Additional Topics and Applications (Ar1] P py EJ
— A»l

In this section, we learn a method for computing the inverse of a nonsingular mat-
rix A using determinants and we learn a method for solving linear systems using
determinants. Both methods depend on Lemma 2.2.1.

The Adjoint of a Matrix
Let A be an n x n matrix. We define a new matrix called the adjoint of A by
Ay Ay - A,
A n n A“ AZI o 1 B
" . 12 A n2 ]
C=| P ﬁ)n-/,)zj adjA = | | = C
Am A”Z - fzﬂ A.ln Ay -+ A

Thus, to form the adjoint, we must replace each term by its cofactor and then transpose

the resulting matrix.
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By Lemma 2.2.1,

det(A) ifi=j
0 ifi #j

———

azlA I -l-ﬂ;zAz + -+ ainAjy = {

and it follows that

@dj A) =det(A) | , —

If A is nonsingular, det(A) is a nonzero scalar, and we may write
.
S |

adjA ) =1
det(A) ~

7
Thl.lS, ﬁ

1
Al = diA| when det(A 0
C det(A)a]]wen et(A) #
L Inln

ST

= nloadad By Rovyan Eorod








































































EXAMPLE | Fora?2 x 2 matrix,

ade _ [ an» —ﬂlzl
—dy] ap

If A 1s nonsingular, then

1 a» —da
A1 _ [ 2 12 ] .
dp1ar — d1rds —day] ap
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EXAMPLE 2 Let

2 1 2
A=13 2 2
I 2 3
Compute adjA and A~
Solution
2 2| |3 2 3 2]y
2 3 I 3 1 2
2 1 -2
: 1 2 2 2 2 1
adjA = | — — = | =7 - 2
YRIETINERE
1 2] |2 2 2 1
2 2 3 2 3 2
1 .
= adjA = - | —7 4 2 -
det(A) 5 4 -3
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Theorem 2.3.1 Cramer’s Rule

__Let A be a nonsingular n x n m@ and letb € R". Let A; be the matrix obtained by
replacing the ith column of A by b. If X is the unique solution of AX = b, then

det(A;)

X; = for 1=1,2,...,n |
Proof  Since A ( S (),
Cly; -\ Tn 4 )

|
x =A b= (adjA)b

det(A o
@ = /7B,
it follows that Va, | ((')

_bhutbt e tbay)

det(A)

_ det(4;)
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EXAMPLE 3 Use Cramer’s rule to solve

Solution
1 2 1
1 2
1 5 1
detA) =12 6 1|=—4
o 1 9
Therefore,
—4 —4
X = — = 1, Xy == — = 15
STUDENTS-HUB.com —4 —4

X1 +2x+ x3=35
2x]—|—2x2—|— I3=6
X1+ 2% +3x3=9

5 2 1
det(A;))=(6 2 1
o 9 2 3
I 2 5
det(A3) =12 2 6
o 1 29

X3 = —8 —
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EXERCISES

8. Let A be a nonsingular n x n matrix with n > 1.
Show that

det(adj A) = (det(A))""

10. Show that if A is nonsingular, then adj A is nonsin-
gular and

(adjA)™! = det(A"HA = adjA™"

11. Show that 1f A 1s singular, then adj A 1s also singu-
lar.

12. Show that if det(A) = 1, then
adj(adjA) = A
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