CHAPTER
L ©,1)
(—sin @, cos @)

(cos@, sin 0)

(1, 0)

[Linear Transtformations

STUDENTS-HUB.com Uploaded By: Rawan Fares



Definition and Examples

In the study of vector spaces, the most important types of mappings are linear
transformations.

Definition | A mapping L from a vector space V into a vector space W is said to be a linear
transformation if

L(avy + Bvy) = aL(vy) 4+ BL(V2) (1)

for all v, v, € V and for all scalars « and B.

Remark: L is a linear transformation if and only if L satisfies (2) and (3).
L(vy +vVv2)=L(vy)+ L(v2) (x=p8B=1) (2)

and

L(xv) = ol (v v=v.8 =0 3
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In the case that the vector spaces V and W are the same, we will refer to a linear
transformation L: V — V as a linear operator on V. Thus, a linear operator is a linear
transformation that maps a vector space V into itself.

N )
Linear Operators on R~

EXAMPLE | Let L be the operator defined by
L(x)=3x
for each x € R”. Since
L(ax) = 3(ax) = «¢(3x) = «L (x)
and
Lx+y) =3x+y)=3x+3y=L(Xx)+L(y)
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EXAMPLE 3 Let L be the operator defined by
L(x) = (x1,—x)"

for each x = (x;,x,)" in R?. Since

axy + By
L(ax+ By) =
ax+hy) [—(mxz+ﬁyz)|
— X1 +B }’ll
—X2 -2
= oL (x)+ BL(y)

it follows that L is a linear operator.
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Linear Transformations from R" to R™

EXAMPLE 5  The mapping L: R* — R' defined by
L(x)=x14+x2
18 a linear transformation, since

L(ax + By) = (ax; + By1) + (axz + By2)
=a(x; +x2) + By +y2)
=aL(x) + BL(y) m
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EXAMPLE 7 The mapping L from R? to R’ defined by
L(x) = (v, x1,X + )"
18 linear, since
L(ax) = (axp, axy, 0xy + n:xz)r = L (X)
and

LX+y) = +vy,x +y,x +y +x+y)
(2, x1,x1 + 1) + 2, v, +0)!
L(x)+ L(y)
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In general, if A 1s any m x n matrix, we can define a linear transformation L4 from
R" to R™ by

Li(x) = AX
for each x € R". The transformation L, 1s linear, since

La(ax + By) = Alax + By)
= aAx + BAy

= aLs(x) + BL4(Y)

Thus, we can think of each m x n matrix A as defining a linear transformation from
R" to R™.
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Linear Transformations from V to W
EXAMPLE 9 Let L be the mapping from Cla, b] to R! defined by

b
Lmszmﬁ

If f and g are any vectors in C|a, b], then

b
Laf + Bg) = f (@f + Bg)(x) dx

b b
=r::.ff f(x)dx—l—ﬁf g(x)dx
=aL(f)+ BL(g)

Therefore, L 1s a linear transformation. O
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EXAMPLE |0  Let D be the linear transformation mapping C'[a, b] into Cla, b] defined by
D(f)=f (the derivative of f)

D 1s a linear transformation, since

D(af 4+ pg) = af + pg = aD(f)+ pD(g) n

Remark:

If L 1s a linear transformation mapping a vector space V into a vector space W, then

(1) L(Oy) = 0y (where 0y and 0y are the zero vectors in V and W, respectively).
(ii) if vy,...,v, are elements of V and «,, ..., «, are scalars, then

L(oyvi +aovp + -+ +a,V,) = a1 L(vy) +arL(vp) + - - +a,L(V,)
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The Image and Kernel

L. W Let L: V — W be a linear transformation. We close this section by considering the
v : effect that L has on subspaces of V. Of particular importance is the set of vectors in V
, 0 that get mapped into the zero vector of W.
ka(l)
Definition Let L: V — W be a linear transformation. The kernel of L, denoted ker(L), is

defined by

ker(L) ={ve V|L(v) =0y}

Definition | Let L: V — W be a linear transformation and let S be a subspace of V. The image
L <, | ofS, denoted L(S), is defined by
o

g LS)={weW|w=L(v) forsome veS}

%}

The image of the entire vector space, L (V), is called the range of L.
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Theorem 4.1.1 IfL: V — W is a linear transformation and S is a subspace of V, then

(1) ker(L) is a subspace of V.
(i) L(S) is a subspace of W.

Theorem:
let T': V — W be a linear transformation where V', W are vector spaces.

Suppose the dimension of V' is n. Then n = dim(ker(7")) + dim(im (7)).
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EXAMPLE || Let L be the linear operator on R* defined by

=

A vector x 1s in ker(L) if and only if x; = 0. Thus, ker(L) is the one-dimensional
subspace of R* spanned by e,. A vector y is in the range of L if and only if y is a
multiple of e,. Hence, L (R?) is the one-dimensional subspace of R* spanned by ;. ™
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EXAMPLE |2 LetL: R® — R* be the linear transformation defined by

L(x) = (x; +x2, 2 +x3)"

and let S be the subspace of R* spanned by e, and es.
If x € ker(L), then

X1+x =0 and x+x3=0

Setting the free variable x; = a, we get

and hence ker(L) is the one-dimensional subspace of R* consisting of all vectors of the
form a(1,—1,1)".

If x € S, then x must be of the form (a, 0, ), and hence L (x) = (a,b)’. Clearly,
L(S) = R?. Since the image of the subspace § is all of R?, it follows that the entire

range of L must be R* [ie., L(R%) = R?]. M
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L[S)):: /(i) ;u/ké(/?j = /)QZL

Ko 1 L-L(R)
S IR 5 L(S) = LR
— R -L(S)cl(RY) cyR°
— LS L(RD R
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SECTION 4.1 EXERCISES

Vélf Let L.: R? — IR? be a linear operator. If
L((1,2)") =(=2,3)"
and

L1, —1") =(5,2)"

find the value of L ((7,5)").

6. Determine whether the following are linear trans-
formations from R? into R°.

@) L(x) = (x1,x, 1)
(b) L(x) = (x1,x2,x1 + 2x2)"

9. Determine whether the following are linear trans-
formations from P> to Ps.

(@) L(p(x)) = xp(x)
+—b) L(p(x)) =x*+ p(x)
S?U@\I%S(ﬂ{}@}cﬁrp (x) + xp(x) + x%p/(x) Uploaded By: Rawan Fares
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@ @ [ e nol 2 lpeos &W%Wﬁ/&
L(Oj: o 7’/:Q
OQ L cpm)= cpn) vulcpin) «x3 <pin)

C [ Px) + = P(x) + 752/9//)/)3
c L{p)

. p
CD L(po)+9ex) = (P egen) +2 (P +20)) + 2 (Por+e))
/}9/)/) + 7(/7//2’) +Zz/7//)f))+(ff/?) 3 %Z()y.})/zz;))
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M(Let L be a linear operator on R' and let a = L(1).
Show that L (x) = ax for all x € R!.

17. Determine the kernel and range of each of the
following linear operators on R>:

LA8) LX) = (x5, %0, 31)7 (b) L(X) = (x1,%2,0)7
V({) L(x)= (IhI],Il)T

21. A linear transformation L: V — W is said to be
one-to-one it L(v,) = L(v,) implies that vi = v,
(i.e., no two distinct vectors v, v, in V' get mapped
into the same vector w € W). Show that L is
one-to-one if and only if ker(L) = {0y }. |

22. A linear transformation L: V — W is said to
map V onto W if L(V) = W. Show that the linear
transformation L defined by

L(x) = (x1,x1 + x5, x; + x5 + x3)"

maps R? onto R3.

+-23. Which of the operators defined in Exercise 17 are
STUDERE$o-RE 2oYWhich map R* onto R*?
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(14) [P K
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L (%,/;/L/@)Té }Qf Thes,
T —

,./t— . ’7_ l
L(”‘?f//ﬁ’uyg) = (7/5/3(2/?//)5 7 (0/0/)) 4+ 7z (0///(7)+7-/3 ()/Q/OJT

. L//pg): 979%"25//52,/ 63%';‘?3

@ L. UQ{——> (/\);
(L ez L
-

7 T T
(3,0, 1) eforl o Lin 2, 2 (voc)es (2,2, %) (229

= 77/ = O
STUDENTS-HUB.com Uploaded By: Rawan Fares

/






















































































































































































































































































































































































































































































































































































































































































































































































































































Lell (4, 7, %, ) e 7 T

i 7
L/?f,/)@/z’})f :/2;/)(//)/)) = 2 (1, /,))T

'/' Z///g;) = %7%4 f -y !, )))/§
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