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Watch this lecture and download the slides

http://jarrar--courses.blogspot.com/2014/03/discrete--mathematics--course.html

More Lectures Courses at: http://www.jarrar.info

Acknowledgement:
This lecture is based on, but not limited to, chapter 3 in “Discrete Mathematics with Applications
by Susanna S. Epp (3" Edition)”.

STUDENTS-HUB.com Uploaded By: anonymous



In this Lecture

We will learn
s ° Part 1: What is a predicate, and Predicate Logic
‘? e Part 2: Universal and Existential Quantifiers: V, 3
 Part 3: Formalize and Verablize Statements;
* Part 4: Different Writings of Quantified Statements;
e Part 5: Tarski’s World (Simple Example)

Keywords: Predicates, FOL, First Order Logic, Universal Quantifier, Existential Quantifier, Tarski’s World.
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First Order Logic

is also called:

* The Logic of Quantified Statements
* Predicate Logic

* First--Order Predicate Calculus

* Lower Predicate Calculus

* Quantification theory
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First Order Logic

A proposition is basically a sentence that has a truth value that can
either be true or false, but it needs to be assignhed any of the two values
and not be ambiguous. Propositional logic is used to analyze a statement

or group of statements.

Predicates can be seen as properties or additional information to express
the subject of the sentence.

A quantified predicate is a proposition, that is, when you assign values to a
predicate with variables it can be made a proposition.
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What is First Order Logic?

Propositional Logic First Order Logic
- Set of propositional symbols P(x..y), O(t,..s) Predicates
(eg, Ahmed, Student, 12 () (Allows quantification over
- No binding of variables variables)
(joined together by logical

—P Negation

operators to form sentences) P AQ Conjunction

—P Negation

. . P v QO Disjunction
P AQ Conjunction © Disy o
.. : ? — O Implication
P v Q Disjunction .
.. P <> O Equivalence
? — O Implication : : :
e 0 ks VvV Universal quantification

1 Existential quantification

We regard the world as We regard the world as
Propositions Quantified Predicates
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What is Predicate?

A predicate i1s a sentence that contains a finite number of variables and
becomes a statement when specific values are substituted for the variables.

The domain of a predicate variable i1s the set of all values that may be
substituted in place of the variable.

P(Xy,X; 5 .00y X)

Examples
First order Vogic Progosibional logic
Person(Amjad) Amjpd is 0 person.
University(BZU) BIU s o whinssily.

StudyAt(Amjad, BZU)  Amjad subies o} B2
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Part 1

Arity of Predicates

Arity is the number of arguments or operands taken by a function or
relation in logic, mathematics, and computer science

_P(x,% ,...,X,)

Examples:

Unary Predicates:

Binary Predicates:

Ternary Predicates

Quaternary Predicate:

STUDENTS-HUB.comn-ary Predicate:

Person(Amjad),
University(BZU)

StudyAt(Amjad, BZU)
StudyAt(Amjad,BZU, CS)
StudyAt(Amjad,BZU, CS, 2015)

StudyAt(Amjad,BZU, CS, 204pidBed By: anonymais



Part 1

Truth of Predicates

If P(x) is a predicate and x has domain D, the truth set of P(x) is the set
of all elements of D that make P(x) true when they are substituted for x .
The truth set of P(x) is denoted

{xeD | P(x)}

such that
{x € Organization | University(x)}

The set of all organizations that are universities.

{x € Person| student(x)}

The set of all persons that are students.
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In this Lecture

We will learn
* Part 1: What is a predicate, and Predicate Logic

‘:/ * Part 2: Universal and Existential Quantifiers: V, 3

"« Part 3: Formalize and Verablize Statements;
e Part 4: Different Writings of Quantified Statements;
* Part 5: Tarski’s World (Simple Example)

STUDENTS-HUB.com , Uploaded By: anonymous§



e The Universal Quantifier: Vv

Let Q(x) be a predicate and D the domain of x. A universal statement is a statement
of the form “VYx € D, Q(x).” It is defined to be true if, and only if, Q(x) is true for
every x in D. It is defined to be false if, and only if, Q(x) is false for at least one x in

D. A value for x for which Q(x) is false is called a counterexample to the universal
statement.

V PePalestinian . Likes(p, Zatar) AN flediniam Like Zols
Yolie

Vx € R, x2 > x. fale
¥ vt
Counlererample

Let D ={1,2,3,4,5}. Vxe D,x*>x.

True
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Part 3

The Existential Quantifier:

Let Q(x) be a predicate and D the domain of x. An existential statement is a
statement of the form “dx € D such that Q(x).” It is defined to be true if, and only
if, Q(x) is true for at least one x in D. It is false if, and only if, Q(x) is false for all
xin D.

dpePerson . Likes(p, Zatar)

True
inlegers
Im € Z¥ such that m? = m.
Tewe 1=1

Let E=1{5,6,7,8} 3m € E such that m? = m.
False
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In this Lecture

We will learn
 Part 1: What is a predicate, and Predicate Logic

e Part 2: Universal and Existential Quantifiers: VvV, 3
_=* Part 3: Formalize and Verablize Statements;
‘gé * Part 4: Different Writings of Quantified Statements;
e Part 5: Tarski’s World (Simple Example)
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Verbalizing Formal Statements

Write the following formal statements in an informal language:

Vx € R, x%2 > 0.

All real numbers have non-negative squared value
OR Every real number has a non-negative squared value
OR The square of any real number has a non-negative value

Vx € R, x? # —1. (=Fx ER, %*=1)
All real numbers have squares that are not equal to -1
OR No real value has a square equals to -1

Im € Ztsuch that m? = m.

There is a positive integer whose square equals to itself
OR We can find at least one positive integer equal to its own square
OR some positive integer equals to its own square

Vx € R, if x > 2 then x2 > 4.

If a real number is greater than 2 then its square is greater than 4
OR The square of any real number is greater than 4 %
OR the squares of all real numbers greater than 2 are greater than 4
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Formalize Statements

Write the following informal statements in a formal language:

All triangles have three sides
V triangles t,t has three sides
OR VYVt € T,t has three sides

No dogs have wings (¥4 € Dess. - Haslasld)
Vdogs d,d has no wings (=Fd €Des, Hewisdd)
OR Vd € D, d does not have wings

Some programs are structured (Ep €F shuchund p)
da program p such that p is structured

OR 3p € P such that p is structured o .
If a real number 1s an integer, then 1t 1s a rational number

VY real numbers x,if x is an integer, then x is a rational number
ORVx €ER,ifx € Zthenx € Q  (YiC% i€ Ralioml)

All bytes have eight bits

Vx,if x is a byte then x has eight bits

(Vx €byles. HaveEightBits(vs)

No fire trucks are green
Vx,if xisa firetruck then x is not green

STUDENTS-HUB.com (Ex € Sredeuds, Gramtnl)  (VH € Fin Yeacks, ~Greent] Uploaded By: anonymous



In this Lecture

We will learn
 Part 1: What is a predicate , and Predicate Logic

e Part 2: Universal and Existential Quantifiers: VvV, 3
 Part 3: Formalize and Verablize Statements;
> Part 4: Different Writings of Quantified Statements;
‘g’ e Part 5: Tarski’s World (Simple Example)
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Different Writings

V xeSquare . Rectangle (x)

Although the book
uses this notation but
it’s not recommended
as predicates are not
clear.

Vx . If x is as square then x is a rectangle }

V Squares x . x is a a rectangle

V pePalestinian . Likes(p, Zatar)
Vv P . Palestinian(p) A Likes(p, Zatar)

dpePerson . Likes(p, Zatar)
dp. Person(p) A Likes(p, Zatar)
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Quantifications might be Implicit

Formalize the following:

If a number is an integer, then it 1s a rational number.
Vn - Integer(n) - Rational(n)

If a person was born in Palestine then s/he 1s Palestinian
VxEPerson - BornInPalestine(x) - Palestinian(x)

VxEPerson - Bornln(x, Palestine) - Palestinian(x)

People like Hommos are smart
VxEPerson - Like(x, Homos) = Smart(x)
VxEPerson - LikeHomos(x) - Smart(x)
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In this Lecture

We will learn
 Part 1: What is a predicate, and Predicate Logic

* Part 2: Universal and Existential Quantifiers: V, 3

* Part 3: Formalize and Verablize Statements;

* Part 4: Different Writings of Quantified Statements;
‘};v Part 5: Tarski’s World (Simple Example)
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Tarski’s World Example

The following statements are true or false?

A

A

B
A

STUDENTS-HUB.com

SYOS

3

V‘Qlﬁaq\c, 3[%“‘1
V't . Triangle(r) — Blue(r). True

VxE Blu,’l?v‘atgle.m
V x . Blue(x) — Triangle(x). fale

Juieet
3y . Square(y) A RightOf(d, y). True

el oyl =Turde d bo o

dz . Square(z) A Gray(z). False
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In this Lecture

We will learn
’ i/ J Partl: Negations of Quantified Statements;

 Part 2: Contrapositive, Converse and inverse Quantified Statements;

 Part 3: Necessary and Sufficient Conditions, Only If

Keywords: Predicates, FOL, First Order Logic, Universal Quantifier, Existential Quantifier, Negation, Truth of
Universal Statements, Necessary and Sufficient Conditions
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Negations of Quantified Statements

How to negate a universal statement:

All Palestinians like Zatar
Some Palestinians do not like Zatar

Theorem 3.2.1 Negation of a Universal Statement
The negation of a statement of the form
Vxin D, Q(x)
1s logically equivalent to a statement of the form
dxin D such that~Q(x).
Symbolically, ~(Vx € D, O(x)) = dx& D such that ~Q(x).
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Negations of Quantified Statements

How to negate an extensional statement:

Some Palestinians Like Zatar
All Palestinians do not like Zatar

Theorem 3.2.2 Negation of an Existential Statement

The negation of a statement of the form
dxin D such that O(x)

1s logically equivalent to a statement of the form
Vxin D, ~Q(x).
Symbolically, ~(dx €D such that O(x)) = VxeD, ~QO(x).
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Negations of Quantified Statements

V p€ Prime . Odd(p)
Jdp € Prime . ~Odd(p)

Some computer hackers are over 40

All computer hackers are not over 40

All computer programs are finite

Some computer programs are not finite
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Negations of Quantified Statements

No politicians are honest

Some politicians are honest

Vx . P(x) - Q(x) (~Pvi
3x . P(x) A ~Q(x)

Vp € Person . Blond(p) — BlueEyes(p)
dp € Person . Blond(p) A ~BlueEyes(p)

If a computer program has more than 10000 lines then it contains a bug
A computer program has more than 10000 and does not contains a bug

of Some
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In this Lecture

We will learn
 Partl: Negations of Quantified Statements;

/EI Part 2: Contrapositive, Converse and Inverse Quantified

y Statements;

1 Part 3: Necessary and Sufficient Conditions, Only If

Keywords: Predicates, FOL, First Order Logic, Universal Quantifier, Existential Quantifier, Negation, Truth of
Universal Statements, Necessary and Sufficient Conditions
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Variants of Universal Conditional Statements

Consider a statement of the form: Vx&D, if P(x) then O(x).
1. Its contrapositive is the statement: Vx€D, if ~QO(x) then ~P(x).

2. Its converse is the statement: Vx&D, if O(x) then P(x).
3. Its inverse is the statement: Vx€D, if ~P(x) then ~Q(x).

Vx € Person . Palestinian(x) —> Smart(x)

Contrapositive:

VxePerson . ~ Smart(x) - ~Palestiman(x)
Converse: ‘/ycPerson . Smart(x) — Palestinian(x)
Inverse: VX€Person . ~Palestinian(x) — ~Smart(x)
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Variants of Universal Conditional Statements

VxeR x>2->x% > 4.
Vx € R. MoreThan(x,2) - MoreThan(x2,4)

Contrapostive: 7VxcR . x" <4 — x<2

Converse: .. R 2>4_—5 y>2

Inverse: VieR . x<2 — x’<4
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Variants of Universal Conditional Statements

Logically

Consider a statement of the form: Vx&D, if P(x) then O(x).

2. Its converse is the statement:

3. Its inverse is the statement:

1. Its contrapositive is the statement: Vx&D, if ~QO(x) then ~P(x)

VxeD, if O(x) then P(x).
VxeD, if ~P(x) then ~Q(x).

equivalentJ
T

Vx € D, if P(x) then O(x) = Vxe€D, if ~0O(x) then~P(x)

Vx €D, if P(x) then O(x) =/ Vxe€D, if O(x) then P(x).

Vx €D, if P(x) then Q(x) =/ Vx&D, if ~P(x) then ~QO(x).

STUDENTS-HUB.com
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In this Lecture

We will learn
 Partl: Negations of Quantified Statements;

 Part 2: Contrapositive, Converse and inverse Quantified Statements;

 Part 3: Necessary and Sufficient Conditions, Only If

\

5"
. y

Keywords: Predicates, FOL, First Order Logic, Universal Quantifier, Existential Quantifier, Negation, Truth of
Universal Statements, Necessary and Sufficient Conditions
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Necessary and Sufficient Conditions

- “Vx,r(x) is a sufficient condition for s(x)”’ means “Vx, r(x) — s(x).”

- “Vx, r(x) is a necessary condition for s(x)” means “Vx, ~r(x) — ~s(x)” or,
equivalently, “Vx, s(x) — r(x).”

Example:

Squareness is a sufficient condition for rectangularity.
If something is a square, then it is a rectangle.

Vv X . Square(x) — Rectangular(x)

To get a job it is sufficient to be loyal.

If one is loyal (s)he will get a job
Vv x . Loyal(x) — GotaJob(x)
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Necessary and Sufficient Conditions

- “Vx,r(x) is a sufficient condition for s(x)”’ means “Vx, r(x) — s(x).”
- “Vx, r(x) is a necessary condition for s(x)” means “Vx, ~r(x) — ~s(x)” or,
equivalently, “Vx, s(x) — r(x).”

Example:

Being smart is necessary to get a job.

If you are not smart you don’t get a job

If you got a job then you are smart

Vx . ~Smart(x) — ~Gotadob(x)

vx . Gotadob(x) — Smart(x)

Being above 40 years is necessary for being president of Palestine
vx . ~Above(x, 40) — ~CanBePresidentOfPalestine(x)

vx . CanBePresidentOfPalestine(x) — Above(x, 40)
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In this Lecture

We will learn

o=  Partl: Multiple and Order of Quantifiers

ﬁ?  Part 2: Verbalization of Formal Statements

1 Part 3: Formalization of informal Statements

 Part 4: Negations of Multiply-Quantified Statements

J Part 5: Example: Using FOL to formalize text (optional)

Keywords: Predicates, FOL, First Order Logic, Universal Quantifier, Existential Quantifier, Negation, Truth of Universal
Statements, Formalization, verbalization, Order of quatifiers
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Multiple and Order of Quantifiers
Vx dy . Loves(x,y) dx Vy . Loves(x,y)

Everything loves something Something loves everything
Each thing loves one or more things

Vy dx . Loves(Xx,y) Vy dx . Loves(y,x)

Everything is loved by something Everything loves something
Everything has something that loves it

dy Vx . Loves(X,y) Vx dy . Loves(X,y) , X#y

Something is loved by everything Everything loves something but not itself
Everyone love the same thing
There exists something that everything loves it

Vx ¥y . Loves(x,y) 3x 3y . Loves(x,))
Vx,y . Loves(x,y) dx, y . Loves(x,y)
Everything loves everything something loves something
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Multiple and Order of Quantifiers

Everyone loves all movies Some people loves some movies
e)\s\J\ng_\;eua;&JS ‘a)\s\ﬂuauu}ngwl.ﬁ\uau
VPeperson VMeMovie * LOVeEs(p,m) AP eperson IMe Movie = LOVeEs(p,m)
There is a movie that everyone loves Some people love all movies
ol JS anay old 281 JS any Qalll iamy
3’"6 Movie vpel’crson ’ LOVede(’"vl)) 3/)61’01'5011 v’nEf\*lovic ’ LOVGS(])J'N)
- Loves (£om)
Everyone loves some movies All movies are loved by someone
vaPcrson Hlnel\"lmic ’ LOVCS([)J”) \4 Me Movie 3 PePerson * LOVCdby(I”'p)
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In this Lecture

We will learn
J Partl: Multiple and Order of Quantifiers
E/ 1 Part 2: Formalise/Verbalization of Formal Statements
&'f J Part 3: Negations of Multiply-Quantified Statements

d Part 4: Example: Using FOL to formalize text (optional)

Keywords: Predicates, FOL, First Order Logic, Universal Quantifier, Existential Quantifier, Negation, Truth of Universal
Statements, Formalization, verbalization, Order of quatifiers
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Multiple Quantifiers with Negated Predicates
dx dy . ~Love(xy)

Somebody does not love somebody

V\A'A.. :'.\“:\ V@. ol Q 5;.‘ - \“: = A'- ":.'1\ vw. -

Vx Vy . ~Love(x,y)

- » ‘_' . ’ . » T

Everyone does not love anyone

Aal cso sl Y

No one love any one.

dx Vy . ~Love(x,y)

Someone does not love anyone

Vx dy . ~Love(y,x)

Everyone 1s not loved by someone g Y g a) da g add S

Everyone has some people who do not love him
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Verbalize and Test Statements

Salads
green salad | & 3 an item / such that V students S, S chose I.

~ fruit salad

Uta

Main courses

b. J a student S such that V items I, S chose 1.

spaghetti
d A fish
Tim & Desserts "
. §S~*e”5 c. da student S such that V stations Z, 3 an
- Plfl?\ item / in Z such that S chose /.
5

Yuen
Beverages

S milk d. V students S and V stations Z, 3 an

0 item / in Z such that S chose /.
coffee

There is an item that was chosen by every student. - true
There is a student who chose every available item. >false
There is a student who chose at least one item from every station. - true

Every student chose at least one item from every station - false.
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Tarski’s world - Formalizing Statements

Describe Tarski’s world using universal and external quantifiers
using Formal FOL Notation

a. For all circles x, x is above f. 0
[ vx(Circle(x) — Above(x, f)). | ; G A

OR VXECGwrck, Above(n.i)
b. There is a square x such that x is black. - f‘ =

[ 3x(Square(x) A Black(x)). |

c. For all circles x, there is a square y such that .
x and y have the same color. »

[vx(Circle(x) — 3y(Square(y) A SameColor(x, y))). |

d. There is a square x such that for all triangles y,
x 1s to right of y.

Jx(Square(x) A Vy(Triangle(y) — RightOf(x, ))).|
STUDENTS-HUB.ComI ’( . & L ad 5 ’
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Formalize these statements

The reciprocal (=< i) of a real number a is a real number b such that a.b =
1. The following two statements are true. Rewrite them formally using
quantifiers and variables:

Every nonzero real number has a reciprocal.

VueNonZeroR, 3veER . uv =1.

The number 0 has

There is a real number with no reciprocal. .
no reciprocal.

JceR VdeER,. cd # 1.
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Formalize these statements

There Is a Smallest Positive Integer

dmeEZ* V n€Z*. LessOrEqual(m,n)

In the book:
J a positive integer m such that V positive integers n, m < n.

There Is No Smallest Positive Real Number

VxeR* dy €R* . Less(y,x)

In the book:

V positive real numbers x, 3 a positive real number y such that y < x.
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In this Lecture

We will learn

J Partl: Multiple and Order of Quantifiers

J Part 2: Formalise/Verbalization of Formal Statements

>

).

s +=U Part 3: Negations of Multiply-Quantified Statements

d Part 4: Example: Using FOL to formalize text (optional)

Keywords: Predicates, FOL, First Order Logic, Universal Quantifier, Existential Quantifier, Negation, Truth of Universal
Statements, Formalization, verbalization, Order of quatifiers
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Negations of Multiply-Quantified Statements

~(Vx in D, dy in E such that P(x, y)) = dx in D such thatVy in E, ~P(x, y).
~(dx in D such thatVy in E, P(x, y)) = Vx in D, dy in E such that ~P(x, y).

Examples:

~ (Vx dy . Loves (x,y))

~(dx Yy . Loves (x,y))
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Negations of Multiply-Quantified Statements

Not all people love someone.
~ (all people love someone)
~(Vx dy . Love(x,y))

dx Vy.~Love(x,y))

Some people do not love everyone

Not all people love everyone.

~ (All people love everyone)
~ VxVy Like(x, y)
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In this Lecture

We will learn
J Partl: Multiple and Order of Quantifiers
J Part 2: Formalise/Verbalization of Formal Statements
 Part 3: Negations of Multiply-Quantified Statements

J Part 4: Example: Using FOL to formalize text (optional)

Keywords: Predicates, FOL, First Order Logic, Universal Quantifier, Existential Quantifier, Negation, Truth of Universal
Statements, Formalization, verbalization, Order of quatifiers

STUDENTS-HUB.com Uploaded By: anonymous



Example: Using FOL to formalize text

Example from: Russell & Norvig Book

The law says that it is a crime for an American to sell
weapons to hostile nations. The country Nono, an
enemy of America, has some missiles, and all of its

missiles were sold to it by Colonel West, who is
American.
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Example: Using FOL to formalize text

... it'is a crime for an American to sell weapons to hostile nations:
vx,y,z . American(x) A Weapon(y) A Sells(x,y,z) A Hostile(z) = Criminal(x)
Nono ... has some missiles, i.e., WA
=X . Owns(Nono,x) A Missile(x)
... all of its missiles were sold to it by Colonel West
vx . Missile(x) A Owns(Nono,x) = Sells(West,x,Nono)
Missiles are weapons:
VX . Missile(x) = Weapon(x)
An enemy of America counts as "hostile”:
vx . Enemy(x,America) = Hostile(x)
West, who is American ...
American(West)
The country Nono, an enemy of America ...

Enemy(Nono,America)
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