CALCULUS (2)
CHAPTER
8(8.2&8.3)

BY: HANAN ALAWAWDA




8) 2 ) TRIGONOMETRIC INTEGRALS

Casel) sin x"f cos x"

Odd=2k+1 Aaaial aadivigin? x = 1 — cos? x
sin x™ = sin x%**1 = (sin? x)* sin x=(1 — cos? x)* sin x
Use supposition let u= cos x than solve it

Case2) [ sin xT* cos x™ — Odd=2k+1

Eden Aglhial aadinil — sin? x = cos? x
cosx™ = cosx = (Cos x)¥ cos x=(1 — sin® x)* cos x
Use supposition let u= sin x than solve it

2k+1 _

Even

Case3)f51n x"™ cos x

1—CcoS 2x 14+cos 2x
. & cosx? = -
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* 1)[ sin® x cos® x dx = [ sin” x cos

=[(1 — cos? x) cos? x sin x DX

Let u=cosx=du=-sinx dx

_..2%.,3 _ 3 _ 2,54.=% _
S —uHuddu = - fu® —udu=— -~

1 ¢ 1
=—C0S” X — = COS
6 4
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4

x sin xDX

+ C

Case (1)
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2)[  (sinx)? (cos x)3 dx Casel

2

= [ sin? x cos? x cos xDX = [ (1 — sin® x) cos x sin® x DX

Let u=sinx=du=cosx dx
=[u*(1 —u?)du = [u* —u*du

3 5

u u 1 . 1 .

— —Z 4c==sin3x—-=sin’>x +c
3 5 3 5

1—cos 2x, ,14+cos 2x

3)[16sin*x  cos®x=16/ 1( —)(—;
=4[ 1 — cos®2x dx = 4x — 4 [ cos* 2x

=4x-4 f 1+CZS 4xdx=4x—§x-2 f cosdx = 4x — 2x — %Sin4x=2x-%sin4x+c

)DX Case (3)
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PRODUCT OF SIN AND COS

[ sinmx sinnx dx

[ sin mx cos nx dx

[cos mx cos ns dx

. . 1
* Sin mx Sin nx =E(Cos(m-n)x-cos(m+n)x)

. 1, . .

* Sin mx cos nx =E(sm(m—n)x+sm(m+n)x)
1

* COSMX CosSns = E(Cos(m-n)x+cos(m+n)x)
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EXAMPLES

.
*4) | cos3xcosdx dx = f%(cos(—x) +cos(7x)) DX
J

1 1. 1.
. =5fcosx + cos7x dx = - Sinx + — sin 7x+cC

. 5)f0n\/1 — sin? xdx=f0n Vcos? x dx = fonlcos x| dx

- T
* = [2cosxdx- [z cosxdx
0 2

[

. Py . A . IT
* =sinx|?-sin |§=sm5+ sin-=2
2
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POWER OF TANX AND SECX

6)[ 4 tan® x dx=4 [tanx tan* x dx
= 4 tanx (sec? x — 1)dx = 4 | tanx sec? x dx — 4 [ tanx dx

sin x

dx= 2 tan“x+4ln|cosx| +c
COS X

¢ =2 tanzx-4f

e = 2 tan?x-2ln| sec? x | +c = 2 tan®x-2ln| tan? x + 1| +c

STUDENTS-HUB.com Uploaded By: anonymous



* 7)[ sec* x dx = [ sec® x sec? x dx=/ (1 + tan” x) sec? x dx

e Let u=tan x = du=sec? x dx
3
°=f1+u2du=u+u?+c

1 1 1
* =tanx + tan> x+c =tanx + 5 (sec? x-1)tanx +c = tanx-_ tanx +

1
§ (sec? x-1)tanx +c

2 1
» =_tanx + gsec2 xtanx + ¢
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*QUTLINE
SOLUTION
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EVALUATE THE INTEGRALS

5 a - " - 5 s a
5. f51n3xdx — fsm*x sin x dx = f(] — cns*x) sinx dx = fsmxdx — fccnszx sinXxdx = —cosx + %cns3 x + C

" 4 g " PR | 4 "
I1. f51n3x cos'x dx = f51n3x cos~X cos xdx = fsuﬁx (1 — sin“x)cos xdx = f51n3x cos x dx — fsmj:s: cos x dx

= %silﬁx — %sinﬁx + C

18. J 8cos*2mx dx = SJ (Leosdm) ®gx = EJ.{I + 2cos 47X + cos®4mx)dx = EJ'd:{ + 4J cos 4mx dx + EJ'—] HEOETX g

= 3fdx+4fcns4?rxdx+ fcnsﬁ?rxdx — 3Ix + %sinélfrx-{— %sin Srx + C

20. f:r 8 sin’y cos’y dy = SLH (1 _‘;”’E}'}E{l +"‘;”’23"] dy = fuﬂ dy — Lﬁ cos 2y dy — f“w cos?2y dy + fuw cos* 2y dy
= |y — 3sin 2}?]; — E] (=) dy + Lf (1 — sin?2y)cos 2ydy = 7 — %fn dy — %[; cos 4y dy + [:] cos 2y dy

" . . . D
— L sin“2y cos 2y dy = 7 + l—%y— tsindy + isin2y — & - @] e
- ) {

] =

2

2 2 2 w2
22. [ sin®20cos?20d6 = [ sin26(1 - sin?20)cos 20 d6 = | sin*20cos20.d6 — [ sin*20 cos 26 df

sin’20 1 sin"24 : -0
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/ / : : / — / af
28 /6 1 +sinxdx = /e ‘l.-"lll + 510 X \/(l—hmx dx = /6 I —sin- x dx = f?r“ﬁ W/ cos? X dx = fﬂr’ﬁ cosX __ dx
S Jo ) 0 I W1 —sinx 0 1 —sinx 0 1—sinx 0 1—sinx

— [—2(1 —sinx)]f-z}:fﬁ = -2\/1 —sin (£) +2y/1 — sin0 = —2\/g+2\ﬁ= 2 - \/E

33. fsec:zxtanxdx — ftanxseczxdx — %tanjx + C

2 2
36. fsec3xtan3x dx = fsen:“:{ tan-x sec x tan x dx = fseczx(seczx — 1)sec x tan x dx

"
— fsecdxsecxtanxdx — fsec‘xsecxtanxdx = %secﬁx — %SEEEK + C

38. fsecqx tan?x dx = fse-:g:{ tan®x sec’x dx = f(tanzx + l)tanzx sec’x dx = ftan“:{ sec?x dx + ftanzx secix dx

- %tanjx + ;—tanﬁ +C

42. f 3sect(3x) dx = f(l + tan?(3x))sec?(3x)3dx = fsecz(iixﬁdx + ftanE(Sx) sec’(3x)3dx = tan (3x) + ftan®(3x) + C
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45, f4tan3xdx=4f (sach-ljtanxdx=4fsec?xtanxdx—4ftanxdx=4%-41n|5ﬂcx|+C‘
= 2tan’x — 41n |sec x| + C = 2tan®x — 21In[sec? x| + C = 2tan’x — 2In (1 + tan? x) + C

47. ftanjx dx = ftan“x tan x dx = f(s&czx — l)ztanx dx = f(sec‘*x — 2sec?x + l)tanx dx

— fsec“xtanx dx — 2f5ec2xtanx dx + ftanxdx = fqec3x%ecxtanx dx — 2f%ecx%ecxtanx dx + ftanx dx

1secx — sec’x + Insec x| + C = (tan X + l) — (tan X + l) + In|sec x| + C = Itan'x — ltan’x + In|sec x| + C

51. fsin 3x cos 2x dx = %f{sinx+5in 5x) dx = —%cns:{ mcm 5x + C

-

sin? x si | —cos® x ) sin x & 0% X 8
64. fﬂlﬂ*dx_fwd}{:f( ) d;.;:fﬁdx—fwdx=fsec3xtanxdx—fsecxtanxdx

Lm X ::u:-;" X L't‘.u-f" X cos® X ::u:-;" X

— fseczxsecxtanxdx - fs-:cxtanxdx — %sec-""x —secx + C

67. f:{sinzxdx = fx %d:{ — %fx dx — 1fxcc-52:{dx [u = X, du = dx, dv = cos 2xdx, v = %Einlx]

x? — %léx%mh‘. — f%sinl‘{ dx] = % 2 %xsinix — %cns?x + C

1
4
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8 O ) TRIGONOMETRIC SUBSTITUTIONS
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a — X

2

2

x=asinf

V a* — x* = a|cos 6]

0

s
2

S

IA

1

n

0

<

X
a

T
2

: '\fxz — ﬂ!i

a

x=asechH

V32 = &% = altan 6|

0 = sec” - —
a
X

|f > 1

a
—<9Snﬁx
2 a

0<6<-
<-1
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EXAMPLE(1)

dx T T
Vs 250 <3

e let x =3tand =dx=3sec? 6 d6b

3sec?0do sec2 0 d6 sec? 6 doO
¢ = = = =[ secH df = In|secd + tan B|+c
Votan?2 649 Vtan? 6+1

|secO|

~—

sec2 0

A/ 2
o +: +C =1In|V9 + x2 +x|+c

e =|n
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EXAMPLE (2)

- [V25—t2dt
e Lett=5sinf =dt=5cos0 df, _Tn <0< %
. —f\/ZS — 25sin? 0 5cos 0 d6b

°=25f\/1—51n29c059d9 25[\/C0829C059d9 =25 cos* 6 d6
f1+c0529d9

25 sin 26
S0+
6 + sinfcosb)+c

25 [ . t V25—t 25 . _q(t\, tV25-t?
St () + 5 5ron T ()5

&

Il NlN II

5

J25 — t2
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[ ]
<
<
Yl
U1
(@B

<

Let y=5secH =dy=5sec 8 tan 6d6 , 0<6<§

- — 2
. =J25(se09)2 2> 5sec § tan 6d6 = Y(sec0)2 1tan9d9—;ftan 96

125(seco)s 5 secZ 0 secZ 0
. 1 .2 =i . _ 1 . sin 260
—15f51n 6do = [1—cos20df = (0 —"22) +C
. =1—O(9—sin9c059)+c 5

1 2-25 5
« =—sec”’ (Z) — Y7224
y v
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EXAMPLE( 4)

2 2
dx
.f_24+x2 f dx

_ 4 + x°
e L et x=2tanf =>dx=25ec20d8,7n<0<% —2 ,
_ _1. -1 (X%
-Whenx=-2=>9:tan‘1(—1)=7n =, tan (z)‘_z
_1 —1 -1
° X=2=0 = tan_l(l) — n _E(tan 1 — tan —1)
n " ! (o) o
.- ZZseCZHdH_l 4 sec2@ 40- 2 \ 4 4 ) 4
_m4+ytan20 2 |-m1+tan2 @
4 4
(s _1(2 E)zz
2f‘T”d9_2 4+4 4
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*OUTLINE
SOLUTION
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8. t= %sinﬂ,—g <0< 5, dt = %cﬂsﬂdﬂ, v 1 —9t2 = cos #;
fw,,f] — 9t dt = %f{cosé‘}{cnsﬂ]dé’: _%fcnszf?d!‘?: %(E—l—sinﬁcmﬁ}—k{f: % lﬂiﬂ_] (3t) + 3t/ 1 — 9t2| + C

10. x =z2sec,0 <0 < Z dx = 2secdtanddd, \/25x? — — /9sec?f) — 9 = 3 tan 0:
f ;:"_g—f “c_:ila;ﬂ}dﬂ=fsecf?dﬂ:ln|sec9+tan9|+C=ln %+@‘+C

12. y=35sect,0 <8 < 3,dy = 5secttanfdb, \/y> — 25 = 5 tan #;
JETE gy = [CunbGsectwmng 1 [1an?gcos?0df = L [sin?0d0 = & [ (1 — cos26) df

125 sectd 10)

= (0 —sinfcos ) +C = [‘iec_] (5) - (E) (%)] +C = [H”c_l{-‘*) — E] +C

10 5 y 10 2

14, x =sec,0 <0 < 3,dx = sec f tan £ db, v/ x? — 1 = tan #;
[2d = [runpsecods 5 [oo29dg =2 [ (15220) dg = 0 + sin 0 cos 0 + C

I/ — 1 sec i tan #

=@ +tanfcos’f+C =sec x+ vx2—1 {i)g +C=sec 'x+ @ + C
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18.

24.

26.

29.

33.

x =tanf, — 5 < < 7, dx = sec? 0 df, \/x2 + 1 = sec ¥,

dx - sec¥ @ df cos @ de -y %2 +1
fxz:.-“x2+1 - tans 0 sec 8 f G2 f alnE' +C = X +C

xg)::;z

x=2smf,0<0 <z, dx=2costldf, (4 - — 8 cos” 0

!

f’ dx _f”*""zmsade_l /e gp = L glwa_y’_i_ i
0 [4_12]3{2 - Jo Scosod 4 Jo costd T 4 an 12~ 43

x =secf,0 <0 < I, dx = secf tan 0 df, [x2—1}5f2=tan5€;

f x= dx . fﬁcczﬁ-ﬁccﬂ'lanﬂ'dﬂ fcmﬂ df = 1 +C = —
(x2 — |],5.-"2 o tan> ff sind — T Tandd o

x=stanf, - < <3 dx=%seczﬁdﬁ',(élxz-l-lf:sec‘iﬂ;

(4x2 + ] secl 8

5/2

v=sinf, -7 <0< 5, ,dv=cosfdf, (I —v?)"" =cos’b;

ve dv . fﬁinzﬂ cos @df f 2 2 _ lan*# _ 1 v
f——“_ﬂﬁz = | =g = Jtan“fsecc0dl = =~ +C = 3 T
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C Bdx J_M_qjcmzﬂdﬁ 2(0 +sinf cos 0) + C = 2tan12x+

)H+c
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USE AN APPROPRIATE SUBSTITUTION AND THEN A&
TRIGONOMETRIC SUBSTITUTION TO EVALUATE THE

38. y=e"" 0< 0 < T.dy e sec’ @ df, /1 + (Iny)? \/l + tan? f = sec 0;

e w4 w4 ;
dy f' e gec® () f' . i ) /4
f; VAT o Ty 40 , sectdf = [In |sec § + tan 0[], In (l + \/5)

45. Letu -\/;!—L}ax u” = dx = 2udu ‘;-fﬁ%dx f\£4—;1”—:2udu 2f 4 — u’du;

u=2sinf,du=2cos#d),0 <0 <ZI \/4—u>=2cos

2] V4 —uldu=2] (2cosf) (2cos f) df =8 | cos® #df = 8 |~ df =4 | df + 4 | cos 20

49+ 25in20 + C = 40 + 4sinfcos 0+ C = 4sin™! (3) +4(3) (L52) + C=4sin ! (L) + /xVA—x+C
4sin—1(&;’5) +/4x —x2 +C

46. Letu = x*? = x = u?? = dx = zu="*du

STYRERTFSHUB -

o (o) du = [ A ()du = 3 [ rdu = 3sin~'u + C =Uigabied Byt Shonymous
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