twX  Subspaces N\ 1
SRS C
Subspaces

A subset W of a vector space V is called a subspace of V if W is itself a vector space
under the addition and scalar multiplication defined on V.

Theorem.

If W is a set of one or more vectors in a vector space V, then W is a subspace of I/ if
and only if the following conditions are satisfied.

(@) 0eWw.

(b) Ifuandvarevectorsin W,thenu+ visin W.

(c) |Ifkisascalaranduisavectorin W, then kuisin W.
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Remarks

1. Ina vector space V, it can be readily verified that {0} and V are subspaces of V.
All other subspaces are referred to as proper subspaces. We refer to {0} as the
zero subspace.

2. To show that a subset S of a vector space forms a subspace, we must show that
§ 1s nonempty and that the closure properties (1) and (i1) in the definition are
satisfied. Since every subspace must contain the zero vector, we can verify that
§ 1s nonempty by showing that ) € §.
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The vector space M,,,,,. = K "

The set V of all m X n matrices with the usual matrix operations of addition and scalar
multiplication is a vector space. We will denote this vector space by the symbol M,,,,,.

Example. fV =M,,andifW ={4A € M,,, | AT = A}. Show that W is a subspace
of the vector space V.
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Remark. To show that W is not a subspace of a vector space V:
1) 1f0 & W, then W is not a subspace of a vector space V.

2) |If there exists a vectoru € W but —u & W, then W is not a subspace of a
vector space V.
3) |If there existtwo vectorsu,v € W butu + v & W, then W is not a subspace of

a vector space V.

Example. fV =R?andif W ={(x,y) € R? | x =0, y = 0}. Show that W is not a
subspace of the vector space V.
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Example.IfV =M,,, andif W = {A € M,,, | A~ exists}. Determine whether W is
a subspace of the vector space V or not.

Example. fV =M, ,andifW = {4A € M,, | |A| = 0}. Determine whether W is a
subspace of the vector space V or not.
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EXAMPLE 2 Let § = {(x1,x2,x3)" | x; = x»}. The set § is nonempty since 0 = (0,0,0)" € S. To
show that S is a subspace of R”, we need to verify that the two closure properties hold:

(i) If x = (a,a,b)" is any vector in S, then
ax = (xa,aa,ab) € S
(ii) If (a,a,b)! and (c,c,d)! are arbitrary elements of §, then
(a,a,b)! + (c,e,d) =(a+c,a+e,b+d) €8S

Since § 1s nonempty and satisfies the two closure conditions, it follows that § is a
subspace of R°. m

72 5= (e ) ia Py <R

IS n QWQQ St @3/7/”/0)-’_4: S/
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EXAMPLE 3 Let

2
x 1s a real number} }/?

s={ 1]
O=(0,0)7d S
If either of the two conditions in the definition fails to hold, then § will not be a
subspace. In this case the first condition fails since

nf[;i[] = [{:E::] &S whena # 1

Therefore, S i1s not a subspace. Actually, both conditions fail to hold. S 1s not closed

under addition, since
) =172 e -
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EXAMPLE 4 LetS = {A € R>*? | a;» = —a»;}. The set S is nonempty, since O (the zero matrix) is

in . To show that § is a subspace, we verity that the closure properties are satisfied:
z><L

(1) If A € S, then A must be of the form g<©£() ca kb, ¢,
a b é//‘)j
A= [
=b c S IR
and hence
oA — [ aa ob
—ab «ac

Since the (2, 1) entry of «A 1s the negative of the (1, 2) entry, «A € S§.
(i) If A, B € S, then they must be of the form

a b
S A
It follows that

a+d b+e

A+E= [—(b+e) c+f
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P
EXAMPLE 5 Let S be the set of all polynomials of degree less than n with the property that p(0) = 0.

The set S is nonempty since it contains the zero polynomial. We claim that § is a
subspace of P,. This follows, because .
P Sc f

(i) if p(x) € S and « is a scalar, then 7

ap(0)=a-0=0

and hence ap € §; and

(i1) if p(x) and g(x) are elements of §, then
P+ @)0)=p0)+¢g0)=0+0=0
and hence p+ ¢ € S. o

Lf S he A w P 2 . g s g gy

e
SEEE S'Js noll a Sebyon
EXAMPLE 6 Let (®a, b] be the set of all functions f that have a continuous nth derivative on [a, b].
We leave it to the reader to verify that C"[a, b] is a subspace of Cla, b]. M

.
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Example (Solution Spaces of Homogeneous Systems).
If V =R", Aisanm X n matrix, and

W={xeR" | Ax = 0}
Determine whether W is a subspace of the vector space V or not.
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Example. If V = R", Aisanm X n matrix, b # 0 isan m X 1 vector, and
W={x€eR" | Ax = b}
Determine whether W is a subspace of the vector space V or not.
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The Null Space of a Matrix

Let A be an m x n matrix. Let N(A) denote the set of all solutions to the homogeneous
system Ax = (). Thus,

NA)={xeR" |Ax =0} | O

We claim that N(A) is a subspace of R". Clearly, 0 € N(A), so N(A) is nonempty. If
X € N(A) and « 1s a scalar, then

Alax) =aAx =al =0

and hence ax € N(A). If x and y are elements of N(A), then
AX+y)=Ax+Ay=04+0=0

Therefore, x +y € N(A). It then follows that N(A) 1s a subspace of R". The set of all
solutions of the homogeneous system Ax = () forms a subspace of R”. The subspace

N(A) 1s called the null space of A.
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EXAMPLE 9 Determine N(A) if

1 1 1 0
A= [2 1 0 1] flx=o
Solution [ﬁ/,ﬁ) Rex [ )
Using Gauss—Jordan reduction to solve Ax = (), we obtain
R-zK,
1) 1 | 0 N @ 1 00
1 0 —1 -2 110
7a
R+ K [Q 0—1 ‘0] [ 1‘0]

The reduced row echelon form involves two free variables, x3 and x;4.

X = X3 — X4

X2 = —2_3(3 + X4
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Thus, if we set x3 = « and x4, = B, then

a—p 1 —1

| 2a+B8| _ -2 1
X = o - 1 +p 0
B 0 |

is a solution of Ax = 0. The vector space N(A) consists of all vectors of the form

1

1
_ 1
af TR o

0 1

where o and B are scalars. o
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I/
Theorem 3.2.2  Ifthe linear system/Ax = bl is consistent and X, is a particular m[uriﬂn,@a vector

y will also be a solurfﬂn@“ and r}@y = X0 + Zwherez € N(A). A=_—o

Let Ax = b be a consistent linear system and let Xy be a particular solution to
the system. If there 1s another solution x; to the system, then the difference vector
Z = X| — X must be in N(A) since

AZ:AK]—AK[}:b—hZG

Thus if there 1s a second solution, it must be of the form x; = xy + z where z € N(A).
In general, if X 1s a particular solution to AX = b and z is any vector in N(A), then
setting y = X + z, we have

Ay =Axg+Az=b+0=Db

SYODERTBa-heZcByst also be a solution to the system Ax = b. Uploaded By: Rawan Fares



















































(=)l Y= 222 s & Ze NP
Al- AlA+z)= PA~+Az =b,+0 - b
© Y s & sl e Pue b
(=) lZ G b « sbli P fla= b
L Z= )%,
Az - AlY)_») = Ay_A» - b-b -0

— Z e N4
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/5)7550(2) Z =0 1
If Ais a3 x 3 matrix such that N(A) = {0}, and b= | 3 |, then the

system Az = b/has exactly one solution.

N =z ﬂ./b
e True (100%)

e False

If Ais a4 x 3 matrix such that N(A) = {0}, and b = , then the

— o L D

system Ax = b has exactly one solution.

o lrue
e False (100%)
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Linear Combination

Sometimes we will want to find the “smallest” subspace of a vector space V that
contains all of the vectors in some set of interest. The following definition will help us

to do that.

Definition.
If wis avectorin a vector space V/, then w is said to be a linear combination of the

vectors vq,V,, ..., V. in IV if w can be expressed in the form

w=k,v, +k,v, + -+ k,V,
where k4, k-, ..., k, are scalars. These scalars are called the coefficients of the linear
combination.
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Example. Consider the vectors

=(1,2,—1) and v = (6,4,2)
in R3. Show that w = (9,2,7) is a linear combination of u and v.

W = W, & + I,V
(9.2, 7) = (N2> - ¥,D 4 (6§ Mz, 2, 2)C)
= ( M, + & W _ 2K,4 4, _ K, 2)k,.)
= (K+cio =9, 20, +9 Mo =2, — W, +2) = 7 |

1De ol | 1 6 ol 1 e 9
2 4 2 |, 0O -8 -16 [.| 0 -8 -16
-1 2 7 -1 2 7 0 8 16

Ko,

1 6 9 1 0 -3 (1) 0 -

om 2|]lo1 2| |oa

0 8 16 0 8 16 0 0

= MWi=-3_ M= 2
STUDENTS-HUB.com W= _2u4 42V
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Example. Consider the vectors
u=1(12,—1) and v =(6,4,2)
in R*. Show that w = (4, —1,8) is not a linear combination of u and v.

or
2 4 -1

-1 2
&:3
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Span S 2\ @

If S = {wy,w,, ..., w,.} is a nonempty set of vectors in a vector space VV and W is the
set of all possible linear combinations of the vectors in 5, then we say that the vectors

Wy, Wy, ..., W,. span W. We write
W = span{w;, W, ...,w,.} or W = span(S).

Remark.

® u € span{w;,w,,..,wW,.} © u=kw, +k,w,+-+k-w,, ki, k, ... k-€ER
e W = span(S) is a subspace of V.

e The subspace W is the “smallest” subspace of V that contains all the vectorsin §.
e span(S) is called the subspace of V generated by S.
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EXAMPLE 10 InRR’, the@)-:-m of e; and e, Jis the set of all vectors of the form

o ?7@4/5,/ ZZ)://’;E):Mg
ae; + e, = [g 67/?5

The reader may verify that Span(e;, e,) is a subspace of R°. The subspace can be
interpreted geometrically as the set of all vectors in 3-space that lie in the x;x,-plane
(see Figure 3.2.1). The span of ey, e,, €5 1s the set of all vectors of the form

o
1€ —|—{1!'2E2 - 3€3 = )
o3

Thus, Span(e;, e, e3) = R°. /\x

Span(e;, e;)
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Theorem 3.2.1 If vi,v,,...,V, are elements of a vector space V, then Span(vi,Vv,...,V,) is a
subspace of V.
—_———

Proof Let B be a scalar and let v = v + a2V, + - -+ + @,V, be an arbitrary element of

. Span(vy, vs,...,V,). Since
@/Qc(/? pan(vy, v, )
Ve W Bv = (Bay)vi + (Bag)va + - -+ + (Bay)v,
= pv eW 7? it follows that fv € Span(vy,...,v,). Next, we must show that any sum of elements
of Span(vy,...,v,)1s1in Span(vy,...,v,). Letv=ayv; + -+ a,v, and w = ;v +

@ V/W@w ..._l_ﬁn‘r”'

W/
5 veweW V+ W= (o1 + BV + -+ + (¢t + Bu)Va € Span(vy, ..., V,)

Therefore, Span(vy, ..., v,) 1s a subspace of V. O
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Example. Determine whether the vectors P (Vo vy ) =077

v, =(1,12), v,=(101), and v;=(213)

span the vector space R”.

3
Lf/c (ﬂ;ﬁ bfﬂ)ﬁ ”?
(‘ﬂr)bjﬁ:): K}ﬂszVz_{— l{g\.{;

W1 2alll1 2 a 1 1 2 a
1015||0 -1 -1 b—a| |0 Fl)-1 b—a
2 1 3 c 2 1 3 C 0O -1 -1 ¢c—2a
-"(I H&K;
1 1 a 1 2 a
0 (L 1 -b+al| |01 -b+a
0,1 -1 ¢—=2a | | 00 0c _ﬂ_l?plaaded By: Rawan Fares
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for (ﬂ_‘,b‘,c)gﬁj W’#ﬂk C-—::r..bfg'-’ﬂ) 7he %

has ne Satuleon.
spen S, v, Vy b IR
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Example. Determine whether the vectors
1,0), UE — (1,0,1), al'ld Ug — (2,1,3)

Ul — (L

span the vector space R>.

=
0
0

1 2
(])1 -b + a
o 2

STUDENTS-HUB.com

(U1 2 a 1 1 2 a
101 5[0 1) -1 b—al
01 3 ¢ 0 1 3 e
a (1) o 1 b

c+ b —a

Le (& b, c) €&

(‘3'; b;ﬁ*} —

oW1 -bp+a |
0 02 c+b—a |

e

m"’:! -l"xzﬂ-i*k}"&

0 0 (1)

1

— C

2

-b + a
1 1

+ —5bh — — a
2 2
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Example. Suppose that
v, =1(1,1,0,2), wv,=1(10,1,—1), and wv; =(1,—1,2,1).
Is the vector w = (2,2,4,9) in span{vy, vy, V3 }.

Ci}zi 4:"5)= KI I\"’l' + ri u.ﬂ'-i' H_gr vf_g.

1 1 12|11 1 121 1 12]
1 0 -1 2 0 -1 -2 0 0 -1 -2 0
o 1 24,10 1 24,10 1 2 4
2 -1 1 9 2 -1 1 9 0 -3 -1 5
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1 1 121 1 12
0 1 20 0 1 20
0 1 24[¢C0 0 0 4)
0 -3 -1 5 0 -3 -1 5

4—::::_4’ Thes 7S EW
There is ro Soteloass .
= W‘i ‘67&43”2/ V , Vo, Y 33
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EXAMPLE |12 The vectors 1 — x*, x + 2, and x° span@ Thus, if ax* + bx + ¢ is any polynomial in
Ps, it 1s possible to find scalars «, a», and a3 such that

@ +bx+ e =@l =) +@x +2) +@)¥

Indeed,
aq(1 —xz) + ar(x + 2) +n:3x2 = (a3 — cr])xz + arx + () + 2a0)

Setting ;/ ;0 0! “N LS
)z o0 & 5
Gy — o) =d
04 =b
o1 + 200 =c¢
and solving, we see that ) = ¢ — 2b, a» = b, and w3 = a + ¢ — 2b. o
. T T
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EXERCISES

3. Determine whether the following are subspaces of
2x2. 9 L7
R | | w0 68) =2 )
(a) The set of all 2 x 2 diagonal matrices / 5 7 =z
(2 | -
(b) The set of all 2 x 2 triangular matrices A ( 03) + {w - ( z é)
(¢c) The setof all 2 x 2 lower triangular matrices ,_—

5. Determine whether the fallnwing are subspaces of
P4 (be careful!):

(a) The set of polynomials in P, of even degree X /757 + 74) + (,747’) - X

(b) The set of all polynomials of degree 3 X /7{/?_} x) + (, >/ z) _ o
,e) The set of all polynomials p(x) in P4 such that
p0) =0
(d) The set of all polynomials in P4 having at least : 2 i
one real root X - /%*Z>+(—%3+J): 2+ |
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23. Let U and V be subspaces of a vector space W.
Prove that their intersection UMV 1is also a subspace
of W.

24. Let S be the subspace of R? spanned by e, and let
T be the subspace of R? spanned by e,. s SU T a

subspace of R*? Explain.

25. Let U and V be subspaces of a vector space W.
Define

U+V={z|z=u+vwhereu € U and v € V)
Show that U + V 1s a subspace of W.
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