Matrix Arithmetic

In this section, we introduce the standard notations used for matrices and vectors and
define arithmetic operations (addition, subtraction, and multiplication) with matrices.
We will also introduce two additional operations: scalar multiplication and transposi-
tion. We will see how to represent linear systems as equations involving matrices and
vectors and then dertve a theorem characterizing when a linear system 1s consistent,
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Matrices

A matrix is a rectangular array of numbers. The numbers in the array are called the
entries in the matrix.

Size of a matrix
The size of a matrix is described in terms of the number of rows (horizontal lines) and
the number of columns (vertical lines) it contains.

Notations
We will use capital letters to denote matrices and lowercase letters to denote

numerical quantities. The entry that occurs in row i and column j of a matrix A will be
denoted by a;;. Thus, a general m X n matrix might be written as

[A11 Q2 = Qqp

a a v a
A=lay] =la;]= ol

Om1 QQmz2 - a
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Row Vector
A matrix with only one row is called a row vector (or a row matrix).

Column Vector
A matrix with only one column is called a column vector (or a column matrix).

Notations
It is common practice to denote row and column vectors by boldface lowercase
letters rather than capital letters. For such matrices, double subscripting of the entries

IS unnecessary.

Thus, a general 1 X n row vector a would be written as

a=la a; - a,]
and a general m X 1 column vector b would be written as
by T
b
b = :2
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If A is an m x n matrix, then the row vectors of A are given by
3;':((1.{1,&;'2-,----,{1;”) 'i:]-'.r---am
ind the column vectors are given by

alj

EXAMPLE | If

then

and
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The matrix A can be represented in terms of either its column vectors or its row
VECtors:

A= (a,a,...,a,) or A=
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Equality

For two matrices to be equal, they must have the same dimensions and their
corresponding entries must agree.

Definition | Two m x n matrices A and B are said to be equal if a;; = b;; for each i and .

Example. Find the values of x, y, z and w such that

;=027 Wi
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Scalar Multiplication

[f A is a matrix and « is a scalar, then oA is the matrix formed by multiplying each of
the entries of A by «.

Definition If A is an m x n matrix and « 1s a scalar, then oA 1s the m x n matrix whose (i, j)
entry 1S aa;;.

For example, if

48 2
A= 6810]
then

2 4 1 12 24 6

1
§A=[3 4 5) and 3A=[18 24 30J
STUDENTS-HUB.com Uploaded By: Rawan Fares



Matrix Addition

Two matrices with the same dimensions can be added by adding their corresponding
entries.

Definition I[f A = (a;;) and B = (b;;) are both m x n matrices, then the sum A + B is the m x n
matrix whose (i, /) entry is a;; + b;; for each ordered pair (i, ).

For example,
3 2 1 222_543
456+123_579
—38
I+ 3| =
3 2 10
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If we define A — B to be A + (—1)B, then it turns out that A — B is formed by
subtracting the corresponding entry of B from each entry of A. Thus,

q-1¢ 24]+< (43
R
I%:;‘ 13

7 D)
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[f O represents the matrix, with the same dimensions as A, whose entries are all 0, then
A+0=0+A=A

We will refer to O as the zero matrix. It acts as an additive identity on the set of all
m X n matrices. Furthermore, each m x n matrix A has an additive inverse. Indeed,

A+(-DA=0=(-DA+A
It 1s customary to denote the additive inverse by —A. Thus,

_A=(-DA
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Matrix Multiplication

Definition If A = (a;j) is an m x n matrix and B = (b;j) is an n X r matrix, then the product
AB = C = (¢;) is the m x r matrix whose entries are defined by

n
Cij = agbj = E a;kb;g-
k=1
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EXAMPLE 2

EXAMPLE 3
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(421 x_xl
s 37 T

AXx

dx1 + 2x + X3
Sx1 + 3x + Tx3

—3 !

3. 2+1 4
Ax=| 22454 |=|24
4.242-4) | 16,
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EXAMPLE 8 If

3 -2
A=12 4 and B=_213
— 4 1 6

then

AB

; _3 [—2 ] 3]
— 4 1 6
3.(=2)—2-4 3.1—-2-1 3.3-2.6

2.(=2)+4-4 2-1+4-1 2-3+4-6
1-(=2)—3-4 1-1-3-1 1-3-3-6

—-14 1 =3
12 6 30

—14 -2 —15
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EXAMPLE 9 If

1 2
A:f;] and B=|4 5
3 6

then it is impossible to multiply A times B, since the number of columns of A does not
equal the number of rows of B. However, it is possible to multiply B times A.

1 2]

BA= |4 5 [3 4] 17 26 .
3 6 15 24
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If A and B are both n x n matrices, then AB and BA will also be n x n matrices,
but, 1n general, they will not be equal. Multiplication of matrices is not commutative.

EXAMPLE [0 If

RTINS
SRR

Hence AB # BA. m
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Matrix Form of a Linear System
Matrix multiplication has an important application to systems of linear equations.
Consider a system of m linear equations in n unknowns:

A11X; + A9Xy + -+ Ay X, = by

(p1Xy T AgpXp + o 4 AopXn = fi'z 3)

Am1X1 + QmaXz + -+ AmnXn = by

Since two matrices are equal if and only if their corresponding entries are equal, we
can replace the m equations in this system by the single matrix equation
A11Xq T QX + o0+ Xy | by
alel + azzxz + "ee + aann

Am1X1 T AmaXy T+ QX | bm
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The m X 1 matrix on the left side of thls equation can be written as a product to give

A11 Qg2 o Qun ] [X1] by
Az1 Qzp *° Qan| [X2 b,
Am1 Amz2 ° Amnl | Xn. _bm_
S > i L - - 5 J

A X b

If we designate these matrices by A4, X, and b, respectively, then we can replace the

original system of m equations in n unknowns by the single matrix equation
Ax=Db

The matrix 4 in this equation is called the coefficient matrix of the system.

The augmented matrix for the system is obtained by adjoining b to A as the last
column; thus the augmented matrix is
a1 Q12 Qin by

a ﬂ. - a
[A]b] = | %2 T | P
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EXAMPLE 4 Write the following system of equations as a matrix equation of the form Ax = b:

1+ 204+ 3= 35
X1 —2I2‘|'5I3=—2
20+ xn—=3x= 1

3 2 ] r X] r J
1 -2 5 nl=1-2 N
2 1 -3 X3 L ]

Solution
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An alternative way to represent the linear system (3) as a matrix equation 1s to
express the product Ax as a sum of column vectors:

aplxX) +apx2 + --- + aipXn
a1 X1 + dxXxy + - - - + ApXy
AX =

Am1X1 _|_ Ap2X2 _|_ Tt _l_ AmnXn
ail ai2 Aln
ani an> Ao

= X] + X2 + - + Xp

Am1 Am2 Amn

Thus, we have
AX = xja; + xa + - - - + x,4a,

Using this formula, we can represent the system of equations (3) as a matrix equation
of the form

xia; +x2a+---+x,a,=D>b
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EXAMPLE 5 The linear system

2JE1‘|'3JL‘2—2I3 =3
Sxi—4dxr+2x3 = 6

can be written as a matrix equation of the form xja; +xa +---+x,a,=Db

ofs)en (e ) = (o) -
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Definition If a;,a,,...,a, are vectors in R™ and ¢y, o, ..., c, are scalars, then a sum of the
form

c1a] + ) + -+ - + ¢4,

1s said to be a linear combination of the vectors a;, a,, ..., a,.

(o) =2 (5] =[] (2]

5] . . .
Thus, the vector [ 6 ] 1s a linear combination of the three column vectors of the

EXAMPLE 6

coefficient matrix.

Remark: , _ ,
we can represent the system of equations (3) as a matrix equation

of the form
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Theorem 1.3.1 Consistency Theorem for Linear Systems

A linear system AX = b is consistent if and only if b can be written as a linear
combination of the column vectors of A.

Proof.

EXAMPLE 7 The linear system
X1 + 2.7('2 =1
2)(?1 -+ 4.1'2 =1

1S 1nconsistent since the vector l 1 cannot be written as a linear combination of the

column vectors [ é ] and [ i ] .
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EXERCISES
11. Let Abe a5 x 3 matrix. If

b=31+32=32+33

then what can you conclude about the number of
solutions of the linear system Ax = b? Explain.

12. Let A be a3 x 4 matrix. If
bzal + a, + a3 + ay

then what can you conclude about the number of
solutions to the linear system Ax = b? Explain.
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The Transpose of a Matrix

Given an m X n matrix A, it is often useful to form a new n X m matrix whose columns
are the rows of A.

Definition The transpose of an m x n matrix A is the n X m matrix B defined by
bjf = djj (8)
forj=1,..., nandi=1,..., m. The transpose of A is denoted by A”.
1 2 3 b
EXAMPLE || (a) IfA = ,thenA’ =12 5.
4 5 6
3 6
-3 2 1 -3 4 1
(b) If B = 4 3 21],then B = 2 3 2
1 2 5 1 2 5
12 r |1 2
((:)IfC_[2 3],thenC _[2 3 | ]

STUDENTS-HUB.com Uploaded By: Rawan Fares



Properties of Transpose
If A and B are matrices (such that the stated operations can be performed) and c is a

scalar. Then
1. (AT =4

2. (A+B) =A" + BT
3. A—B) =AT — BT
4. (cA)T =c A’

5. (ABYT = BTAT

Definition | Ann x n matrix A is said to be symmetric if A" = A.

The following are some examples of symmetric matrices:

2 3 4 0 1 2
(b0 |3 | 5] |1 | _zj
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EXERCISES

10. Let A and B be symmetric n x n matrices. For each
of the following, determine whether the given mat-
rix must be symmetric or could be nonsymmetric:

(a) C=A+B (b) D = A2
(E) FE=AB {d) F = ABA
(e) G = AB + BA (f) H=AB — BA

16. A matrix A 1s said to be skew symmetric if
A" = —A. Show that if a matrix is skew symmetric,

then 1its diagonal entries must all be 0.
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Trace of Matrices

If A is a square matrix, then the trace of A4, denoted by tr(A4), is defined to be the sum
of the entries on the main diagonal of A.

The trace of A is undefined if A is not a square matrix.

Properties of Trace
If A and B are matrices and c is a scalar. Then

1. tr(A") = tr(4)

2. tr(A+ B) =tr(A) + tr(B)
3. tr(A—B) =tr(A) — tr(B)
4. tr(cA) =ctr(4)
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