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System Analogy

Mesh Circuit

Determine the mesh analogous circuit of the following mechanical system
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Node circuits

Determine the node analogous circuit of the following mechanical system
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Ideal Gears:

Composed of two cylinders that transmit motion from one gear side to the other using a set of identically 
shaped (same pitch and height)  teeth.  The teeth  do not slide on each other so that the circular arcs 
crossed by each cylinder (ignoring the teeth height) is equal. Under this condition the input and output 
power are equal
Ideal Gears motion equations:

𝑠1 = 𝑟1𝜃1 = 𝑟2𝜃2 = 𝑠2Distance transmission

Energy transmission(work W) : 𝑊1 = 𝑇1𝜃1 = 𝑇2𝜃2 = 𝑊2

Angles-torques teeth-number relations: 
The pitch angle p is equal for both cylinders→ 𝑝 =

2𝜋𝑟1
𝑁1

=
2𝜋𝑟2
𝑁2

→
𝑟1

𝑟2
=

𝑁1

𝑁2
=

𝑁1

𝑁2
=

𝜃2

𝜃1
==

𝑇1

𝑇2

Load and external torque reflection:
Let the source of the reflection be side 2 and the destination side1 and assume initially 𝑇𝑒𝑥𝑡2 = 0
The equation of the motion at side 2 is given by: 𝑻𝟐= (𝑱𝟐𝒔

𝟐 + 𝑫𝟐𝒔 + 𝑲𝟐) 𝜽𝟐 𝒔

Using the angle-torque-teeth relation the equation becomes:  
𝑁2

𝑁1
𝑻𝒓𝒆𝒇𝟏 = (𝑱𝟐𝒔

𝟐 + 𝑫𝟐𝒔 + 𝑲𝟐)
𝑁1

𝑁2
𝜽𝒓𝒆𝒇𝟏 𝒔 , so

𝑻𝒓𝒆𝒇𝟏 = (𝑱𝟐𝒔
𝟐 + 𝑫𝟐𝒔 + 𝑲𝟐) (

𝑁1
𝑁2
)2𝜽𝒓𝒆𝒇𝟏 𝒔
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External torque reflection: from the torque-teeth equation we can write 𝑻𝒆𝒙𝒕−𝒓𝒆𝒇𝟏=
𝑁1

𝑁2
𝑻𝒆𝒙𝒕𝟐

Considering the source impedances and external torque and the fact that side1 is the destination and side 2 is the source:

𝐽𝑑𝑒𝑠𝑡−𝑡𝑜𝑡 = 𝐽𝑑𝑒𝑠𝑡 + (
𝑁𝑑𝑒𝑠𝑡

𝑁𝑠𝑜𝑢𝑟𝑐𝑒
)2 𝐽𝑠𝑜𝑢𝑟𝑐𝑒

𝐷𝑑𝑒𝑠𝑡−𝑡𝑜𝑡 = 𝐷𝑑𝑒𝑠𝑡 + (
𝑁𝑑𝑒𝑠𝑡

𝑁𝑠𝑜𝑢𝑟𝑐𝑒
)2 𝐷𝑠𝑜𝑢𝑟𝑐𝑒

𝐾𝑑𝑒𝑠𝑡−𝑡𝑜𝑡 = 𝐾𝑑𝑒𝑠𝑡 + (
𝑁𝑑𝑒𝑠𝑡

𝑁𝑠𝑜𝑢𝑟𝑐𝑒
)2 𝐾𝑠𝑜𝑢𝑟𝑐𝑒

𝑇𝑒𝑥𝑡−𝑑𝑒𝑠𝑡−𝑡𝑜𝑡 = 𝑇𝑒𝑥𝑡−𝑑𝑒𝑠𝑡 + (
𝑁𝑑𝑒𝑠𝑡

𝑁𝑠𝑜𝑢𝑟𝑐𝑒
) 𝑇𝑒𝑥𝑡−𝑠𝑜𝑢𝑟𝑐𝑒

The system motion equation becomes:

𝑻𝒆𝒙𝒕−𝒅𝒆𝒔𝒕−𝒕𝒐𝒕 = (𝑱𝒅𝒆𝒔𝒕−𝒕𝒐𝒕𝒔
𝟐 + 𝑫𝒅𝒆𝒔𝒕−𝒕𝒐𝒕𝒔 + 𝑲𝒅𝒆𝒔𝒕−𝒕𝒐𝒕) 𝜽𝒅𝒆𝒔𝒕_𝒕𝒐𝒕 𝒔

Solution: we use  reflection on the destination:  side 1

𝑇𝑒𝑥𝑡−𝑑𝑒𝑠𝑡−𝑡𝑜𝑡 = 𝑇1 𝑠 = 𝑇 𝑠 , 𝐽𝑑𝑒𝑠𝑡−𝑡𝑜𝑡 = 𝐽1 + (
𝑁1

𝑁2
)2×0=1, 𝐷𝑑𝑒𝑠𝑡−𝑡𝑜𝑡= 𝐷1 + (

𝑁1

𝑁2
)2 × 0 = 1, 𝐾𝑑𝑒𝑠𝑡−𝑡𝑜𝑡= 0 + (

25

50
) 2× 4 = 1

Thus, 𝑇 𝑠 = 𝒔𝟐 + 𝒔 + 𝟏 𝜽𝟏 𝒔 = 𝒔𝟐 + 𝒔 + 𝟏
𝑁2

𝑁1
𝜽𝟐 𝒔 = 𝟐 𝒔𝟐 + 𝒔 + 𝟏 𝜽𝟐 𝒔 → 𝑮 𝒔 =

𝜽𝟐(𝒔)

𝑇 𝑠
=

𝟏

𝟐 𝒔𝟐+𝒔+𝟏

Uploaded By: 1201458@student.birzeit.eduSTUDENTS-HUB.com



Electromechanical systems modeling: Armature controlled DC actuator:

Objective: Determine the linear time invariant model and transfer functions 𝐺𝜃 𝑠 =
𝜃𝑚(𝑠)

𝐸𝑎(𝑠)
and 𝐺𝜔 𝑠 =

𝜔𝑚(𝑠)

𝐸𝑎(𝑠)
= 𝑠 𝐺𝜃 𝑠

of the DC armature controlled actuator.
Assumptions:
• DC-Steady state model → the inductive impedance = 0.
• Linear model.
• Elastic load torques and forces =0.
• Feedback e.m.f constant = 𝑘𝑏
• Current-torque constant= 𝑘𝑇

Equations:

𝑣𝑏 𝑡 = 𝑘𝑏
𝑑𝜃𝑚(𝑡)

𝑑𝑡
= 𝑘𝑏𝜔𝑚 𝑓𝑒𝑒𝑑𝑏𝑎𝑐𝑘 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 𝑐𝑜𝑢𝑝𝑙𝑖𝑛𝑔𝑠 (𝐹𝑎𝑟𝑎𝑑𝑦′𝑠 𝑎𝑛𝑑 𝐿𝑒𝑛′𝑠 𝑙𝑎𝑤𝑠)

𝑇 𝑡 = 𝑘𝑇𝑖𝑎 𝑡 𝐷𝑖𝑟𝑒𝑐𝑡 𝑐𝑜𝑢𝑝𝑙𝑖𝑛𝑔 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 − 𝑓𝑖𝑒𝑙𝑑 𝑖𝑛𝑑𝑢𝑐𝑒𝑑 𝑡𝑜𝑟𝑞𝑢𝑒

𝑒𝑎 𝑡 = 𝑅𝑎𝑖𝑎 𝑡 + 𝑣𝑏 𝑡 𝐴𝑟𝑚𝑎𝑡𝑢𝑟𝑒 𝑐𝑖𝑟𝑐𝑢𝑖𝑡 𝑚𝑒𝑠ℎ 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛

𝑇 𝑡 = 𝐽𝑚
𝑑2𝜃𝑚(𝑡)

𝑑𝑡2
+ 𝐷𝑚

𝑑𝜃𝑚(𝑡)

𝑑𝑡
𝑙𝑜𝑎𝑑 − 𝑡𝑜𝑟𝑞𝑢𝑒 𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛
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Substituting the first three equations in the forth one we obtain :
𝑅𝑎
𝑘𝑇

𝐽𝑚
𝑑2𝜃𝑚 𝑡

𝑑𝑡2
+ 𝐷𝑚

𝑑𝜃𝑚 𝑡

𝑑𝑡
+ 𝑘𝑏

𝑑𝜃𝑚 𝑡

𝑑𝑡
= 𝑒𝑎 𝑡

Applying Laplace transform and rearranging the equation we obtain:

𝐺𝜃 𝑠 =

𝑘𝑇
𝑅𝑎𝐽𝑚

𝑠[𝑠+
1

𝐽𝑚
𝐷𝑚+

𝑘𝑇𝑘𝑏
𝑅𝑎

]
𝐺𝜔 𝑠 =

𝑘𝑇
𝑅𝑎𝐽𝑚

[𝑠+
1

𝐽𝑚
𝐷𝑚+

𝑘𝑇𝑘𝑏
𝑅𝑎

]

Motor Torque-speed characteristic:
Substituting the first and second equations in the third we obtain:

𝑒𝑎 𝑡 =
𝑅𝑎
𝐾𝑇

𝑇𝑚 𝑡 + 𝑘𝑏𝜔𝑚 𝑡

which is a family of negative slope lines with stall torque 𝑇𝑚−𝑒𝑎−𝑠𝑡𝑎𝑙𝑙 =
𝑘𝑇

𝑅𝑎
𝑒𝑎 and   𝜔𝑚−𝑛𝑜_𝑙𝑜𝑎𝑑 =

1

𝑘𝑏
𝑒𝑎

The motor parameter can be computed experimentally using 
𝑘𝑇

𝑅𝑎
=

𝑇𝑚−𝑠𝑡𝑎𝑙𝑙

𝑒𝑎
and    𝑘𝑏 =

𝑒𝑎

𝜔𝑚_𝑛𝑜𝑙𝑜𝑎𝑑
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