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DEFINITIONS  The sequence {a,} converges to the number L if for every
positive number € there corresponds an integer N such that for all n,

n>N — la, — L| < e.

[f no such number L exists, we say that {a,} diverges.
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THEOREM 1 Let {a,} and {b,} be sequences of real numbers, and let 4

and B be real numbers. The following rules hold if lim,.ca, = 4 and
limy—soc by, = B.

1. Sum Rule: lim,—~la, + b,) =4 + B

2. Difference Rule: lim,—sa(a, — b,) =4 —B

3. Constant Multiple Rule: limy—salk-b,) = k- B (any number &)

4. Product Rule: lim,—cc(a,*b,) = A*B

5. Quotient Rule: ¢ PO % = % ifB # 0
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THEOREM 2—The Sandwich Theorem for Sequences Let {a,}, {b,}, and {c,}
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THEOREM 3—The Continuous Function Theorem for Sequences Let {a,} bea
sequence of real numbers. If @, — L and if f 1s a function that is continuous at L

and defined at all a,,. then f(a,) — f(L).

T”M-j'{'fld' LonS:

-
n +| fo Nt —

) bhiw ’ . = J7 = )I/

: 2n+1 \< . zndl S _ (4
2) "'M(n—-[)’“ (L n—'l) Z’D
3> Lin M(Zn-rl) _ W(L;m 2n+‘l> b | :O

a2n ~| n-
7,14 . ’

LHO[’:'ILW/S RW(/-
THEOREM 4 Suppose that f(x) is a function defined for all x = nj and that
{a,} is a sequence of real numbers such that a, = f(n) forn = ng. Then

lim f(x) =L = lim a, = L.
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DEFINITIONS A scquence {,} is bounded from above if there exists a
number M such that @, = M for all n. The number M 1s an upper bound for
{a,}. If M is an upper bound for {a,} but no number less than M is an upper
bound for {a, }, then M is the least upper bound for {a,}. ( s op @)

A sequence {a,} is bounded from below if there exists a number i such that
i, = m tor all n. The number m is a lower bound for {a,}. If m is a lower bound
for {a,} but no number greater than m 1s a lower bound for {a,}. then m 1s the
greatest lower bound for {a,}. (i-f o )

[f {u,} 1s bounded from above and below, the {a,} is bounded. If {, } is not
bounded, then we say that {4, } is an unbounded sequence.
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DEFINITION A sequence {a,} is nondecreasing if a, = a, for all n. That

18, d] = ap = a3 = .... The sequence 1s nonincreasing if a, = a, for all n.
The sequence {a,} is monotonic if it is either nondecreasing or nonincreasing.
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THEOREM 6—The Monotonic Sequence Theorem  If a sequence {a,} is both
bounded and monotonic, then the sequence converges.
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