Basis and Dimension

Definition The vectors vy, V2, ..., Vv, form a basis for a vector space V if and only if
(1) vy,...,v, are linearly independent.
(i) vy,...,v, span V.

EXAMPLE |  The standard basis for R’ is {e;, e, e3}; however, there are many bases that we could

choose for R?. For example,
(1 1 1) ]
1{,]11].160
(] 0 1)

[HEBAY]

are both bases for R>. We will see shortly that any basis for R® must have exactly three

elements. B
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EXAMPLE 2 InR**?, consider the set {E;;, E2, Ea1, E»}, where

E“—[o 0] E”:[g é]

0 0 0 0
Br = | 0], Ezz=[0 1]

C1Ey + Epn + 3By +cuErp =0

(] o 0

Cy Cy B 0
SO0 ¢; = ¢ = ¢3 = ¢4 = 0. Therefore, E;, E\», E>;, and E,, are linearly independent.
If A is in R**?, then

If

then

A=anky +apnkn +anky +anky

2x2 - 2x2
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Standard Bases

In Example 1, we referred to the set {e;, e,, e3} as the standard basis for R°. We refer to
this basis as the standard basis because it 1s the most natural one to use for representing
vectors in R°. More generally, the standard basis for R” is the set e, e,. .., e,}.

The most natural way to represent matrices in R**“ is in terms of the basis
{E11, E12, Ep1, Exp} given in Example 2. This, then, 1s the standard basis for R>*2.

The standard way to represent a polynomial in P, 1s in terms of the functions
Lx,x,....xX"" and consequently, the standard basis for P, 1s {l,x,xz, N 3
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EXAMPLE 9 Determine N(A) if

Solution

Using Gauss—Jordan reduction to solve Ax = (), we obtain

11100_}11100
2 1 0 110 0O -1 =2 10

] 0 -1 1 |0 1 0 -1 110
1o =1t =2 1o} T lo 1 2 —1]0
The reduced row echelon form involves two free variables, x3 and x4.

X1 =X3— X4

Xy = —2.1'3 + X4
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Thus, if we set x3 = « and x4 = B, then

a—pf I —1
—2a + B -2 I
X = o =« | + B 0
0 I
Remark: P
In Example 9 of Section 3.2, we saw that N(A) is the subspace of R* spanned by the
vectors
1 —1
—2 1
‘ | l and 0
0 1

Since these two vectors are linearly independent, they form a basis for N(A).
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Theorem 3.4.1  If {v,va,...,V,} is a spanning set for a vector space V, then any collection of m
vectors in V, where m > n, is linearly dependent.

Corollary 3.4.2 Ifboth {v,,...,v,} and {u,,...,u,} are bases for a vector space V, then n = m.

Proof Let vi,vy,...,v, and uj,us,...,u, both be bases for V. Since v, vs,...,v, span
V and uj,uy,...,u, are linearly independent, it follows from Theorem 3.4.1 that

m < n. By the same reasoning uj,u,...,u, span V, and v, v,...,Vv, are linearly
independent, so n < m. O

In view of Corollary 3.4.2, we can now refer to the number of elements in any
basis for a given vector space. This leads to the following definition.

Definition | Let V be a vector space. If V has a basis consisting of n vectors, we say that V has
dimension n. The subspace {0} of V is said to have dimension 0. V is said to be

finite dimensional if there is a finite set of vectors that spans V; otherwise, we say
that V 1s infinite dimensional.
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Example (Dimensions of Some Familiar Vector Spaces).
dim(R™) =n
dim(P,) =n
dim(M,,,,,) = mn

Example (Dimension of span(s)).
If S = {vy,V,,...,v,.} is linear independent and W = span(S§), then
dim(W)=r

EXAMPLE 3 Let P be the vector space of all polynomials. We claim that P is infinite dimen-
sional. If P were finite dimensional, say of dimension n, any set of n + 1 vectors
would be linearly dependent. However, 1,x,x°, ..., x" are linearly independent, since
W[1,x,x%,...,x"] > 0. Therefore, P cannot be of dimension n. Since n was arbit-

rary, P must be infinite dimensional. The same argument shows that C[a, b] is infinite

dimensional. [
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Theorem 3.4.3  If V is a vector space of dimension n > 0, then

(I) any set of n linearly independent vectors spans V.
(II) any n vectors that span V are linearly independent.

N oY (1)
EXAMPLE4 Showthatl | 2], 11.10]} isabasis for R>.
3 0 |

Solution

Since dim R’ = 3, we need only show that these three vectors are linearly independent.
This follows, since

1 -2 1
2 1 0=2 M
3 0 1
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Theorem 3.4.4 IfV is a vector space of dimension n > 0, then
(*) no set of larger than n vectors can be linearly independent.

(1) no set of fewer than n vectors can span V.

(ii) any subset of fewer than n linearly independent vectors can be extended to
form a basis for V.

(ili) any spanning set containing more than n vectors can be pared down to form
a basis for V.

EXAMPLE The following three sets in R* show how a linearly independent set
can be enlarged to a basis and how further enlargement destroys the linear independence
of the set. Also, a spanning set can be shrunk to a basis, but further shrinking destroys

the spanning property.

1| [ 2] 1l [2]1 41y ([r]1 211417

0|, 3 O, 31.151|¢ 1O01|.131|.151].,|81¢

0 [O ] 0O LO ] 6] L LO] O] L6 ] 9]
Linearly independent A basis Spans R? but is
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SECTION 3.4 EXERCISES

3. Consider the vectors

R RN

(a) Show that x; and x, form a basis for R,
(b) Why must x,, X, X3 be linearly dependent?

(c) What is the dimension of Span(x,, X,,X3)?

Let
2 3 2
x =111, x= | —11. X; = ]6
3 4 4

(a) Show that x,, x>, and x5 are linearly dependent.
(b) Show that x; and x, are linearly independent. A F A7, A )

(¢) What is the dimension of Span(x,, x,, X3)?
/
S; 97%/7// 7), %WK,/
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3. (a) Since
‘2 4

1 3'=2#“

it follows that x, and x; are linearly independent and hence form a

basis for R?,

(b) It follows from Theorem 3.4.1 that any set of more than two vectors in

R? must be linearly dependent.

5. (a) Since
2 3
1 =1
3 4

it follows that x;, x3, x3 are linearly dependent.

(b) If e1%; + cox2 = O, then

2¢cy + 3eq
C1 — C2

3¢, + 4cp

2
6
4

I

=0

0
0
0

and the only solution to this system is ¢; = ¢; = 0. Therefore x; and

STUDENTS-HUB.co%z are linearly independent.
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7. anr the subspace § Gf@ﬂﬂnsisting of
all vectors of the form (a + b,a — b + 2¢,b.¢)",

where a, b, and ¢ are all real numbers. What 1s the
dimension of S?

8. Givenx; = (1, 1, ) and x, = (3, —1, 4}T
(a) Do x; and x, span R*? Explain. /? =
(b) Let x3 be a third vector in R and set X =

(X; X, X3). What condition(s) would X have

to satisty in order for x;, X, and x3 to form a
basis for R>?

(¢) Find a third vector x5 that will extend the set
[X;,X>} to a basis for R3.

74
73/{bj ) 2 a
‘ /x/;//-/ ) /
/ c

/%/7’;5 (on'?t ?”""//? S @WM@,
/¢ L""’% ﬂ:&b 3.
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@ }//\)4;(/91//9/6/4[)7; z, b, <, Aé//?i
; — Z [ﬁ(ﬂ?/ ﬂ—b425/,§/5)/r; A b, g/P} - ]p%

4 +b ) ; | i
- 4
’ 51;2 = & I A Y
0 ) 0
& O O [
l V, v, \/j
S:%Q%/V/sz/é)
[ L 0 0 AX =0
120 |R-R /D 1 o0 R Hh | oo P
0 00 2 o [Lz) 2 o |—>/[ o ) e T S
p o 0 o / <, @ I o p
v ¢ ] o0 n o | 0
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Cy Co C}
] | e v J / 0 O
——————
’ . Y @ & ) ) L
0 ) 0 .0

25V 0, uS s abeses Ar S

/

dim S = 5
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8 (a) Since the dimension of R3 is 3, it takes at least three vectors to span

R3. Therefore x; and x; cannot possibly span RZ.

(b) The matrix X must be nonsingular or satisfy an equivalent condition

such as det(X) # 0.

(c) If x3 = (a,b, C)T and X = {xlrxirxS) then

1 3 a
det(X)=|1 -1 b | =05a-—b—4c
1 4 c -
If one chooses a, b, and ¢ so that
T —

then {x;,x2,x3} will be a basis for R®.
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10. The vectors

[ 7 5)

L 7|X/¢O
I 2] | < x)=0
31, x4u=171]. xs=11
2 - 4 - 0

r r

span R*. Pare down the set {X;,Xy, X3, Xy, X5} tO
form a basis for R>.

11. Let S be the subspace of cﬂnsisting of all polyno-
mials of the form ax®> + bx + 2a + 3b. Find a basis

for S. _B 52/0@27;5%*5 -y b Cé//ej
S Y by y2a45b, 2, bé//‘)§ < I

6(%7+197+2Q+3}?, P Z[_i_jg_}o(/)ﬁv‘g )

Vo
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B o AN dim S = 7
10. We must find a subset of three vectors that are linearly independent. Clearly
x; and x2 are linearly independent, but
X3 = X3 = X

80 X, X2, X3 are linearly dependent. Consider next x;, xo, x4. If X
(x1,%2,X4) then

I

1 2 2
det(X)=|2 5 7|=0
2 4 4

so these three vectors are also linearly dependent. Finally if we set X
(x%1,%2,X5) then

1 2 1
2 4 0
so the vectors x;, x2, X5 are linearly independent and hence form a basis for

R®.
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14. In each of the following, find the dimension of the
subspace of @spanned by the given vectors:

l 2 . / '

yfﬂ')/j,{:\l,xl-l-l 7/7 S: 5770”/7/2—/,24’&.9(%”45:3
/

/6111_11124'1,12—1 ;’: 57%”/%/%'///7*//7/——’)

= Sl (9{/ X ol ) 2%) _éz[mﬁﬁ o4 X~ | 7’21
© 2 —x—Lx+1 (d) 2xx—2 W"/ 2 /
5 5 2l
@ Let S be the subspace nf@ consisting of all poly- | S
nomials p(x) such that p(0) =0, and let T be the N 2~
subspace of all polynomials g(x) such that g(1) = - | )
0. Find bases for =
(@ § (b) T (c) SNT - Zfz’/’"//j

= ——

= - Zi@
(§) }0[0)20

= 2 .

(7’) = T,z ?/?7/ 7-l, H+410 )s LT
{[/):o -_? 5(2 +5{,+5(9:O ___’—7 ﬂO:fQZ_C}/{ %

(S/J 7_) /7/0) 29 S_}) A, = o ~ 0{9; 6{9-’:9
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Z
E: Z &Z-Z%_{-%/’}C_{. %9 ' s

S:é &, 2* 4+ a < fﬁz/a;g/ﬁg
T:Z a, # + 4 x - (« %&Z)fﬁfz/q@]/?g
5//)/:2 dy ' - a, A R 5

@ A, 757_—!—5//?( - < ( 2?) 3 c, (x)

—Vfl Vs

P (VL) = S
L. T <&
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@ 5{1%2_/- &//Z«(%/+§/Z>:&(//Xf} ),,LQ’Z/?{Z,-/)
A

(g e e

— V,

Z_

26m (U, V2 ) = /]
S, 2t s L1 22
S x-t 20 2 s a beses fae T
(O axt _ a,x = o (x°x)
v spee, (V) = SﬂT ’
- x2S s L. I
§ x ol s xbews e S/ T
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