16

Fourier Series

Assessment Problems

AP 16.1

2T/3 1 /T /V 7
a, Vo dt (—m>dt:—Vm:7V
T/ T Jrys 3 9 d

2T/3 V.,
ay [ / Vi, cos kwot dt + / ( ) cos kwot dt]
21/3 \ 3

B ( 4V, ) . (4km sm 4k

- \BkwT 3 3
2T/3 V.,

[ Vi, sin kwot dt —I—/ —) sin kwot dt]

2r/3 \ 3

(3k:w0T) [1 - <4k77r>] N (%> [1 e <4k77r>]

AP 16.2 [a] a, = Tmr =21.99V

[b] a1 =-5.196 a2=2598 a3=0 as=—-1299 a5=1.039
by =9 by = 4.5 bs =0 by =225 bs = 1.8

[c] wo = (%T) = 50rad/s

[e] v(t) = 21.99 — 5.2cos 50t 4 9sin 50t + 2.6 sin 100t + 4.5 cos 100t
—1.3sin 200¢ + 2.25 cos 200t + 1.04 sin 250t 4 1.8 cos 250t + - - -V

AP 16.3 Odd function with both half- and quarter-wave symmetry.

6V,
vg(t) = (T) t, 0<t<T/6 a, =0, ar =0 for all k&
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162 CHAPTER 16. Fourier Series
b, =0 for k even
] [T/4
~° / F(t)sinkwot dt, K odd
T/ o
8 (T/6 16V, ‘ ] (T/4
= T/o (T) t sin kwot dt + T 6 Vin sin kwot dt
= (—12Vm> sin k—ﬂ
k22 3

12V, s 1 nmw
=y —sin—sinnwet V
2 n? 3
n=1,3,5,...

vy(t) =

AP 164 [a] A; = —5.2 —j9 = 10.4/—120°; Ay = 2.6 — j4.5 = 5.2/ — 60°
Ay =0;  Ag=—1.3—72.25=2.6/—120°
As =1.04 — j1.8 = 2.1/ — 60°
0, = —120°; 0y = —60°; 03 not defined;
0, = —120° 65 = —60°
[b] v(t) = 21.99 + 10.4 cos(50t — 120°) + 5.2 cos(100t — 60°)
+2.6 cos(200t — 120°) 4 2.1 cos(250t — 60°) + -- -V

AP 16.5 The Fourier series for the input voltage is

8A & 1

v; = = n:LZ?,@W (ﬁ sin n2_7r> sin nwy(t + 17'/4)

8A & 1 nmw

= — Z — sin? — ) cos nwot
2 2
n=1,3,5,...

n2

8A & 1
= — E — cos nwyt
2 n?
n=1,3,5,...

8A  8(281.2577)
2

- = = 2250 mV
s s

2w 2w
Wo = 7=

= 10° = 10
T = 2007
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Problems

o 1
v; = 2250 Z — COS 10nt mV
n
n=1,3,5,...

From the circuit we have

R+ (1/jwC) jwC 1+ jwRC

V, =

1
__YRC 10
1/RC + jw 100 + jw

Vi1 = 2250/0°mV; wo = 10 rad/s

2250
Vi3 = T/O_O = 250/0° mV; 3wo = 30 rad/s

2250
Vs = E/O_O = 90/0° mV; Swo = 50 rad/s

100
V, = ——(2250/0°) = 2238.83/ — 5.71° mV
Y= 1003 710" %) [=5.1"m
A% 100 (250/0°) = 239.46/ — 16.70° mV
03 = = = 46/ —16.70" m
> 7100 + 530
Vo5 = £(90/0°) — 80.50/ — 26.57° mV
P 7100 + j50 T TR

Vo = 2238.33 cos (10t — 5.71°) + 239.46 cos (30t — 16.70°)

+80.50 cos (50t — 26.57°) + ... mV

_2r 2w 3\ and
AP 16.6 [a] w, = - = 0‘27T(10 ) = 10" rad/s

<]
vy(t) =840 Y =sin - cosn10,000¢ V
n=1,3,5,.. 1V 2

= 840 cos 10,000t — 280 cos 30,000t + 168 cos 50,000t
— 120 cos 70,000t 4 - - - V

V1 =840/0°V; V5 = 280/180° V

Vg5 =168/0°V:  V,; =120/180° V
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16-4 CHAPTER 16. Fourier Series

HO =7 = 5o
f= Rlc = 101(()20) = 5000 rad/s
wf:%:%:%xlm
Hs) =57 500?)203825 % 108
H(jw) = 555 10835038i 5000w

' 24 x f(i‘j—?%?x o7 — 0-02/88817

. 7

Hs = T5% iy()1854i<j11?3 <107 098468
H = % _ 100
Hy = j35 x 107 — 0.14/ — 81.70°

—24 x 108 + ;35 x 107
V1 =V, H =17.50/88.81°V

V3 = VysHs = 26.14/ — 95.36° V

V5 = Vs Hs = 168/0° V

Vo =V Hy = 17.32/98.30° V

o = 17.50 cos(10,000¢ + 88.81°) + 26.14 cos (30,000t — 95.36°)
+ 168 cos(50,000¢) + 17.32 cos (70,000t + 98.30°) + - V

[b] The 5th harmonic because the circuit is a passive bandpass filter with a Q
of 10 and a center frequency of 50 krad/s.

AP 16.7 o % 107
Wo=—noia = 3rad/s
s02 (1/=3)02
1 .
v, O ZQEV,
jwok = 73k
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Problems 16-5

2 25V,
Vpi=—""— (V)= —"9 _
R 2—|—s+1/s(g) s2 425+ 1
VR 2s
H == e = —
() <Vg> s2+2s+1
76k

Hjwok) = HU3R) = o=+ ok

vy, = 25.98 sin wt V; Vy, = 25.98/0°V

76

= 0.6/ — 53.13°; Vr, = 15.588/ — 53.13° V
—8+]6 / ) Ry /

H(j3) =

(15.588/+/2)?

P = 5

= 60.75 W

vg, = 0, therefore P =0W
Vg, = —1.04 8in 5wt V; Vs = 1.04/180°

730

H(j15) = — 22
U18) = =517 730

=0.1327/ — 82.37°

Vi, = (1.04/180°)(0.1327/ — 82.37°) = 138/97.63° mV

(0.1396/+/2)?

P = 5

=4.76 mW; therefore P = P, =2 60.75W

AP 16.8 Odd function with half- and quarter-wave symmetry, therefore a, =0, ar =0
for all k, by = 0 for k even; for k odd we have

8 [T/8 8 (T/4
= —/ 2sin kwot dt + —/ 8 sin kwot dt
TJo T 1/8

_ (i) [1+3cos (T)] . kodd

Therefore C),, = (_—‘74> [1 + 3 cos (Eﬂ ,  nodd
nmw 4

AP 16.9 [a] Lms = \/% [(2)2 (Z> (2) + (8)2 (% - %)] — /34 = 5.7683 A
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16-6 CHAPTER 16. Fourier Series

—1712.5 1.5 0.9

[b] ) = JW : 03:]7; 05=‘77;
—171.8 —51.4 10.4
Cr = / ) 09:—] ) 0112]—

s s s

> 2
Tis = Jlgc +2 > (G2 \/ﬁ (12.52 + 1.52 +0.92 + 1.82 + 1.42 + 0.42)

n=1,3,5,...
= 5.777TA
5.777 — 5.831
[C] % Error = W x 100 = —093%

[d] Using just the terms Cy — Cy,

n=1,3,5,...

> 2
Lims = JIC%C + 2 Z |C|? = \/ﬁ (12.52 + 1.5%2 +0.92 + 1.82 + 1.42)

= 5774 A

5.774 — 5.831
% EITOI' = W X 100 = —098%

Thus, the % error is still less than 1%.
AP 16.10 T = 32ms, therefore 8 ms requires shifting the function 7'/4 to the right.

i= 3 = (1+3c0s ) ementt=T/)

n=-—oo

il (1 + 3cos E) p—i(n+1)(n/2) gineot
™ n 4

n=-—oo
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Problems 16-7

Problems

2
P 16.1 [a] Woa = T 7854 rad/s
8 x 1073
__ 2 _ 7854 kead/
ob = = . r
b = 80 % 1073 s
[b] fou = L _95Hs - —— —125H
T T T 8§x 107 B T RV ) o
50(4 x 1073)
=2 T ) o5y =0
le] @ 8 x 10-3 b
[d] The periodic function in Fig. P16.1(a):
Aya = 20V
T/4 2 k:t
Al = / 50 cos il dt
T J-1/4
100 T . 27Tk‘t T/4
= ———sin——
T 27k T -7/
100 | 7k
= ——sin —
wk 2
/T/4 . 27rk:t dt
a Osin ——
b T T/4

—100 T 27rk:t T/4
T 27k o T |7/

=0
The periodic function in Fig. P16.1(b):
ayp =0
axp = % [ /0 " 90 cos 27;kt dt + Tj;z/Lz 30 cos 27;kt dt]
2 [
T

60 T [ . 2mkt

T Tonk |PTNTT

3T/4 2wkt T 2wkt
/ 90 cos il dt + 30 cos 27 dt]

T/2 3T/4
T/2
o

3T/4 ) Ikt T

+sin ———
T/2 T 3T/4]

T/4 orkt
sin ——
0 T

T 27k

S —

60 T . 2mkt
T
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16-8 CHAPTER 16. Fourier Series

30 QSan—k P 37Tk‘ 120 i 7T_k‘
T Tk 2 7Tk:
Note that ayxp is 0 for even values of k.
2 | (T/4 2kt T/2 2kt
b :—/ 00 sin —2r” it 30sin — dt
kb = [ ; sin T + - sin T ]
2 | [3T/4 2kt T 2rkt
—— 90 sin —— dt 30sin —— dt
T |:/T/2 sin T + 3T/4 sin T ]
—60 T 5 o2kt |T/4 N 2kt |T/2
= ———— |3cos CO8 ——
T 27k T o T 14
—60 T 2kt 3T/4 N 2kt |T
————— |3cos cos
T 2rk T lrs2 T lsr/a
120
= [1 — cos(km)]
Note that by, is 0 for even values of k£ and equal to 120(2)/kn for odd
values of k.

[e] For the periodic function in Fig. P16.1(a),

100 & /1
v(t) =254+ —> (— sin % cosnwot> \Y%

™ =1 \n

For the periodic function in Fig. P16.1(b),

120 & 1
v(t) = — Z — (sin % cos Nw,t + 2sin nwot> \%

T op=135"1

P 16.2 [a] Odd function with half- and quarter-wave symmetry, a, = 0, a; = 0 for all
k, by, = 0 for even k; for k odd we have

T/4 4V,
=7 / Vi osin kwot dt = T k odd
4V e 1
and v(t) = > —sinnwetV
T p=135,. 7

[b] Even function: by =0 for k&

T/2 2V
Ay T/ Vi, s1n;tdt -
4 [(T/2 T 2V, 1 1
= — V., sin —t kwot dt =
ay T Jo s1nT cos kwy - (1—2k+1+2k5>
AV /7
1 —4k2
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P 16.3

STUBENTS-HUIE, cdit

Problems 16-9

2 1
and v(t) = ‘7: ll—l—QZ T in 2cosnw0t]\/

1 /T2 27 Vin
[c] ay = = Vsm(T)tdt —

T Jo
T/2 27 V 1 k
T/ V,, sin — T —tcos kwpt dt = - (%)
Note: =0 for k-odd _ 2Vm for k
ote: ap = or k-odd, ai = 0= ) or k even,

2 (T2 2
:_/ Vmsin—ﬂtsink‘wotdtzo for k=23,4,...
T Jo T

Vin
For k =1, we have b; = 7; therefore
Vi Vi 2V, &
v(t) = — + 5 sin wot + — _ 2%;6““ 12 €08 nwot V

In studying the periodic function in Fig. P16.3 note that it can be visualized
as the combination of two half-wave rectified sine waves, as shown in the figure
below. Hence we can use the Fourier series for a half-wave rectified sine wave
which is given as the answer to Problem 16.2(c).

wit)

a0

t
T T T T T T T T
-T 317/4 -T/2 -T/4 10 T/4 T/Z 3T/4 T
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16-10 CHAPTER 16. Fourier Series

i)

294

t

T 37/4 -T2 -T/4 0O T/4 T/2 3T/4 T

In using the previously derived Fourier series for the half-wave rectified sine
wave we note vy(t) has been shifted 7'/4 units to the left and v9(¢) has been
shifted 7'/4 units to the right. Thus,

o0 100 & 4T/
v1(t):—+25s1nwo(t+T/4)__ Z COS Nw, ( 4_2 / )V
T n=246 (1—n2)

Now observe the following:

sinw, (t + T/4) = sin(w,t + 7/2) = cos w,t

nm
cos nw,(t + T'/4) = cos(nw,t + nmw/2) = cos 5 cos nw,t because n is even.

50 100 & cos(nm/2) cos(nw,t)
t) = 2 + 25 coswet — —
vy (%) - + 25 cosw - n:zz;w =D
Also,
25 50 & cosnw,(t —T/4)
v (1) :—+12 Ssinw,(t —T/4) — — \Y%
T4 ;176 (1 —n?)
Again, observe the following:
sin(wyt — m/2) = — cosw,t
cos(nwet — nm/2) = cos(nm/2) cosnw,t because n is even.
25 5 & 2 ol
vy(t) = — —12.5¢coswot — — Y cos(nr/ )cozs(nw ) \Y
T T n=246 (1 —mn?)
Thus: V= vy + Vs
75 150 & 2 ot
v(t) = — + 12.5cos wot — — cos(nr/ )cozs(nw )
T LE— (1 —mn?)
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Problems 16-11

1 [T/ Ty 5
P 164 a, — —/ Vi~ [ Ymy 2y _gasnv
0 T Jr/a 2 8

9 [ f1/4 Ty,
ax = — / Vi cos kwot dt + / — cos kwot dt
T |Jo T/4 2

Vi . km 50 | km
= sin — = — sin —
k:on 2 k 2

T/4 TV
by [ Vi sin kwot dt + 5 sin kwgt dt]

T/4

= Vin [1—0 lm] 50[1—COS@]

k:on 2 k 2
totT 1 totT
P 16.5 [a] Iz = / sin mwot dt = ——— cos mwyt
to mwo to
—1
= ——[cosmwy(t, +T') — cos mwot,)
mwo
—1
= ——[cos mwot, cos mwyT — sin mwot, sin mwyT — cos mwyt,]
mwo
—1
= ——[cos mwot, — 0 — cosmuwpt,] =0 for all m,
mwo
o+T 1 otT
I; = / cos mwot, dt = [sin mwot]
to mwo to

1
= [sinmwy(t, + T') — sin mwot,]
mwo

1
= [sin mwot, — sinmwpt,] =0 for all m
mwo

totT 1 ftotT
[b] Is = / cos mwyt sin nwot dt = 5 / [sin(m + n)woet — sin(m — n)wot] dt
to to

But (m +n) and (m — n) are integers, therefore from I above, Ig = 0 for
all m, n.

tot+T 1 [totT
[c] Iy = / sin mwyot sin nwot dt = 5/ [cos(m — n)wot — cos(m + n)wot] dt
to to
If m # n, both integrals are zero (I; above). If m = n, we get
1 [to+T 1 T

I d i gt =1
- - t——/ IMnwot dt = — — 0 = —
Y 9 ), =~ COEmo 2 2
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16-12 CHAPTER 16. Fourier Series

tod T
[d] o= / cos muwot cos nwot dt
to

1 ftot+T
=3 [cos(m — n)wot + cos(m + n)wot] dt
t

If m # n, both integrals are zero (I; above). If m = n, we have

)
1 ptetT 1 [tetT T T
110:—/ dt—l——/ cos2mwptdt = — 4+ 0 = —
2 Jt, 2 Jto 2

2
P 16.6 f(t)sinkwot = a,sin kwot + Z @y, COS nwot sin kwot + Z by, sin nwyt sin kwyt
n=1 n=1

Now integrate both sides from t, to t, + 1. All the integrals on the right-hand
side reduce to zero except in the last summation when n = k, therefore we

have
totT T 9 ptotT

/ f(t)sinkwotdt =0+ 0+ by (§> or b= T f(t) sin kwot dt
to

1 [totT 1 0 T/2

T -T
Let t=—z, dt=—dx, :BZE when tZT

and =0 when ¢t=0

0 1 40 1 [T/2

1
Therefore T/—T/2 f(t)dt = T Joys f(—=x)(—dx) = —7 f(z)dx

T/2 T/2 Y
Theref L= / t) dt / t—0
erefore a T + = T

/ ) cos kwot dt + — / ) cos kwot dt
T T/2
Again, let t = —x in the first integral and we get
T/2
/ ) cos kwot dt = — = / ) cos kwox dx
T T/2
Therefore ar =0 for all k.
/ ) sin kwot dt + — / ) sin kwot dt
T T/2
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Problems 16-13

Using the substitution t = —x, the first integral becomes

9 [T/2
— / f(z) sin kwyx dx
T Jo
T/2
Therefore we have by, = T / ) sin kwot dt

P 16.8 / ) sin kwot dt + — / ) sin kwot dt
T T/2

Now let t = x — T'/2 in the first integral, then dt = dz, x = 0 when t = —T'/2
and x = T'/2 when t = 0, also
sin kwo(x — T'/2) = sin(kwox — k) = sin kwyx cos kw. Therefore

T/2
/ ) sin kwot dt = —— / ) sin kwyx cos km dr  and
T T/2
2 T/2
by = T(l — cos k) / f(z) sin kwot dt
0

Now note that 1 — cos km = 0 when k is even, and 1 — cos km = 2 when k is
odd. Therefore by = 0 when k is even, and

T/2
=7 / )sin kwot dt  when k is odd

P 16.9 Because the function is even and has half-wave symmetry, we have a, = 0,
ar = 0 for k even, b, = 0 for all £ and

T/2
ar = T / ) cos kwyt dt, k odd

The function also has quarter-wave symmetry;
therefore f(t) = —f(7/2 —t) in the interval 7/4 <t < T/2;
thus we write

T/4
=7 / ) cos kwot dt + — / ) cos kwot dt

Now let ¢t = (1//2 — ) in the second integral, then dt = —dx, x = T'/4 when
t =T/4 and x = 0 when t = T'/2. Therefore we get

4 T/2 4 T/4

—/ f(t) cos kwot dt =

T Jra T f(z) cos km cos kwox dx
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16-14 CHAPTER 16. Fourier Series
Therefore we have
4 T/4
ar = f(l — cos k) / f(t) cos kwot dt
0
But k is odd, hence
] (T/4
ar = T/ f(t) cos kwyt dt, k odd
0

P 16.10 Because the function is odd and has half-wave symmetry, a, = 0, a = 0 for all
k, and by = 0 for k even. For k£ odd we have

T/2
k T / SlIl k‘th dt

The function also has quarter-wave symmetry, therefore f(t) = f(T/2 —t) in
the interval T'/4 <t <T'/2. Thus we have

T/4 T/ 2
=7 / ) sin kwot dt + — / ) sin kwot dt

Now let ¢t = (7'/2 — z) in the second integral and note that dt = —dz, x =T/4
when ¢t =T'/4 and = 0 when ¢t = T'/2, thus

4 (T/2 ) 4 T/4 '
T Joa f(t) sin kwyt dt = — 1 o8 k:7r/0 f(z)(sin kwox) dx

But k is odd, therefore the expression for by becomes

P 16.11 [a] w, = — =7 rad/s
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Problems

[f] a, =0, function is odd
ap =0, for all k£; the function is odd

b, =0, for k even, the function has half-wave symmetry

8 T/4 )
b= = / Cftsinket,  kodd

] T/8 T/4
= — / — 8t sin kw,t dt + / — 0.04 sin kw,t dt
T 0 T/8

_ ;{Intl 4 Int2}

T/8
Intl = —8/ tsin kw,t dt
0

1 ) T/8
= —8 lk‘zwg sin kw,t — o cos kw,t . ]
-8 . km T
= 07 sin e + fon cos e
T/4 T/4  —0.04 k
Int2 = —0.04 / sin kw,t dt = cos kw,t = cos o
T/8 k:wo /8 kw, 4

ntl + Int2 -8 . k:7r+(—0.04+T> km
n nt2 = sin — coS —
k2w? 4 kw, kw, 4
T =0.04s
-8 . km
Intl + Int2 = 122 s1nI

—640 X sin(nw/4)

sin nw,t mA
w2 n?
n=1,3,5,...

16-15

P 16.13 [a] v(t) is even and has both half- and quarter-wave symmetry, therefore

STUBENTS-HUIE, cdit

recording, or likewise. For inf

a, =0, b = 0 for all k, ar = 0 for k-even; for odd k£ we have
8 [T/4 av,, . (lm)

ak:T ; Vmcosk:wotdt:ﬁsm 5

AV & 1 .
v(t) = — [— sin E] cos nwot V
1,35 2

T —izs.. LN
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16-16 CHAPTER 16. Fourier Series

[b] v(t) is even and has both half- and quarter-wave symmetry, therefore

=0, b = 0 for keven, ar = 0 for all k; for k~odd we have

T/4 -8V,
T/ (— — V) cos kwot dt = 272
-8V, & 1
Therefore v(t)=—% > —cosnwetV
T =135,
P 16.14 [a]
f(t)
3_
1
| |
T T T
1 8 | 8
—7
_3_

[b] a, = 0; ar = 0 for all k even; by = 0 for all k

T/4
For k odd, U = / ) cos kw,t dt

T/8 ] [T/4 Ut
T / ( ) cos kwyt dt + — T Jrss (6 — ?> cos kw,t dt
= Intl + Int2
8 [T/8 128 (T/8
Intl = T /0 cos kw,t dt + T / t cos kw,t dt
8 sin kw,t |1/8 +128 cos kw,t t . bt T/
= — — sin kw,
T kw, lo T2 k2w? kw, 0
kw, T = 2km; (kw,T)?* = 4k*7*
12 . k:7r 32 km
Intl = E — 4+ 12 [cos (Z) — 1] k odd
T/4 192 (T/4
Int2 = T / cos kwyt dt — T // t cos kw,t dt
B 4_8sin kw,t |T74 192 | cos kw,t t sin kot T/
T kw, T8 12 k2w? kw, © /8
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Problems 16-17

-12 . k:7r 48 km

Int2 = T sin — + 12 cos T k odd
ar = Intl + Int2
80 o8 k:_7r _ 32
k22 4 k22
80 T 32
— — — — =2.489
[c] a1 = 58T~
80 3r 32
as = W COS Z — W = —0.9971
2
as = 80 cos 5—7T 5 = —0.359

25m2 4 25m2
f(t) = 2.489 cos w,t — 0.9971 cos 3w,t — 0.359 cos bw,t — - - -
[d] f(T/8) =2.489 cos(m/4) — 0.9971 cos(3m/4) — 0.359 cos(bm/4) = 2.719
P 16.15 [a]
f{t) z00 -

200

100

t(s)

I T T 1 T
-5 0 g 10 1 20 25

_Sm -

[b] Even, since f(t) = f(—t)
[c] Yes, since f(t) = —f(1/2 —t) in the interval 0 < t < 10.

[d] a, =0, ap=0, forkeven (half-wave symmetry)

\_//_\

by =0, forall k (function is even)

Because of the quarter-wave symmetry, the expression for ay is

] [T/4
ar = f/o f(t) cos kwot dt, Kk odd

ti nc,, U er Saddle River, NJ. All rights reserved. This publication is protected by Copy F‘vavntten aj éj
STU mmﬂg reproductlon storage in a retrieval system, or transmission in any form or lﬁ) ré pyBJO rnat

recording, or likewise. For mformatlon regarding permission(s), write to: Rights and Permissions Department, Pearson ducation, Inc., Upper addle River, NJ 07458.



16-18 CHAPTER 16. Fourier Series

8 5, 2t KRt — 2 i
= %/0 10¢“ cos kwot dt = 4 lk‘z—wg cos kwot + = sin kwot )
2m km
ko (5) = k (—) 5) = 2T
wo(5) 20 (5) 9
cos(km/2) =0, since k is odd
2 (k*m?/4) — 2 . kwi —8 .
ap = g |}) + k:3—wg’ sm(knr/Q) = m sm(knr/Q)
2r ow , T2 g m
T 20 100 * 100’ 1000
E*m? — 800 |
ag = (W) sin(km/2)
00 2.2 00
f(t) = [%] sin(nm /2) cos(nwot)
n=135,..
[e] cosnwy(t —5) = cos(nwot — nm/2) = sin(nm/2) sin nwot
> [n2x%—-800] . ,
o= > 5 sin?(n /2) sin(nwot)
n=135,.. L
> [n?n?—800]| .
= Z 55 sin(nwot)
n=135,.. L
P 16.16 [a]
f(t) szo0
200 -
100 4
{(s)
-5 0 5 10 15 20 25
_lm -
_Zm -
_Bm -

[b] Odd, since f(—t) = —f(t)
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Problems 16-19

[c] f(t) has quarter-wave symmetry, since f(7/2 —t) = f(t) in the interval
0<t<4

[d] a, =0, (half-wave symmetry); ar =0, forallk (function is odd)

by =0, for keven (half-wave symmetry)

8 [T/4
— = / F(t)sin kwot dt, k odd
0

16 /5
= %/0 3 sin kwot dt

ARG 6 # 6t i
[ 2 5 sin kwot — sin kwgt — cos kwot + —— cos kwot

1A 4
ktwy kwo k3w 0

2m
kwo(5) =k (Eﬁj> (5) = 5
cos(km/2) =0, since k is odd

60 4.8 .
by = [k:? sin(km/2) — k4w4s1n(k:7r/2)]

0

km k272 kit
kwo =k ( > — ]{;2 2 _ — ]{54 4 _
0= 8\20) T 10 “0 7 100 0= 10,000

6000 8 .
by = 5 [ — 77%2] sin(kmw/2), k odd
6000 & 1 . .
f(t) = = n:ng,s,,,. [ﬁ ( — 7r2n2> s1n(n7r/2)] sin nwot
[e] sinnw(t —2) = sin(nwot —nm/2) = — cos nwyt sin(nr/2)
—6000 & 1 8
f(t) = o A [ﬁ (1 - 7T27”L2>] cos nwot

P 16.17 [a] i(t) is odd, therefore a, = 0 and by = 0 for all k.

f(O) =i(t) = Im— =57t, 0<t<T

4 (T/2 '
b, = f/o f(t) sin kw,t dt

T/2
= T/ ( — —t) sin kw,t dt

41, [ (772 9 [T/2
=7 l/o sin kwgt dt — f/o tsink:wotdt]
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1620 CHAPTER 16. Fourier Series

41, | — cos kwgt
T

T/2 2 (sinkwot  tcos kwot
0 T\ k2wd kwo

41, [1 —coskm  cos k‘?‘(‘]
- +

T/2
kwo 0 ]

T k:wo k:wo
4L, 2,
 kwoT krw

20, &1
) = 2 s L e
i(t) - ;nsmnw

[b] i(t) = 27ITm Z Esmnwo(t—l—Tﬂ)

P 16.18 wq(t + T'/8) is even, so by = 0 for all k.

VTS Ve
Y T 8

_4/T/8Vm i tdt—vm o km
ak—T . 2 cos kwy _k7rsm4

Ve Vi &1
Therefore, wvy(t+T/8) = 5 + — nzl - sin % cos nwot

Vin Vm
so  wy(t) = ? - Zﬁsm%cosnwo(t—T/é%)
n=1
Vm Vm Vin & 1 . .
v(t) = 7 ? — g (— sin — cos %) cos nwot + (ﬁ sin? %) sin nwot
5V Vi
= e + o Z (ﬁ sin n2_7r> cos nwot + (1 — COS n2_7r> sin nwot V

Thus, since a, = 5V,,/8 = 37.571V,
Vin . k:7r 30 . km

ay = sin — = —sin

2k ko2
and

Vi, km 30 km
b, = ok [1 — cos 7] = ; [1 — 0087]

These equations match the equations for a,, ax, and by derived in Problem
16.4.
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P 16.19

STUBENTS-HUIE, cdit

recording, or likewise. For inf

From Problem 16.1(a),

Ay = 25V = AO

100 .| n7w
a, = — sin —

nm 2
Therefore,

1
A, = ﬂ sin n

nm 2
and
-0, =0°

100 & 1
Thus, v(t) = 25+ — ) —sin % cos nw,t V
n=1

For the periodic function in Fig. P16.1(b):

120 . m™ 240

a, = — sin — and b, = — for n odd.
™ 2 ™
120 240
An/—Qn:an—jbn:—sin@—j—, n odd
E— ™ 2 ™
Therefore,
12
A, = 0\/5, n odd
nmw
and

0, = tan"'(—240/120) = —63.43°, n=1,5,9, ...
and

0, = tan~'(—240/ — 120) = 63.43°, n =3,7,11,...

120v5 & 1
V5 > = cos(nw,t — 63.43°)
7T

n=1,5,9,.. 10

Thus, v(t) =

1205 s 1
+ V5 > = cos(nw,t + 63.43°) V

T p=3,711,. 7
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16-22 CHAPTER 16. Fourier Series

P 16.20 The periodic function in Problem 16.12 is odd, so a, = 0 and a; = 0 for all k.
Thus,

An/ — 0y = an — jbp = 0 — jby = by — 90°

From Problem 16.12,

—-0.64 . km
b, = 312 sin R k odd
Therefore,

—0. 64 . km
A, = %2 —, k odd
and

—0, = —90°, n odd

4 ©  gin(nr/4
640 3 (nm/4)

n=1,3,5,...

Thus, i(t) = cos(nw,t + 90°) mA

2 n?
P 16.21 The periodic function in Problem 16.15 is even, so by = 0 for all k. Thus,
Anl =6, = an — jb, = an = a,/0°

From Problem 16.15,

Ay = 0= AO
n’m? —800 . nrw
ap, = ———— sin —
3n3 2
Therefore,

A = n*m? — 800 in T

3n3 2
and
-0, =0°
Thus, (1) 1 i n?m2 —800\ . nr ;
us = — ———— | sin — cos nw,
, LS n=1,3,5,... n’ 2
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Problems 1623
P 16.22 [a] The current has half-wave symmetry. Therefore,
a, = 0; ap =by =0, k even
For k odd,
T/2
=7 / ( — —t) cos kw,t dt
T/2 81, [T/2
=7 / 1,,, cos kwot dt — Tz / t cos kwot dt
41, sin kwot |1/2 81, [ cos kw,t N t . Fnt T/
== — sin kw,
T kwy o T2 k2w3 kwo 0 0
81,, |coskm 1
—0— _
T? | k2w k2w
&1, 1
41,, 20
= 2 = 2 for k£ odd
T/2
=7 / ( — —t) sin kw,t dt
41, [T/2 &I, [T/2 .
=7 sin kwot dt — Tz / t sin kwot dt
4l [ — cos kwot | T/ _ 81, |sin kw,t _ cos kint T/
ST | kwo |, T2 | k2w kwo 0 0
Al (1 —coskrn]| 8L, [—T coskm
T L k:wo ] T2 2]{5(4}0
8, H
N k:on 2
2[ 10
— Tﬂ for k odd
. 20 107 10 /2 . 10
ot =g~ =g (5 —7) = VPR H A=
k
where  tanf, = %
00 nm)? + 4
i(t)y=10 > ( )2 cos(nwot — 6,), 0, = tan"! o
n=1,35,... n 2
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16-24 CHAPTER 16. Fourier Series

[b] Ay = 10V4A+ 2 = 37.24A  tanf), = g 0, = 57.52°

10 3

A= SVITO 2 10.TIA  tanf; = ; 05 = 78.02°
10 5

A5 = -VAF BT 26337 tand; = g 0 & 82.74°
10 m o

Ar= VAT 2451A  tanfo= - 07 % 8480
10 9

Ag= VAFBIT 23507 tanby = g B 2 85.95°

i(t) =2 37.24 cos(wot — 57.52°) + 10.71 cos(3w,t — 78.02°)
+6.33 cos(bw,t — 82.74°) 4+ 4.51 cos(Tw,t — 84.80°)
+3.50 cos(9w,t — 85.95%) + ...

i(T/4) = 37.24 cos(90 — 57.52°) + 10.71 cos(270 — 78.02°)
+6.33 cos(450 — 82.74°) + 4.51 cos(630 — 84.80°)
+3.50 cos(810 — 85.95°) = 26.23 A

Actual value:

(T 1 o\

P 16.23 The function has half-wave symmetry, thus ay = by, = 0 for k-even, a, = 0; for
k-odd

4 [T/2 8Vin
ap = — Vi, cos kwot dt — —— e YEC cos kwot dt
T Jo T Jo

where p = [1 + e_T/zRC} .

Upon integrating we get

4V sin kwot T/2
= T k:wo 0
_8Vin e /e . | =08 Kuwot + kwo sin kwot "
T | (1/RC)? + (kwy)? RC 0 1 o
—8V,.RC

" T+ (kwoRC)?]
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Problems 16-25

4 [T/2 8Vim

by = 7/, V,,, sin kwot dt — p—T e t/BC gin kwot dt
4V}, cos kuwt T/2
T k:wo 0
8V, —e t/RC sin kwot Lk bt T/2
o7\ (1/RC)Z+ (kwo)? | RC o COSROT)

AV 8kwV, R?C?
ak T[4 (kwoRC)?

4V ?
P 16.24 [a] a} + b} = ai + (ﬁ + kaRCak>

= a? [1+ (kwoRC)?] + &m [W’” + kwoRCay,

7k

But —8V,,RC
"T T+ (kwoRC)?]
64V 2 R2C?

T2[1 + (kwoRC)2)2

Therefore af = { } ,  thus we have

GAVRREC® 16V GAV2hunREC?
T2[1+ (kwoRC)?Y  72%k2 kTl + (kwoRC)?]

az + b =

Now let o« = kwoRC' and note that T' = 27 /wy, thus the expression for
ai + b2 reduces to ai + b2 = 16V? /7?k*(1 + o?). Tt follows that

Vai+b: = AVn
7Tk‘\/1 + (kJWQRC)z

4V,
[b] br = kwoRCay, + ——
wk

by 4V, 1 2 1

Thus ——kaRC—l— = a— tor 1

ay wkay « «

Therefore % = —a = —kwyRC
k

P 16.25 Since a, = 0 (half-wave symmetry), Eq. 16.38 gives us

> 4V, 1
vo(t) = > cos(nwot — 6,) where tan#, = —
135,... M 1/1 4+ (nwoRC)? an

But from Eq. 16.57, we have tan 8 = kwoRC'. It follows from Eq. 16.72 that
tan B, = —ay /by, or tan 6, = — cot (,. Therefore 6, = 90° + (,, and
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16-26 CHAPTER 16. Fourier Series

cos(nwot — 0,,) = cos(nwot — (3, — 90°) = sin(nwot — F,,), thus our expression
for v, becomes

W & sin(nwot — )

T n=135,.. /1 + (nwyRC)?

P 16.26 [a] e *=1—xz for small z; therefore

Vo =

e_t/RC§(1—;—C> and e_T/zRC%(l—%>
VL= (t/RC) (VN [ 2t (T/2)
Vo = Vi = = T T O RO) _(RC>[2—(TﬂRCJ
*(7e) (- 7)=(Re) —are o vsreg

[b] a _(—8>V _(—8>(VmT>_ —4V,,
"T\rk2) " \w%2) \4RC) ~ mwoRCHK?
P 16.27 [a] Express v, as a constant plus a symmetrical square wave. The constant is

Vin/2 and the square wave has an amplitude of V,,/2, is odd, and has
half- and quarter-wave symmetry. Therefore the Fourier series for v, is

Vo 2V, &1
Vg = —F—+— Z — sin nwot
2 T p=13p5,. "

The dc component of the current is V;,, /2R and the kth harmonic phase

current is
2V, /km 2V,
I, = / = /= 6k
R+ jkwol  pr /R2 + (kwoL)?

L
where 6), = tan~! (kwo )

Thus the Fourier series for the steady-state current is
Vin n 2V, & sin(nwot — 60,,)

1 =

— A
2R T 55, ny/R? + (nwoL)?
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Problems 1627

The steady-state current will alternate between I; and I in exponential
traces as shown. Assuming ¢ = 0 at the instant 7 increases toward

(Vin/R), we have

m Vm —
iz%%—(h——)e VT ofor 0<t< =

and i = Le =T/ for T/2 <t < T, where 7 = L/R. Now we solve for
I, and I by noting that

Vin Vin\ _
L =Le™™? and ILh=—"+ (h — —) e T2

R R
These two equations are now solved for I;. Letting x = T'/27, we get
(Vin/R)e™
L =——"—
1+e®
Therefore the equations for ¢ become

. Lm —t/ T
= — | —_— T f <t < —
=7 [R(l 6_2)] e or 0<1¢ 5 and

Vin ]e—u—(m)}/r for L<t<r

B [R(l + e )

A check on the validity of these expressions shows they yield an average
value of (V;,,/2R):

1 T/2
Iavg = f{/(]

NN

Vi Vin r
o Ym _t/T] &t e~ l=@/21/7 gt
R + ( ! R) + T/2 c

Vi T Vin
= e ) (L - T
T{2R+T( 6)(1 R+2>}
Vin . Vin
= @ since Il—l—Ing
P 16.28 [a] From the solution to Problem 16.13(a) the Fourier series for the input
voltage is
AV & 1 .
Vg = — n:ng,s,,,. [ﬁ sin %] cos nwot V

Since V,,, = 0.57m V and T' = 107 ms, we can write the input voltage as

> 1
vy =2 Y [ﬁ sin (%)] cos 200nt V
n=135,...

2 2 2
= 2cos 200t — 3 cos 600t + H cos 1000t — - cos 1400 + - - -

We can phasor transform this Fourier series to get

V1 =2/0° wo = 200 rad/s
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16-28 CHAPTER 16. Fourier Series

V5 = 0.667/180° 3wo = 600 rad/s
Vg5 =0.4/0° 5wy = 1000 rad/s
Vg = 0.286/180° Two = 1400 rad/s

From the circuit in Fig. P16.28 we have

Vo Vo=V,
R—I— "7 + (Vo —V,)sC =0

s24+1/LC
2+ (s/RC)+ (1/LC)

Substituting in the numerical values gives
52 +10°
H =
()= 5205 + 107
96
96 + 50.8

64
64 4 j2.4

H(5200) = = 0.99997/ — 0.48°

H(5600) = =0.9993/ — 2.15°

H(51000) = 0

—96
H(]1400) - m - 09983/3340

Vo1 = (2/0°)(0.99997/ — 0.48°) = 1.9999/ — 0.48° V

V3 = (0.667/180°)(0.9993/ — 2.15°) = 0.6662/177.85° V
Vs =0V

V7 = (0.286,/180°)(0.9983/3.34°) = 0.286/ — 176.66° V
o = 1.9999 cos (200t — 0.48°) + 0.6662 cos (600t + 177.85°)

+0.286 cos(1400t — 176.66°) + ... V

[b] The 5th harmonic at the frequency 1/1/LC = 1000 rad/s has been
eliminated from the output voltage by the circuit, which is a band reject
filter with a center frequency of 1000 rad/s.

4A4 = 1
P 1629 v;=— > —sinnw(t+T/4)
T p=13p5,...
44 & 1
= — Z (— sin @> cos nwot
T p=135,. \1 2
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Problems 1629

2 4A
wo = L %100 = 10,000 rad/s;  —— = 120
47 T
© 1 n
v; = 120 Z (— sin —) cos 10,000nt V
n=13,5,.. \1 2
From the circuit
V; ‘ ‘ ‘
o= JwlL = J2 = I

R+ jwL R/L+jw ' 30,000 + jw
Vi1 = 120/0° V; w = 10,000 rad/s
Vi3 = —40/0° = 40/180° V; 3w = 30,000 rad/s

Vs = 24/0°V; 5w = 50,000 rad/s

710,000 ) )
Vo1 = : 120/0°) = 37.95/71.57° V
' 30,000 + ]10,000( [0°) /
730,000 ] )
Vo3 = : 40/180°) = 28.28/ — 135° V
730,000 + ]30,000( [180°) [=135°
50,000
V=12 (24/0°) = 20.58/30.96° V

30,000 + 750,000
Vo = 37.95 cos(10,000¢ + 71.57°) + 28.28 cos(30,000¢ — 135°)

+20.58 cos (50,000t + 30.96°) + ... V

Vo -V, V.
P 16.30 [a] 01 9 4 Vp(12.5 x 1075s) + 1080 =

1 1 v
Vo |— +12.6 x 10~ — | =
0|76 T 126X 107 + o = g

V(1000 + 0.2s* + 16s) = 1000V

B 5000V,
07 52 1805 + 5000
% 5V,
~ 1000 s2 4 80s + 5000
I 5
V, 52+ 80s + 5000
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16-30 CHAPTER 16. Fourier Series

)
(5000 — n?wd) + j80nwo

H(njuwy) =

2
wo = % = 240m; wi = 57,6007m; 80wy = 19,2007
H(jnwy) = b

e __(5000—-57ﬁ00ﬂ2n2)4—j19200Wn
H(0) =

H(jwy) =8.82 x 1079/ — 173.89°

t:

(
(

H(j2wp) = 2.20 x 107/ — 176.96°
(j3wo) = 9.78 x 1077/ = 177.97°
(

H(j4w) = 5.5 x 1077/ — 178.48°

080 _ 136071 t+ L cos2 t+ L cos3 t+ L cosd t+
v - — COS W — COS 2w — COS oW —— COS 4w
97 r 137715 T35 T 63 0
680 1360
g = — x 107 — ——(8.82 x 107%) cos(wot — 173.89°)
s 3m
1360
_"EEEF(Q .20 x 107°%) cos(2wot — 176.96°)
1360 .
—E@ 78 x 1077) cos(3wot — 177.97°)
1360
_W(E) 5 x 1077) cos(dwot — 178.48°) —

= 216.45 x 107% + 1.27 x 107 cos(2407t + 6.11°)
+6.35 x 107 cos (4807t + 3.04°)
+1.21 x 107° cos(7207t + 2.03°)
+3.8 x 107 cos(9607t + 1.11°) —
ip = 216.45 + 1.27 cos(2407t + 6.11°) mA

Note that the sinusoidal component is very small compared to the dc
component, so

ip = 216.45mA (a dc current)

[b] The circuit is a low pass filter, so the harmonic terms are greatly reduced
in the output.
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P 16.31

STUBENTS-HUIE, cdit

recording, or likewise. For inf

Problems 16-31

The function is odd with half-wave and quarter-wave symmetry. Therefore,

ap =0, for all k; the function is odd

b, =0, for k even, the function has half-wave symmetry

8 T/4 )
b= / U f(t)sinkent,  kodd

éjpyﬁo rnat

8 T/10
= — / 100¢ sin kw,t dt + / 5sin kw,t dt
T 0 T/10
— 5 (Int1 + e2)
T
T/10
Intl = 100/ tsin kw,t dt
0
T/10
=100 [k‘%)g sin kw,t — o cos kw,t . ]
~ 100 sin km 10T o8 km
k22 5 kw, 5
-5 T/4 ) k
Int2 = / 5sin kw,t dt = cos kw,t = cos o
T/10 kw, /10 kw, 5
100 | knm ) 10T km
Intl + Int2 = R sm? (k:wo - k:wo> coS =
10T = 10(0.5) = 5
00 . k=
Intl 4+ Int2 = 202 sin &
8§ 100 9 km 100 km
by [T.47r2k:2 T]Sm?_ﬂk? sin = k odd
100 & i )
i(t)=— Y, %sinnwotA
T n=135,... n
From the circuit
Vo
H(s) = — = Zuq
Ig
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16-32 CHAPTER 16. Fourier Series

1 1

4 sC
R1+R2—|—SL+S

Y;eq:

82 + S(RlRQC + L)/RlLC + (R1 + Rg)/RlLC

Ty =

Therefore,

20,000(s + 400)
2 4 10,4005 + 450 x 107

H(s) =

We want the output for the third harmonic:

_27r_27r

Wy = T 05 = 4m; 3wy = 127
1001 . 3« o
Igg = ?5 Slng = 107&
20,000(712 400
H(j127) = 000(j127 + 400) = 1.78/0.403°

(j127)2 + 10,400(j127) + 450 x 107
Therefore,

Vs = H(j12m) 1,5 = (1.78/0.403°)(1.07/0°) = 1.9/0.403° V
Vo3 = 1.9sin(127t + 0.403°) V

2T 2T

P16.32 w,= — =— x 10° =200 k
6.32 w T =107 % 0 00 krad/s
3 x 106 5 x 106
"= axip - T oaxae 2
g 1
sy~ Yo — (1/RC)s
V, 2+ (1/RC)s + (1/LC)
1 1012 1 103) (1012
— = 10°%; 0 I€ Ly BRPYINETIE
RC (250 x 10%)(4) LC 10)(4)
10%s
H(s) =
() = 1055 + 25 x 1002
jw x 106
H(jw) = 2

(25 x 102 — w?) + 7105w
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Problems 16-33

15th harmonic input:
vg15 = (150)(1/15) sin (157 /2) cos 15w,t = —10cos 3 x 10°t V
V15 = 10/ — 180° V

73

= 0.1843/79.38°
16 + 53 [79.38°

H(j3 x 10%) =

V15 = (10)(0.1843)/ — 100.62° V
Vo15 = 1.84cos(3 x 10%¢ — 100.62°) V

25th harmonic input:

vga5 = (150)(1/25) sin(257/2) cos 5 x 10°¢ = 6 cos 5 x 10tV

Vo5 =6/0°V

H(j5 x 10°) = =1/0°

79
Vo5 =6/0°V

Vo5 = 6cosb x 105tV

171 /T T 3l
P 16. === (21, 420, =2
6.33 [a] a T[2(2> 3 ] A

(1) = ="t 0<t<TY/2
i) = = <t<71/
i(t)=1In  T/2<t<T

T/2 9] T
ar = / —t cos kw,t dt + — / 1, cos kw,t dt
T T/2

= %2 " _(coskm — 1)
T/2 2], 2 (T
b, = T/ —tsmk‘wotdt—l— T Jrss 1, sin kw,t dt
B _%
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16-34 CHAPTER 16. Fourier Series

31, —21,,
av:T> a1 = 72 a2:07
I, I,
b= by=
1 ) 2 2t
9 2 1 1
Lins=1I\| —+ —+— + — = 0.80401,,
\/16 + w4 + 272 + 872
Loms = 4.02A

P = (4.02)*(2500) = 40.4kW

[b] Area under i*:

T/2 A]?
= mt2dt
a= [ Iy
412 t3 T/2

12 3

T
+ 12—
o 2

1
_12T[ +§]

rms _le — =4, 0825 A
-\ 5T = |3

P = (4.0825)?(2500) = 41.67kW

2
= —T12

40.4
[c] Error = (41.67 1) 100 = —3.05%
17T
1 _V V
P 16.34 [a] av—g—f
T/4
=7 / — —t] cos kw,t dt
4V, km
= 232 1 — cos 5
b, =0, allk
200
b= — =050V
=y
800
ay = ?
800 400
a2 =7 — (1 —cosm) = 5
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Problems
1 800\ 2 400\ 2

Vims = 50)2 + — (—) (—) = R81.28V

\l( )+ 2 [ 2 * 2

(81.28)2

P = = 16.516 W

400

[b] Area under v?; 0<t<T/4
320,000 640,000
2 — 4 _ ) ) 2
v = 40,000 - St St
T/4 320, 000 640, 000
_2/ 40,000 — =t + 2| dt = 6666671

1
Vims = T6666.67T = V6666.67 = 81.65V

P = V6666.67 /400 = 16.667 W

16.516

— _1)100 = —0.904
16.667 >00 0.904%

[c] Error = (

0 & 1
P 16.35 vy =10 — — Z —2cosnwotV

2
T p=135,. 1

2r 27

wozTZEx103=500rad/s
80 80
=10 — — cos 500t — — cos 1500t + .
2 972
sL
| ]
1!
Ug(:: ﬁ‘{ RT V,
VoV, Vo
_ CV,+—==0
N7 +s +R

V,(RLCs® + Ls + R) = RV,

1/LC
$2+s/RC + 1/LC

Vo
g

16-35

"éjpyﬁornat
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16-36 CHAPTER 16. Fourier Series

1 106

S ————
LC  (0.1)(10)
1 106 _
_ hd = 1000v/2
RC  (504/2)(10)
106
H(S) 2 5) 6
s2 + 1000v/2s + 10
‘ 106
H(jw) = — =
106 — w? + j1000w+/2
H(j0) =1

H(5500) = 0.9701/ — 43.31°

H(j1500) = 0.4061/ — 120.51°

80
vo = 10(1) + —(0.9701) cos(500¢ — 43.31°)

80
-3 (0-4061) cos (1500 — 120.51°) + .

v, = 10 + 7.86 cos(500t — 43.31°) + 0.3658 cos(1500t — 120.51°) + ...

7.86\%  [0.3658\°

2
P%h—l.&’)w

502

Note — the higher harmonics are severely attenuated and can be ignored. For
example, the 5th harmonic component of v, is

&0
Vo5 = (0.1580) (25

2) cos(2500t — 146.04°) = 0.0512 cos (2500t — 146.04°) V
T

P 16.36 [a] v = 30 + 60 cos 2000¢ + 20 cos (8000t — 90°) V

i =3+ 4c0s(2000¢ — 25°) + cos(8000¢ — 45°) A

P =(30)(3) + %(60)(4) cos(25°) + %(20)(1) cos(—45°) = 205.83 W
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Problems 16-37

[b] Vims = J(:ao) + (602> + (j—%)z —53.85V

8 %:J ( ) ( >_4.18A

/6 36V2 T T
P 16.37 [a] Area under v*= / 2 dt 4 212 (§ — E)
V,,%T V,,%T
9 3

1 /2vz2r V2T 2 1
Theref s = A | — m m =V.\=+=-=T4.
erefore V, \IT ( 9 + 3 ) V, 9 + 3 74.5356 V

[b] From Asssessment Problem 16.3,
vy = 105.30 sin wot — 4.21 sin dwpt + 2.15sin Twet + -+ -V

105.30)% + (4.21)% + (2.15)?

P 16.38 [a] v, has half-wave symmetry, quarter-wave symmetry, and is odd

a, =0, ap =0 all k, by =0 k-even

g [T/4
= / F(t)sin kwt dt, k-odd
0

] T/8
=7 { Vi sin kw,t dt + / — sin kwot dt}
0

8V, [ cos k:f,uot]T/8 n &V, [ cos k:f,uot]T/4
0 T

T kw, 2T kw,

/8
8V, L km N 8V kr 0
T ket | A T 2Tk, |©
_ 8Vim 1— k_ﬂ + l k_ﬂ-
= T cos — = + 5 cos —
A km 1
- 1- T Che— 4
— { 0.5 cos 1 } k:[ 6 — 8cos(km/4)]
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16-38 CHAPTER 16. Fourier Series

by = 16 — 8cos(m/4) = 10.34
1
by = 5[16 — 8cos(3m/4)] =17.22

1
bs = 5[16 — 8cos(bm/4)] = 4.33

10.342 4 7.222 4 4.332
Vg(rms)%Vm\/ + 5 + =9.43

[b] Area— 2 [2(4@2 (%) + (212 (%)] — 102°T

1
Vy(rms) = /= (1072)T = V107 = 9.935

9.43

[c] % Error = (m

- 1) (100) = —5.08%

480 1 1 1 1
P 16.39 [a] v(t) = —{sinw,t + 3 sin 3w, t + £ sin bw,t + — sin Tw,t + 9 sin Qw,t + - - -
T

7

o M0 LN N N N Y
o VW2 3v2 5v/2 V2 9v/2

_ B0 1+1+1+i+i

T2 25 49 ' 81

= 117.55V

117.55
[b] % error :( 120 —1) (100) = —2.04%

960 1 1
[c] v(t) = — {sin Wt + 9 sin 3w,t + % sin bw,t

1 1

— Esm?auo + 8—1s1n9w0 — }

v ~ 960 1+1+1+ 1 +1
T p2/2 625 2401 = 6561
= 69.2765 V

120
Vims = —= = 69.2820V

V3

69.2765
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Problems 16-39

340 680 (1 1
P 16.40 [a] v(t)~ — — — {—coswot+ — 08 2w,t + }
T T L3 15
340N\2 /680N |/ 1 \° 1 \?
e~ | () + (5) |(55) + v
T T 3v2 15v/2
340 1 1
1+4 — | =120.0819V
T + (18 * 450)
170
[b] Vi = —= = 120.2082
V2
120.0819
% error (120.2082 ) (100) 0.11%

170 340
[c] v(t) = — + 85sinw,t — —— cos2w,t
us 3m

170N\2 [ 85 340 \?
J ™ (f ) (?M w)

1

% error = —0.23%

P 16.41 [a]

=) |
=g |

Area under i?:

T/8 16 \?2 T/4 24 \ 2
A =4 / (1 —t) dt (6——t> dt
[ 0 + T + T/8 T
T
4

T T
-4 [§+ ~ 4+ g+9T—4.5T—9T++2.25T+3T—0.0375T
_ur
3
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16-40 CHAPTER 16. Fourier Series

11T
rms - 1 915

[b] P =12 (100) = 366.7W
[c] From Problem 16.14:

a; = 2.489A

ig ~ 2.489 cos wot A

2.489\°
P= (222 (100) = 309.76 W
( V2 ) (100)

308.76
[d] % error — (m — 1) = —1552%
P 16.42 [a] Half-wave symmetry a, =0, ax = b, =0, even k
T/44],, 161, [T/4
ap = T/ —t cos kwot dt = T2 /0 t cos kwot dt

161, cosk:wot_l_ t T/4
T2 k23 kwo 0

16y [, T o kr 1
= sin — — ——
T2 dkwo 2 kw2

21, | . (km 2
ap = ﬁ lSIH (7) - %‘| s k—odd
T/44], 161, [T/4
b, = T/ —t sin kwot dt = T /0 t sin kwot dt
_ 161, [sinkwet ¢ T/4 A, “in k:7r
T2 k2w3 kwy 0 - 2k2

[b] ai — jbi = 2%{[ (%) - %l - [J% (l%ﬂ)”

sin kwgt

cos kwot

k
21, 2 2
a — jby = —{(1 _ —) —]—} 0471,/ — 60.28°
T T T
21, 2 2
az — jbs = — {(—1 — —) +7 (—)} = 0.261,,/170.07°
3T 3T 3T -
21, 2 /2
o= 2 (1 2) (V) it sa
T 5 5
21, 2 /2
a7 — jby = — {(—1 — —> +7 (—)} = 0.101,,/175.23°
i T T —
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Problems 1641

ig = 0.471,, cos(wpt — 60.28°) + 0.261,, cos(3wot + 170.07°)
+0.111,, cos(bwot — 8.30°) + 0.101,, cos(Twot + 175.23°) 4 - - -

onmy % (5)

AT7)? .26)2 11)2 .10)2
gIm\/(o 7)% + (0.26) ;(0 )2+ (0.10) _ 0.39L.,
T/4 74 \? 32712 B3\ (T/4 AT
[d] Area 0 Tt dt <T2><3>0 6

1 (12T I
I,=.==2=)="2=041],
g T<6> V6

timated 0.39271,,
w_1> 100:( )—1> 100 = —3.8%

] % ervor = ( e

exact
P 16.43 Figure P16.43(b): t, = 0.2s; t, = 0.6s
v=50t 0<t<0.2

v=-50t+20 02<t<0.6

v=25t—-25 06<t<1.0

0.2
Areal= A, = 2500t dt = —

0

0.6 40
Area 2 = Ay = / 100(4 — 20 + 25¢2) dt = —

0.2

1.0 40
Area?):Ag:/ 625(t% — 2 + 1) dt = —

0.6 3

100

A+ Ay + Az =

1 /100 10
V;ms = T <—> =—=V

1\ 3 V3
Figure P16.43(c): t, = t, = 0.4s
v(t) =25t 0<t<0.4
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CHAPTER 16. Fourier Series

50

ot) = S(t-1) 04<t<1

0.4 40
A, = / 625¢% dt = —
0 3

1.0 2500 6
Ay = —(t2—2t—|—1)dt:—
04 9 3
100
AL+ Ay =

Vims = \/%(Al—l—Ag) - \/% (%) —

Figure P16.43(d): t, =t, =1

v=10t 0<t<1

1
A = / 10082 dt = —
0

3 V3
P 1644 O, = A, =l 1 _Vm
> T 2

Vm '6—jnw0t T
= ) (—jnwot — 1

T2 -_ngwg( ]nwo )]0

V. '6—jn27rT/T o
SR e (N Fullly A

7% | —n*wd ( y

Vo [ 1 4 1
=75 _nzwg(l + jn2rm) — oo
—]V—, n==1,4+2 43, ...

2nm
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Problems 16-43

P 16.45 [a] V}mS:\/%/OTgﬂdt:\/%/oT (%>2t2dt
V2t3 T
=V,
_\/E_&
3 V3
(150/v/3)?

P=-——"">"—"=300W
25

[b] From the solution to Problem 16.44
150

C(] = —— = 75V,
2
150 75 150 37.5
Cr=j-—=J—; Co=j—=J——
27 T 47 T
150 25 150 18.75
03236—23—; Co=j——=7
T T 8 T

Vims = \lcoz+2z |Ctn|2

n=1

= 85.13V
(85.13)?
P = = 289.88 W
e 25
289.88
% error = ( 200 1) (100) = —3.3™%

1 (T/4 , V., [ e dnwot
P 1646 C, = — v, einwot qp — Zm | £
T 0 T —JNWo

T/4
|

Vi [ oonm (1 nw)]
= in — — — —
2mn i 2 J €08 2

v(t) = Z C,, et

1 (T/4 Vin
C,=A,=—= V,dt = —
T Jo 4
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16-44 CHAPTER 16. Fourier Series
or
C - Vin lim [sm(mr/Q) —jl — cos(mr/Q)]
21 n—0 n n

Vo [<w/2> cos(n/2)  (m/2) sm@m/z)]

o 0 1 J 1
_EF q_ﬁ
“orl2 Y T

Note it is much easier to use C, = A, than to use L’Hopital’s rule to find the
limit of 0/0.

P 16.47 [a]

[b]

STUBENTS-HUIE, cdit

recording, or likewise. For mformatlon regarding permission(s), write to: Rights and Permissions Department, Pearson

(/)T _ Va
Comav="—p——=7

/2 2V,
n —t —Jjnwoet dt
-7},

2Vm 6—jnwot T/2
== —jnwet — 1
T2 [_ngwé( ]nw ) 0
Vm —jnm
= 277,27'('2[ 7 ( ]n’ﬂ'—l—l)—l]

Since e /"™ = cos nm we can write

Vin
= 1 - VYm
C 52,72 (cosnm — 1)+ j S cos nmw
54
C,=— =135V
4
5,
oy = — +j= = 10.10/12248° V

C, = 10.19/ —122.48°V
1
Cy= —]ﬁ = 4.30/ = 90°V
Cy = 4.30/90° V
-6 .9 ]
C_y=— +j— = 2.93/101.98° V
T T
Cy =293/ —101.98° V
6.75
Ca=—j—— =215/ 90°V
Cy = 2.15/90° V
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recording, or likewise. For inf

Problems

[c]

+ »

Ay
62 .52

2500 WV,

ll—"\,u"\f\,—ll
1

Q«::

A

m

ur
- ——

m

&l
a—— || — =

Vo Vo Vo=V
250  sL 62.5

(250LC's* + 5sL + 250)V, = 4sLV,

=0

(4/250C)s
2+ 1/50C + 1/LC
16.000s
H(s) = i
(5) = 2 % 10%s £ 4 x 1010
2 2

i
= —=—x10°=2x 10°
w T = 107 ¥ 0 x 10” rad/s

H(j0) =0

:H(S) =

78k
100(1 — k2) +

H(j2 x 10°k) = 0%

Therefore,

H_, =0.8/0°
—j16
—300 — 520
—j24
—800 — 530
—732
—1500 — 540

H, = 0.8/0°

H_y = = 0.0532/86.19°;

H_3 = = 0.0300/87.85°;

= 0.0213/88.47°;

H =
The output voltage coefficients:

Co=0

C_1 = (10.19/122.48°)(0.8/0°) = 8.15/122.48° V

Oy =8.15/ — 122.48°V

C_5 = (4.30/ = 90°)(0.05/86.19°) = 0.2287/ — 3.81° V

Cy = 0.2287/3.81° V
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Hy = 0.0532/ — 86.19°

H, = 0.0300/ — 87.85°

Hy = 0.0213/ — 88.47°
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CHAPTER 16. Fourier Series

C_3 = (2.93/101.98°)(0.03/87.85°) = 0.0878/ — 170.17° V

Cs = 0.0878/170.17° V
C_4 = (2.15/ = 90°)(0.02/88.47°) = 0.0458/ — 1.53° V
Cy = 0.0458/1.53° V

4 4
[d] V;ms = \lcoz +2Z |61n|2 = \122 |Ctn|2
n=1

n=1

S \/2(8.152 + 0.22872 4 0.0878% + 0.04582 = 11.53V

(11.53)?
P = = 531.
srg = 93L95mW

72
P 16.48 [a] Vims = \/ / —t) dt

T/2

1 [4v2 3
T| T2 3

—_
o

4
Vims = o = 2205V

V6

[b] From the solution to Problem 16.47

[c] % Error = (

Co = 13.5; C5| = 2.93
Cy| = 10.19; Cy| = 2.15
|Cs| = 4.30

V,(rms) & 1/13.52 + 2(10.192 + 4.302 + 2.932 + 2.152) = 21.29V

21.29

—— — 1) (100) = —3.44
22.05 >(00) 3.44%

P 16.49 [a] From Example 16.3 we have:
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Problems 16-47

A =1801V 0, =45, Ay =1273V, =00
Ay =6V,  03=135,  Ay=0, As=36V, 05=45
As =424V,  06=90°, Ay =257V, 6;=135°,  As=0

Ay (V) 8 ldeg;

il 135
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14 an
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o1 2 3 4 5 B 7T 8 0 1 2 3 4 B B 7 4
k k
b an + 7by

[b] Cn:%y C_n:%_oz

Co=a,=10V  C3=3/135°V  Cs=2.12/90°V

Cy = 9/45°V C_3=3/—135°V C_g=2.12/—90°V
C1=9/—45°V Cy=C_4=0 Cr =1.29/135° V
Co=6.37/90°V  C5=18/45°V  C_;=1.29/—135°V
C_5=637/—90°V C_5=18/—45°V
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=
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P 16.50 [a] From the solution to Problem 16.33 we have
I, I,

Ap = ap — jby = 2k2(cosk57r—1)+] p
Ay =0.751,, = 3.75 A
5

5
Ay = —(=2) +j= = 1.89/122.48° A
T

T2

5
Ay = j— = 0.796/90° A
2T
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1648 CHAPTER 16. Fourier Series

5 5
Az = ——(=2) + j— = 0.542/101.98° A
972 3

5
As= - = 0.398/90° A

5
2572

5
As = (~2) +jz = 0.321/97.26° A

5
Ag = j— = 0.265/90° A
o

A @ ars

35 -
5 -
25 1

2 4

0796

0542
T T 1

0 @ 2mn 3@y 4o Sm. Bwn nwg

o @ 2won 3@a dmp o Gon M%a

[b] Co = Ay = 3.75mA
C) = %Al/ﬁ — 0.945/122.48° A
C_1 = 0.945/ — 122.48° A
Oy = %AQ@ — 0.398/90° A
C p =0.398/ — 90° A

1
Cs = §A3@ =0.271/101.98° A
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Problems

C 5 =0.271/— 101.98° A

Cy = %AM@ = 0.199/90° A

C 4 =0.199/ — 90° A

;= %A@ _0.161/97.26° A
C_5=0.161/ —97.26° A

Co = %AG@ — 0.1325/90° A

C_¢ =0.1325/—90° A

ICaltA ;3?5
35
3_
25
2_
15
0.945 0.045
1_
0.398 0398
0.13250.161 0.199 0.271 T IO.S- I T 0271 0199 g 161 g 1305
e ¢ ¢ ) T e o
T T T T T o T T T T ||"|
5 5 -4 =3 -2 -1 ©o 1 2 3 4 5 &
80 150 71 12248
[ ] 10198
100 % o 9 9728 gy
. e * o
50
T T T T T —0—@ T T T T T —
5 5 -4 3 -2 - 1 2 3 a4 5 8
_50_
0
o 726 10198
. . 122360 -
L ]
-150

[a] v = Ajcos(wot —90°) + Az cos(3w,t + 90°)
+As cos(bwet — 90°) + A7 cos(Tw,t + 90°)

[b] v(=

— A sinw,t + Az sin 3w,t — As sin bw,t + A7 sin Tw,t
t)

v(=t) = —o(t);

—Aisinw,t + Az sin 3wt — Assin bw,t + Ay sin Tw,t

odd function
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P 16.52

CHAPTER 16. Fourier Series

[c] v(t —T/2) = A;ysin(w,t — ) — Az sin(3w,t — 37)
+As sin(bw,t — b)) — Azsin(Tw,t — 7m)
= —A;sinw,t + Assin 3w,t — As sin dw,t + Ay sin Tw,t
v(t —T/2) = —v(t), yes, the function has half-wave symmetry
[d] Since the function is odd, with hws, we test to see if
(T2 =1) = f(t)
f(T/2 —t) = Aysin(m — w,t) — Assin(3m — 3w,t)
+ A5 sin(bm — bw,t) — Azsin(7m — Tw,t)
= A sinw,t — Assin 3w,t + Assin bw,t — Ar7sin Tw,t

f(T/2 —1t) = f(t) and the voltage has quarter-wave symmetry

[a] i = 8.82cos(250t 4+ 90°) + 0.98 cos(500t — 90°) + 0.353 cos (750t + 90°)
+0.18 cos (1000t — 90°) A
= —8.82sin 250t 4 0.98 sin 500t — 0.353 sin 750t + 0.18 sin 1000t A

[b] i(t) = —i(—1), Function is odd
[c] Yes, Ay=0, A,=0 forneven

] L= \/8.822 +0.982 +20.3532 +0182 oo

[e] C_i =4.41/—90°A; Cy = 4.41/90° A
C_3 = 0.49/90° A; Cy = 0.49/— 90° A
C_5 =0.177/=90° A; Cs = 0.177/90° A
C_7 = 0.09/90° A; C7 =0.09/— 90° A

i = j0.09e 7710 — j0.177e777% 4 j0.49¢ 750
—j4ALe 0 4 j4 4170 — 049670

+50.177¢7™% — 50.09¢71000F A
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Problems 16-51
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P 16.53 From Table 15.1 we have
3
s
H(s) =
(5) (s+1)(s2+s+1)
After scaling we get
3
H'(s) = .
(s 4+ 2500)(s% + 2500s + 625 x 10%)
27r 2T
o= T 10° =
w T = 1007 0° = 5000 rad/s
—i8n3
H'(jnw,) = Jon

(14 72n)[(1 — 4n2) + j2n]
It follows that
H(j0)=0
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16-52 CHAPTER 16. Fourier Series

. _]8 o
H(jw,) = ‘ — = (0.992/60.255
(jewo) (1+72)(—3+52) [60.2557
4 —564
H(j2w,) = 4 — = (0.9999/28.97°
(720) (1+ j4)(—15 + j4) [28.97
A A 24 X2 cosnwyt
) = =+ Zsinwt — — —
(1) - + 5 Sinw n:;w’ RO
= 270 + 1357 sinw,t — 180 cos 2wt — --- V
v, = 0+ 420.84 sin(5000¢ 4 60.255°) — 179.98 cos(10,000¢ + 28.97°) — --- V

P 16.54 Using the technique outlined in Problem 16.18 we can derive the Fourier series
for vy(t). We get

800 & 1
vg(t) = 100 + —- > — COS W, l
n=1,3,5, "

The transfer function of the prototype second-order low pass Butterworth
filter is
1

H(s) = ——
(s) 24425+ 1

where w. = 1 rad/s

Now frequency scale using ky = 2000 to get w. = 2 krad/s:

4 x 108
H(s) = ok
52 4 2000v/2s + 4 x 106
H(j0) =1
4 x 108
H(j5000) = — e — 0.1580/ — 146.04°
(45000)2 + 2000+/2(j5000)2 + 4 x 106
4% 106
H(j15,000) = — * = 0.0178/ — 169.13°
(j15,000)2 + 2000v/2(515,000)2 + 4 x 106

Ve = 100V

800 , .
Vg = ﬁ/iv

800 , .
Vg3 = W&V
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Voge = 100(1) = 100V

800
Vor = —(0.1580/ = 146.04°) = 12.81/ — 146.04° V

800 . .
Vos = | 5(0.0178/ — 169.13°) = 0.16/ — 160.13° V

Vo(t) = 100 + 12.81 cos(5000t — 146.04°)

+0.16 cos(15,000¢ — 169.13°) + - -+ V

Problems 16-53

-V

2(2.5m)  4(2.57) cos 5000t
P 16.55 v, = (25m) _ 4(25m) cos — 5 (10/3) cos 5000t —
s 4—1
H(j0) = 1
H(j5000) = 10° — 0.04/ — 163.58°
P T 100 25 % 109) 1 5y x 108
Vo(t) = 5 — 0.1332 cos(5000¢ — 163.587) — - -- V

P 16.56 [a] Let V, represent the node voltage across Rs, then the node-voltage

equations are

Vo=V, VW,
— + V,sC Vo —V,)sC1 =0
7 +R2+ sCy + ( )sC

0-V,

3

=0

(0 — ‘/;1)502 +

Solving for V,, in terms of Vj yields

—1
Yo _ 1) = G,

S

% 2 . 1 (L L) _ ARy
g St rm\ata)St nmrac

It follows that
s Ri+ Ry
°  RiRyR3C1Ch

ﬁ_i(i+i>
_Rg 01 02

w(aa)
K,=—
Ry \Cy + Cy

Note that

w,

_R Ca 1 (1, 1
Ry (CH—Cz) R (Cl + Cz) s
Ri1+R>

H(s) = :
i s+ (mhnde)
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16-54 CHAPTER 16. Fourier Series

[b] For the given values of Ry, Ro, Rs, Cy, and Cy we have

—400s
H —
(5) = 22005 +10°

8)(2.25m%) X 1

g:

w2 n=1.35, 1
1 1
=18 [cos Wol + 9 cos 3wt + %5 cos bwet + -+ | mV
= [18 cos wyt + 2 cos 3w,t + 0.72 cos bw,t + - - -| mV
2
o = é % 10* = 10* rad/s
—400jk10* — ik
H(jk10%) = Lk - AN
108 — k2108 + j400k10* — 25(1 — k2?) + jk
Hy = —1=1/180°
H. :-—;ZEL——zcnn5m08w
5T 200443
H, :-——:iz——:(HM8&@O4§
T 600+ 55

Vo = —18 cos w,yt + 0.03 cos(3w,t + 90.86°)
+ 0.006 cos(bw,t +90.48°) + - - mV

[c] The fundamental frequency component dominates the output, so we
expect the quality factor ) to be quite high.

[d] w, = 10" rad/s and 8 = 400 rad/s. Therefore, Q = 10,000/400 = 25. We
expect the output voltage to be dominated by the fundamental frequency
component since the bandpass filter is tuned to this frequency!

P 16.57 [a] Using the equations derived in Problem 16.56(a),

K _&< & >_4ﬂ
° R, \Ci+Cy/) 313

1 /1 1
— — (= + —) =2000 rad
ﬁ Rg (Cl_l_Cg) re /S
W? Bt ls e g8

© " RiRyR5C,Ch
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—(400/313)(2000) jnw,
16 x 10® — n2w? 4 j2000nw,
C —j(20/313)n
(1 —n2) + 50.05n

[b] H(jnw,) =

—j(20/313) 400

H(jw,) = — L0029 2 98
(o) = —5050) 313
—j(20/313)(3) o
H(j3w = (0.0240/91.07
(3wo) = == 015 [91.07°
‘ —j(100/313)
H(jbw,) = ———= = 0.0133/90.60°
Ubwo) = =51 7025 /
4A X1
vg(t) = — > —sin(nm/2) cos nw,t
T p=135,. 7
A =15.657rV

Problems 16-55

vg(t) = 62.60 cos wyt — 20.87 cos 3wyt + 12.52 cos bw,t — - - -

Vo(t) = —80 cos wyt — 0.50 cos(3w,t + 91.07°)
+ 0.17 cos(bw,t + 90.60°) — --- V
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