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CHAPTER 7

. . ] ] )/
Infinite Series of Functions E ) E/ An® TR
7.1 UNIFORM CONVERGENCE OF SEQUENCES oo ,}*”Ln

7.1 Definition. 4> j;E C W\ %j;k, x %, J &

Let E be a nonempty subset of R. A sequence of functions f, : E — Ris said
to converge pointwise on E (notation: f, — f pointwise on E asn — o0) if
and only 1f f(x) = limy— oo fa(x) exists for each x € E.

) V) —> [0 \[xeE | ftof o

7.2 Remark. Ler E be a nonempty subset of R. Then a sequence of functions f,
converges pointwise on E, as n — o0. if and only if for every ¢ = O and x € E
there is an N € N (which may depend on x as well as &) such that

i n=N implies |fu( Im { '{'\,\ \*)j

ﬁ,\ S f Pa(w\umx o L

)2@ <j> \Da ’D-Q,F’,\ '7}—\/ g:v\(x) — :’BCX)/ \(yel
- £= %Jacw(*ﬂ} Comd gt o §<x> , W xet -

S by defal, evs oS e £, el
S w> N ) \ C\,\(sc)——{)-—(x)‘<$/

Proof. ( :

1.3 Remark. The pointwise limit of continuous (respectively, differentiable)
functions s not necessarily continuous (respectively, differentiable).

posg Uk Licas o €= Codl
/@/\‘Mp,\(t) — b/ o< X <\ g:()()-

\ ) X= l
]\/z)rF(Ce @,\ ———9£2 Pbl'J‘uiSz 4w C“/ ’3 .
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7.4 Remark. The pointwise limit of integrable functions is not necessarily inte-
grable.

72
}/_D_g‘ g\,\b@ = i / X = /%/-\" 6@ L ‘(&c}‘\nﬁxg Q‘b{w\/

W £ n

O é)f\r\-e{u)(s—z_]

/
\q/,,\eﬂ\/' 51’/5-‘ 2),/
NotiCe M\M\’ 2 oI ‘Ch 1S fv\%\f&\ok\'

S - Qw\/B ( So\,chbd}&: o\.

G fn_——ﬁ;l Polmaise lnare

gebq—, i’ \/ NE S

°, <D BA'\—?—J\.J\'K

\'V\—\’Qa‘(w\ouv' S C“l\l < See 3’.])

1S \/\0¥

7.5 Remark. There exist differentiable functions f, and f such that f, — f

pointwise on [0, 1] but
lim f,(x) # ( lim_f, u:})’ (1)
n " \/\/,)

“"70' o= A Y B

L~ £ (< }/\w» —_o:p&)/\fxeﬂt‘/ﬂ'

n=> o n-e3

- ’]C“ _——910 ’PM.J-L.J(B«& S CB[B.

forx = 1.
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7.6 Remark. There exist continuous functions f, and f such that f, — [ point-

wise on [0, 1] but

| I
lim f fulx) dx ?éf (lim_f,,{_r}) dx. (2)
n— 0o 0 0 n— 0

PE Lk Lol ond o w2,
- 7

Qu “7,;—- .
{\/()'HCL M"JY\ L L,\Lx) Ix = _Yé A £,\Cz)o\x +
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7.7 Definition.

Let E be a nonempty subset of R. A sequence of functions f, : E — R is said
to @Erge uniformly on E)to a function f {n-::-t'ltn:m fn — f uniformly on E
as n — o<) if and only if for every & = Othereisan N € N such that

n=N implies |fu,(x)— fix)| =&

forall x € E.

)/gﬁ_\”;g)- /\)\,\)\O»\% &:H/ww% b bwean  Unniborn
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7.8 EXAMPLE. /

Prove that x" — 0 uniformly on [0, ] for any b < 1, and pointwise, but not
uniformly, on [0, 1).

\ﬁwCX)—’ﬂCx)l—: (x"_o\t lxv\\ 2"
Aad bn—s s s n—ee shabal

-- XN — 5o \M\'(;ww%\ Pw xe(ob).
- (X" o unibirly an Cot) )
Sr&‘i e e - Fec
ocs ek NeN  swd b
| x"mol < 2, wy N

I_n ?aJHC»\me/ m/ \f)(é()‘/fB.

S{nta Qz{w\ XM =1 ;A xeele)  sedn

¥~

/V\/\d_ @ (346 /V\A—Q FEQU»‘(Q )\/Qx‘]-/7o.3,g_),

T, e 2 x N 2 (e, s,

A C—Gk%"(uA\'C})'iow.
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7.9 Theorem. Let E be a nonempty subset of R and suppose that f, — [ uni-
formly on E, as n — oc. If each f, is continuous at some xog € E, then fis
confinuous ar xp € E.

e
e Lbiss v R A S5

—
_'/

S-F. TF’ l X — %] <_g TR \ pCX)— ﬁng)(<<<,-
Stee. 4o — [ iy 3 nve) s,

QZI\// xe € — \Q“Cw/ )Qb@\‘<%

S].V\t( Q'\, "ﬁ Q—‘ﬂk")ﬁ’\'\v\Q\") 0\]" KXo & &/ 3 g > o
Sod AL

U)(-—xoléy and xek —— \PN(K)—— ﬁ‘@

SW\P Des< ( X Xea | & g; KGG | —H,\,(_,\
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Recall, (Section 5.1)/

Leta.b € Rwitha < b. A function f : [a, b] — R 1s said to be (Riemann)
integrable on |a, b] 1f and only if f is bounded on [a, b], and for every ¢ > 0
HEESTC 14, 01 ) ,

there is a pawb] such that U(f, P}#\[“:—”(fs P) <e. \ UL’H) \/d—:\’)\
LozN X7 5—/%4/ Y, '
gl
VIR U
where DXy = X =%

M;(f):=sup f(lxj_1,x;]) ;= sup {f(1),
telxj—1.xj] 1\1\\(9»,3*? ?ﬁt)
_ Xe[xe XY

L(f.P):=Y m;(f) Axj.

j=1

where

m;i(f):=inf f([x;j—1.x;7]) = inf  f(r).

telxj—1.x;]
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7.10 Theorem. Suppose that f, — f uniformly on a closed interval [a, b]. If

each fy is integrable on [a, b), then so is f and ’@ ,
- —_— > v S F\U\\'{-j{%\‘p\l ou~5

lqu\b}n(x) dx = fb (ﬂi_iygﬁfn(x}) dx
/

In fact, imp—oo [y fa(t)dt = [; f@)dt uniformly for x & [a, b].

’()i‘jg - ﬁ 15 Lawrdad o Lol (Gmn&x f}.\-'g
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7.11 Lemma. [UNIFORM CAUCHY CRITERION].
Let E be a nonempty subset of R and et |, — R be a sequence of functions

Then f, converges uniformly on E if and only if for every & = 0 there is an
N e Nsucirihar

mﬂr | () = fin () 9 (4)

forall x € E.

Pt - > 2 — ¢ il e
BN NN VIR S AN ey s-t
>N = k? Co — ﬁcm = \enc,

n 22

j:g, wQ JzQJ( WA —D O l'v\Q‘\)/ J 2 6\0\/0\;\,\

'\ QWQ’Q‘ 3QQ><7\ <= L Nfwznd
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Here 1s a result about interchanging a limit sign and the derivative sign :
f (Xu)_zs Co~d Xo€ b)
7.12 Theorem. Let (a,b) be a bounded interval ang suppose that f, is a
sequence of functions which converges at some xo € (a.b). If each fy, is dif-
ferentiable on (a, b), and f, converges uniformly on (a,b) as n — o0, then _[_
converges uniformly on (a, b) and

Gi"éc i) = (tim i) §
foreach x € (a, b).

Proof. F(x C.é(a,b) 0,) B?-?{v\eg
A Lx) = f,\(x) — ?CC) e

X_C

ﬁ/CC> J X<z C WﬂN'

zax\ U; () = p Ce)y—+9 09 Qx <Y \,\e\\\J

xe &\ ( )
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CHAPTER 8

Euclidean Spaces

8.1 ALGEBRAIC STRUCTURE

For each n € N, let R" denote the n-fold cartesian product of R with itself;
that 1s.

. woo
R":={i{x;, x5, ..., ) :x;eRforj=1.2,..., nl. U\\m\/]_l =Wn
By a Euclidean space we shall mean R" together with the “Euclidean inner prod-
uct” defined in Definition 8.1 below. The mtegey 7 is called the dimension o

R", elements x = (xy, x2..... 1) of R" ar d points rectors or ordered
\‘
ﬂ-t‘u}uff:-;. and the numbers x; are called coordinates.) ox c:;rmmmmm:) of x. Two
W
Gz Ln - )L, e

——

— x\\j) + XaYpe . - = XaGa-

) = X=9¢ , Yi=h--an.

o€ 2" ) o:(oﬁ _-—/QS

) 7

ns mz__ i&x/b) : x,gel’/lg T Xy-_plane

2
)’\33) 7/2 —_ i Lx/\j, %») " )</f7/ %éng
Xyt —PrewR-
n= | TRJ 1m SN \/Q"“’\Q' i PL

/

AG‘//D—L‘

A/ QC/{\M/ 5 }‘me ‘\4‘ ,VL\_Q Q\/lrf) O
e ds A L.
A (%)
q"(fz'/t‘f) C/U = h
> x
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8.1 Definition.

Letx =(xp,....2%0). ¥Y=(Vi.....va) € R", and ¢ € R.
1) The sum of the vectors x and v is the vector

X+Y =X+ V. X204+ Vr.0n Xn + ¥u).
1) The difference of the vectors x and y is the vector
X—¥ = (X —¥.X2—Y2..... X5 — V).
1) The product of the scalar & and the vector x is the vector
X = (X)), aXr. ..., X, ).

iv) The (Euclidean) dot product (or scalar product or inner product) of the
vectors X and y is the scalar

X-¥ =X Vi+X2¥V24+---4+XnVn.

8.2 Theorem. leirx,v,ze R"andw, p € R. Then

D=0 0Ox=0 0.-x=0, Ix=x, 0+x=x, x—x=0,
a(pBx) = B(ax) = (xp)X, a(X-y) = (@x) -y =x- (ay),
X+V=V+X, X+ (y+2)=(X+V)+2Z X-Yy=V¥-X,
a(X+y)=ax+ay. and x-(yv+zZ)=X-yY+X-Z

,]D‘/O"g' ( EK&/C(}@)-

Bab (X=3).(3) = 2k -21%3 433 -
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8.3 Definition.

PETWAY
Let x € R”. \\-\\ PN

1) The (Euclidean\norm|(or magnitude) of x 1s the scalar

)
\7‘_“\—») ’ ‘ n =
\\x\\fﬁ Ixl= [ Y Il = J(x\\ R P U \ x|
k=1

ii) The £'-norm (read L-one-norm) of x is the scalar

Ixhi=3 el = | x| Ul x|

. Q/Oo/“b‘,,\)
1) The sup-norm of x 1s the scalar L

e

Ixllooi=max{|x1, ... [xnl}. = wavx (X

[<L<wn
1v) The (Euclidean) distance between two points a, b € R" is the scalar
e SN

dist(a, b) := ||la — b]|. a=(c«, __ G..)
\" ("\ - /IOV\)

—_ \

A, —
\“\\’ V- v Vo

~JZO\ -bil”

¢ =1

eé QJU{‘ X = ( \ ———Ur/ é/ ’§> 6@4 - ):\‘V\J
(D, = e § LA, L s
:W\QK?\-\,\'\I Q/gg —_

= i\xu\“ LT PV O VA P =
LW\ = Q\f “\) 11+‘*z+é1+§z:\f_q:7

=
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e Regy 1, R =R
W = 1x)
hxNe = Wl | = I, o) = ol = Wl =4,
), = Ax\
2> \iW= X, el
(D N el (o) T allo) +bl)

— C’)\Q) 'J"\QQL

N TN
— CA ¢ +
€ =009 evotom. X

Xe U= Xz (xy, —— %)

=
@ SJ’(%(DL\JQ /Q,{.,\ o Iw 1.7 /a\/

P”-S.S}‘) W“")"‘D\"" =N Q(rlh Y M
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Q” i ot £ fc@
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l
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/E_c( - \-9) - K_\)(\)

7/

@ /ﬂ,_o\ o~ =\ ’\43\\—@&:2\,- owlavs ok &
2)\‘—:@ f/zz C—m«f'«“*) 'g

.\ 2>
- Ao
L 7

I L (N (= T e =
K-—/"_\r———’

(L“*) °£ C.Ls,'w,o_s)

Also, 122N = (Z_0).(&-L)

- - 2_
= N&lI" ~ 2 ol o+l
Covn Dy e Coss = &8 2D &£Tx.
P -V Saemt s S22 .
A vell
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8.4 Definition.

[.et a and b be nonzero vectors i11

(9".‘/0 / S = ™~ -
1) a and b are said to be parallel if and only if there 1s a scalar \I‘/EVB’ such that

(a= I!_fls
11) a and b are said to be orthogonal if and only ifa-b = 0.
"
B =N~

[/2\#\&:- QL .--Q,\\ - (&) , ,—j;\)
\ / L'-'.\'X
%_/Q{/ ‘ez/ - = ‘QV\& e é\‘&)\,\qy'\bj) lﬂo\j{—s :

8.5 Theorem. [CAUCHY-SCHWARZ INEQUALITY].
Ifx,yv € R”, then

x -yl = x|yl
== Ty < AN LS 7y, 2 (R
?JWQ Pk R 2 AR T
sl \X—‘g R - e O e R A (*B’{\'w{j\e (ML-O

a—

= PSR PRI AN

< @)@) + )®) =\4.

pesof ( Coedoge Scvn ooy,
WLt W= (F-E3) (R-t3F) |, kel

-2

- 2 R Yy x5 el
o 2 W21V = VAV -2 B (D) £ (g

.
— Qx\\?—»uccz,gs Lk \\{i\\lﬂ (%)

-
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v
8.6 Theorem. Lefx,ye R" Then

1) ||x]| = 0 with equality only when x = 0,

i) |lex| = |a|||x|| for all scalars o, ,
1) [TRIANGLE INEQUALITIES]. |[x +¥| < |[x]| + ||¥] and ||x — ¥|| = ||x]| — [|¥]-

WZ-F 1L 2 1+
})ﬁ"hc_ (L) Etestise O e

L
(Lt \oLx\\ — @ \047(&\ B

A

w o L
(T ()"
=y
" L
= ()= &Z \x;\’l) :
C=|
= x| W
oI = @963 A&
2 2

Candry =Sy . ;
< AR 2 WS AW

= (0l B )

= NHaR W < WRN WKW L

Topeve (X002 10—\

NN = NX-9 +3\)

e3\)

\

< =81 0Ny Peest Tnen.
= gl = il —ug\
~)
Roler NRE N = (124 -0 2 W2l P =yt
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(L)

X\,

| (x\]

D +@ prove W

[
8.7 Remark. lLerx € R". Then

“TiY Ixlloo < [IX]l < /7 11X]| 00, and
,9/@ IxI < lIxlls < /nlIXI (WA a2,

are Q%WUA\ .\,,3')

AL 2 W) 2 {8 N
< W Wl ae quweud ~oiwn) -
3= vox VR - X A6 > bl

> 1

: 2 LQ |\ - - - -\ +—-+—(7<.,\|

Wax | x4
l 0. -—\— 'VV\CAK Kl\ + ____.I_(VI\OLK\ x&‘)

[4L<,,\

lé.LA.,\

N ( \l x\\oojz’

—

—

\\ X\\Z Zw (W) =
e T | 4 L S P | B2\ W
S
< \\x))
ekice L) T W S e

[ <) &n

= Il 2y, ey en

ek l)(_\'\

(£d 2n

—
-—

é\\x\\ =) ([\x\\m a \\fﬁ @

C(eu)

e

Q}(efc»ix '
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8.8 Definition.

The cross product of two vectors x = (xy, X2, x3) and y = (yy, V2, ¥3) ié R’ jis
the vector defined by

X XV = (X2V3 — X3V2, X3YV] — X1 V3, X1V2 — X2V¥1).
\___—-—"_Y—,

i j k
X x y=det X x> .1:3)——92
/(" \\—'5
SITIED I
: X, X ‘ Xy X
o A T e R e
9. Iz 3 AN

(X”\js ")(537’) L "( XYz~ X390) )
+ (9= X0 k. IR

8.9 Theorem. Le'rbe vectors and « be a scalar. Then
\

1) (@X) Xy = (X xy) =X x (ay), X\ X Xy
i) XX (Y +2) = (XX Y)+ (X x 2), =3 = (00,9
+ -+ 1)
X2 X3
@ (TH#)I—K (y x z) = det 2 ¥|l,=- - .

2 43

V) x(t;z = g’%)w —(x- :«')z;/

and

Vi) Wx 1*|| =(xX-X)(y-y) —(x- yﬂ = \\X \\ \\\0\\ - \\)\\\ \\b\\

Cas*

Vii) Moreover, if X x y # 0, then the vector XXy is orthogonal to x and y.

" (X3 K=o, K3 L=e.

XA = W W (0RO Coss) -

\

v

— Ve ([ —cesw)

2 i ,
W\ \\“3\\l st O
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e o\ | R T = WRDWSY sy

C
(/\,9 (7 —9%:
(H = (X%
:_’33.3 - 2

8.10 Remark. Lerx,v be nonzero vectors in R? and 6 be the angle between x and

v. Then
Ix < yll = lIx|l [yl siné. Y > ,
(U o 7.3 = ot cad
ffo6 : See )/D 2| . =

@ F(uv\/\ alLove Yo e £
NXxT | = WRINENE®) < WX LS\
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A plane IT in R® is a set of points that is “flat™ in some sense. What do we mean
by flat? Any vector that lies in 7T 1s orthogonal to a common direction, called
the normal, which we will denote by b. Fix a point a € [IT. Since the vector

x — a lies in IT for all x € IT and since two vectors are orthogonal when their dot 52

product 1s zero, we see that (x —a) - b = 0 for all x € IT (see Figure 8.4).
Using this three-dimensional case as a guide. for any a, b € R" with b £ 0, we

call the set

the fivperplane in R" passing thmumf ha 501nt a € R" with normal b. (We call it a

plane when n = 3.) In particular [Ty (a))is theset of qqu:h thatx —a

—

1s orthogonal to b.

/}/R‘f

N
ﬁ]x\’\’qlx?'{/ = O\AX“:LD %
[

2
D)" J — //{Q\q =2 o /0/\.,.&
— "= o })Lome

e
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; }V\Jf e o} o\ D?——us\)\rmq T- .
T, (3) = (-2 =ef

e

X.-b—= 2% PR
L’\Q\X(-&-\gzxj—l-_-—)-\o“)(“:%/
b, £ baxe « byxz =3, (byba bs) =R
V\anJ'
Fove
QﬁkX’\"\o&"v’C?;_ A)
— T
.Lu\ R J \Q\X(—‘c—\ﬁ}xl: A

o e~ X +\o\3 — B\ 5?"(//»'@\:\— ﬂ\'v\e
Y,

8.11 Remark. l.etT : R — R. Thﬁ@ﬁ'}r some s € Rifand only if T

satisfies
m:,?"(.ﬂ + T@ and @"(&x} = QT(E @

forall x,v,a € R.

T —

ﬁf—; <—:>) T = sx, sell Given
Tty = 5 (x+9) = SxaS = T «TO) .
TG = s (xx) = %(SX) = X TG0
S G N A K
(&) W%% 1} CPAAL IS
/TCX)——T@ 1) = % T

- A -1
- 5)(_/ LN -R/ @ S~\(\)GR

=N
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1€ ﬁ(ﬂz‘q/ TRM)

8.12

Definition.

A function T :(R"J— R™ 1s said to be linear [notation: T € L(R"; R")] if and
only if it satisfies N

for almﬂlnd all scalars «.
P

T =2, 2\ _ / . V_
(xX+v)=T(x)+T(y) and T(ax)=c«T(x)

Rk T(B) = @ - wwaes Te L TRTR)

o (3 f—(S’ng)
TE) = TEATE) sed Tel (0P

& 1b f(R)=0 is I =5 -

F

a\\j?w?kwwz Pa\SS(V—J Wiogh e 6&'_—\;\/
VNN ‘T: & L(RV\/RB
LTy =} xR AUk

F) = ) = bt bua 4o = wbox =

/

o R —3
Fe L0, 1R

X+ ) = f<x oy K
— \9\ (X249 &= = =~ L“<X“\*%">

= <\O\ Xy — — _\—\O“XV)—\-(%\D]"‘— \Amajg)
= D+ B
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F<O(>z> — ):< AXy, ==, 0<><.A>
- \QXCXX\) i \—\oV\QDO(u\)
= x(\o\x\‘\"""\_\mx”ﬁ

— F@Q -

Fei<ﬂ¥\//}l\. =

'ﬂ/éﬂLﬂao'l"”V’ )?QTRV\TQ Q: (X\/Xl,f—-"/ KV\)“/
M:: Ex, Xe = === Xun XN (o
madfiix_.
oY E?]? CX\ ool K\‘&
X~

‘f)z\m'ﬁ“ N X nx \
& I STags
]?Mxv; xv\x\ :<E><)

lm;(\
/T(f): @2 /?emh '//E\Mxh

/j\ 1S ﬂ/\'w-eo/ %’(&wi -Fv{w\u:ﬁ'ra\ )

D)
K (0 2T

=N

~

-

8.13 Remark. /fx,y € R" and « is a scalar, then

(Y =Ix

[x+y]=I[x]+ [yl
wy )

Ilyl". and [ex]=alx].
L— wi )

*

A Y

\An
fF:, C;Z—-\‘g:] = E X9y

STUDENTS-HUB.com
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=Lx %, - XJ—PE‘ﬂ\ Yy

- xv\'\—bv\l

——— e
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(%3 = arel' - Sceles

P25 ) = E@L‘” —w
EX\ X~ Xn]
1%
Y

{:K;’l:[“x\ D<><2_——‘—°<><v\]

=X X2 - == x] = KT
=
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12:19 AM [ bn \Olz, - - by
R=| -

kwx‘ L\vn_ - - - L\N\"\ wAXN
8.14 Remark. Let B = [b;;] be an m x n maitrix whose entries are real numbers

and let ey, ..., e, represent the usual basis of R". ,i;: T RN o
T(x) :@Q) x € R, X &R (6)

: : ) "X X : }
then T is a linear function from R" to R™ and the jth column of B can be obtained
by evaluating T at e;: .

[(blj-sz ----- bnzj):T(Ej}a j: 1,2,..., . (7)

€, @y .- 2.8 shedad
L Ly S 19“5,-_5 ;)r ,'}2")
('el) — < 19)\ ) \oz\) - -~y \OW\\)

by b oy,
T('ez) g ( \9\7_ ) \91_7_/ — = \omz\ b:?.(i I,:u 19‘.“
* ™ LM‘L L.W\n

: ’T(ﬁd’) = (L cby, o b)), s

- 7/ /—-/H-
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T = e

gt @L‘ - - lo\\s___j"’

S S
L.w\\ L:wl:.“" LM&).--LMV\\‘\

— by,
’\02,:) ) j ">\/ Yy - T
b =
ﬂPJDUCJrfM :
§-2+ ¢) Find the matrix representative of T if T(xy, x2, ..., Xp) = (X1 — Xp,

Xp — X1).

— e e rmmoe e T = T
k= ):’{ oo = T \} | 3f={‘2«,-,e:3
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\
12:19 AM (\" 3/

-

TR T RTRT Loneer

8.15 Theorem. ForeachT e L(R": R™) there is a matriX B = [b;jlm«n/such that
(6) holds. Moreover, the matrix\B_is unique) Specifically, foreactrfixed T there is
4}15_ y one B which satisfies (6), and the columns of B are defined E:-}@

(X = ZX .

Pk B i Tk vt

X = Cx/

rj;)(—: CX/ \Qc)(GUV\
/BQJ' =Cey inperticder

—
2 e
AW
T AN
— { :C‘A /\oz't CL\\/, /L""\A”C‘ﬂ
§2) oy

gX('ML—Q_' . F}_,_ (/ " — II ~
(eh xe TR”
/_FCX) ’JT< X,el-(-xze;-f----—\-x.\e,\}

— X4 T(e\) “+ XiT@w_) — - X:\‘(‘e,\\
CT s Ji)
= Xl “DH L\L

+ X2 bin
o G S
om b ;

— x|\9\) +X1\9\1+ ""'\'Xv\}:\v\ _ Q/x
' S

K:bm\*‘-" - - °F )(vs ‘pw\\q

STU
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?ew\a«k- 169 =Bx-

The unique matrix B which satisfies (6) 1s called the matrix which represents T.

8.16 Definition.

Let T € £(R"; R™). The operator norm of T is the extended real number

STUDENTS-HUB.com

¢« R
TR T j= sup L Tooels ~
X —T ixjzzo X X c)R°
Pp—
8.17 Theorem. Let T € L(R"; R™). Then the operator norm of T is finite and

satisfies
' T T <0
TGO = [T [Ix]] (8)
/

forall x € R".

?’(“_",i ﬁﬁwo)c- 9{ (g)f ’Y)L X = O 110 , T (o) =
Wl ':"‘T*\V!ﬂﬁn

—-) i 0
\\o\| -
O < 0 .

Lg) \'\0\35 ﬁ)/ ?L:_S é:m -
Lk X 43, by wein Wea Loat dof (Cdeflefiml.

H/r\\ e S%F H/]__(x)l\ 7/ \\T&)ﬂ
x40 o \x\ \1x\

— N TOo\L = AW

< PE A DTN s frede

o l\/\j&n,e_eih)]anwa

Goll
W = =P HT\K\\ =
| b\ o ’Fu! o of .
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12:19 AM / Cx) — ?) xXo @_/J&_;)(
TCK) — < \ol"z/ \D""z/"—/\ov‘a'?}

b b, oo b Mecows of T

Ij[ ECO / HTH: Q L +os . (TJ\'U\'J).
LFE ;[?O ) 17,\3@'\‘"3 %WCJA-"\&_SCJ\I\NE 4

-/

pa
NT = 0.3+ D2 - - (bun)?
< Al e (L L\
" /:wm*:%,m'\og é w\axil\\o\)\\llesé_w\s HX“ Z_l—-_ B .

R —
+ vmon $ I e ambuxtl”

= W) ek z \\\og\\lz\eg emg (N

o =7
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= | )TCX)” < w. w\ax%\n\a\ﬁ\\q_l \6\3 éw\j \\X\IL
L—/\/\)
.

i /]‘Z@])Lé C. |l X\\Q/wlzwa\f*e

C = wxi\\lﬂ-\\l:\ej =

T ool n
= @ N elRY o
\ 1 x '\
—D H’TQOH " LIA J\Kaa\ﬁe\o(}\g\cd.
W\ i

(2 ey

,Jr_:‘l' Q‘uo\«)_g ]gf()m/\ M/\)\ CC)V‘AJD\’Q\’Q/\/\_-QSS ﬁX(aM

ek irlli= Sep LT ks P
UX\H’O \\X.\& QX\\S’\_ O\.v\)\ WS ﬁ(“r\-?.

/‘\/\\
Nvokedton gy 1T

— /

*8.18 Remark. /fT:R" — R" and U : R"™ — R are linear, then so isUoT. In
fact, if B is the m x n matrix which represents T, and C is the p x m matrix which
represents U, then CB is the matrix which represents Uo T.

" Te
\ U
b R
G"’,_ffl"i‘ w (IR —————ﬁRP
(B iagasiy sy e,
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e ... 83 TOPOLOGY OFR"/ ey
. s wuw qu ox \d_S
8.19 Definition. \R-<
2
Letae R". /[R
1) Foreachr = 0, TI]EZ{}![I'{’H bﬂﬁ):entered at a of radius r is the set of points ~

B.(a) :={x ¢ R"

/

11) Foreachr = 0, the closed ball centered at a of radius r 1s the set of points ,d\\\“(
—— |\ %

|Ix —al| < r}.

(xeR":|x—a| <r).

»\c\} ﬂz , o]??m\akm uﬁJr‘Ae) “)V A
&%—{&}bg ¢ WS OR&A “A¥Udbx

\7(,0\\4‘(- —) o LX-aL

_
/BfL? "Q{U“‘d'\f < R & zﬁ

(_

MO = :(a—f,a\«—O-
o~ A v
o -\

C\ose \Q“ﬂ WL T8 claged {VA{/&/‘AQ
Ea\/\f} 0\4(3 "':17(6\/1130\,(&;7(_4_0\*(}
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h21s i \ A
L\ NS(R

8.20 Definiion. [ /\/) |

Letn € N. —

1) A subset V of R" 1s said to bel f_'JEJEH’(iIl R") if and only if for everya € V
there is an e > O such that Be(a) €V, _~
11) A subset E of R" 1s said to be closed (in R") if and only if E© := R"\E 18

open. Vo T4 rE
&
hok xeN , N

3L>J @éa)

Bo SN

S
71 X
/\5@&)

[’2/3] C,\OSJL_;} ﬂ\«lﬁ\/j Sl Ul

Q .
E'L/gl - Q/— o‘VL)\)@ @}92«\
C)fg-f\ ’
8.21 Remark. Forevery x her'e is all & > 0 Juch that B.(x) € B,(a). %

(b o, Bla) iaepin ),

e N s L
P T
/ —— R
Qﬁ}&,t -\ —a\ﬂw
ﬂQByU’\)

(o) M\ e Ezbc) -5 W=l <. Ny —aller

Y-t = |\ Yy_x« x-all < WV Yy-xA\)) c\\ x—al\ |
< < AW x-all =Y
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S = Myl S0 5 4R ()

— Ez(f’“) - 16 L =2

8.22 Remark. /fa € R”, then R"\{a} is open and {a} is closed.

Q’ﬁ«Jr S Q\MAB S\MB\Q}““ g {mg

s 5&33

e QAT WRE s clend
ex. 3ul i 00 s Clesed

?‘/Q\foz‘\/“/‘)}S I\V\/\Kg S Q,Ka_\&g\-

b Lot mesd e Jeme [EG)= TRO\ Y3

— l5 SPQLA -

A e
e Be (30 T
=30 L 5 m Plell v oy Safs

RR rd B O = rggc") CE”

X = o "))\\w(L S €Q 'S Q‘DQV\.

= E——,zo\?& s clasad)
=)

}QW\(C—- (T) o~ u{:)
E\) 2—(\3 3,9)\- 15 Q.\'M Of-b\ of Q\b)%\'
Ao (Fobse)
2x LLM) i RMT S a closed
PaaE

P
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8.23 Remark. For each n € N, the empty set W and the whole space R" are both

open and closed. ( C. \ be\> )

)Nosl\(' Q;L,Q(C{B&- F-’ZJ’\D- 2

—

B

8.24 Theorem. [lefn e N.

1) If {Velaea is any collection of open subsets of R", then

Jv.

oeA

IS Open.,
i) If (Vg :k=1,2,..., p}ia finite r;'c:;-!fewf{)peﬂ subsets of R", then
P
- = Vi = V
Ny (\\S 5 (V=D \/f Q k m k

kefl2,...,pl}

IS Open.
) If {Eg}aca is any collection of closed subsets of R", then

v
() E
ocA
is closed.

W) If{Ex :k=1,2,..., p}isa finite collection of closed subsets of R", then

P
U EEZ: U Ek
k=1

ke{l.2,....p}

is closed.
v) If Vis open and Eis closed, then V\E is open and E\V is closed.

STUDENTS-HUB.com Uploaded By: anonymous

Math3341 43 4sia



Monday, February 22, 2021 :
12:19 AM

1) If {Vylaca is any collection of open subsets of R", then

(5

b e U \} < 3\(7“’5% 2(@0@()\/}

0(.(‘,/\— e

IS open.

—) XE& \I‘ok i-o%
St Ny 1S i i+ %\\“““’-‘ g AR
£ <Ny Uy,

S\ D(glxc

L N
s Koo UV, e UV,
<e A X EM
Ad s UVe o NI

A A

) If{Vi:k=1,2,..., p}is a finite collection of open subsets of R", then

P
m Vk = m Vk
k=1

kei{l.2,....p}

IS Open.

ﬁé‘ U/{Lke [\\/\L 77“‘9\[\#_ \V/\/L(//

Stw o W 5 open ik Rllais Uned
30, Yo s ¥ E(\L(X) <\,

Z"‘f.//) 3 \{\>° B(\£x> < \{\
8 ., >v© E{lgq g\ft ,
2 T;)O " g@}"? Q\/\b 2R
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lak ¢z wind V0, ~ - % &

Aan (>0 o
Yo <\ X P odh et P
= & < Q\\[L

T
- - /\\/ LS S PR
=1 L jf

1) If {Ey}aca is any collection of closed subsets of R", then

() Ea

o=A

w) If{Ex:k=1,2,..., p} is a finite collection of closed subsets of R", then

—_————

P
U E;;Z: U Ek
k=1

kel{l.2,...p}

is closed.

oTev\

Pi‘; (K{ E\u) — f\i ‘EE Rl (Y

P - )y Ao
— E S C_,KOAA N
> Yﬂ L 3
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v) If Vis open and E is closed, then V\E is open and E\V is closed.

VNE = VWNES & < fRn \og (L)

cr&v\ \;,—ritv\
E\\/ — E[\\/C’ \ S C.K¢5,Q§~ \’\% QLQ

8.25 Remark. Statements ii) and iv) of Theorem 8.24 are false if arbitrary collec-
tions are used in place of finite collections.

. Y
(Le) [\’\/\b O P e \‘\;_ 1> epa,
- V=) -~
)2”[5’( \gf DL S e (\N  4s S~ S
\LGA '\J\L__ 1o SPA-
NS sl W ief

beIN
Y
(C\D U Ad 1S Close ) ')gy pr(, Nese) (=, --F
2% \Lj\[ 1 \L/[\ = (9,1) oprn
e A T'_":\f*c\;h /
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I TN 1 3Q > TR 15 ok
(22 ’
/Ou% O\_Ge ],S‘,g, Vi,>°//fj ¢g>°

S Mok
lx-al<S, xe€ = |fea- fewl <
. . —
\ID«M Lm\y\”*e

?(;q c /Bi_( C’Q"")

) S =X -a< &
o\/& pd Xéa\%g

X C )go\) /XC—TE

X ¢ N8

f 1S Conltlwows ad ael

‘é e & %gﬁo@ Ao ’%quer\z(@(“\)
——" -

=%

A
Ad T3, JF(E /\/\ég(@) C @L<WCQ°‘>> -
Xep = {’Cx)eg

——

’}C(A’> ng h -
Q '/fow&bg 1& LE(\KSC”‘) — f;(@i@@o))

?E———PT}Z S Cevd-fu\wdvg 03‘ a\c—;—e

ﬂ%\w >) f is continuous at a € E if and only if for all

a € R, the inverse image under f of every open ball centered at f(a) contains
the intersection of E and an open ball centered at a.

&
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8.26 Definition.

Let E € R".

1) AsetlU C @is said to be relatively open in E 1f and only 1f there 1s an open
HETE 15 an opet
set AsuchthatU = ENA.

11) AsetC C Eissaid to be relatively closed in E 1f and only if there is a closed
set B such that C = E N B.
RS

©@)F < =EnR,
E—O(_\a}?g

EK- ‘EX&JC,{ Yoo K2

1 T
(e dsed T B
83.4. a) Set E; := {(x,y) : vy = 0} and E; := {(x.y) : x> +2y* < 6}, and
sketch a graph of the set

U:={x,y):x>+2y* <6 and y=>0}. — Q\(\QL

b) Decide whether U 1s relatively open or relatively closed in E;.
Explain your answer.

¢) Decide whether U 1s relatively open or relatively closed in E,.
Explain your answer.

closed
Ut El meL > U 5 «&\A(\l%
C\tﬁ&s A EL .

O Rwn

U — EL(\QL, = U i S 1&\0\94\\&%
élJQV\ (™ E\
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i 3 F
3.27 Remark. lLetU C E C R". L

i) Then U is relatively open in E if and only if for eachja € U )rﬁerf isanr = 0
- - . SE—————
such that By(aynE c U.
1) If Eis open, then U is relatively open in E if and only if U is (plain old vanilla)
open (in the usual sense).

fﬁf{'{):) 5TS& Yoodt ) i ‘(Q}\O\g“r\\)%
- o i L) Mot by dafr,
U:E(\P\ 1’%( S OIQ“S’Q}A‘

SimG fb i ° 1 ach , Mota arme T
An V> SLda Mt E(("\)QA

En ke cenA=0)

=  £N KA&) C -
Comversly , Spie ok ool Do
S er"\)f\ EC U Uanadd
o peve  hod U s velediody spen

, = s
)\ E( C-—Q/ U: E(\ F\ ﬁ)\( ‘S)\N\QQ(‘L\”\)
™otk S‘J‘A-
s, e 2wl 4

v (o0 >0 s. b
Ll NE <= L

(U BY@QO\)) ne < U
aelJ

51'»; i ston s Falee O\QQ/—H&M
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ae/ K of e
09}[ A: U /E{(”(O\ 1S of&m
~eh Lj awn £.2

s U= Ane A:ka)\e/;@w%\)
éFJM
A\Q‘ ‘N
I 0 4 s R
/Q“L\Q A’ ! OFA»A S = "lf [V SRV I a{i_ oszv\
‘QA)(_S L,QL\,\C},\ RN G/JLA .

e
1) If Eis open, then Us relatively open in E if and only if Uis (plain old vanilla)
open (in the usual sense).

ﬁ' A5z (LC € T ond C 1is 3P
= C/u‘ u he \/ﬁd\{% ‘Eji,\ '\V\ef_u_,\_g,_,\

U= ENE R sime sprmsd A
Alze., OFQ.,\ \,-3 JJ\(_‘_/\,\
<O‘l.\/”*")

=0 E S A‘G\V{ Of{"\/—l/fﬁﬂh—x

U = €/\ﬂ 1S Q]D-e,u\. — @
C_OVNNSJZ)/ :):*f* w/ E
U = ENA, W A=V o ek

) U s .YQKJ\'L/\JAQ Qf{.,\ i B =
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8.28 Definition.

Let E be a subset of R". U+ ¢>/ \l ¥ ¢

1) A pair of sets U, V 1ssaid to separate E if and only if U and V are nonempty,
_—relativelyopenmm E,E=UUV, andUNV =0,

‘// i) E 1ssaid to be c‘fQMd if and only if £ cannot be separated by any pair
of relatively open sets U, V.

oy b E=d TR gnee U £on
o 1S Conmeclel.

e Shr Wk, g——‘ Uﬂ Wee U4
- Jf L V£ ¢

U)\/ (Q\o}\'\&};j &P~ UM — o
. Ceo ,\../,,_}(c_x'l'a-— .

. % 15 Cdim et d-

B Ruery Sicfebon sab £23 ol
s Conmected.
))_f’ §JD§< ot E- Yl = UuN
Dhere U6 VED OnV=S

U S\ orre \(&»Q*C\»&Hof{kﬁ
- E.

/MVQA E \/\U &JQ /Q/Qd“j+ Lo

ol euneds G CanFrendicon
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Cepp v (ENR)
— En( AUR)
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[ @ 1 wol o ovocked.
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8.3.10. Graph generic open balls in R* with respect to each of the “non-
Euchidean™ norms || - ||; and || - ||ac. What shape are they?

Sol. /})7{ ) = i ‘éé@h o \Ix=all< ¥ g : d@
s
C") z \“(\CKP\ \\\3\\<{i-
7 [a _ <
)/Y‘ I/}Z J BI(\O) = z Cxlb) QR ' H (X/DD\\<\3

( 2
f notn, K= % G ) R Gl 1
| e |
(' oatl ok Cos0)

> SZQX,_‘Q‘)Q/]ZZ > x) %b\<\é}

D st 26 = zcx,))efz Dol <

oD

C'\(o\]DL\ j["’ LJJ-L WQ' (o,

x| 4\ « ]

X,p7/° — X—-‘v‘jé)
A= |
Xzo, 37" — XY <
YLl ¥
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3)— bq:o)e—@zz \\ (x9l] 4\%

2
} Cx(,DDéﬁzj‘. 7{2»‘:“.\24\8

— > J
2
[_L,‘MJ—(O/O)
. > o~ [\
X \ Dise) -
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Monday, February 22, 2021
12:19 AM

8.31 Definition.

Let E be a subset of a Euclidean space R".

1) The interior of E 1s the set

:U{V -V C E and V is open in R"}.

11) The closure of E is the set

\

E = ﬂ{B : B D E and B is closed in R"}.

L= i L) -l Lxe) 10 ev&_\x\j.

= —
(Y = B (-7 0 K (20 03 0g9: texel
ey (Y9
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8.32 Theorem. [Ler E < R". Then _

i) E°C ECE,
i) if VisopenandV C E, then V < EY, and
i) if C is closed and C 2 E, then C 2 E.

FV‘“’F' (, Cxereyse ) vt Y afe, .

-

Pole- () ~ne inkesior of aloudd inder
L,\/)‘_“/\ {wo\ PD('vJ‘S CA ow) L ( (-0\,9>/

(q/\;)) EO\/19>) E"‘/Bls S &o\(\_a> g
Mo cleSuie — Cck(\o/l :
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12:19 AM @ - —C | 5/’;' -E | S Gf-—QV\ .

C= £ iff B 1 clesd
C Pl Exercise).
2 X - £ —-C1,~) e = (1,2) =€

the interior of a nice enough set E in )

R2 can be obtained by removing all its “edges.” and the closure of Euby adding . : 3

all its “edges.” o —
ex. [E= z ()~ X+ ng = (\J\QZ\?JB’“K\&

éd‘: E Frnw e € 1S éfe.,\-

8.34 Definition. (ga (,/ \J

Let E € R". The boundary of E 1s the set

JE:={xeR": forallr >0, B,(x)NE #@and B.(x) N E" # #}.

[We will refer to the last two conditions in the definition of 9 E by saying that
By (x) intersects E and E*.]

r\ZCx)
> {EQ = a4, 2

25") NE+ &
A ) Bi(b> [\GC_‘F(A
€f/; E’-‘— Cl,2)
DE: { \/ 2,3 .
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Monday, February 22, 2021 L x. Q — z )({p‘) . X'Z_t_k_t Ul 2 \ ZQ ]
£

Sof Sin e Q (S c(oj,e)/ E:Q
A S EEE S N

QE—, g Q)cztj): §<2—1—-\isl:lj

8.35 EXAMPLE.
Describe the boundary of the set < 2 6)
E={(x,v): .:b::3—|—j.,-‘2 =9and (x — Iy + 2) = 0}.

><7\ awxé 3>—-L

/]

4
/)ﬁ:\ o S X L\ Men
— S :
——_}&—;%__—\Q:-L N
-3 (<
Jo

P (; = i (o9~ Pt 29 ond (x_\) (42>, oi
\ % Cx, 9 )(7:*-37'40\ Gnd (X~\>(‘9ﬂ) 708
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8.36 Theorem. [let E € R". Then 0E = E\E”.

ex. £=0,2) R, €= ,£=C0,7
E\E® = 3 V2§ =26
peob ENET = E 09
Weweed b os\vas DE= ENE)
TE s ficies b s\ed %
Xe [ & B \E :#cb)\%(‘>o — ()

PUBN ch: E° @ /EVCK) 0N EC —F@ ) V(?O —(2)

we will preve (1) o) Jeave e pref of
(2> o A Sheded
(=) L3 [xeB) wiw=ed b liad
WNE £, Y7o
Srs& wor A yeye sk E{bb«) Nt =&

—! Xd E ;oC Confredichs-.
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0Pen

3 Aan o 79 $v~<~)\'\ M’\“Q'
.o 2 (BE)T

—
d> é QYQQ@ (\E 2, E“w{\E

—) Edﬁx) m% =P ) ﬁ\,f

Sowme \r6>°/ M_C,on)-(udéd-\’w-

-- X e E BV ONES Pm\!-e_\ (1)
IDw;cQ éf, (2 e ist 2

QM\C U)r GCQV\ A (/'\)C Aﬂ N
Cz_/) 7k AR LN 'Ww

A <8
Gy A SR (e
E_f/_' @) (Ly A° TR e
PF- weewe AT C,A C—Z
— A<k

@D 75 span stk conbained R
by A €32 1y, A <R
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Monday, Febru 22,2021

oasan - 8.37 Theorem. Let A, B CR". Then

4
i) (AUB)” 2 A”UBY, (ANB) =ANB" __
i) AUB=AURB, ANB<ANB, Atk
NB
iii) (AU B) @aa UaB, and 8(AN B) < 9AUIB.

O(HIB) + DA U DR
>(ANB) T Ok N IR

we Wede A C AV R e AUR

Lu.\A' { R ) I

= A2 (A, R (D)

= A'ur® < (fuR)”
5"“"!\0/3/ AnR < A , ANBC R

L@l’ R wnolle

——s (AR A, BT eR”

= @r@" SIS A

WLweed h ghsd  A°HBR g_(/%/\@‘):

W e \nWoyx ﬁ" [\Bb @:Ao Q_—/A‘
AR =BT <12

= (prag)s AT
<k

@3?2\,\
L e hou e Ad/\% 1S e o?g,\j,gj(-
C,c)mﬂ'cm”v\n:) 1A PS /\E

. Po) Q : 2
\yD —TJ\/\W\ L3> (L,L)/ @ N R % CB(\B}
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&) s 0 give (ANR) = A°NRC

— ANR s losed sak
”.C'-—dw}‘ﬂid A‘(\E
S WS vy
SfM\-\&Kj) ﬂu@ (o clesed 5,24\“
C AT i S AUB
k32 iy = AUVR 2 AVER
We el )m S\ApLD /j\;u"g S_ m
U XC/A_:UE —) XC—:Z’ oY X-Q’E
W weed U swed ¢ /;tr@
SfS& v\a\"/ K#: /:\——L)_B / \QD A_L_F/“ /
A closed <o B2 AR Sedm
Wt xdE-
C--Q/ —ED/ ]A( PP QD/B p Xée

—

= xd b od x& R
— X é /er\@/
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o (LU (M C DA O DR
Lt xe 2(pord by dabn

Voo N(PUR) & o
Lo (\Q@ﬁ ¢, ez

([ e
= B NAS L b o) B 0R %

e —

Go NN A= ) rnrd ?4&3 (\%

(OR] EwnExq O\AW
xe 2 U 21
—  (pVR) < opJ IR .

DAPR S ON U DR ((oxecice

1 wh'\’ th\f\-e(_:("‘eug
[5 =N

*8.38 Theorem. Let E € R". If there exist nonempty, relatively open sets U, V

; € which sepnrcé?z\ E, then therg is a pair-af open sets A, B such that ATV E Z 0,
Sg,c,\m" BNE£W ANB=W mrf

> (Ane) U (BnE) =E AUB
A
— (AURINE
1f E< Ave
Sechm B3 G

8.29 Remark. Ler E < R". [f there exists a pair of open sets A,B such that
ENA#W ENB#W ECAUB.and An B =W, then E is not connecied.
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CHAPTER 9
Resiom o cha
Convergence in R” e 3
ch

/\_/\/\\__
In this chapter we generali concepts of limits and continuity fron@to
We begin, as we did in(Chapter 2 with@' quencey -y,

9.1 LIMITS OF SEQUENCES e 0) D (NX
., R

o) ) B X = (_;(\ /v(\/ ~ ’/X\
A 7(7«\1/’){\&) -7 '7\ W L)y,
9.1 Definition. » \\ VRS /X = (X% 7

{
Let {x¢] be a sequence of points i11 = Z A P

1) j};}rjﬂ said to converge to some point a € R” (called the /limit of x; ) 1f and
_~ onlyif for every ¢ > 0 there is an N € N such that

k=N 1mplies ( |xp — HE|)-=:: E.

. | \ X & ™
Notation: xp — aask — o0 or a = limp— ~o Xk-

1) {xx}1ssaid to be bounded if and only if there 1s an M = 0 such tha{ ||xi ||l M
for all k € N. — —

1) {x;} 1s said to be Cauchy if and only if for every & > O thereisan N € N

such that
k,m > N 1mply u E.
ex  Aise Y Lot Dol () b Peve M4

/

)

X, —> o efR”

X\
P*j;ﬁ_ Lh €50 U we=d b £0) weN
sy Y kz N P
r YV
o =1 oLy - (ool <

= Q’\'\Z/ J\Z) 8
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s esw = (L 1L) —(@dl<s

9.2 Theorem. Leia = (aj,a, ..., a,) € R" and {x; = (x E) ...,xk{”})}k,gp.;
be a sequence in R". Then x; — a, as k — oq, if and {}nh if for each j €
{,2,..., n}, the component sequence x” ' S oa jask — oQ.
(N AN - Qvlzi' - <:\ \
W )
K\L X\, 7<(\L )
For R
- -0

Sl X = — W) o b — e
)(L(zj — gleM_\t) :O/VLL

X - > (o) e e —> oo -
XS>: C"U(J\L’) — Cose L) ayle »
STUDENTS-HUB.com Uploaded By: anonymous

Math3341 67 i




s o Agutar, ) o
, | X, X
f(vx& /&;;XL
s s L) = by 2Ok
&) -~

Lj) Swf?ﬁx Yod X, —= o~ @) 'k__%&
Q. '\/\aec) )m [%rb\m X\L _——90\3 N
> od YEl,r —uny

CR-Q, C‘&)\L Y"QW\N]L Z?— CL’)
Nxl < [(x\| < \ n \\x\\obj
DO \_//w—J
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l;/;o;;inFebruary 22,2021 \\ x 0\ \ 4 \i \\ x,a\

VJ”/\/""" \——\/—J W\j Yot
x50 2 W? -0ql 207 |
<3 <,

—

A o
| 0) '
> \</j‘:‘/~/ e [[ Ay ’d\\ — \& Xk’a\\\ <A\ W‘“'\&X't)’“ﬁ\

= l,\M@"

9.3 Theorem. [Lef Q” ={xeR'":x;€Q forj=12..., n}. Foreacha e R"
there is a sequence x; € Q" such that x; — aas k — oC.
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\V[ \4«\)"’“ Y a “{‘LO) 6’@ -4
-

y) .
07— 0 G a5 Loses

.- (1) (2) ") ~
oy T g2, w2 (00, 87, - ")
CaNEFs D (0\\/0\2, _ o0 = o

Cin TR -
a5 &Lﬁo&- 1

9.4 Theorem. [lefn e N.

1) A sequence in R" can have at most one limit.
1) If {xXg}ken is a sequence in R" which converges to a and {xi jljenisany stbse-
quence of {Xgken, then xi. convergestoaas j — oQ.
L ’ -Ir [ "
i) Every convergent sequence in R" is bounded, but not conversely.
1v) Every convergent sequence in R" is Cauchy. -3 ¢ gvversihs -
v) If {x;} and {y;} are convergent sequences in R" and « € R, then

/
lm (X + yvi) = lim xp + lim vy,
k—o0 k—oo k—oo
W mxk}_ a him xg,
—_— k—00 — 00
and 7.7
V4
lim (xg - vi) —{ lim xg) - ( lim wg).
—+ 00 k— oo k— o0

Moreover,\ when n = 3 )/

lim (X x Vi) _{ [im xp) x ( lim ).
k—oo k— oo k—s 00

, &-M \ X = \\}Q‘: A JL Ky Comyarges’

e

(= % N, —3 o, Yom fix ] — ol
as U — ""\/1)1“> :

PK; /%—; W /él)a—aw (K %) :%'QXQ '</OT¢\;X“-)3“'“
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12:18 AM — (VA \\ Xk/

\¢ 2
%M \Xu }QW\ \Wxu ] = (el
e L~

Wal| &=

%/w 1)

\A. :
QQ \\ X\b\\ "’ \\ &\ =

9.5 Theorem. |BOLZANO-WEIERSTRASS THEOREM FOR R"].
Every bounded sequence in R" has a convergent subsequence.

Pw/b of - E XesrG3R-
9.6 Theorem. A sequence {xi}in R" is Cauchy if and only if it converges.

P\/MJC. £ xecise .
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12:18 AM A\ £
w7V 2 \\7&\,;/—;“'6/\3 (o)

9.7 Theorem. Letxg € R". Then xy — aask — oo ifand only if for every open
set V- which contains a there is an N € N such thatk = N rmphes@e V.

/D/“"JC‘ =) 5rx¥‘w§r X —20  on > e o
Uhk ] Le o o sid cowltming o
AL need  bo ];voua Mok A e NENS s -F
\A>N —> A eV
Sinle  ae\] ” f A oy dakm, A o oo

S-¥ 2 (o C_ BG\W WW~\S s__/
St Rig—s o aa\&?n, 1 wew sk

L \\w
Lo N, € /Ez(:ﬂ\) C_;\/ Y \VZ \/L>/\\{

;! XL,__é \/ \g[\ﬂ»7\\'}

C/o\m\SNSk)"s =) §gsx e Qw e\w“@ pen
sy N whidw codois o 0 e\, -
WJ L e d v oo Ky — o
U)f voo , pkice W ot
f\g (o) 35 opn sek WWidN condoins oo
ot 1 Legpdtes A aend sk
\QZN — 7(\«,6%2}&)
T Fc,/l'fc'v&“ PR LI RS ISES St AERN

/\/\'\"_} WAL oD XL — o~ &S (/——"ﬁ O
=
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0.8 Theorem. Let E CR". Then E fﬁ@f and only if E contains all its limit
points; that is, if and only if xy € E and Xg = ximply thatx € E.

—

P (=) Lk BT b E= b Vo M
Ve 35 §adighied
bk L+ Le clesed. W) o
oD Wk ¢ X\Le-(\; e K
M wele
SYS& weX < E 4 G iy closed
Lo Sove ;,cz.a;(\h&ﬂ\% Xké\c/ Ny~
Lo )(,eEC" \J
Sva Q LS lased X @ S éf“{fv\~
A \°~6 Vo Loge Mo, A ol e pd ek
bed = XkeEQ.
ce w db o Y,

/

7N C_u\«\\'\fb-r)‘(czsﬂ'”“‘ :

oo, w el
(&) UW”%) S 5% Wk B P
Wi~ cvnboive o Dotk g)ofdr;
CC—*@ Zfr m_eg/ Wy —> K Ao %(:EB
W need ks Ll ©ots clesed
5 S Aod B ois e clesed ) M
7(;—# T s d \gé{?’q/ EQ¢
AU WY © P2
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L 2\
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o
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Monday, February 22, 2021 GHEIN E—BGREL TH EDRE\\ Y 7

12:19 AM Iy ~
Yy, ——> Y (W) =7,
E = E&‘ILJ TR \ L° o) 93 =y ()
0.9 Lemma. |[BOREL COVERING LEMMA]. vy B ——\%
Let E be a close inded subset of R”. Ifr is any function from E into (0, m)
then there exist finitel\many points yy, ..., vy € E such thai E

0.10 Definition.

Let E be a subset of R”. L < TR

1) An open covering of E 1s a collection of setssuch that each V, 1s

open and

—

11) The set E 1s said to bd(t’?f.’."é}ﬁtf)f and only if everyoperncoveriigof £ has
Wﬁﬁat 1] 1f and only if given any open covering {V, },za

of E. there 1s a finite subset Ag = {u:] . ....ay} of Asuch that

N
Ec| Ve,
j=1

£c Vo U\ ---p\

e Gk L= (o) &fR LUX NG oy

— w &\

Cj:: \’l?> \9{ B e O(—"’&“ws"l—‘
T\Ib\lﬁ U EL_\/“S IS e of-av\ CA\;Q.,,\'\,K O‘P E

‘)z& U\{v\i k)—\(’\';,\"l?) :(o,\):g

é_\/\ni V) o \'“Q-\'\,\'\—e o\ﬁt“ NN of G

Vohfe Al (1) Tewek cowrm}r -
ex- Lk L=V TR o e Glledde.
inxghe,(\, st \Ju=(\-5%, n) s an
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L”{'N N = vxcn\f <L—JT\/V\> ’D/E\"x}):e'

ei‘, E’ — é“/|> C ]/}2, - ’\/lﬁJLr HJ\O\ C—Q\\Qu‘—‘-w\

€ x - \/ </m,m> " V\ém‘/ S o cf-t”\
C-’OUQ‘(\V\A o‘l R .W('\\'C/\'\ S \'kf—rm[e-
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LaAs A 9.11 Theorem. [HEINE-BOREL THEOREM]. (—
Let E be a subset of R". Then E r‘. if and only if E is closed and
bounded.

Q_;(__. u E: (o/l) 'S veet QGMF&A‘ St L s

—

Not closed-
O [ = [1/00) ‘s not Camfaul- Synta
s vnbownded
o C— (Lt 5 c.axm}o“} Siale Tt

)} 190»&“4{4& Cran ) Ck o3 )"

M —é:f CX,QDGT}LL:

B Gf)»-«()aaz' Sy~a

/'}’ 1S C (O)'CcQ
a\"‘f} (gbmv\&e&

Prook (=) (b LR Lo Coped
\WJ L weed b o VO S A

’@hb)
iﬂl C\D'ge) awx> \0“""‘34‘-\'
A B
5“’\({ igk/(ﬂ%kel\/ 1S o éfJEV\ C_Q\ref\ug

ke o TR™. < B (02 Rﬂ2E>
T et
| B! ZN \A&,\L& VQ Q Sine E < COMTQ&/

3 Nenv sk EC Q:QIBV,W = e\ <N
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TO W‘(:é ,\J\,\A- é 1S c\bk&/
SPC ok (£ s ek closed) ay £ o
oy Ao, oo comveord Seg kel
Xw\%x Lot XG#E ’C‘_{ e_o\clz\\y,(;/

22 BN Hxﬂﬂ. Seet k4L, Ym0

2.
s, E@) <D> (5 Sptnemd Conduin g
r!/\MJ—,_s
iEm@b) %Ei S e ot
G:QUW(»-Q/G*@ é Sy~ Q B Q—ijff/
39w v () ot —m
S "
v C U x, ¢ < UB
N PRGN

R T e O e O S CON A

ij,q [4-
IS
QVJ' XLG E((’Q[\E @ XLG/B(Cb\\> /?\”\/
N\
Soce \&’;)” A
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12:19AM/ﬂA“9/ S > l\ XM"jJ\\ - ‘\ Xll__" X+ X "33\‘
= H=9p)= (¢ ==l

2;/;) /_;/H X—9; 1) =\ x, -2\

(&) Convmsdny, Spse Yo € s disel
2o ) Lowndad. We we=d & LD
= s Céu«?ac)r.

Z/O} E\fd%xeAL< A~ OZD&J\ u\mﬂwmo{; L.

( L€, U\/o« (D/E\ 'w-xee
—) X E \[O\oeh’g‘“f Sovme otefr

P

S Y
L}‘ = 3 (> sk /Ercx)(’o C_/\L{
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/

E’ ﬁrmj&' o) Po\'\J‘> X, Xy, -

a-> V=) oo

. 3
s-F @Q{g) C_ N,
— —E C U\[%
J=)
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Z

20 QM{C' /ﬂ& \MAQ/‘@O\(QX ’f\/\wx Vo \‘“ﬁj&/

PUE——

\AO\AS }S— 2 Par /&\os,eé\) o \jéwwc}\xﬂ

s Joffed

-Q/E-'C)€9C°/ () (} \ﬂb\r»é\&\ \7‘,\& V\b’\’ C,\GLQ§

a-d bzCo)y = U5, -5
eIV
?/ (J:, l/\;)zs YRR ES. S éfe,\ Qd\/ulrva
F 6 b Vg we @'m‘k SuchO\/ur%.
@ Nz CUe) s closed L walondsd,

ora S C("e’)Q U (\/n/

hes o Biocde subemaniny,
APPUCions  rain - Bweh ARenn -
9.12 EXAMPLE.

Suppose that E is a closed, bounded subset of R. If for every x € E there exist a
nonnegative function f = fy and a number r = r(x) = 0 such that f is differen-
tiable on R, f(t) = 0fort e (x —r,x +r),and f(t) =0 fort & (x — 2r,x 4+ 2r),
prove that there exist a differentiable function f and an open set V-which contains
E such that fis nonzero and bounded on E and f(x) =0 forx ¢ V.

Fwoy- (Vv Q s close) & Uo o N0 S C":KHZ
\/Xéé/ 9 p:é2o ond y =y >o
fda Mad 4 b e ol R ey

cd Jore , e Lws (e %

2é51

XN

X- Y

N
/ ) —_——
x4y xxh ﬁ(ﬂ) — o y \Q[ X C‘j: J {(x) Z ()(/?_(/X-(—'z r)
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onday, February 22,2021 9.3 LIMITS OF FUNCTIONS
V’QC-“\}\{ #u\\ﬁd-'(aﬁ ﬁ : /4 — S f}ZM/ w\/\&fe
A’C_: " v, iR /30—‘/';'""‘2 Cntoges
SV ﬁcm eR™ Vo xe A TR, '35
Pnw s % AR s

7{(&):< ‘L*/) 107_("), -, fM(X)B/\V/XC-A'
%‘ R Coow:)\\rv\r)o‘Q e Co V\/\POV\QJ - gl p .
W= 1 ﬁ S 1l —s TR
72 L\a‘f o SWN L_ C_,wwx})dvxa.ac
WIS Y C’_\?M L veud valmd Puvchion.
:7»7ﬁ ?: (?‘/ - ﬁm) W EPENT Y Q\»wq)n‘ah/
MI‘{«/\ j/{,\s)\ w«.p AGMO\\'V\ af? 4p } S

J{;I'V\(’f) LJ M= Cntse Ao a;F AN
CJO‘M“N“'—} cs,f M %’5 .

9.13 EXAMPLES.

1) Find the maximal domain of

A
N — (ool vy — v o 2 42
§ f@— {zli}bm y+2x —2), \f\@_/{\f}_,)-
f- rJR >/K 'Cl(xlio) JPZ("/:D) :
Dovenin of f G té (x;2) 0 %y =4 ﬂx—w‘ﬁ
—

— i Cep s (x-0) (9D >ii
/Domm,’n '{ J;(*/v7 - % Cx2) v - 7‘2"(&1 R Qg
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:E SIS *Ql 2 c\g ,
/DJW\M'V\ % jC — (Dj‘; [{DJQL

- 3 CX/D> " (X’O G+ > G‘N‘—L
g g3
R
11) Find the maximal domain of

g(x,y)=(v1—x=, Ec:»g(.l:2 — yz}, SIN X COS V).
2
;L RS s TR

jIQX/DD - \l |- X% ‘jZCx/y)»; ﬂOj Cxlﬂbl)
f]_g(x,j) — S x ey

KEQ) ?i ng): )f><7'>/c>73 = EC’(/.‘ﬁi \x\ékj

=3 (9 -l X<l

"Dy, = ECWJ SN I 3 :i VO <

:i(xfj) - =\x\ 43 L\x\i
D, - R

—) — .
Ly = [V'Dg.

:i(K/J): | x| oI
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To set up notation for the algebra of vector functions, let E € R" and suppose
that f,g : E — R". For each x € E, the scalar product of an @ € R with f is
defined by —

(af)(x) = af(x),
the sum of f and g 1s defined by

f+2)(x) = f(x) + g(x),

the (Euclidean) dot product of f and g is defined by

(f-2)(x) = f(x) - g(x),

and (whe @ the cross product of f and g 1s defined by
. i " S/
X

(f x 9)(x) = f(x) x g(x).

0.14 Definition, |- L—>T2- 4

Letn,m € Nand a € R", let V be an open sety&fﬁ:onmins a, and suppose
that f: V \ {a} — R™. Then f(x) is said to convérge to L, as X frpprc;vmhﬁ a, 1f
and only if for every ¢ > 0 there isa é > 0 (which in Ueneml depends on &, f.
V., and H} such that

0<|x—a| <d implies |f(x)—LJ| <e.

9.14 Definition. (Continued)

In this case we write f(x) — L asx — a or

L = lim f(x)

X—a

and call L the limir of f(x) as x approaches a.

ex- kj\}/v( /M‘\" (2’5—) &0\]0/"\ s ?VD\/\{/ -—V\/\RG‘

/@’ ?CK/D) - O/ ub\l\&/'€ ECR,D) = 37&1:5

'9)ﬁ(06) X'L—\— 2
Cx‘7>/ _Ca/a) / L:oefk 6

EE' ]\/ohCe /V\" 2 /Z~ — 71—
w 7 - We \/\»QecJ = Q\"»D AT

S
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Sel S = 22;/ th o o WG S )
/M»-—Q_-» . . (;(/_Dji;(o/e)
\fFCx,p')——L’): 37<3# — 2x |\ y)
Xl—\—:)‘l Ao
A= S
£ £ N % XL+‘QL> Z\K\\%
2 \x| W
<2\ %\
L QQ Xy =
= & \\(X(‘ﬁ)\\
< 2§ — A= 5 .
> =
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9.15 Theorem. Leira € R", let V be an open set which contains a, and suppose
that f, gJ \ {a} — R"™.

1) Iff(x) = gﬁ) for all x e V \ {a} and if f(x) has a limit as x — a, then g(x) has
a limit as x — a, and

lim g(x) = lim f(x).
N—=1a X—2a

1) [SEQUENTIAL CHARACTERIZATION OF LiMmITs].
and only if f(x;) — L as k — o0 for every sequence x; €

limy_. 4 f(x)/) exists if
{a} which

converges to a as k — o0Q. X L_B 7=
1) Suppose that « € R. If f(x) and g(x) have limits, as X approaches a, then so L
do (f + g)(x). (ef)(x). (f-g)(x), and || f(x)|. In fact, 10 () —>

Im (f + g) (x) = lim f(x) + lim g(x),
X—3a X—a X—3a
L lim (af) (x) = a Iim f(x),
N—a X—a

lim (F-2) (0 = (lim ) ) - (lim 5(x))

and

)
]imf{x}| = lim [|F0)].
X—a X—=1

Moreover H,hf_, ; {f}z“ ——9@3

lim (f > g)(x) = (,}E}},f(x)) x (lﬂg("})’

and wﬁen@ﬁd the limit of g is nonzero, ﬂ/\vv\ g + °
P €T nfEo /o) (smo) / (tmeen)

1v) [SQUEEZE THEOREM Funcrions]. Suppose that f, g, h : V \ {a} — Rand
S rfmr[g{x} < h(x) < f(x) forallx € V \ {a}. If

Jim £00 = Jim g9 = L.

then the limit of h also exists, as x — a, and

lim A(x) = L.

X—d

v) Suppose that U is open in R™, that . € U, and that h : U — R? for some
p € N If L = limy_., g(x) and h is continuous at L. Then

lim(h o g)(x) = h(L).
—_

X—a

& X. A X}"\jj

—
- /9 Coyn)
X/j)ﬁCo/o> Xq._\)s'z v é( ) ':\:

R G =
X’LJV:QZ 2| ’_)Z:L:al<(
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[

~<\x\»r\v\> Z aQ(w) < xi+y)

St /@‘M ——<\»<\+\~s\> :}/\“w(\&\*ﬁd\) =0

(7702 )5

M»JM ﬂ(W\ ,FQK,;) — La S mre2 €
(K9) 5(s)8) AT
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IE
thatt = (fi,..., fm) s V\ {a} — R™. Then

X—=a
exists in R™ if and only if
lim i) =L;

exists in R foreach j =1,2,..., m.

Ff quq'% : ?-}\bf

(399) > (0 o)

= (1, 3)
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lim fix) =L :(= (L, Lo, ...,

% frd e (e

(%9 = (s,0) 7{ (x5

[ Jin oD, Lo (200

(%9) - (e )

\,\ \/2-/"/\/\/"\)
: \/L7M) %%bo

AL e

9.16 Theorem. [lera e R" let V be an open set which contains a, and suppose

(D)

@f;«)

)
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oy 400 — Q

as X —» o~
‘—.:3) }*\'W\pfx) = L_/

X=> o
ex oo Xy = (%)
(%) 2 @) xf"ir:f’ ) ’
3/ 3
| foo- L) = | x> ,0\ %9+ (5,5)
Xlﬂﬁq
- \/xf,_ _ A2 5
X’z*ﬁl X’L*Q
\<
2 WA AT\
X SEay

< AW\ A\ = Oxbé,y))
\ [LCK,?ﬁ— L) é OBQX/D) = \ XA\ > o

AA‘J\ ngfvw—% t oS

(Xz‘ﬁj — Leo0

7C(Kry3 *‘9{/ “SEZ) 5 s,

: 2
s Xg’j

(X ,D) > (¢4 Xt chx
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e /]l/bd\‘l /\/ha& ,P(x,p)»- LA
X *Q

\/\0) no /Awq"' as (x,9) —5 Lop)

fmbjf- Srﬁi )/\\v}\' 4 oot d\},\‘,,\,\;,\_/(:_@/_
%AIW\ q[)(’(lﬁ = ],,/ € X<y St

C)(/v)—-)co/é)
ﬁ(-o\/\a ~ O ,
o 22 = e (2
“ _/T—_—‘l/ - e e
O‘/O)'?(") ») X —Vj \(15,90 é
”j/‘fm = :@
— r o
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%M (2o _ L 2x _@
I P S = —

()QM) =) XY X2 X ¥X
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(X9 Le,0)

J
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Cé\‘*)ﬂ'”""

/‘/___“ -

. g(x,y) 2 . 2x(x,y) + gy(x,y)
lim = [im :
(x.y)—=(a.b) h(x,y)  (x.y)—=(@b) hx(x,y) + hy(x,y)

o A is Mo v \%6?\"«7& Rl TS

\ 3
LFED S
o\,\“)fp A ﬂ)\v\/\ \/\0-5 A\ O w\\’k— ’
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oo /Dre{o&fs Q/\'wx(r\; a@ ELx,-3> oJr (o,
i b poume Y (S b

Ja\o 400
at.,-)‘ (“\J\-/t
%—Da\ \3/3& %(%@7 XFw\( \3—:«&;@&@)
£ Puedade S \xﬁuAA Jonks o

/]Q(x,o)" A chs).

7

)Q*:}

Sel. }» Qo Q §
— D7C x *3 X/7° “3’5“ X *cf

% £
=4\55)
:%ML:@

X0

. WA JAW\ X _
V)=3°® X2 N >(,_31> X-‘(j

X —r ‘Q'-B
- ﬂA"M
4=
i o =
This leads us to ask, When are the iterated limits equal? The following result

shows that if f has a limit as (x, y) — (a, b) and both iterated limits exist, then

these limits must be equal. 9/\
i L

wA 1&*19) Q xKish s
Q(/YD = (20
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9.22 Remark. Suppose that I and J are open intervals, thata € I and b € J, and

that f : (I x )\ {(a, b)} = R) If

g(x) = lim f(x,vy)
y—b

¥

exists for each x € I\ {a}. if imy_, f(x,y) exists for each v € J \ {b}. and if
x [(x.y) = Las (x,y) — (a.b) (in RE). then

7/’—\;2/—]1111 lim f(x,v) = llm lim f(x, v).

.5b X—a 1,,_:.,[;: —hX—a
,p(x ;9) \/ ex

() })ﬁ“g M & > . 3 4g>\ wc}'\VV&
oz_[ (xm)—fﬁa\;)\\ég — Cs(,p)-’ 4)@

(b xeT st o< x- 0\\4&
(=

(‘)/f 0‘"‘3. \3 5«-}{_}?“} o<\~3/&>\ 4@/

Ve hev? \\ Qw,yj_. (_o\,\,)\l - @9;{@3%}’?

AQLG *Q

e~y
)90 -L) =] 400 ~fecimnr £y -1 |

2 ) 90 - L)+ P LY

mbq_-\/\ /- \3&;_1&&9)\ —k—g e
ﬁ“" 6(><) L] £ /QA = (w)\ s

VA
\iCX\/L( 4—— S /\q/)(GT: w WM Sa}ls‘b
\R-al < S((=
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X 3 cn 3)"\9

(5’)'\/%\.\0:9\3/ ,7/¢u\ Con de{’ W 0 W™
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Vonday, February 22, 2021 9.4 CONTINUOUS FUNCTIONS
//22 \/1‘6@ ( Szc+im5 1.2 a\u\§ ¢ -&1) F: C—> N
CTR— -
9.23 Definition.
Let E be a nonempty subset of R" and f: E — R"™. (hon Foe) = FC"‘)
KA~
1) fis said to be continuous at a = E 1f and only 1f for every & > 0 there 1s a
d > 0 (which in general depends on &, f, E, and a) such that
[x —all <é and xe E mmply |[f(x)—f(a)| < e. (3)
11) fissaid to be continuous on E (notation: f : E — R™ 1s continuous) if and
only if f is continuous at every x € E.

Kok (O, dHES R
£ 1S Cuwtivwnrs of ackE & ﬁ(xk)ﬂ f_Co\)
foe oM K€l ad x5 o ( Exeyeyse)-
(L) If— f\ c~-§ ‘3 ok Land o e F
(v«;}o. wB) e

3‘0’+3 y x§ (xscder) JC%/
Al poand (uhen sz ﬁx‘g N

C'OV\J’l'U\\:\uwx i C L x e¢llse ).

D I R A > B |
ochb o3 Q- £E@) —f
Cordivmmnns = LCa) &]CCE) s otan
9@81 'S C g Flmmo) et o el

QQXQ(C{w).
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9.24 Definition.

Let E be a nonempty subset of R" and f : £ — R"™. Then f 1s said to be
uniformly continuous on E (notation: f: £ — R™ 1s uniformly continuous) if
and only if for every ¢ = 0 there i1s a § > 0 such that

Ix—a|| <é and x,ac E mmply [f(x)—f(a)|] <e.

wa lc- Coom b romth a CMB v\m\(;ﬁ,‘w\ Ca.,J-w\wév\j
7L avechyv ﬁvw«}\dk ol QXWUM
)2 Q,\QSJze‘ /\abv\vw&-tj S.,Q.'Q'S'

9.25 Theorem. Let E be a nonempty compact subset of R". If fis continuous on
- " - __——"——_—-
E, then tis uniformly continuous on E.

M' ot D & TR RQNPQQ}W&
% ‘o{ Cavtivmsws o £ IRy
ord acf L S =P S Cent- G}QC_E/
3 g<0\)>© __S..l-
[x=ol iﬁ@/ xeb = \\P(w'-—{‘-coo\kél

<""?'/ Xe @(gw , xef = | foo - falle 5

Sv,\u §<O\> > 5 p \vl&e:e / /\/1/%

Mo collectran ifg S z} (S e

AN S(cy e
O?«CV\ Cﬁ\l\u\w6 orF € . (t'_Q) E C_; U (Egé:)>
Al
STUDENTS-HUB.com Uploaded By: anonymous

Math3341 98 4sia



S wppes Heod [ x o e £ w(MA;\x_&\\<©
J
CL"'Q/ ,lX—-aH< g)

AT %\\<wa

< gd + S —Zg = S(oy)
C-xo Jla-all < S(og) g oo

UFLOO— ﬁco\ﬂl £ |] PCK) —-]CCU\J') || ﬁ(qj Ca)
1 = i_,

Tt s fw\!\s—S Mot jC 13 b\u\\gﬁwj&
w,w“dw\s U\mC _D
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9.26 Theorem. Suppose that E C R" and thatf: E — R™. Then fis continuous
on E if and only if t=1(V) is relatively open in E for every V open in R™.

aP’l(\/) to «hudivadm S PR c .

m}' (:>) STR M'\O\Q' 1?; EQW"‘ _amwx
('S C-—UV\J—(V\V\GU\A o g A —\)\'\o&‘
\/ [ 5 OF"Q‘“’\ [~ (}—)ZW\ , R V\—Q~ec) hH

5(’\0\3 j}—( Q\m ' S \(Q,\Jr(we_&a dfb.,\
i
(C'-‘?y \f e 3{'(\/) , 3 S sk
Beewy N E Jﬁ_'( V) \

I7ﬁ ﬁ—k\/) = Cl) /,)/{,\QM ﬁ~(<\/> < c(Dev\_
spse o f (V) = fweV
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\¢L0\Q/Q 77 C/ D K QM\_&-(\,\W\NQ
e 1(&) . C
e A/L-QN\ 3 S >0

S Jr Hx—all < € c o el 1\ G- f“rw\\}
(=) E SISENE = fo (R (e0)

18

C K (few)

AWAS \I\—Q-QS /\'7) F&\)\Q\ M f- T
Q@\\_&'w\w U S Q

STUDENTS-HUB.com Uploaded By: anonymous



g QQ/P‘ <>° . a GC'; ‘
o ke \| = KLC{‘-M) . Nefite
)/\,_VJD \/ VS QFRW o~ (]?\_\N\
% Ljpoliness Jq" (\)
B {&\J’\'Mﬁ = 2
Z zm\c_ g2t 4 <S>0 3"“-}
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and xef (e xe Rslo (\E\/JMA
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Monday, February 22, 2021 g N e g- {Rv‘ EE— RM

12:18 AM

@_ﬁ_,g @ (0 F S Cowt owm E, ]ﬁ" Foles
c)}?&,\ s b {elwﬁ\\m}a éF-—Q\A sefs 1 E
7+ £ s S~ Mt Pvn g, 26 will Le -
Y N ot /4— o RS e
fA—R s L i o o B
5 2N s o i R
Q\/NVA OJO/\'A $anL sk \/ - of IR
<\,J\/\sz\ ;ﬁ G Cad o A s ofren
7{" Frkes  ©Pta seds fo spae tebs i A
[ Bxeccisz= A443 poar 32¢)

Of&«x LJ"} aJe I'V\JU“I\'Q.J P UV (NP "“““Z\‘S \05"
<2> 9.4.5. Suppose that E € R" and that f: E — R™. S

a) Prove that WIWHM only if £~1(B) is/mm},
closed in E for every closed subset B of R™,

"3 ) : - S
) 9.4.4. Suppose tlla@s closed in R and f: A — R™. Prove that f 1s contin-
uous on A if and only1f £~ (E) 1s closed in R" for every closed subset

E of R™.

7N\

-

We now turn our attention from inverse 1mages of sets to images of sets. Are
open sets and closed sets invariant under 1mages by continuous functions? The

following examples show that the answers to ahese questions are also no.
dJ

F

s No
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f)'_s Cont. o~ \/ o \/ s 053%,\
tﬁ‘«"’ 3CC\/3 — §(~11|> :EWD SEVERE Ve

0/’4v~ ot sl

Fx Feaz L, E=The) cu

’ ;E iS5 Cond e E X\\
j@(C) P(Cre) = (o) K

l§ U\_Q‘Ml\lf or “ ws

77
I

-l

D
X

((q;-eg

@V\?S]TM ﬁ‘le LDV\J\A'QC) LQ)_J O\nb C_ovwxzt:&—?egﬂio'$

'y LR
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12:18 AM ?_K/ ;C&\: X’L p E - (\/ k‘) COV\V\-QJ‘QS
£ oo o T o) Moot on £, )
E y S C“OV\N\QCJF(g ;)«4"

- |
§ <E> = 52 <U‘O> = (-2,-D U(,2)

A Commeded -
jC(x) QQ\/“Q .

[ < foocy =  \exTay
W el M"\'J V. PRVN ko}d C C)V\QP\’L(fL \ L \X\<'L-

1.37 Theorem. Let X and Y besetsand f : X — Y. Poze 29 .
@ If{Ey}aca is a collection of subsets of X, then
yd

f (UEH) =|J f(Es) and f (ﬂ EH) < () f(E.

acA acA acA acA

it) If B and C are subsets of X, then f(C\B) 2 f(C)\ f(B).

/ @ If {Egq}aca 15 a collection of subsets of Y, then

g ! (UEH)@U f~'(Ea) and f“ (ﬂﬁ) =) /" (Ew.

a=A asA aeA oA

iv) If B and Care subsets of Y, then f=Y(C\B) = f="(C)\ f~1(B).
{/ () I then f(f~"(E)) =E, bur:‘f then f~'(f(E)) 2 E.
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9.29 Theorem. [f His compactin R" and t: H — R™ is continuous on H, then
f(H) is compact in R™,

posd st SN
C,O\I-U\ es{i ,F‘(H LQ/ —\)C U\/

\'> O\~ a F-Q«/\

Ao, L mmW oy
(V) (u
He f <7C(H) Qﬁ(uv) U;C

Re\/ 0((_\\
= et — U '§<\/&)
Ke\(

1§(<\/0\)Z&« Vo S P2

CAUQJ\V‘ 5%)» \'SY 922 Aron 424 )

,ﬁ <\/ G- & VQ\JM PR [N \Av/-
(-, 5 ofzm ok s Ox st

0= 6.0 sl

1S aw Of‘ew C_eu&rwa of H o 1 is Gomped
A/L'Q"\ 3 0< QA Sua~ f\)\’\"Q~

\HQ U@ ?3*\“‘““\”@“““”)
EIOE (UO A MUW\)

(w M

“ u M = Uy
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Connected sets are also invariant under images by continuous functions.

9.30 Theorem. [f Eisconnectedin R" andft: E — R™ is continuous on E, then
f(E) is connected in R™.

Proog Sy A FE) is et Comedd Ry dafs,
3 U N ledidy oprn sas e f(0)
st Unfier+ & yndd+ &,
)?(E) = (J o\, = U(\\l:q)'
g Prarise 4SO X}"(\)) ol ?(\J)
X w&&\‘\ﬂmf\gﬁ%&“ S g R
S \J) = JoV) o ot (V)
cor [(N) ore subands of £
Mo \;3 FANTNRE R R 5

e f(k)\ q xe {——\Q\/)

gc—»«)e\) gcme \/
S:(-f) < UN\/ = C,b

o Q‘,\\-«o&\'c)ﬁw- '

O ok vadichion =
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F(x) = L%, «\\—(*ﬁ
£ Cend — RS

FQ}\\\;S = %\ Gre P a{ \S:Yﬁﬂj
(a5 s Cometied o § i
C gm0 /\73 Vs Uasd )&\%/
F( [od) = Uaide { =
U C gt UQ-?& :

R O i A L

S C—cv\\"\wwou‘) /QU“"‘&'( cha SN CO\\\/”]
J'} C,OV\V\—QC)\'&\' SZ:C"‘\:]—%K]R

9.32 Theorem. |[EXTREME VALUE THEOREM].
Su ¢ that H is a nonempty subset of R" and n‘m@:% If H is
Compact) and [ is continuous on H, then

/M:: sup{f(x) : xe H} and {m = inf{ f(x) :x € HD

o
vre finite_real numbers. Moreover, there exist poinis Xy, Xy € H such that

@ = f{xﬂi)) and@

Poobg B TP, Lo STR 0 cged
JC 1S Condivmony o -
O 2 N S
AR W ,R\x) 1S umywm& by e Aoy
s !%Q\H 5 Clesed =9 \oounda)
Ve Nedne -%MJ SR
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3\4,—'"31'“‘)CA’:9<-
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09.33 Theorem. I[If H is a compact subset of R" and t : H — R"™ is I-1 and
continuous, then £~ is continuous on f(H).

. \ "\ 3
is connected. I~ "\ .

/Qzl /Q - % (%n, X2) ° Ay &Xy &l i
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CHAPTER 10

Metric Spaces

(o

10.1 INTRODUCTION — )
79
The following concept shows up in many parts of analysis.

X9 é\#

A metric space is a set X together with a function p . X x X — R (called the
melric of X) which satisfies the following properties for all x, y, z € X:

/
POSITIVE DEFINITE (p(x,y) = 0 Witif and only if x = v,
—————— « o o

SYMMETRIC p(x, V) = p(Vy, x),
JAVEIRE .
TRIANGLE INEQUALITY p(x,y) < p(x,2) + p(Z,¥).

10.1 Definition.

[Notice that by definition, p(x, y) is finite valued for all x, y € X ]

10.2 EXAMPLE. 3
Every Euclidean space R" 1s a metric space with metri%p(x, y) = ||x®

7),\/2}. (” fCX(y) — |x- 91\ T Z 7/()

/

JxN=o & \Ix-o\=° & x-y=»s

\ IX'\'utéQ PR
(PO = {91 (P R

— |\ - x| DDC’) X) ( \Nw\ti*\‘c>

(20 $Goy) = 19

= |l x-2 r2-yll
Z (I x=2N+ )\ z-9\

——

= PO 1 P(0) - ((Triemga )
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. AR
dnesd , , s v
X\;?slismay e - - g 1.2 AN WAL r)‘\{ ) € ow R :

10.3 EXAMPLE.

R i1s a metric space with metric

=
ﬁ(;!:,y}: {C?) @

X = V.

(This metric 1s called the discrete meiric.)

V\/bbg- (1) Fog\w\'\v\e Aﬂ}fwik
. fﬁx,ﬁ >, ©

FREY D TVE e s s
Yy D Flx,p=")

- gy = o & A=\ =) dafr.
(7/) SyMu\E}‘{'\C
fQK/DW = ? \ / Xt\g‘

o X =)

ji\,ﬁ#n
s

— L0
(> “Jriange in2quliy; § Cus < 3B 450w

——

PN
rl& X’:g / /M’\Qm‘ SQXID> é jDQX/}A‘f'j(TtD)
1S C_\'eof_
laﬁ ><¢j/ A 2 % X we -
- j} T+ X, J)(x,p): | =30 £ 96 D)
+ P(9¥

1y RN e G0 = 1= 8090 2 8y

STUDENTS-HUB.com Uploaded By: anonymous

Math3341 112 4sia



111
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104 EXAMPLE.

If E € X, then E 1s a metric space with metric p. (We shall call such metric
spaces E subspaces of X.) I—

Proof. 1If the Positive Definite_Property, the Symmetric Property._and the
Triangle Inequality hold for aii then they hold for all |

10.5 EXAMPLE.

Q is a metric space with metric p(x, y) = |x — y|.

10.6 EXAMPLE.

Let Cla, b] represent the collection of continuous f : [a, b] — R and
-1a, b} S S

I = Iil?bllf{x)l- % X Oy, 9]
Then p(f, g) := || f — gl 1s a metric on C]a, b]. jCC:C(E\z\a)

Fl XXX —“9()’7»\/ X: CC“’\QJ xe(Ch )

/p( 9/37 = \.\Qfo(\\\-
S)wégf (L) \? {; C C_Cc\lk,l
\72 /\’LSL QX‘NIQ\N\Q \}A}V\’\Q\ aaen -

1oy U Wil )
3(1;/(3\ — x \g‘_(x)fcj(x)\ > o .

$CEg) —o  AfE W E-qll=o

) 2059 = Wi =0-fi=F (9,0
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— N - Wy
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SLEL 2 S8 W+ 3009, M5 gweCrug
Ths 3 s ewebic e O =
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10.7 Definition.

Leta € X and r > 0. The open ball (in X) with center a and radius r 1s the set
B (a) == {x € X : plx,a) < .f}
and the closed ball (in X) with center a and radius r is the set

[x e X :p(x,a) <r}.

10.8 Definition.

1) Aset V € X 1ssaid to be open if and only if for every x € V there 1s an
e > 0 such that the open ball B.(x) is contained in V.
11) A set E C X 1ssaid to be clos¢d if and only if E€ := X \ E 1s open.

\
i /EZ(K)C %\\SQX - f(‘)/x)<13,

10.9 Remark. Every open ball is open, and every closed ball is closed.

fﬂoj\r Lok @{QO\) be o Q{&* badX .

—

f\;{k(ﬂ WL weed o o swed \ xe K 3 Yo
sk sz@ — g&ﬁ\)—ﬁ
Lk xe T8 (a) 7 ey, PUX,0) < 1
Bk = V-5 (xe) >
14 @%@E (=, fﬂ(mx}<z\ Al
—
)DU,GQ éif(v/x)S—vfﬁx/a)
S 4 Pl o) St »ki—r\zikx).
= - a) 4+ Pl =

> PO L s, () TR W)
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10.10 Remark. /fa € X.then X \ {a} is open and {a} is closed.

10.11 Remark. [n an arbitrary metric space, the empty set W and the whole space
X are both open and closed.

NS Fw Sam 2 MRV C Shales (Sz«\ke )
WPt @ (R o Seks O% SO R
S closed ( b o RO
/F,,./ s W vn N C 5170&&_3  Wape Go
eom 2 Soadn Sets

10.12 EXAMPLE.

Every subset of the discrete space R 1s both open and closed.
v O _
3\;>QA<>;< SYC»Q | f&x,j)’: 3\8) =
),

Ve
foof Ok Lo Py ek 10U Bt
Wk (ocbl P = § xefR £ (o0 21§

—
j‘“@ P2 i Ke(l: $x,0 ==y

CZ(KQYLT X:o\g
=y <k
/ﬂwxw/ E LS af!&u\. =
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s|f5 Ko Yevo 3 yew ot
N I S A OCLA \RPAY

Q></8> V\>,1\":> JDLX“/O‘>4S,'

cawcy,ua S=% Moz, 3 pend st

I S

NN ) J"(XV\IXM} Z %

P LI g mee oy beX
JDQXA,\Q) < M.

10.13 Definition.

Let {x,} be a sequence in X.

1) {x,} converges (in X) if there 1s a point @ € X (called the limir of x, ) such
that for every ¢ > 0 there 1s an N € N such that

n>N mmplies p(x,,a) <e.
1) {x,}1s Cauchy if for every £ > 0 there is an N € N such that
n,m=>N 1mplies p(x,, xy) < €.

i) {x,}1s bounded if there 1san M > 0 and a b € X such that p(x,,b) = M
for all n € N.

10.14 Theorem. Ler X be a metric space.

1) A sequence in X can have at most one limit.

1) If x, € X converges to a and {xp, } is any subsequence of {x,}, then x,, con-
verges (o a as k — oo.

i) Every convergent sequence in X is bounded.
iv) Every convergent sequence in X is Cauchy.

Pesf- () 53f3,< Pk 2 Kal Condergey b oo e b
(’(_‘e./ Ko —) N = 7&,\——)\0\ VS -
= ) \ﬂ) P v D =\ -
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e Sl K TR N X Sy as wp 2 s Mo \F >0,

D ety s-f
Az T (%e ) £ and
PUA) B s,
Py < § (o, %) + FLxA, %) \g@\'wg)\k \‘&\v%)

<%—.’_1—i:::2_

=

}Q“(Q < v e _\/é;_cdj\

\xl2s, Vers & x=o
| flaw] <o, Ness = -

— fQO\\\; — 0 \73/

= a=\,  siR 2N

H'\’Q [fa,b e X and p(a,b) < e forall ¢ > 0, prove thata = b.

H')',"_L&L ;e_{ ‘/YK’\M Vo (C \L.‘kC) Paj_g |2 &Xfe&\r\a ao(‘t,)%

10.15 Remark. Let x, € X. Then(x,, — aas n — o0 if and only if for every
open set V which contains a there is an N|e N such that n = N implies(x,€ V.
:5)
f(b%“ S%S& y\'\ogv g — &  ©5 w3
EEPUS B I PYRPS SN A | ]

)
Comdolns o \;
/ij M ’\b%'/ a > SV\Q\’\ Md K\ZLQO\) 9\/
S\.-u__\\ KA —D A s \N—y oD J 3{\)0\/\ N) i—
SV Nen) 4 NS g K e\
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(E)Comrsdry >pse Yo L 2 o Pen
s} \/ 2~ ,?3\\’6"\) S S SUANE
\A)O\V\—Qﬂ‘?g \’\) 5’\/\60 Ko —) O\ AS N —yed’
QQJQ’ R C)‘"’B \I’J%LLO\) : M\ \/
\ > b\u“’“ WA Conboivs o 39
\/\D?ok’\"“\}/ Anend s-&
wWwN T XAG\I’—" /EL("\)
, B L . .
f&g‘q,f&ie\)\.gﬁﬂz 1> G )O(xw“)<i /VV‘Z‘J

%La\) Cg'/ Ao —> 63 m— s =
@i

10.16 Theorem. [et E C X. Then E is closed if and only if the limit of every
convergent sequence xi € E satisfies

lim x; € E.
k—noo

Yﬁ/\:&g. gxz(cx‘x. {w@“
g
(;\psu\a LAY 5/@3;\\ > o Q%Mﬂ&

Q,v&s&%"

@ A= %WMM&MUA; Ao 35

\M(SSI‘WD W ere ( 74 A \M‘?\‘(“CS\)“C‘{)

10.17 Remark. The discrete space contains bounded sequences which have no
convergent subsequences.

on nees. o e, xey
Q‘WéP' Xjﬂz / 6\<%/9’>“’?L, Kﬁ\& .
Lk Xp=k” Cogied”
(o, x) = 6(2/ k) =1, ¥ kenJ
LR RN s Vowede) in A
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Rk Condof> o ( Ruory Comdry
- WP s C—WW‘VJS s
VW{SS’;WB AT QiS/XU “ weVic
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et L X =R, ) = (o9
R L A e
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10.19 Definition.

A metric space X 1s said to be complete if and only 1f every Cauchy sequence
x; € X converges to some point in X.

ex =" $Gn= ad) i Compude

10.20 Remark. By Definition 10.19, a complete metric space X satisfies iwo
pn:uperr.ies.@) Every Cauchy sequence in X con vergfa‘;@ the limit of every Cauchy
sequence in X stavs in X.

_

10.21 Theorem. Let X be a complete metric space and E be a subset of X. Then
E (as a subspace) iscomplete/f and only if E (as a subset) ES@
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9.2.1. Suppose that K i1s compact in R” and £ € K. Prove that E 1s compact if
and only if E 1s closed.

fres @ compock”

(=D K 5 conpec Ec K <orpudd-
T R A, £ 05 Closed
(ond \ooundad).
() 1F B s clesed oud EC K “band!
= £ L
s, by Hon Badue Rl a
E s de/?acj‘-- =

9.2.4. Suppose that K 1s compact in R" and that for every x € K there 1s an
r = r(x) = 0 such that B,(x) N K = {x}. Prove that mﬁnite set.

Pl Site K75 ComPd wd 15 Covenel
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9.2.7. Define the distance between two nonempty subsets A and B of R" by

dist(A, B) ;= inf{||x —y||:x€ A and vy € B}. = o

a) Prove thatif A and B ard compact set; which satisfy A N B = 1, then
dist(A, B) = 0.
b) Show that there exist nonempty, m B in @such that

AN B =@butdist(A, B) = 0.
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9.3.2, Compute the iterated limits at (0,0) of each of the following functions.
Determine which of these functions has a limit as (x, y) — (0, 0) in R2,
and prove that the limit exists,

L _ sinxsiny
a) f(x'})_—xz—i—yz
A[ng )(—_—_o }L\\M,{‘_( <o) — O yw\ S —
&) EIOD d=e S
ﬁ kvw‘a X’;é ; ﬂ/\-w S'\ ,,:LK _ _l_z.)
X>0 L L—
: }W foo Dol
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S S\
244
b) f(l‘:}‘):ﬁ
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- R" — R™. Prove that if

9.3.5. Suppose that a € R”, that . € R", and thz
V gontaining a and a constant

f(x) — L as x — a, then there 1s.an open se
M = 0 such that ||f(x)|]| < M forallx e V.
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9.3.7. Suppose that g : R — R 1s differentiable and that g¢’'(x) > 1 for all x € R.
Prove thatif g(1) = 0and f(x,y) = (x — 1)*>(y + 1)/(yg(x)). then there is
an L € Rsuch that f(x,y) — Las(x,y)— (1,b) forallb € R\ {0}.
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9.4.1. Define f and g on R by f(x) = sinx and g(x) = x/|x| if x # 0 and

a) Find f(E) and g(E) for E = (0,m), E = [0,7w], E = (—1,1),
and E = [—1,1]. Compare your answers with what Theorems

0.26.9.29, and 9.30 predict. Explain any differences you notice.

7&7&)3 S e E = (3, TN)
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9.4.3|. This exercise is used in this section and in Chapter 11. Suppose that A
isopenin R"and f: A — R™. Prove that f is continuous on A if and
only if f=1(V) is open in R for every open subsei' V of R™.

0} ﬁ G an b J(l (D) i m&&wb
)} iy Ceb en K
aTAA Q\/J Q-\P‘?(:B OYA«/\. 5L s el
- \/ w R G
=) L (N = QW Soume
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g Q\D \><>E-—Q\,\ A~ R\A
Lo ey epL Swisek

AT
0.4.6. Prove that
e~ 1/1x=yl ,

is continuous on RZ.
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9.4.9, [INTERMEDIATE VALUE THEOREM]. Let E be a connected subset of R”.

If f: E — Riscontinuous, f(a) # f(b) forsomea,be E,and yisa
number which lies between f(a) and f(b). then prove that there 1s an
x = F such that f(x) = y. (You may use Theorem 8.30.)

oSy Ly 2 X see € s
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\{\éslA&VMVOSZOH 'D j, L/ q’ [Xn \)(-A’
10.1.4. a) Leta € X. Prove that if{x, = a for Evewﬂther‘ X CONVErges.)

What does it converge to?
b) Let X = R with the discrete metric. Prove that x, — a asn — o¢ lF

and only if x, = a for large n.
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— Q
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)(“,.__90\ 0\./\& jm‘_aa\ Ay NS -

I0.1.5. a) Let {x,} and {v,} be sequences il@which converge to the same
point. Prove that p(x,.v,) — 0asn — oc.
b) Show that the converse of part a) 1s false.

/W'@ 5/‘3( Kw — A aws“g\,\-—%a S wyy -
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10.1.6. Let {x;} be Cauchy in X. Prove that {x,} converges if and only if at least
one of its subsequences converges.

@(j)% ,‘A/\m Ao .\y /;g- Kw — o /—M/J*-’\
X“v_~—ao\-
<@ l]L R 5 C“V\J/\j crnd x“m‘)“/
/YLJM \/c_>o/ a w,méw s ¥

@V\?/T\/ ’—:D "f (KV\/ xm> £ =

A

o paticde, a5 F( A Ry) <%

Tltn jo<><“ ) <L F X, X\W) 1—_)0<7<,\ / m)
l Co\u\cl/i’) c@v\u %SM\?&Q—‘,-
< iL + = =< -

_
% defl, Xa =& as w2 2

10.1.7. Prove that the discrete space R is complete.

Ff >< Q J)bﬂﬂ-i ;KA

) X=
Uk g L o Covdny =24 @R
3 vey sk Sin 2> {;’(xﬂ ) LT

no N = B (AG), xa) <
— )O(XN/X“):Q <Ai§(u¥€9
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10.1.9. a) Show that if x € B,(a). then there 1s an & > [l]such that the closed
ball centered at x of radius ¢ 1s a subset of B, (a).

b) If a # b are distinct points in X, prove that there is an r > 0 such
that B,(a) N B, (b) = ¢

¢) Show that given two balls B, (a) and B;(b), and a point x € B, (a) N
B;(b). there are radii ¢ and d such that

Be(x) € Br(a) N Bs(b) and  Bg(x) 2 By(a) U Bs(b).

8.21 Remark. Forevery x € B.(a) there is an ¢ = 0 such that B.(x) € B.(a).

Proof. Let x € B,(a). Using Figure 8.5 for guidance, we set ¢ = r —
x —all. If ¥ € B.(x), then by the Triangle Inequality, assumption, and the
Shoi

j(zkl‘ e ats, ))(\?(0‘) 4—)9(\’!’0‘\‘5("/‘*) < i—‘—j(xr"‘) = ,“*,.\gé’()
/
Iy —all e Iy —xl + Ix —all < &+ [[x —al| = 7. N

Thus. by definition, ‘ In particular. B.(x) € B, (a). | o
g Y fz . /E (<) -
= : “ T+ -
Ko & 5T R
"L

9.4.5. Suppose that £ € R" and thatf: E — R™.

a) Prove that f is continuous on E if and only if f~!(B) is relatively
closed in E for every closed subset B of R™”.

b) Suppose that f i1s continuous on E. Prove that if V is relatively
open in f(E), then f=1(V) is relatively open in E, and if B is rela-
tively closed in f(E). then f—1(B)is relatively closed in E.

\’wQ
Ao Boe by epe 5 AR apen

4rg= (0,08) n(O:0€) 0, 04

_ Q\(\@ NE
e P

® Nk ¢ elkivady ofpen
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9.3.3. Prove that each of the following functions has a limit aa — (0, D}l
343
a) fe =g @000

|l;|"'-"‘|,'4
b) flx.y) = popnpwy (x,¥) # (0,0),

where o 18 ANY positive number.

\4&“(7)\ — \X\D(' é:\ O\—Q—\sg
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CHAPTER 11 jC

Differentiability on
o

11.1 PARTIAL DERIVATIVES AND PARTIAL INTEGRALS A
Tt Txyem
We begin with some notation. The Cariesian product of a finite collection of
sets £y, Ea, ..., E, 1s the set of ordered n-tuples defined by

T _ : x €61
Ey x Ey x---x Ey:={(x;,x2,....xp) :xj € Ejfor j=1,2,...,n}. < G:‘EL
T

e

" - a -‘
Thus the Cartesian product of n subsets of R 1s a subset of R". By a rectangle
in R” (or an n-dimensional rectangle) we mean a Cartesian product of n closed,

nondegenerate, bounded intervals. An n-dimensional rectangle H = |a, bi]

X - [a”, bn] 1s called an n-dimensional cube with side s if |b; — aj| = s for ;
=1 X3 ”JZZ 1ecktde o L% Lo
Let f - {x,} X ) x 8, B X (e X X () — R We shaldenme

the function
X,
g(r) ::f{‘xl! . - -:Ij—lu@xj+lu - e --I!E}r I [ﬂ', b]!

by f(x1,....Xj—1,-.Xj+1,...,xp). If g 1s integrable on [a, b]. then the partial
integral of f on [a, b] with respect to ,r_,- is defined by

f f(l'l 1,;}&"1’"; —]@ -

If g 1s differentiable at some ty € (a, b), then the partial derivative (or first-
order partial derivative) of f at (xy,...,xj_y, o, Xj41,...Xx,) With respect to x;
18 defined by

df '
a—(xl,--..x;—l f0)Xj+1s-..,%n) = g (to).
X

We will also denote this partial derivative by fJrj X1y ooy Xjmo 15 00, Xjtly ooy Xp).
Thus the partial derivative fy; exists at a point a if and only 1f the limit

- (W —
o (a) ;= lim Jathe)—j@) 674(5’\'5- g (0‘7'— 9/\“'\ ’___/j;(—

dx j h—0 h WwW—> 0

Lots (o) = b ety e

W O \'\
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a ) — LA ,Q(O/\;\o—\—\&)» J%Ca,\a)
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%< gx V"@
L K'O‘/\D*\rg
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%\M fjc@\ D, bl - %Q",\p T\&?

&O‘ /\9>
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= (om

e —
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| F\-\'\:\,\S
Yoo fe

W—>o W \n

b (ontn, b (e - Flas + o

Qab \’\)/’b \(\\K

| e DO W)
/)gﬁ U\V\t‘ﬂ\y‘(bv ﬂ(\z_\i;/OJ\,\\.ao \f\k

We extend partial derivatives to vector-valued functions in the fDHDwing way.

Suppose that a = (a;. ..., ,ay) € R" and f = (fi. f'} cees fm) a1} x -0 x
{aj—1}) x I x{aj41} x--- x {aa} — R"™ where j € {1,2,..., n}1s ﬁxed and 7 1s
an open interval contamning a;. If foreachk = 1,2, ..., m the first-order partial

derivative df;/dx; exists at a, then we define the first-order partial derivative of
f with respect to x; to be the vector-valued function
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Higher-order partial derivatives are defined by iteration. For example, the
second-order partial derivative of f with respect to x; and x; 18 defined by

yE N i S (af)
817*3: /2/\3?7& ®_ 3.‘.’;; aIJ, o Bxk 3.1’.'}

when it exists. Second-order partial derivatives are called mixed when(j # k. )

S R S S |
f’Xx / gj‘j wak W\iﬁ*s

;fXj ,gvx/ 3&»@: g%xx /16%% /(;?:va

11.1 Definition. NES6N
Let V be a nonempty, open subset of R", letf: V — R" and let p € N.

i) fis said to be CP on V if and only if each partial derivative of f of order

k < p exists and 1s continuous on V.
11 . i e / -:"p [ .
1) fl)sfsmd to be1f and only if f1s C? on V for allp € NJ

ex] N[ < (RT Q s C () ke by

€ xSk o ok =~ \J -
NESTS ) g'u C (V). f}(, qu) fﬂ iju
A ER, ) Cvd s CJW\!

@ X. /fQK/j} — ex *3 S COG
od
A /?(x,\j) = S{a(x=Y) s C

S0 S r QLA ) BRI ST s VIO

feC*(V) - o @
1»\ Mat s Scesiton ¢ xp,(u) QVQR

X\=7%, Xq=d"
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1) By the Product Rule (Theorem 4.10),1f f, and g, exist, then

N of
(ir(fé’) —fa— ‘|‘§a—

2) By the Mean Value Theorem (Theorem 4.15),1f f(-, y) 1s continuous on [a, b]
and the partial derivative f;(-, v) exists on (a, b), then there 1s a point ¢ €

(a, b) (which may depend DW) such that

0
f(b‘i — fla.y)=(b— ﬂ)é{c, y).
3) By the Fundamental-Fheorem of Calculus (Theorem 5.28), if f(-, v) 1s con-

tinuous on [a, b]. then
_h\_‘___—

a X
@ f(f,y)d.f:f(x,}-‘), E ac\ TERAS

(o)
and if the partial derivative fy (-, })exlsts and 1s integrable on |a, b], then — yr@ q_

[w— f(b, })—f(a V).

Kx )3
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&) >\
11.2 Theorem. Suppose that V is open in R?, that (a, b) € V, and that f:V — R.

-] . , e ) . i TR .
If f is ClonV, and if one of the mixed second Qﬂrn_qf derivatives of f exisis on V.
and is continuous at the point (a, b), then the other mixed second partial derivative

exists at (a, b) and
. JC (o)) = gjﬁ(a,g

. = dy
NOTE: These hvpotheses are met i f
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<2We shall re conclusion of Theorem 11.2 by saying the first partial
érivatives of f commute) Thus. if f is C* on an open subset V of R".ifa € V,
and if j # k. then — “
/ 2 2 /F \[ C-/\?\ — R
8 f a f . -
—(a) = —(a).
S_de,l,:_- 31;;6.1_;

~

<%?'he following example shows that Theorem 11.2 is if the assumption
<

out continuity of the second-order partial derivative 1s dropped.
—_— -

\7 j} N C,C&; — [’ fx:g:jcjob / gx%: {-sz / ﬁyf g-?j
()(\/ XL/XZ) \_j'-t: L

’gx(xL /Lx\x} y, fxlxj

11.3 EXAMPLE.

Prove that
22 — (\\’ (o
o 555)
(:) 0 | (xsy):ﬂ’LOID)
\ 2

is C! on R?. both mixed second partial derivatives of f exist on R2. but the first

C)M derivatives of f do Wﬂ,ﬂ): that is. fyy(0,0) # fyx (0, 0).
2
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11.4 Theorem. Let\H = [a,b] x [c,d] be a rectangle \and let f : H — R be
continuous. If

o= [ e

then Fis continuous on [c, d)]; that is,
.. XO 5 :{(‘jq
}A\'J\ ?K\?) = lim X,V ] - &QKID Q X
Vs Vi - t

for all yo € [c. d].
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11.5 Theorem. Let H = [a, b] x |[c,d] be a rectangle in R* and let f : H — R.
Suppose that f(-, v) is integrable on |a, b] for each y € |c, d] and that the partial
derivative fy(x,-) exisis on |c, d] for each x € [a, b]). If the iwo-variable function
fy(x,y) is continuous on H, then (\9\

forall v € |c.d]

NOTE: These hypotheses are met if f € C'(H).

?‘(bbg . EXQ(C(K .

@w\é W H =lay. by] x - x[ay, by]is an n-dimensional rectangle, ifu:m

//—-;7 @andifk =+ j, then
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In this section we define what it means for a vector function to be differentiabl
at a point. Whatever our definition, we expect two things: If fis differentiabl
at a, then f will be continuous a [@ and all first-order partial derivatives of f wil |
exist at a. (2,2, ey O )
Janreby analogy with the one-variable case, we guess that f is differen -
tiable at a if and only if all its first-order partial derivatives exist at a. The fol
lowing example shows that this guess 1s wrong even when the range of f 1s on
dimenstonat:

11.11 EXAMPLE. 1[)( o) ]D(}

Prove that the first-order partial derivatives of

_|_ § — -

Xgo ord 3%°
exist at (0. 0), but f 1s not continuous at (0, 0). (\L\\’\ gl [ Vujr 3\, H;&\Q
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11.12 Definition.

Suppose thﬂté/E\Rythat V_is an open set containing a, and tllﬂ@

1) fissaid to be differentiable at a if and only if thereisa T € L(R"; R") such
that the function /\" N — R

(5h) = Fa + b) — F@) — Th)

(defined for ||h|| pufficiently small) satisfies e(h)/|/h|| — 0ash — 0.
1) fissaid to be differentiable on a set E if and only if E is nonempty and f 1s
differentiable at every point in E.
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11.13 Theorem. I[f a vecior function tis differentiable at a, then { is continuous
ar a. -
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If t1s differentiable at a, 1s there an easy way to compute the total derivative
Df(a)? The following result shows that the answer to this question 1s yes.

11.14 Theorem. Let f be a vector function. If tis differentiable at a, then all
first-order partial derivatives of f exist at a. Moreover, the total derivative of f at a
is unique and can be computed by

dXx1 dx,
Df(a) [ o {E)] = : .. :
Xj 1 %(a) ﬁ”
L 0xq Bx” 4
€x (DSCM) AT v
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Sumvey - ﬁ?) B AV £ 3
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. f(a+h) —1f(a) H{Bh
lim —

h—0 |h| -

if and only 1f

%

. |Ifta+h) — f(a) — Bh||
lim —
h—10 | h|

0,

or if and only 1f L

%g(o\) = E\’J\.Q :
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lim 0.
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11.15 Theorem. Let V be open in R", let a € V, and suppose that f : V — R™.
If all first-order partial derivatives of f exist in V and are continuous at a, then f is
differentiable at a.

//)«oof. Fyer<ise V<F3q<g)

N —

% Cx/p7 -

72*__“\)“ /((/‘K ?\mce’xwf& b C)\Q)V‘qtﬂ\\'vx-e W Mo ™
A Y bw ﬁwwct’(w /p 1S )\'H:LKQ cu(— &FORJ- A

1) Compute all first-order partial derivatives of f at a. If one of these does not
exist, then f1s not differentiable at a (Theorem 11.14).

2) If all first-order partial derivatives exist and are continuous at a, then f 1s
differentiable at a (Theorem 11.15).

3) If the first-order partial derivatives of f exist but one of them fails to be
continuous at a, then use the definition of differentiability directly. By the
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11.16 EXAMPLE.

[s f(x, v) = (cos(xvy — ¢V¥) differentiable at (1. 1)?
(x,v) = (cos(xy), e’ ) di 1 ( )

jé>< - < %Z(C’OS’W\/ ?3—;( Qfoev)>
= < - Sin(x) ,l_\

X

fx = ’Zp Lofle @ xisf oo ar—=_

2
CO\/\&/;V\U\A}@ 0&1' 0\2 é<,y> QR Wi~ X>o -

C 2@9;7(—@1 : vai

Lo petvicdes | £, o), -

{

CA P "e.K\:.S%

o (\,\>

\ /)/(’VW\ . br/ ) S J\' %gl’b\
J ﬁ ARV

— i =)

11.17 EXAMPLE.
Is

Re. e
’ Co/o)
e G ez (W F
U (x.y) = (0,0)
differentiable at (0, 0)?
~ el e 3 L
Jﬂf’fO)_(%m)@pJ’K)ltfjle
1) — 5 -
- " <7< *)9 < (XQ—%D)l
\ o y) £ Lo,
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11.18 EXAMPLE.

Prove that

2 7. . ]
flx,y) = I(I + V<) sin a2 }12 (x,y) #(0,0)
0 {I, }‘):{0, 0}

is differentiable on R? but not continuously differentiable at (0, 0).

Sl Th () £ o)

£)<CX/7> — j\"%i C.Oj()&z—&jﬁz)*_lxﬁb\<\\yx—z;y)
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eeneec Miay 0, 2024 11.3 (DERIVATIVES) DIFFERENTIALS, AND TANGENT PLANES

Bw's Exexse#A Co«—-— )

11.20 Theorem. [le¢fw € R, and suppose that £ and g are vector func-
tions. If fand g are differentiable at a, then f+ g, of, and t-g are all differentiable
ar a. In fact,

D(f + g)(a) = Df(a) + Dg(a), (7)
D(af)(a) = aDf(a), (8)
AN

and \ \AW A &R nxen
D(f - g)(a)/= g(a) @' + f{ﬂ@ (9)
-t S

[The sums which appear on the right side of (7) and (9) represent matrix
addition, and the products which appear on the right side of (9) represent matrix
multiplication. |

Proof. [y erccse

.___’__/

ﬁi> X, HLQ ,"Q A /Te,ﬁ?ﬁl“,ﬁtﬁ

st j”’\ QCMM, ch ”TW”DfC“>

o AN

Ae.r\d"}‘ﬁ
o (W) A f ook
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Wednesday, May 05, 2021 . R .
12:31 AM Here is the Chain Rule for vector functions.

. y / |
11.28 Theorem. [CHAIN RULE]. n 4o de, G’°3><“) = 7f <3 ) pLC,

Suppose that £ and g are vector functions. If g is differentiable at a and f is
differentiable at g(a), then f o g is differentiable at a and

D(f o g)(a) :@ (20)

The product Df(g(a))Dg(a) 1s matrix multiphication.
[The p Df(g() Dg(a) is ma P |

?‘Ljﬁ acl” sep b= 9a) /R mo)efﬁ’g

A o PKM wiXn

W ¢ V\.eej h S\’\U\’Q

o f(90aw) - Fla@) =T (W .

h—so ARAY
o

Seb 5 0w = (3 (a+W) — o (@D - D (W )ay

2 (8(k) = k) - {0 —pp Ry

0

Por 11w wwd [Tl Suffroadt s

Q)

Sk W s el e DZ—: d)(owr\/\)fj(%
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11.29 EXAMPLES.

i) If F,G, H : R? — R are differentiable and z = F(x, y). where x = G(r, 0),
and y = H(r, #), then

z
prt 7Sy
z
27 = 2 ox . DT Oy A Ny

> E DL Ox
— = =iy bl >t
EaY > oy T B (%Av |

and ¢, .o : R — R are differentiable and w = f{ z/) w (L)

Y *l.vfh“];rie& 1;‘/(f}§111 then
@ LJ
I
\ J/
AL

dw| dw x+3wd}’+3wd3J
dt/ d dy dt oz dt

H W7 \/ z/g/\qlf/é/ﬂr/x‘/ﬁ/\a
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“Dis CosSipn AN N A

“
Section |1} \/1/@1@/
\ Lirm) o] <
11.1.4. Suppose that \H = [a.b] x [c.d])1s a rectangle, that f : H — Ris
contmucE and that g : [a, b] — R 1s IHTEEI"ibIE" Prme that

ﬁ j =AY
F(v) g(x}f{x v)dx
3&)\ é\\’\/ Vxe@,\%

1s uniformly continuous on [c, d].
%)féﬁc W \/Ja\«;\— o SWew V\MJ( \/LBQ/?) o \'> o0
TSt b Iaewles )y wele ) =y
\ f(v) FwWwl <« ¢ -

b <5 sew fis M@w% Qma o\t
9§>° 5\‘ 9y, e L J] - ‘l(xg) )C(?\\A)\<M(\oc\)

Hﬁ(y)/y QD - \ L ch 7)300& ~§ Q(x,w) ‘j(x)d\x\
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11.1.5. Evaluate each of the following expressions.

3,2

I
a) ]im[ e" Y ™ dx
y—=0Jo

d 1
b) — | sin(e*y—y 47— )dx aty=1
d}’ 0

(s

c/@ SIGZ\/I/jty +4,, at(.r ﬂf@@’\

;CXv,l) P = El ZSDKEI ﬂxD/;ﬂ

f {)&B’G* - va-:\ﬁa

%{ ( WCC’%@A% = | (%%)A%
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11.1.6. Suppose that f i1s a continuous real function.

a) If fE: f(x) dx = 1, find the exact value of
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¢~

11.2.6. Prove that if « = 1/2. then )
me) g
f(_]: V) = D(I T 1*2} (x, :"’} -/4— (D: 0)
- (.I_,r "}) = (D, O}
1s differentiable at (0, 0). I 3 (W @

st\- . Ay L A /
— N L\{W\ ’E<\'\/}L>/FL°I“)’VF(“/Q)~<\L’\/—L—>’:°
/L\“ DE (‘M/ 24

) = fi B g
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<>
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Seche Ny AU (L=M)

11.44. Let f, g : R — R be twice differentiable. Prove that\xﬁﬂ = flxy) L

satisfies
/andlv{x, v) = flx—v)+ g@@we equation; that is,
N, = f 'foﬁ | ﬁ\\ () |

/ 3ty v _o.

= ﬁCM\[ 0 (xp)] ! % (x9) .
_ £(<Xj> %__j_(xj) — X §[(><J)

11.4.7. Let

t =0, x eR.

a) Prove that u satisfies the heat equation (1.€.| uxx — u; :ﬁfnr allt = 0

and x € R).
—1)(_1___ T
U>< = e - = > —JK
e v G
ra

UXK_ - '7% € 1T+ X Yt
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b) If(a > 0) prove thEll' as t — O+, uniformly fﬂr@
|a, 0Q).

Sl o X7 /4
— u(x,t) = ,
At
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