12

Introduction to the Laplace
Transform

Assessment Problems

Pt 4 et

AP 12.1 [a] cosh gt = 5

Therefore,

L{cosh ft} = /OO [e(s=B)t 1 e=(s=P)1] g
-

N | —

e—(s=B)t o0 (sHB)t oo
[—(s—ﬁ) ) ]

11 1\ s
_§<s—ﬁ+s+ﬁ>_52—62

et — =Pt

2

N | —

[b] sinh gt =

Therefore,

L{sinh Gt} = %/:O [e‘(s_ﬁ)t - e_(sw)t} dt
e—=Bt 1 | [ e—(s+B) 1
l—(s —mL 2 l—(sw)]o

B 1 1 B I}
) <s—ﬁ_ s+ﬁ> T (82— B?)
AP 12.2 [a] Let f(t) = te

— N

F(s) = L{te ™} =

(s+a)?

dF(s)

Now, L{tf(t)} = — 7

12-1
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12-2 CHAPTER 12. Introduction to the Laplace Transform

—aty _i 1 B 2

So. Lit-te} = ds [(s%—a)z] ~ (s+a)?

[b] Let f(t) = e “sinh B¢, then
N
LU0} = FO) =
GO\ _ oy poy SO s

e G o - 10 = i 0=

[c] Let f(t) = coswt. Then
_ s n dF(s) _ —(s% — w?)
Fls) = (82 +w?) d ds (82 + w?)?

dF P
Therefore L{tcoswt} = — diS) = (Ssz _I_:jz)z

AP 123 652 4 265 + 26 K K. K.
F(s) = 5% + 208 + _ Mo, A K
(s+1(s+2)(s+3) s+1 s+2 s+3
K1:6—26—|—26:3; K2:24—52—|—26:2
(1)(2) (=1)(1)
54 — 78 4+ 26
oy LTS

(=2)(-1)

Therefore f(t) = [3e™" + 2e7% + e | u(t)

AP 124 e A " " "
s“ 4+ 63s + 13 1 2 3
F = —=
) = G oG+ 015 513 sxd 550
63 — 189 — 134 112 — 252 + 134
1(2) (=)
175 — 315 + 134
Kg - + — —3

(=2)(-1)

f(t) = [4e™® + 6~ — 3e " u(t)
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Problems 12-3

AP 12,5 )
10 119
Fs) = (s* 4 119)
(s +5)(s?+ 10s + 169)
S12=—0Ex V25 —-169 = -5+ 512
K K K
F(s) = —— + 2 4+ 2
s+5 s+5—7j12 s+4+54 512
10(25 + 119)
Kl = - =
25 — 50 + 169
10[(=5 + j12)? + 119]
Ky = ‘ ‘ = j4.17 = 4.17/90°
’ (412)(524) T
Therefore
f(t) = [10e7" 4 8.33¢ 7" cos(12t + 90°)] u(t)
= [10e°" — 8.33e ™" sin 12t] u(t)
AP 12.6 12 o L K K K
s°+7s+ 0 1 2
F = - = —
(s) s(s+1)? s (s+1)2 * s+1
1 4—-74+1

K—i 45?2 +7s +1 _ 5(85+7) — (4 4+ Ts +1)
> 7 ds S —1
o 1+2

1

2
S s=—1

3

Therefore  f(t) = [1+ 2te™" + 3¢~ u(t)

AP 12.7
40 40
F(s) = = ‘ 4
(s24+4s+5)2  (s+2—71)%(s+2+ j1)2
K K» K
= — — + —
(s+2—41)2 (s+2—71) (s+2+71)
T
(s +2+41)
40 o .
K = G2 =—-10=10/180° and K;=-10
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124 CHAPTER 12. Introduction to the Laplace Transform

d 40 —80(52) 4
Ko=—|——— = : = —4510 = 10/ — 90°
27 ds [(s—I—Q—I—jl)zL:_zﬂ.l (72)* J [=90°
K; =310
Therefore

f(t) = [20te™? cos(t + 180°) + 20e ™2 cos(t — 90°)] u(t)
= 20e~?![sint — t cos t] u(t)

AP 1238
5574295 +32  5s°+295+32 5+8

F<S)_(s—|—2)(s—|—4)_ 2465 +8  (s+2)(s+4)

s+ 8 K Ko

(s+2)(s+4) s—|—2+s—|—4

—2+8 —4+8
1 2 ) 2 _2

Therefore,

3 2

F(s)=5—
(5) 512 514

F(£) = 56(t) + [~3e~% + 2e~u(t)

253 + 852 + 25 — 4
= —2s—24—— 1
5?2 +bs+4 (s+1)(s+4) s+4

() = 2%(;) —25(t) + 4= u(t)

AP 12.10
lim sF(s) = lim [ 3
8%

§—00 §—00

75314 (9/s) + (134/(7s%))] ] _ 7
L+ (3/s)][1+ (4/9)][L + (5/s)]

f07) =7

[ 7s% + 635 + 134s _ 0
( )|

limsF(s) = li
imsF(s) =lim PR PV P

s—0 s—0

f(o0) =0
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lim sF(s) = lim

§—00

§—00

0T =4

limsF(s) = lim
s—0 s—0

o floo)=1

lim sF(s) = lim

L f(07)=0

limsF(s) = lim
s—0 s—0

" floo)=0

STUDENTS-HUB.com

45 +7s + 1

sUL+ (4/s) + (5/s9)2]

52 4+ 4s +5)2

Problems 12-5
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12-6 CHAPTER 12. Introduction to the Laplace Transform

Problems
P12.1 [a]
860 -
f(t)
w0
20 7
ti{s)

O T

1] 10
_20 -
40 -

_ED -

[b] f(t) = 5t[u(t) — u(t — 10)] + (100 — 5¢)[u(t — 10) — u(t — 30)]
—50[u(t — 30) — u(t — 40)]
(2.5t — 150)[u(t — 40) — u(t — 60)]

P 12.2

30 1 F(¢)
20 -

10

30

P 12.3 [a] (=3t —15)[u(t +5) — u(t)] + (=3t + 15)[u(t) — u(t — 5)]
= —3(t +5)u(t +5) + 30u(t) + 3(t — 5)u(t — 5)
[b] (5t + 20)[u(t +4) — u(t +2)] — dt[u(t + 2) — u(t — 2)]
(5t — 20)[u(t — 2) — u(t — 4)]
= 5(t + d)u(t +4) — 10(t + 2)u(t + 2) + 10(t — 2)u(t — 2)
—5(t — d)u(t — 4)
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P 124

P 12,5

P 12.6

P 12.7

STUDENTS-HUB.com

Problems 12-7

[a] 6.25t[u(t) — u(t — 8)] 4+ 50[u(t — 8) — u(t — 12)]
(125 — 6.250)[u(t — 12) — u(t — 20)]

[b] 25¢~u(t) — u(t — 2)]
[c] (30 — 26)[u(t) — u(t — 5)] + 20[u(t — 5) — u(t — 15)]

(50 — 26)[ult — 15) — u(t — 25)]

As ¢ — 0 the amplitude — oo; the duration — 0; and the area is independent
of g, i.e.,

A:/OO L

oo T €2 + 12
o 4= (- (o (2) -
[b] 0; [c] oo
o "t
4
£3 |
—& —&/2 £/ E s -
-4
=3

—€/2 4 e/2 /4 e 4
F :/ —e st dt / (—) —stdt / —etdt
() — =3¢ + —e/2 \ &3 c + c/2 3¢

4
Therefore F(s) = ?[655 — 2e%/2  2e75E/2 o]
s

L{8"(t)} = lim F(s)

After applying L’Hopital’s rule three times, we have

2 2s /3
ll_{%?s ses€ — 2656/2 . 26—35/2_‘_86_55] _ ES (;)

Therefore L{6"(t)} = s*

Uploaded By: Jibreel Bornat



12-8 CHAPTER 12. Introduction to the Laplace Transform

P128 [a] [ = /_31(t3 +2)6(t) dt + /_31 8(t2 +2)0(t — 1) dt
= (0°+2) +8(1° +2) = 2+ 8(3) = 26
[b] I = /_22t25(t) dt+/_22t25(t+1.5) dt+/_225(t—3) dt

=04 (—1.5)* +0 =225

%€ —_ o5

e 1
P 129 F(s)= / et —
! (s) —e 256 dt 2es

1 . lsese%—se_‘%] B 1 2s _
- — —

P 12.10 f(t) _ 1 ‘/_OO (4+]L¢J) . W(S(w) eIt du = (i) (ﬂﬂe—jw) — g

o (9 + jw) 21/ \ 9+ 50 9
Prza { A0~ () -0 - ) -
Therefore
L{5"(t)} = s"(1) = s"716(07) —s"2(07) —s"?6"(07) — -+ = 5"

P 12.12 [a] Let dv=14'(t —a)dt, v="0(t—a)
u=f@t), du=f'(t)dt

Therefore

| st —aydt = (0ot - a)

1, —/_Z 5(t— a) f(t) dt

=0— f'(a)
b] £{0'(t)} — /OOO §'(te st dt = — [d(z;s )] ) - _ [—se—stL:O =35
—500(t—10 — 206_108
P 12.13 [a] £{20e0 1t —10)} = (5 + 500)

[b] First rewrite f(t) as
f(t) = (5t 4+ 20)u(t + 4) — (10t + 20)u(t + 2)
+(10t — 20)u(t — 2) — (5t — 20)u(t — 4)
=5(t+4)u(t +4) — 10(t + 2)u(t + 2)
+10(t — 2)u(t —2) — 5(t — 4)u(t — 4)
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Problems 12-9

5[643 _ 2623 + 26—23 _ 6—45]

s2

. F(s) =

P 12.14 [a] f(t) = (=8t — 80)[u(t + 10) — u(t + 5)]
+8t[u(t +5) — u(t — 5)]
+(—=8t + 80)[u(t — 5) — u(t — 10)]
— —8(t + 10)u(t + 10) + 16(t + 5)u(t + 5)
—16(t — 5)u(t — 5) + 8(t — 10)u(t — 10)

8[_6103 + 2653 _ 26—53 + 6—103]

. F(s) =

[b]
7 t)

g

10l -5 5 10 (s

—— _B— ——

f(t) = =8[u(t + 10) — u(t + 5)] + 8[u(t + 5) — u(t — b)]
+(—=8)[u(t — 5) — u(t — 10)]
= —8u(t + 10) + 16u(t + 5) — 16u(t — 5) + 8u(t — 10)

8[_6103 + 2653 _ 26—53 + 6—103]
S

L{f ()} =
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12-10

[c]

CHAPTER 12. Introduction to the Laplace Transform

f"l:t:l
166 (t+5) B0 (t—10)
-10 5
I
_5[ 10 E(s)
-8& (t+10) -16A8 (t-5)

() = —=84(t + 10) + 165(t + 5) — 164(t — 5) + 84(t — 10)

,C{f//(t)} _ 8[_6103 4 92e% —
P 12.15 L{e“f(t)} = /Ooo[e_atf (D)™ dt = / .

P 12.16 £{f@n)}:uémjiawe‘“dt

26—53 _l_e—IOS]

F)e T dt = F(s+a)

Let wu = at, du = adt, u=0" when t=0"
and u=o00 when t=o00
)T _ 1
Therefore L{f(at)} = / f(u)e — =—-F(s/a)
0- a
P 12.17 [a] L{te "} = /oo te~(sta)t g
-
6—(s+a)t ) )
et — t —
(s+a)? (s +a) 0-
0+ —
B (s + a)?
1
L L{te "} = ———
fte™ (s+a)?

STUDENTS-HUB.com
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Problems 12-11

[b] L {%(tte_at)u(t)} = (S _Sa)g -0
d, _u B s
£{a(t6 )u(t)} = Gra)y
[ ] %(t@ at) — t at—|—€ at
L{—ate™™ 4 e "} = 4 Lo cta

(s+a)? (s+a) (s+a)2+(s+a)2

d, _u s
LOLY (e b = HECK
£{dt(t6 )} FEE CHECKS

P 12.18 [a] £{ _”dzv} = Fls) _
s+a)

—at

™

[b] / —aw g — -

1_
a
5{1 }:___ 1 ]: 1
a 5 s+a s(s+a)
2

t
P 12.19 [a] / vde = =
0- 2

t2 2 —st
c{} 2/0] dt

1 —st
== [6 (522 + 25t + 2)
—S

= 5@ =

253 s

. c{/tzdz}zsig

[b] c{/otxdz}:@ZEZL

s 53

t
- c{/ xdz}zl CHECKS

53

1
P 12.20 [a] L{t} = 2 therefore L{te ™} = P
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2jw )
s2 + w?

12-12 CHAPTER 12. Introduction to the Laplace Transform
b Jwt e—jwt
D wf —
[b] sinw 2
Therefore
1 1 1 1
L{sinwt} = (—) ( — = : ) - (—
72 s—Jjw S+ jJw 72
. w
s% 4 w?
[c] sin(wt + 6) = (sinwt cos @ + coswt sin 0)
Therefore

L{sin(wt + 0)} = cosOL{sinwt} + sin OL{coswt}

wcosf + ssinf

$2 + w?
o) —st o) 1
d :/ St = S (—st— 1
[d] L£{t} A te % dt 2 (—s ) .

[e] f(t) = coshtcosh® + sinhtsinh@
From Assessment Problem 12.1(a)

1

s2

L{cosht} = 2 S_ .
From Assessment Problem 12.1(b)
L{sinht} = = 1_ .
L{cosh(t + 0)} = cosh b [(5257_1)] + sinh @ [52 — 1]
_sinh 6 + s[cosh 0]
- 1)
dF(S) . d > _st o o —st
P1221 [a] % = = [/ f(t)e dt] _—/07 tF(t)e"t dt
Therefore L{tf(t)} = —‘“225)
sz( ) o —st d3F( ) o —st
[b] ds; - /07 £2f(t)e~* dt; ds3s - /07 —f (et dt
d" o0
Therefore ££S) = (=" /07 t"f(t)e tdt = (—1)"L{t"f(t)}

[c] £{t"} = L{t"t} = (-1)* d’ (l) _ 120

dst \ s2 56

L{tsinft} = (_1)1%< s ) _ : 20s

52+ﬁ2 - Sz_l_ﬁz)z

STUDENTS-HUB.com
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L{te " cosht}:

Problems 12-13

From Assessment Problem 12.1(a),

s
F(s) = L{cosht} = 1
dF (s =11-s(2s) = s*+1
ds (s2—1)2 (s2—1)2
dF 241
Therefore — E = W
Thus
241
£{t COSht} = W
_ +1)24+1 s2+2s+2
t h — (S —
Lleteoshty = T =~ 9 12
P 1222 [a] £ BB b o o) = 5
’ dt 24 w? 24 w?
d cos wt 52 52 —w?
b - -2 o q{=_ =
[b] ﬁ{ dt u(t)} s2 4+ w? cos(0) $2 4+ w? §% + w?
d*(t?) 3 (2 >
(] c{ o u(t)} s (?3) — 2(0) — 5(0) — 2(0) = 2
[d] dsin wt _ 0 4 - ws
e coswt) - w, W COS W =g
dcoswt i
7 = —wslnwt
2
) w
L{—wsinwt} = S
A3 (t?u(t
% = 20(t); L{26(t)} =2
e St 0o
/ — _ apo—a(t—e) ,—st
P 1223 [a] L{f(1)} /_5 —dt+ / ae==9)e5t gt
1 a
— = (p8€ _ p—SEY _ —se — |
255(6 ¢ ) (s+a>€ (S)
lim F(s) =1— @ __°
e—0 s+a s+a

STUDENTS-HUB.com
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12-14 CHAPTER 12. Introduction to the Laplace Transform

1
b] L{e "} =
b] £fe =
S S
Therefore L{f'(t)} = sF(s) — f(07) = —0=
erefore L{f'(t)} = sF(s)— f(07) sta s+a
ot . B s+a
P1224 [a] fi(t) =e™coswt;  Fils) = s
- s(s+ a) —a? — sa — w?
F(s)=ski(s) — 1(07) =77 1=
(s) = sFi(s) — f1(07) (5+a)? + w2 (5 + a)? + w?
_ _—at _: . — w
[b] fi(t) = e “sinwt; Fi(s) = m
Fi(s) w
F(s) = —
() s s[(s+a)? + w?]
[c] %[e_“t coswt] = —we ™ sin wt — ae”* cos wt
Therefore F(s) = W —als +a) s
(s+a)?+w?  (s+a)+w?
/t o J —ae” % sinwt — we™% coswt + w
e"“sinwr dr =
_ a? + w?
Therefore
1 —aw w(s+a) w
F(s) = - "
() a? + w? [(s%—a)z%—wz (s +a)”+w? " 5]

s[(s+ a)? + w?

P 12.25 [a]/ du—/j[/jf()‘“tdt]du—/ [/‘X’ ‘“tdu]
:/Zof(t)/je‘“tdudt [—‘ ]
- oo 5{9}

20s
therefore L {tsin ﬁt} = /OO l(ﬂ] du

[b] L{tsinpt} =

(s + (2)?
t u? + 32)2

Let w = u? + 3%, then w = s? 4+ 3% when u = s, and w = oo when u = o0;
also dw = 2u du, thus
tsin Gt o |dw =1\ |*® I}
N e s
t s2402 | w w /) 242 240
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Problems 12-15

5s 1 1 1
P 12.26 1 = — = 16; — = 100; — =20
=T wme % 1o ’
V(s) 1V(s)

_ Iy(s) _ Lsly(s)  gsly(s)
T+ +sC L4114+ 2LC P+ 555+ 15

B (20)(5)s> B 10052
(824 165 4 100)(s2 +400) (52 + 165 + 100)(s2 + 400)

1 rt ) dv
P 12.2 IC:—/ dr+ 2 o
7[&] d L O’Udl"l'R‘l'Cdt

L _ Vils) | Vils)

[b] 2 = 2022 4 28 4+ 5CVis)

- Iee/C
Vol®) = A7 ReYs + (1/L0)
dv,
[c] i, =C I

SIdC
21 (1/RC)s + (1/LC)

I,(s) = sCV,(s) = .

P 12.28 [a] Fort > 07:

dvo .

—+C =0

R Ot
d’éo d'Uo dz'éo

o pry —’ pry L

v dt dt a2
L di, d?i _0
R dt dt2 fo =

d?i, 1 di, 1 .
or ! ! 1, =10

iz " RCd IO
1 1
[b] 52]0(5) —slge — 0+ ﬁ[slo(s) — Ia] + ﬁlo(s) =0
, 1 1
I(s) |8+ =—=s+ —| = La.(s + 1/RC)

B Ia|s + (1/RO)]
- [s24 (1/RC)s + (1/LC))
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12-16

P 12.29 [a] Fort > 07:

di

Ri, + L—= , =0
10 + qt +v
. dv, % B
C Tt dt
dv, d?v,
L
RC i + LC 7B
or
d?v, R dv, N 1
a2 " Ldt | LC

[b] s°V,(s) — sVac— 0+ %[sVo(s) — Vae] + :

R 1
2 — [
Vo(s) [s + LS+LC]

Vo(s) =

CHAPTER 12. Introduction to the Laplace Transform

d?v,

dt?

+v,=0

=0

ﬁ‘/o(s) =0

= Vae(s + R/L)

Vac[s + (1/L)]

[s2+ (R/L)s + (1/LC)]

'Uo_V;ic

R

P 12.30 [a]

RV,
[b] Vo +——+ RCsV, =
L s

1 t
+z/0 vodr +C

dv,
dt

=0

Ve
S

sLV, + RV, + RCLs*V, = LVy.

Vo(s) =

(1/RC)Vac

s> 1 (1/RC)s + (1/LO)

. 1t
[c] io = Z/o Vo dT

I,(s) = 2

Vae/ RLC

V1 — V2

R

1 t
P 12.31 [a] Z/ vidr +
0

and

d’U2
C’% +

STUDENTS-HUB.com

~ sL s[s2+ (1/RC)s + (1/LO)]

= igu(t)
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Problems 12-17

i Vi—VW,
b] — =1
[]sL+ R g

Vo=V
R

+sCV, =0

or

(R+ sL)Vi(s) — sLVa(s) = RLsIy(s)
—Vi(s) + (RCs+1)Va(s) =0

Solving,
_ s1y(s)
Vels) = GlE T (®/L)s + (1/L0)]
e diq d, . . a, . diq
P 12.32 [a] 625 = 150i; + 62.5% + 25%(22 i1) + 12'5%(21 is) 25%

d di
0=12.5"(iy — 1) + 25% + 100,

dt
Simplifying the above equations gives:
: diy diy
625 = 150 25— 4 12.5—
1 + 7 + 7
: diy diy
0 =100 12.5— 4+ 12.5—
19 + 7 + 7
625
[b] — = (255 + 150)11(s) 4+ 12.5s15(s)
5

0 = 125511 (s) + (12.5s + 100)I5(s)

[c] Solving the equations in (b),

_50(s +8)
Ii(s) = s(s+4)(s+24)
—50
L) = G+ o0

P 12.33 From Problem 12.26:

100s?

V pu—
(8) = (85165 & 100) (52 + 400)

s2 4165 + 100 = (s + 8 + j6)(s +8 — j6); s> +400 = (s — j20)(s + j20)
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P 12.34 [a]

STUDENTS-HUB.com

CHAPTER 12. Introduction to the Laplace Transform

Therefore

100s?
(s +8+j6)(s +8— j6)(s — j20)(s + j20)
K K7 K. K3
— L 24 2
$§4+8—76 s+84+76 s—720 s+ 720

V(s) =

10052
(s + 8+ j6)(s% + 400)

K, = =1.9/—15L.1°

s=—8+36

B 100s?

_ = 2.28/ — 43.15°
(s + 720)(s% + 165 + 100) [- 4315

5=3520

Therefore

v(t) = [3.8¢7% cos(6t — 151.1°) + 4.56 cos(20t — 43.15°)]u(t) V
1

1
= = 2500
RC ~ (20)(20 x 10-)
L _ L = 10%; L _ 50,000
LC ~ (0.05)(20 x 10-6) ~ "’ c
50,0004
VO =
(%) = 725005 + 107
B 50,0007 4¢
(54 500)(s + 2000)
B 3750
(54 500)(s + 2000)
K N K,
s+500 s+ 2000
3750 3750
=" —25 K,y = =25
L1500 ’ >~ 1500
2.5 2.5
Vo(s)

T s+500 s+ 2000
v,(t) = [2.5e7°0% — 2 572000y (¢) V

0.075

[b] I,(s) = >
(s + 500)(s + 2000)

KK
s+500 s+ 2000
0.075(—500)
K = V) 0,025
! 1500

Uploaded By: Jibreel Bornat



Problems 12-19
0.075(—2000)
Ky = — 2V =27 01
2 —1500
—0.025 0.1
I,(s) =
(5) = 500 * 52000

io(t) = (—25e7°% 4 100e 2%y () mA
[c] i,(0) = 100 — 25 = 75mA

Yes. The initial inductor current is zero by hypothesis, the initial resistor

current is zero because the initial capacitor voltage is zero by hypothesis.
Thus at t = 0 the source current appears in the capacitor.

1
P 12.35 — = 200,000;
RC Y Y

1
— =10
LC
L(s) = 0.04(s + 200,000)
Y 52 4200,000s 4 1010

s1.2 = —100,000

0.04(s 4 200,000) K
Io(s) = =

K
(s +100,000)2 (s -+ 100,000)2 T 100,000
K; = 0.04(s + 200,000) = 4000
s=—100,000
d
Ky = ds [0.04(s 4 200,000)] 199 oo = 0-04
1(s) 4000 N 0.04
o\8) =
(s +100,000)2 "~ s + 100,000
io(t) = [4000te™ %% 4 0.04e ™00y (1) A
R 1
P 1236 — =1 : —— =16 x 10°
36— = 10,000; 75 = 16
V(o) 120(s + 10,000)
olS) =
52 4 10,0005 + 16 x 106
_120(s + 10,0000 K LI
(5 +2000)(s +8000)  s+42000 s+ 8000
120(8000) 120(2000)
= ——~ =160V; Ky=——>=-40V
! 6000 ’ 2T 6000
160 40
Vo(s) =

s +2000 s+ 8000
V,(t) = [160e 2090 — 4068900 (¢) V
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1220 CHAPTER 12. Introduction to the Laplace Transform

1 1

P 12.37 = =125 x 10°
&l 7o = ToE =10
L _ ! = 100
RC ~— (2000)(5 x 10-6)
5600
V, =
(%) = 537005 + 195 < 10
s12 = —b0 % 7350 rad/s
5600
Vo(s) = : 4
(5 + 50 — 7350)(s + 50 + 7350)
_ K n Ky
5+50— 5350 s+ 50 + 7350
5600
K ="—"—=8/-90°
LT 700 :
v,(t) = 16e°" cos (350t — 90°)]u(t) V
= [16e""" sin 350t]u(t) V
56(62.5)
[b] Ly(s) = 4 4
s(s+ 50 — 5350)(s + 50 + j350)
SR R —
s 5450 — 7350 s+ 504 5350
3500
K= ——_ =928mA
DR DT AVE TR
3500
K, = : ‘ — 14.14/171.87° mA
(=50 + j350)(5700)
io(t) = [28 + 28.28¢ % cos(350t + 171.87°)]u(t) mA
1 1 R 0.15
P 12.38 — = 64 x 105, — = 1600 x 105; — = 100,000; I, = ——
c- U Ie T e
96 x 10°
Va(s) =

s2 +105s + 1600 x 106
s = —20,000.  s9 = —80,000
96 x 10°
(s -+ 20,000)(s + 80,000)

160 160
s+20,000 s+ 80,000

Va(s) =

va(t) = [160e 200908 — 16030000y (+) V
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Problems 1221

}(1 l{é l{é
P1239 [a] Li(s) = — + =7 + 5

(50)(8)

K, = 1) = 4167, Ky = ) (20) — —2.5
K3 = % ~1.667

= (4 2 1)

i1(t) = (4.167 — 2.5~ — 1.667e " )u(t) A

Ix(s) = s[j—lél + s 4[—(224

Kl—;—‘zo —2.5; Kg—:—gg—QE)

La(s) = (s_ii T3 i524>

in(t) = (2.5e7 2 — 2.5 )u(t) A

[b] i1(00) =4.167 A; iz(00) =0A
[c] Yes, at t = o0
625
1 =—=4167A
11 150 67

Since 77 is a dc current at ¢ = oo there is no voltage induced in the 12.5 H
inductor; hence, 7o = 0. Also note that i;(0) = 0 and i5(0) = 0. Thus our
solutions satisfy the condition of no initial energy stored in the circuit.

K Ky
P 12.40 F(s) =
la] F(s) =75+ 53
6 10
K, =860
(s+8) ls=s
o, S0
(s+5) ls=—s

f(t) = [10e™" — de™®u(t)

K1 K, Ks
b] F(s) =
[b] F(s) s +s+3 s+ 7

2052 + 141 1
K, = 0s* + 141s + 315 15
(s+3)(s+7) ls=0
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12-22 CHAPTER 12. Introduction to the Laplace Transform

2052 + 141 315
K, = s°+ 1dls + I
s(s+7) s=—3
2052 + 141 1
Ky = 0s* + 141s + 315 _11
s(s+3) s=—7

f(t) =15 — 67" + 11le” " u(t)
K, K, K
s+2+s+4+s+6

1552 4+ 112 22
K, = 5s° + s+ 228 _g
(5 + 4) (S + 6) s=—2

[c] F(s) =

o, _ 158”4 1125 + 228 _ .
2T 5+2)(s+6) s

. _ 108”4 1125 + 228 1
T (5+2)(s+4) s

f(t) =[8e ™" — 5™ + 12 u(t)

Kl K2 Kg K3
d] F(s)=—
[d] F(s) s+s+1+s—|—2+s—|—3

253 4 3352 4 93s + 54
Kl = = 9
(s+1)(s+2)(s+3) ls=o
3 2
K2:2s + 33s° 4+ 93s + 54 _ 4
S+ lea
253 4 3352 4 93s + H4
Kg — — —8
s(s+1)(s+3) s=—2
253 4 3352 4+ 93s + 54
K4 — — —3
GG+ s

f) =19 +4e™" —8e™ — 3 u(t)

P 12.41 [a] F(s) e N
. a =
T ¥ T—j14 s+ 7+ /14
2
K= — 20 — —j10 = 10/ — 90°

S+ T4 J14 le——74j14
f(t) = [20e™ ™ cos(14t — 90°)]u(t) = [20e™"" sin 14¢]u(t)
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Problems 12-23

K K, K3
b] F(s) = =L
bl F&) ="+ 5w Y 55158

—5% + 525 + 445

— =5
YT 224105 +89 g
— 52+ 525 + 445
_ TS Aosst — 3 j2=236/—146.31°
S(s+5+78)  ls=—548

f(t) =[5+ 7.2 cos(8t — 146.31°)]u(t)
K, K, K3

F —
el o) = st 5o a T are
2
K, — 14s* 4+ 565 + 152 _ 10
$2+4s+20  |s——¢
14s% + 565 + 152
= . =2+ 72 =2.83/45°
2 (S+6)(S—|—2—|—]4) s=—2+j4 J /—

f(t) = [10e™% + 5.66e " cos(4t + 45°)]u(t)

K K: K, K3
d] F(s) =

A F) = s T i3 Tsra-2 T stat o
1 2

K, = Bls +1) — 4,62/ — 40.04°

(s+5+73)(s2+ 85+ 20) ls=—543

8(s +1)*

Ky = 4 — 3.61/168.93°

2 (S +4+ ]2) (82 + 10s + 34) s=—4-+52 /

f(t) = [9.25¢~ cos(3t — 40.05°) + 7.21e~* cos(2t + 168.93°)]u(t)

Ki K, K
P 1242 [a] F(s) = — + —2 4 —>

52 s s+ 8
320
= =40
! s+ 8 ls=0
d [ 320 —320
K = — = = —5
27 ds [s+8] [(s+8)2L:0
320
K3 — —2 — 5
S s=—8

f(t) = [40t — 5+ 5e~®ul(t)
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12-24 CHAPTER 12. Introduction to the Laplace Transform
K Ky K3
b] F(s) = —
[b] F(s) s +(s+2)2+s—|—2
80(s + 3)
K=—77 =60
! (5 + 2)2 s=0
80 3
K, = 06
S s=—2
d lso(s + 3)] lso 80(s + 3)
ds S S S

f(t) = [60 — 40te™" — 60e*"u(t)

] = —60
s=—2

[c] F(s) TN BEA . BN
C e
VT2 s+l s+3—j4 s+3+44
60(s + 5)
K=—"1% =12
P82 465+ 25 em
d [ 60(s+5) 60 60(s + 5)(2s + 6)
ds |52 4 65+ 25 52 4 6s + 25 (82 +6s+25)2 | _ |
Ky = 60(s +5) — 1.68/100.305°
(s+1)%(s+ 3+ 74) ls=—3+4ja

f(t) =[12te™" + 0.6e~" + 3.35¢ " cos(4t + 100.305°)]ul(t)

] Y
s=0

K K, K K,
[d] F(s) = —2+?+ (s+5)? * s+5
C25(s+4)?
Br=rop =1
Ko d [25(5 +4)2] B [25(2)(5 +4)  25(2)(s +4)?
*Tds| (s+5)2 | | (s+5)? (5 +5)3
K= BV
o4 l25(s +4)2] B l%(Q)(S +4)  25(2)(s + 4)?
YT ds 52 B 52 B s3

f(t) = [16t + 1.6 + te™® — 1.6 "]u(t)
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Problems

Kl K2 K3 K4
P 12.43 F(s)=—
&) Bl ==+ g Y e Tre
135 B
' (54 3)% lemo

1

K=~ s
S ls=-3
d 135 —135

K3 = — [—] = [—] =—15
ds | s 2 ls=—3

=22 e ()], -

f(t) =[5 —22.5t% 3 — 15te™ — 5e 3 u(t)

K K7 K. 1
[b] F(s) = L L+ 2 4 S
(s+1—71)2 (s+1+41)2 s+1—3j51 s+1+j1
10(s + 2)? ‘
! (s +1+41)? ls=—1451 J L
d [ 10(s +2)? 10(2)(s +2)  10(2)(s +2)°
Ky =— - = . - ;
ds | (s+ 1+ j1)? (s+1+71) (s+1+j1)°%]

[c]

STUDENTS-HUB.com

— —j5=5/—90°
f(t) = [10te™" cos(t — 90°) + 10e~" cos(t — 90°)]u(t)
25

F(s)= s*+15s+ 54 25s% + 395s + 1494
255% 4+ 3755 + 1350

20s + 144
20s + 144 Kl K2
F(s)=25+ ————=25
() T S I5s 154 Tr6 510
20 144
K = st _
S ‘I’ 9 s=—6
20 144
Ky = L =12
S ‘I’ 6 s=—9

f(t) = 256(t) + [8e~% + 12e~"u(t)

12-25
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12-26 CHAPTER 12. Introduction to the Laplace Transform

[d] Bs — 15
F(s)= s*+7s+10| 5s®+20s* —49s — 108
553 + 35s% + 50s
—155%2 — 99s — 108
—155% — 1055 — 150

6s + 42
K K,
F(s)=5s—15
(s) s +s—|—2+s+5
6s + 42
= =10
! S‘|‘5 s=—2
6s + 42
9 = :—4
$+2 |e=s5

f(t) =50"(t) — 155(t) + [10e™% — de™™u(t)

K K*
P 12.44 t)=L"1
1) {s+a—jﬁ+s+a+jﬁ}

— Ke—atejﬁt _I_K*e—ate—jﬁt
= |K e *[et?eiPt + ¢=30¢=51]
= |K|€_at [6j(ﬁt+0) _I_ 6_j(6t+0)]

= 2|K|e~* cos(ft + 0)

P 1245 [a] L{"f(1)} = (—1)" [d"F(S)]

ds™
d"F(s) (=1)"n!

Let f(t)=1, then F(s)= é, thus T el
Therefore L{t"} = (—1)" [(;(}LEZ?'] = S(Z!-l)

It follows that £{t(r_1)} = (r ;1)!

and E{t(r_l)ﬁ’_at} = ((g—l_-;sl
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P 12.46

P 12.47

P 12.48

K
b] f(t)=L! —— + ‘
[P} 1) {<s+a—m>r Gratiby
Therefore
Ktr—l ) K*tr—l
—= —(Oz—_]ﬁ)t
10 ==y MRS
— L( Ltr__lf)_'at [ej(?ejﬁt i 6—j0€—jﬁt}
2 K tr—le—at
- lwfl)'] cos(Bt +0)

1.92s3

Problems 12-27

[a] lim sV(s) = lim

Therefore v(07) =0

o [s‘*u T (L6/s) + (1/7

it <1/s2>1] -

[b] No, V has a pair of poles on the imaginary axis.

. (IdC/O)S
Vols) = Z (1/RC)s + (1/LC)
lir%sVo(s) =0, Vo(00) =0
lim sV, (s) = 0, v,(07) =0

Szldc

slols) = T /RCYs + (1/L0)
lir%slo(s) =0, i0(00) =0
lim s/,(s) = Iqe, io(07) = Iy

§—00

Iyes[s + (1/RC))

I,(s) =

slols) = ST (1/ROYs + (1/LC)
lir%slo(s) =0, io(00) =0

lim s/,(s) = Iqc, io(07) = Iy

§—00
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12-28 CHAPTER 12. Introduction to the Laplace Transform

SWC/RO
2+ (1/RC)s + (1/LC)

P 12,49 sV,(s) =

lim sV, (s) =0, S we(00) =0

s—0

lim sV, (s) =0, oo 0(0T) =0

§—00

Vae/RC)
s2+ (L/RC)s + (1/LC)

sl,(s) =

|  Va/RLC Vi,
slo(s) = =7 = R

lim s1,(s) =0, S i,(07) =0
6s* 4 60s
(s+5)(s+38)

limsF(s) =0, S0 f(oo) =0

s—0

lim sF(s) = 6, o f(0f)y =6

S§—00

P 12.50 [a] sF(s) =

20s2 + 141s + 315
b] sF(s) =
bl sF($) = =& 705+ 21)

lim sF'(s) = 15; o f(oo) =15

s—0

lim sF(s) = 20, o f(0T) =20

§—00

1553 + 11252 4 228s
[c] sF(s) = (s+2)(s+4)(s+6)

limsF(s)=0, .. f(oo)=

s—0

lim sF(s) = 15, o f(0t)y =15

§—00

253 + 3352 + 93s + 54
d] sF(s)=
] sF(s) (s +1)(s*>+5s+6)

Li_r%sF(s) =9, S f(oo) =9

lim sF(s) = 2, o f(0f)y =2

§—00
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Problems 1229

280s
P 12.51 F(s)=
oLl P 6) = i om
lir%sF(s) =0, S0 f(oo) =0
lim sF(s) =0, o f(0f)y =0
—s? + 525 + 445
b] sF(s) =
b sF(8) = =373 105 7 80
lir%sF(s) =5, S f(oo) =5
lim sF(s) = —1, o f(0f)y =-1
1453 4 565% + 152s
F =
e} sF(s) (s +6)(s% + 4s + 20)
lir%sF(s) =0, S0 f(oo) =0
lim sF(s) =14, o f(0f)y =14
8s(s + 1)?
d] sF(s)=
L] sF(s) (s2 4 10s + 34)(s? + 8s + 20)
lir%sF(s) =0, S f(oo) =0
lim sF(s) =0, o f(0f)y =0
320
P 12.52 F(s) = ————
[a] sF(s) s(s +8)

F(s) has a second-order pole at the origin so we cannot use the final
value theorem here.

lim sF(s) =0, o f(0f)y =0
[b] sF(s) = %
ii_{% sF(s) = 60, "o f(oo) =60
lim sF(s) =0, o f(0f)y =0
B 60s(s + 5)
le] sF(s) = (s +1)%(s?+ 65+ 25)
Li_r%sF(s) =0, S f(oo) =0
lim sF(s) =0, o f(oh)y =0
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12-30 CHAPTER 12. Introduction to the Laplace Transform
25(s + 4)?

d] sF(s)= """/

[d] sF°(s) s(s+5)2

F(s) has a second-order pole at the origin so we cannot use the final
value theorem here.

lim sF(s) =0, .. f(07)=0
P 1253 [a] sF(s) = (sz)s
£E%5F(s):5, "o f(o0) =5
lim sF(s) =0, . f(07) =0
10 2)°
[b] sF(s) = %
£E%SF(S):O> "o f(o0) =0
B sF(9) =0, f0)=0

[c] This F(s) function is an improper rational function, and thus the
corresponding f(t) function contains impulses (§(¢)). Neither the initial
value theorem nor the final value theorem may be applied to this F'(s)
function!

[d] This F(s) function is an improper rational function, and thus the
corresponding f(t) function contains impulses (§(¢)). Neither the initial
value theorem nor the final value theorem may be applied to this F'(s)
function!

_ —J

~ 1207(100 x 10-6)

P 12.54 [a] Zp = j120m(0.01) = j3.77Q;  Zc = —j26.526 Q)

The phasor-transformed circuit is

13.7700 52652600

———

— Ip
1£V® £150)

1

= : : = 36.69/56.61° mA
15 + 53.77 — j26.526

I

ir—ss(t) = 36.69 cos(1207t + 56.61°) mA
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Problems 12-31

[b] The steady-state response is the second term in Eq. 12.109, which
matches the steady-state response just derived in part (a).

P 12.55 The transient and steady-state components are both proportional to the
magnitude of the input voltage. Therefore,

40

= —— =0.947
42.26

So if we make the amplitude of the sinusoidal source 0.947 instead of 1, the
current will not exceed the 40 mA limit. A plot of the current through the
inductor is shown below with the amplitude of the sinusoidal source set at

0.947.

50 7,
i(t){mA)

40

30
20 4
10
t{ms)
0 T T T 1
-10 i a 0 30 40 50
_20 -
_50 -

-40

P 12.56 We begin by using Eq. 12.105, and changing the right-hand side so it is the
Laplace transform of Kte 100
IL (S) A

151 0.01s1 10* =
p(s) +0.00s10(s) + s (s+100)2

Solving for I(s),

100K s K K7

In(s) = = ‘ + ‘

(82 + 1500s + 106)(5 + 100)2 s+ 750 — 5661.44 s+ 750 + ;661.44

ot K

(S + 100)2 s+ 100
100Ks
K, = = 87.9K/139.59° uA
! (S + 750 + ]66144) (S + 100)2 s=—T750+7661.44 / H

100Ks
(s2 4+ 1500s + 109)

9 = = —11.63K mA

s=—100

Ky =

d l 100K's
(

-~ — 133.86K jiA
ds | (s? + 15005 + 106)] o :
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12-32 CHAPTER 12. Introduction to the Laplace Transform

Therefore,

ir(t) = K[0.176e~ """ cos(661.44t 4 139.59°) — 11.63te™ "% 4- 0.134e %] u () mA

Plot the expression above with K = 1:

7 aft) (rma)

T T T T ]
] mw

The maximum value of the inductor current is 0.068 X' mA. Therefore,

TN

40
K = — =
0.068 588

So the inductor current rating will not be exceeded if the input to the RLC
circuit is 588te100t V.
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