
11
Balanced Three-Phase Circuits

Assessment Problems

AP 11.1 Make a sketch:

We know VAN and wish to find VBC. To do this, write a KVL equation to
find VAB, and use the known phase angle relationship between VAB and VBC

to find VBC.

VAB = VAN + VNB = VAN − VBN

Since VAN, VBN, and VCN form a balanced set, and VAN = 240/− 30◦V, and
the phase sequence is positive,

VBN = |VAN|//VAN − 120◦ = 240/− 30◦ − 120◦ = 240/− 150◦ V

Then,

VAB = VAN −VBN = (240/− 30◦) − (240/− 150◦) = 415.46/0◦ V

Since VAB, VBC, and VCA form a balanced set with a positive phase sequence,
we can find VBC from VAB:

VBC = |VAB|/(/VAB − 120◦) = 415.69/0◦ − 120◦ = 415.69/− 120◦ V

11–1
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11–2 CHAPTER 11. Balanced Three-Phase Circuits

Thus,

VBC = 415.69/− 120◦ V

AP 11.2 Make a sketch:

We know VCN and wish to find VAB. To do this, write a KVL equation to
find VBC, and use the known phase angle relationship between VAB and VBC

to find VAB.

VBC = VBN + VNC = VBN − VCN

Since VAN, VBN, and VCN form a balanced set, and VCN = 450/− 25◦ V, and
the phase sequence is negative,

VBN = |VCN|//VCN − 120◦ = 450/− 23◦ − 120◦ = 450/− 145◦ V

Then,

VBC = VBN − VCN = (450/− 145◦) − (450/− 25◦) = 779.42/− 175◦ V

Since VAB, VBC, and VCA form a balanced set with a negative phase
sequence, we can find VAB from VBC:

VAB = |VBC|//VBC − 120◦ = 779.42/− 295◦ V

But we normally want phase angle values between +180◦ and −180◦. We add
360◦ to the phase angle computed above. Thus,

VAB = 779.42/65◦ V

AP 11.3 Sketch the a-phase circuit:
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Problems 11–3

[a] We can find the line current using Ohm’s law, since the a-phase line
current is the current in the a-phase load. Then we can use the fact that
IaA, IbB, and IcC form a balanced set to find the remaining line currents.
Note that since we were not given any phase angles in the problem
statement, we can assume that the phase voltage given, VAN, has a phase
angle of 0◦.

2400/0◦ = IaA(16 + j12)

so

IaA =
2400/0◦

16 + j12
= 96 − j72 = 120/− 36.87◦ A

With an acb phase sequence,

/IbB = /IaA + 120◦ and /IcC = /IaA − 120◦

so

IaA = 120/− 36.87◦ A

IbB = 120/83.13◦ A

IcC = 120/− 156.87◦ A

[b] The line voltages at the source are Vab Vbc, and Vca. They form a
balanced set. To find Vab, use the a-phase circuit to find VAN, and use
the relationship between phase voltages and line voltages for a
y-connection (see Fig. 11.9[b]). From the a-phase circuit, use KVL:

Van = VaA + VAN = (0.1 + j0.8)IaA + 2400/0◦

= (0.1 + j0.8)(96 − j72) + 2400/0◦ = 2467.2 + j69.6

2468.18/1.62◦ V

From Fig. 11.9(b),

Vab = Van(
√

3/− 30◦) = 4275.02/− 28.38◦ V

With an acb phase sequence,

/Vbc = /Vab + 120◦ and /Vca = /Vab − 120◦

so

Vab = 4275.02/− 28.38◦ V

Vbc = 4275.02/91.62◦ V

Vca = 4275.02/− 148.38◦ V
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11–4 CHAPTER 11. Balanced Three-Phase Circuits

[c] Using KVL on the a-phase circuit

Va′n = Va′a + Van = (0.2 + j0.16)IaA + Van

= (0.02 + j0.16)(96 − j72) + (2467.2 + j69.9)

= 2480.64 + j83.52 = 2482.05/1.93◦ V

With an acb phase sequence,

/Vb′n = /Va′n + 120◦ and /Vc′n = /Va′n − 120◦

so

Va′n = 2482.05/1.93◦ V

Vb′n = 2482.05/121.93◦ V

Vc′n = 2482.05/− 118.07◦ V

AP 11.4
IcC = (

√
3/− 30◦)ICA = (

√
3/− 30◦) · 8/− 15◦ = 13.86/− 45◦ A

AP 11.5

IaA = 12/(65◦ − 120◦) = 12/− 55◦

IAB =

[(

1√
3

)

/− 30◦
]

IaA =

(

/− 30◦√
3

)

· 12/− 55◦

= 6.93/− 85◦ A

AP 11.6 [a] IAB =

[(

1√
3

)

/30◦
]

[69.28/− 10◦] = 40/20◦ A

Therefore Zφ =
4160/0◦

40/20◦
= 104/− 20◦ Ω

[b] IAB =

[(

1√
3

)

/− 30◦
]

[69.28/− 10◦] = 40/− 40◦ A

Therefore Zφ = 104/40◦ Ω

AP 11.7

Iφ =
110

3.667
+

110

j2.75
= 30 − j40 = 50/− 53.13◦ A

Therefore |IaA| =
√

3Iφ =
√

3(50) = 86.60A

AP 11.8 [a] |S| =
√

3(208)(73.8) = 26,587.67VA

Q =
√

(26,587.67)2 − (22,659)2 = 13,909.50 VAR
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Problems 11–5

[b] pf =
22,659

26,587.67
= 0.8522 lagging

AP 11.9 [a] VAN =

(

2450√
3

)

/0◦ V; VANI∗aA = Sφ = 144 + j192 kVA

Therefore

I∗aA =
(144 + j192)1000

2450/
√

3
= (101.8 + j135.7)A

IaA = 101.8 − j135.7 = 169.67/− 53.13◦ A

|IaA| = 169.67A

[b] P =
(2450)2

R
; therefore R =

(2450)2

144,000
= 41.68Ω

Q =
(2450)2

X
; therefore X =

(2450)2

192,000
= 31.26Ω

[c] Zφ =
VAN

IaA

=
2450/

√
3

169.67/− 53.13◦
= 8.34/53.13◦ = (5 + j6.67)Ω

·. . R = 5Ω, X = 6.67Ω
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11–6 CHAPTER 11. Balanced Three-Phase Circuits

Problems

P 11.1 [a] First, convert the cosine waveforms to phasors:

Va = 137/63◦; Vb = 137/− 57◦; Vc = 137/183◦

Subtract the phase angle of the a-phase from all phase angles:

/V′

a = 63◦ − 63◦ = 0◦

/V′

b = −57◦ − 63◦ = −120◦

/V′

c = 183◦ − 63◦ = 120◦

Compare the result to Eqs. 11.1 and 11.2:

Therefore abc

[b] First, convert the cosine waveforms to phasors, making sure that all
waveforms are represented as cosines:

Va = 820/− 36◦; Vb = 820/84◦; Vc = 820/− 156◦

Subtract the phase angle of the a-phase from all phase angles:

/V′

a = −36◦ + 36◦ = 0◦

/V′

b = 84◦ + 36◦ = 120◦

/V′

c = −156◦ + 36◦ = −120◦

Compare the result to Eqs. 11.1 and 11.2:

Therefore acb

P 11.2 [a] Va = 48/− 45◦ V

Vb = 48/− 165◦ V

Vc = 48/75◦ V

Balanced, positive phase sequence

[b] Va = 188/60◦ V

Vb = −188/0◦ V = 188/180◦ V

Vc = 188/− 60◦ V

Balanced, negative phase sequence
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Problems 11–7

[c] Va = 426/0◦ V

Vb = 462/120◦ V

Vc = 426/− 120◦ V

Unbalanced due to unequal amplitudes

[d] Va = 1121/− 20◦ V

Vb = 1121/− 140◦ V

Vc = 1121/100◦ V

Balanced, positive phase sequence

[e] Va = 540/− 90◦ V

Vb = 540/− 120◦ V

Vc = 540/120◦ V

Unbalanced due to unequal phase separation

[f ] Va = 144/80◦ V

Vb = 144/− 160◦ V

Vc = 144/− 40◦ V

Balanced, negative phase sequence

P 11.3 Va = Vm/0◦ = Vm + j0

Vb = Vm/− 120◦ = −Vm(0.5 + j0.866)

Vc = Vm/120◦ = Vm(−0.5 + j0.866)

Va + Vb + Vc = (Vm)(1 + j0 − 0.5 − j0.866 − 0.5 + j0.866)

= Vm(0) = 0

P 11.4 I =
188/60◦ + 188/180◦ + 188/− 60◦

3(RW + jXW)
= 0

P 11.5 I =
426/0◦ + 462/120◦ + 426/− 120◦

3(RW + jXW)
=

36/120◦

3(RW + jXW)

P 11.6 [a] The voltage sources form a balanced set, the source impedances are equal
and the line impedances are equal. But the load impedances are not
equal. Therefore, the circuit is unbalanced. Also,

IaA =
110

32 − j24
= 2.75/36.87◦ A (rms)
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11–8 CHAPTER 11. Balanced Three-Phase Circuits

IbB =
110/− 120◦

6 + j8
= 11/− 173.13◦ A (rms)

IcC =
110/120◦

40 + j30
= 2.2/83.13◦ A (rms)

The magnitudes are unequal and the phase angles are not 120◦ apart, so
the currents are not balanced and thus the circuit is not balanced.

b] Io = IaA + IbB + IcC = 11.79/67.58◦ A (rms)

P 11.7 [a] IaA =
277/0◦

80 + j60
= 2.77/− 36.87◦ A (rms)

IbB =
277/− 120◦

80 + j60
= 2.77/− 156.87◦ A (rms)

IcC =
277/120◦

80 + j60
= 2.77/83.13◦ A (rms)

Io = IaA + IbB + IcC = 0

[b] VAN = (78 + j54)IaA = 262.79/− 2.17◦ V (rms)

[c] VAB = VAN − VBN

VBN = (77 + j56)IbB = 263.73/− 120.84◦ V (rms)

VAB = 262.79/− 2.17◦ − 263.73/− 120.84◦ = 452.89/28.55◦ V (rms)

[d] Unbalanced — see conditions for a balanced circuit in the text

P 11.8 Zga + Zla + ZLa = 60 + j80Ω

Zgb + Zlb + ZLb = 90 + j120Ω

Zgc + Zlc + ZLc = 30 + j40Ω

VN − 320

60 + j80
+

VN − 320/− 120◦

90 + j120
+

VN − 320/120◦

30 + j40
+

VN

20
= 0

Solving for VN yields

VN = 49.47/75.14◦ V (rms)

Io =
VN

20
= 2.47/75.14◦ A (rms)
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Problems 11–9

P 11.9 VAN = 285/− 45◦ V

VBN = 285/− 165◦ V

VCN = 285/75◦ V

VAB = VAN −VBN = 498.83/− 15◦ V

VBC = VBN − VCN = 498.83/− 135◦ V

VCA = VCN − VAN = 498.83/105◦ V

vAB = 498.83 cos(ωt − 15◦)V

vBC = 498.83 cos(ωt − 135◦)V

vCA = 498.83 cos(ωt + 105◦)V

P 11.10 [a] Van = 1/
√

3/− 30◦Vab = 110/− 90◦ V (rms)

The a-phase circuit is

[b] IaA =
110/− 90◦

40 + j30
= 2.2/− 126.87◦ A (rms)

[c] VAN = (37 + j28)IaA = 102.08/− 89.75◦ V (rms)

VAB =
√

3/30◦VAN = 176.81/− 59.75◦ A (rms)

P 11.11 [a]

IaA =
6600√

3(240 − j70)
= 15.24/16.26◦ A (rms)

|IaA| = |IL| = 15.24A (rms)
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11–10 CHAPTER 11. Balanced Three-Phase Circuits

[b] Van = (15.24/16.26◦)(240 − j66) = 3801.24/0.91◦

|Vab| =
√

3(3801.24) = 6583.94V (rms)

P 11.12 Make a sketch of the a-phase:

[a] Find the a-phase line current from the a-phase circuit:

IaA =
125/0◦

0.1 + j0.8 + 19.9 + j14.2
=

125/0◦

20 + j15

= 4 − j3 = 5/− 36.87◦ A (rms)

Find the other line currents using the acb phase sequence:

IbB = 5/− 36.87◦ + 120◦ = 5/83.13◦ A (rms)

IcC = 5/− 36.87◦ − 120◦ = 5/− 156.87◦ A (rms)

[b] The phase voltage at the source is Van = 125/0◦ V. Use Fig. 11.9(b) to
find the line voltage, Van, from the phase voltage:

Vab = Van(
√

3/− 30◦) = 216.51/− 30◦ V (rms)

Find the other line voltages using the acb phase sequence:

Vbc = 216.51/− 30◦ + 120◦ = 216.51/90◦ V (rms)

Vca = 216.51/− 30◦ − 120◦ = 216.51/− 150◦ V (rms)

[c] The phase voltage at the load in the a-phase is VAN. Calculate its value
using IaA and the load impedance:

VAN = IaAZL = (4 − j3)(19.9 + j14.2) = 122.2 − j2.9 = 122.23/− 1.36◦ V (rms)

Find the phase voltage at the load for the b- and c-phases using the acb
sequence:

VBN = 122.23/− 1.36◦ + 120◦ = 122.23/118.64◦ V (rms)

VCN = 122.23/− 1.36◦ − 120◦ = 122.23/− 121.36◦ V (rms)
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Problems 11–11

[d] The line voltage at the load in the a-phase is VAB. Find this line voltage
from the phase voltage at the load in the a-phase, VAN, using Fig,
11.9(b):

VAB = VAN(
√

3/− 30◦) = 211.72/− 31.36◦ V (rms)

Find the line voltage at the load for the b- and c-phases using the acb
sequence:

VBC = 211.72/− 31.36◦ + 120◦ = 211.72/88.64◦ V (rms)

VCA = 211.72/− 31.36◦ − 120◦ = 211.72/− 151.36◦ V (rms)

P 11.13 [a] IAB =
7200

216 − j288
= 20/53.13◦ A (rms)

IBC = 20/173.13◦ A (rms)

ICA = 20/− 66.87◦ A (rms)

[b] IaA =
√

3/30◦IAB = 34.64/83.13◦ A (rms)

IbB = 34.64/− 156.87◦ A (rms)

IcC = 34.64/− 36.87◦ A (rms)

[c]

Van =
7200√

3
/30◦ + (3 + j5)(34.64/83.13◦)

= 4085/32.62◦ V (rms)

Vab =
√

3/− 30◦Van = 7075.43/2.62◦ V (rms)

Vbc = 7075.43/122.62◦ V (rms)

Vca = 7075.43/− 117.38◦ V (rms)

P 11.14 [a] Van = Vbn − 1/120◦ = 150/15◦ V (rms)

Zy = Z∆/3 = 43 + j57Ω
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11–12 CHAPTER 11. Balanced Three-Phase Circuits

The a-phase circuit is

[b] IaA =
150/15◦

45 + j60
= 2/− 38.13◦ A (rms)

[c] VAN = (43 + j57)IaA = 142.8/14.84◦ V (rms)

VAB =
√

3/− 30◦VAN = 247.34/− 15.16◦ A (rms)

P 11.15 Zy = Z∆/3 = 4 + j3Ω

The a-phase circuit is

IaA =
240/− 170◦

(1 + j1) + (4 + j3)
= 37.48/151.34◦ A (rms)

IAB =
1√
3
/− 30◦IaA = 21.64/121.34◦ A (rms)

P 11.16 Van = 1/
√

3/− 30◦Vab =
208√

3
/20◦ V (rms)

Zy = Z∆/3 = 1 − j3Ω

The a-phase circuit is

Zeq = (4 + j3)‖(1 − j3) = 2.6 − j1.8Ω

VAN =
2.6 − j1.8

(1.4 + j0.8) + (2.6 − j1.8)

(

208√
3

)

/20◦ = 92.1/− 0.66◦ V (rms)

VAB =
√

3/30◦VAN = 159.5/29.34◦ V (rms)
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Problems 11–13

P 11.17 [a]

IaA =
300

60 − j45
+

300

30 + j30
= 8.6/− 17.59◦ A (rms)

|IaA| = 8.6A (rms)

[b] IAB =
300

√
3/30◦

90 + j90
= 4.08/− 15◦ A (rms)

|IAB| = 4.08A (rms)

[c] IAN =
300/0◦

60 − j45
= 4/36.87◦ A (rms)

|IAN| = 4A (rms)

[d] Van = (8.6/− 17.59◦)(2 + j2) + 300/0◦ = 321.79/1.99◦ V (rms)

|Vab| =
√

3(321.79) = 557.37V (rms)

P 11.18 [a]

[b] IaA =
13,800√

3(2.375 + j1.349)
= 2917/− 29.6◦ A (rms)

|IaA| = 2917A (rms)

[c] VAN = (2.352 + j1.139)(2917/− 29.6◦) = 7622.93/− 3.76◦ V (rms)

|VAB| =
√

3|VAN| = 13,203.31V (rms)
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11–14 CHAPTER 11. Balanced Three-Phase Circuits

[d] Van = (2.372 + j1.319)(2917/− 29.6◦) = 7616.93/− 0.52◦ V (rms)

|Vab| =
√

3|Van| = 13,712.52V (rms)

[e] |IAB| =
|IaA|√

3
= 1684.13A (rms)

[f ] |Iab| = |IAB| = 1684.13A (rms)

P 11.19 [a] IAB =
13,200/0◦

100 − j75
= 105.6/36.87◦ A (rms)

IBC = 105.6/156.87◦ A (rms)

ICA = 105.6/− 83.13◦ A (rms)

[b] IaA =
√

3/− 30◦IAB = 182.9/66.87◦ A (rms)

IbB = 182.9/− 173.13◦ A (rms)

IcC = 182.9/− 53.13◦ A (rms)

[c] Iba = IAB = 105.6/36.87◦ A (rms)

Icb = IBC = 105.6/156.87◦ A (rms)

Iac = ICA = 105.6/− 83.13◦ A (rms)

P 11.20 [a] IAB =
480/0◦

2.4 − j0.7
= 192/16.26◦ A (rms)

IBC =
480/120◦

8 + j6
= 48/83.13◦ A (rms)

ICA =
480/− 120◦

20
= 24/− 120◦ A (rms)

[b] IaA = IAB − ICA

= 210/20.79◦

IbB = IBC − IAB

= 178.68/− 178.04◦

IcC = ICA − IBC

= 70.7/− 104.53◦
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Problems 11–15

P 11.21 [a] Since the phase sequence is abc (positive) we have:

Van = 498.83/− 30◦ V (rms)

Vbn = 498.83/− 150◦ V (rms)

Vcn = 498.83/90◦ V (rms)

ZY =
1

3
Z∆ = 1.5 + j1Ω/φ

[b] Vab = 498.83/− 30◦ − 498.83/− 150◦ = 498.83
√

3/0◦ = 864/0◦ V (rms)

Since the phase sequence is positive, it follows that

Vbc = 864/− 120◦ V (rms)

Vca = 864/120◦ V (rms)
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11–16 CHAPTER 11. Balanced Three-Phase Circuits

[c]

Iba =
864

4.5 + j3
= 159.75/− 33.69◦ A (rms)

Iac = 159.75/86.31◦ A (rms)

IaA = Iba − Iac = 276.70/− 63.69◦ A (rms)

Since we have a balanced three-phase circuit and a positive phase
sequence we have:

IbB = 276.70/176.31◦ A (rms)

IcC = 276.70/− 56.31◦ A (rms)
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Problems 11–17

[d]

IaA =
498.83/30◦

1.5 + j1
= 276.70/− 63.69◦ A (rms)

Since we have a balanced three-phase circuit and a positive phase
sequence we have:

IbB = 276.70/176.31◦ A (rms)

IcC = 276.70/56.31◦ A (rms)

P 11.22 [a]

[b] IaA =
498.83/− 30◦

1200 + j1600
= 249.42/− 83.13◦ mA (rms)

VAN = (1192 + j1584)(0.24942/− 83.13◦) = 494.45/− 30.09◦ V (rms)

|VAB| =
√

3(494.45) = 856.41V (rms)
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11–18 CHAPTER 11. Balanced Three-Phase Circuits

[c] |Iab| =
0.24942√

3
= 144mA (rms)

[d] Van = (1198.5 + j1599)(0.24942/− 83.13◦) = 498.42/− 29.98◦ V (rms)

|Vab| =
√

3(498.42) = 863.29V (rms)

P 11.23 [a]

IaA =
1365/0◦

30 + j40
= 27.3/− 53.13◦ A (rms)

ICA =
IaA√

3
/150◦ = 15.76/96.87◦ A (rms)

[b] Sg/φ = −1365I∗aA = −22,358.75 − j29,811.56VA

·. . Pdeveloped/phase = 22.359 kW

Pabsorbed/phase = |IaA|228.5 = 21.241 kW

% delivered =
21.241

22.359
(100) = 95%

P 11.24 The complex power of the source per phase is
Ss = 20,000/( cos−1 0.6) = 20,000/53.13◦ = 12,000 + j16,000 kVA. This
complex power per phase must equal the sum of the per-phase impedances of
the two loads:

Ss = S1 + S2 so 12,000 + j16,000 = 10,000 + S2

·. . S2 = 2000 + j16,000 VA

Also, S2 =
|Vrms|2

Z∗

2

|Vrms| =
|Vload|√

3
= 120 V (rms)

Thus, Z∗

2 =
|Vrms|2

S2

=
(120)2

2000 + j16,000
= 0.11 − j0.89Ω

·. . Z2 = 0.11 + j0.89Ω
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Problems 11–19

P 11.25 The a-phase of the circuit is shown below:

I1 =
120/20◦

8 + j6
= 12/− 16.87◦A (rms)

I∗2 =
600/36◦

120/20◦
= 5/16◦A (rms)

I = I1 + I2 = 12/− 16.87◦ + 5/− 16◦ = 17/− 16.61◦ A (rms)

Sa = VI∗ = (120/20◦)(17/16.61◦) = 2040/36.61◦ VA

ST = 3Sa = 6120/36.61◦ VA

P 11.26 [a] I∗aA =
(128 + j96)103

1600
= 80 + j60

IaA = 80 − j60A (rms)

Van = 1600 + (80 − j60)(0.2 + j0.8) = 1664 + j52V (rms)

IC =
1664 + j52

−j25
= −2.08 + j66.56A (rms)

Ina = IaA + IC = 77.92 + j6.56 = 78.2/4.81◦ A (rms)

[b] Sg/φ = −(1664 + j52)(77.92 − j6.56) = −130,000 + j6864VA

SgT = 3Sg/φ = −390,000 + j20,592VA

Therefore, the source is delivering 390 kW and absorbing 20.592 kvars.
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11–20 CHAPTER 11. Balanced Three-Phase Circuits

[c] Pdel = 390kW

Pabs = 3(128,000) + 3|IaA|2(0.2)
= 390kW = Pdel

[d] Qdel = 3|IC|2(25) = 332,592VAR

Qabs = 3(96,000) + 3|IaA|2(0.8) + 20,592

= 332,592VAR = Qdel

P 11.27 [a] ST∆ = 14,000/41.41◦ − 9000/53.13◦ = 5.5/22◦ kVA

S∆ = ST∆/3 = 1833.46/22◦ VA

[b] |Van| =

∣

∣

∣

∣

∣

3000/53.13◦

10/− 30◦

∣

∣

∣

∣

∣

= 300 V (rms)

|Vline| = |Vab| =
√

3|Van| = 300
√

3 = 519.62 V (rms)

P 11.28 [a] S1/φ = 60,000(0.866) + j60,000(0.5) = 51,960 + j30,000 VA

S2/φ = 50,000(0.28) − j50,000(0.96) = 14,000 − j48,000 VA

S3/φ = 24,040 VA

ST/φ = S1 + S2 + S3 = 90,000 − j18,000 VA

·. . I∗aA =
90,000 − j18,000

1800
= 50 − j10

·. . IaA = 50 + j10A

Van = 1800 + (50 + j10)(5 + j10) = 1950 + j550 = 2026.08/15.75◦ V (rms)

|Vab| =
√

3(2026.08) = 3509.27V (rms)

[b] Sg/φ = (1950 + j550)(50 − j10) = 103 + j0.8 kVA

% efficiency =
90,000

103,000
(100) = 87.38%
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Problems 11–21

P 11.29 [a] S1 = 10,200(0.87) + j10,200(0.493) = 8874 + j5029.13VA

S2 = 4200 + j1913.6VA

√
3VLIL sin θ3 = 7250; sin θ3 =

7250√
3(220)(36.8)

= 0.517

Therefore cos θ3 = 0.856

Therefore

P3 =
7250

0.517
× 0.856 = 12,003.9W

S3 = 12,003.9 + j7250VA

ST = S1 + S2 + S3 = 25.078 + j14.192 kVA

ST/φ =
1

3
ST = 8359.3 + j4730.7VA

220√
3
I∗aA = (8359.3 + j4730.7); I∗aA = 65.81 + j37.24A

IaA = 65.81 − j37.24 = 75.62/− 29.51◦ A (rms)

[b] pf = cos(0◦ − 29.51◦) = 0.87 lagging

P 11.30 From the solution to Problem 11.18 we have:

SAB = (480/0◦)(192/− 16.26◦) = 88,473.7 − j25,804.5VA

SBC = (480/120◦)(48/− 83.13◦) = 18,431.98 + j13,824.03VA

SCA = (480/− 120◦)(24/120◦) = 11,520 + j0VA

P 11.31 Let pa, pb, and pc represent the instantaneous power of phases a, b, and c,
respectively. Then assuming a positive phase sequence, we have

pa = vaniaA = [Vm cosωt][Im cos(ωt − θφ)]

pb = vbnibB = [Vm cos(ωt − 120◦)][Im cos(ωt − θφ − 120◦)]

pc = vcnicC = [Vm cos(ωt + 120◦)][Im cos(ωt − θφ + 120◦)]

The total instantaneous power is pT = pa + pb + pc, so

pT = VmIm[cosωt cos(ωt − θφ) + cos(ωt − 120◦) cos(ωt − θφ − 120◦)
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11–22 CHAPTER 11. Balanced Three-Phase Circuits

+ cos(ωt + 120◦) cos(ωt − θφ + 120◦)]

Now simplify using trigonometric identities. In simplifying, collect the
coefficients of cos(ωt − θφ) and sin(ωt − θφ). We get

pT = VmIm[cosωt(1 + 2 cos2 120◦) cos(ωt − θφ)

+2 sin ωt sin2 120◦ sin(ωt − θφ)]

= 1.5VmIm[cosωt cos(ωt − θφ) + sinωt sin(ωt − θφ)]

= 1.5VmIm cos θφ

P 11.32 |Iline| =
1600

240/
√

3
= 11.547 A (rms)

|Zy| =
|V |
|I | =

240/
√

3

11.547
= 12

Zy = 12/− 50◦ Ω

Z∆ = 3Zy = 36/− 50◦ = 23.14 − j27.58Ω/φ

P 11.33 Assume a ∆-connected load (series):

Sφ =
1

3
(150 × 103)(0.96 − j0.28) = 48,000 − j14,000VA

Z∗

∆φ =
|600|2

48,000 − j14,000
= 6.912 + j2.016Ω/φ

Z∆φ = 6.912 − j2.016Ω

Now assume a Y-connected load (series):

ZY φ =
1

3
Z∆φ = 2.304 − j0.672Ω/φ
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Problems 11–23

Now assume a ∆-connected load (parallel):

Pφ =
|600|2
R∆

R∆φ =
|600|2
48,000

= 7.5Ω

Qφ =
|600|2
X∆

X∆φ =
|600|2

−14,000
= −25.714Ω

Now assume a Y-connected load (parallel):

RY φ =
1

3
R∆φ = 2.5Ω

XY φ =
1

3
X∆φ = −8.571Ω
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11–24 CHAPTER 11. Balanced Three-Phase Circuits

P 11.34 [a] POUT = 746 × 100 = 74,600W

PIN = 74,600/(0.97) = 76,907.22W
√

3VLIL cos θ = 76,907.22

IL =
76,907.22√
3(208)(0.88)

= 242.58A (rms)

[b] Q =
√

3VLIL sinφ =
√

3(208)(242.58)(0.475) = 41,511.90VAR

P 11.35

4000I∗1 = (210 + j280)103

I∗1 =
210

4
+ j

280

4
= 52.5 + j70A (rms)

I1 = 52.5 − j70A (rms)

I2 =
4000/0◦

15.36 − j4.48
= 240 + j70A (rms)

·. . IaA = I1 + I2 = 292.5 + j0A (rms)

Van = 4000 + j0 + 292.5(0.1 + j0.8) = 4036.04/3.32◦ V (rms)

|Vab| =
√

3|Van| = 6990.62V (rms)
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Problems 11–25

P 11.36 [a]

I1 =
24,000

√
3/0◦

400 + j300
= 66.5 − j49.9A (rms)

I2 =
24,000

√
3/0◦

800 − j600
= 33.3 + j24.9A (rms)

I∗3 =
57,600 + j734,400

24,000
√

3
= 1.4 + j17.7

I3 = 1.4 − j17.7A (rms)

IaA = I1 + I2 + I3 = 101.2 − j42.7A = 109.8/− 22.9◦ A (rms)

Van = (2 + j16)(101.2 − j42.7) + 24,000
√

3 = 42,454.8 + j1533.8V (rms)

Sφ = VanI
∗

aA = (42,454.8 + j1533.8)(101.2 + j42.7)

= 4,230,932.5 + j1,968,040.5VA

ST = 3Sφ = 12,692.8 + j5904.1 kVA

[b] S1/φ = 24,000
√

3(66.5 + j49.9) = 2764.4 + j2074.3 kVA

S2/φ = 24,000
√

3(33.3 − j24.9) = 1384.3 − j1035.1 kVA

S3/φ = 57.6 + j734.4 kVA

Sφ(load) = 4206.3 + j1773.6 kVA

% delivered =
(

4206.3

4230.9

)

(100) = 99.4%

P 11.37 [a] Sg/φ =
1

3
(41.6)(0.707 + j0.707) × 103 = 9803.73 + j9803.73VA

I∗aA =
9803.73 + j9803.73

240/
√

3
= 70.76 + j70.76A (rms)

IaA = 70.76 − j70.76A (rms)
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11–26 CHAPTER 11. Balanced Three-Phase Circuits

VAN =
240√

3
− (0.04 + j0.03)(70.76 − j70.76)

= 133.61 + j0.71 = 133.61/0.30◦ V (rms)

|VAB| =
√

3(133.61) = 231.42V (rms)

[b] SL/φ = (133.61 + j0.71)(70.76 + j70.76) = 9404 + j9504.5VA

SL = 3SL/φ = 28,212 + j28,513VA

Check:

Sg = 41,600(0.7071 + j0.7071) = 29,415 + j29,415VA

P` = 3|IaA|2(0.04) = 1202W

Pg = PL + P` = 28,212 + 1202 = 29,414W (checks)

Q` = 3|IaA|2(0.03) = 901VAR

Qg = QL + Q` = 28,513 + 901 = 29,414VAR (checks)

P 11.38 [a]

Sg =
1

3
(540)(0.96 + j0.28) = 172.8 + j50.4 kVA

S1 =
1

3
(28.4 − j208.8) = 12.8 − j69.6 kVA

S2 = Sg − S1 = 160 + j120 kVA

·. . I∗L2 =
(160 + j120)103

1600
= 100 + j75
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Problems 11–27

IL2 = 100 − j75A (rms)

ZY =
1600

100 − j75
= 10.24 + j7.68Ω

Z∆ = 3ZY = 30.72 + j23.04Ω

[b] R =
(1600)2

160 × 103
= 16Ω → R∆ = 3R = 48Ω

XL =
(1600)2

120 × 103
= 21.33Ω → XL∆ = 3XL = 64Ω

P 11.39 [a]

SL/φ =
1

3

[

900 + j
900

0.6
(0.8)

]

103 = 300,000 + j400,000VA

I∗aA =
300,000 + j400,000

2500
= 120 + j160A (rms)

IaA = 120 − j160A (rms)

Van = 2500 + (1 + j3)(120 − j160)

= 3100 + j200 = 3106.44/3.69◦ V (rms)
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11–28 CHAPTER 11. Balanced Three-Phase Circuits

|Vab| =
√

3(3106.44) = 5380.5V (rms)

[b]

I1 = 120 − j160A (from part [a])

S2 = 0 − j
1

3
(1125) × 103 = −j375,000VAR

I∗2 =
−j375,000

2500
= −j150A (rms)

·. . I2 = j150A (rms)

IaA = 120 − j160 + j150 = 120 − j10A (rms)

Van = 2500 + (120 − j10)(1 + j3)

= 2650 + j350 = 2673.01/7.52◦ V (rms)

|Vab| =
√

3(2673.01) = 4629.8V (rms)

[c] |IaA| = 200A (rms)

Ploss/φ = (200)2(1) = 40kW

Pg/φ = 300,000 + 40,000 = 340kW

% η =
300

340
(100) = 88.2%

[d] |IaA| = 120.416A (rms)

P`/φ = (120.416)2(1) = 14,500W

% η =
300,000

314,500
(100) = 95.4%

[e] Zcap/Y =
25002

j375,000
= −j16.67Ω

·. .
1

ωC
= 16.67; C =

1

(16.67)(120π)
= 159.155µF
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Problems 11–29

P 11.40 [a] From Assessment Problem 11.9, IaA = (101.8 − j135.7)A (rms)

Therefore Icap = j135.7A (rms)

Therefore ZCY =
2450/

√
3

j135.7
= −j10.42Ω

Therefore CY =
1

(10.42)(2π)(60)
= 254.5µF

ZC∆ = (−j10.42)(3) = −j31.26Ω

Therefore C∆ =
254.5

3
= 84.84µF

[b] CY = 254.5µF

[c] |IaA| = 101.8A (rms)

P 11.41 Wm1 = |VAB||IaA| cos(/VAB − /IaA) = (199.58)(2.4) cos(65.68◦) = 197.26W

Wm2 = |VCB||IcC| cos(/VCB − /IcC) = (199.58)(2.4) cos(5.68◦) = 476.64W

CHECK: W1 + W2 = 673.9 = (2.4)2(39)(3) = 673.9W

P 11.42 tan φ =

√
3(W2 − W1)

W1 + W2

= 0.75

·. . φ = 36.87◦

·. . 2400
√

3|IL| cos 66.87◦ = 40,823.09

|IL| = 25A

|Z| =
2400

25
= 96Ω ·. . Z = 96/36.87◦ Ω

P 11.43 IaA =
VAN

Zφ
= |IL|/−θφ A,

Zφ = |Z|/θφ, VBC = |VL|/− 90◦ V,

Wm = |VL| |IL| cos[−90◦ − (−θφ)]

= |VL| |IL| cos(θφ − 90◦)

= |VL| |IL| sin θφ,

therefore
√

3Wm =
√

3|VL| |IL| sin θφ = Qtotal
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11–30 CHAPTER 11. Balanced Three-Phase Circuits

P 11.44 [a] Z = 16 − j12 = 20/− 36.87◦ Ω

VAN = 680/0◦ V; ·. . IaA = 34/36.87◦ A

VBC = VBN −VCN = 680
√

3/− 90◦ V

Wm = (680
√

3)(34) cos(−90 − 36.87◦) = −24,027.07W
√

3Wm = −41,616.1W

[b] Qφ = (342)(−12) = −13,872VAR

QT = 3Qφ = −41,616VAR =
√

3Wm

P 11.45 [a] W2 − W1 = VLIL[cos(θ − 30◦) − cos(θ + 30◦)]

= VLIL[cos θ cos 30◦ + sin θ sin 30◦

− cos θ cos 30◦ + sin θ sin 30◦]

= 2VLIL sin θ sin 30◦ = VLIL sin θ,

therefore
√

3(W2 −W1) =
√

3VLIL sin θ = QT

[b] Zφ = (8 + j6)Ω

QT =
√

3[2476.25 − 979.75] = 2592VAR,

QT = 3(12)2(6) = 2592VAR;

Zφ = (8 − j6)Ω

QT =
√

3[979.75 − 2476.25] = −2592VAR,

QT = 3(12)2(−6) = −2592VAR;

Zφ = 5(1 + j
√

3)Ω

QT =
√

3[2160 − 0] = 3741.23VAR,

QT = 3(12)2(5
√

3) = 3741.23VAR;

Zφ = 10/75◦ Ω

QT =
√

3[−645.53 − 1763.63] = −4172.80VAR,

QT = 3(12)2[−10 sin 75◦] = −4172.80VAR
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Problems 11–31

P 11.46 Zφ = |Z|/θ =
VAN

IaA

θ = /VAN − /IaA

θ1 = /VAB − /IaA

For a positive phase sequence,

/VAB = /VAN + 30◦

Thus,

θ1 = /VAN + 30◦ − /IaA = θ + 30◦

Similarly,

Zφ = |Z|/θ =
VCN

IcC

θ = /VCN − /IcC

θ2 = /VCB − /IcC

For a positive phase sequence,

/VCB = /VBA − 120◦ = /VAB + 60◦

/IcC = /IaA + 120◦

Thus,

θ2 = /VAB + 60◦ − (/IaA + 120◦) = θ1 − 60◦

= θ + 30◦ − 60◦ = θ − 30◦

P 11.47 [a] Zφ = 100 − j75 = 125/− 36.87◦ Ω

Sφ =
(13,200)2

125/36.87◦
= 1,115,136 + j836,352VA
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11–32 CHAPTER 11. Balanced Three-Phase Circuits

[b]
13,200√

3
/30◦I∗aA = Sφ so IaA = 182.9/66.87◦

Wm1 = (13,200)(182.9) cos(0 − 66.87◦) = 948,401.92W

Wm2 = (13,200)(182.9) cos(−60◦ + 53.13◦) = 2,397,006.08W

Check: PT = 3(1,115,136)W = Wm1 + Wm2.

P 11.48 From the solution to Prob. 11.20 we have

IaA = 210/20.79◦ A and IbB = 178.68/− 178.04◦ A

[a] W1 = |Vac| |IaA| cos(θac − θaA)

= 480(210) cos(60◦ − 20.79◦) = 78,103.2W

[b] W2 = |Vbc| |IbB| cos(θbc − θbB)

= 480(178.68) cos(120◦ + 178.04◦) = 40,317.7W

[c] W1 + W2 = 118,421W

PAB = (192)2(2.4) = 88,473.6W

PBC = (48)2(8) = 18,432W

PCA = (24)2(20) = 11,520W

PAB + PBC + PCA = 118,425.7

therefore W1 + W2 ≈ Ptotal (round-off differences)

P 11.49 [a] I∗aA =
144(0.96 − j0.28)103

7200
= 20/− 16.26◦ A

VBN = 7200/− 120◦ V; VCN = 7200/120◦ V

VBC = VBN −VCN = 7200
√

3/− 90◦ V

IbB = 20/− 103.74◦ A

Wm1 = (7200
√

3)(20) cos(−90◦ + 103.74◦) = 242,278.14W

[b] Current coil in line aA, measure IaA.
Voltage coil across AC, measure VAC.

[c] IaA = 20/16.76◦ A

VCA = VAN − VCN = 7200
√

3/− 30◦ V

Wm2 = (7200
√

3)(20) cos(−30◦ − 16.26◦) = 172,441.86W
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Problems 11–33

[d] Wm1 + Wm2 = 414.72kW

PT = 432,000(0.96) = 414.72 kW = Wm1 + Wm2

P 11.50 [a] W1 = |VBA||IbB| cos θ

Negative phase sequence:

VBA = 240
√

3/150◦ V

IaA =
240/0◦

13.33/− 30◦
= 18/30◦ A

IbB = 18/150◦ A

W1 = (18)(240)
√

3 cos 0◦ = 7482.46W

W2 = |VCA||IcC| cos θ

VCA = 240
√

3/− 150◦ V

IcC = 18/− 90◦ A

W2 = (18)(240)
√

3 cos(−60◦) = 3741.23W

[b] Pφ = (18)2(40/3) cos(−30◦) = 3741.23W

PT = 3Pφ = 11,223.69W

W1 + W2 = 7482.46 + 3741.23 = 11,223.69W

·. . W1 + W2 = PT (checks)

P 11.51 [a] Z =
1

3
Z∆ = 4.48 + j15.36 = 16/73.74◦ Ω

IaA =
600/0◦

16/73.74◦
= 37.5/− 73.74◦ A

IbB = 37.5/− 193.74◦ A

VAC = 600
√

3/− 30◦ V

VBC = 600
√

3/− 90◦ V

W1 = (600
√

3)(37.5) cos(−30 + 73.74◦) = 28,156.15W

W2 = (600
√

3)(37.5) cos(−90 + 193.74◦) = −9256.15W

[b] W1 + W2 = 18,900W

PT = 3(37.5)2(13.44/3) = 18,900W
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11–34 CHAPTER 11. Balanced Three-Phase Circuits

[c]
√

3(W1 − W2) = 64,800VAR

QT = 3(37.5)2(46.08/3) = 64,800VAR

P 11.52 [a] Negative phase sequence:

VAB = 240
√

3/− 30◦ V

VBC = 240
√

3/90◦ V

VCA = 240
√

3/− 150◦ V

IAB =
240

√
3/− 30◦

20/30◦
= 20.78/− 60◦ A

IBC =
240

√
3/90◦

60/0◦
= 6.93/90◦ A

ICA =
240

√
3/− 150◦

40/− 30◦
= 10.39/− 120◦ A

IaA = IAB + IAC = 18/− 30◦ A

IcC = ICB + ICA = ICA + IBC = 16.75/− 108.06◦

Wm1 = 240
√

3(18) cos(−30 + 30◦) = 7482.46W

Wm2 = 240
√

3(16.75) cos(−90 + 108.07◦) = 6621.23W

[b] Wm1 + Wm2 = 14,103.69W

PA = (12
√

3)2(20 cos 30◦) = 7482.46W

PB = (4
√

3)2(60) = 2880W

PC = (6
√

3)2[40 cos(−30◦)] = 3741.23W

PA + PB + PC = 14,103.69 = Wm1 + Wm2

P 11.53 [a]
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Problems 11–35

[b]

[c]

[d]

P 11.54 [a] Q =
|V|2
XC

·. . |XC| =
(13,800)2

1.2 × 106
= 158.70Ω

·. .
1

ωC
= 158.70; C =

1

2π(60)(158.70)
= 16.71µF

[b] |XC| =
(13,800/

√
3)2

1.2 × 106
=

1

3
(158.70)

·. . C = 3(16.71) = 50.14µF

P 11.55 [a] The capacitor from Appendix H whose value is closest to 50.14µF is 47µF.

|XC | =
1

ωC
=

1

2π(60)(47 × 10−6)
= 56.4Ω

Q =
|V |2
3XC

=
(13,800)2

3(56.4)
= 1,124,775.6VAR
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11–36 CHAPTER 11. Balanced Three-Phase Circuits

[b] I∗aA =
1,200,000 + j75,224

13,800/
√

3
= 150.6 + j9.4A

Van =
13,800√

3
/0◦ + (0.6 + j4.8)(150.6 − j9.4) = 8134.8/5.06◦

|Vab| =
√

3(8134.8) = 14,089.9V

This voltage falls within the allowable range of 13 kV to 14.6 kV.

P 11.56 [a] The capacitor from Appendix H whose value is closest to 16.71µF is 22µF.

|XC | =
1

ωC
=

1

2π(60)(22 × 10−6)
= 120.57Ω

Q =
|V |2
XC

=
(13,800)2

120.57
= 1,579,497VAR/φ

[b] I∗aA =
1,200,000 − j379,497

13,800/
√

3
= 50.2 − j15.9A

Van =
13,800√

3
/0◦ + (0.6 + j4.8)(50.2 + j15.9) = 7897.8/1.76◦

|Vab| =
√

3(7897.8) = 13,679.4V

This voltage falls within the allowable range of 13 kV to 14.6 kV.

P 11.57 If the capacitors remain connected when the substation drops its load, the
expression for the line current becomes

13,800√
3

I∗aA = −j1.2 × 106

or I∗aA = −j150.61A

Hence IaA = j150.61A

Now,

Van =
13,800√

3
/0◦ + (0.6 + j4.8)(j150.61) = 7244.49 + j90.37 = 7245.05/0.71◦ V

The magnitude of the line-to-line voltage at the generating plant is

|Vab| =
√

3(7245.05) = 12,548.80V.

This is a problem because the voltage is below the acceptable minimum of 13
kV. Thus when the load at the substation drops off, the capacitors must be
switched off.
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Problems 11–37

P 11.58 Before the capacitors are added the total line loss is

PL = 3|150.61 + j150.61|2(0.6) = 81.66 kW

After the capacitors are added the total line loss is

PL = 3|150.61|2(0.6) = 40.83 kW

Note that adding the capacitors to control the voltage level also reduces the
amount of power loss in the lines, which in this example is cut in half.

P 11.59 [a]
13,800√

3
I∗aA = 60 × 103 + j160 × 103 − j1200 × 103

I∗aA =
60
√

3 − j1040
√

3

13.8
= 7.53 − j130.53A

·. . IaA = 7.53 + j130.53A

Van =
13,800√

3
/0◦ + (0.6 + j4.8)(7.53 + j130.53)

= 7345.41 + j114.46 = 7346.3/0.89◦ V

·. . |Vab| =
√

3(7346.3) = 12,724.16V

[b] Yes, the magnitude of the line-to-line voltage at the power plant is less
than the allowable minimum of 13 kV.

P 11.60 [a]
13,800√

3
I∗aA = (60 + j160) × 103

I∗aA =
60
√

3 + j160
√

3

13.8
= 7.53 + j20.08A

·. . IaA = 7.53 − j20.08A

Van =
13,800√

3
/0◦ + (0.6 + j4.8)(7.53 − j20.08)

= 8068.34 + j24.10 = 8068.38/0.17◦ V

·. . |Vab| =
√

3(8068.38) = 13,974.77V

[b] Yes: 13 kV < 13,974.77 < 14.6 kV

[c] Ploss = 3|7.53 + j130.53|2(0.6) = 30.77 kW

[d] Ploss = 3|7.53 − j20.08|2(0.6) = 0.83 kW

[e] Yes, the voltage at the generating plant is at an acceptable level and the
line loss is greatly reduced.

© 2015 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This publication is protected by Copyright and written permission should be obtained 
from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, 
recording, or likewise. For information regarding permission(s), write to: Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.

Uploaded By: Jibreel BornatSTUDENTS-HUB.com


