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DEFINITION If a curve C is defined parametrically by x = f(¢#) and
y = g(t),a =t = b, where f' and g’ are continuous and not simultaneously

zero on [a, b], and C is traversed exactly once as ¢ increases from¢ = atot = b,
then the length of C is the definite integral

b
L= / VI OF + [g'(0)] dt.
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EXAMPLE 5 Find the length of the astroid (Figure 11.13)

x = cos’t, y=sin3t, 0 =it = 2
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Area of Surface of Revolution for Parametrized Curves

If a smooth curve x = f(¢),y = g(t),a = t = b, is traversed exactly once as ¢
increases from a to b, then the areas of the surfaces generated by revolving the
curve about the coordinate axes are as follows.

1. Revolution about the x-axis (y = 0):

b N 2
S=/ 270\/(%) 2 (%) dt (5)

2. Revolution about the y-axis (x = 0):

b 2 2
dx dy )
S = 27X — 1 + |=] dt 6
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EXAMPLE()  Find the area enclosed by the astroid (Figure 11.13)
Y
X = cos’ ¢, y = sin’ ¢, 0=t=2m.

Solution By symmetry, the enclosed area is 4 times the area beneath the curve in the
first quadrant where 0 = ¢t = 7/2. We can apply the definite integral formula for area
studied in Chapter 5, using substitution to express the curve and differential dx in terms of

the parameter ¢. So, +=T
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