Row Space and Column Space

Definition

EXAMPLE |

If A is an m x n matrix, the subspace of R!*” spanned by the row vectors of A is
called the row space of A. The subspace of R™ spanned by the column vectors of
A is called the column space of A.

Let

P 0 o
*=[o w o
0w o),
The row space of A is the set of all 3-tuples of the form y,
V) \/2., Wyzg //7 /5
«(1,0,0) 4+ B(0,1,0) = («, B,0) //
O(///:Z/ Q/ ' 0/‘//3 é//{{

The column space of A is the set of all vectors of the form

Lol +elV)+rla] =[3) (e wpap

Thus the row space of A is a two-dimensional subspace of R!*?, and the column space
———
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Two row equivalent matrices have the same row space.

Theorem 3.6.1

Definition | The rank of a matrix A, denoted rank(A), is the dimension of the row space of A.

To determine the rank of a matrix, we can reduce the matrix to row echelon form.
The nonzero rows of the row echelon matnx will form a basis for the row space.

M%‘”( %//4 spenf ‘/@j

EXAMPLE 2 Let
Ay = 13 4, +z U,

1

3 - 15 V4 5 \/7_&

Reducing A to row echelon form, we Dbtam the matrix K
V3 Y
] 2

Clearly, (1, —2,3) and (0, 1, 5) form a basis for the row space of U. Since U and A are
STUDENTS-HUB. &S equivalent, they have the same row space, and hence the ff‘p'?lé a%fe,a gy:ZR awan EaPes



















































































































































































































































































































In general, the rank and the dimension of the null space always add up to the
number of columns of the matrix. The dimension of the null space of a matrix is called
the nullity of the matrix.

—

Theorem 3.6.5 The Rank—Nullity Theorem
If A is an m X n matrix, then the rank of A plus the nullity of A equals n.

EXAMPLE 3 Let s V‘%
My 2 L1y 1) 4y = 25
A= 2] 4 3] o A =34 + 2 U
2 \1) 5]

Find a basis for the row space of A and a basis for N(A). Verify that dim N(A) = n—r.
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Solution (//) {0/ Eg /U}Q)

The reduced row echelon form of A is given by

3 (Z) \/} 4+ [O '\/
00@2 ‘/:(3) Hlz) V.
0/ 00 0
of e 9(5 )/4
Thus, {(1,2,0, 3),(0,0, 1,2)} 1s a basis for the row space of A, and A has rank 2.
Let x» = « and x4 = B. It follows that N(A) consists of all vectnrs of the form

l/{

X1 —2{1* — 3B — —3
X2 B 1 0
X4 0 1

The vectors (—2,1,0,0)" and (—3,0, —2, 1)’ form a basis for N(A). Note that

n—r=4—-—2=2=dim~N(A) B
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Remark:

The matrices A and U in Example 3 have different column spaces; however, their
column vectors satisty the same dependency relations. For the matrix U, the column
vectors u; and u; are linearly independent, while

u = 2111
w = 3u; + 2u;3

The same relations hold for the columns of A: The vectors a; and a3 are linearly
independent, while

d) = 231
a1 = 3a; + 2a3
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We can use the row echelon form U of A to find a basis for the column space of
A. We need only determine the columns of U that correspond to the leading 1’s. These
same columns of A will be linearly independent and form a basis for the column space

of A.

Note

The row echelon form U tells us only which columns of A to use to form a basis.
We cannot use the column vectors from U, since, in general, U and A have different

column spaces.

Theorem 3.6.6 If A is an m x n matrix, the dimension of the row space of A equals the dimension of
the column space of A. -

//);XE ) Ve [P,
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EXAMPLE 4 Let

The row echelon form of A is given by

1\ ~2
1] 3
0 |1
1) -2
0 @
0O O
0 0

o VRN

=l R= "

The leading 1’s occur in the first, second, and fifth columns. Thus

—1
0
1

form a basis for the column space of A.
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1 1
0 2
1 3
5 13
1 1
1 3
0 0
0 0
r'_2‘|
3
1 ]
[ 2]
I

ds =

N
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4
5 |
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EXAMPLE 5 Find the dimension of the subspace of R* spanned by

1 2 2 3
X 2 X > X 4 X 8
1 — _1 ) 2 — _3 s 3 — _2 ) 4 — _5
. 0 ) /2 0 4
Solution /
The subspace Span(x;, X», X3, X4) 1s the same as the column space of the matrix
- Uy “u, Uy
1 2 3 M; _ o,
% 2 4 8 ‘0 L
_ — | = — — 4 = - 4
= 90 (4,2, S T vk
The row echelon form of X is j
V) VL \/} VA}
(D 2 2 3 Ve = (DY v 9
0@ 0 2 _
0O 0 O 0O V4 - —/> ‘// -[-{;)\/Z
0O O O O]

The first two columns x|, X, of X will form a basis for the column space of X. Thus,

dim S , X0, X3, = 2. L
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Linear Systems

The concepts of row space and column space are useful in the study of linear systems.
A system Ax =l @cﬂn be written in the form

day ain ain b
A arn azy b>
X B =Y +-4x | . =\ . (1)
am1 2 Amn bm
— — —_— — —_—

In Chapter 1 we used this representation to characterize when a linear system will be
consistent. The result, Theorem 1.3.1, can now be restated in terms of the column space

of the matrix.

Theorem 3.6.2 Consistency Theorem for Linear Systems
A linear system AX = b is consistent/if and only ifib is in the column space of A.
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Theorem 3.6.3  Let A be an mxn matrix. The linear system Ax = b)is consistent for everyb € Rm@
rhe column vectors of A span R™. The system AX = b has at most one solution

for every b € R" if and only if the column vectors of A are linearly independent.
14

Corollary 3.6.4 An n x n matrix A is nonsingular (if and only @rhe column vectors of A form @
for R".

= - A5
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SECTION 3.6 EXERCISES

1. For each of the following matrices, find a basis for
the row space, a basis for the column space, and a
basis for the null space.

1 3 2
/A}[ZI-ﬁt‘

4 7 8

—3
(b) [ 1
—3

1 3 -2 1
@ |2 1 3 2
3 4 5 6

2. In each of the following, determine the dimension
of the subspace of R? spanned by the given vectors.

x, %s 7s
NEITE NE R R TS
o [ %y
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Pere) For b S/ L %/4/'5[ (2

Ar-o (A1) FEE (Vo)
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8. Let A be an m ::-r:@ matrix with m > n. Let b € R™
and suppose thatw_

(a) What can you conclude about the column vec-

tors of A? Are they linearly independent? Do
they span R™? Explain.

(b) @will the system Ax = b
have if b 1s not in the column space of A?
How many solutions will there be if b is in the
column space of A? Explain. N

& W) 603 tatarg) - g
— WW)'/(//Q):’_V),

<l = le,e,  al ii L] wo
!, -/ M} %//’ZL gﬁ% {/?}44 | / s
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(YD) 1t b & @l (A), Thar Tl 15 vo 2cticion
’lfg b ¢ (///4)/ Tly,, e %W /S Coamseslont
Stace [q// ,_/afﬁﬁ )s L] 2Z , Thery Thwzr is 27 rard

e ST,
HMQ/ Tl 7 15 z)//w%/ AnE §4M&m.
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