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1
.3

1. verify that y is a solution = substitute y

2. see if it's linear ornot / find the order

1 . I generate the differential equation

Free fall: d-
- Find the behavior

①12

② y =0 -- 14

⑬ 5
⑨05 5,J

⑤ if y > 08 Y diverges (goes to % or-old
if yso : y converges (goes to yol

6 Find lim y(t) (i Con take it from the Plot
t-x

Behavior : Lim 3(t) = 2 307 X

S Y yo = X

- 0
, %01X

- How to generate the D . E in these questions ?

dy = Rate in-Rate out
&X
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2 . 2

I separable
make dy in one side and of in the other side then integrate
Sometimes you need to assume u or use partial fraction for integration

2 Homogenous

general form or
how to salve ?

1 let y= uX 2 d = VeX 3 substitute then somee

3 Liner (method of integrating factor (
general form : y' + P(t)y = g(t)

how to solve ?

y(t)= (Ingsda + C1 , ult = elPride
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2.3 Tank+ Cooling

1- Tank

① Rate in- Rate out

= (flowin ) = (forort51)

*Sometimes you have to build on equation for its

&-stWo& "I

&2055

·
2. Newton'sLow of cooling

= - 12 (4-T)

U : The temperature of the object

↑ The temperature of the room

K : Positive Constant

1 divide by In-t) then integrate
2. the answer will be In/swthl , give it

-

Uploaded By: Jibreel BornatSTUDENTS-HUB.com



2
. 4 see if there is a unique solution Without Solving - Bernoulli

1 - Linear D .E

① make it like the form y + Pity = g(t)

② 351 , 219

③ Find the interval thatContains the initial value to

⑨ if we did all of this If There is a solution and it's Unique

* if he tells me to find this solution I have to solve the IVP

2- Non-Linear D . E

I have to find an interval iny that contains yo , Joe (3, J2)
and an interval in f that contains to ,

to (t ,, tel

①differentiate y"to get yil

② see the interval of Both ylady "where they are defined

③ Check if their interval Contains (jo , to) , Yes => have Unique Sol.

No, we have to solve the original IVP

3-Bernoulli
general form : y1 + PHy = g(t)y" , nER

if n =0 :

-

g) +P(t)y = g(t) =) Linear

if n = 1 :=

y + (git- DIA) y = 0 = separable or line an

If n # 0 , 1 :-

Let V = y
L

,
v' = P(t)(1 -nV = (1 - n)g(t)

and solve it by Linear in v , then substitute V= y'n
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2. 6 Exact equations

① if it's exact

2x + y2 + 2xyy = 0 , y(1) = 1

1 Find M and N

N = 2Xy
n = 2x +y

2 Differentiate N By respect to X , and M By respect to y
NX = 2y

My = 2y Theycre equal =) exact

3 Choose N or M to integrate "does not matterin

- Note : FX = M andfy = N

f =Sty = (n = + = (2xydy = xy2 + g(x)

1 To get g(x) you need to solve with the other one

↑ set fy-otherone fx = M
2. differentiate with respect to other one a

fx = y + gi(x) = m = y - g(x) = 2x +y
9) (x) = 2x =) g(x) = X2

5 we put it in it's place

Xy2 + X = C

6 Use the condition to find C

1 + 1 = c = C = 2

=> Xy2xX2 = C
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2 if it's Not exact

1 My - Nx = f(x) = =
ef+ (x)dx

N

or
- (f(y) dy

2 my - NX = f(y) = I = 2
M

then we multiply the equation by I to make it exact
then we start again from the beginning

Euler Formula -eix = CosX + isinx

Exp
. rewritee

= exe e [Cos(-) + isin])]
= e [Cos - Sin (5)

= e[0 .5-i]

· 30 us 60 96

-
* How to find sin

Cos 43210 and cos without

Sin go 1234 Calculator

2
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2 .8 Picod's Iteration

general form :- = f(t ,y = y =
(f(t

, y)dt

y(t) = 0(t)

=)f(t , x())de
Then I take the Lim for On

00 = 0
lim On = the answer

0.=fit , oldt t-

its usually on a shape like
① = !+(t , 01) de
=fit

, On-1) de
this nt" or something

n !

2. 9 whissingt and missing y:

I missing yo Remark

V = y' ,
v = y Cosht = et , et

2

2-clissing :-
sinht = et-et

V = y , y=
How to solve ?

- solve for v to get y' by integrating v
then solve for y by integrating y

- if there is any initial conditions i have to use
them to find C , and Ge Uploaded By: Jibreel BornatSTUDENTS-HUB.com



3.1 + 3 . 3

1- coefficients are constants :
↑ solve it by ax equation , and there is three cases

Case 1 : r, Fre

y , =
eit

, ye = ext

Case 2 : v= = r

y: ext , ye: feat

Case 3 : r= <Mi /Complex roots)
M = < + uli · M = X =

uli

Y = etCoslat)
, Ye = etsin(at)

Complex : i = F
,
i=1

,
i = -r

,
i= 1

2 Cooftetients are Not Constants · (Euler eg . )

y = Xm r2 - (c - 1)r + B =0 : PAI
B % g(t)8

Case 1 : r, * re

y , = XY , Ye = Xv

Case 2 : v= = r

Y , = X , Ye = Inxxv

Case 3 : r= < #Mi
.

/Complex roots)

y = X
*
Cos(a)(nx) , ye = X Sin(u)Inx)

Uploaded By: Jibreel BornatSTUDENTS-HUB.com



3 . 2
1- how to find the largest interval -
- do it as the form y"- Pitty'-gut)y = 0
- 71 ,819,
- find the largest interval that Contains Y(to) = Yo

2. Principle of superposition
-if y , and ye are solutions for y" + Pity + &It) y = 0

then the linear Combination is also a solution Cy , + Gy =0

3. The Wronskian Solution W(y , Yz)(f) :
# if I have y , and yea

W1y, Ye(t) = Y : Ye

3! YI

# if I don't have y , and ye (Abel's Theorem (
- (P(t) dt

W(y , Yelt) = Ce

-
The Linea Combination is a solution iff Why,Ye # 0
- Y , and ye are Independent iff Why , Yet* O

U - Fundamental set of solutions :
Two conditions should occur to say that (ly) is Fo S . 3

1 Y , and ye are solutions to y" + Dy + q(t) y = 0

2. y , and ye are Independent (W1], Yet) + 0)

-. Finding Fos . 3 With no y ,
or ye , with just interval

↑ let "Y , (tol = 1" "Yiltol = 0" "Yelto = 0" "Yeltol = 1" (toget+of
2. Find the Charastanetrec equation , then generate y
3. Find G and On in the two Cases in Point I

- if he gave me interval i can choose toUploaded By: Jibreel BornatSTUDENTS-HUB.com



On Point 4

① Verify if y , andyo are solutions for the equation :
y, = X , yi = 1

, y = 0

11 - XcotX) +0 - X + X = 0 = Y , is solution

& z= Sinx , Ye = COSX
, Ye = - Sinx

11-Xcot * -Sinx -XCosX + Sinx = 0

SinX + X SinxCotX - XCoSX* = O

#Six* C) sosx)=
S

CosX-20sX = 0 =) y , and ye are solutions #

② Verify thatW1y
, ye) #0

WIX , Sinx) = X Sinx
= XCosX-Sinx #0 <XIN

I CoSX

W(X
, SinX((#2) O = they are Leniarly independent

·Since they are solutions and LE
=>[X , sinx] form a fundamental set of solutions #
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On point S

N- 1 = 0 =m = 1
, rz = -

y = cy. + (yz =) y = c ,
et + Get *

=> y = et
, yz = et

Case 1 : y
,
101 = 1

, y:10) = 0 , y' = Get-cet

from * C ,e + Ce = 1 =) C +( = 1 *jt = 1
, y=0

.-

C , e -(e = 0 =)4 -C = 0 ++ =0
, y
=0-

=> C = 22 = 1/2

Yz = et ,et y = Cosht
2

Case 2 :- Y2(d = 0 , Y20 : 1 , y =Get-cet

C,e" + Ce = 0 =C + 2 = 0
-
C =t

C , e -ce = 1 = C -C= / 2 =-

Yu = et- et=yy = Sinht

2

· [Cosht
, Sinht] are Fundamental Set of solutions

#
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On Abel's theorem

y + By + ety = 0 = D(t)=
t

w(y
, yel(t) = c

epide
= cet-E

w(y, ye(1) =Y = 2 = = 2

W1y.
, (2) (t)=2

=) Wh , 32(5)=
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3.1 : have y, and want to find ya

↓. Reduction of order method :-
1 let y = vy ,

2 Find y'and you 3 dis
IfI still have v of order 2 :-

*

4 let w = r
!

- Find wh b Y3
-

then find w from IW" , then find y fromV

2- Reduction of order formula :-

Yz= y , (W(e ,get

y?

Solve the example below using this method ?

fDCt) 6

W(y, y 2)(t) = C e => W(y ,Y2)Ht) = Ct

ye = th) Ct2* +3
-

Yz = 5

Uploaded By: Jibreel BornatSTUDENTS-HUB.com



y" -Gy y = 0 , lety

y = 2tv + tivi , y" = zv + utr' tr

(2v + utu + +2) -( +)+v
tiv" + ytr-6tv +-+You

th"-2tv' = 0 =) (tv" -2v= 0 let w = VI
w = VI

tw-zw = 0 = w
!

- w = 0

utl = e
= (z
= u(t) = t

-2

w(t) = t [loxt de +c) + w = c = vi

v = (c) = v= +3 + = V = At + C A= 3

y = Vy , =)y = (A + 3 +c)(t4

7 : At5 + Cth Since this is y , Even ye = -3

Cy+Gy find aby
·- , y

,
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3 . 5 + 4 .3 Non-homogeneous d.e
form : y" + PH)y' + &Ht)y = g(t)

Conditions :- ay" + by' + (y = g(t)
↓ a

, 6 , c are constants

2-glt) is : Constant or poly or exponential or Sin
or cos or finite Sum/product of them

How to solve ?
1 Find In (The Char equation (

2 Find yp (Particular Solution)
- g(t) = number = Yp = E*A

- g(t) = t => yp = E(At +B
- -
-

-)

- glt) = text = yp = E)At + B) et

- g(t) =-et/inyp=AtBesin(D

t S = 0, 1
,
2 according if it's independent

3y = yn + yp

Note :-
if I have something like g(t) = zet + esint

i do y= g , with g= zet
and Y2 =92 With g2 = <sint

Finally , yp = Y ,
+ Y
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① Find Ih :-

y" - by - yy = 0 = r yn -u=0 =)= -1 , v= y

In = <y + Cyc = In = Cet , onet

2 Find yp8

y - by - uy = 2Sint = Yp = [Asint + Bcost]

t= 0 because they are independent = Yp = A sint +Blost

B , A,Ed

Yi = A cost-BSint y"p = -Asint-Bcost

↓ A Sint-Bcost)-3(Acost-BSint)-4(Asint +Bcost) = 2Sint

->A sint-SBcost-3A cost + 3 Bsint = 2Sint

Sint( = SA +3 B) + Cost(=SB - 3A) = 2 Sint

(-5A + 3B = 2) * 5 => - 25A + 15B = 10
=)A=

=

5/17

7 JB - 3A = 0) * 3 - 9A - 15B = 0 B = 3/17

9D = -5 Sint + 3 cost

17 17

y = yn + yp =) y= C ,et,cet - ssint + 3 cost
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y" + y = t + tsint , Pn = m+ 1 =0 =) r= + i , r= - i

y = Cetcost) + Creatsint) Yn = CCost +C Sint

9, (t) = + = ) Y = At +B

9 ((t)= sint = yc = [(ct +D) cost + (Et + 5) sint]* t

WhyAt ?
Because Dcost and Esint exist on yu , So inwe to

multiply by t to make them independent
& A

=> yp = y , +yz =) yp = At+B + (Ct+Dt) + cost + (Et+Ft)tsin
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U . 2 Same as 3 .5 but for higher order

1 Find In by : 1- Char . equation

2- 461919

3 0 = d,158299
Y

Ya &-+
2

2 Find yp like 3 .5

- 1
, Ay" +By"

"
+ Cyn------ 0

mn Mn-lmn -2 ----

A BC - ---

zeroof
eduction Axz

8
XZ

↓

A (B +Az)

Expo- r3 +r - r + 2 =0

2. factors : 1
, 2 , -2 , 0

= 2= 0 <= -23%i61.

as n
d
a no

1. 1 - 1 2

- 2 -2 2 - 2

I - I I 8H

r3rr + 2 = (r- z)(r = r + 1) = 0

~= 2,it i
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5 , 6 7 , 8 9 , 10

ex : r = 2 ,
[

,
2
,
3
,
24i

,
24i

,
Lui

y = pett-Citet-CtetGet

· Cetcoscut + Coetsin cut)

- Cze +coslut) + Cpett Sin (4t)

- Caettcoslut) + Goetcost)

-DisN &j -09

- &ismigi's Is: grouping I

11
r - thezero 1

&19 :%5 2

& :jj 3
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3. 6 Non-homogenious

genera form : Y" - Pity" + &(t)y = g(t)

y =yn +yp

Yhas in 3. 3 C , Y . + C2y2

Y : Vy ,
+ Veye , where

SV =-/YgV=TIt is
W(y ,, Y2)

1 - PIt) and Alt) are constants :
i find yo and solve normal

2. DIA) and gith are NOT Constants : -
he should give me y or y , ady2
then i find the solutions directly by U and Ve
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