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Sinusoidal Steady-State
Power Calculations

10.1 Instantaneous power

10.2 Average power & reactive power

10.3 The rms value and power calculations
10.4 Complex power

10.5 Power calculations

10.6 Maximum power transfer
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Overview

m Nearly all electric energy is supplied in the form
of sinusoidal voltages and currents (i.e. AC,
alternating currents), because

1. Generators generate AC naturally.

2. Transformers must operate with AC.

3. Transmission relies on AC.

4. It is expensive to transform from DC to AC.
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Example :
v(t) = 4 cos(wt + 60°) V
Z(jw) =2230° Q

Find p(t)

[= Y245 _ 5 /300 4
Z 2 £30°

~ i(t) =4 cos(wt+ 30°) A

p(t) = v(t) i(t)
= 4 c0s(30°) + 4 cos(2wt + 90°)
= 3.46 + 4 cos(2wt + 90°) 10
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Average Power : Real Power

1 (T 1
Py == f p(t)dt = 5 Vi Iy cos(6, — @;)
T J, 2
6, =06,—0;
1
Py = 3 Vi Im cos(6,)

1) For Resistor :
Gv—(bi:O i 9220

1 vm? Im?R
o Py = 2 Vin Im =

2R

2

Always positive for a resistor since they dissipate
energy

17
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Steady-State Sinusoidal Power Analysis

2) For Inductor : current and voltage are out of phase by 90
degrees ( current lags voltage)

6, — ®; = 90°

“ Py =10

3) For Capacitor :
6, —@; = —90°
“Pay =10

~ Reactive impedances (L and C )absorb NO average power

18
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Example :

Find the average power absorbed by each element .

2Q
AA"AY
= 10269 _ 353 ,15°4
2+j2 Orolsa’ v 20
1

Poy = 2 Vin Im COS(HV - (Z)L)
Pav,jz =0

2 2,
Pavz = B0 252 gy

19
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To calculate the average power supplied by the source.
20
A",
p _Vminm o (Z)
avys = 75 cos(6, — 9;) OoLso v 20
I, = 3.53
— 10 £60°
Vm =10V I=———=353215°4
2+ j2
6, =60° ; @, =15°
o Py ps= 10+3.53 cos(60° — 15°)
=125W 2
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Example :
| 12 .
N > Determine the average power
N absorbed by each resistor .
Ortss v ‘o 20 Determine tr_le total average
power supplied by the source .
_|_-j1 Q
12 £45° .
I, = % =5.36 £71.57° A

I;=1,+ I, =815 £62.1°A

im* _ 18 W
2

1) Pyg =
21

2) Py =22 _ 247w
20 =~ — = 24.

ENEE2301 — Network Analysis Steady-State Sinusoidal Power Analysis

=~ Total Average power absorbed = 46.7 W

Vi I
Py = - cos(6, — @;)

12 * 8.16
Py, = — cos(45 — 62.1)
P,y = 467 W

PVS: P4_Q+ P29+P_j

22
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Example :
Determine average power absorbed or supplied by each element .
I j1Q

»

1

R ,2 | Py 300 = > Vi I cos(6, — @;)

()12&’ \Y
20 0., 12+11.29
8LV — —— cos(30° — (=7.07))
=54 W

12 230° su

12 = —— =6230° pply
2

I = w =7.43 2 —36.19°

I,=1I,+ I, =11292—7.07°

Iym?.2

=36W

Pop =
20 »

ENEE2301 — Network Analysis 1Steady-State Sinusoidal Power Analysis

1
Ps o0 = E Vin Iy cos(6, — @;)
6

*7.43

== cos(0° — (—36.19°))

=18W absorbed

24
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Maximum Average Power Transfer Zry = Ry +jXry
— _ .
1 Zm | ZL RL +]XL
% R
C) Vi PL = —Lmz' L
_ Vru
ZrytZy,
— Vru
(Rry+RL)+j(XTH+XL)
2, R
PL — m."L

2

25
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b 1 Vi . R,
P72 Ry + RD? + Xy + X2
9PL _ . 9Py _
R, 0 : X, 0
AP, _ _ -2Viy Ry (XTH+XL)

0x,  2[(Rpy+Rp)?+j(XTy+XL)?]2

opPp,
FOI’ E == 0 4 XL - _XTH

P, _ Vi [RL+RrH) 2+(XTu+X1)?—2R, (R, +RTR)]

oR, 2[(Rry+RL)?+j(XTu+X1)?%]?
For Z%: 0 - Ry, = VR + Xry +X,)?
X, = —Xry
“ R,= Rpy 2%
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—_ *
ZL - ZTH
PL;max - Ry

27
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Example :Find Z; for maximum average power transfer .

Compute the maximum average power supplied to the load .

I O, = % ﬁ]

2
VTH = 4’ Loo N

O v z 24yt
Zry =40 2 +))Q

.4 = 5282—-946°V

. Zry = (1.4 + j0.43)Q
w Z, = (14— j0.43)Q

p = lVih
;max 8 Ry

Ppomax = 2489 W 28
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Example : Find Z; for maximum average power transfer .

Compute the maximum average power supplied to the Z;

i4Q -i20
::
_ 1 Zm |
Vx 20 I::I
+ 2|y O Ve
x <I> +
a/0 v
Vryg =21 —4 20°
i“Q .20 Vx +420°
— * YL = X"
ZL - ZTH it 2+j4

I_l’ : Vy= —21I

Vx 2Q
I=0.707 2 —45° A

: “ V= (E3-HV

=3.16 £198.43°

29
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_ Vru
frn =y
N Solving for Iy
40 _i ]
YL ’ZhQ Iy=(-1-j2) A
_ = 2.24 £243.43° A
Vx 20
A y In=lsc
Vx
+
vV
J I f Zpy = -2 =1412-45°0Q
4/0°V TH Iy
=1-j0Q

nZ,=Ziy =141245°Q =14/ Q

KVL for mesh 1:
. 2
Vi+ 420°= (2+j4)1-2I, o Plmax = 8";11 =125W
TH
Vy=2Uy—-D

KVL for mesh 2 :

—420°= =21+ (2—j2)Iy 30
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Effective or RMS Value

The effective value of a periodic voltage (current) is the dc

voltage (current) that delivers the same average power to a resistor
as the periodic voltage (current) .
it)

Yo kT

|
VW

AC

DC
Let v(t) =V, cos(wt + 6,) P = P,
P1 = V—n% V_Trzl — Ve?rf
2R 2R R
— Ve?’f — V_m 31
P, =4 Verr NG

ENEE2301 — Network Analysis Steady-State Sinusoidal Power Analysis

RMS : Root Mean Square
Let v(t) =V, cos(wt + 6,,)

Vems = \/% fOTVmZ cos?(wt + 6,) dt

Vams = Vm\/% fOT cos?(wt + 6,)dt

Veus = Vi \/% Jy 3(1+ cos 2(wt + 6,))dt
Vim

Veus = 5

32
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N =

Poy = Vin Im COS(HU - Qz)

Poy = Vims Lrms cos(6, — @;)
For a Resistor
Pov = Vims Lrms COS(HU - (Z)L)

Vims = R Lrms 0, —0; =0

34
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Apparent Power and Power factor
Poy = Vems Lyms cos(6, — @;)
Papparent = Vems Irms = Fa
Papparent Measured in- VA
PF= Power Factor
PF = cos(6, — @;)
~ P,= P,.PF

35
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1) For Resistor
0, —0; =0°
~ PF =1
2) For Inductor
0, — @; = +90°
~ PF =0
3) For Capacitor
6, — ®; = —90°

~ PF =0
4) For Inductive load
90°> 6, —9; >0°

36
~1>PF >0 lagging power factor

ENEE2301 — Network Analysis 1Steady-State Sinusoidal Power Analysis

5) For Capacitive load
0°> 6, —@; > —90°
~1>PF >0 leading power factor

PF = cos(68, — @;)

cos(a) = cos(—a)

Power factor is either leading or lagging referring to the phase of
current with respect to the voltage .

37
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Example :
Calculate the power factor seen by the source and the average power supplied by the source .
10Q 8Q
A% AAAY Z =10+ j4||(8—j6)
= 12.69 £20.62°Q)
4Q == -j6
40 /0° Vims 40£0°
Is = 7= 3.152 £ — 20.62°Arms

0,=0 :0,= ,—20.62°
PF = cos(8, — @;)

= c0s(20.62)

=0.936 lagging

The average power supplied by the source is equal to the
average power absorbed by the circuit . %

ENEE2301 — Network Analysis Steady-State Sinusoidal Power Analysis

Pov = Vems Lrms COS(BV - Ql)

Vims = 40 Vi

Lrms = 315 Apms

6, = 0°

6, = —20.62°

Py = 40 %3.152 cos(0 — (—20.62°))
=118 W

40
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11.877Q

Z =12.69 £20.62° IW\I
=11.877 + j4.469 Q r 14.469Q
Py = Ir%fns R oL
= 3.1522% % 11.877
=118 W

Also Py, = av;10Q T Pav;SQ + Pav;—j6 + Pav;j4

= Pav;lOQ + Pav;SQ

41
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Example :

An industrial load consumes 11 kW at 0.5 PF lagging from a
220 Vpps line . The transmission line resistance from the power
company to the plant is 0.2Q .

1) Determine the average power that must be supplied by the power
company .
2) Repeat (1) if the power factor is changed to unity .

020
* Load
O vs 220/0°| PF=0.5
Vims Lagging
42
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Load
PF=0.5
Lagging

Pav;Load = Vims Lrms - PF ‘,\/0-\2/5\1,_
V] _ Pavioad .
™S Ty s PF 0
O v 220/0°
11kW VrmS
= =100 4
220x%0.5 rms B
Poss = Irzms x0.2=2kW
PCW}SUP = Fav;Load + Pav; loss

=13 kW

43
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Pav;Load = Vrms-lrms .PF

Pav,Load
o = 28092 —50 4
rms Vrms PF rms

Pposs =

=11.5kW

020
———AM—
CD Vs 220/0°

Plant
PF=1

I2,s.R=50%02=05kW
o Payssup = 0.5 kW + 11 kW

44
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Example :

1:

Load 1:10 kW
Load 2: 5kW ;

~ 2300%0.95
2.288 £18.195° Apms

Find the power factor of the two loads .

10,000
2300%0.9

4.83 £ — 25.84° Apms

5000

I,=1+ I,=6782—12° Apps
PF = cos(6, — 8;) = cos(0° — (—=12°)) = 0.978 lagging

0.9 lagging PF
0.95 leading PF 0

24 —cos 109

2+ cos™10.95

2300/0° Vims E_ZI

45
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Ins

Complex Power

s

) Vrms

M)

Circuit

S = Vims - Irms €0s(8y, — ;) + j Vems - Lrms sin(6, — ;)
S=Fuy+jl
P, = Average Power in Watt

Q = Reactive Power in VAR

Vims = Vims 40y
Ips = Loms £20;
S = Complex Power

S = Vims - Irms

= Vims -Irms £ (91} - Q)L)

Papy= R {S}
0=3(s) *

STUDENTS-HUB.com
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S|: apparent power
(VA)

¢

P: average power
(watts, W)

m The complex power S (volt-amps, VA) is:

S=P+jO

O: reactive power
(volt-amp-reactive,
VAR)

47

ENEE2301 — Network Analysis 1Steady-State Sinusoidal Power Analysis

1) For pure resistance :
6, —@; =0
~ Qr=0
2)For pure inductance :
0, — @; = +90°
~ Qu=Vims Irms
Vims = WL Ly

Vidns
wL

~ Q= wlL Irzms =

48
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3) For pure Capacitance :
0, —®; = —90°

“ Qe = —Vems Irms

lrms = @C Vs
_ Lons
- Qe = ———

= —wc Vrrzns

49
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What are the VARs consumed by the circuit

30 40 20
@ 100 /10 Vims i 3
-j5Q 100 £10°
A = — = . / — . o
T L = =" =883 13.7° Apms

Q =100 * 8.84 sin(10° — (—13.7°))
Q = Vims - Irms sin(8, — @) = 355 VARs
Vs Iy = 102 Apms

4
I3
Z=Q2+j7||4-j5 + 3+j4

= 10.35 + j4.55 = 11.3 £23.7° Q

11 =
895 A

50
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Pov = Vems - Irms COS(Q‘U - (Z)l)
Q = Vims - Irms sin(6, — @;)

2 — tan(6, — 0;)

Pav

Q = Py tan(6, — 0;)
Q = P,, tan[cos™1(PF)]

S=PFy+jQ

=VP5+ Q? ¢ tan‘lpi

av

P =|S| = v Pa%: + Q2 apparent power

0, -0, = tan~1 =

Pay 51

ENEE2301 — Network Analysis Steady-State Sinusoidal Power Analysis

To increase PF , we need to decrease Q .

=~ For inductive circuit we add a capacitor in parallel to
increase the power factor .

52
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Total Power (average, Reactive and complex)

Povr = Pay1+ Payz2 + Payz+ -+ Pyyp

Qr = Q1+ Q2+ Q3+ -+ Oy

St =Puyr+j0r
=85 +85+85 +-—-+85,

53
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Conservation of AC Power

The complex, real and reactive power of the source equal the
respective sum of the complex, real and reactive power of the

individual loads .
|_>|S l|1 llz

—_— *
SSOU.TCE - Vrms . Irms ()
Vs

Z: y4)

= Vyms- (I1rms + [2rms) *
= Vims- Il:ms + Vims- Iz;ms

= Sl + SZ
The same results can be obtained for a series connection .

54
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Find the power factor of the two loads
Load 1: 10 kW; 0.9 lagging PF ¢ I n
Load 2:5 kW ; 0.95 leading PF 2300/ 0 I:LZ|
S1= Pay1+j0Qs
Q1= Pay1 tan[cos_l(PFl)] c_
= 4843 VARs
~ §1 = 10000 +j 4843 VA
S2= P2 +j0Q;
Q2 = —Pyy» tan[cos‘l(PFz)]
= —1643 VARs ~ §,=5000—-;1643 VA
55
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ST == Sl + Sz
= 15000 +; 3200
= 15337.5 £12.02° VA

PF = cos12.02°
= 0.978 lagging

56
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Power Factor Correction

Power Factor correction is the process of increasing the
power factor without altering the voltage or current to the original
load .

PF = cos(6, — 0;)

ForR: =~ For inductive circuit, we add a
capacitor in parallel to the load .

PF=1; =0
Qr Qc = Qrinat — Qinit
=~ To improve the power factor we

must decrease the Reactive Power . - _ 9 57

- 2
WViins

ENEE2301 — Network Analysis 1Steady—State Sinusoidal Power Analysis

Example : A certain industrial plant consumes 1 MW/ at
0.7 lagging power factor and a 2300 V., .

What is the minimum capacitor required to improve the power
factor to 0.9 lagging. (w =377 rad/s)

Qini = PaV .tan[cos_l(PFl)] Qc = QFinal - Qinit
= 1MW .tan[cos™1(0.7)] = —0.536 MVARs
=1.02 MVARs Vidis

Qc=— X_c

Qrin = Pw tan[cos_l(PFz)]

= P,, tan[cos™1(0.9)] 0
fC = =S =269 uF
= 0.484 MVARs Vrins

= —wc VT‘T%IS

58
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I
| Pav
I, = ———=621 A
() L 1MW mnt ‘/rms PF1 rms
() 23000 PF=0.7
v Vims Lagging

|_>I-n
P
ivw | Irin = = =483 A
v () 230000° 4 Vims PF,
S V”TIS

L]
(@]

PF=0.7
Lagging

59
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Is

0.05Q i0.5Q
Example : | ’ .

+

- [ [ g

0

Load 1: 8EkW ; 0.8 leading PF

Load2: 20kVA ; 0.6 lagging PF
1) Determine the power factor of two loads in parallel
2) Determine the apparent power required to supply the loads ; the
magnitude of the current I ; the average power loss in the
transmission line .
3) Compute the value of the capacitor that would correct the power

factor to 1 if Placed in parallel with the two loads . ( @ = 377 r/s)
4) Repeat step (2)

60
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Load 2: 20 kVA
P,,1 = 8000 W

81 =Py1+jQy
= 8000 - 6000 VA
P,, =20,000VA
Pyy2 =P, * PF, = 12000 W

w8y =Py +j0Q2
= 12000+, 16000 VA

Load 1: 8 kW ; 0.8 leading PF

;0.6 lagging PF

% Q; = — Py, tan[cos™1(PF;)] = —6000 VAR

PF, = 0.6 lagging

% Qp = Pg,, tan[cos 1(PF,)] = +16000 VAR

61
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SLT = Sl + Sz
= 20,000 +, 10,000
= 22360 £26.565° VA

S = Vims I;

- Syt _ 22360
= 2D =

Vrms

= 89.44 £26.565°
Since S, = 22360 £26.565° VA

& Py= |S,r| =22360 VA

. PF = cos(26.565°) = .8544 lagging

£26.565°

Arms

Puvioss = |Is|?.(0.05) =400 W

62
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3)  since S, = 20000+ 10 000
~ Qini = 10000 VAR
Qrin =0
“ Qc = Qpin — Qini = —10000 VAR

N C =— Qc

2
o Vs

63
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4) since Qpi, =0

© Sp= P, =20000 VA

% Py =P, =20000 VA

» Sp=2000020° VA
= Vims I

I* _ 20000 £ 0°
s o
25020

~ I, =8020° A
Povioss = |Is|2 -(0-05)
=320 W

=8020° A4

64
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Power Measurement
Wattmeter is the instrument for measuring the average power

Two coils are used , the high impedance voltage coil and the low
impedance current coil .
cC

P = Vims lrms COS(@,, - ei) i
vc Load

65

ENEE2301 — Network Analysis Steady-State Sinusoidal Power Analysis
Example :
Find the Wattmeter reading . 40  -j20
N AMAN—i
+
© 120 f0° vc 0 §1zn
Vrms
Z=4-j2 +(j9112)
=9.13224.32°
120 £ 0° o
I= 9132 2432° 13.14 2 — 24.32 Arms
P =(120)(13.14) cos(0 + 24.32)
=14369 W 66
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10.6 Find the average power dissipated in the 30 £
i resistor in the circuit seen in Fig. P10.6 if
MR e = 6 cos 20,000 A.

30§, 125pF

3010
Answer
+ - It
+ 20T -jent
5.&03* v, 11057 : 3007
_ Ia\J/ Y
v
l a T
Py = =|L,[*30 = 600 W
2 67

ENEE2301 — Network Analysis 1Steady-State Sinusoidal Power Analysis

10.21 The two loads shown in Fig. P10.21 can be described
as follows: Load 1 absorbs an average power of
60 kW and delivers 70 kVAR magnetizing reactive
power. load 2 has an impedance of 24 + j7.

0050 jos50
V.\-'
0050 050
The wvoltage at the terminals of the loads is Answer

2500V2 cos 120mt V.

a) Find the rms value of the source voltage.

b) By how many microseconds is the load voltage
out of phase with the source voltage? b) t = 126.62 ps

¢) Does the load voltage lead or lag the source
voltage?

AVO= 9514.86/2.735° Vrms

C) Vi lags V, by 2.735° or 126.62 ps

68
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10.26 The three loads mn the circuit in Fig. P10.26 can be
described as follows: Load 1 is a 240 £} resistor in
series with an inductive reactance of 70 );load 2 is
a capacitive reactance of 120 ) in series with a
160 £ resistor; and load 3 is a 30 ) resistor in series
with a capacitive reactance of 40 (). The frequency
of the voltage source is 60 Hz.

a) Give the power factor -~ of
each load.

b) Give the power factor of the
composite load seen by the voltage source.

Vg [Load 1] [Load2| [Load3]
69
Answer
a)
Zy =240 + 570 = 250/16.26°
pf = cos(16.26°) = 0.96 lagging
Zs = 160 — 5120 = 200/ — 36.87° )
pf = cos(—36.87") = 0.8 leading
Zy =30 — j40 = 50/ = 53.13° Q)
pf = cos(—53.13°) = 0.6 leading
b)
1
Z = 7= 3744/ —42.03° Q)
pf = cos(—42.03°) = 0.74 leading
70
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10.27 Three loads are connected n parallel across a 250 V
(rms) line, as shown in Fig. P10.27. Load 1 absorbs
16 kW and 18 kVAR. Load 2 absorbs 10 k VA at 0.6 pf
lead. Load 3 absorbs 8 kW at unity power factor.

a) Find the impedance that is equivalent to the
three parallel loads.

b) Find the power factor of the equivalent load as
seen from the line's input terminals.

Figure P10.27

+ |
250V (rms) 1 ] 2 3
Answer 3.) VA 250 1.875 + 40.6250 = 1.98/18.43° Q
—m— Ol 4 Ju aAE = 1. / o
b)  pf = cos(18.43°) = 0.9487 lagging 71
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10.28 The three loads in Problem 10.27 are fed from a line
having a secries impedance 0.01 + jO.08 (1, as
shown in Fig. P10.28.

a) Calculate the rms value of the voltage (V) at the
sending end of the line.

b) Calculate the average and reactive powers asso-
ciated with the line impedance.

¢) Calculate the average and reactive powers at the
sending end of the line.

d) Calculate the efficiency () of the line if the effi-
ciency is defined as

n= (’Plﬂani/!:,sunding cnd] X 100

0.010Q j0.08 Q

250 ¢
Vo (rms)
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[a] From the solution to Problem 10.26 we have

I, = 120 — j40 A (rms)

V, = 250/0° + (120 — j40)(0.01 + ;0.08) = 254.4 + j9.2
= 254.57/2.07° V (rms)

16,000

[b] L[=y
Pr = (16,000)(0.01) = 160W Q= (16,000)(0.08) = 1280 VAR
[c] P =30,000+ 160 = 30.16 kW s = 10,000 + 1280 = 11.28kVAR

30

— i — AT
[d] 7= 5575(100) = 99.47%

73
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10.34 A group of small appliances on a 60 Hz systecm
requires 20 kVA at (.85 pf lagging when operated at
125V (rms). The impedance of the feeder supplying
the appliances is (.01 + j0.08 €. The voltage at the
load end of the feederis 125V (rms).

a) What is the rms magnitude of the voltage at the
source end of the feeder?

b) What is the average power loss in the feeder?

¢) What size capacitor (in microfarads) across the
load end of the feeder is needed to improve the
load power factor to unity?

d) After the capacitor is installed, what is the rms
magnitude of the voltage at the source end of
the feeder if the load voltage is maintained at
125V (rms)?

e) What is the average power loss in the feeder
for (d)?
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[a] S = 20,000(0.85 4 j0.53) = 17,000 4 710,535.65 VA
12517 = (17,000 + 710,535.65); 1} = 136 + j84.20 A (rms)
I — 136 — j84.20 A (rms)
Vi, = 125 + (136 — j84.20)(0.01 + j0.08) = 133.10 + j10.04
= 133.48/4.31° V(rms)
[V, = 133,48V (rms)

[b] Pr=|I*(0.01) = (160)*(0.01) = 256 W

(125)?
[c] e

= —10,535.65; Xe = —1.48306 2

1
~ (1.48306)(1207)

1
——— = — 1.4 : ! = 1788.5
s, 1.48306; C 1788.50 uF

[d] Ir = 136 + jO A(rms)
V, =125 + 136(0.01 + j0.08) = 126.36 + j10.88
= 126.83/4.92° V(rms)

[Vs| = 126.83V(rms)

75
[e] Pr= (136)%(0.01) = 184.96 W
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