, note that x =0 and y = 1, usingy = (x +2)tanf = 1 =2 tan = ¢ = tan™' ().

X =

Extend the Vertical line through A to the x-axis and 1et C be the point of intersection. Then OC = AQ = x
andtant= 2 =2 = x= 2 =2coti;sint= & = OA = 2 ;and (AB)(OA) = (AQ)’ = AB (%) =x’

OC X tan t sint ’

= AB () = (L)2 = AB = Zsint Nexty—2 ABsint = y=2— (280) gin ¢ =

tan t tan? t tan? t

2— 28t — 9 9 cos?t = 2 sin®t. Thereforelet x = 2 cottandy = 2 sin?t, 0 < t < .

tan?t
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36. Arc PF = Arc AF since each is the distance rolled and Y
APE — /FCP = Arc PF = b(/FCP); A€AF — ¢
= Arc AF = af = af = b(LFCP) = /FCP = { 0;
Z0CG = § — 0; ZOCG = ZOCP + /PCE
= Z/OCP + (3 — @) . Now ZOCP = 7 — ZFCP
=m—50. Thus Z/OCG=7—30+5 —a = § —
=r—{0+5—a= azw—%@—l—ﬁzw—(a%’ﬁ).

0

Thenx:OG_BG:OG_PE:(a_b)cose_bCOSO[:(a—b)COSH—bCOS(ﬂ'—agbe)

=(a—b)cosf+bcos(226). Alsoy =EG =CG—CE = (a—b)sinf — bsin«

= (a—Db)sinf —bsin (1 — 252 0) = (a—b) sin § — b sin (*5> ) . Therefore
x:(a—b)cosﬁ—l—bcos(agbe) andy:(a—b)Sinﬁ—bsin(a;b ).
Ifb=2 thenx = (a— 2) cos § + 4 cos (azg()ﬁ) 9)

:%0059—1—300339:%cos@—i—%(cos@cosEQ—sin@sinZG)

= 32 cos 0 + 2 ((cos 0) (cos? 6 — sin® §) — (sin 6)(2 sin 6 cos 6))
-
=32 cos 0 + 2 cos® 6 — 2 (cos 0) (1 — cos® 0) = a cos® 6

y=(a—12) sine—%sin(az%()%) 9) = 32 5in 6 — 2 sin 30 = 32 sin 6 — 2 (sin @ cos 20 + cos 0 sin 26)

= 32 5in 6 — 2 ((sin 6) (cos® § — sin® @) + (cos G)(2 sin 6 cos 6))

cos9+§cos39—%cosHsinQO—%singécose

=3 sinf — 2 sin 6 cos’d + 3 sin® 0 — 2 cos? 0 sin ¢
= 32 5in 6 — 3 sin 0 cos?  + 2 sin® ¢

= 32 sin§ — 3 (sin ) (1 — sin?#) + & sin® 6 = a sin® 6.

37. Draw line AM in the figure and note that ZAMO is a right y
angle since it is an inscribed angle which spans the diameter A(Q )| L
of a circle. Then AN2 = MN? + AM2. Now, OA = a,
% = tan t, and % =sin t. Next MN = OP
= OP? = AN? — AM? = a% tan® t — a® sin t
= OP = \/a2 tan?t — a2 sin? t
= (asint)y/sec’t—1 = %‘s‘i‘ . In triangle BPO, ’ Px,y

. E) .
x = OPsint = 30t — 3gin? t tan t and
cos t X

y=O0Pcost=asin’t = x =asin’ttantandy = asin’t.
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38. Let the x-axis be the line the wheel rolls along with the y-axis through a low point of the trochoid

39.

40.

(see the accompanying figure).

v Y
Y p

> x'

e h=a0

>

Let 6 denote the angle through which the wheel turns. Then h = af and k = a. Next introduce x'y’-axes
parallel to the xy-axes and having their origin at the center C of the wheel. Then x’ = b cos « and
3n ¥ —0) = —bsinfandy =bsin (3 —0)

y' = bsin o, where o = 37 — 6. It follows that x’ = b cos (
=—-bcosf = x=h+x'=al —bsinfandy =k+y = a— b cos 0 are parametric equations of the trochoid.

D= \/(x—z)2 (y-1)7 = p*=
am?) _
=40

(x —2)* + (3’—1)2=(t—2)2+(t2—%)2 = D?=t!—4t+ 7

= —4 =0 = t=1. The second derivative is always positive fort # 0 = t = 1 gives a local

minimum for D? (and hence D) which is an absolute minimum since it is the only extremum =- the closest
point on the parabola is (1, 1).

b= \/200“_‘) +(sint—02 = D?= (2cost—3)° +sin?t = 40

=2(2cost—3)(—2sint)+2sintcost=(—2sint) (3cost—3) =0 = —Zsint:Oor3cost—%:0

= t=0,mort=7%,2. Now d;ég) = —6cos2t+ 3 cos t + 6 sin®t so that & dto L (0) = =3 = relative
2 2
maximum, dtz (7r) —9 = relative maximum, d ég ) (%) = % = relative minimum, and
2 2
¢ 53 ) (5”) = % = relative minimum. Therefore both t = 5 and t = give points on the ellipse closest to
the point (% ) ( —) and < ,— %) are the desired points.
41. (a b c
@ , (b) , © ,
Tx=4costy=2sint T + .
+0<t<2x L x-4oost.y=\_2$mt
2 2 R <ten2 ]
x X '\
-4 | 4 — —
+ ——t ———
FXx=4cost,y=2sint "r_/
L O<t<ex
-2 T
42. (a b c
(@) . (b) " (© .

x=secty=tant |
-1.5sts1.5

—t— ] X
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43,
y
X=2t+3,y=t-1
—-28ts2
3 /
et i\:‘/si + X
44. (a) Y (b) y (©) y
. Xx=t-sint x=1-sint
x-t1-smtt ﬁ y=1-cost y=1-cost
y=1-cos ] 0sts4n RSt<3rx
osts2x
24
+ h X X
| 2x X
45. (a b
@ y ®) X = -2 cOs t + cos(-2t)
2.6 2.6 y = -2sint- sin(-2t)
Xx=2c0ost+cos 2t B
y =2sint-sin 2t
X -1
% = & '
46. (a) (b)

X = -3 COs t + cos(-31)
4 = -3 sin t - sin(-31)
X =3 cos t + cos 3t Osts2n
y =3 sin t- sin 3t
Ost<2n

-4
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47. (a) (b) (©)
Y Y10.2
9 10 Hypotrochoi *
Epicycloid Y//K
-9 9 | -z—\ | ( | |
Hypocycloid \/
~9, -10 -10.2
48. (a b
(@) 5 (b) y
; /&}
* M@B\,_j« '
X=6COS‘+5CO§3‘, )’=6Siﬂt—58iﬂ3t, x=6¢052'+5c036‘. )'=6sm2t-—5$in6t.
0<t<2w 0<t<nm
(© (d)
y ¥
X X
10 -5 5 10 0 -5 ({5 5 10

x =6cos t+5 cos 3t, y = 6 sin 2t — 5 sin 31,

0<t<27 ;:—f:o;21+5cos6r, y =6 sin 4¢ — S sin 6¢,
11.2 CALCULUS WITH PARAMETRIC CURVES
. t=% = x=2cos 7 = \/_ y72sm—f\/E,fl’t‘:—2sint,%:2cost = S—i:%——f;‘q’fntt——cott
= % ‘:E:—cot§:—l;tangenthnelsy—\/5:—1 (x—ﬁ) ory:—x—k2\/7,“:]1yt =csc?t
d’y _ dy'/dt _ csc®t 1 d?y o
= o T avd T T2snd o Zswdt 7 &, =2
_ 1 o 1)) — o Ty V3o 1)) _1l.dx _
2. t=—35 = x—s1n(27r(76)) —sm(fg) —fT,y_cos(Zw(fg)) —cos(fg) 35 d’t‘ = 2 cos 27,
dy _ : dy _ —2msin2mt __ dy _ 1 _ _ .
G = 2msin 27t = = ST S = —tan 21t = o f—tan(27r(— g)) 7—tan(— g) = \/g
. . d2 _ S 2
tangenthnelsy—%:\/g [x— (_T)] ory=3x+2; ¥ Y = dmrsec?2nt = §F = Frsecin
_ 1 d’y —
= T odm 7 ad —1 -8
6
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3.t=17 = x=4sin T =2y/2,y=2cos T = /2, & =dcost, ¥ = 2sint = P = WA _ —dsint

4 > dt > dt dx dx/dt 4 cost
—_1 dy —_1 T _ _ 1. ine i _ —_1 _ —_1 .
=—stant = § = 5 tan 7 = — 3; tangent line is y \/77 2(x Zﬁ)oryf 2x—|—2\/§,
=3
dy 12 dy _ dyde _ —fsett d%y _ 2
de 3 Sec t= dx? 7 dx/dt T 4cost 8 cos3 t = dx? ﬁl_ 4
=4
_ 2 _ 2 _ 1 _ 2r _ V3 Ldx . dy _ . dy _ —/3sint _
4., t= 5 = X=cos §,yf\/§cos—f—7,af—smt,af— 3sint = &7W7\/§
dy _ . feiev — [— V3) — _ (-1 dy’ _ dy _ _
= ¢ t:;—\/g,tangenthnelsy ( 2)—\/§[x ( )]ory—\/gx, T =0=>F=-2=0
&’y _
= Wl,zj_o
—3
1 1 —l.dx _q dy _ 1 dy _ dy/dt 1 dy _ 1 _ 1. s
5. t=45 = X_4’y_2’dl_]’dt_2\/{ = & = addt = 2k = & t:l—z\/;—l,tangentlmels
_1_q. Y _ _1-3/2 dy _ dydt __ 14-3/2 dyl
y—53=1 (x - )0ry_x+4’dt_ it / = & = dva — 4t P = el 2
_ _ T _ 2(_ 1T\ _ 1 — — _ Ty — _ dx dy _
6. t=—7 = x=sec’(—F)—1=1lLy=tan(—%) =—-1; % =2sec’ttant, § = sec’t
dy _ _se®t 1 _ 1 dy _1 )y _ 1. e
= x_ZSecztlanl_2tant_200tt:> dx 1:7:_200t( 4)_ 2,tangenthnels
_ _ Ly B A A AP dy _ —pese’t 1 o3
(-D=-5Gx-Dory=—gx—3;q =—gosc’t = §F = bt =—jcot’t
= dzy 1
ax2 _ . 4
4
- — T2 oy T 1 .dx _ dy _ dy __ dy/dt
7. t=% =>x—secé—ﬁ,y—tan6—\/§,dl—secttant it sec’t = o = Tudt
sec’t dy _ T __ 9. s 1 _ _ .
= g = cset = 4 tii—csc6—2,tangenthnelsy el ( )ory 2x \@,
6
! 2 ! 2
¥ - oot - £ - sme oo B~ -y3
_ 3 @y12
8. t=3 = x=-3+1=-2y=30) =38 =L+ V2 & =33y 5 &= (O T
t Chem
_3Wirl _dy VAR Y e
S | e —2;tangent lineisy — 3 = —2[x — (—=2)]Jory = —2x — I;
@ _ VRRaen VT oo ey ) -
dt 3t Zt\/_\/t+ < L NV
d’y _ 1
= | T3
3 . .
9. t=-1 = x=5,y= 1,‘31’: 4t, ‘é{ =43 = Si = gig:f‘f& =t = g—i = (—1)? = 1; tangent line is
1 =1-(x — — % _ ey dy'dt o2 1 d’y 1
y—l=1-x=5ory=x—-4 dt_2t:> W ddd @3 T W L2
1
10 t=1 = x=1,y=-2;& = 1 & _1 _ dv_ W o W = —1; tangent line is
y= dt ?od Tt ax (7{;2> x| g
_ _ dy dy . -1 _ 2 42
y—(—2)——1(x—l)0ry——x—l,d—{——l:>d—xy—(7—i)—t :>d—x}2'7 1
2 =1
— — T _gn T =T _ V3 o_1_ T_1_L1_1.dx _1_ dy _ o dy __ dy/dt
11. t=35 = X=3—sin3 =3 S ,y=1 cos3—1 2—2,dt—1 cost, 3 =sint = 3 = 5
/3
sin t dy _ _sin(3) _(T)_ . 3 1 _ 1 _ _T ﬁ
= oot = &[T Tmees(3) — (D) = /3 tangent line is y 2_\/§ x—5+%5
3
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656  Chapter 11 Parametric Equations and Polar Coordinates

_ _ mf dyl _ (IL—cost(cos )= (sint)(sint) _  —1 @y dyre ()
= Yy= \/gx +2’ dt (1—cos t)? ~ 1l—cost dx? T dx/dt T Iftc;gst
-1 dy _
= U—=cos1)? = dx2 s =4
73
12.t=Z = x=cos £ =0, _1+s1n—_2d=—smt D —cost = W= St — ot
: 2 2 y > dt > dt & — Tsint
dy _ T _ (- _ dyi &y oesc?t 3 d’y _
= X = cot 5 = 0; tangent line is y = 2; -7 csc’t = T = Tami = —CsC't = 43 . 1
—2 —2
— — iy 2 gk ol dy _ -1 dy _ (1) dy| e+ _
13 t—2:>X—2+1—3 y—2 2’ dt_([+1>z’ dl_([71)2:> dX_(171)2 dx 1:2_(271)2_9’
o CqLdy A+ dy _ 4e+1) d%y _ 4241
tangent lineisy = 9x — 1; 5 = 1) o= oy o= oy 108
_ _ 0 _ 1.0 _ . dx tdy Lt dy _ ¢ dy - _ _ 1.
14t—0$X—0+e—1,Y—1 C—O dt_l+e’dt_ e:>dx_l+e‘:> dx —o T+e0 — 2
_1 oy _ ¢ &y _ ¢ Pyl = 1
tangent line isy = x—|— 2, it = Tre? = 2= (1e) & T Trey 8

3 2 __ 2 d _ 2 dx __ dx __ —4t.
15 X 420 =9 = 3x* F +4=0 = 3x* T =—4t = ¢ =37

ot 2
2y =32 =4 = 62 L —6t=0 = L=~ =L thus P = P& = () _ oo a0y

dt 6y —y dx dx/dt (;42[) y2(—41) “4y7
3x
= X3+2(2)2:9 = x3—‘,—8:9 = x=1= x=Lt=2 = 2y3_3(2)2:4
2
= 2y’ =16 = y> =8 = y = 2; therefore = _322))2 -3

16, x=1/5— 1= S =L1(5— ) (-l = e D=1t = y+ (- D = L1/

N 1-2y/t
NP S VR Ak A £ T 2k 4s- A

e
=

a — (t=1) — _ > ax — & T =1 - 1) -1
LT 2k t (t=1) 2/t-2/t 3 T 2V/t(t-1)

TN NN ey SV SO S
B 2(1—2@ \/1)\/5 V4 10\/3

- 1-4

=

=

therefore, g—i

17 x4+ 282 =2t = 4328 =241 = (1+3x2) §=2+1 = § =L y/t+1+2,/y=4

EVEF T4y (1) D2 025 20 (by ) § =0 = VAT T+ i + 25+ () § =0

o (GA20)  yi-aid
2\/§ = T)t/ = (2 :r]lJrﬁ) 2,/y(t+D+20/t+1° > thus

= ( ) $ =7 -

(*yﬁ*‘lyx/“r_])
dy  dydt  \2WGEDET ) 3/2 _ 1/2) _ 0t —
d%_dildt_W’t_o = x+2x32=0 = x(1+2x2) =0 = x=0;t=0
1+3x1/2
(74\/174(4)¢m>
= yWO0F+1+20)/y =4 = y=4; therefore §| = A2ODI0O0 g
o ( 1+ 3(0)1/2>
18. xsint+2x =t = sint+xcost+2R =1 = sint+2) L =1—xcost = &= Lxcost

tsint —2t=y = smt+tcost72—%,thus dy*%;t:w = xsinT+2x=n
sint+2

. dy sinm+ 7 cos ™ —2 —47—8
= x = I therefore == = = =—4
27 dx t=n 1—(%) cos T 247
sin+2

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Add{ﬂ?ﬂ%ﬁﬂéd By J | breel Bornat



Section 11.2 Calculus With Parametric Curves 657

19. x=C+t,y+20 =2x+ 2= L =32+ 1|, L 462 =2% + 2t = L =23+ 1) + 2t — 62 =2t +2
dy _ 2t+2 d _2<1)+2_
= &= W & T
20 t=In(x—t),y=te'=>1=(E - ])=x-t=0-1=% —xft+1,‘g:te +eb
d; 0
:>d—i:;ejfl,t:0:>0:ln(x—0):>x:1:>alzoz(lleoffl:%

2m 2m 2m 2 2m
21. A= j; ydx = j; a(1 — cost)a(l — cost)dt = azj; (I —cost)"dt = azfo (1 — 2cost + cos’t)dt
127
= azf%(l — 2cost + Lresdt) g = aZfZW(é — 2cost+ 1 cos2t)dt = a® | 3t — 2sint + 1 sin 2t
=4 2 =4, \2 2 =43 3

=a’(3mr—0+0) — 0 =37 a’

1 1 1
22. A= j; xdy = j; (t—)(—eY)dt [u =t—¢=du=(1-20d;dv=(—eV)dt=>v=e"

(- )

1

(
=e Y(t—t?) Y1 —2t)

f 2e- ‘dt} - {et(ttz) Fet(1—20) Ze‘]
(e 1(0) b e (1) — 2e1) — ((0) 4 &0 (1)~ 2% =1-3e' =13

1 1
ffoe*‘(let)dt [u_lzt;sdu_zdt; dv_e‘dt:>v_e‘]
0
[
0

0

0 0 s m T
23. A=2 ydx=2J (bsint)(~asint)dt = 2ab [ sin’tdt=2ab [, =2 dt=ab [ ' (1 — cos2t)dt
—ablt — Lsin2(| " = ab((r—0) ~ 0) = mab

24. (a) x =12 —t60<t<1:>A—f] dx—f](t6)2tdt—f12t7dt—[ltg}l—l—O—l
: =Ly=bhvsts =Jo Y& =J, =J = |at, T 1 =g
1 1 1 1

13 _ 19 _ _ 9 2 _ 11 _ 1,12 —
(b)x_t,y_t,0§t§1:>A_f0 ydx_fo(t)3t dt_fo 3t dt_[zt ]0_

(=)

1 _o=1
1 !

2
25. %:—sintandd—yzl—l-cost = /(%) 2+<d—y> :\/(—sint)2+(l+cost)2:\/2+2005t
= Length:f 2+42costdt = ff \/ ) (1+cost)dt:\/§ﬁ),/%dt

7\/>f sin ¢ dt(smcesmt Oon[0,7]);[u=1—cost = du=sintdt;t=0 = u=0,

t=m = u=2] — ﬁ‘f; u_1/2du:ﬁ[2u1/2]§:4

2
26 & =3and § =3t = \/(5)7+ (%) = /() + G0 = VO +92 =3t/ 41 (sincet 0on [0,/3])
V3
= Length:fo 3t/ 2 + 1 dt; {u:t2—|—1 = %du:3tdt;t:0 = u:l,t:\/§ :>u:4]

= [T3u2du= [ =8 -1)=7

1

2
27. & =tand & = 2t+ D? = (%)2+(‘;—{) =2 F 2=/ (t+ 1)’ =|t+ 1] =t+1since0 <t <4

4
= Length:f0 (t+1)dt= [§+t}0:(8+4): 12
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28 & = (2t+3)and ¥ =1+t =

&7 (@ :\/(2t+3)+(1+t)2:\/t2+4t+4:|t+2|:t+2

3 3
since0<t<3 = Length:j;(t—i—Z)dt: [g—i—Zt} :%

29. & =8tcostand & =8tsint = 1/ ‘é— ;y \/StCOSt (8t sin t)?

— |8t/ = 8tsince 0 < t < I = Length = fo 8tdt = [412)7/% =

= /6412 cos? t + 642 sin? t

30. & = (i) (secttant+sec®t) —cost=sect—costand & = —sint =

:\/(sect—cost)2+( sint)? = \/sect — 1 = \/tan?t = |tan t| = tan t since 0 < t <
Length = fmt tdt = fm sint g — [ f)7/% =
= Length = 0 an —Jo  cost [ n ‘COS |]0 -

—Inj+Inl=In2

31. & = —sintand % =cost = (—sint)® + (cost)> = 1 = Area= f27ry ds
2m
= [, 2m(2 + sin)(1)dt = 27 [2t — cos )27 = 2n{(47 — 1) — (0 — 1)] = 87
32. & — (/2 and % — 12 =Vi+tl= % = Area = f27rx ds
V3
= [T or (261)

3
‘QT“dt:%"fo t\/t2+1dt;[u:t2+l = du=2tdt;t=0 = u=1

(=3 u=d] = [l = e =

Note f 2r ( t3/ 2) tqfl dt is an improper integral but lirré+ f(t) exists and is equal to 0, where
t—
f(t) = 2 (2 t3/2) \/“=L. Thus the discontinuity is removable: define F(t)

= f(t) fort > 0and F(0) = 0
V3
= [ F(@di= 2

33 B —1and ¥ =t+2 = \/(‘c‘l—l)Z+ @) :\/12+(t+\/§)2:y/t2+2\/§t+3 = Area = [2mxds
:f;\//ZZ’/T(t-I-\/E)\/tQ-FZ\/Et—F:Sdt' [u:t2+2\/§t+3 = du:(2t+2\/_) d;t=—/2 = u=1
[t:\/iz> u:9} —>f1 W\/_du—[— 3/2]

(27 _ 1) 5271'

. dx ) 2 dy 2 /3
34. From Exercise 30, (5) + (E) =tant = Area= f27ry ds =

- 27 cos t tan tdt - 27( f / sin t dt
0 0
2 [ COS [] / 2 ) ( 1)

35 & —2and & =1 = /(&) +(%)2=\/2Q+12:\/§:>Area:f27ryds:f0127r(t+l V3 dt

= 2#[{ +t} = 37r\/_ Check: slant height is \/_ = Areais m(1+2 \/g = 37rf
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2 1
36. %:hand‘;—{:ré (%)2—}—(‘3—{) =+/hZ+12 éAreaszwyds:j; 27rty/h2 + 12 dt
1 1
= 27ry/h? + 12 fo tdt = 27ry/h? + 12 [g] = h? +r2. Check: slant heightis \/h? + 12 = Areais
7t/ h? +12.

37. Let the density be § = 1. Thenx =cost+tsint = % =tcost,andy =sint—tcost = %:tsint

2
= dm=1-ds= (‘é’t‘)2+(%) dt:\/(tcost)2+(tsint)2:|t| dt = tdtsince 0 <t < 7. The curve's mass is
/2 m/2 /2 /2
M:fdm:f tdtz”—z. AlsoMx:fS/dm:ﬁ) (sint—tcost)tdt:f0 tsintdt—f0 t? cos t dt
= [sint —tcos t] n/2 — [t? sint — 2 sin t + 2t cos t]ﬂ/ ? = 3 — 7, where we integrated by parts. Therefore,

3_x2 /2 m/2 T/

y=%= ((_23> =3 -2 Next,My:f%“dm:j;) (cost—f—tsint)tdt:ﬁ) tcostdt—f—fO t2 sin t dt
¥

= [cos t+tsint] 2y [—t2 cos t+ 2 cos t + 2t sin t] g/2 = 3% — 3, again integrating by parts. Hence
n
X = % = (EWZ)S) =12 _ 2} Therefore (x,y) = (£ — 23,2} - 2).
B

38. Let the density be 6 = 1. Thenx =e'cost = § =e'cost—e'sint,andy = e sint = %{ =e'sint+e' cost

=dmn=1-ds= (%)2—1— (%)Zdt: \/(et cost—e! Sil’lt)2+(el sin t + e cost = \/2e2t dt = \/Eet dt.

The curve's mass is M = fdm: foﬂ\/ie‘ dt =+/2e" — /2. AlsoM, = f?/“ dm = foﬂ(et sin t) (\/Ee‘) dt
&1

:j;)l\/iez‘sintdt: \/5 [%(ZSintfcost)}o = \/E(%+%> = y= %: ﬁ(T+é) = o+l

T2 e -D)-

NextMy:f?( dm:j;ﬂ(e‘cost) (ﬁe‘) dt:j:\/iez‘costdt:\/i[%h (ZCost—l—sint)]Z:— Z(Z%Z'—F%)
-V2(3+3)

T M _ 2e% 42 — =\ _ 2e27 19 27 4 |
> X=M T o — _s(eefil)' Therefore (X,y) = (_ﬁ’;(e'—t]))
39. Let the density be 6 = 1. Thenx =cost = ‘é—’t‘:—sint,andy:t+sint = %zl—l—cost
2
= dm=1-ds=4/(% 2—1— d—y dt = \/(—sint)Q—{—(l—}-cost)2 dt = /2 + 2 cos tdt. The curve's mass

isM = fdm f\/mm V2 [T costdt= /2 [\ /2co () dt =2 [[eos (4)] dt
=2 [Tcos (§) dt(since 0<t<m = 0< { <) =2[2sin(4)]7 = 4. AlsoM, = [¥ dm

—f +s1nt)(2cos ) dt= f 2t cos (%) t+f 2sintcos (§) dt

=2[bcos(3) +2sin ()] +2 [~ Feos () —eos (] =4r— ¥ = y= = E5 T =n g,
NextM, = [X dm = [["(cos t)(2 cos §) dt = [ cos tcos (&) dt =2 [sin (§) + 0] =2 -2

4
=4 o x=2 0 1 Therefore (x,5) = (1,7 — 4).

dt

v (32)? + 302 dt = 3 |t /22 4 1 dt = 3t/ + 1 dt since 0 < t < /3. The curve's mass
V3 V3
isM:fdm:fO /et Tde= @+ 1" =7 AsoM, = [¥am= [T ¥ (30/P+1) a

V3
:%j; Ve +1dt= ——174(bycomputer):>y——:177—'4z2.49.NextMy:f’>\(dm

40. Let the densitybe § = 1. Thenx =3 = Q:3t2,andy:32ﬁ = %:3t = dm=1-ds
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41.

42.

43. x

44.

45.

Chapter 11 Parametric Equations and Polar Coordinates

/3 Ve
= [T 3@ rDdt=3 [t/ 1dt~ 164849 (by computer) = X = M = 1649 + 935
Therefore, (X,y) = (2.35,2.49).

2
(a) & = _2sin2tand ¥ =2cos 2t = & 2+ ) = /(—2sin2t)* + (2cos2t)* =2
dt dt dt dt

/2 .
= Length= [ 2dt=[20]" =7

(b) & =7 cosmt and & dt = —msin Tt = H d—y \/ 7rcos7rt 7rsin7rt)2 =7

1/2
= Length—f_]/zwdt [ ]1/12/2 T

(a) x = g(y) has the parametrization x = g(y) andy =y forc <y <d = g—; = ¢'(y) and g—§ = 1; then

d
Length:fC (g dy—f dy—f V141 (y)? dy
3/2 4 dx _ 3,172 4/3 3,1/2)2 4/3 9 4 2 9.13/2
b) x=y ,ogygg;saziy ;»L:fo I+ Gy ay= [ 1+ 9ydy = |4 2(1+ )

= 5@ - ﬁu)”
1
© x=3y"3,0<y< ?r—y”/3:>L f\/ y~173) dy—f\/1+ 5 dy = lim ], yzylild
[%'%(y2/3+1)3/2] = 1im (@ = @ +1)"7) =2v2-1
a

4/3

0

— lim ? l(y2/3+1)/ (2y"13)dy = lim

a—0t a a—0t a—0t

= (14 2sinf)cosf,y = (1 +2sinf)sin6 = % = 2cos’¢ — sin6(1 + 2sin ), % = 2cos 0 sinf + cos O(1 + 2sin 6)

2cosfsinf +cosB(1+2sinf) _ 4cos@sinf+cosf  __ 2sin26 +cosf

Loay
dx 2c0s?0 —sinf(1 +2sinf)  — 2cos?§ —2sin’§ —sinf ~ 2cos20 —sind

(@ x = (1+2sin(0))cos(0) = 1,y = (1 + 2sin(0))sin(0) = 0; £

(b) x = (1 +2sin(%))cos(Z) =0,y = (1 +2sin(3))sin(5) =3; &

© x= (1 25n() Jeos() = Sty = (14 20im(4))sin() = 235

2.
x:t,yzl—cost,0§t§27r:>d" 1,%:s1nt:>dy:Tt:51nt:> (dz):cost:%:%“:cost.The

. .. . . .. . dy - . 42
maximum and minimum slope will occur at points that maximize/minimize %, in other words, points where d—x§ =0

Scost=0=t=Jort=¥= &Y— 441 | — - - | 444
/2 37/2

dy =sin(Z) = 1, whichoccursatx = 2,y =1 — cos(%) = 1

/2 2 27 2

t=m

(a) the maximum slope is

= sin(3”) = —1, which occurs at x = 377 y=1- cos(%’r) =1

dy 3r
2
t=37/2

dx

(a) the minimum slope is

2(2cost—1
Ol"—costand Y =2cos2t = dy _ dy/dt _ 2cos2r _ 2(2cos );theng—i=0:>

2(2cos’t—1) _ 0
dt dx dx/dt cos t cos t -

cost

1 3n 5w T

= 2cos’t—1=0 = cost= =+ = =21 3% 3 It Tpthe Istquadrant: t=2 = x =sin X = and
2 R q 7 I

S

y =sin2 (%) =1 = (4, 1) is the point where the tangent line is horizontal. At the origin: x =0andy =0
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= sint=0 = t=0ort=mandsin2t =0 = t—O,%, ,32”;thust:Oandt:wgivethetangentlinesat

the origin. Tangents at origin: g—i =2 = y=2 and ¢ = =-2 = y=-2x
=0 t=n
dx dy _ dy/dt __ 3cos3t __ 3(cos2tcost—sin2tsint)
46. G =2cos 2t and =3c083t = = Gudt = 2eosky = 2(2 cosZt—1)
_ 3[(2cos? l—l)(cosl) 2sintcostsint] _ (3003()(2005217172sin2t) (3cost) (4cos’t—3) | - th
- 2(2cos?t—1) 2(2cos?t—1) - 2(2cos?t—1) en
dy _ (Bcost) (4cos’t—3) o 2. a2 _0. o _ 7 3w
i =0 = A lcodi=T) =0 = 3cost=0o0r4cos“t—3=0: 3cost=0 = t= 559 and

4cos2t—3=0 = cost= i‘/Tg = t=7,2 7 DT Inthe Istquadrant: t=2 = x=sin2 (%) =

oI5

andy =sin 3 (%) =1= (?, 1) is the point where the graph has a horizontal tangent. At the origin: x =0

andy =0 = sin2t=0andsin3t=0 = t=0, g, andt—O,g,—”,w,%”, 5{ = t=0andt= 7 give
the tangent lines at the origin. Tangents at the origin: % L % = % = y= %x, and g—i o
_ 3cos(3m) __ 3 _ 3
72c0s(2ﬂ')7—§:>y7_§x
_ o _ _ dx _ _ d_y _ .
47. (@) x=a(t—sint),y =a(l —cost),0 <t <27 = & =a(l — cost), ¥ = asint = Length
2m 9 .
= f \/ 1 —cost))® + (asint)? f \/a2 2a2 cost + a2cos? t + aZsin? t dt

_a\/—f \/mdt—a\/f \/2sin?(3 dt—2a 2sm( ) dt = {_43005(%)]?

= —4acos T + 4acos(0) = 8a
(b)) a=1l=x=t—sint,y=1—-cost,0 <t <271 = ‘Cll—’t‘ =1 —cost, % = sint = Surface area =

= f()ZWZTr(l - cost)\/(l —cost)? + (sint)* dt = IOZWZW(I — cost)y/1 —2cost + cos? t + sin? t dt

:27Tf27r 1 — cost) 2—ZCostdt:2\/§7rf027r(l—cost)3/2dt:2\/§7rj:ﬂ(1—cos (2- ))3/2 dt

—2fwf 2sin?(%)) /2dt:87rj;)27rsin3(%) dt
[u=4=du=ldt=dt=2dut=0=u=0t=2r=u=r]

— 167, sin’udu = 167 [ "sin%u sinudu = 167 [ (1 - cos?u )sinudu = 167 ["sinudu — 167 |, cos?usinudu

{ 16mcos u + 16”005%}0 (16m — L£7) — (—16m + 167) = &=

2w 2w
48. x =t—sint,y =1 —cost, 0 < t < 27; Volume = ‘/;) T ydx = j;) (1 — cost)2(1 — cost)dt

2 2m
= 7rf0 (1 — 3cost + 3cos’t — cos’t)dt = 7rf 1 —3cost+ 3(1E552) — cos’tcost)dt

2m
Wj; (3 —3cost+ 3cos2t — (1 — sin’t) cost)dt = 7Tf — 4cost+ 3cos 2t + sin’tcos t)dt

:W[%t74sint+ 3sin 2t 4 §sin’ t} / =757 -0+ 0+0) — 0 = 577
0

47-50. Example CAS commands:
Maple:
with( plots );
with( student );

X :=t->t"3/3;

yi=t->t"2/2;

a:=0;

b:=1;
=[2,4,81;

fornin N do
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tt := [seq( a+i*(b-a)/n, i=0..n)];

pts := [seq([x(0),y(D],t:=t)];

L := simplify(add( student[distance](pts[i+1],pts[i]), i=1..n )); # (b)

T := sprintf("#47(a) (Section 11.2)\nn=%3d L=%8.5f\n", n, L );

P[n] := plot( [[x(t),y(t),t=a..b],pts], title=T ): # (a)
end do:
display( [seq(P[n],n=N)], insequence=true );
ds := t ->sqrt( simplify(D(x)(t)*2 + D(y)(1)*2) ): #(c)
L :=Int( ds(t), t=a..b ):
L = evalf(L);

11.3 POLAR COORDINATES

1. a,e; b,g; c,h; d,f 2. a,f; b,h; c,g; d,e

3. (@ (2,7 +2n7)and (—2,7 + (n+ Dr), n an integer
(b) (2,2nm) and (—2,(2n + 1)7), n an integer

© (2, 37” + 2n7r) and (—2, % + (2n + 1)7r) , N an integer
(d) (2,(2n+ 1)m) and (-2, 2n7), n an integer

4. (a) (3, T+ 2n7r) and (73, %’T + 2n7r) , 1 an integer y
(b) (—3,% +2n7) and (3,3F + 2n7) , n an integer . ! .
(¢) (3,— % +2nm) and (-3, 3 + 2n7) , n an integer (=3.-w4) r (3/4)
(d) (=3,— % +2n7) and (3,37 + 2n7) , n an integer i s
(-3.v4)) (3,~w4)
' i °

5. (@ x=rcosf@ =3cos0=3,y=rsinf =3sin0=0 = Cartesian coordinates are (3, 0)
(b) x=rcosf =—-3cos0=-3,y=rsinf =—3sin0 =0 = Cartesian coordinates are (—3,0)

(¢) x=rcosf =2cos %” =—1,y=rsinf = 2sin % = \/3 = Cartesian coordinates are (71, \/g)

(d) x=rcosf =2cos %” =1,y=rsinf =2sin %” = \/3 = Cartesian coordinates are (1, \/5)
() x=rcosf=—-3cosm=3,y=rsinf = —-3sinm =0 = Cartesian coordinates are (3, 0)

(f) x=rcosf=2cos3=1,y=rsinf =2sin 5 = \/§ = Cartesian coordinates are <1, \/5)

(g) x=rcosf =—-3cos2mr =—-3,y=rsinf = —3sin2r =0 = Cartesian coordinates are (—3, 0)

(h) x=rcosf =—2cos (—5) =—1,y=rsinf =—2sin(—3) = v/3 = Cartesian coordinates are (—1, \/3)

3

6. (a) x= \/5 cosp=1y= ﬁ sin 7 = 1 = Cartesian coordinates are (1, 1)
b) x=1cos0=1,y=1sin0=0 = Cartesian coordinates are (1, 0)
(¢) x=0cos 5 =0,y =0sin § =0 = Cartesian coordinates are (0, 0)
d x= ,\/5 cos (%) =—-1,y= ,\/E sin (%) = —1 = Cartesian coordinates are (—1, —1)
3V/3 3 3V3

- _ Sm_ 3V3 — _qpn ™ — _ 3 : ; V3 3
(e) x=—-3cos e =,y = 3 sin e =—35 = Cartesian coordinates are( 5 2)

(f) x=5cos(tan™? %) =3,y =5sin(tan™! ) =4 = Cartesian coordinates are (3,4)
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(d)

(b)

(©

(d)

10. (a)
(b)

(©)

(d)

Section 11.3 Polar Coordinates 663

x=—1lcos7mr =1,y = —1sin 77 =0 = Cartesian coordinates are (1,0)

X = 24/3 cos %” = —\/g, y = 2\/5 sin 27” =3 = Cartesian coordinates are <_\/§, 3)

(L) =r=+/124+12= V2, sinf = ﬁ and cosf = ﬁ = 0 = § = Polar coordinates are (\/5, %)
(=3,0) = r=1/(-3)>4+02 = 3,sinf = 0and cos§ = —1 = @ = 7 = Polar coordinates are (3, 7)
6

2
\/5, —1) =>r= (\/5) + (—1)2 =2,sin6 = —% and cosf = ? =0= ”?” = Polar coordinates are (2, ””)

(=3,4) =>1=1/(-3)"+42=5,sin0 = % and cos = —2 = 0 = 7 — arctan(}) = Polar coordinates are
(5, ™ — arctan(%))

(=2, =2) = r=1/(=2)" + (-2)> = 2V/2, sinf = 7% and cosf = fﬁ = 0 = —3 = Polar coordinates are

=r1=1/02+32=3,sinf = 1 and cos§ = 0 = 6 = 5 = Polar coordinates are (3, J)

i 2
_ _ : _ 1 _ 3 __ 5w : 5w
(—\/g, 1) =>r= (—\/5) +12=2,sinf = 5 and cos ) = —% = 6 = 3¢ = Polar coordinates are (2, ?)
(

5, —12) = r=1/52+(-12)> = 13,sin0 = — 2 and cos § = 3 = 0 = —arctan('2) = Polar coordinates are

13 12

(13, —arctan(12))

(3,3) =>r=—/32+32= 73\/5, sinf = *ﬁ and cos 0 = *ﬁ = 0= %’r = Polar coordinates are

(=1,0) = 1= —1/(=1)>+ 0> = —1,sinf = 0 and cos § = 1 = # = 0 = Polar coordinates are (—1, 0)
2 ? 3 V3 1 Sm .
(—1, \/g) =1r=—/(-1)"+ (\/g) = —2,sinf) = — 5> and cos ) = 5 = 0 = =7 = Polar coordinates are
(2%)
(4,-3) = 1= —/4*+(-3)> = —5,sinf = 2 and cos§ = —% = § = 7 — arctan(3) = Polar coordinates are

(—5, ™ — arctan(;—‘))

(=2,0) = r=—1/(=2)" + 02 = —2,sinf = Oand cos§ = 1 = 6 = 0 = Polar coordinates are (—2, 0)
(,O)=>r=—v/12402=—1,sinf =0and cos® = —1 = 6 = 7 or § = —7 = Polar coordinates are (—1, 7) or

(0, =3) = r=—1/02+(-3)> = —3,sinf = l and cos # = 0 = § = I = Polar coordinates are (—3, T)

2
V3 %>:>r:— (4) —|—(%)2:—l,sin9:—%andcosez—§:>9:%Torez—%”:>Polarcoordinates
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14.
y
17.
y
- _T
3 9_3
-1=r=3
o
1 3 1
-1 0 2
,1_
20.
y
[ 6=w2
r<0
_1-1 1
A 4
23.
y
1 0=s=r=1
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15.

18.

21.

24.

13.
y
X
16.
19.
y
+ X
+
22.
y
r=1
TN
0 1 "
25.
y
-w4<0 <4
s
-1srs1 |
X

£

,,
v n

S

o wniy

| 0s6sm
r=-—1

- N

N A
A A
RSIE]

-2




Section 11.3 Polar Coordinates 665

26.

27. rcos § =2 = x = 2, vertical line through (2, 0) 28. rsind = —1 = y = —1, horizontal line through (0, —1)

29. rsin =0 = y =0, the x-axis 30. rcos @ =0 = x =0, the y-axis

4
sin 6

3l. r=4cscl = r= = rsinf =4 = y =4, ahorizontal line through (0, 4)

-3
cos 0

32. r=-3secl = r=

= rcos = —3 = x = —3, a vertical line through (-3, 0)

33. rcos@+rsinf =1 = x+y =1, line with slope m = —1 and intercept b = 1

34, rsinf =rcos = y =X, line with slope m = 1 and intercept b = 0

35. r’ =1 = x? +y? = 1, circle with center C = (0, 0) and radius 1

36. 12 =drsinf = x> +y? =4y = x> +y?> —dy+4 =4 = x2+(y — 2)? = 4, circle with center C = (0, 2) and radius 2
3. r= m = rsinf —2rcos =5 = y —2x =5, line with slope m = 2 and intercept b = 5

38. r2sin20 =2 = 2r’sinfcosf =2 = (rsinf)(rcosf) =1 = xy = 1, hyperbola with focal axis y = x

39. r=cotfcscd = (0) (L) = rsin?0 =cosf = r’sin®@ =rcosf = y? = x, parabola with vertex (0, 0)

sin sin 6

which opens to the right

40. r=4tanfsecd = r=4(2%) = rcos’@=4sinf = r>cos’d = 4rsin = x> = 4y, parabola with

cos2 0

vertex = (0, 0) which opens upward
41. r = (csc B) e’ = rsinf = e’ = y = e*, graph of the natural exponential function
42. rsinf =Inr+1Incos @ =In(rcos #) = y = In x, graph of the natural logarithm function

43. P+ 2rcosfsinf =1 = X2+ y?+2xy=1 = xX2+2xy+y’ =1 = x+y)?’=1 = x+y= +1, two parallel
straight lines of slope —1 and y-intercepts b = =+ 1

44. cos’0 =sin’0 = r’cos’0 =1sin’0 = x> =y? = |x|=|y| = =+ x =y, two perpendicular
lines through the origin with slopes 1 and —1, respectively.

45. 1’ = —drcos ) = x> +y?=—4x = X*+4x+y?=0 = X2 +4x+4+y’ =4 = (x+2)? +y? =4, acircle with
center C(—2, 0) and radius 2
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46. i = —6rsinf = x> +y’=—6y = xX2+y’+6y=0 = xX>+y +6y+9=9 = x>+ (y+3)> =9, acircle with
center C(0, —3) and radius 3

47. r=8sinf = r =8rsinf = x> +y’=8y=x>+y* - 8y=0=>x>+y> -8y +16=16= x>+ (y—4)?= 16,2
circle with center C(0, 4) and radius 4

48. r=3cosf = r’=3rcosf = x*+y?=3x = xX*+y*-3x=0 = x> -3x+ 7 +y’ =7

2 . . .
= (x—3)" +y? =7, acircle with center C (3, 0) and radius 3

49. r=2cosf+2sinf = 1> =2rcosf+2rsinf = x> +y>=2x+2y = x2-2x+y>?-2y=0
= (x — 1)+ (y — 1)2 = 2, a circle with center C(1, 1) and radius /2

50. r=2cosf —sinf =12 =2rcosf —rsinf = x> +y?=2x—y=x>-2x+y’+y=0
= -1+ (y+ %)2 = 3, acircle with center C (1, — }) and radius ‘/TE

51. rsin(0+g) =2 = r(sin@cos%+cos€sin%) =2 = ‘/TErsin0+%rcost9:2 = §y+%x:2
= \/3 y + x = 4, line with slopem:—\%and intercept b = %

52. rsin (¥ —0) =5 = r(sin Z cos § —cos ¥ sinf) =5 = ércosﬁ—i—%rsinQ:S = éxﬁ-%y:S

= /3x+y = 10, line with slope m = —4/3 and intercept b = 10
53. x=7 = rcosf =7 54, y=1 = rsinf=1
55. x=y = rcosf =rsinf = 0=7 56. x—y=3 = rcosf —rsinf =3

57. X’ +y’ =4 = 1’ =4 = r=2o0rr= -2

58. x2—y?=1 = r’cos’0 —r?sin’0 =1 = r’(cos’d —sin’f) =1 = r2cos20 =1

&)

5. X4+ ¥ =1 = 42+ 9y* =36 = 4r% cos? 0 + 9r sin?f = 36

o|%.

60. xy=2 = (rcosO)(rsinf) =2 = r’cosfsinf =2 = 2r’cosfsinf =4 = r’sin20 =4

61. y? =4x = r?sin?0 =4rcosf = rsin’f =4 cos §

62. X2+xy+y?’=1= x>+y?’+xy=1 = r?+r’sinfcosf =1 = r*(1 +sinfcosf) =1

63. x>+ (y—2%=4 = xX>+y’—dy+4=4 = xX>+y> =4y = > =4drsinf = r=4sinf

64. (x =52 +y? =25 = x> —10x+25+y?* =25 = x> +y?=10x = 12 =10rcos# = r= 10cos 6

65. x=32+(y+1)P2=4 = x2-6x+9+y’+2y+1=4 = x> +y>=6x—2y—6 = r>=6rcosf —2rsinf — 6

66. (x+2)2+(y—52=16=x2+4x+4+y>— 10y +25=16 = x> +y? = —4x + 10y — 13
=12 = —4rcos § + 10rsin § — 13
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67. (0,0) where 6 is any angle

a
cos 6
b
sin 0

68. (a) x=a = rcosf=a = r= = r=asecf

= r=Dbcscl

(b) y=b = rsinf=b = r=
11.4 GRAPHING IN POLAR COORDINATES
I. 14+ cos(—60)=1+4cosf =r = symmetric about the 7

x-axis; 1 + cos(—#) # —rand 1 + cos (7 — )
=1 — cos 0 # r = not symmetric about the y-axis; )

r=1+cos 6

therefore not symmetric about the origin

2. 2—2cos(—0) =2 —2cos§ =r = symmetric about the y
x-axis; 2 — 2 cos(—0) # —rand 2 — 2 cos (m — 0)
=2+42cosd #r = not symmetric about the y-axis; r=2-2cos@
therefore not symmetric about the origin

3. 1—sin(—0)=1+sinf #rand 1 — sin(7 — ) ’
=1 —sin# # —r = not symmetric about the x-axis;
I —sin(mr —0)=1—sinf =r = symmetric about r=1-sinf

the y-axis; therefore not symmetric about the origin :1 0 1: *
-2

4. 1+sin(—0)=1—sinf #rand 1+ sin (7 — 6) b
= 1+sinf # —r = not symmetric about the x-axis; retrsing o
1 +sin(mr —0) =1+4sinf =r = symmetric about the
y-axis; therefore not symmetric about the origin
-1 \_/1 X
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5. 2+sin(—0) =2 —sin 6 # rand 2 + sin (7 — ) Y
=2 +sin § # —r = not symmetric about the x-axis;
2+ sin(r —6) =2 +sinf =r = symmetric about the
y-axis; therefore not symmetric about the origin

6. 1+2sin(—0)=1—2sinf #rand 1+ 2 sin(w — 0) y
=1+42sinf # —r = not symmetric about the x-axis;
1+2sin(mr—60)=142sinf =r = symmetric about the

y-axis; therefore not symmetric about the origin r=1+2sin8
1
-1 1 .
7. sin(—4) = —sin () = —r = symmetric about the y-axis; -
sin (252) = sin (£) , so the graph is symmetric about the rEsn@m |2
x-axis, and hence the origin.
X
-1 1
a7
2 N\
8. cos (f g) = cos (g) =r1 = symmetric about the x-axis; Y r=cosor)
cos (252) = cos (%), so the graph is symmetric about the s
y-axis, and hence the origin.
1 -0.5 0.5 1]~
9. cos(—0) =cosf =12 = (r,—0) and (—r, —6) are on the ’
graph when (r, #) is on the graph =- symmetric about the 2= cos f

x-axis and the y-axis; therefore symmetric about the origin

CYN
A
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10. sin(mr — @) =sinf =1 = (r,7 — 6) and (—r, 7 — 6) are on Y Pasing
the graph when (r, 8) is on the graph = symmetric about
the y-axis and the x-axis; therefore symmetric about the
origin

0

< W
\‘X

11. —sin(mr—0)= —sinf =r> = (r,7 —0) and (-1, 7 — 6)

are on the graph when (r, 0) is on the graph = symmetric =it
about the y-axis and the x-axis; therefore symmetric about
the origin
-1
12. —cos(—0) = —cosf =12 = (r,—6) and (—1, —0) are on 07

the graph when (r, 0) is on the graph = symmetric about

2
the x-axis and the y-axis; therefore symmetric about the r=-cosd

origin

13. Since ( £, —6) are on the graph when (r, ) is on the graph
((£1)* =4cos2(— ) = 1> =4 cos 20), the graph is e

symmetric about the x-axis and the y-axis = the graph is

symmetric about the origin

14. Since (r, §) on the graph = (—r, ) is on the graph

((£1)* =4sin20 = 1 = 4sin 20) , the graph is 24z
symmetric about the origin. But 4 sin 2(—#) = —4 sin 20 O
£ 12 and 4 sin 2(7 — ) = 4 sin (27 — 26) = 4 sin (—26) ! <
= —45in 20 # r> = the graph is not symmetric about O

the x-axis; therefore the graph is not symmetric about

the y-axis

15. Since (1, 0) on the graph = (—r, #) is on the graph 1
((£r1)* = —sin20 = 12 = —sin 26) , the graph is 2 a-sn20
symmetric about the origin. But — sin 2(—6f) = —(— sin 26)
sin 26 # 1 and — sin 2(r — §) = — sin 27 — 26) X
= —sin(—26) = —(—sin 260) = sin 20 # r*> = the graph
is not symmetric about the x-axis; therefore the graph is

not symmetric about the y-axis
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16. Since( £ r, —6) are on the graph when (r, #) is on the
graph (( £ r)? = —cos 2(—0) = r? = —cos 20), the
graph is symmetric about the x-axis and the y-axis = the

graph is symmetric about the origin. 2 e c0s26

_ _ T _ iy _ y
17.0=% = r=-1 = (-1,5),and=—-7 = r=—1
1 _7my. _ dr . __ ' sinf+rcosf (1,-Z
= ( 17 2) ’rl —do sin 9’ Slope 1 cos f—rsin 6 ( 2) r=-1+cos@

__ —sin*@+rcosf 1 7\
~ —sinfcosf—rsin b = SlOpe at( 1’ 2) 18

—sin? (§)+(—1) cos T
—sin g cos %—(—1) sin %
—sin? (— §)+(—=1) cos (- F)

—sin (— g) cos (— g),(,l) sin (— %)

= —1; Slope at (—1, — %) is

=1

18. =0 =r1r=-1 = (-1,0),andf =7 = r=—1 4
= (=1,m);r = % = cos b,

' sin f+rcos @ __ cos 6 sin f+r cos 6

' cos@—rsinf — cos fcosO—rsin b

__ cos @ sin O+ cos 6 _ . cos 0sin 0+(—1)cos 0
— cos?2f0—rsinf = Slope at ( 1’ O) 18 c0s20—(—1)sin 0

Slope =

r=-1+sind

1. _ .. cosmsinm+(—1)cosm __
= —1; Slope at (—1,m) is oA (D =1 e Ao
_ _ . iy _
= (-1,-5);0=C =>r=-1 = (-1,%);
— 3 _ 3n
9— 4 = r—l = ( ,7T) s
' = § =2 cos 26; .
__ Usinf+rcosf __ 2cos 26 sin O+rcos 6
SlOpC T r'cosf-rsinf ~ 2cos 26 cos O—r sin 6

. 2c0s(g) Si“(i)-F(l)cos (I) B '
= Slope at (17 %) 18 2 cos (5) cos (‘:ZT)—(l)sin (%) =—1;

Slope at (=1, = §) s S e cnon (- = &
35y . 2c0s (%) sin (3{)+(—1)COS (%) .
Slope at (_17 T) 18 2 cos (%) cos (%)7(71)5“ (%) -
. 2cos —37’—' sin (= 27 ) +(1) cos (- 3T
Slope at (1’ N %T) 18 2 cos ((_ %3 COQ((_ %>)_(1)“m ((_ %% -
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20.9:02>r:1:>(1,O);9:§:>r:—1:>(—1,§); Yc1v2)
9:—g:>r:—1:>(—1,—%);9:7r$r=1 r=cos 28
= (I,m);1r = % = —2 sin 26;
(1.0)
__rsinf+rcosf __ —2sin 26 sin f+r cos 6 (%) X
Slope T rcosf-rsinf —  —2sin 26 cos O—rsin 6
= Slope at (1,0) is =35n08n04c0sd 'yyhich js undefined;
7\ s —2sin2(F) sin (5)+(=Dcos(5)
Slope at (—1,5) is — sin2 (%) cos (3)—(—Dsin (3) 0;

(-1,x2)
—2sin2 (- g) sin (— %)+(—1)c0s (- g)

SlOpC at (_1’ o %) is —25sin2 (— g) cos (— %)—(—l)sin (— g) = O;
Slope at (1, 7r) is =23 2ZI8MTHCOST | \which js undefined
21. (a) (b)
y y
3
. 2
\l_Jé |
2 2
B\
2 P
]
22. (a) , (b) '
1 2
rm1-cos®
-2 X rw-14+sin@
' -1 T X
23. (a) (b)
Yy y
3 :
2 3
2
_lQ\_/é |
2 2
3 s
2
24. (a) (b)

r=-2+sin

D

2
/ r=2+00s
&2

[
\
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25.

~

N

2 _ _
= rcosf=2 = x=2 (272, x/8)

26. r=2sect = r= 5

r=2sec®

(2vZ, -n/8)

27. 28.
y y
1

0=r=2-2cosf

Oir?'icose

4

|
N o 3
=

29. Note that (r, §) and (—r, § 4 7) describe the same point in the plane. Thenr =1 —cos < —1 —cos(f + 7)
—1 —(cos @ cos ™ — sin @ sin m) = —1 + cos § = —(1 — cos #) = —r; therefore (r, #) is on the graph of

r=1-cosf < (—r,0+ m)ison the graph of r = —1 — cos § = the answer is (a).
y y y

AR AR N ARy

r=1+cose

r=1-cos 8 r=-1-cos®
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30. Note that (r, #) and (—r, 8 + 7) describe the same point in the plane. Thenr = cos 20 < — sin (2(9 + ) + g)
= —sin (29 + 57”) = —sin(26) cos (57”) — cos (26) sin (57”) = —cos 20 = —r; therefore (r, ) is on the graph of

r=—sin (20 + %) = the answer is (a).
Yy y
y
r =cos 28 r=-s1‘n(26+1'2—) r=-cos%
31. 32.
y
r=1-25in30 r=1+251n%

33. (a) (b) (©) (d) y

1 r=cos%

r=cos 76

r = cos 20 feicesie

-

34. (a) (b) (©

(c
N
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(d) (e)

<
<

r-i10/\/a

e i

= N

N

11.5 AREA AND LENGTHS IN POLAR COORDINATES
A= | 307d0=[36°] ) =

T/z /2
2 A= [}

=G-0)-(G-3)=5+;

L(25in )’ d6_2f sm29d9_2f Cloew gg - [

e (1= cos26)df = [0 — —sm20]

2 2m
3A= [ L@+200s07d0 = [ L(164 16cos 0+ 4 cos?0) df = [ [8+ 8 cos 6+2 (LEm20)] dg
2T
:j; (9+80059+00520)d9—[90+851n9+—s1n29] = 187

27 27 27
4. A= | %[a(l+cos€)]2d0:j;) %32(1+20059+c0529)d0:%aQﬁ) (1+20059+1+C2¢29)d9

2T
:%aQﬁ) (3 +2cos f+ 3 cos20) df = La? |2 9—|—2s1n9+4s1n29]2“ 3 mra’

soa=2 [ Leosand = [ et g 1 [p 4 sma0) 7

/6 /6 /6 /6
6. A= [ 1(cos300do =4[ "cos?3gag =4[ | Lrtag =1 [ (14 cos60)do

= 1[0+ Lsin60) 7% = L(E+0) — L(-E+0) = &

/2 /2
7. A= [ Lsin2)db = [ 25in26 df = [~ cos 26];° =

/6

o =4

/6 /6
8. A=(©)@2 [ L@sin30)dg=12 [ sin36d6=12[ ¥

9. r=2cosfandr=2sinf = 2cosf =2sinf y
= cos =sinf = 0= 7 ; therefore

/4 /4
zzf l(zsma)%w:fo 4 sin20 df
/4 /4
= [ a2y ap= [ (2 2c0s20) db
/4
= [29—s1r129}0/ =35—1

r=2cosé

= X
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10. r=1andr=2sinf = 2sinf =1 = sinf =1

= 0= ¢or %’r ; therefore

5w/
A=r(? — [ L{@sing)? 17 do

= [ (2sin0 - 1) a

—r [ (4 cos20) ao = 7 — [1o— 2] 7T
—r (- bsin )+ (5 - bsing) =2

1. r=2andr=2(1 —cosf) = 2=2(1 —cosh)
= cosf=0= 0= i’%;therefore
/2
A=2 j; %[2(1 —cos )] dI + %area of the circle

/2

= J, 4(1—2cosf+cos*§)df + (57) (2)°

- f(f/z4(1 —2cos § + LE20) 49 4 o7

/2
= [ (4 —8cos§+2+2c0s26)df + 21

= [60 — 8 sin 0 + sin 2]/ + 27 = 57 — 8

12. r=2(1 —cosf@)andr =2(1 +cosf) = 1 —cosf y r =201+ cos 8)
=1+cosf = cosf =0 = 0:§or3§;thegraphalso

gives the point of intersection (0, 0); therefore

A=2 fm L12(1 —cos )12 d0+2 [ 1[2(1 + cos )] df
B 0 2 7r/22

/2

:j; 4(1 — 2cos 0 + cos® 0)do

™ 9 r = 2(1 - cos 8)
+£/24(1+20059+cos 0)do
/2 T

:j; 4 (1 —2cos § + Lres2t) d9+j;/24(1+200s9+w> do
/2 .y

= /. (6 —8cos 0+2cos20) 0+ [ (6+8cos +2cos 26) b

= [6078sin9+sin20]g/2+[60+85in9+sin29];/2 =6m— 16

13. r= \/Eaner =6co0s20 = 3 =06co0s20 = cos26= %
= 0 = £ (in the 1st quadrant); we use symmetry of the 2l r=VJ3
graph to find the area, so

A= " [% (6 cos 26) — 1 (ﬁ)Q] a9

/6
=2 [ (6.cos 20 — 3)d0 = 23 sin 20 — 36] "

:3\/§f7r

r? =6 cos 260
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14. r=3acosfandr = a(l + cos 8) = 3acos 8 = a(l + cos ) y
:>3cos9=1+0059:>cos0:%:>9:§0r—§; r = 3acos §
the graph also gives the point of intersection (0, 0); therefore a
/3
A=2 j; 3 [(3acos 6)* — a%(1 + cos 0)?] df <
X
3a

/3
= f (9a% cos? § — a> — 2a® cos 0 — a? cos? 0) df
0 r =a(l + cos 8)

/3
= fO (8a® cos?  — 2a® cos O — a?) df -a

/3

= j; [4a%(1 + cos 260) — 2a” cos 0 — a*] d
/3

= J; (3a? + 4a® cos 20 — 2a’ cos 0) df

= [3a%0 + 2a? sin 26 — 2a’ sin 0] 3/3 = ma® + 2a’ (1) — 2a’ (73) =a’ <7r+ 1— \/g)

I15. r=1landr=—2cosf = 1 =—-2cosf = cosf =—

D=

= 0= 2{ in quadrant II; therefore

A=2] 1[(—20056’)2—12]d9:j;m(4(:0520—1)d6’

2r/3 2

- [ [2(1+00529)71]d9:ﬁi/3(1+200529)d9

27/3

. T T 3
= [0 +sin26],, 5 = g+%

16. r=6andr=3cscf = 6sinf =3 = sinf =}

57/6
= 0= gor%;thereforeA: j;/é %(62*905029) do
57/6

— Jus (18 — 3 csc?0) df = [180 + 3 cot 0] 5%6

_ (157rf% 3)7(37r+%\/§) =127 —9\/3

17. r=seclandr =4 cos @ = 4cosf =secd = cos’d =

FNT

_ 7T 21 4«w St .
= 0= Z. 5.5, 0r 3 therefore
/3 2
A= 2f0 1 (16 cos®0 — sec* §) df
/3 1

(8 + 8 cos 20 — sec? 9) df

~—Jo
= [80 + 4sin 20 — tan Q]gB

= (¥ +2v3-V3) - (0+0-0) =%+ /3 -
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18. r:3csc€andr—4sin6’:>4sin6’:3csct9:>sin29:%

= 0=73 27“, 43” ,or 2Z ; therefore

/2

A:47r72fﬂ/3 %(16sin207905020) do
/2

:47r—f/3 (8 — 8 cos26 —9csc? 6) d

= 47 — [80 — 4sin 20 + 9 cot 6] 73

:47T—[(47r70+0 ( 2\/+3f)}

=43

19. () r=tanfandr = (Q) csc = tan 6 = (—2) csc 6
2

= sin?f = (@) cosf = 1 —cos’f = (—) cos 6
:>COS29+(f)COSH—I—O:>COSH——\/§0r

? (use the quadratic formula) = ¢ = 7 (the solution

in the first quadrant); therefore the area of R; is

/4 /4
Alzj; %tanQHdG:%j; (SGCQO—I)dH:%[tan@—@]gﬁl:%(tan%—%):

DO =

— %;AO: (ﬁ> csc 2

2 2
:\/TzandOBz (%) cscT=1=AB= /12— (\/T—) = \é_:>theareaonglsA2 (%) (@) Z%;

therefore the area of the region shaded in the text is 2 (l -z %) 5 — - Note: The area must be found this way

since no common interval generates the region. For example the 1nterval 0 < 6 < 7 generates the arc OB of r = tan 6

but does not generate the segment AB of the liner = % csc 0. Instead the interval generates the half-line from B to

400 on the line r = \/_ csc b.
(b) ; 1im27 tan 0 = oo and the line x = 1 isr = sec # in polar coordinates; then lim  (tan § — sec 6)
— T —

= lim siné LY —  lim snb—1) —  im ©sb) — () = r = tan 6 approaches
0—>7r/2’ (cos€ 0050) 0_)71_/27 ( cos 6 ) 90— /2" (7sm0) PP

r=secfasf — T- = r=secf (orx=1)isa vertical asymptote of r = tan §. Similarly, r = —sec § (or x = —1)

is a vertical asymptote of r = tan 6.

20. It is not because the circle is generated twice from § = 0 to 27. The area of the cardioid is
A:Z‘ﬁ:%(cosﬂ—i—l)2 d9:j:(cosgﬁ—l—ZcosQ—f—l)dH:‘/:(w +2cos+1)df

- . . . 2 .
= [% + % + 2 sin 0] g = 37” . The area of the circle is A = 7 (%) = 7 = the area requested is actually %T —I=23

21 r=60%,0<0</5 = & =20, thereforeLength:Lﬁ\/(92)2+(29)2 d@:foﬁ\/euw do
v Vs
= [l VP 4d0 = sinced 0) [ 0V/P+4d0: [u=0°+4 = Ldu=0d6;0=0 = u=4
9=v5 = u=9] = [[}aau=t e =Y

= 2 2 x
22. r:%,ogagw = f‘l—gz3792;thelreforeLength:fO <6702) +(6702> dﬂzj; 1/2(%)d0

:LnengZ[ea]g:e”—l
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2
23. r=1+4cosf = % = — sin 0; therefore Length = f \/(l + cos 0)? + (—sin 0)% df

_zf /2 +2cos 0 d9—2f \/4('+°°*‘9)d9_4f ,/1+°°”’d6—4f cos () dd =4[2sin ] =8

. . 2
24. r=asin’ ,0<0<ma>0 = & =asinfcos?; thereforeLength—f \/asm2 0) + (asin £ cos )" d¢

:j; \/azsin4§+a2sin2gcos2%d0: . a|sin§ sin? & + cos? & df = (since 0 < 0 < ) af sin (%) do

= [—Za cos %] g =2a

1+4cosé?
f”r/z + 36 sin? 0 do =6 f | 1 ’ 1 + sin? 6 de
(1+cos 0)? (1+cos6)? 1+cos 0 (1 + cos 6)?
— (< s 142 cos 0+ cos? 6 + sin? §
- (SIHCC 1+cost9 >00n0<9< 5 6f 1—0—0090) \/ (1 + cos 6)2 do
2+2cosf _ 30
=6 f 1+009‘9 \/ (1+cos ) df = 6f f (1+cos (I4cos )32 — 6\/_ f 3 2 3f |SCC | do
/2 /4 'r/4

_ 30 _ 3 _ secutanu] 7/4 1 f
—3]; sec 5d9—6f; sec udu—(usetables)6([T]0 +3 ), sec u du

:6(\%—1— [ ln|secu+tanu|]g/4) =3 [\/E—i-ln(l-i-\/i)}

/2 2 . 2
_ 6 T dr _ 6 sin 0 . 6 6 sin 6
25. r= 0 S 0 S bl = = {+cos 67 5 therefore Length = ﬁ) \/(1+0050) + ((1+COS€)2) de

26. r=

2
2 s dr _ _—2sinf 2 —2sin 6
IT—cosf’® 2 < 0 T = d6 — (I—cos0)? ; therefore Length - f/z\/ 1 — cos 0 + ((1 — cos 6)2) do

e (1 e a0 S
= (since I —cos Oonj <0 <m) 2];/2(17;)59) \/I*ZCOEIH:FC((;)?;)Q+“H29 40

) Zf”;(l_ios‘g) mda =22 fﬂ/z(l—cﬁmw 2‘/_f/2 2Sm>€ 7 = f |esc? 5| do

—f csc? d9— (smce cscﬁ Oon— < 9<7r 2f csc® u du = (use tables)

2([_ %]Zfﬁ'%f&f cscudu) :2(ﬁ— [3In |cscu+cotu|];/4) =2 {ﬁ-l—%ln (\/5_1_1)}
=V2+In(1+2)

27. r = cos® g = g—g = —sin % cos? & ; therefore Length = f \/ cos? ‘9 g (— sin g cos? g)Q de
— (™ cos® (£) +sin? (£) cos* (£) d9 = o cos? &) y/cos? (£) +sin2 (£) df = & cos? (£) do
3 3
"r/ cos (£ ™
[, :%[e+2sln%1o“zg+%

28. r=+/1+sin20,0<0<m/2 = dr — 1 (1 +sin 20)"/2(2 cos 26) = (cos 20)(1 + sin 260)~/2; therefore

2 /2
Length = [\ /(1 +sin 20) + 22 dp = [ [Lo2sn st oot g

- R e [ = Vi) <o
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29. Letr = f(f). Thenx = f(6) cos § = % =1'(6) cos § — f(f) sin§ = (3—2)2 = [f'(0) cos O — £(0) sin 0]
= [f'(0)]? cos? 6 — 2f'(0) £(8) sin O cos O + [f(0)]2 sin2 ; y = f(h) sin § = j—g ={/(0) sin 0 + £(0) cos 0

4

2
(g_g) = [f'(6) sin 0 + £(0) cos 6]* = [f'(8)]* sin2 6 + 2f(6)F(H) sin 6 cos 6 + [f(6)]? cos? . Therefore

(&) + (%)2 = [F(0)]? (cos? 0 + sin? 0) + [(O)]? (cos? 0 + sin? ) = [F(O))* + [FO)? = r2 + (&)°.

thus, L= [/ (5)7+ (%) 0= [+ () .

2m 2m
0. @) r=a = §=0Length= ["Va $ 0?0 = [ al df = [at]" = 2ma
(b) r=acos§ = & = —asinf;Length = ["\/(acos 0 + (—asin0)? db = [ /2% (cos?d + sin? ) df
= [ a| d6 = [a0]] = 7a

(¢) r=asinf = g—é:acos@;Length:j:\/(acos@)?—{—(asin@)2 d@zj:\/zﬁ (cos? 6§ + sin? 6) do

= [al 46 = [ag]; = ma

27
31 @) = o [ a(l —cos6)df = £ [0 —sin 62 =a
27 9
(b) rav:ﬁﬂ) adQZ%[aH]Oﬂ:a

_ 1 e 1l eng ™2 _ 2
© Tw=F-g fimacos 0do=:lasing]”", =2

32. 1=2()a<0<f = E=200) = 2+ (&)" = RAOP + 20O = Length = | "\/4[f(9)]2 +4[f(0)]* do

I’
=2 j; [£(8)12 + [f'(9)]* df which is twice the length of the curve r = f(6) for or < 0 < §.
11.6 CONIC SECTIONS

1. x= yg = 4p =8 = p = 2;focusis (2,0), directrix is x = —2

2. x= —y; = 4p=4 = p=1;focusis (—1,0), directrix isx = 1
3. y:—%z = 4p=6 = p:%;focusis (O,—%),directrixisy:%
4. y=% = 4p=2 = p=1;focusis (0,1), directrixisy = — 1

5. XTZ—yg—Qzl = c=y4+9=+13 = fociare(:I:\/13,0);verticesare(:I:2,0);asympt0tesarey: :l:%x

o<,

1 = c=19—4=1/5 = fociare (O, + \/§) ; vertices are (0, + 3)

6. X+
7. "72+y2:1 =>c=y2-1=1= fociare(jzl,O);verticesare(i\/iO)

2

8. & — xXX=1=c=4d+1= \/g = foci are (O, + \/§> ; vertices are (0, & 2) ; asymptotes are y = =+ 2x
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680
2 X2
9. y2:12x = x:{—2 = 4p=12 = p=3; 10. x2 =6y = y=% = 4p=6 = p:%;
focus is (3, 0), directrix is x = —3 focus is (0,3 ), directrix is y = — 3
y
y2=12x
x=-3
i
3 ol 70 *
-4 -2
y=—3/2

11. x> = -8y = y:f—i3 = 4p=8 = p=2; 12. y2 = —2x = x:f—; = 4p=2=p=1;
focus is (—%,O),directrix isx:%

focus is (0, —2), directrix is y = 2

y
- — : x=1/2
i /2
P 1 2x
p F(0,-2)
13 y=4x® => y=X = dp=1 = p=1; 4 ye 82 = y— - X s 4p—1 o 1
. y y (%) p 4 p 16 ° . y y (%) p 3 p 335
focus is (0, 75) » directrix is y = — 1 focus is (0, — 55 ) , directrix is y = 45
1 y
a2 y 51132
x
1
1
/F(’ml
0 T
directrix y = —%
15. x = —3y? = 4p=1 =1 16. x = 2y? _ ¥ 4p = L 1
. X = —-Jy ?X——m@ pP=3 = P= 13> .X—y:>x_@:> p=1=rp=%;
& focus is (3,0) , directrix is x = — §

no

focus is (— %, O) , directrix is x = ;
y

x= —3y2 é 1
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17. 16x2 +25y? =400 = £ + L = 18, 7x2 4 16y2 = 112 = = 4+ ¥ = |
= c=+va2-b2=+25-16=3 = c=va2-b2=16-7=3
y y
2 y? 2 2 ]
4 AT 1_xs_+v_1 =
+
Fy Fp ﬁ # FZ
_5 _é 0 3I 50" —4 —: = ‘y‘i 8
—4 —ﬁ.
19. 22 +y2 =2 = 2+ ¥ =1 20. 22 +y2=4 = ¥ 4 ¥ =]
= c=vVa-n=y2-1=1 = c=vVa-b=\4-2=2
y y
V2 x2+y72=1 x2
1 Fy —2—+
0 1 * a
-1} F,
21 3242y =6 = ¥ + % =1 22, 92 +10y2 =90 = X + % =1
= c=+Va-b=43-2=1 = c=va2-b2=+/10-9=1
) y
Gl 22 2 2 ]
/\23 : %+—¥g—-1 3
1+ Fy |
0 2 * . . X
—1FF, -Vio
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23. 60 +9y2 =54 = ¥4 ¥ ] 24, 169x% +25y? = 4225 = L4 o =1
= c=vVa-=y/9-6=13 = c=va?—b2 =169 —-25=12
y y
13
x2 )’2
N3 Tre =l 2 2 2!
ES
25 169

IN[e®
+
[N
Il
—

—_—

26. Foci: (0, +4), Vertices: (0, £5) = a=5,c=4 = b>*=25-16=9 = %24-%:

2

27. X —y =1 = c=Va@+2=/T+1=+2; 28 9x2—16y? =144 = = ¥ — |
asymptotes are y = + x = c=+va2+b2=.16+9=35;
asymptotes are y = =+ 3 x

30. P —xP=4 = L -2 =1 = c=/al+b?
=+/4+4 =24/2; asymptotes arey = + X
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31.

33.

35.

36.

37.

38.

39.
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82 —2y? =16 = S —L =1 = c=a2+b? 32.y2-32=3 = L _x2=1 = c= a2+
=2+ 8 =1+/10; asymptotes are y = =+ 2x = /34 1 = 2; asymptotes are y = i\/gx
=1
¥ X
8y2 —2x2=16 = ¥ —¥ =1 = c=a2+b? 34 64236y =2304 = & — L =1 = c=/a2 + b?
=14/2+8=1/10; asymptotes are y = + 5 = /36 + 64 = 10; asymptotes are y = i;—‘
y 2
I el
= <: x X

10 F,

Foci: (O,iﬁ),Asymptotesz y=+£x = c:\/zandﬁzl = a=b = c?=a’+b>=2a% = 2=2a°

:>a:1:>b:l$y2—x2:1

Foci: (42,0), Asymptotes: y = + ﬁ

S 4=% 5 2=-35a=\/3=>b=1= ¥y =

Vertices: (+3,0), Asymptotes: y = +3x = a=3and 2
Vertices: (0, &2), Asymptotes: y = +1x = a=2and 5

(@ y?=8x = 4p=8 = p=2 = directrixis x = —2,
focus is (2, 0), and vertex is (0, 0); therefore the new
directrix is X = —1, the new focus is (3, —2), and the
new vertex is (1, —2)

X = c:2and§:

J o b=d o deal i =al =%
1

x2 2
=3 =>b=3Q3)=4=>5-L=1
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40. (a) x>=—4y = 4p=4 = p=1 = directrixisy = 1, (b)
focus is (0, —1), and vertex is (0, 0); therefore the new

S

directrix is y = 4, the new focus is (—1, 2), and the V(-1.3

2
° 2 x+1) =-4(y-3)
F(-1.2)1
-6 -4 -2 --1_1 2 4
-2
=3

new vertex is (—1, 3)

41. (a) % + y9—2 =1 = center is (0, 0), vertices are (—4, 0) (b) y
and (4,0); c = /a2 — b2 = /7 = foci are (ﬁ,O)
@-9% -3?2_
and (—\/7, 0) ; therefore the new center is (4, 3), the ok 16 5 !

Fi(4-7,3)
C4,3)
[ )

new vertices are (0, 3) and (8, 3), and the new foci are

(4 +/7, 3) 03¢
42. (a) %2 + ¥ =1 = centeris (0, 0), vertices are (0, 5) (b)

(®,3)

[ ] /.
V(M«ﬁ, 3)
= =

and (0, —5); c = /a2 — b2 = /16 =4 = foci are A
(0,4) and (0, —4) ; therefore the new center is (—3, —2),
the new vertices are (—3, 3) and (—3, —7), and the new

foci are (—3,2) and (-3, —6)

&)

43. (a) - %9 =1 = centeris (0, 0), vertices are (—4, 0) ()

and (4,0), and the asymptotes are § = + % or

y = :l:%;C: Va2 +b2=+/25=5 = fociare
(—=5,0) and (5, 0) ; therefore the new center is (2, 0), the
new vertices are (—2,0) and (6, 0), the new foci

are (—3,0) and (7, 0), and the new asymptotes are
_ 3x—2)
y=+="7-
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44. (a) y; — % =1 = centeris (0,0), vertices are (0, —2) (b)

and (0, 2), and the asymptotes are 5 = + % or

y = :l:\%;c: Va2 4+ b2 =1/9=3 = fociare
(0, 3) and (0, —3) ; therefore the new center is (0, —2), -4
the new vertices are (0, —4) and (0, 0), the new foci

are (0, 1) and (0, —5), and the new asymptotes are
y+2= =+ %

45. y> =4x = 4p=4 = p=1 = focusis (1,0), directrix is x = —1, and vertex is (0, 0); therefore the new
vertex is (—2, —3), the new focus is (—1, —3), and the new directrix is x = —3; the new equation is
(y+3)?2=4x+2)

46. y? = —12x = 4p=12 = p=3 = focusis (—3,0), directrix is x = 3, and vertex is (0, 0); therefore the new
vertex is (4, 3), the new focus is (1, 3), and the new directrix is x = 7; the new equation is (y — 3)> = —12(x — 4)

47, x2 =8y = 4p=8 = p=2 = focusis (0,2), directrix is y = —2, and vertex is (0, 0); therefore the new
vertex is (1, —7), the new focus is (1, —5), and the new directrix is y = —9; the new equation is
x—1)2=8y+17

3

48. x2 =6y = 4p=6 = p= 5 = focusis (0, %) , directrix isy = — % , and vertex is (0, 0); therefore the new

vertex is (—3, —2), the new focus is (—3, — 1) , and the new directrix is y = — 7 ; the new equation is
(x+3)2=6(y +2)

49.

Elg®

© 4+ % =1 = centeris (0, 0), vertices are (0, 3) and (0, —3); ¢ = \/a2 —b2 = \/9 —6= \/§ = foci are (O, \/g)
and (0 \/5) ; therefore the new center is (—2, —1), the new vertices are (—2, 2) and (—2, —4), and the new foci

. . 2 2
are (—2, -1+ \/5) ; the new equation is % + % =1

50. "7) +y2 =1 = centeris (0,0), vertices are (\/5, O) and (—\/E, O) sc=+va2—b2=12-1=1 = fociare
(—1,0) and (1, 0); therefore the new center is (3, 4), the new vertices are (3 + \/E, 4) , and the new foci are (2, 4)

and (4, 4); the new equation is * 2) +@y—4%=1

51. "7) + y{ =1 = centeris (0, 0), vertices are (\/g, 0) and (f\/g,O) ;C= \/a2 —b2=+/3-2=1 = fociare
(—1,0) and (1, 0); therefore the new center is (2, 3), the new vertices are (2 + \/5, 3) , and the new foci are (1, 3)

. . —7)2 _1)2
and (3, 3); the new equation is % + % =1

52. iz Sy ) 3z = 1 = centeris (0,0), vertices are (0, 5) and (0, —5); ¢ = \/a2 b2 = \/25 — 16 =3 = foci are
(0, 3) and (0, —3); therefore the new center is (—4, —5), the new vertices are (—4, 0) and (—4, —10), and the new

foci are (—4, —2) and (—4, —8); the new equation is (XT—“)Z + M =1

&)

53. % — y? 1 = centeris (0, 0), vertices are (2,0) and (—2,0); ¢ = /a2 + b2 = /4 +5 =13 = foci are (3,0) and

(—3,0); the asymptotes are =+ % = % = y= = ‘/2_" ; therefore the new center is (2, 2), the new vertices are
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(4,2) and (0, 2), and the new foci are (5,2) and (—1, 2); the new asymptotes arey — 2 = =+ @ ; the new

x=27 _ y=2° _ 4
- =

equation is =

2

54. 3% — y; =1 = centeris (0, 0), vertices are (4,0) and (—4,0); ¢ = \/a2 4+ b2 = \/16 +9 =135 = fociare (-5, 0)

and (5, 0); the asymptotes are =+ 3 = =y=4 34—" ; therefore the new center is (—5, —1), the new vertices are

3
(—1,—1) and (=9, —1), and the new foci are (—10, —1) and (0, —1); the new asymptotes arey + 1 = =+ W ;

(5P g g

the new equation is <= 5

55. y2 —x2 =1 = centeris (0, 0), vertices are (0, 1) and (0, —1); c = \/a2 +b2= \/1 +1= \/5 = foci are
(0, + \/5) ; the asymptotes are y = = X; therefore the new center is (—1, —1), the new vertices are (—1,0) and
(—1,—2), and the new foci are (—1, -1+ \/5) ; the new asymptotes are y + 1 = =+ (x + 1); the new equation is
Y+ D —x+1)?=1

2

56. L —x* =1 = center is (0,0), vertices are (0, \/5) and (0, —\@) ce=+/a2+b2=+/3+1=2 = fociare (0, 2)

and (0, —2); the asymptotes are + x = % = y== \/gx; therefore the new center is (1, 3), the new vertices are

(1, 3+ \/5) , and the new foci are (1, 5) and (1, 1); the new asymptotes arey —3 = + \/g(x — 1); the new equation is

(Y—33)2 _ (X _ ])2 =1

57. X2 4+4x+y? =12 = x> +4x+4+y>=12+4 = (x+2)? +y? = 16; this is a circle: center at C(—2,0), a = 4

58. 2x2 4+ 2y? —28x + 12y + 114 =0 = x2 —14x+494+y> +6y+9=-574+49+9 = x=7>+(y+3)? =1;
this is a circle: center at C(7,—3),a=1

59. X2 4+2x+4y—3=0 = x> +2x+1=—4y+3+1 = (x+ 1)> = —4(y — 1); this is a parabola: V(—1, 1), F(—1,0)
60. y? —4y —8x—12=0 = y> —4y+4=8x+12+4 = (y —2)? = 8(x + 2); this is a parabola: V(—2,2), F(0, 2)

6l. xX2+5y? +4x=1 = X2 +4x+4+5y* =5 = x+2?2?+5°=5 = % +y? = 1; this is an ellipse: the
center is (—2, 0), the vertices are (—2 + \/5, O) ;Cc= \/a2 —b? = \/5 — 1 =2 = the foci are (—4, 0) and (0, 0)

62. 9x2+6y2 +36y =0 = 9x2+6(y2+6y+9) =54 = 92 +6(y+3)2 =54 = = 4 O _ 1 this is an ellipse:
the center is (0, —3), the vertices are (0, 0) and (0, —6); c = \/a2 —b2= \/9 —6= \/5 = the foci are (O, -3+ \@)

63. x2+2y2 —2x —dy=—1 = 2 -2x+1+2(y*-2y+ 1) =2 = x— 1) +2(y—1)? =2
= % + (y — 1)> = 1; this is an ellipse: the center is (1, 1), the vertices are (1 + \/E, 1) ;

c=va2—b2=+2-1=1 = the fociare (2, 1) and (0, 1)

64. 4x2+y?+8x—2y=—1 = 4(xX>+2x+ 1) +y? =2y+1=4 = 4x+ 1) +(y—-1)? =4
= x+12+ @ = 1; this is an ellipse: the center is (—1, 1), the vertices are (—1, 3) and

(—=1,—1);;c=+va2—b2=/4—1=1/3 = the foci are (—1,135\/5)
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Section 11.6 Conic Sections 687

65. x> —y? —2x+4dy=4 = x> - 2x+1—(y2—4y+4)=1 = (x—1)> — (y — 2)? = 1; this is a hyperbola:
the center is (1, 2), the vertices are (2,2) and (0,2); c = \/212—|—b2 \/1 +1= f = the foci are (1 + \/_ 2)

the asymptotesarey —2 = = (x — 1)

66. x2—y?+4x —6y=6 = x2+4x+4—(y?+6y+9) =1 = (x+2)? — (y + 3)> = 1; this is a hyperbola:
the center is (—2, —3), the vertices are (—1, —3) and (-3, —3); c = \/a2 +b2 = \/1 +1= \/_ = the foci are
(72 + \/E, 73) ; the asymptotes are y + 3 = £ (x 4 2)

67. 2x2 —y?+6y=3 = 2x> - (y>? -6y +9) = -6 = M - "—2 = 1; this is a hyperbola: the center is (0, 3),
the vertices are (0, 3+ \/6) c= \/a2 +b2= \/6 + 3 =3 = the foci are (0, 6) and (0, 0); the asymptotes are

y=3 _ 4 x_ _
\/g—i\/g:>y_j:\/§x+3

2 42 _ 2 2 _ Y x=2% gL g . :
68. y* —4x" +16x =24 = y* —4(x* —4x+4) =8 = X 5~ = 1; this is a hyperbola: the center is (2, 0),
the vertices are (2, + \/g) c= \/a2 +b2= \/8 +2 =4/10 = the foci are (2, + 10) ; the asymptotes are

3o x=2 — _
= E o y= £2-2)

69. (3 y’=kx = x = y{ ; the volume of the solid formed by
Vix 2 2
revolving R; about the y-axis is V| = j; T (%) dy
Vi !
=& [y dy = 2

circular cylinder formed by revolving PQ about the

; the volume of the right

y-axis is Vo = mx2\/kx = the volume of the solid Q
formed by revolving Ry about the y-axis is

V3=V, -V, — 4 \F . Therefore we can see the
ratio of V3 to V; is 4.1.

X 2 X
(b) The volume of the solid formed by revolving R about the x-axis is Vi = j; s (\/kit) dt = 7k j; tdt

= %"2 . The volume of the right circular cylinder formed by revolving PS about the x-axis is

2
Vo= (\/ kx) x = mkx? = the volume of the solid formed by revolving R; about the x-axis is

Vi3 =V, — V; = 7kx? — %"2 = “k" . Therefore the ratio of V3 to Vy is 1:1.

70. yzf%xdxz%(%)+C:“2’—IX{2+C;y:OWhenX:O = O:%%)Q—FC = C = 0; therefore y = 33+ 1sthe

equation of the cable's curve

2

71. x> =4dpyandy =p = x? =4p? = x = £ 2p. Therefore the line y = p cuts the parabola at points (—2p, p) and

(2p, p), and these points are \/[2p — (—2p)]> + (p — p)*> = 4p units apart.

(x—\/@) (x+ x2—a2)

X+ V/x2 — a2

72. lim (l—’xfb x?faz):}3 lim (xf x?faz):}3 lim [
X — a X
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688  Chapter 11 Parametric Equations and Polar Coordinates

73. Lety =+4/1— "72 on the interval 0 < x < 2. The area of the inscribed rectangle is given by

A(X) = 2x (2,/ _ —) = 4x,/1 — 2 (since the length is 2x and the height is 2y)

= A(x) =4,/ . Thus A'/(x) =0 = 44/1 :0:>4(1—%2)—X2:0:>x2:2
1_,

= X = \/E (only the positive square root lies in the interval). Since A(0) = A(2) = 0 we have that A (\/E) =4

T

is the maximum area when the length is 2\/5 and the height is \/5

74. (a) Around the x-axis: 9x2 +4y? =36 = y?=9 — —X2 = y=£4/9—- —x2 and we use the positive root
—v=2 ~( 9f%x2) dx=2 [ 7(9—9x2) dx = 27 [9x — 2x%] 2 = 247
(b) Around the y-axis: 9x? +4y? =36 = x? =4 — éy2 = x= £,/4—- gyz and we use the positive root

$V22ﬁ37r(g/4fgy> dy=2 [ 7(4—3y?) dy =27 [dy— 2] = l6r

4 2
75. 9x® — 4y? =36 = y2:9"24—_36 = y=+2vVx2—4ontheinterval 2 < x <4 = V:j; ﬂ(%\/x2—4> dx

4 ; 4
=S Lo a= [y -a], = (516 - (-9 =5 ($-8) = F G624 =24

76. Let Py(—p, y1) be any point on x = —p, and let P(x, y) be a point where a tangent intersects y? = 4px. Now

y2 =dpx = 2y dy =4dp = gi = 2p ; then the slope of a tangent line from Py is > (yp) g—i = 2?1’
= y? —yy; = 2px + 2p®. Since x = - wehavey —yy1 —Zp( ) +2p® = y2 —yy1 = 5 y* +2p?
= 1y —yy1—2pP=0 = y= 2Vt + 16p° W =y; & +/y2 +4p?. Therefore the slopes of the two
— 2p — 2p — 4p’ - _
tangents from P; are m; = Y v and my = sy = mumy = oy v e R 1

= the lines are perpendicular

7. x=27+(y—1P=5=2x-D+2y-DE=0= F=-2;y=0= (x—2)2+(0—1)2—5

= x—-2%=4 = x=4o0orx =0 = the circle crosses the x-axis at (4,0) and (0, 0); x =
= 0-224+@Fy-12=5= (y-—12?=1= y=20ry=0 = the circle crosses the y—axis at (0,2) and (0, 0).

At (4,0): %z—H—Z = the tangent lineisy = 2(x —4)ory = 2x — 8§
At (0,0): % = —% = —2 = the tangent line is y = —2x
At (0,2): %:—%—2 = the tangentlineisy —2 =2xory =2x+2
3
78 x2—y2=1= x= /Ty ontheinterval -3<y<3 = V= [ 7(/T+y?) y—zf VT1y2) dy

3 513
=2 [ (1 +y)dy=2r [y+ %] =24r

79. Lety = 4/16 — x2 on the interval —3 < x < 3. Since the plate is symmetric about the y-axis, X = 0. For a
/16— 8 x2
vertical strip: (X, ) = (x, #> length = /16 — 10 x>, width = dx = area = dA = /16 — 2 x> dx

= mass =dm = 6 dA = 6,/16 — 19—6 x2 dx. Moment of the strip about the x-axis:

/16— 18 x2
Y dm = Tg <(5 16 — % x2> dx =96 (8 — % XQ) dx so the moment of the plate about the x-axis is
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Section 11.7 Conics in Polar Coordinates 689

M, fy dm = f ngx2 xfé[SXf%xﬂ = 324; also the mass of the plate is
M= ["5/16—Sx2ax = [(45/1 = (2x)?dx =45 [ 31— duwhereu = ¥ = 3du=dx; x = -3
— u=—landx=3 = u=1. Hence,46fjl3\/1—u2du:126]:1 Vi—wdu

1
=126 B (u 1 —u2+sin! u)} = 6m6 = y =N =32 — 18 Therefore the center of mass is (0, 1¢) .

x2+1

_ 2
80. y=vx2+1 = £=1x>+1) Y22x) = 5 = (%) = o7

x2+1

D] - B B [ )] = 5 e )

V2 2 2 V2
Bl o s = [T omy 14+ (g) dx:fo 2mV/x 4 1/ 2 dx = [ 2my/2 + 1 dx;

81. (a) tan 3 =m, = tan 8 = f'(xo) where f(x) = w/4px;

/ _1 -1/2 _ _2p /
F'(x) = 3 (4px)"2(4p) = 7= = f'(x0) = = ot
_2p _2p Py )~ \B ,
=3 = tanf=3. A L
_ _ Y=0 _ _yo %
(b) tan ¢ = mp = Xo=p _ Xo—p A Yo
( Y0 _L)
__ tangp—tan3 __ X0—P Yo x
(c) tano = I+tangtan 3 — l+< Yo )(2_)
Xp—P Yo
_ Y5—2p(0—p) _ 4pxo—2pxo+2p’ _ 2p(xo+p) _ 2p
yo(Xo — p +2p) Yo(Xo + p) yo(Xo + p) Yo

11.7 CONICS IN POLAR COORDINATES

I 16X +25y> =400 = % 4+ ¥ =1 = c= /a2 — b2
a

' t+}7=:
=vV25-16=3 = e= :%;F(:I:?),O); | 4] Y76 1:
direCtrices areX:O:l: 2 - :t é - :l: % lil 11 l]ill 1 1 l]izl 1 1 lgl

) s\ 3 3 o
s 4 z
2 2 _ X _ Y

2. Tx —|—16y—112:>ﬁ—|—y7—1:>0 a? — b? 2 Y
=V16-7=3 = e=<=3;F(+3,0); 7L 16 7
directrices are x =0 £ £ = :t(“T) :I:?6

1

[
L]

&
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690  Chapter 11 Parametric Equations and Polar Coordinates

v/a? — b2 ’

3. 2x2—|—y2:2:>x2+y;:l = C

_ 1 = —c_ 1. < . | .

=+/2 1_1:>e_a_ﬁ, (0, £1); % T
> 2 -

directricesarey = 04+ £ = + ﬁ):iz ﬁ\

1
e (Y
93

4. 24y =4 = Y4 ¥ =1 = c=a b y
—Vi—2=V2 s e=s=iF(0,+v2); TTTTTTTRTT o

i(2 = +2V2

directrices arey = 0 £ £

5
S—]

532422 =6=> S+ L =1 = c=+a b ,
— _n — —c_ 1. < ] L.
=V3-2=1=e=%=JiF(0, £1); -
N SRR S
directricesarey = 0+ £ = + V3o 43 > O

6. 9+ 10y> =90 = ¥ 4 ¥ =1 = c=+/a2 — b2
= —_ 9= —c_ _1 .
=V10-9=1 = e=%=—"LF(£1,0);
directrices are x = 0+ § = + V10 = +10 x

Il
ﬁ
I
(@)
|
S
\
(¢
|
[=Hle}
|
IS
o]
>
H_
™
-
N—
>
LI
\al*,\,
+
0\|(J
I

I
w

2
W]
b
Py
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Section 11.7 Conics in Polar Coordinates 691

8. 169x2+25y2:4225:>;—+y?:1:>c: a? —b? ¥
=/169-25=12 = e_g:%,F(O +12);
directricesarey = 04 £ = + (_2) =412
13

9. Foci: (0, £3),e=05 = c:3anda:§—oi—6 = b2=36-9=27 = 2——|—y =1

2

10. Foci: (£8,0),e=02 = c=8anda=¢ =& =40 = b2 = 1600 — 64 = 1536 = s + e = |

o e

11. Vertices: (0, £70),e=0.1 = a=70andc =ae =70(0.1) =7 = b? = 4900 — 49 = 4851 = %—1—45%:1

12. Vertices: (£ 10,0),e =0.24 = a = 10 and c = ae = 10(0.24) = 2.4 = b? = 100 — 5.76 = 94.24 = 1);)20""94{%:1

13. Focus: <\/§,O),Directrix: x:% = c:ae:\/gandgzi5 = 2—7’:% = —5—7 = e2—§
2 2
:ezé.ThenPF:éPD:\/G—\/g) —I—(y—O)QzTS‘x—i5 :>( ) g(x—%>

= x2-2 5x+5+y2:g(x2—%x+85—') = sxl+yl=4=> 5+L =1

= ezé.Then

I

a

\
W

14. Focus: (4,0), Directrix: x =1 = c=ae=4and2 =1 = £ =15 =
PF_‘/_PD:> \/(x—4)2+(y 0)2—f\

16
3
S -Ex+E) 5 beay =8 o =

2
[ = G2y =5 ()" = K B 164y

15. Focus: (—4,0), Directrix: x = —16 = c=ae=4and =16 = 5 =16 = t%: 16 = eZ:% = e = 5. Then
PF=1PD = \/(x+4)2+(y—0)2=l|x+16| = x+42+y’ =1 (x+16? = x2+8x+16+y
=1 (x> +32x+256) = 2x*+y? =48 = 64+Y =1

16. Focus: <—\/§,0),Directrix: x:—2\/§ = c=ae= \/Eand§:2\/5 = 5 :2\/5 —‘/2— = \/5 = 622%

= =15 ThenPF = 1 PD = \/(x+\/§)2+(y0)2—\}§‘x+2\/§‘ = (x+ 2) +y?

&)

z%(x+2\/§)2 = X2+2\/§X+2+y2=%(x2+4ﬁx+8) = %x2+y2:2 - XT_'_% 1
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17. 2 —y? =1 = c=a24+b2=/1+1=2 = e=
:ézﬁ;asymptotesarey: :I:x;F(:I:\/E,O);

18.

19.

20.

21.

directrices are x = 0 + S + 7

Ox? — 16y2 =144 = = — ¥ =1 = c=/a? + b?
=y164+9=5 = ezﬁ:%;asymptotesare

y= £ 2x;F(+5,0); directrices are x = 0 + 2
_ .16
=+

y2—x2:8:> g_%z:l :>c:\/32+—b2

=+/84+8=4 = e:%:%:\/&;asymptotesare

y = £x;F(0, +4); directricesarey = 0+ £

_ V8 _
_ijg_iz

Vo a o E 2 o es JETE

= 4+4:2ﬁ = e:%:%ﬁ:ﬁ;asymptotes
arey = :I:x;F(O, i2\/§) ; directrices are y :O:tg

=+ =+V2

8x2 —2y? =16 = & — ¥ =1

_ V242
= 5= 75

= ¢ =+/a%+b?
=V2+8=/10 = ezﬁz\/—\g:\ﬁ;asymptotes

arey = £2x; F ( + +/ 10,0) ; directrices are x = 0 &+ g

Chapter 11 Parametric Equations and Polar Coordinates

-~ .,
S L T

Lz_ﬁzl \ \ ,
28 10
~ 1 1 /,
' ' e
1 1 s
sl /
\\ 1 1 Pag
F so |
TR Wik P A El I
=10 220 | T W2NE Yo 4
L '
=
| |
I I
Sl0f |
| |
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Section 11.7 Conics in Polar Coordinates 693

2. y2-3x2=3 = Y _x2=1 = c= /a2 + b?

3+1=2=e=:;= \/ ; asymptotes are

y = i\/gx;F(O, +2); directrices arey = 0 + 2
I - + 3

(%)

23. 822X =16 = L —¥ =1 = c=+/a + b2

2
=4/24+8= 10@6:3:\/—\}?:\5;asymptotes
arey = + 5;F (0, + vV 10) ; directrices arey = 0 £+ &
V242
= EGTETR

24, 64x2 — 36y =2304 = % — ¥ =1 = c=1/a? + b
=4/36+64=10 = e:§:1—60 ; asymptotes are
y= +£3x;F(£10,0); dilrectricesarex:0:|:EE1

= i( + 1

‘”U

’o
=

Wi
|

25. Vertices (0, £ 1)ande=3 = a=lande=£¢=3 = c=3a=3 = b’ =c’-a’=9-1=8 = y27"§2:1
26. Vertices (£2,0)ande=2 = a=2ande=S=2 = c=2a=4 => b’ =c?—-a’>=16-4=12 = XZZ—%:I
27. Foci (+£3,0)ande =3 = c=3ande==3 = c=3a = a=1 = b =c?-a’=9-1=8 = x> - L =1

28. Foci (0, +5)ande = 1.25 = c=5ande = ¢ = 1.25 =

INI%
U
o
I

IN]|
o
U
(V)]

~
IS
U
S
|
N
U
(g
[8V)
I
o
|
o

—25-16=9 = L - % —|
. e=lLx=2=k=2=r= l+(21()12050 = Tressd
30e=1Ly=2=k=2=r1= 1+(21()1)sin0: 1+s21n9
3l.e=5y=-6 = k=06 = 1r= 1—65(5s)in0 =
32.e=2,x=4 = k=4 = 1= 1+42(201)59: 1+28cos€

)W 1
+ (%) cos @ 2+CO§ 0

33.ez%,x:1$k:1:>r:1
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_ 1 _ _ _ H _ 2
34.e—z,x_—Zék_2:>r_l_(*‘%)cos€_4_cose
35. e=ly=-10 = k=10 = r= U0 _ 10
: 5° 1— (%) sin 0 5—sin 6

I _ __(G®e® _ s
36.6:—3,y—6$k—6:>r—1+(l

_ 1 _ — —
37.I'7m:>671,k71:>)(—1

_ 6 _ 3 1 —

38'r_2+cos0_1+(%)0059je_Q’k_6jX_6’
2

a(l—eQ):keia{l—(%)}:3:>%a:3

= a=4=ea=2

_ 25 __ B (3)
39 r= 0—5cs0 — = 1—(3) cos 6 1— (1) cos

= e=1,k=5= x=-5a(l-¢%) =ke

2

:a[l_(%)}:g:;a:g;»a:g_ﬂ;»eazg

_ 4 _ 2 _ _ _
40.r—mér—l_cose:>e—1,k—2:>X—72

— 400 —_Ge) _ 25
Aor= 1w T TS T (e TS T () e

%,kZSO = y=50;a(l —e?) =ke
- a{l—(%)z} =25 = 3a=25 = a=

= ea= 3

100

3
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“T+coso

M= 2+cos® x=86

(l 2.5)
6.1\ L/ (2,0)

6

y

=5 A(%,o) 6.0,
| @,w\/

y
(e —4
X =2 2-2 cosB
c x
-2 \
(1) [~
y
y=50
(@ z) ,o 400
37 2/\] 16+8sing
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_ 12
42. 1= 343sind = r= I+sm9 = eil 43. r= 2— 291nt9 = r=

k=4 = y=14 k=4 = y=—4

9:>ef1

—sin

y y

3
y=4 "= 2 2sine
(2,w2) 12

\" 3+3sn0 4“0/2 *

/ \ X \(3777) y=—4

4 _ 2 —
44. I=3—mg — I'= 1—(3)sino - &=

2 -2-sin9 —
= y=-4a(l-¢e’)=ke = a{l—(g) } =2
= 3a=2=a=% = ca=1 — ) (43.2)

45. rcos (§—T) = /2 = r(cos @ cos T + sin § sin T)

=2 = 12rcos9—|—\/—rs1n9_\/_:> \}EX+%y \_

1 _ y
L k=4

=V2 = x+y=2=y=2-x

46.rcos(0+%’r):1ér(cosﬂcos%’rfsinﬂsin%”)zl y

= —%rcos@—ﬁrsinézl = x—i—y:—ﬁ

5 3
L x+y=—\2
= y=—X— \/5 \.45 L1

5/

47. rcos( 7?)—3 = r(cos&cos +sm051n2”):3

:>—%rc059+§rsin9:3:>—§x+%y:3 F
= —x+3y=6 = y:§x+2\/§
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696  Chapter 11 Parametric Equations and Polar Coordinates

48. rcos (0 +5) =2 = r(cosfcos 5 —sinfsin§) = y

= %rcose—£r51n9—2 = %x—iy 2

4 x-Iy=4
éx—fy 4 = y= ‘[ % o

49. \/2x+/2y=6 = \/2rcosf+\/2rsinf =6 = r(%cos@—l—@sinG) =3 = r(cos Z cos f + sin % sin )
=3 = rcos(@—%):3

50. /3x—y=1 = /3rcosf —rsinf=1 = r(@cos@—%sin@:% = 1 (cos ¥ cos § — sin Z sin )

:% ircos(@—i—%)z%
5lLy=-5 = rsinf=-5 = —rsinf=5 = rsin(-0)=5 = rcos(gf(fG)) =5 = rcos(9+g):5
52. x=—4 = rcosf=—-—4 = —rcosf@ =4 = rcos( —m)=4

53. , 54.

(
(-]
<

adius = 3

r=4cos

m [ (3.072)
\_/ :
r=6sin@

Radius =2

55. 56.

Y

r=-8sin®
Radius = 4

/\ r=-2cosf
(1, x) 9
x (~4.02)
Radius =1
v -

57. (x— 62 +y?*=36 = C=(6,0),a=06 58. x+2)2+y’=4 = C=(-2,0),a=2
= 1 = 12 cos @ is the polar equation = 1 = —4 cos 0 is the polar equation
y y
(-6 +7=36 r=—4cos®
r=12cos 0 2 2
m (x+2)"+y =4
x
/—\ | -
w v
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59. x> +(y—5?%?=25 = C=(0,5),a=>5
= 1 = 10 sin § is the polar equation

X r=10sin 8

Pry-572=25

©,5)

6l. x2+2x+y?=0 = x+ 1)’ +y> =1
= C=(-1,0),a=1 = r=—2cosfis
the polar equation

Y

(1l ay’=1
r=-2cos 0

1,0

2
63. X>+y’ +y=0=x"+(y+3) =3

= C=(0,—3),a=3 = r=—sinfisthe
polar equation

y

2ify+ 1P L
RN

r= —sin6

65.

2@\
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Section 11.7 Conics in Polar Coordinates

60. x>+ (y+7?%?=49 = C=(0,-7),a=7
= 1 = —14 sin 6 is the polar equation
y

xZs(y+ D2 =49
r=-14sin®

0.-7)

62. x2—16x+y> =0 = (x—8)? +y> =64
= C=(8,0),a=8 = r=16cos fis the
polar equation

y

2
x-8) +y’=64
r=16cos 0

"

0= ¥+ (-3 =3
a—= 2

5 = r:%sineisthe

64x+y

( )

polar equation

% (y-ea)
0,2/3)p

= (4/3) sin@

y

66.
r =4 sec (6 +  /6)

/.
g

697



698  Chapter 11 Parametric Equations and Polar Coordinates

67. . 68.

4 r=4sin 6

ON o

69. 70.

~
<

[

_ 8
N ZK

r=8/(4+sin 0)

71. y 72.
\
r=—L N\
1 —sin@ /]/2 x
N . / r=1/(1+cos8)
73. . 74.
\/ x / |
1 1 \ \
1= AN
= : / :
/ \ 3
r=1/(1+2cos )

" ¥2sin0
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Chapter 11 Practice Exercises 699

75. (a) Perihelion = a — ae = a(l — e), Aphelion =ea+a = a(l +e)

(b) Planet Perihelion Aphelion
Mercury 0.3075 AU 0.4667 AU
Venus 0.7184 AU 0.7282 AU
Earth 0.9833 AU 1.0167 AU
Mars 1.3817 AU 1.6663 AU
Jupiter 49512 AU 5.4548 AU
Saturn 9.0210 AU 10.0570 AU
Uranus 18.2977 AU | 20.0623 AU
Neptune 29.8135 AU | 30.3065 AU
(0.3871) (1 —0.20562) 0.3707

76. Mercury: r =

14 0.2056 cos 6
(0.7233) (1 — 0.0068%) __

" 1+0.2056 cos 6

o 0.7233
Venus: = 50068 cos 6~ — T50.0068 cos 0
.. 1(1-o00167%) _ 0.9997
Earth: 1 = 55767c0s0 = T70.0617cos
o (1524)(1-0.0934%) 1.511
Mars: 1 = 50037 cos 0~ = 1700934 cos 0
s (5203)(1-0.0484%) 5.191
Jupiter: 1= =G Grercoss = TT0.0484 050
o (9539)(1-0.0543%) 9.511
Saturn: r = TG osm o 0 — TT0.0583c05 0
o (19.18) (1—0.0460%) 19.14
Uranus: 1 = 50 5a60c0s 0~ = T50.0460c05 0
Neptune: r — (30.06) (1 —0.00822) __ 30.06

140.0082cos @ — 1-+0.0082 cos 6

CHAPTER 11 PRACTICE EXERCISES

. x=3fandy=t+1 = 2x=t = y=2x+1

_ 1 _ 1 2 _
3. x=jtantandy = 5sect = X

1 2
Ztan t

and y? = 1 sec’t = 4x® = tan’ t and

4y? =sec’t = 42 +1=4y? = 4y? —4x2 =1

y

O N_/
T
&
=
™
]
&
-
n

4. x=—2costandy =2sint = x

2. x:\/fandyzl—\/fé y=1-x

2 =4 cos’tand

y?=4sin’t = x> +y? =4

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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700  Chapter 11 Parametric Equations and Polar Coordinates

5.

10.

11.

12.

13.

14.

15.

2

x=—costandy = cos’t = y = (—x)? = x> 6. x=4costandy =9sint = x> = 6cos’tand

y? = 81 sin’t = %—l—y =1
L
81

\ 21 2
\ y=x7 w =1 ltaw2
\ /
\ /
\ /
t=0 1} t=m —4 t=0 X

LS te2n

2

o
<

2 2 __ X
16x2 + 9y = 144 = X 4

=1 = a=3andb=4 = x=3costandy =4sint,0 <t <27

>

x2+y?=4 = x=-2costandy =2sint,0 <t < 67

dy _ dy/dt _ 3secttant _

x=1tanty=1sect = L =35 = fywer ‘—t—smt:>j—il:ﬁ/3=Sin§=T3;t=§
éx:%tangzéandy:% ci=1 :>y—£ + 1 d—xz—ii,//g::;;i;t:2cos3t:> %t:ﬂm
2008 (5) -}

3
x—l—i—t%,y—l—%:>g—i—gi;gi—((_’z%))——%té%12——%(2)——3&—2:>x—l+%—f—‘and

2 -
y=l-i=-ioy=oaa Rt =ie = R -1

3 _

3/2

(2) x =42,y _t’—1:,t_if:,y_(i§) S

() x=cost,y =tant = sect = L = tan’t+ 1 =sec?t=y> =L 1=K 5 y= 4 VI-¥

(a) The line through (1, —2) with slope 3isy =3x — 5= x=t,y=3t—5, —co <t < 00

b) (x=17+(y+2)’=9=x—1=3cost,y+2=3sint=x=1+3cost,y = —2+3sint,0 <t < 27
() y=4x* —x=x=ty=4" —t, —00 < t <

(d) 9’ +4y>=36= % + ¥ =1=x=2cost,y =3sint, 0 < t < 2

y=x/2 82 o & 1y1/2 21/2:>(g—§) =;(t-2+x) = L= f\/l +3 (1 —24x)dx

= L= f\/ 14+2+x dx—fq/% x~1/2 4 x1/2) dxff ’1/2+x1/2)dx:%[2x1/2+%x3/2];1

2458 -(2+3)]=502+5) =%

2 / 8 2 8
_ dx __ 2 — dx _ 4x728 _ dx _ 4
x=y¥? = E_gxl/si(@) = 5 :L_£\/1+(Ty) dy_f1 1+ 535 dy
17 8
= f vV x:lj;r dx j‘l \/9)(2/3 44 71/3) dx; [ll — 9X2/3 +4 = du= 6y71/3 dy;x =1 = u=13,

W du = (B0 = 4072 1392] 7 634

40
x =8 = u=40] —>L:%f

13

2
_ 5 .6/5 _ 5. 4/5 dy _ 1,1/5 _ 1.-1/5 ay\° 125 _ —~2/5
y=5x —3x = g =3x - gx7 :>(dx) =5 (P —24+x727)

32 32
= L= f \/1 F(x¥5 =24 x725)dx = L= f1 \/% (x2/5 42 4 x~2/5) dx = .f % (x1/5 + X—1/5)2 dx
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Chapter 11 Practice Exercises 701

= SO = [ D S G2 2 - G D= ()

1710 10 285
= & (1260 +450) = 10 = 28

d . - d a2, (4’
17. d—’t‘:fSSlntJrSsmStandd—{:5cost7500s5té (d—’t‘) +(y)

= \/(—5 sin t 4 5 sin 5t)* 4 (5cos t — 5 cos 5t)°

= 51/sin2 5t — 2sin tsin 5t + sin t 4 cos? t — 2cos tcos 5t + cos? 5t = 5+/2 — 2(sin tsin 5t + cos tcos 5 t)

=5/2(1 — cos 4t) = 5,/4(%) (1 — cos 4t) = 101/ sin? 2t = 10]sin 2t| = 10sin 2t (since 0 < t < F)

— Length = f 10sin 2tdt = [~5cos 20 7/% = (=5)(—1) — (=5)(1) = 10

2
18. & — 32 — 2rand & = 32 + 12t = /(&) + (d—{) = \/(3t2 - 120"

:3\/§|t\\/16+t2;»Length:f()l3ﬁ|t| 16+t2dt:3ﬁf01t

+ (32 + 121)* = /2882 + 18t

16 + t2dt; [u: 16 + > = du = 2t dt
17

S fdu=tdtt=0=u=161=1=u=17]; 2 [ " udu = 32 [3w?] ] = 32 (3017 - 3(16)™)

=322 (17— 64) = V2((17) ~ 64) ~ 8617,

2
19. %:—3sin9and%:3c0s9:>\/(%)2+(%) :\/(—Z’>sint9)2 (3cos )* = /3(sin2 0 + cos2 0) = 3

tength = [3d0 =3[ a0 =3(x —0) =%

) 2

V3
20. x=tandy="5 —t,—/3<t<V3=% =2tand ¥ = ¢ - 1:>Length:jlﬁ\/(Zt)Q—i-(tQ—l)th

V3 V3 V3 V3 ; V3
:fiﬁ\/t4+2t2+ldt:fiﬁ\/t4+2t2+ldt:fiﬁ\/(tQ—Fl)Q dt:f_\/g(tQ—i—l) dt = {%—i—t}iﬁ
=43

. V& 9
21. x:%andyzzt,ogtg \/§ = ﬂ—’t‘ztandi—{:2 = SurfaceArea:fO 27r(2t)\/t2+4dt:j:1 27ul/? du
— 2 [2 3/2]

=27 whereu=t+4 = du=2tdt;t=0 = u=4,t=1/5 = u=9

22. x—t2—|—2landy—4\/\/_<t<1:>‘(’1—’t‘:2t—§andd—y—

2
= SurfaceArea:fl/ﬁ 27 (2 + 5) \/(Zt )7+ (%) dt =27 1/\/— @+ L)/ (2t+ )" dt

1 1
=2 ), 5 (C+4) (2t+ %) de=2r i (2t3+§+%t‘3)dt:2w[%t4+3t—lt—Q]l/\[
zzw(z—ﬂ)

4
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702 Chapter 11 Parametric Equations and Polar Coordinates

23. rcos(@—i—%) :2\/§ = r(cochos%—sianin%)
=23 = 1rcosG—‘/Tgrsin9:2\/§

2
= rcosf—/3rsinf =43 = x—/3y=4/3 =l
:>y=‘/T§x—4 /

24. rcos (6 — 3r) V2o r (cos 6 cos 2T + sin 6 sin 37)

B y

=2
:\/75:>—‘/T§rcos9+§rsin9=4=>—X+y:1 A*‘
= y=x+1 !

2 = rcosf=2=x=2

cos 0 y

25. r=2secl = r=

26.r:f\/isecﬂércosﬂzf\/iéx:fﬁ 4
x=-v3

217. r:f%cscﬁ = rsin@zf% = y=—

[ 1 [O8)

(Y%
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Chapter 11 Practice Exercises 703

28. r=3 3csc€z>rsin9:3\/§:>y:3\/§ 4
W3 y= a3

29. r=—4sinf = 2= —4rsinf = xX2+y>+4y=0
= x2 + (y + 2)2 = 4; circle with center (0, —2) and

radius 2.
r= —4sinf Cr(y+2’=4
©.-2)
30. r=3v/3sinf =12 =3/3rsin 4 r3y3sing
2
:>x2—|—y2—3\/§y:0$ x2+(y—%§) :%77; | (o.._:"rl)
2

circle with center (0, #) and radius #

(- )7

3. r=2+/2cosf = r2:2\/§rc050

2
= XX +y?—-2/2x=0= <x—\/5) +y2 =2
r= 22 cos 6
circle with center (\/5, 0) and radius \/E
[ﬁ,o) ]
[x—\ﬁ)2+}2=2
32. r=—-6¢cosf) = r*=—6rcosf = x>+y>+6x=0 y
= (x +3)> +y? = 9; circle with center (—3, 0) and f=~6 cos 0
radius 3 m
2 2
(x+3) +y =9
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704  Chapter 11 Parametric Equations and Polar Coordinates

33. X2+y2+5y:0:>)(2+(y—|'%)2:%:>CZ(07_%) y
anda=3;r> +5rsinf =0 = r=—5sinf
r= -5sin 6
x2+[v+i)2=£
N 2

34, X2 4+y?—2y=0 = x>+ (y—-1))=1 = C=(0,1)and y
a=1;r2—2rsinf =0 = r=2sin6

(0.1)

re=2sin@

X

2 2
X e(y=1) =1

35. X2 4+y? =3x=0= (x-3)+y’ =9 = c=(,0) \

anda:%;r2—3r0059:0 = r=23cosf
r=3cos6 /\

36. X2+ y?4+4x=0 = x+22+y =4 = C=(-2,0) y
anda=2;r2+4rcosd =0 = r=—4cosf f=-4c0s0

(2.0

(x+2)2+y2-4

37. 38.

<

O<r=6cosf

/_\ 4sinBsrs0
X A x
\__/ '

39. d 40. e 41. 1 42. f

43. k 44. h 45. i 46.
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Chapter 11 Practice Exercises 705

47. A=2 Oﬂ%erE’:j:(Z—cos@)ZdH:j:(4—4cosf9+00529)d0:j:(4—4cost9+W) do

-2
=37

= J (3 —4cos 0+ 32) dp = [26 — 4 sin 6 + 2|7

4. A= [ Lin30 a0 = [ (=) a0 = Lo - Lsined] [P = 5

49. r=1+cos20andr=1 = 1=1+cos20 = 0=cos20 = 20 =7 = 0= 7, therefore

/4 /4
A:4f L[ +cos 20 —12]d0 =2 [ (1+2cos 20 + cos? 20 — 1) df

—2 [ (2cos 20+ L+ 5y ag =2 [sin20+ L6+ 0] T _ o (147 40) =247

50. The circle lies interior to the cardioid. Thus,
=2 f 22 L [2(1 + sin §)]> d§ — 7 (the integral is the area of the cardioid minus the area of the circle)

:f,-/24 1+25in9+sin29)d9—w:f (6 +8sin6 — 2c0520)d9—7r—[69—80059—sm29]7/2 -7
=37 — (=3m)] — 7 =57

2T 2w
5. r=—1+4cosf = g—g:—sing;Length:j; \/(—1+cosﬂ)2+(—sin9)2d0:j; /2 —2cos 0 df

2 ‘ 2 -
- j; y/ H=cosf) —o 5 40 = fo 2 sin & df = [—4 cos %]3 = (—4)(—1) — (—4)(1) = 8

52. r=2sinf0+42c0s0,0<0 <7 = %—20059—25in9;r2+(d—9) = (2sin 0 4 2 cos )? + (2 cos § — 2 sin H)?

—8(sin?0+cos?0) =8 = L= [ /80— [2\59]2/2=2ﬁ(g) — /2

.= (9,005 = =8 (9 cos (54 (5)° = [850° () + [B3n (4 eos ()]
(9
§

)’
= 64 sin* % = L= f ,/64sm4 d f 8 sin? dé :fOMS[l COS(TG)]dQ

— 74— dcos (2)] 0 = [40— 65in (2)] 7 = 4(3) —6sin (3) ~0 =73

r — : —sin r)2 in
54. 1= \/1+cos20 = §=5(1+cos20)712(-2sin20) = 2 = (§)° = 0y

2 2 1 s 20)2 in22 2 02
= r2+ ((le_;) =14 cos 29+ lsm 20 _ (14co0s20)°+sin“20 _ 142 cos 20 + cos® 26 + sin? 26

+cos260 1+ cos 26 1+4-cos 26

/2
- 21++2c60252299 =2=1L= f,ﬁ/g\/idg =2 [% - (- g)] =V2n

55. x2:—4y = y:—"; = 4dp=4 = p=1,; 56. x2:2y = %Z:y = 4p=2 = p:%;

therefore Focus is (0, —1), Directrix is y = 1 therefore Focus is (0, 1); Directrix isy = — 3
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Chapter 11 Parametric Equations and Polar Coordinates

706
57. ' =3x = x=% = 4p=3 =3, 58
Ly =3x X=% = 4p=3 = p=73, . — 3
therefore Focus is (3,0) , Directrix is x = — 3 Z
2 2
59. 16x2+7y2:112$"7+¥—6=1 60. =1=c?=4-2=2
= c2=16-7=9 = c=3je=¢=3
y
4 x—2+y—2:1
7716
3
0 N7 *
3
>y
61. 3x27y2:3$x2—y§2:1:>c2:1+3:4 62. 5y274x2:20:>§f§:1$c2:4+5:9
:>C:S,G:ng;theasymptotesarey::I:%x

= c=2%e=; % = 2; the asymptotes are

y= ++/3x

63. x> =12y = — X
vertex is (2, 3), new focus is (2, 0), new directrix is y = 6, and the new equation is (x — 2)? = —12(y — 3)

vertex is (0, 0); therefore new

2)

=y = 4p=12 = p=3 = focusis (0, —3), directrix is y = 3, vertex is (0, 0); therefore new

64. y> =10x = % =x = 4p=10 = p=3 = focusis (3,0), directrixisx = — 3,
vertex is (— 5, —1) , new focus is (2, — 1), new directrix is x = —3, and the new equation is (y + 1) = 10 (x +

65. %2 + % =1 =a=5andb=3 = ¢c=+/25—-9=4 = fociare (0, +4), vertices are (0, £ 5), center is
(0, 0); therefore the new center is (—3, —5), new foci are (—3, —1) and (—3, —9), new vertices are (—3, —10) and

2 2
(—3,0), and the new equation is @ + % =1
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66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

Chapter 11 Practice Exercises 707

%4—%:1 = a=13andb=12 = ¢=+/169 — 144 =5 = fociare (£5,0), vertices are ( £ 13,0), center

is (0, 0); therefore the new center is (5, 12), new foci are (10, 12) and (0, 12), new vertices are (18, 12) and

x=5" | =12 _
e T o1 =1

_x2_2:1 = a:2\/§andb:\/§ = c=+8+ :\/E = foci are (O,:I:\/TO),VCrticesare

0, + 2\/5) , center is (0, 0), and the asymptotes are y = = 2x; therefore the new center is (2, 2\/5) , new foci are

(—8,12), and the new equation is

[

N TN

2, 2\/5 + 10) , hew vertices are (2, 4\/5) and (2, 0), the new asymptotes are y = 2x — 4 + 2\/5 and

(Y*Zﬁ)z Cx=2?
8 2 -

y=-2x+4+ 2\/5; the new equation is 1

2

;—6—%'—2 =1 =a=6andb=8 = c=/36+64 =10 = fociare (+ 10,0), vertices are ( + 6,0), the center

is (0,0) and the asymptotes are = £ X ory = =+ ‘3—‘ x; therefore the new center is (—10, —3), the new foci are
(=20, —3) and (0, —3), the new vertices are (—16, —3) and (—4, —3), the new asymptotes are y = % X+ 33—1 and

=—dx_ %, ionis &0 +3? _
y = — 3 X — 7 ; the new equation is ~—¢ a- =1

X2—4x -4y’ =0 = x> —4x+4 -4y’ =4 = x-2)2 -4y’ =4 = —(X_42)2 —y? = 1, ahyperbola; a = 2 and

b=1=c=+y1+4= \ﬁ; the center is (2, 0), the vertices are (0, 0) and (4, 0); the foci are (2 + \ﬁ,O) and

x =2

the asymptotes are y = =+ *5

42 —y2 44y =8 = 42—y 44y —4=4 = 42— (y-22 =4 = x2— U2 — | ahyperbola;a = 1 and
b=2 = c=+14+4= \/g; the center is (0, 2), the vertices are (1,2) and (—1, 2), the foci are (i \/5, 2) and
the asymptotes are y = =+ 2x + 2

y2—2y+16x=—49 = y?> -2y +1=—16x — 48 = (y — 1)> = —16(x + 3), a parabola; the vertex is (—3, 1);
4p =16 = p =4 = thefocusis (—7,1) and the directrix is x = 1

X2 —2x+8y=—-17 = x> - 2x+1= -8y — 16 = (x — 1) = —8(y + 2), a parabola; the vertex is (1, —2);
4p =8 = p =2 = the focusis (1, —4) and the directrixisy =0

9x% + 16y? + 54x —6dy = —1 = 9(x2+6x) +16(y> —4dy) = —1 = 9(x2+6x+9) + 16(y> — 4y +4) = 144

= O(x+3) + 16(y — 2)* = 144 = O3 L 022" — | an ellipse; the center is (—3,2);a = 4 and b = 3

= c=4y16-9= ﬁ; the foci are (—3 + ﬁ, 2) ; the vertices are (1,2) and (—7, 2)

25x% 4+ 9y — 100x + 54y =44 = 25(x> —4x) +9(y* + 6y) =44 = 25(x> —4x+4)+9(y* + 6y +9) = 225
= % + % = 1, an ellipse; the center is (2, —3);a=5and b=3 = c = /25 — 9 = 4; the foci are
(2, 1) and (2, —7); the vertices are (2,2) and (2, —8)

X24+y?—2x—2y=0 = xX2—2x+1+y?-2y+1=2 = (x—1)?+ (y — 1)? = 2, acircle with center (1, 1) and

radius = \/5

X2y H4x+2y =1 = X2+ 4x+4+y? +2y+1=6 = (x+2)?+ (y + 1)?> = 6, a circle with center (-2, —1)
and radius = \/6
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77.

78.

79.

80.

81.

82.

83.

84.

85.

Chapter 11 Parametric Equations and Polar Coordinates

r= ﬁ = e =1 = parabola with vertex at (1,0)
W\ 1+cos(9
%(10) |
— 8 _ 4 _1 : . Yy
I= 5709 = I= 7 (1) ot = e=3; = ellipse;
ke=4 = lk=4=k=8k=2-ca=>8=+4 —1a fe —8 |
() 2 2+cos O |

= a= ? = ea= (5) (136) ; therefore the center is /'_“
(3,7) ; vertices are (8, 7) and (3, ) m/(alam

r=1L— = e=2 = hyperbola;ke =6 = 2k =6

= k=3 = vertices are (2, 7) and (6, )
2, 1r) 1 20050

X

12

r= 3+siné

= r=

(¢]
I
(S
~
(¢}
I
N
<

__ 4
1+ (l) sin 6

12
=5 lk=4 = k=12 a(]—e):4:>a[1—(%)2]

3,7/2) = 3+sin 6

AN
d(6,3) K—- (3/2,31/2)

—

—4=a=g s a=()()-

2
, 37’7) ; vertices are (3, g)

center is (%

(6,31/2)

. . . . .. . ke 2)(2
e=2andrcos =2 = x =2isdirectrix = k = 2; the conicis a hyperbola;r = ;5 = r= (2)2)

1+2cosé
= r= 4
14+2cos @
_ _ — _Aicd; : _ A4 E . ke @)
e=1landrcosd = —4 = x = —4isdirectrix = k = 4; the conic is a parabola; 1 = —"— = 1= 15
_ _ 4
= Ir= 1—cos@

1 . i directs . ke _ o0
e=jandrsinf =2 = y=_2isdirectrix = k = 2; the conicis anellipse;r = ;5 = T= T (D) sind
__ 2
= I= 35 me
_1 o 6 directr S o, can ke © (3)
e=jzandrsinf = —6 = y = —6isdirectrix = k = 6; the conic is an ellipse; r = =5 ér—m
_ _6
:>r_3751n0

(a) Around the x-axis: 9x*> +4y> =36 = y>=9—2x% = y = + /9 — 2x2 and we use the positive root:

v=2 [T (\fo-3x) ax=2 [Tr (9 9xt) d = 2m [ox — 1x7]2 = 24
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Chapter 11 Additional and Advanced Exercises 709

(b) Around the y-axis: 9x? +4y? =36 = x? =4 — gy2 = x= £,/4- gyz and we use the positive root:

2
szf(:ﬂ(\/“*g}ﬂ) dy:2f:7r(4—gy2)dy:27r[4yf%y3]3:167r
86. Ox®—dyt=36,x=4 = yi =250 o y:%vx2—4;V:fz4”(%\/m)2dX:%”f;(XZ—@dx

3 4 T T ™
=554, =510 - (-9 =% (F-%) =F =24

87. (@) r=12t=5 = r+ercosf=k = /xX>+y’+ex=k = /x> +y?=k—ex = x* +y*
=k —2kex +e’x* = x> —e?x2+y?+2%kex k> =0 = (1 —e?)x>+y>+2kex —k*=0
b)) e=0=x+y>’-K =0 = x> +y>=k> = circle;
0<e<l=e’<l=¢e-1<0=B"-4AC=02-4(1-¢€*)(1)=4(e>—1) <0 = ellipse;
e=1= B2—4AC=0>-40)(1)=0 = parabola;
e>1 = e?>1 = B2-4AC=0?—-4(1—¢e?) (1) =4e* —4 >0 = hyperbola

88. Let (1, 61) be a point on the graph where r; = afl;. Let (15, 62) be on the graph where r, = af; and
02 = 01 4+ 2m. Then ry and 1, lie on the same ray on consecutive turns of the spiral and the distance between

the two points is roy — r; = afy — af; = a(f; — ;) = 2ma, which is constant.

CHAPTER 11 ADDITIONAL AND ADVANCED EXERCISES

<

1. Directrix x = 3 and focus (4,0) = vertex is (3 ,0)

1 L. 7 ¥2 7.y
= p=5 = theequationisx — 3 = % 2

(=3
T T T T [ T T 171
U
e
e
e
=

| I I I |

2. xX2—6x—12y+9=0 = x2—6x+9=12y = %:y = vertex is (3,0) and p = 3 = focus is (3, 3) and the

directrixisy = —3

3. x> =4y = vertexis (0,0)andp = 1 = focus is (0, 1); thus the distance from P(x, y) to the vertex is \/x? + y?

and the distance from P to the focus is /X% + (y — )2 = /X2 +y2 = 2/x2 + (y — 1)
= X+y?=4[x>+(y—1)?] = x> +y> =4x> +4y> — 8y +4 = 3x%> + 3y? — 8y + 4 = 0, which is a circle

4. Let the segment a + b intersect the y-axis in point A and y
intersect the x-axis in point B so that PB = b and PA = a A
(see figure). Draw the horizontal line through P and let it a
intersect the y-axis in point C. Let /PBO = 6§ cl- XN P(xy)
= ZAPC = 6. Thensin § =  and cos § = % vy eb g
:>z—j+ﬁ—z:cos20+sin20:1. o B

5. Verticesare (0, £2) = a=2e=: = 05=5 = c=1 = fociare (0, £1)
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710  Chapter 11 Parametric Equations and Polar Coordinates

6. Let the center of the ellipse be (x, 0); directrix x = 2, focus (4, 0), ande:% = f—c=2= i=2+c
= a=3@2+c). Alsoc=ac=3%a = a=3(2+3a) > a=3+3a = 3a=3 = a=2;x-2="2
=x-2=(2)3)=2 = x=2 = thecenteris (£,0);x—4=c = c=2 —4="%so0thatc’ =a> — b
2 2 L. (x=B)? 2 25 (x=B)? 52
= ()" = (3)" = & therefore the equation is —(X(%i)) +@:10r 7(’(1445) + 3 =1

7. Let the center of the hyperbola be (0, y).
(a) Directrixy = —1,focus (0,~7)ande =2 = c—5=6 = $=c—6 = a=2c—12. Alsoc =ae =2a
= a=2Q2a)—-12 = a=4 = c=8y—(-)=2=3=2 = y=1 = thecenteris (0,1); ¢ = a’ + b’

€

. . — 2
= b? =c? — a’? = 64 — 16 = 48; therefore the equation is (ym') -5

b)) e=5=c-5=6= S=c—6 = a=5c—30. Also,c =ae =5a=a=5(5a) —30=24a=30= a:%

2

e

5

= c:%;yf(fl)zgz—g) =1 = y=—23 = thecenteris (0,—2);c? =a’+ b’ = b?=c?—a’
2 3)2 5

_ 65 25 _ 75, S ) N G 16(y+3)" 22 _

=3¢ — Tz = 5 therefore the equation is €l ) =1lor —% 5 =1

8. Thecenteris (0,0)andc =2 = 4=a’>+b> = b>=4—a° Theequationisg—ﬁ—i:l = 5-B=1
= P =1 5 9@ -2 - 1442’ =% (4 - a%) = 196 — 492> — 1442’ = 4a’> —a' = a' —1972° + 196
=0 = (a2-196)(a?—1)=0 = a=ld4ora=1;a= 14 = b?> =4 — (14)> < 0 which is impossible; a = 1
= b? =4 — 1 = 3; therefore the equation is y2—%2:1

9. b2x% +a%y? =a’h’ = ¥ =YX .ar(x;,y)) the tangent line is y — y; = (— &) (X —X1)

a%y a%y

= a’yy; +bxx; = b’x] +a’y} = a’b” = bPxx; +a’yy; —a’h? =0

10. b°x2 —a%y? =2’ = ¢ = "2—; ; at (xy,y;) the tangent line is y — y; = (b2x1) (x —xp)

a? a’yy

= b’xx; —a’yy; = b’x? —a’y? = a’b? = b’xx; —a’yy; —a’b’> =0

11. 12.

x2+4y2-4=0 5 2_\2

11 1 \
%

13. 14.
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Chapter 11 Additional and Advanced Exercises 711

15. (9x% +4y? — 36) (4x> +9y> — 16) <0 Y
9x2+4y2-36=0

= Ox?+4y> —36<0and4x> +9y> —16 0 3] ax2e02=16
or9x? +4y?> —36 Oand4x®> +9y?> - 16 <0 C

16. (9x% + 4y? — 36) (4x> + 9y? — 16) > 0, which is the
complement of the set in Exercise 15

17. (a) x=c¢”costandy =e*sint = x*+y? =e* cos’t+¢e* sint = e*. Also ¥ = :2, Sinl — tan t
= t=tan"! (¥) = x?+y? = e!™ 0/ s the Cartesian equation. Sincer* = x* +y? and
= tan~! (), the polar equation is r* = ¢* orr = ¥ forr > 0
(b) ds?2=12d6% +dr%;r=e* = dr=2¢* df
= ds? =12 d6? + (2¢% dF)” = (e¥)” d6? + 4e* 9>
2
=5e¥d6? = ds=+/5e¥dd=>L= [ \/5¢df
2
— {@} _ V5 (e — 1)

0 2

: (2) cos (1) a6]°

18. r = 2 sin® (Q) = dr = 2 sin? (g)cos( )d@ = ds?2 =r2d#? +dr? = [251n ( )] do? + [ sin
; ‘() e

= 4 sin® (3)d92+4s1n 1(%) cos? (%) d6? = [4sin* (£)] [sin® (£) + cos? (£)] d6? = 4 sin

37
= ds=2si ()d9 Then L = f 2 sin? (g)d@:fo [lfcos(%—e)]dﬂz[Gf‘zsin(%—e)]z =37
19. e=2andrcosf =2 = x = 2is the directrix = k = 2; the conic is a hyperbola withr = Hi‘ﬁ
2)(2) 4
= r= T+2cosf — 1+2cosf
20. e=1landrcos§ = —4 = x = —4is the directrix = k = 4; the conic is a parabola with r = l_é‘iose
_ @& 4
= r= 1—cosf® ~— 1—cosf
21. e = % andrsin § =2 = y = 2is the directrix = k = 2; the conic is an ellipse withr = 1+§iin9
_2@) 2
== 1+(§)2sm0 T 2+sind
22. e = % andrsin § = —6 = y = —6is the directrix = k = 6; the conic is an ellipse with r = l_gime

6G)  _ _6

1— () sing — 3—sind

= r=
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712 Chapter 11 Parametric Equations and Polar Coordinates

23. Arc PF = Arc AF since each is the distance rolled; y
Z/PCF = APE — Arc PF = b(/PCF); § = ACAE
= Arc AF = af = af = b(£/PCF) = /PCF = (%) 6; Cp
/OCB = % — f and ZOCB = /PCF — /PCE a b P(xy)
= ZPCF- (§-a) = ()0 (5-0) = §- el
=({)0-(5-0) = 5-0=(})0-5+a (.0)
= a=7m1—0-— (%)9 = a:ﬂ'—(%)e.

Nowx:OB+BD:OB—|—EP:(a—}-b)cos@—l—bcosa:(a+b)cos¢9+bcos(7r— (a+ 0

= (a+b) cos @ + b cos 7 cos ((£E2) §) + b sin 7 sin ((2£2) 6) = (a+ b) cos 6 — b cos ((2£2) 6) and
y:PD:CB—CE:(a—l—b)sin&—bsinaz(a—i—b)sin@—bsin((%)@)

= (a+b)sin 0 — b sin 7 cos ((:£2) #) + b cos 7 sin ((2£2) 6) = (a+ b) sin 6 — b sin ((2£2) 6) ;

therefore x = (a+b) cos § — b cos ((22) §) and y = (a + b) sin § — b sin ((2£2) 6)

o
o
~—

o

24. x=a(t—sint) = ¥ =a(l —cost)andleté =1 = dm=dA=ydx =y (%) dt
2
=a(l —cos t)a(l — cos t) dt = a®(1 — cos t)? dt; then A = fo a%(1 — cos t)? dt

2m

2w i m
:a2f0 (I—ZCost—kcosgt)dt:an0 (1—2008t+%+%0052t)dt:aQ[%t—2sint+%2t]2

0
—3ma% X =x —at—sinandy =ly=1lal—cost) = M, = [Ydm= [¥6dA

2r 27 2r
:\/; %a(l—cost)aQ(l—cost)th:%a?’j; (1—cost)3dt:%3f0 (1 —3cost+3cos’t—cos®t) dt

O . 3 . . . .1 2m
:%j; [1—3cost+3 4 22 — (1 —sin?t) (cos 1)] dt:%[%t—3s1nt+73sg‘2‘fs1nt+%t}

Sma® M (d)
__ Sma o — My __ 2
= 25+ . Therefore y = 37 = -

0

— % Also,My = [Xdm= [X 6dA
2 2
:j; a(tfsint)aQ(lfcost)th:aBIO (t —2tcost+tcos’t—sint+ 2 sintcost— sintcost) dt
2m
=a %—2cost—2tsint+%t2+%cos2t+isin2t+cost+sin2t+%§‘} = 372a%. Thus
0
i:

3 {
My _ 3n28
M

=3 r=ma = (7ra, %a) is the center of mass.

25, B=1p—t1 = tanf=tan (P — b)) = {PR
the curves will be orthogonal when tan § is undefined, or v

_ -1 _ -1
when tan ¢2 = @ = ﬁ = W B r=g@)
O

= =9 g®)

= f(e)

26. r=sin*(¢) = & =sin® (&) cos(¢) = tany = Lﬁ)) = tan (%)

a9 sin3 (§) cos (§

_ : dr __ _r __ 2asin30 __ 1 . _m _ 1 s _ T
27. r=2asin30 = g =6acos30 = tanlpf(%)f6“0539*3tan30,when9f(),tan@betan2 = =3
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28, (a) b M=1=r=0"= L=—0"2 = @y,

:%270 = elim tan ¢ = —oo
— Q0

<

16 = 1 = 1 — 3 from the right as the spiral winds in

around the origin.

&
S

_ /Bcosh _ . 1 __m. __ sinf __ : T
29. taniyy = = Jsint ——cot91s—%at9—§,tanw2— osg = tan fis \/gate— 5 ; since the product of

these slopes is —1, the tangents are perpendicular

_r __ a(l—cosf) - _ 7 _
30. tanlp—@—wlslate—?:’l/}—

INF
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NOTES:
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CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE

12.1 THREE-DIMENSIONAL COORDINATE SYSTEMS

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

The line through the point (2, 3, 0) parallel to the z-axis
The line through the point (—1, 0, 0) parallel to the y-axis
The x-axis

The line through the point (1, 0,0) parallel to the z-axis
The circle x? + y? = 4 in the xy-plane

The circle x?> + y? = 4 in the plane z = —2

The circle x? + z*> = 4 in the xz-plane

The circle y? + z> = 1 in the yz-plane

The circle y? + z> = 1 in the yz-plane

The circle x? + z* = 9 in the plane y = —4

The circle x?> + y? = 16 in the xy-plane

The circle x? + z? = 3 in the xz-plane

The ellipse formed by the intersection of the cylinder x> 4+ y> = 4 and the plane z = y.

The circle formed by the intersection of the sphere x? + y? + z2 = 4 and the plane y = x.

The parabola y = x? in the the xy-plane.

The parabola z = y? in the the plane x = 1.

(a) The first quadrant of the xy-plane (b) The fourth quadrant of the xy-plane

(a) The slab bounded by the planes x = 0 and x = 1

(b) The square column bounded by the planes x =0, x =1,y =0,y =1
(c) The unit cube in the first octant having one vertex at the origin

(a) The solid ball of radius 1 centered at the origin

(b) The exterior of the sphere of radius 1 centered at the origin

(a) The circumference and interior of the circle x? + y? = 1 in the xy-plane
(b) The circumference and interior of the circle x? + y? = 1 in the plane z = 3

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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716  Chapter 12 Vectors and the Geometry of Space

(c) A solid cylindrical column of radius 1 whose axis is the z-axis

21. (a) The solid enclosed between the sphere of radius 1 and radius 2 centered at the origin
(b) The solid upper hemisphere of radius 1 centered at the origin

22. (a) The line y = x in the xy-plane
(b) The plane y = x consisting of all points of the form (x, x, z)

23. (a) The region on or inside the parabola y = x? in the xy-plane and all points above this region.
(b) The region on or to the left of the parabola x = y? in the xy-plane and all points above it that are 2 units or less away
from the xy-plane.

24. (a) All the points the lie on the plane z =1 —y.
(b) All points that lie on the curve z = y* in the plane x = —2.

25. (@) x=23 (b) y=—1 © z=-2
26. (a) x =3 (b) y=—1 © z=2
27. (a) z=1 (b) x=3 © y=-1
28. (@) xX2+y2=4,2=0 ) y2+22=4,x=0 © xX*+22=4y=0
29. (@) X2+ (y—2)=4,2=0 ) (y—2P +22=4,x=0 ) X2+22=4,y=2

30. (a) (x+3)°+(y—4)7°=

1 1 ®) (y—4>+@z-172=1x=-3
© (x+3)°+@zZ—-112=1y=4

31. (a) y=3,z=—1 b)) x=1,z= -1 ©) x=1y=3

32. \/)(2-i-y2—|—22:\/x2—i-(y—2)2—i-z2 = X4y 42 =+ (y -2+ = Y=y —dy+d = y=1

33. x2+y?+22=25,2=3=x>+y? = 16inthe plane z = 3

2

34, X24+y?+(z— 1) =4and X2+ y2 + (z4+ 1)’ =4 = X24+y2 4+ z- 1) =2 +y2 4+ (z+1)° = z2=0,x2+y2 =3

35. 0<z<1 36 0<x<2,0<y<2,0<zL2
37. z<0 38. z=+/1 —x2 —y2

2 2 2 2 2 2
39. () (x— 1>+ (y— 1>+ (z-1)1<1 b x—1)P+(Gy—17>+@z-1>>1

40. 1 <xX2+y2+22<4

41 PPy =\ /B= 1)+ (B -1+ (00— 1) = /9 =3

42. [PiPo = /24 1) + (5 1) +(0— 57 = /50 =5/2
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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43.

44.

45.

46.
47.
49.

51.
53.

55.

56.

57.

58.

59.

60.

61.

STUDENTS-HUB.com
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PiPo| = /(4= 1)° 4+ (<2 —4)* + (75> = /49 =7

PiPo| = /(232 + (-4 + (457 = /3

PiPs = /2= 07 + (-2- 00+ (—2- 0 =/3:4=2\/3

PiPo| = /(0= 5)° + (0 - 3> + (0+2)° = /38

center (—2, 0, 2), radius 2\/5 48. center (1, — %, — 3) , radius 5
center (\/5, V2, —\/5) , radius /2 50. center (0,—1,1), radius 3
x—17+(y—-2°+(z-3)7=14 52. X2+ (y+ 1) +(z—5)°=4
A+ + (- +(z+2)° =1 54. X2+ (y+ 7)Y +22 =49
XC+y + 22 +4x—4z=0= (X2 +4x+4)+y* + (22 —4z+4) =4 +4

2
= x+2°+(—-074(z-2)7*= <\/§) = the center is at (—2,0,2) and the radius is /8

XAy 4226y +82=0=>x>+(y?—6y+9) + (2 +82+16)=9+16= (x -0+ (y - 3>+ (z+4)> =5
= the center is at (0,3, —4) and the radius is 5

7=

2242y 4222 +x+y+2=9 = x>+ ix+y +iy+ 7 2

v

2,1, 1 2, 1y, 1 2, 1,4, 1y _9, 3 132 132 12 _ (5/3)°
:>(X+2X+16)+(y+2y"’16)+(z+22+16)*2+16:>(X+4)+(Y+4)+(Z+4)*(4)
1 1 1 53

= the centeris at (— 1, — 1, — 1) and the radius is 2=

343y 4322 +2y—22=9 = X +y +3y+22—3z2=3 = X+ (Y +iy+35)+ (2 -5z+5)=3+3
1
3

3 3 3

2
= x—-07+(y+ %)2 + (z— l)2 = (@) = the center is at (0, — 1, §) and the radius is V2
(a) the distance between (x,y,z) and (x,0,0) is /y? 4 72
(b) the distance between (x,y,z) and (0,y,0) is /x? + z2
(c) the distance between (x,y,z) and (0,0,z) is \/x2 + y?

(a) the distance between (x,y,z) and (x,y,0) is z
(b) the distance between (x,y,z) and (0,y,z) is x
(c) the distance between (x,y,z) and (x,0,z) is'y

AB = /(1 = (1)) + (-1 =2 + 3= 1> = /A1 944 = /17
BC = /G- 1P+ (= (-1)P+(5- 37 = VAT 25 14— /3
|CA|:\/(—1—3)2+(2—4)2+(1—5)2:\/16+4+1 =/36=6

Thus the perimeter of triangle ABC is 1/ 17 + /33 + 6.
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718  Chapter 12 Vectors and the Geometry of Space

62. [PAl = /(2=3)+ (-1 -1’ +(3-2° = /T +4+1= /6

|PB|:\/(473)2+(3—1)2+(1f2)2 Vita+1=1/6

Thus P is equidistant from A and B.

63/ (x ="+~ ()P -2 =/ =3P+ -2 > (y+ P = (y—3) = 2y 1= 6y +9
=>y=1

64. \/(x—0)2+(y—0)2+(z—2)2:\/(x—x)2+(y—y)2+(z—0)2:>x2+y2+(z—2)2:z2
x4y —dz4d=0=z2=2 1% 41

65. (a) Since the entire sphere is below the xy-plane, the point on the sphere closest to the xy-plane is the point at the top of
the sphere, which occurs when x = 0andy =3 = 0>+ (3 -3)° + (z+5)° =d4=>z=—5+2=z2= -3
= (0, 3, —3).

(b) Both the center (0, 3, —5) and the the point (0, 7, —5) lie in the plane z = —3, so the point on the sphere closest to
(0,7, —5) should also be in the same plane. In fact it should lie on the line segment between (0, 3, —5) and (0, 7, —5),
thus the point occurs when x = 0andz = —5 = 0> + (y = 3)° + (-=5+5)° =4=>y=3+2=y=5

= (0,5, =5).

66. \/(x —0)* + (yfo>2+<zfo>2:¢<xfo>2+<yf4>2+<zfo>2:¢<x73>2+<yfo>2+<zfo>2

—Jx— (y—2)° + (2 +3)°

S X4y 42 =4y -8y +164+22 =x> —6x+9+y? + 22 =x> —4x+y>? —dy+ 2> + 62+ 17

Solve: x> +y> + 22 =x>+y? -8y + 16 +72>2 = 0= -8y + 16 = y =2

Solve: x? +y? + 2> =x> —6x + 9+ y* + 22 = 0= —6x+ 9= x = 3

Solve: x2 +y? + 22 = x> —4x +y? —dy+ 22 + 62+ 17 = 0= —4x —dy + 6z + 17 = 0= —4(3) —4(2) + 62+ 17
si=—t=>(.2-Y)

12.2 VECTORS

L. (a) 3(3), 3(—2))— 9, —6) 2. (& -2(-2), —2(5)>: 4, —10)
) 1/92 + = /117 =313 42 4 (=10)* = /116 = 24/29

3. (@ 3+(-2),-2+5)= 1,3) 4. (a) (—2) -2-5)= 5-7)

(b) V12+32=,/10 ) \/52+ = /74

5. (@) 2u= 2(3),2(-2)) = 6,—4) 6. (a) —2u= —2(3),-2(-2)) = —6,4)
3v= 3(— > -6, 15) S5v= 5(-2),5(5)) = —10,25)
2u—3v= 6 —6), —4 —15) = 12,-19) —2u+5v= —6+(—10),4+25) = —16,29)
122 + (—19)? \/ﬁ (b) 1/ (—16)> +292 = \/1097
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Section 12.2 Vectors 719

7@ u=(33).3-2))=(23-%) 3. @ —fju=(-30).-4(-2)=(-5.1)
tv=(4-2.30)) = (-5.4) Bv=(B-2.80)) = (-3 49)
e dv= (34 (-8 -tra) = (L) ~Fu Bv= -5+ (). 8+8)=(-3.1)

® \/(§)+(4) = ®) /(=3 + ()" = L2

9. 2-1,-1-3)= 1,-4) 10. (258 -0, =42 —0) = ~1,1)

1. 0-2,0-3)= —2,-3)

122AB= 2-1,0-(=1))= 1,1),CD = —2—(~1),2-3)= —1,—1), AB+CD = 0,0)

13. <cos 2, sin ZTW>:<_%’\/T§> 14. <cos (=3), sin (—%)>:<—%,—%>

15. This is the unit vector which makes an angle of 120° 4+ 90° = 210° with the positive x-axis;

cos 210°, sin 210°> — <_§, _%>

o o o\ _ 1 1

16, cos 135, sin 135°) = (L, 1)
17. PPy = (2= 5)i+(9—T)j+ (-2 — (—1)k = —3i+2j—k

—
18. P1Py = (=3 — 1)i+ (0—2)j+ (5 — 0)k = —4i — 2j + 5k
19. AB = (=10 — (=7))i+ (8 — (=8))j + (1 — )k = —3i + 16§
20. AB = (—1—1)i+ (4 —0)j+ (5—3)k=—2i+4j+2k
2. Su—v=511-1)— 2,0,3)= 55-5)— 2,0,3)= 5-2,5-0,-5-3)= 3,5,-8) =3i+5j—8k
22, “2u+3v=-2 —-1,0,2)+3 1,1,1) = 2,0,—4)+ 3,3,3) = 53,-1)=5i+3j—k

23. The vector v is horizontal and 1 in. long. The vectors u and w are % in. long. w is vertical and u makes a 45° angle with

the horizontal. All vectors must be drawn to scale.
(2) (b)

u+v+w

(©) )
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720  Chapter 12 Vectors and the Geometry of Space

24. The angle between the vectors is 120° and vector u is horizontal. They are all 1 in. long. Draw to scale.

() .
-V
Uu—v+w
w
(d)

w v

- >

ut+tv+w=0

25. length = [2i + j — 2k| = \/22 4 12 + (—2)? = 3, the directionis i+ 1j— $k = 2i+j—2k=3(3i+1j— 3k)

26. length = |9i — 2j + 6k| = /81 + 4 4 36 = 11, the direction is %i*%j‘l’%k = 0i —2j+ 6k
S i N

27. length = |Sk| = /25 =5, the direction is k = S5k = 5(k)

28. length = [2i4 T k| = /5 + 12 = 1, the directionis 2i+ 3k = i+ 2k=1(}i+ 1K)

2
29. length:‘%i—ﬁj—ﬁk’: 3(%) :\/g,thedirectionis\%i—ﬁj—%k

2
30. 1ength:‘%i+%j+Lk\: 3(%) = 1, the direction is Ji+ = j+ Lok

31. (a) 2i () —/3k © Sj+2k (d) 6i—2j+ 3k
32. (a) —7j (b) —32i-— 42k © li-lj-k @) i+ Fj- %k

33 v = V122452 = /169 = 13; 7, = v = (12i — 5k) = the desired vector is 5 (12i — 5k)
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34.

35.

36.

37.

38.

—
39. AB =

—
40. AB

41.

42.

43.

44.

45.

STUDENTS-HUB.com

Section 12.2 Vectors

|v|:1/i+%+%:\/7§;ﬁ:%ifﬁjf%k = thedesiredvectorisf3(%if%jf%k)
= —/3i+/3j+ 3k

(2) 3i+4j— Sk—S\/_(

. . . 3 . 4 . 1
52 k) = the direction is S—ﬁH—S—ﬁJ— %k
5
(b) the midpoint is (5,3, 5)

S

+ 54

(a) 3i—6j+2k="7(

3i
71
(b) the midpoint is (% 1,

6)
@ —i-j-k=1/3

(b) the midpoint is (% %, %)

w

(——%i—Lj—ﬁk> = the direction is — Jzi — J-j— Sk

(2) 2i—2j— 2k_2\/§(—3i—%j—%k) = the direction is i~ - j— Lk
(b) the midpointis (1,—1,—1)

¢ =15 = Aisthe point (4, —-3,5)

and ¢ = 14 = B is the point (-9, 0, 14)

2i+j=ai+j+bi—j=(@+blii+(a—b)j = a+b=2anda—b=1= 2a=3 = a:%and
b=a—1=3

i—2j=aRi+3j)+bli+j=QRa+b)ii+Ba+b)j = 2a+b=1and3a+b=-2 = a= -3 and
b=1—-2a=7 = uy =aRi+3j)=—-6i—9anduy, =bi+j)=7i+7j

25° west of north is 90° + 25° = 115° north of east. 800 cos 115°, sin 115°> ~ —338.095, 725.046>

Letu = x,y) be represent the velocity of the plane alone, v = 70cos60°, 70sin60°) = 35, 35 \/§>, and let the
resultantu +v = 500,0). Then x,y)+ 35,35\/3) = 500,0) = x+35,y+35,/3) = 500,0)
= x+35=500andy +35y/3=0=x=465andy = —35\/3 = u= 465, —35,/3)

2
= |u| = \/4652 + (—35\5) ~ 468.9 mph, and tan § = =Y = § ~ —7.4° = 7.4° south of east.

F, = <7|F1|COS3O°, |F1|sin30°> - <f§|F1|, %|F1|>, F, = <|F2|cos45°, |F2|sin45°> - <%|F2|, %|F2|>, and
w= 0,-100). Since F; + F, = 0, 100) = <—§|F1| + IR, 4R + %|F2|> — 0, 100)

= f§|F1| + i\/—|F2| =0Oand J|F| + i\/—|F2| = 100. Solving the first equation for |F,| results in: |F,| = §|F1 |

Substituting this result into the second equation gives us: 1 [F;| 4+ - (\/_ [F, |) =100 = |F,| = 1J2ro\0/§ ~ 73.205 N

= |F,| = % ~ 89.658 N = F; ~ —63.397,36.603) and F, = ~ 63.397, 63.397)

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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G-ai+(l-bj+G-—ck=i+4j—2k = 5—a=1,1-b=4,and3—c=-2 = a=4,b=—3,and

=@+2)i+b+3)j+c—6k=-Ti+3j+8k = a+2=-7,b+3=3,andc—6=8 = a=-9,b=0,
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722 Chapter 12 Vectors and the Geometry of Space

46. F) = —35cosa,35sina), F, = <|F2|COS6O°, |F2|sin6O°> - <%|F2

: ﬁ|F2|>, andw = 0, —50). Since

Fi+F,= 0,50) = —35cosa+ i|F,,35sina+ L2[Fa|) = 0,50) = —35cosa + 4|F,| = 0and

35sina + ? |F2| = 50. Solving the first equation for |F;| results in: [F,| = 70 cos «. Substituting this result into the

second equation gives us: 35sina + 35\/§ cosa =50 = \/5 coso = 17—0 — sina = 3cos’a = % - 27—0s1n04 + sina
= 3(1 —sina) = % 27051na + sina = 196 sinar — 140sina — 47 = 0 = sina = Sié\[ .Since a > 0 =

sina > 0 = sina = 2582 = 4 & 7442°, and [Fy| = 70 cos @ ~ 18.81 N.

47. F, = <—|F1|cos4O°, |F1|sin40°>, F, = 100c0s35°, 100sin35°), and w = 0, —w). Since F; + F, = 0, w)

= <—|F1|cos40° + 100 cos 35°, |F;|sin 40° 4 100 sin 35°> = 0,w) = —[F[cos40° + 100 cos 35° = 0 and

|Fy|sin40° + 100 sin 35° = w. Solving the first equation for [Fy| results in: |[F;| = 1%<%35 ~ 106.933 N. Substituting this

result into the second equation gives us: w ~ 126.093 N.

48. Fi = —|Fi|cosa, |[F|sina) = —75cosa, 75sina), Fo = [Fo|cos 3, |[Fa|sin3) = 75cosa, 75sina), and
w= 0,-25).Since F; +F, = 0,25) = —75cosa +75cosa, 75sina + 75sina) = 0,25) = 150sina = 25
= a ~ 9.59°.
. . b one . ot 5:, 53 (5 53
49. (a) The tree is located at the tip of the vector OP = (5 cos 60°)i + (5 sin 60°)j = 51+ 7.] = P =(3 ==
(b) The telephone pole is located at the point Q, which is the tip of the vector OP + P_Q)
= (3i+225) + (10cos 3152 + (105in 3159 = (3 + 102 )i+ (292 - 102) ]
~ Q= (5+120\/57 sf;1of>
50. Lett= -4 ands= iq. Choose T on OP; so that TQ is
parallel to OPg, so that ATPIQ is similar to AOP;P,. Then
% —t= OT = tOP; sothat T = (tx, ty;, tz).
Also, % =s5s= TQ —sOP, =5 xa, Y2, 22).
Letting Q = (x, y, z), we have that
—
TQ = x—txl,y—tyl,z—tz|> =S X2, Y2, Z2>
Thus x =tx; +SXo, Yy =ty; +SYy2,Z =12] + s25.
(Note that if Q is the midpoint, then E =landt=s= %
sothatx = L x; + 1 x, = X320y = I 7 — 2148 o that this result agress with the midpoint formula.)
—
51. (a) the midpoint of AB isM(g 3,00andCM = (3 —1)i+ (3 —-1)j+(0-3k=3i+3j—3k
(b) the desired vector is ( ) CM (% i+ %j — 3k) =i+j—2k
(c) the vector whose sum is the vector from the origin to C and the result of part (b) will terminate
at the center of mass = the terminal point of (i + j + 3k) + (i + j — 2k) = 2i + 2j + k is the point
(2,2, 1), which is the location of the center of mass
52. The midpoint of ABis M (3,0,3) and (2)CM = 2 [3+ 1) i+ 0 —-2)j+ (3 + 1) k] = 2 (3i—2j+ 1K)
= 3 4j +3 Tk. The vector from the origin to the point of intersection of the medians is (% i— ;—‘ ) + &

S
24—
3
=(3i ——_]+7k)+( i+2j—k=2i+2j+%k.
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Section 12.3 The Dot Product 723

53. Without loss of generality we identify the vertices of the quadrilateral such that A(0, 0, 0), B(xy, 0, 0),
C(Xc, Ye,0) and D(X4, Y4,24) = the midpoint of AB is Map (%, 0, 0) , the midpoint of BC is

Mgc (%42, % ,0) , the midpoint of CD is Mcp (255, ¥4 %) and the midpoint of AD is
Xp Xc +Xq
2

Map (& ,%,%) = the midpoint of MagMcp is <fz , d¥e %) which is the same as the midpoint

Xp +Xc

Yptxe | X4
of MapMgc = 22 2 ’YCZYd’% .

54. Let Vi, Vo, V3, ..., V; be the vertices of a regular n-sided polygon and v; denote the vector from the center to

Vifori=1,2,3,...,n. IfS= Z v; and the polygon is rotated through an angle of I(ZT”) wherei=1,2,3,...,n,

i=1
then S would remain the same. Since the vector S does not change with these rotations we conclude that S = 0.

55. Without loss of generality we can coordinatize the vertices of the triangle such that A(0, 0), B(b,0) and

C(Xc,yc) = aislocated at b+x° %),bisat (% ,%) and cis at .Therefore,Kgl = (24 2)i4 (L),
202 272 2

Bb :(;—b)w(yz—c)J,anch — (5 —x)i+(-y0j = Aa +Bb +Cc =0.

56. Let u be any unit vector in the plane. If u is positioned so that its initial point is at the origin and terminal point is at (x, y),
then u makes an angle 6 with i, measured in the counter-clockwise direction. Since |u| = 1, we have that x = cos 6 and
y = sin 6. Thus u = cos 6 i + sin 8 j. Since u was assumed to be any unit vector in the plane, this holds for every unit
vector in the plane.

12.3 THE DOT PRODUCT

NOTE: In Exercises 1-8 below we calculate proj, u as the vector (I"| ‘chs 9) v, so the scalar multiplier of v is the number in

column 5 divided by the number in column 2.

v-u [v| |u cos 6 |u| cos 6 proj, u

1. =25 5 5 ~1 -5 —2i+4j — /5k

2. 3 1 13 i 3 3(2i+ 1K)

3. 25 15 5 , 5 5 (10i + 11j — 2K)

4. 13 15 3 2 2 35 (2i+ 10j — 11K)
2 2 1 :

5. 2 V34 V3 Ve Ner (55— 3k)

6. V3-v2 2 3 N iz VI

7. 10417 /26 V21 10+ /17 10+ /17 104V (55 4 )
546 V26

g 1 V30 /30 1 1 1<L L>

. 6 6 6 5 \/% 5 \/5’\/3

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.

STUDENTS-HUB.com Uploaded By: Jibreel Bornat



724

9.

10.

12.

13.

14.

15.

16.

17.

18.

19.

Chapter 12 Vectors and the Geometry of Space

_ —1( uv _ -1 Q)(MH+ M)+ O)=1) _ -1 4 _ -1(_4 ) &
0 = cos (—‘u‘ M) = cos <\/22+12+02\/12+22+(71)2) = CoS (ﬁ\/é) = COoS (\/%) 0.75 rad

_ -1 u-v _ -1 23+ (=2)O)+DHH _ -1 10 _ -1 (2\ ~
6 = cos (‘u‘ M) = cos <\/22+(—2)2+12 \/32+02+42) = Cos ( ) = cos (3) ~ 0.84 rad

. _ V3) (V3) + (=D + 0)(=2) _ _

9:cos1(‘”>:cosl ( :cos1(37)

[uf [v| \/(\/5)2+(_7)2+02\/(\/5)2+(1)2+(_2)2 V52 /3
= cos~! (’—1) ~ 1.77 rad

26
0 — cos! (\Nv\) o] <1>(71)2+(\/§)<1>2+ (-v2)m — cos-! (f_lf)

Jors (Va)' + (~va) VETrrarTar V3

= cos (;115) ~ 1.83 rad
AB = 3,1),BC = —1,-3),and AC = 2,-2).BA = —3,—1),CB = 1,3),CA = —2,2)
1R8] = [BA| = V10, 5¢] = |GB| = vT0.| ¢ = |G| =213

M) — cos~! (LS) ~ 63.435°

Angle at A = cos™! ABAC ) _ oo
[A8[|ac]
! <|B§'B;> = cos™! (%) = cos™! (2) ~ 53.130°, and

— onpe-1| CBCA | _ -1 1(=2)+32) | _ 4(# ~ o
Angle at C = cos ( H) cos (m)(&ﬁ)) cos \[> 63.435

W

i-v a
il [v

(a) cosa =

\
cos® o+ cos? 4+ cos?y = () + £>2+ (1)2 L
7= T ONMNM T MM T
S =

(b) |v|]=1 = cosa==2 =a,cos =

v

u = 10i + 2k is parallel to the pipe in the north direction and v = 10j + Kk is parallel to the pipe in the east

. . . . _ -1 uv_ _ —1 2 ~ ~ o
direction. The angle between the two pipes is § = cos (‘“‘ M) = cos (7\/ﬁ m) ~ 1.55 rad ~ 88.88°.

The sum of two vectors of equal length is always orthogonal to their difference, as we can see from the equation

2 2
(Vi+Vv)-(Vi—=V2) =V -Vi+ Vo Vi —Vi-Vo—Vo-Vo = |Vi|" — |[Va| =0

CA - CB = (—v+(-u)-(-v+u)=v-v—v-u+u-v—u-u=|v|> - |u|® = 0 because |u| = || since both equal

the radius of the circle. Therefore, C7A and C?S are orthogonal.
Let u and v be the sides of a rhombus = the diagonals ared; =u+vandd, = —u+v

= d-dy=@u+V)-(—utv)=-u-utu-v-v-u+v-v=|v|> = |ul* = 0 because [u| = |v|, since a rhombus

has equal sides.
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21.

22.

23.

24.

25.

26.

27.

Section 12.3 The Dot Product 725

Suppose the diagonals of a rectangle are perpendicular, and let u and v be the sides of a rectangle = the diagonals are
d; =u+vandds = —u+ v. Since the diagonals are perpendicular we have d; - ds = 0

S W4V -(—ut+v)=—u-utu-v—-v-ut+v-v=0 < [y = [u?*=0s (|v|+|u))(jv] - [u)) =0

< (|v] + |u|) = 0 which is not possible, or (|v| — |u|) = 0 which is equivalent to |v| = |u| = the rectangle is a square.

Clearly the diagonals of a rectangle are equal in length. What is not as obvious is the statement that equal diagonals
happen only in a rectangle. We show this is true by letting the adjacent sides of a parallelogram be the vectors
(vii + voj) and (u;i + usj). The equal diagonals of the parallelogram are d; = (vii + voj) + (u;i + uyj) and
dy = (vii + voj) — (wii + uoj). Hence |d;| = |da| = |[(vii + vaoj) + (uii + ugj)| = [(vii + vaj) — (wii + ugj)|
= (v upi+ (Vo + w)j| = [(vi —upi+ (va — w)j| = /(i +u)? + (Vo + U2)? = /(v — up)? 4 (V2 — up)?
= V12 + 2viu; + u12 + vf + 2vous + ug = V12 —2viug + u12 + vf — 2vouy + ug = 2(viuy + vaus)
= —2(Viuy 4+ Vo) = viuy + vous = 0 = (vii 4+ voj) - (u1i + ugj) = 0 = the vectors (vii + voj) and (uyi + usj)

are perpendicular and the parallelogram must be a rectangle.

If [u| = |v| and u + v is the indicated diagonal, then (u+v) -u=u-u+v-u=[u>+v-u=u-v+|v|’

=u-v+v-v=(u+v)-v = the angle cos™! (\(:jv\whﬂ) between the diagonal and u and the angle

cos! (‘(:jvﬂvv') between the diagonal and v are equal because the inverse cosine function is one-to-one.

Therefore, the diagonal bisects the angle between u and v.

horizontal component: 1200 cos(8°) ~ 1188 ft/s; vertical component: 1200 sin(8°) ~ 167 ft/s

[wlcos(33° — 15°) = 2.51b, s0 |w| = 22 Thenw = 22 cos 33°,5in 33°) ~ 2.205, 1.432)

(a) Since |cos 0] < 1, we have |u - v| = |u| |v| |cos 8] < |u| |v| (1) = |u] |v].

(b) We have equality precisely when |cos #] = 1 or when one or both of u and v is 0. In the case of nonzero
vectors, we have equality when § = 0 or 7, i.e., when the vectors are parallel.

(xi +yj) - v=[xi +yj| [v|cos # <0 when § <6 <. This
means (X, y) has to be a point whose position vector makes
an angle with v that is a right angle or bigger.

v-u; = (aug + buy) - u; = auy - uy + buy - uy :a|u1|2+b(u2-ul):a(1)2—|—b(0):a

28. No, vineed not equal vo. For example,i+j#i+2jbuti-(i+j)=i-i+i-j=1+0=1and

i-(+2)=i-i+2-j=1+2-0=1.
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726 Chapter 12 Vectors and the Geometry of Space
30. F=2i+j—3kandv = 3i—j= proj, F = \Fv—'ﬁv = W(Si — j) = 3i— 1j, is the vector parallel to v.
F — projy F = (2i + j — 3k) — (3i — 1j) = 4i+ 3j — 3k is the vector orthogonal to v.

31. P(x1,y1) =P (xl, o %xl) and Q(X2,y2) = Q (XQ, B %Xg) are any two points P and Q on the line with b £ 0
— —
= PQ = (xo — xi+ 2 (x1 = x2)j = PQ -v=[(xa — x)i+ & (x; — x2)j] - (ai + bj) = a(xy — x1) + b () (x1 — x2)
=0 = vis perpendicular to 1% forb # 0. If b = 0, then v = ai is perpendicular to the vertical line ax = c.

Alternatively, the slope of v is g and the slope of the line ax + by = cis — ¢, so the slopes are negative reciprocals

= the vector v and the line are perpendicular.

32. The slope of v is E and the slope of bx —ay = c is 2, provided that a # 0. If a = 0, then v = bj is parallel to

the vertical line bx = c. In either case, the vector v is parallel to the line bx — ay = c.

33. v =1+ 2j is perpendicular to the line x + 2y = c; X
P2,1)ontheline = 24+2=c = x+2y=4
} i+2j
x+2y=4
0 i 4 ¥
34, v = —2i — j is perpendicular to the line —2x —y = c; y
P(—1,2)on the line = (—2)(—1)—-2=c¢
= 2x—y=0
-2x—-y=0
X
-2
-2i —j -1
35. v = —2i+ jis perpendicular to the line —2x +y = c¢; - X
=2i+j
P(—=2,—7)ontheline = (—-2)(-2)—7=c¢ - /
= —2x+y=-3 . ~ / x
2
2x+y=-
-3
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Section 12.3 The Dot Product 727

36. v = 2i — 3j is perpendicular to the line 2x — 3y = c; y
P(11, 10) on the line = (2)(11) — (3)(10) = ¢ Y
= 2X—3y:—8 2X—3y=—8
<4 0 2 X
3 2i — 3
37. v=1—jisparallel to the line —x —y =c¢; X
P(—2,1)ontheline = —(-2)—1=¢c = —x—y=1 P2, 1) L
orx+y=-—1.
=) T
x+y=-1
_1\ hif
38. v = 2i + 3j is parallel to the line 3x — 2y = c; y
P(0,—2)ontheline = 0 —-2(—2)=c = 3x—2y=4
21 +3j
3F
: X
/ 2
3x-2y=4 P(0,-2)
39. v = —i — 2j is parallel to the line —2x +y = c; X
P(1,2)ontheline = —2(1)+2=c = —2x—y =0 P2
or2x —y =0. 2x-y=0

-2
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728  Chapter 12 Vectors and the Geometry of Space

40. v = 3i — 2j is parallel to the line —2x — 3y =c; y
P(1,3) on the line = (=2)(1) — (3)3) = ¢ \
= —2x—3y=—1lor2x+3y =11
3 P(1,3)
2x + 3y =11
L X
1 3 \
“2r 3i - 2j

41. P(0,0),Q(I,Dand F=5j = PQ =i+jand W=F-PQ = (5j)-(i+j)=5N-m=5]

42. W = |F| (distance) cos § = (602,148 N)(605 km)(cos 0) = 364,299,540 N - km = (364,299,540)(1000) N - m
= 3.6429954 x 101 J

43. W = |F| ‘P_é‘ cos 6 = (200)(20)(cos 30°) = 20001/3 = 3464.10 N - m = 3464.10 J

44. W = [F| ‘1%] cos 6 = (1000)(5280)(cos 60°) = 2,640,000 ft - Ib

In Exercises 45-50 we use the fact that n = ai 4 bj is normal to the line ax + by = c.

45. n; =3i+jandny =2i—j = 6 = cos™! (%) =cos~! (ﬁ) =cos™! (ﬁ) =1z

46. n; = —/3i+jandn, = /3i+j = 6 =cos™! (‘Iﬂ“"':fzo = cos™! (\_/%T/IZ) =cos ! (-3) =%

4. m = VB jandm =1 = 0= o (g ) = eos ! (707) e (9) =5
48 m= it VAandms = (1-V3) i+ (14+V3)) = 0= co (i)

— cos-! 1-V3+V3+3 o () ol (L) o
-8 <\/1+3\/12\/§+3+1+2\/§+3>_COS (2\/§>_COS (\/5)_4

49. n; =3i—4jandny =i—j = 6 = cos™! (%) =cos~! ( 314 ) =cos~! (L) ~ 0.14 rad

50. n; = 12i +Sjandny = 2i — 2j = 6 = cos™! ( R ) =cos™! ( 2410 ) =cos™! (26\[) ~ 1.18 rad

[y [no

12.4 THE CROSS PRODUCT

i j kK
luxv=|2 -2 —1|=3(3i+1j+3k) = length =3 and the directionis 3i+ }j+ 3 k;
1 0 -1

vxu=—uxv)=-3(3i+1j+3k) = length = 3 and the directionis —3i— 1j— 3k
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i ]
2. uxv=|2 3
-1 1

vxu=—(uxv)=-5Kk) = length =5 and the direction is —k

= 5(k) = length = 5 and the direction is k

o o

i j k
3. uxv=|2 =2 4 |=0 = length = 0 and has no direction
-1 1 =2
vxu=—(uxv)=0 = length = 0 and has no direction
i j k
4. uxv=|1 1 —1|=0 = length = 0 and has no direction
00 O
vxu=—(uxv)=0 = length = 0 and has no direction
i j k
5. uxv=1]2 0 0| =-6(k) = length = 6 and the direction is —k
0 -3 0

vxu=—(uxv)=6(k) = length = 6 and the direction is k

i j k
6. uxv=(>1(xj)x([Gxk)y=kxi=|0 0 1|=j = length = 1 and the direction is j
1 00
vxu=—(uxv)=—j = length = 1 and the direction is —j
i j k
7. uxv=|-8 —2 —4|=6i—12k = length = 61/5 and the direction is i — 2=k
VshooWs
2 2 1
vxu=—(uxv)=—(6i — 12k) = length = 61/5 and the direction is — % i+ % k
i j k
8. uxv= % —1% ; =-2i—-2j+2k = length:2\/§andthedirecti0nis—%i—%j—i—%k

vxu=—(uxv)=—(—=2i—2j+2k) = length = 24/3 and the direction is %H— ﬁj—%k

i j k i j k
9. uxv=|1 0 0|=k 10, uxv=|1 0 —-1|=i+k
010 01 0
z

ixj=k

— &
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730  Chapter 12 Vectors and the Geometry of Space

i j k i j k
Il.uxv=|1 0 —-1|=i—j+k 12.uxv=1]2 -1 0|=5k

01 1 1 2 0

z F4

| ___ J+k

-
<
3
=
-
wm
x

1/ X l+2] y
x i-k
i j Kk i j k
13.uxv=|1 1 0|=-2k 4 uxv=|0 1 2|=2j—-Kk
1 -1 0 1 0 0
z p 4
,i-j . s Y
e i+j 7
x 2k

k

J . . 15 — 1
15 (@ POXPR=|1 1 -3 :81+4J+4k=>Area:§’PQXPR‘:§\/64+16+16:2\/6
3

_ PQxP _ 1 . .
(b) u= ‘FXF’ = 6(21—1—,]—|—k)
i j Kk
— — . . e — 1
16. (a) PQ xPR =|1 0 2 :41+4J—2k:>Area:§’PQ xPR‘:§\/16+16+4:3
2 -2 0
Y P
(b)u—‘?xﬁ|_3(21+2‘] k)
i j k
— —)_ o . . _1 —> — _1 _\/5
17. (@ PQxPR =|1 1 1|=-i+j = Area=3|PQ xPR|=35+1+1=-5
110

(b) u= “?*i| = it =t

i k
18 (@ PQxPR=[2 -1 —1|=2i+3j+k = Area=1}|PQ xPR| =1 /4+9+1= %"
10 -2

(b) u= ‘P P | :ﬁ (2i + 3j + k)
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a  ay ag
19. If u = aji + aj + agk, v = byi + boj + bsk, and w = cyi + coj + c3k, then (u x v) - w = |b;y by bs|,
€1 C C3
by by bs Ci C2 C3
(vxw)y-u=|c; cg cg|and(wxu)-v=|a; a, ag| which all have the same absolute value, since the
a; az as b1 b2 b3
interchanging of two rows in a determinant does not change its absolute value = the volume is
2 0 0
[@xv)-w|=abs|0 2 0|=38
0 0 2
1 -1 1
20. |(ux v)-w|= abs| 2 1 —2| = 4 (for details about verification, see Exercise 19)
-1 2 -1
2 1 0
21. [(uxv)-w| = abs |2 —1 1|=|=7| =7 (for details about verification, see Exercise 19)
1 0 2
1 1 =2
22. |(wxv)-w| = abs|—1 0 —1|= 8 (fordetails about verification, see Exercise 19)
2 4 =2
23. (a) u-v=—6,u-w= —81,v-w =18 = none are perpendicular
i k i J k i j Kk
b)) uxv=|5 -1 1 |#0uxw=]| 5 -1 1 |=0vxw=| 0 1 =5|#0
0 1 -5 —-15 3 =3 —15 3 -3

= uand w are parallel

24. () u-v=0,uxw=0,u-r=-37r,v-w=0,v-r=0,w-r=0=ulvulwvlwvlr
andw L r
i j k i j k i j k
b)) uxv=|1 2 —1|#0uxw=|1 2 —1|#0,uxr=|1 2 —1|=0
-1 1 1 1 0 1 -5 —T 3
i j k i i k i j k
vxw=|—-1 1 1|#0vxr=|—-1 1 1|#0wxr=]1 0 1(#0
1 0 1 -5 —T 3 e

= u and r are parallel
25. ‘FQ xF‘ - ‘ﬁg‘ IF| sin (60°) = 2-30- X2 ft-1b = 10/3 ft - Ib

26. ’1% xF’ - ‘P_Q” IF| sin (1359) = 230 - Y2 ft-1b = 10y/2 ft - Ib

27. (a) true, |u| = \/a? +a2+al= \/u-u

(b) not always true, u - u = |u| 2

i j Kk i j Kk
(¢) true,ux0=|u; uy uz3|=0i+0j+0k=0and O xu=|0 0O O0|=0i+0j+0k=0
0O 0 O u; up U
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732 Chapter 12 Vectors and the Geometry of Space

i J k
(d) true,ux (—w)=| uy uy uz | = (—ugu3 + uzu3)i — (—uyu3 + uruz)j + (—uguz + ujuz)k = 0
—u —uy —ug
(e) not always true, i x j = k # —k = j x i for example
(f) true, distributive property of the cross product
(g) true,(uxv)-v=u-(vxv)=u-0=0
(h) true, the volume of a parallelpiped with u, v, and w along the three edges is the same whether the plane containing u
and v or the plane containing v and w is used as the base plane, and the dot product is commutative.

28. (a) true,u-v =1u;vy + UgVy + U3V = ViU; + VoUug + Vgug =Vv-u

i j Kk i j Kk
(b) true,uxv=|u; Uy ug|=—1|vy Vvg v3z|=—(vxu)
Vi V2 V3 u ux ug
i J k i j Kk
(¢) true,(—u) X v=|—u; —Uy —Uug|=—|u; Uy uz|=—@XYV)
Vi Vo V3 Vi Vg V3

(d) true, (cu) - v = (cuy)vy + (cuy)vse + (cuz)vy = uj(cvy) + us(cvy) + uz(cvsy) = u - (cv) = c(uy vy + ugvy + uzvs)

=c(a-v)
i j Kk i J k i j k
(e) true,cluxv)=c|lu; uy ug|= |cuy cuy cug|=(cu)Xxv=|u Uy uz|=ux(cv)
Vi Vo V3 Vi \P) V3 Cvy CvVy Cvg

) true,u-u:u?+u§+u§:(\/u?+u§+u§)2:|u|2
(g) true,(uxuw)-u=0-u=0
(h) true,uxv Luanduxvlv = (uxv)-u=v-(uxv)=0

29. (a) proj, u= (%) v b mxv) © ((uxv)xw) ) |xv)-wl
(€) (wxv)xuxw) ® ful g

30. (ixj)xj=kxj=—i;ix (jxj)=1ix0=0.The cross product is not associative.

31. (a) yes, u x v and w are both vectors (b) no, uisa vector but v - wis a scalar
(c) yes,uandu x w are both vectors (d) no, uis a vector but v - w is a scalar

32. (u x v) x wis perpendicular to u X v, and u x v is perpendicular to bothuand v = (u X v) X wis
parallel to a vector in the plane of u and v which means it lies in the plane determined by u and v.
The situation is degenerate if u and v are parallel so u x v = 0 and the vectors do not determine a plane.
Similar reasoning shows that u x (v x w) lies in the plane of v and w provided v and w are nonparallel.

33. No, v need not equal w. For example,i+j# —i+j,butix (i+j)=ixi+ixj=0+k=kand
ix(—i+j)=ix(—i)+ixj=0+k=k

34. Yes. fuxv=uxwandu-v=u-w,thenu x (v—w)=0andu- (v—w)=0. Suppose now that v # w.
Then u x (v — w) = 0 implies that v — w = ku for some real number k # 0. This in turn implies that

u-(v—w)=u-(ku) =k |u - 0, which implies that u = 0. Since u # 0, it cannot be true that v # w, so v = w.

35. AB = —i+jandAD = —i—j = ABxAD=|-1 1 0|=2k = area:‘AB xAD‘:2
1 -1 0
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Section 12.4 The Cross Product 733

— — — — ij k — —
36. AB =7i +3jand AD =2i+5j = ABxAD=|7 3 0 :29k:>area:‘AB><AD‘:29
2 5 0
ik
— — — — — —
37. AB =3i —2jand AD =5i+j = ABxAD =3 -2 0 :13k:>area:‘AB xAD‘:13
5 1 0
i j ok
— — — — — —
38. AB =7i —4jand AD =2i+5j = ABxAD =|7 —4 0 :43k:>area:‘AB xAD‘:43
2 5 0

39. AB =3i+ 2j+ 4k and DC = 3i + 2j + 4k = AB is parallel to DC; BC = 2i — jand AD = 2i — j = BC is parallel to
i j k
— — — — —
D. ABxBC=|3 2 4|=4i+8j—7k=-area=|AB xBC|= /129
2 -1 0

— — — — — — —
40. AC =i+4jand DB =i+ 4j = AC is parallel to DB; AD = —i + 3j + 3k and CB = —i + 3j 4 3k = AD is parallel

— — — i j ok — —
0CB. ACxAD =| 1 4 0|=12i—3j+7k= area = [AC x AD| = /202
-1 3 3
i j k
— — — — — —
41. AB = 2i+3jand AC =3i+j = ABxAC=|-2 3 0 :—11k;»area=%‘ABxAc‘=%
3010
i ok
— — — — — —
42. AB = 4i+4jand AC =3i+2j = AB x AC = |4 4 0| =4k = area =} |AB x AC| =2
320
i j k
— . . — . . A I 1| AF AC 25
43. AB =6i— Sjand AC = 11i— 5] = AB xAC=|6 -5 0|=25k = area=} |AB x AC| =%
11 -5 0
i j Kk
— — — — — —
44. AB = 16i — 5jand AC =4i +4j = AB x AC = [16 -5 0 :84k;»area:%‘AB xAC’:42
4 4 0
i j k
— — — — — —
45. AB = —i+2jand AC = —i—k = ABxAC=|-1 2 0 |=-2i—j+2%k = area=1} |AB x AC| =3
10 -1
i J ok
— — . — = e IR = 32
46. AB = —i+j—Kand AC =3i+3k = ABxAC=|—1 1 —1|=3i-3k = area =} |AB x AC| = 22
30 3
i j k
— . . — . — — N . 1] — Nen
47. AB = —i+2jand AC =j -2k = AB xAC=|-1 2 0 |=-4i-2j—k = area=} |AB x AC| = !
0 1 -2
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734 Chapter 12 Vectors and the Geometry of Space

—

W)

— — — — — !
48. AB =i+2j, AC = —3j + 2k and AD = 3i — 4j + 5k = (AB xAC)- —lo -3 2|=5
3

— — —
= volume = ‘(AB xAc) -AD‘ =5
i j k

49. fA=ajit+ajand B=bji+byj,thenAxB=|a; a, 0| =
by by 0

a as

! b k and the triangle's area is
1 D2

a; a2
b; b

in the xy-plane, and (—) if it runs clockwise, because the area must be a nonnegative number.

JIAxB|= %1 . The applicable sign is (+) if the acute angle from A to B runs counterclockwise

50. Tf A = ayi + a3 j, B = byi + by j, and C = ci + cj, then the area of the triangle is 1 ‘A_l)':‘» X A_()?‘ . Now,

i ik
— —
AB x AC = bl—al bgfaz 0| =
Ci —a; Co—ay 0

2 1(by — ap)(ca — a2) — (c1 — ap)(by — a2)| = £ |ai(by — ¢2) + as(cy — by) + (brcy — c1by)|

by —a by — as
Ci—a Co — Az

e —
k = 3 |AB x AC|

a; a2 1
= =+ % b; by 1|. The applicable sign ensures the area formula gives a nonnegative number.
C1 Co 1

12.5 LINES AND PLANES IN SPACE

1. Thedirectioni+j+kandP3,—4,—1) = x=3+t,y=—4+t,z=—1+t

2. Thedirectionl% =-2i—2j+2kandP(1,2,-1) = x=1-2t,y=2—-2t,z=—1+2t
3. The direction% =5i+5j—5kand P(—2,0,3) = x=—-2+4+5t,y=5t,z=3 -5t

4. The directionl% =—j—kandP(1,2,0) = x=1,y=2—-t,z=—t

5. The direction 2j + k and P(0,0,0) = x=0,y=2t,z=t

6. The direction 2i — j+ 3k and P(3,-2,1) = x=3+2t,y=—-2—-t,z=1+43t

7. Thedirectionkand P(1,1,1) = x=1,y=1,z=1+4t

8. The direction 3i + 7j — Skand P(2,4,5) = x=2+4+3t,y=4+7t,z=5—5t

9. The directioni+ 2j+ 2k and P(0, —7,0) = x=t,y=—7+2t,z=2t

10. The directionisu X v = =-2i+4j—2kandP(2,3,0) = x=2—-2t,y=3+4t,z= -2t

(SN
D e
W W R

11. The direction i and P(0,0,0) = x=t,y=0,z=0
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Section 12.5 Lines and Planes in Space 735

12. The direction k and P(0,0,0) = x=0,y=0,z=t

13. The direction PQ =i+ j+ 3k and P(0,0,0) = x =t, :
y:t,z:%t,whereogtgl (1,1,%)
|
|
|
I
(0,0,0) : x
L
| 7
_____ 147
14. The direction PQ = iand P(0,0,0) = x =t,y =0,z = 0, z

where 0 <t <1

15. The directionP_Q) =jand P(1,1,0) = x=1,y=1+t,
z =0, where -1 <t<0

16. The direction PQ = kand P(1,1,0) = x =1,y =1,z =t, z
where 0 <t <1

17. The directionl% = —2jand P(0,1,1) = x =0, z
y=1-2t,z=1,where 0 <t<1

P
=]
|
L
-
=
=
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736 Chapter 12 Vectors and the Geometry of Space

18. The direction P_Q) =3i—2jand P(0,2,0) = x = 3, z
y=2-2t,z=0,where 0 <t <1

5 ©20 Y
19. The direction l% = —2i+2j—2kand P(2,0,2) A
= x=2-2t,y=2t,z=2—2t,where 0 <t < 1 //
2,0,2) ! i’
: 0,2,0) 4
I
- . . z
20. The direction PQ = —i + 3j + k and P(1,0,—1)

= x=1—-ty=3t,z=—-1+twhere0<t<1

2. 3x—-0)+(2)y—-2)+(—D)z+1)=0 = 3x—2y—z= -3

22. 3x— D+ (DY +D+(1)z—-3)=0 = 3x+y+z=5

— —> —> — i '] k
23. PQ=i—j+3k,PS =—-i—3j+2k = PQ xPS =| 1 —1 3| =7i—5j—4kisnormal to the plane
-1 -3 2

= Tx—2)+(=5)y—0)+ (—4)(z—2)=0 = Tx—Sy—4z=6

—> — — — i ']
24. PQ = —i+j+2k,PS = —3i+2j+3k = PQ xPS =|—1 1
-3 2

= (Dx-D+E3)y-5+U)z-7=0 = x+3y—z=9

k
2 | = —i — 3j + k is normal to the plane
3

25. n=i+3j+4k P2,4,5 = (Dx—-2)+G)y—4) +@)(z—5) =0 = x+3y+4z =234
26. n=i-2j+kP(1,-2, )= DX - D+ (-2Dy+2)+Dz-1)=0=x—-2y+2z=06

x=2t+1= s+2 2t— s=1 4t—2s =2 . . . e
27. {y—3t+2—25+4 = {3t—25—2 = {3t—25—2 = t=0ands= —1;thenz=4t+3 = —4s—1

= 4(0) + 3 = (—4)(—1) — l is satisfied = the lines intersect when t = 0 and s = —1 =- the point of intersection is
x=1,y=2,and z =3 or P(1,2,3). A vector normal to the plane determined by these lines is
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Section 12.5 Lines and Planes in Space 737

i j k
n xny=|2 3 4 |=-20i+ 12j+ Kk, where n; and n, are directions of the lines = the plane
1 2 —4

containing the lines is represented by(—20)(x — 1) + (12)(y —2)+ (1)(z—3) =0 = —20x+ 12y +z=17.

X=1t =2s+2 t—2s=2 _ A _ B e
28'{y:—t+2: s 43 {—t— s—1 s=—landt=0;thenz=t+1=554+6 = 0+1=5(—-1)+6
is satisfied = the lines do intersect whens = —1 and t = 0 = the point of intersectionisx =0,y =2andz = 1

i j k
or P(0,2,1). A vector normal to the plane determined by these linesisn; xn, = |1 —1 1| = —6i — 3j+ 3k,
2 1 5

where n; and ny are directions of the lines = the plane containing the lines is represented by
(0O)x—-0)+(3NHy—2)+B)(z—1)=0 = 6x+3y—3z=23.

29. The cross product of i + j — k and —4i + 2j — 2k has the same direction as the normal to the plane

i j k
= n=|1 1 —1|=6j+ 6k. Select a point on either line, such as P(—1, 2, 1). Since the lines are given
-4 2 =2

to intersect, the desired plane is O(x + 1) +6(y —2)+6(z— 1) =0 = 6y+6z=18 = y+z=3.

30. The cross product of i — 3j — k and i + j + k has the same direction as the normal to the plane

i j Kk
n=|1 -3 —1|=-2i-2j+4k. Selecta point on either line, such as P(0, 3, —2). Since the lines are
1 1 1

given to intersect, the desired plane is (—2)(x —0) + (=2)(y —3)+ @) (z+2)=0 = —2x—2y+4z=—14
= x+y—-2z="7.

i j k
3. iy xny = |2 1 —1|=23i-3j+ 3kisa vector in the direction of the line of intersection of the planes
1 2 1
= 3x—2)+(3)y—-—D+3z+1)=0 = 3x—3y+32z=0 = x —y—+z = 0is the desired plane containing
Pyo(2,1,-1)
. i j k
32. A vector normal to the desired plane is PyPo xn= (2 0 —2| = —2i — 12j — 2k; choosing P;(1, 2, 3) as a point on
4 -1 2

the plane = (—-2)(x — 1) + (—12)(y —2) +(—2)(z—3)=0= —2x — 12y — 2z = —32 = x + 6y +z = 16 is the
desired plane

i j k
33. S(0,0,12), P(0,0,0) and v = 4i — 2j + 2k = PS xv=|0 0 12| = 24i + 48j = 24(i + 2j)
4 -2 2

PS T3
g ‘VXIV| = i = % = /524 = 21/30 is the distance from S to the line

i j kK
34. S(0,0,0), P(5,5,~3)andv=3i +4j — 5k = PS xv=|-5 -5 3 |=13i—16j—5k
3 4 -5

= d= | | — V109429642 _ V450 _ \/5 = 3 is the distance from S to the line

Ivl

V9+16+25 /50
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PS
35. S(2,1,3),P(2,1,3) and v = 2i + 6] = PS xv=0 = d= ‘ ‘VX‘V‘ = T = 0 is the distance from S to the line
(i.e., the point S lies on the line)
- i j k
36. S(2,1,—1),P(0,1,0)andv=2i+2j+2k = PS xv=1|2 0 —1|=2i—6j+4k
2 2 2
PSxv YT
= d= | \vX| | = \‘/‘:jiiiﬁ = \/—\/% = ,/13—4 is the distance from S to the line
. i j Kk
37. S3,-1,4),P(4,3,—5)andv=—i+2j+3k = PS xv=|—-1 —4 9|=-30i—6j— 6k
-1 2 3
PSxv TR TR w3
= d= | ‘VT ‘ = ?3?:26:;36 = % = % = \%6 Q\F is the distance from S to the line
. i j Kk
38. S(—1,4,3),P(10,-3,0)andv=4i+4k = PS xv=|—11 7 3| =28i+56j— 28k =28(i+2j—Kk)
4 0 4

PSxv /
= d= | o | = 284\}%‘” = 74/ 3 is the distance from S to the line

39. S(2,-3,4),x+ 2y + 2z = 13 and P(13, 0, 0) is on the plane = PS =—1li—3j+4kandn=1i+2j+ 2k

—11—6+8
> a= [P = g =[] -

40. S(0,0,0), 3x 4+ 2y 4+ 6z = 6 and P(2, 0, 0) is on the plane =- P_S> = —2iand n = 3i + 2j + 6k

—6 - 6 _ 6
= d= [P - | = | ] = s = S
41. S(0,1,1),4y 4+ 3z = —12 and P(0, —3, 0) is on the plane = P—S> =4j+ k and n = 4j 4 3k
_ n d6+3 | _ 19
= d= ‘PS Tn| *‘ 619 5

42. S(2,2,3),2x +y + 2z =4 and P(2,0,0) is on the plane = PS =2j+3kandn =2i+j+ 2k

_|_2+6 | _8
d_‘PS \n\ ‘\/4+1+4 -3

43. S(0,—-1,0),2x +y + 2z = 4 and P(2, 0, 0) is on the plane = PS =—-2i—jandn=2i+j+2k

_ | =4-1+0
d_‘PS 44144

\n\

44. S(1,0,—1), —4x+y+z =4 and P(—1,0,0) is on the plane = PS =2i—kandn=—-4i+j+k
:>d—‘P_S>.L _’ 81 |9 32
- Il| = [Vie+1+1] — V18 2

45. The point P(1, 0, 0) is on the first plane and S(10, 0, 0) is a point on the second plane = PS = 9i, and

n =i+ 2j + 6Kk is normal to the first plane = the distance from S to the first plane isd = ‘ I?S - ﬁ

= ‘ \/ﬁ‘ = % , which is also the distance between the planes.
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46. The line is parallel to the plane since v-n = (i +j— % k) -(i+2j+6k)=1+2—3=0. Also the point
S(1,0,0) when t = —1 lies on the line, and the point P(10, 0, 0) lies on the plane = PS = —9i. The distance from
S to the plane is d = ‘P_S> - B

In|

= ‘ \/ﬁ ‘ = % , which is also the distance from the line to the plane.

47. ny =i+jandmy =2i+j— 2k = 9:cos’l<"1'"2 ) :cos’l( 241 )zcos*(

0y [ng]

48. n; =5i+j—kandny =i—2j+3k = 0:005’1( R ) =cos~! (5’2’3) =cos 1 (0) =3

1| ng]

49. n; =2i+2j+2kandny =2i —2j—k = 6 =cos! (Il‘ﬁﬁzl) =cos! %&%) =cos! (%) ~ 1.76 rad

ny | [mg]

50. n1=i+j+kandn2=k:>9:cos‘1(ﬂ):cos‘1( ! )%O.%rad

[=2)

51. m =2i+2j—kandny, =i+2j+k = 6 =cos™! (%) = cos™! (i}%“\;-‘) = cos™! (35%) ~ 0.82 rad

52. m; =4j+3kandny = 3i+2j+6k = 6 =cos™! (%) = cos™! (%) =cos™! (%) ~ 0.73 rad

53.2x—y+3z2=6 = 21-0—-CB0+31+0D)=6 = —2t+5=6 => t=—1 = x=3,y=—3andz=1
= (%,f%,%) is the point

54. 6x+3y —4z=—12=6(2) +33+20) —4(-2-20=—12 = 14t+29=-12=t=-1 = x=2,y=3-34
andz=—-2+4 = (2,—2, %) is the point

55. x+y+z=2= (1+20+(1+50+@B)=2 = 10t+2=2 = t=0 = x=1,y=landz=0
= (1, 1,0) is the point

56. 2x —3z=7 = 2(-14+3t)-35) =7 = -9t—-2=7T = t=—-1 = x=—-1-3,y=—-2andz= -5
= (—4,—-2,-5) is the point

i j k
57. my=i+j+kandny =i+j = my xny=1|1 1 1|=—i+j,the direction of the desired line; (1,1, —1)
1 1 0
is on both planes = the desired lineisx =1—-t,y=1+4+t,z= —1
i k
58. mp =3i—6j—2kandny =2i+j—2k = n; xny=|3 —6 —2| = 14i+4 2j+ 15K, the direction of the
2 1 =2

desired line; (1,0, 0) is on both planes = the desired line is x = 1 4 14t,y = 2t, z = 15t

i k
59. my =i—2j+4kandn, =i+j—2k = ny xny,=|1 -2 4 | =6j+ 3k, the direction of the
1 1 =2

desired line; (4, 3, 1) is on both planes = the desired lineisx =4,y =34 6t,z= 1+ 3t
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740  Chapter 12 Vectors and the Geometry of Space

i j k
60. ny =5i—2jandn; =4j—5k = n; xny; =[5 —2 0 | = 10i + 25j + 20Kk, the direction of the
0 4 -5

desired line; (1, —3, 1) is on both planes = the desired lineisx =1 + 10t,y = —3 4 25t,z = 1 4 20t

6l. LI&L2: x =3 +2t=1-+4sandy = —1 +4t=1+2s = {2t_4s:_2 = {Zt_‘“:_z

4t—2s= 2 2t— s= 1
= —3s=-3 = s=1landt=1 = onLl,z=1andonlL2,z=1 = L1 and L2 intersect at (5, 3, 1).
L2 & L3: The direction of L2 is % (4i + 2j + 4k) = % (2i 4 j + 2Kk) which is the same as the direction

% (2i + j + 2k) of L3; hence L2 and L3 are parallel.

4t— r=3 g—r—3 =3

= t=1landr=1 = onLl,z=2whileonL3,z=0 = L1 and L2 do not intersect. The direction of L1
is \/% (2i 4+ 4j — k) while the direction of L3 is % (2i + j + 2k) and neither is a multiple of the other; hence

L1 and L3 are skew.

LI1&L3: x=3+2t=3+2randy=—1+4t=2+r = {2t_2r:0 { t=r=0

62. L1 &L2: x=1+2t=2—-sandy =—1—-t=3s = {_2:‘:38;11 = —5s=3 = s=—3andt=% = onLl,
2= whileonL2,z =1~ 3 =% = LlandL2donotintersect. The direction of L1is —7= (2i — j + 3k)
while the direction of L2 is ﬁ (—i+ 3j + k) and neither is a multiple of the other; hence, L1 and L2 are
skew.
L2&L3: x=2—-s=5+2randy=3s=1—r1 = {32+2rr:13 = Ss=5 = s=1landr= -2 = onL2,

z=72andonL3,z=2 = L2 and L3 intersect at (1, 3,2).

L1 & L3: L1 and L3 have the same direction ﬁ (2i — j + 3k); hence L1 and L3 are parallel.

63. x=2+4+2y=-4—-tz=7+3;x=-2—-ty=-2+1tz=1-3t

64, 1(x—4)—-2y—D+1z—-5=0=>x—4-2y+2+z2—-5=0 = x—-2y+z=7,

“V2x =) +2V/2(0+2) - V2@ -0)=0 = —/2x+2y2y - /22 =-7/2

— 1y _1,__3
65. x=0=t=—35,y=—35,2=—3
= t=0x=1Ly=-1= (1,-1,

= (0,—3,—
0)

V198

);y=0 = t=-1Lx=-1,z=-3 = (-1,0,-3);z=0

66. The line contains (0, 0, 3) and <\/§ , 1, 3) because the projection of the line onto the xy-plane contains the origin

and intersects the positive x-axis at a 30° angle. The direction of the line is \/gi +j+ Ok = the line in question
isx = \/gt,y:t,Z:?a.

67. With substitution of the line into the plane we have 2(1 —2t) + (2+5t) — (=3t) =8 = 2 —4t+2+4+5t+ 3t =8
= 4t+4=8 = t=1 = the point (—1,7,—3) is contained in both the line and plane, so they are not parallel.

68. The planes are parallel when either vector Aji + B1j + C1k or Asi + Boj + Cok is a multiple of the other or
when (Aqi + B1j + C1k) X (Aqi + Boj + C2k) = 0. The planes are perpendicular when their normals are
perpendicular, or(Ai + B1j + C1Kk) - (Asi + Boj + Cok) = 0.
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69. There are many possible answers. One is found as follows: eliminatettogett=x—1=2—-y = %5 3

z—3
2

= x—1=2—-yand2 —-y= = Xx+y =3and 2y + z = 7 are two such planes.

70. Since the plane passes through the origin, its general equation is of the form Ax + By + Cz = 0. Since it meets
the plane M at a right angle, their normal vectors are perpendicular = 2A + 3B 4 C = 0. One choice satisfying
this equationis A=1,B=—-landC=1 = x—y+z=0. Anyplane Ax+By+Cz=0with2A+3B+4+C=0
will pass through the origin and be perpendicular to M.

71. The points (a, 0,0), (0,b,0) and (0, 0, c) are the X, y, and z intercepts of the plane. Since a, b, and c are all
nonzero, the plane must intersect all three coordinate axes and cannot pass through the origin. Thus,
T+ % + £ = 1 describes all planes except those through the origin or parallel to a coordinate axis.

72. Yes. If v; and vy are nonzero vectors parallel to the lines, then v; X vo # 0 is perpendicular to the lines.

73. (a) EP — CETDH = —xoi+yj+zk=c[(x; —x0)i+y1j+z21k] = —xg=c(x;1 —X¢),y =cy; and z = czy,
where c is a positive real number
(b) Atxy; =0 = c=1 = y=yrandz=12z;atx; =Xy = xo=0,y:O,z:O;X01131OO c=_lim —X

Xg — 00 X1 —Xo

- 1 -1 _
fx(]lgnOo = =1= ¢ — lsothaty — y;andz — 7,

74. The plane which contains the triangular plane is X +y 4+ z = 2. The line containing the endpoints of the line

segmentis X = 1 —t, y = 2t, z = 2t. The plane and the line intersect at (%, %, %) . The visible section of the line

segment is \/(%)2 + (%)2 + (%)2 = 1 unit in length. The length of the line segment is /12 + 22 + 22 =3 = % of

the line segment is hidden from view.

12.6 CYLINDERS AND QUADRIC SURFACES

1. d, ellipsoid 2. i, hyperboloid 3. a,cylinder

4. g, cone 5. 1, hyperbolic paraboloid 6. e, paraboloid

7. b, cylinder 8. j, hyperboloid 9. Kk, hyperbolic paraboloid
10. f, paraboloid 11. h, cone 12. c, ellipsoid

13. x> +y*=4 15. x> + 42> = 16

z

2+42=16

™
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742 Chapter 12 Vectors and the Geometry of Space

16. 4x2 +y? =36 17. 9x® +y2 +2>=9 18. 4x> +4y* + 722 =16

zZ

9xz+yz+zz=9

19. 4x2 + 9y? + 472 = 36 20. 9x% + 4y% + 362 = 36 21. x> 44y’ =z

422 +9y? +47% =36
z

22, z=8—x>—y?

z

z=8—x2—y2
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34. 4x3 +4y* =77 35.

37. X2+ y? 22 =4 38. X2+ 22 =y

eyt -2=4 z

2 2
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744 Chapter 12 Vectors and the Geometry of Space

40. 16y? + 922 = 4x> 41. z=— (x> +y?) 4.y —x>-722=1
z z
7==("+3%
y
y
43. 4y2+22—4x2:4 44, x2—|—y2:Z
x2+yz=z

4y2+zz—4x2=4

45. () x>+ % +%2 =landz=c, thenx? + % = %€ = (X2‘2)+ Y 1 = A=abr

:7r<\/?) (2\/?) _ 2m(9=¢?)

9

3
(b) From part (a), each slice has the area %_22) ,where —3 <z <3, ThusV =2 j; %” (9- 22) dz
3 .13
— 5[ o-Pa=%l-5] =¥1-9=s

© S+5+58=1= % )] - { Y=l e A = (B (WEsE)

then V = 4%& , which is the volume of a sphere.

46. The ellipsoid has the form ]’% + g—z + g = 1. To determine c¢? we note that the point (0, r, h) lies on the surface

of the barrel. Thus, 1;_1 + }C‘—j =1=c= % . We calculate the volume by the disk method:
h
Ver [y Now o+ 4 =15y =R (1-5) =R [1 - 200 e - (Bar) 22

"2 RZ-1r2) 2 2 1(rR2-2Y) 3]" 2 1 (p2 2 2R*h | r’h
= V= [[[R - (852) 2] e =n Rz} (852) 2] =2m [R*h— L (R® = )] = 2m (B 4 )
= % 7R?*h + % mr’h, the volume of the barrel. If r = R, then V = 27R2h which is the volume of a cylinder of

radius R and height 2h. If r=0andh =R, then V = ‘3—‘ 7R3 which is the volume of a sphere.

47. We calculate the volume by the slicing method, taking slices parallel to the xy-plane. For fixed z, ’;—j + ]y)_z =:

gives the ellipse ﬁ + é = 1. The area of this ellipse is 7 (a\/%) (b\/%) = %bz (see Exercise 45a). Hence

c c

h h
the volume is given by V = j; %"Z dz = [%ﬁzz} = %bhz. Now the area of the elliptic base when z = h is
0

A = ™ a5 determined previously. Thus, V = %""2 =1 (™) h = 1 (base)(altitude), as claimed.
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48. (a) For each fixed value of z, the hyperboloid ’;—; + ty)—z — z—; = 1 results in a cross-sectional ellipse

2

{lg (Céﬂg)} + {bg (fﬂz)} = 1. The area of the cross-sectional ellipse (see Exercise 45a) is

A(Z):W(% \/02+22) (% \/02—1—22) = T (¢? +z%). The volume of the solid by the method of slices is
V*th difhn'ab 2 2) dz — mab [.2 1,310 _ mab (2 4 1p3) — mabh (3.2 4 |2
= JyA@dz= | R (+2) dz = 52 [P2+ 52 = 52 (Ch+ 30°) = 53 (3¢ +17)

(b) Ay = A(0) = maband A, = A(h) = =2 (c? 4+ h?), from part (a) = V = 280 (3¢ + h?)

=m0 (24 14 5) = =0 (24 €580) = B omab 4 R (<P 0%)] = § 24 + A)

c2

© An=A(L)=22(F+5) = 22 (4 +17) = B(Ag+4A,+A)

c2
= 8 [rab+ T (4c? + h?) + TP (c? + h?)] = T (c? + 4¢? + h? + ¢? + h?) = T8 (6¢2 + 2h?)
= Tbh (362 1 h?) = V from part (a)

3c?

49. z=1y? 50. z=1-—y?
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52. 7z =x2 +2y?
(@) (b)

2>

I e Z 2
D S 2
S,

(d)

o
104
Aol
(0

0
H

\

)
!

P

o,
ST
i é’.'
s,
.i
3
N

53-58. Example CAS commands:
Maple:
with( plots );
eq :=x"2/9 + y"2/36 = 1 - z"2/25;
implicitplot3d( eq, x=-3..3, y=-6..6, z=-5..5, scaling=constrained,
shading=zhue, axes=boxed, title="#89 (Section 11.6)" );

Mathematica: (functions and domains may vary):
In the following chapter, you will consider contours or level curves for surfaces in three dimensions. For the purposes of
plotting the functions of two variables expressed implicitly in this section, we will call upon the function ContourPlot3D.
To insert the stated function, write all terms on the same side of the equal sign and the default contour equating that
expression to zero will be plotted.
This built-in function requires the loading of a special graphics package.
<<Graphics ContourPlot3D"
Clear[x, y, z]
ContourPlot3D[x%/9 — y?/16 — z2/2 — 1, {x, =9, 9}, {y, —12, 12}, {z, -5, 5},
Axes — True, AxesLabel — {x,y, z}, Boxed — False,
PlotLabel — "Elliptic Hyperboloid of Two Sheets"]
Your identification of the plot may or may not be able to be done without considering the graph.

CHAPTER 12 PRACTICE EXERCISES

I (@ 3 -3,4)—-42,-5)= —-9-8,12+20)= —17,32)
(b) V1724322 = /1313
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11.

12.

13.

14.

16.

Chapter 12 Practice Exercises 747
() —3+2,4-5)= —1,-1) 3. (a) —2(-3), —2(4)) = 6,-8)
) A/ (—1)? f (b) 1/62+ (—8)* =10

@ 5(2),5(-5)) = 10, -25)

) /102 4 (—25)* = /725 = 51/29

& radians below the negative x-axis: <— ? — %> [assuming counterclockwise].

(%:3)

2(@) (4i _j) = (\/%i - ﬁj) 8 —5 (W) (%i + %j) == _3i — 4j

5

length:‘ﬁi+ 2j’:\/2—|—2:2,\/§i+ 2j:2<%i+%j) = the direction is i+ j

length:|—i—j|:«/1+1:ﬁ,—i—j:\/ﬁ(_%i_

. . . . 1 1 o
J) = the direction is — #Ri- 5l

S

t=72=v=(-2sin2)i+ (2cos3)j = —2i;length = |-2i| = /4 + 0 =2; —2i = 2(—i) = the direction is —i

t=In2= v=(e"?cos(In2) —e™?sin(In2)) i+ (e"?sin(In 2) + " ? cos(In 2)) j
= (2 cos(In2) — 2 sin(In 2)) i+ (2 sin(In 2) + 2 cos(In 2)) j = 2[(cos(In 2) — sin(In 2)) i + (sin(In 2) + cos(In 2)) j ]
length = |2[ (cos(In 2) — sin(In 2)) i+ (sin(In 2) + cos(In 2)) j]| = 2\/(cos(ln 2) —sin(In 2))* + (cos(In 2) + sin(In 2))?
= 2/2c0s2(In 2) + 2sin?(In 2) = 21/2;

2[(cos(In 2) — sin(In 2))i+ (sin(In 2) 4 cos(In 2)) j] = 2\/5( (cos(in2)  sin(in 2))i

+

i8]

(sin(In 2) + cos(In 2)) j )

. . _ (cos(In2)—sin(In2)) « (sin(In2) +-cos(In2)) «
= direction = 7 i+ e

length = |2i — 3j + 6k| = /4 +9+36=7,2i —3j+6k =7 (3i—3j+ $k) = thedirectionis 2i—2j+ Sk

j— ﬁ k) = the direction is

length = i +2j — k| = /T + 4+ :\/E,i—i—Zj—k:\/g(#\/—iJr

[=)}
<
[=)}

Voo, 4i-i+dk 5 4i-jt4k 8 2+, 8
Y ey A Y Tl mit sk

i j k
vV =V1+1=vV2|u=4+1+4=3v-u=3u-v=3,vyxu=|1 1 0 |=-2i+2j—k
2 1 -2

uxv=—(vxu=2i-2j+k, |V><u|:\/4+4+1:3,9:cos’1(‘v‘]"‘:l‘) =cos~! (ﬁ) =7

|u| cos f = — B prOJv (|V||V\ % (i +j)
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18. V= VI + 12422 = /6, [ul = /(12 + (=12 = /2, v-u= (I)(~1) + ()(©0) + 2)(~1) = -3,

i j k
u-v=-3,vxu=|1 1 2 |=—-i—j+k,uxv=—(vxu)=i+j—Kk,
-1 0 -1

vxul = /D2 (17 + 17 = /3,0 = cos () = cos ™ (725 ) =cos™! ()
—cos ! (=) = fuleos 0 = V2: () = =L projvu= () v= 2 G+i+ M = —Li+i+k

2 vIlvl

19. projyu = (ﬁ)v:‘3—‘(2i+j—k)wherev-u:Sandv-v:6

20. projyu = (ﬁ)v:—%(i—Zj)wherev-u:—l andv-v =3

i j k :
2. uxv=|1 0 O0|=k

1 1 0

ix(i+j)=k
y

i j kK S
2. uxv=1|1 -1 0|=2k

1 1 0 (i-px(i+]) =2

23. Let v = vii+ voj + vsk and w = wyi + waj + wsk. Then |v — 2w| - |(vii 4 vaj + v3K) — 2(wqi + waj + w3k)| 2
. . 2
= |(vi — 2w + (va — 2wa)j + (v3 — 2wy)k|” = (V/(vi —2w1)? + (v2 — 2w2)? + (v3 — 2w3)?)
= (V24 V2 + v2) — 4(viw1 4 Vows + vaws) + 4 (W2 4+ w2 + w2) = |v|® —4v-w+ 4 |w|?
= |v|* — 4 |v] |w|cos 0 + 4 |w|> =4 —42)3) (cos ) +36 =40 — 24 (}) =40 — 12 =28 = |v—2w|=/28

=27
i j Kk
24, wand v are parallel whenuxv=0 = | 2 4 —-5/=0 = (4a—40)i+(20—-2a)j+ O)k=0
-4 -8 a

= 4a—40=0and20—-2a=0 = a=10

i j ok
25. (a) area=|uxv|=abs|l 1 —1|=]2i—-3j—k|=+/44+9+1=+14
2 1 1
1 1 -1
(b) volume=(uxv)-w=|2 1 1 |=134+2)-1(6—-(-1)—-1(-4+1)=1
-1 -2
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i
26. (a) area = |u X v| =abs |1
0

o O

(b) volume = (uxv)-w= =1(1-0)—1(0-0)+0=1

—_— O = — e Gl
—_—— cor

27. The desired vector is m X v or v X n since n X v is perpendicular to both n and v and, therefore, also parallel to
the plane.

28. If a=0and b # 0, then the line by = c and i are parallel. If a # 0 and b = 0, then the line ax = c and j are
parallel. If a and b are both # 0, then ax + by = ¢ contains the points (9 0) and (0, %) = the vector
ab ( i—¢ J) = c(bi — aj) and the line are parallel. Therefore, the vector bi — aj is parallel to the line

ax + by = c in every case.

29. The line L passes through the point P(0, 0, —1) parallel to v = —i + j + k. With PS =2i+ 2j + k and

i j ok
PS xv=|2 2 1 =2-1)i—-Q+ Dj+ (2+2)k =1i-—3j+ 4k, we find the distance
-1 1 1

.
q |Pva| _ V/I9+16 _ /26 _ V78
Ivl VIt1+1 V3 3

30. The line L passes through the point P(2,2,0) parallel to v =1+ j + k. With PS = —2i+ 2j +kand

i j k
PS xv=|-2 2 1 =2-1)i—-(-2-1)j+ (-2 —2)k =i+ 3j — 4k, we find the distance
1 1 1

.
_ ol s v v

Mo T Vi+1i+1 T /3 T3

31. Parametric equations for the lineare x =1 —-3t,y =2,z=3 4 7t.

32. The line is parallel to l% = 0i + j — k and contains the point P(1,2,0) = parametric equations are
x=1Ly=2+4+tz=—-tfor0<t<1.

33. The point P(4 0, 0) lies on the plane x —y = 4, and PS 6—-4)i+0j+(—6+0k=2i—6kwithn=1i—j

34. The point P(0, 0, 2) lies on the plane 2x 4+ 3y + z = 2, and P_S) =B -0)i+0—-0)j+ (104 2)k = 3i + 8k with

-PS
n=2i+3j+k = d= [ |—‘ Lot | = It = /14,

35. P3,—2,Dandn=2i+j+k = Qx—-3)+My—(2)+Mz—-1)=0 = 2x+y+z=>5

36. P(—1,6,0)andn=i—2j+3k = (Dx—(—1)+(-2)(y—-6+@)z—0)=0 = x—2y+3z=—13
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— — — —
37. P(1,—-1,2),Q(2,1,3) and R(—1,2,—1) = PQ =i+ 2j+k,PR = —2i+ 3j— 3k and PQ x PR
i j k
=|1 2 1 |=-94j+ 7kisnormaltothe plane = (- -1+ N)y+ 1D+ @z—-2)=0
-2 3 -3
= —9x+y+7z=4
— — — —
38. P(1,0,0), Q(0,1,0) and R(0,0,1) = PQ = —i+j,PR = —i+kand PQ x PR
i j k
=|—-1 1 0|=i+j+kisnormaltotheplane = ()x— 1D+ )y —0+ (1) (z—-0)=0
-1 0 1
= xX+y+z=1
39. (0,—3%,—3),sincet=—1,y=—1andz=—3 whenx =0;(—1,0,-3),sincet = —1,x = —landz = —3

wheny = 0; (1,—1,0),sincet=0,x =1landy = —1 whenz =0

40. x = 2t,y = —t, z = —t represents a line containing the origin and perpendicular to the plane 2x — y — z = 4; this
line intersects the plane 3x — S5y + 2z = 6 when t is the solution of 3(2t) — 5(—t) +2(—t) =6
= t= % = (%, = %, — %) is the point of intersection
41. ny =iandmy, =i+ j+ /2k = the desired angle is cos~! (\1?11\-\1:122\> =cos!(3)=1%
42. n; =i+ jandny, = j+ k = the desired angle is cos™! (\rﬁl\'ll:le) =cos ! (3)=1%
i j Kk
43. The direction of the lineisn; xny = |1 2 1| =5i—j— 3k. Since the point (-5, 3,0) is on
1 -1 2
both planes, the desired lineis x = =5+ 5t,y =3 —t,z = —3t.
i k
44. The direction of the intersectionisn; xny = |1 2 —2| = —6i — 9j — 12k = —3(2i + 3j + 4k) and is the
5 =2 -1

same as the direction of the given line.

45. (a) The corresponding normals are n; = 3i + 6k and n, = 2i + 2j — k and since n; - ny
=(3)2)+ (0)(2) + (6)(—1) = 6 + 0 — 6 = 0, we have that the planes are orthogonal

i j k
(b) The line of intersection is parallelton; xny =3 0 6 | = —12i+ 15j + 6k. Now to find a point in
2 2 -1
. . 3x+6z=1 3x+6z=1 _ _ 19
the intersection, solve { X 42y —72=3 { 12x + 12y — 62 — 18 = 15x+ 12y =19 = x=0andy = 5

= (0 19 l) is a point on the line we seek. Therefore, the lineis x = —12t, y = % + 15tand z = % + 6t.

) 1276
i j Kk
46. A vector in the direction of the plane's normalisn=uxv=|2 3 1|=7i—3j—5kandP(1,2,3)on
1 -1 2

the plane = 7(x—1)—3(y—2)—5(z—-3)=0 = 7x -3y —5z=—14.
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48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

Chapter 12 Practice Exercises 751

Yes;v-n=2i—4j+Kk)-Qi+j+0k)=2-2—-4-141-0=0 = the vector is orthogonal to the plane's normal
= v is parallel to the plane

n- P_P>0 > 0 represents the half-space of points lying on one side of the plane in the direction which the normal n points

A normal to the planeisn = AB x AC={2 0 —1|=—i—2j—2k = thedistanceisd = ‘%
2 -1 0

_ <i+4j>-<—i—2j—2k)‘ = | =gt =3

- V1+4+4 - 3 -

P(0, 0, 0) lies on the plane 2x + 3y + 5z = 0, and P_S) =2i+2j+ 3k withn =2i+ 3j+ 5k =

d— n-PS :‘4+6+15 _ 25
[n| V449425 /38
i j k
n=2i—j—Kkisnormaltothe plane == nxv=|2 -1 —1|=0i—3j+ 3k = —3j+ 3k is orthogonal
1 1 1

to v and parallel to the plane

The vector B x C is normal to the plane of B and C = A x (B x C) is orthogonal to A and parallel to the plane of B
and C:

i j k i J k
BxC=|1 2 1 |=-5i+3j—kandAxBxC=|2 -1 1 |=-=-2i—-3j+k
1 1 =2 -5 3 -1

= [AXxBxC)|=+v/44+9+1=+/14andu = ﬁ (—2i — 3j + K) is the desired unit vector.

i j Kk
A vector parallel to the line of intersectionisv=mn; xn, ={1 2 1|=5i—j—3k
1 -1 2

= V=/2541+9=1/35 = 2 (ﬂ) — - (5i—j — 3K) i the desired vector.

The line containing (0, 0, 0) normal to the plane is represented by x = 2t, y = —t, and z = —t. This line
intersects the plane 3x — Sy + 2z = 6 when 3(2t) — 5(—t) + 2(—t) = 6 = t= 2 = the pointis (},— %,— ).
The line is represented by x = 3 +2t,y =2 — t, and z = 1 4 2t. It meets the plane 2x — y 4+ 2z = —2 when
23+20 - Q2-0D4+21+2)=-2 = t=—35 = thepointis (g, %, — 7).

9°9°7 9
i j k

The direction of the intersectionisv=mn; xny = |2 1 —1|=3i—5j+k = §=cos™! (Ivv\.fil)
1 1 2

=cos™! (%) ~ 59.5°

The intersection occurs when (3 + 2t) + 3(2t) —t = —4 = t= —1 = the pointis (1, -2, —1). The required line

i j k
must be perpendicular to both the given line and to the normal, and hence is parallel to |2 2 1
1 3 -1

= —5i+ 3j +4k = thelineisrepresentedby x =1—5t,y = —2+3t,andz = —1 + 4t.
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58. If P(a, b, c) is a point on the line of intersection, then P lies in both planes = a—2b+c+3 =0and
2a—b—c+1=0= (a—2b+c+3)+k(a—b—-c+1)=0forall k.

. . i j k
59. The vector AB x CD = | 3 =2 4 | = Z0(2i+ 7j+ 2Kk) is normal to the plane and A(—2,0, —3) lies on the
6 g _26
5 5

plane = 2(x+2)+7(y —0)+2(z— (—3)) =0 = 2x+ 7y 4+ 2z + 10 = 0 is an equation of the plane.

60. Yes; the line's direction vector is 2i + 3j — 5k which is parallel to the line and also parallel to the normal
—4i — 6j + 10Kk to the plane = the line is orthogonal to the plane.

i j k
61. The VCCtOI‘P—é xPR =|2 —1 3|=—i—11j—3kisnormal to the plane.

-3 0 1
(a) No, the plane is not orthogonal to I% x PR.
(b) No, these equations represent a line, not a plane.
(¢) No, the plane (x +2) + 11(y — 1) — 3z = 0 has normal i + 11j — 3k which is not parallel to PQ x PR.
(d) No, this vector equation is equivalent to the equations 3y 4+ 3z = 3, 3x — 2z = —6, and 3x + 2y = —4

= X=— % — %t, y =t,z =1 —t, which represents a line, not a plane.

(e) Yes, this is a plane containing the point R(—2, 1, 0) with normal P_Q) X ﬁ

62. (a) The line through Aand Bisx =1 +t,y = —t, z = —1 4 5t; the line through C and D must be parallel and
isLi: x=14+t,y=2—1t,z= 3+ 5t. The line throughBandCisx =1,y =2 4 2s, z = 3 + 4s; the line
through A and D must be parallel and is Ly: x =2,y = —1 + 25,z = 4 + 4s. The lines L; and L, intersect
atD(2,1,8) wheret =1 and s = 1.

_ Qjt4k)-i—j+5k) _ _3
(b) cos 0 =0 A = Vs
BABC) R~ _ I8 Re~ _ 9 (3 YU S e
() AT BC = 33 BC = 3 (j + 2k) where BA =i — j + Skand BC = 2j + 4k

(d) area = |(2j + 4k) x (i — j + 5k)| = |14i + 4j — 2k| = 6,/6

(e) From part (d), n = 14i + 4j — 2k is normal to the plane = 14(x —1)+4(y—-0)—-2(z+1)=0
= 7x+2y—z=8.

(f) From part (d), n = 14i + 4j — 2k = the area of the projection on the yz-plane is |n - i| = 14; the area of the
projection on the xy-plane is |n - j| = 4; and the area of the projection on the xy-plane is |n - k| = 2.

— — — i J k
63. AB=-2i+j+k CD=i+4j—k,andAC =2i+j = n= |-2 1 1 |=-51—-j—9k = thedistance is
1 4 -1
d=— |@ticsi-i-mw| _ _u
- V25+1+81 IRVATY;
— — — i J k
64. AB =-2i+4j—k,CD=i—j+2k,andAC = -3i+3j = n= |-2 4 —1|=7i+3j—2k = the distance
1 -1 2
isd = |Bit3aitsi-om| _ 12
- V49 +9+4 V62
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66. x>+ (y—1)2+22 =1 67. 4x> +4y> +722 =4

z 42+ 42+ =4
Z

g i:: 5|2

X y

68. 36x% + 9y + 4z% = 36 69. z=— (x> +y?) 70. y = — (x2 +2%)
z ==+ S
N | —
1= W/ y
X y x X

71. X2 +y? =2

74, 4y? + 7 —4x? =4

SRR
D
NS
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CHAPTER 12 ADDITIONAL AND ADVANCED EXERCISES

1. Information from ship A indicates the submarine is now on the lineL;: x =4 +2t,y =3t,z = — % t; information from
ship B indicates the submarine is now on the line Ly: x = 18s, y =5 — 6s,z = —s. The current position of the sub is
(6, 3,— ) and occurs when the lines intersect att = 1 and s = 3 . The straight line path of the submarine contains both

points P (2 —1,— —) and Q (6 3,— ) the line representing th1s pathisL: x=2+4t,y=—1+4t,z= — 3. The

submarine traveled the distance between P and Q in 4 minutes = a speed of ‘ | \/— f 2 thousand ft/min. In 20
minutes the submarine will move 20+/2 thousand ft from Q along the line L

= 20\/52 VQ+4t—6)2+ (—1+4t—3)2+02 = 800 = 16(t — 1)> + 16(t — 1)> =32(t — 1) = (t—1)> = %
=25 = t=6 = the submarine will be located at (26, 23, — %) in 20 minutes.

2. Hy stops its flight when 6 4+ 110t = 446 = t = 4 hours. After 6 hours, H; is at P(246,57,9) while Hs is at (446, 13, 0).
The distance between P and Q is \/ (246 — 446)2 + (57 — 13)2 4+ (9 — 0)2 ~ 204.98 miles. At 150 mph, it would take
about 1.37 hours for H; to reach Hs.

— — .
3. Torque:’PQ xF’ = 15ft—lb:‘PQ’|F|s1ng:%ft-|F| = [F| =201b

4. Leta =1+ j+ k be the vector from O to A and b = i 4 3j + 2k be the vector from O to B. The vector v orthogonal to a
and b = v is parallel to b x a (since the rotation is clockwise). Now b x a =i+ j — 2k; projab = (22)a = 2i + 2j + 2k

= (2,2,2) is the center of the circular path (1, 3, 2) takes = radius = /12 + (—1)* + 02 = /2 = arc length per

second covered by the point is 3 \/_ 2 units/sec = |v| (velocity is constant). A unit vector in the direction of v is "ﬁi;
S 1 s 2 _ bxa _ 3 1 . 1 s \/_
= et i = ek v =) = 3V2( 5+ el - k) = i i - V3K

5. (a) By the Law of Cosines we have cos v = % =2 andcos 3 = % =% =sina=%andsing =1

~F = <—|F1|cosa, |F1|sina> — <—§|F1|, 4|F1|>,F2 - <|F2|cosﬂ, |F2|sin5> - <;.-‘|F2|, g|F2|>,and
w = 0,—100). Since F; + F, = 0, 100) = <—§|Fl| + 3|Fy|, 2F| + §|F2|> = 0,100) = —3|F;| + £|F,| =0

and 2|F,| + 2|F,| = 100. Solving the first equation for |F»| results in: [F,| = 2|F|. Substituting this result into the

second equation gives us: 2|F| 4 5 |F| = 100 = |[F;| = 80 1b. = [F,| = 601b. = F; = —48,64) and
F, = 48, 36> ,and o = tan~! (‘3—‘) and 3 = tan~! (%)
(b) By the Law of Cosines we have cos v = % = S andcos3 = % =E2= = Zandsinf = 3

=F = <7|F1|cosoz, |F1|sina> = <f%|F [, 13|F1|>,F2 = <|F2|cosﬂ, |F2|sin6> = <—§ 1% >,and
L BIF + &IF2l) = 0,200)

= —3|F1| + {3/F2| = 0 and {3|F| + 3 |F2| = 200. Solving the first equation for [F,| results in: [F;| = |Fi|.
Substituting th1s result into the second equation gives us: 12 |[F| + 2 [F;| = 200 = [F;| = 3% ~ 184.615 Ib.

= [Fs] = 190 % 76.923 1b. = Fy = (12090, 2800) &~ 71,006, 170.414) and F; = <% )
~ 71.006,29.586).

w= 0, —200>.SinceF1+F2: 0,200>:>< ZIF1| + 5|F2

6. (a T, = <—|T1|cosa, |T1|sina>, T, = <|T2|cosﬂ, |T2|sin6>, andw = 0, —w>. Since T; + T, = 0, w> =

<—|T1|cosa + |T2|cos G, | Ti|sina + |T2|sinﬂ> = 0,w) = —|Tj|cosa + |T2|cos 3 = 0 and

cosa
cos 3

|T;|sin + |T2|sin 5 = w. Solving the first equation for |T,| results in: |Tz| = |T,|. Substituting this result into
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. . . . i S ‘ﬂ
the second equation gives us: |T;|sin « + Cioscg:[‘;ﬂ IT)|=w=|Ty| = Smacos‘%cfcféwsm 5= si:/((;oj- 5 and
|T2| — Sn\;VCOSOL
(a+p)
—wcos 3 3)
b (1)) = a(gﬂ‘fi"f@ ) o Zoig)“ ; L(ITy[) =0 = —wcosBcos (a+ 3) =0 = cos (a+ 3) =0
. _d ((—wcosBcos(a+8)\ _ wecosf (cos*(a+B)+1)
:>a+ﬁ 2 :>Ct—%— ’da2 |T1 d_( sin?(a + 3) ) - sin’(a + 3) ’
d&2(|T1|) = wcos # > 0 = local minimum when o = 5 — 3
a=5-0
(©) (|T2|) & (su\:/(?jrad)) = _Wcs;zzoj(ﬂ“)+d s 45(IT2]) = 0= —wcosacos (a+ () = 0= cos(a+ ) =0
d2 _ —wcosacos(a+0)) _ weosa (cos* (a+3)+1)
=a+tf=3 :>ﬁ 2 _a’ d62(|T2|) - E( sin?(a+ ) ) - sin’ (o + 3) >
da2(|T2|) = wcosa > 0 = local minimum when 8 = 5 — «
p=3—a

7. (a) IfP(x,y,z)is a point in the plane determined by the three points Py (X1, y1,21), P2(X2, y2, z2) and
— = — L. — — —

Ps(x3,Ys3, z3), then the vectors PPy, PP, and PP; all lie in the plane. Thus PP; - (PPy x PP3) =0

X1—X y1—Yy z1—2
= |X2—X Yy2—Yy 2Zy—z| = 0by the determinant formula for the triple scalar product in Section 12.4.
X3 —X Y3s—Y Z3—1Z
(b) Subtract row 1 from rows 2, 3, and 4 and evaluate the resulting determinant (which has the same value

as the given determinant) by cofactor expansion about column 4. This expansion is exactly the

determinant in part (a) so we have all points P(x, y, z) in the plane determined by P (x1, y1,21),

Py(Xg,y2,22), and P3(X3, 3, 23).

8. LetLi: x=aj;s+bj,y=ass+by,z=ags+bgandLy: x =cjt+dj,y =cot+dy, z=cst+d;. IfL; || Lo,
a Cp b1 — d1 kC1 C1 b1 — d1
then for some k, a;, = kc¢;, i = 1, 2, 3 and the determinant |{ay ¢c3 by —dy| =|kcy ¢c3 by —dy| =0,
as Cg b3 — d3 kC3 C3 b3 — d3
since the first column is a multiple of the second column. The lines L; and L, intersect if and only if the
as—cit+(b; —dy) =0
system ¢ ass — cot + (by — dy) = 0 has a nontrivial solution <> the determinant of the coefficients is zero.
ags —c3t+ (b3 —d3) =0

9. (a) Place the tetrahedron so that A is at (0, 0, 0), the point P is on the y-axis, and AABC lies in the xy-plane. Since
AABC is an equilateral triangle, all the angles in the triangle are 60° and since AP bisects BC = AABP

is a 30°- 60°-90° trinagle. Thus the coordinates of P are (O, \/5, O), the coordinates of B are (1, \/5, 0), and the

coordinates of C are (— 1, \/5, O) . Let the coordinates of D be given by (a, b, ¢). Since all of the faces are equilateral

AD-AB _ atby/3 _ 1
|AD||AB]| @) 2

= a+by/3 = 2 and cos(/DAC) = cos(60°) = \ﬁ%l = 7?;)(2\)/— L = _a+by/3 = 2. Add the two equations

trinagles = all the angles in each of the triangles are 60° = cos(/DAB) = cos(60°) =

to obtain: be =4=>b= % Substituting this value for b in the first equation gives us: a + (%) \/3 =2

2
= a=0. Since |A_]>)| =Val+b24+c2=2=0+ (%) 4+ =4 = c= 22 Thus the coordinates of D are

v
22[) _ ﬁ)ﬁzi _ —1<L) o
(O NV cos @ = cos(£DAP) = ADIAF — 23 = 0 = cos )= 57.74°.

(b) Since AABC lies in the xy-plane = the normal to the face given by AABC is n; = k. The face given by ABCD is an

adjacent face. The vectors DB =i + ﬁj \/‘[k and DC = —i + ﬁj \/\[k both lie in the plane containing
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i j k
. .. 1 1 7M 4\/5 . 2
ABCD. The normal to this plane is given by n, = V3 V3| = VL + %k . The angle 6 between two
L 22
by 7
adjacent faces is given by cos § = cos(/DAP) = 2 — 23 g o (3) = 70.53°.

= il ) (61v/3)

— — — — — — — — — — — .
10. Extend CD to CG so that CD = DG. Then CG =tCF = CB +BG andtCF = 3CE + CA, since ACBG is a
parallelogram. IftC_f: -3 C_ﬁ — C_/)% =0,thent—3—-1=0 = t=4,since F, E, and A are collinear.
Therefore, CG = 4CF = CD =2CF = Fis the midpoint of CD.

—

11. If Q(x,y) is a point on the line ax + by = c, then P;Q = (x — x1)i + (y — y1)j, and n = ai 4 bj is normal to the
- : : - o — 16— x0i+ (v — yojl-Gai + bj) ‘ _ lax=x1)+ bty —y»)|
line. The distance is ‘ Proj. PlQ‘ = N/RET: = VT

_ |axy +by; —¢|

T since ¢ = ax + by.

12. (a) Let Q(x,y,z) be any point on Ax + By + Cz — D = 0. Let Q?l =X —x))i+ (y—y)j+ (z—z1)k, and

_ Ai+Bj+Ck . . - A5 . . Ai+ Bj+ Ck
n= W . The distance is ‘prOJ,, QPl = ‘((X — Xl)l + (y — yl)J + (Z — Zl)k) - (\/W
_ |AX; + By 4+ Cz; — (Ax + By + Cz)| _ |Ax; + By; + Cz; — D]
/A2 + B2 +C2 /A2 + B2 +C2

(b) Since both tangent planes are parallel, one-half of the distance between them is equal to the radius of the

sphere, i.e.,r = % % = \/5 (see also Exercise 12a). Clearly, the points (1, 2,3) and (—1, —2, —3)

are on the line containing the sphere's center. Hence, the line containing the center is x = 1 4 2t,
y =2+ 4t, z = 3 4 6t. The distance from the plane x + y 4+ z — 3 = 0 to the center is \/§

= +2t)+(\jl+fii(13+6073‘ = \/§ from part (a) = t =0 = the center is at (1,2,3). Therefore

an equation of the sphere is (x — 12 + (y — 2)2 4+ (z —3)? =3.

13. (a) If (x1,Yy1,21) is on the plane Ax + By + Cz = Dy, then the distance d between the planes is

d= ‘AXIJABZyi;CfC; Do _ |ABIB} Ezékl , since Ax; + By; + Cz; = Dy, by Exercise 12(a).
_ _12-6 _ 6
®) d= 755 = Va
(©) |2(3)+(71)$)1—:2(71)+4l = ‘2(3”(71)(2\/)1—:2(71)71)' = D =28or —4 = the desired plane is
2X —y+2x =38

(d) Choose the point (2,0, 1) on the plane. Then B\;EDl =5=D=3% 5\/8 = the desired planes are

x—2y+z:3+5\/6andx—2y+z:375\/8.

14. Letn = AB x B_>C and D(x,y, z) be any point in the plane determined by A, B and C. Then the point D lies in
thisplaneifandonlyifA_]S ‘n=0 & AD -(A_]>3 X B_C>):O.

i j k
15. n =1+ 2j+ 6kisnormal tothe planex +2y+6z=6;vxn= |1 1 1|=4i—-5j+ kis parallel to the
1 2 6
i j k
plane and perpendicular to the planeof vandn = w=nx(vxn)=|1 2 6|=32i+23j— 13kisa
4 =5 1
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vector parallel to the plane x + 2y + 6z = 6 in the direction of the projection vector projp v. Therefore,

_ (3242313 _ 1l 32 23: 13
) (F ) W= W= aW=gii+3i-5k

projp v = proj, v= < |w‘) % (

Iw|*

16. proj, w = —proj, v and w — proj, w = v — proj, v.=> w = (W — proj, w) + proj, w = (v — proj, v) + proj, w
=v—2proj,v=v—2 (ﬁ) z

17. (@) uxv=2ix2j=4k=>(uxv)xw=0;a-wv—(v-wWu=0v—-0u=0vxw=4i=ux(vxw =0
a-wyv—u-vyw=0v—0w =0

i j k i j Kk
b)) uxv=|1 -1 1 |=i+4j+3k = uxv)yxw=|1 4 3 |=-10i—2j+6k;
2 1 =2 -1 2 -1
(u-w)yv—(v-wu=—-4Q2i+j—2k) — 230 —j+ k) =—10i — 2j + 6k;
i j k i j Kk
vxw=|2 1 =2{=3i4+4j+5k = ux(vxw)=|1 -1 1|=-9-2j+7k;
-1 2 -1 3 4 5
-wyv—(u-v)w=—-4Qi+j—2k)— (—)(—i+2j— k)= -9 —2j+ 7k
i j Kk i k
) uxv=|2 1 0|=i-2j—4k = uxv)xw=|1 -2 —4|=—-4i—6j+2Kk;
2 -1 1 1 0 2
(u-w)yv—(v-wu =22i—j+ k) —4Qi+j) = —4i— 6j + 2k;
i j Kk i j Kk
vxw=1|2 —1 1|==-2i-3j+k = ux(vxw) =2 1 0|=i-2j—4k;
1 0 2 -2 =3 1
u-wv—u-v)yw=2Q2i—j+k)—-331+2k)=i—-2j—4k
i j k i
@uxv=|1 1 —2|=-i+3j+k = @xv)xw=|-1 3 1 |=—10i- 10k;
-1 0 -1 2 4 =2
(u-w)yv—(v-wu=10(—i — k) — 0+ j — 2k) = —10i — 10k;
i j k i k
vxw=|—-1 0 —-1|=4i-4j—4k = ux(vxw)=|1 1 =2|=-12i—4j—8k;
2 4 =2 4 —4 -4

(u-w)v — (- v)w = 10(—i — k) — 12 + 4j — 2k) = —12i — 4j — 8k

18. (@) ux(vxw+vxWwWxuw+wx@@xv)=@-w)v—@-v)W+ vV-u)w —(v-wu+(w-viu— (w-u)v=0
®) [w-(vxDi+[(@-vxpl+[a-(vxkIk=[@xv)-ili+[(axV)-jlj+[(axv)-kKlk=uxv
u-w V-w

© xv)-wWxr)=u-[vxwxnp]l=u-[(v-)w—(v-wrl=u-w)(v-r)— (u-r)(v-w) = u-r ver

19. The formula is always true;u X [ux (@ X v)]-w=u X [(u-v)u —(u-uw)v]-w

=[u-vuxu—(@-wuxvl-w=—[u’uxv-w=—[u’u-vxw

20. If u = (cos B)i + (sin B)j and v = (cos A)i + (sin A)j, where A > B, thenu x v = [|u| |v| sin(A — B)| k
i j k
=|cosB sinB 0| = (cosBsin A —sinB cos A)k = sin(A — B) = cos B sin A — sin B cos A, since
cosA sinA O

lu| = 1and |v| = 1.
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758  Chapter 12 Vectors and the Geometry of Space

21. Ifu=ai+bjand v =ci+dj, thenu-v=|u] |v|cos § = ac+bd=+/a%+b2/c2+d2cos
= (ac +bd)? = (a® + b%) (c? + d?) cos?# = (ac + bd)? < (a® + b?) (¢* + d?), since cos? § < 1.

22. Ifu:ai—l—bj—i—ck,thenu-u:212—i—b2—|—c2 Oandu-u=0iffa=b=c=0.
23 [u+v =@+v)-@+v)=u-ut2u-v+v-v<|u>+2ul [v]+ |[v|* = (Ju| + |v])* = [u+v]<|u]+]v|

24. Let o denote the angle between w and u, and 3 the angle between w and v. Let a = |u| and b = |v|. Then

wu _ (av+bw-u _ (av-u+buu) _ (av-utbuuw) _ (av-u+ba’) _ yudba
W[ |ul (Wl |u (Wl |ul (W] Ju Iw|a Wl

u-v-+ba
Iw|

cos o = , and likewise, cos 0 =

s

Since the angle between u and v is always < 5 and cos a = cos [3, we have that & = 3§ = w bisects the angle between

uandv.

25. (Julv+ [vjw) - ([vju — [u|v) = |[u|v - [vju+ |[v|u- |v|u — |u|v- |u]v — |v|u- |a]v

= |vju- [ulv+ [v/u-u—Ju*v-v—|vju-|ulv=|v][u]® = [u]’lv* =0

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.

STUDENTS-HUB.com Uploaded By: Jibreel Bornat



