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8.2) trigonometric integrals 
නsin 𝑥𝑚 cos 𝑥𝑛

Odd=2k+1 sin2نستخدم المتطابقة  𝑥 = 1 − cos2 𝑥

sin 𝑥𝑚 = sin 𝑥2𝑘+1 = sin2 𝑥 𝑘 sin 𝑥= 1 − cos2 𝑥 𝑘 sin 𝑥
Use supposition let u= cos x than solve it 

Case2) ׬ sin 𝑥𝑚 cos 𝑥𝑛

Case1) 

Odd=2k+1

Even 1نستخدم المتطابقة  − sin2 𝑥 = cos2 𝑥

cos 𝑥𝑚 = cos 𝑥2𝑘+1 = cos2 𝑥 𝑘 cos 𝑥= 1 − sin2 𝑥 𝑘 cos 𝑥
Use supposition let u= sin x than solve it 

Case3) නsin 𝑥𝑚 cos 𝑥𝑛

Even

sin2نستخدم المتطابقة  𝑥 =
1−cos 2𝑥

2
 & cos 𝑥2 =

1+cos 2𝑥

2
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Examples

• ׬(1 sin3 𝑥 cos3 𝑥 ⅆ𝑥 = ׬ sin2 𝑥 cos3 𝑥 sin 𝑥DX

• ׬= 1 − cos2 𝑥 cos3 𝑥 sin 𝑥 DX 

• Let u=cosx⇒du=-sinx dx

• ׬- 1 − 𝑢2 𝑢3 ⅆ𝑢 = − ׬ 𝑢3 − 𝑢5du=𝑢6

6
−

𝑢4

4
+ 𝑐

• =1

6
cos6 𝑥 −

1

4
cos4 𝑥 + 𝑐

Case (1) 
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• ׬(2 (sinx)2 (cos 𝑥)3 ⅆ𝑥

• ׬ = sin2 𝑥 cos2 𝑥 cos 𝑥DX = ׬ 1 − sin2 𝑥 cos 𝑥 sin2 𝑥 DX  
• Let u=sinx⇒du=cosx dx
• ׬= 𝑢2 1 − 𝑢2 ⅆ𝑢 = ׬ 𝑢2 − 𝑢4du 

• = 𝑢
3

3
−

𝑢5

5
+ 𝑐 =

1

3
sin3 𝑥 −

1

5
sin5 𝑥 + 𝑐

• ׬(3 1 6 sin2 𝑥 cos2x=16׬ 1(1−cos 2𝑥

2
)(1+cos 2𝑥

2
)DX

• ׬4= 1 − cos2 2𝑥  ⅆx = 4x − ׬ 4 cos2 2𝑥

• =4x-4න
1+cos 4𝑥

2
dx=4x-4

2
x-2නcos4x = 4𝑥 − 2𝑥 −

1

2
sin4x=2x-1

2
sin4x+c

Case(2)

Case (3)
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Product of sin and cos

• ׬ sin 𝑚𝑥 sin 𝑛𝑥 𝑑𝑥

• ׬ sin 𝑚𝑥 cos 𝑛𝑥 dx

• cos׬ 𝑚𝑥 cos 𝑛𝑠 dx

• sin 𝑚𝑥 sin 𝑛𝑥 =1

2
(cos(m-n)x-cos(m+n)x)

• sin 𝑚𝑥 cos 𝑛𝑥 =1

2
(sin(m-n)x+sin(m+n)x)

• cos 𝑚𝑥 cos 𝑛𝑠 =
1

2
(cos(m-n)x+cos(m+n)x)
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Examples 

• 4)඲cos 3𝑥 cos 4𝑥 𝑑𝑥 = න
1

2
(cos(−x) +cos(7x)) DX

• =1

2
නcosx + cos7x ⅆx =

1

2
sin 𝑥 +

1

14
sin 7𝑥+c

• 5)ධ
0

𝜋
1 − sin2 𝑥dx=ධ

0

𝜋
cos2 𝑥 ⅆ𝑥 = 0׬

𝜋
cos 𝑥 dx

• 0׬ = 

𝜋

2 𝑐𝑜𝑠𝑥dx -׬𝜋

2

𝜋
cos 𝑥 ⅆ𝑥

• =sinx|0

𝜋

2-sin |𝜋

2

𝜋=sin𝜋

2
+ sin𝜋

2
=2
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Power of tanx and secx 

׬(6 4 tan3 𝑥 dx=4 ׬𝑡𝑎𝑛𝑥 tan2 𝑥 dx

𝑡𝑎𝑛𝑥׬4 = sec2 𝑥 − 1 𝑑𝑥 = 4 ධ tan 𝑥 sec2 𝑥 𝑑𝑥 − 4 ׬ 𝑡𝑎𝑛𝑥 𝑑𝑥

• =2 tan2x-4න
sin 𝑥

cos 𝑥
dx= 2 tan2x+4ln|cosx| +c 

• = 2 tan2x-2ln| sec2 𝑥 | +c = 2 tan2x-2ln| 𝑡𝑎𝑛2 𝑥 + 1| +c 
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• ׬(7 sec4 𝑥 ⅆ𝑥 = ׬ sec2 𝑥 sec2 𝑥 dx=׬ 1 + tan2 𝑥 sec2 𝑥 ⅆ𝑥

• Let u=tan x  ⇒ du=sec2 𝑥 dx 

• = ׬ 1 + 𝑢2 ⅆ𝑢 = 𝑢 +
𝑢3

3
+ 𝑐

• =tanx +1

3
tan3 𝑥+c =tanx + 1

3
(sec2 𝑥-1)tanx +c = tanx-1

3
𝑡𝑎𝑛𝑥 + 

1

3
(sec2 𝑥-1)tanx +c

• =2

3
tanx + 1

3
sec2 𝑥 tan 𝑥 + 𝑐
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•Outline 
solution 
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Evaluate the integrals 
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8.3) Trigonometric Substitutions

𝜃 = tan−1
𝑥

𝑎
−𝜋

2
< 𝜃 <

𝜋

2

𝜃 = sin−1
𝑥

𝑎

−
𝜋

2
≤ 𝜃 ≤

𝜋

2

𝜃 = sec−1
𝑥

𝑎
0 ≤ 𝜃 ≤

𝜋

2
 if 𝑥

𝑎
≥ 1

𝜋

2
< 𝜃 ≤ 𝜋 if 𝑥

𝑎
≤ −1
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Example(1) 

• 1)න ⅆ𝑥

𝑥2+9
   , − 𝜋

2
< 𝜃 <

𝜋

2

• let x =3tan𝜃 ⇒dx=3sec2 𝜃 𝑑𝜃

• = න 3 sec2 𝜃 ⅆ𝜃

9𝑡𝑎𝑛2 𝜃+9
= න sec2 𝜃 ⅆ𝜃

𝑡𝑎𝑛2 𝜃+1
= න sec2 𝜃 ⅆ𝜃

|𝑠𝑒𝑐𝜃|
׬= sec 𝜃 ⅆ𝜃 = ln sec 𝜃 + tan 𝜃 +c

• =ln 9+𝑥2

3
+

𝑥

3
+ 𝐶 = ln | 9 + 𝑥2 +x|+c x

3
)𝜃

sec2 𝜃
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Example (2)

• ධ 25 − 𝑡2 ⅆ𝑡 

• Let t=5sin𝜃 ⇒dt=5cos𝜃 ⅆ𝜃 , −𝜋

2
< 𝜃 <

𝜋

2

• = ධ 25 − 25 sin2 𝜃 5cos 𝜃 𝑑𝜃

• =25 ධ 1 − sin2 𝜃 cos 𝜃 𝑑𝜃=25ධ cos2 𝜃 cos 𝜃 ⅆ𝜃 =25׬ cos2 𝜃 ⅆ𝜃
=

25

2
׬ 1 + cos 2𝜃 ⅆ𝜃

• = 25

2
( 𝜃 +

sin 2𝜃

2
+c

•
25

2
( 𝜃 + 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 +c

• = 25

2
( sin−1 𝑡

5
+

𝑡

5

25−𝑡2

5
+c = 25

2
 sin−1 𝑡

5
+ 𝑡 25−𝑡2

2

25 − 𝑡2

t
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Example 3

• ඲
𝑦2−25

𝑦3 ⅆ𝑦

• Let y=5sec𝜃 ⇒dy=5sec 𝜃 tan 𝜃d𝜃 , 0<𝜃<𝜋

2

• = 25(sec𝜃)2−25

125(sec𝜃)3  5sec 𝜃 tan 𝜃d𝜃 =1

5
න

sec 𝜃 2−1

sec2 𝜃
tan 𝜃 ⅆ𝜃=1

5
න

tan2 𝜃

sec2 𝜃
ⅆ𝜃

• =
1

5
׬ sin2 𝜃d𝜃 = 1

10
׬ 1 − cos 2𝜃 ⅆ𝜃 =

1

10
𝜃 −

sin 2𝜃

2
+ 𝐶 

• = 1

10
𝜃 − sin 𝜃 cos 𝜃 +c

• = 1

10
𝑠e𝑐2 𝑦

5
−

𝑦2−25

𝑦
(5

𝑦
)+c

𝑦
2

−
2

5

5

)𝜃
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Example( 4)
• න

−2

2
ⅆ𝑥

4+𝑥2 

• Let x=2tan𝜃 ⇒dx=2sec2 𝜃 ⅆ𝜃 , −𝜋

4
< 0 <

𝜋

4

• When x=-2 ⇒ 𝜃 = tan−1 −1 =
−𝜋

4
 

•              x =2 ⇒ 𝜃 = tan−1 1 =
𝜋

4
 

• =න
−𝜋

4

𝜋

4 2 sec2 𝜃 ⅆ𝜃

4+𝑦 tan2 𝜃
=

1

2
න

−𝜋

4

𝜋

4 sec2 𝜃

1+tan2 𝜃
ⅆ𝜃= 

1

2
𝜋−׬

4

𝜋

4 ⅆ𝜃 =
1

2

𝜋

4
+

𝜋

4
=

𝜋

4

න

−2

2
ⅆ𝑥

4 + 𝑥2

=1

2
ቚtan−1 𝑥

2 −2

2

= 1
2

tan−1 1 − tan−1 −1

 = 1
2

𝜋

4
−

−𝜋

4
=

𝜋

4
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•Outline 
solution 
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Evaluate the integrals
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use an appropriate substitution and then a 
trigonometric substitution to evaluate the 
integrals
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• ف  " ن  ي  ما ي 
، وعلمن  ي 

ن  لمت 
ع
ما  ي  ب 

عن 
ف  ي  علما اللهم ان 

ن  ق  ، وارر  ي 
عن 

ه ي  ي 
عن 

ف  ن  "ي 
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