Pole Placement Control Design

Assumptions:

« The system is completely state controllable.

= [he state variables are measurable and are
available for feedback.

« Control input is unconstrained.

Pole Placement Control Design

Objective:
The closed loop poles should lie at £4,..., &,, which are their
‘desired locations’.

Difference from classical approach:
Not only the “dominant poles”, but “all poles” are forced to lie at
specific desired locations.

Necessary and sufficient condition:
The system is completely state controllable.
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Closed Loop System Dynamics

X =AX+BU

The control vector U 1s designed in the following
state feedback form

U=-KX

This leads to the following closed loop system
X4 BOX — A X

where 4., = (A - BK)

| D L
u X X
—| B f y e

This is called regulator

A K— 9
The aim of the regulator is to
force all the states to go to zero

K K
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Philosophy of
Pole Placement Control Design

The gain matrix K is designed in such a
way that

st (4= BK)| = (s— ) (s ) - (s-1,)
where u,,---, u, are the desired pole locations.

Pole Placement Design Steps:
Method 1 (low order systems, n < 3)

Check controllability
Define K=[k £k, k]

Substitute this gain in the desired
characteristic polynomial equation

s — 4+ BK|=(s—pu ) (s=u,)

Solve for k. k,.k; by equating the like
powers on both sides

Matlab:
P=[ -lamdal -lamda2 ........ —lamdan] % desired eigenvalues

K=place(A,B, P)
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Example 1: Consider the following system

*= [é 120]er [(1)]“
1-Check the controllability:

M =[BAB] = |° 2]

1 10
I[M| = —2 Therefore the system is fully state controllable
2-Define: K= [k, k211

3-Design a regulator with the following performance T; = 1 second and {=0.8

T, = 2 -1 5 w, = 5rad/s

Based on the desired eigenvalues are:
S12 = ~{wn + jon1- 7% = —4 £3;
The desired characteristic equation is: (s-s1)*(s-s2)
(s+4—-3))*(s+4+3j) = s?+8s+25
4-Caculate the following equation:
st=axsk1=[g J=[5 ol +[2]tk
kZ]Z[—SS;1k s — 1_02+ k
1 2
|sI — A+ BK| =52+ (k, —11)s + (2k; — k3)
5-Solve for k4, k, by equating the like powers on both sides:
s24+8s+25=s%+(k, —11)s + (2k; — k)
ky—11=8 e, k, =19
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Consider the regulator system shown in Figure 10-2. The plant is given by

X = Ax + Bu
where
0o 1 0 0
A= 0 0 1], B=1]0
-1 =5 -6 1
The system uses the state feedback control u = —Kx. Let us choose the desired closed-loop poles
at

5 ==2+ j4, §=-=2—jd, 5=-10

(We make such a choice because we know from experience that such a set of closed-loop poles
will result in a reasonable or acceptable transient response.) Determine the state feedback gain
matrix K.

M I:

L i
w
—

K (——|

First, we need to check the controllability matrix of the system. Since the controllability matrix

M is given by
0 0 1
M=[B:AB | A’B]=|0 1 -6
1 -6 31

we find that |M| = —1, and therefore, rank M = 3. Thus, the system is completely state control-
lable and arbitrary pole placement is possible.

The desired characteristic equation is
(s+2—jd)(s+2+ j4)(s +10) = s> + 145> + 60s + 200
=+ as’+tas+ta=0
Hence,

a; = 14, a, = 60, ay = 200
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Method 2: By defining the desired state feedback gain matrix K as

K=k k& ki

and equating |sI — A + BK]| with the desired characteristic equation, we obtain

IsI — A + BK|

Thus,

from which we obtain

or
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1+ k

ky

5+ k,

6 + ks = 14,

K =

199,

0 1 0 0
0 0 1|+]|0|[k k ¥k
-1 -5 -6 1

0

-1
s+ 6+ ks

=5+ (6+k)s®>+(5+ ks +1+K
= 5 + 145> + 60s + 200

S+k =60, 1+k =200
k, =55, ki=28
= [199 55 8]
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Method two (Bass-Gura Approach): there are two cases:

Case 1: the system is in the first companion form

Pole Placement Control Design:
Method - 2

X = AX + Bu

U=—

KX, K=[kk, k]

Let the system be in first companion (controllable canonical) form
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After applying the control, the closed loop system
dynamics is given by

X=(4-BK)X =4,X

0 1 0 0 (e (ieeex()
0
Aoy = 1 =
0 0 0 0 0O 0 0 0
o s« T M —a | A 3k i kn_
0 1 0 O 0
0 0 Foset) 0
0 0 R B 0
5 B : A A D
0 A 1
ekl et
Pole Placement Control Design:
Method - 2

If H,.""",H, arethe desired poles. Then the desired
characteristic polynomial is given by,

(s—p, ) (s—p,)=s"+as" " +a,s" "+ +a

This characteristic 0 1 s
polynomial, will lead to 0 0
the closed loop system S
matrix as TSl (2)
i |
. 0 0
2 State space form -a, -a,, -a,, - -
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Pole Placement Control Design:
Method - 2

Comparing Equation (1) and (2), we arrive at:

8 an+k1:a’n i klz(an _an)
a,_, +k2 F S - kz = (an—l _an—l)
5 a1+kn =il E kn =(0:1—a1)

K=(a-a) (Row vector form)

Case 2: the system is not in the first companion form:

What if the system is not given
in the first companion form?

Define a transformation X =TX
e
e
X =(174T) X +(T"B)u
Design a 1" such that 7-/47 will be in first companion form.

Select e A
where M £|B AB-------A"'B | is the controllability matrix
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Pole Placement Control Design:

Method - 2
_an—l a, a, 1
g SR e
Wi
a 1 3
1 o -« - 0

Next, design a controller for the transformed system (using the
technique for systems in first companion form).

e e e ey
Note: Because of its role in control design as well as the use of M

(Controllability Matrix) in the process, the ‘first companion
orm’ is also known as ‘Controllable Canonical form’. 5

Pole Placement Design Steps:
Method 2: Bass-Gura Approach
Check the controllability condition

Form the characteristic polynomial for A
|sI-Al=s"+as"" +a,s" " +-+a,_s+a

find a;’s

Find the Transformation matrix T

Write the desired characteristic polynomial
(S—,ul)---(s—,un)zs” +a s +a,s" T+t
and determine the o;'s

The required state feedback gain matrix is

K-lla-—a)lilai—a ] la-allt:

10
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Choice of closed loop poles :
Guidelines

Do not choose the closed loop poles far away
from the open loop poles, otherwise it will
demand high control effort

Do not choose the closed loop poles very
negative, otherwise the system will be fast
reacting (i.e. it will have a small time constant)

In frequency domain it leads to large bandwidth, and
hence noise gets amplified

Consider the regulator system shown in Figure 10-2. The plant is given by

x = Ax + Bu
where
0o 1 0 0
A= 0o 0 1], B=]0
-1 =5 -6 1
The system uses the state feedback controlu = —Kx. Let us choose the desired closed-loop poles

at
s =-2+ j4, s=-2—j4, s =-10

(We make such a choice because we know from experience that such a set of closed-loop poles
will result in a reasonable or acceptable transient response.) Determine the state feedback gain
matrix K.

u X

J

11
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First, we need to check the controllability matrix of the system. Since the controllability matrix

M is given by
0o o0 1
M=[B{AB i A’B|=|0 1 -6
1 -6 31
we find that [M| = —1, and therefore, rank M = 3. Thus, the system is completely state control-

lable and arbitrary pole placement is possible.
Next, we shall solve this problem. We shall demonstrate each of the three methods presented
in this chapter.

Method 1:  The first method is to use Equation (10-13). The characteristic equation for the system is

s —1 0
sI—Al=10 s -1
1 5 s+6

=5 +6s57+55+1
=s’+as’+a;s+a;=0
Hence,

a, =6, a, =5, a; =1
The desired characteristic equation is
(s +2—jd)(s + 2+ jd4)(s + 10) = 5> + 145> + 60s + 200

= +as+asta =0

K=[a3—a3 fop—ay | ‘11_‘1'1]

where T = Ifor this problem because the given state equation is in the controllable canonical form.
Then we have

K=[200-1}60—-5} 14 — 6]
=[199 55 8]

12
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Example: Inverted Pendulum

5] [ o 1 0o 0][a] [ o] )
X3 Mﬂ;!mg 0 0 0 X3 - ;"
= + U
i 0 0 0 1| |x 0
i | -me 0 0 0 |x ”
I c i %
L Xy K
Vi _ 1 0 0 0 X2 é
y2 0 0 1 0 X3 %M/m,
2] | N
0 e Eep e
20601 0 O O -1 0520280
= = b
0 (e (sl 0 (sl (=0
—04905 0 0 O 0.5 &
Step 1: Check controllability
(0 -1 0 ~20.601
—1 0 -20.601 0
-— : ! 2 : 3 =
M=[B i AB | A'B | A'B]=| , 5 0 0.4905
0.5 0 0.4905 0
|M | 0

Hence, the system 1s controllable.

13
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Step 2: Form the characteristic equation and get a;’s

[ s 1 0 0
—20.601 s 0 0
sT-Al=] " 0 s -1
0.4905 0 0 5
= 5' — 20.6015°
=s'+as’ +ay +aw+a;=0
a, =0, a = —20.601, ay = 0, as =0

Step 3: Find Transformation 7= MW and its inverse

as a a, 1 0 =20.601 O 1
w= |2 @ 1 0 |-20.601 0 1 0
a, 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0
0 0 -1 0
0 0 0 -1
T=MW=1| 58 0 05 0
0 -981 0 05
[ o5 1
“osm1 0 “og 9
0.5 1
1= 9 “og © 9.81
-1 0 0 0
0 -1 0 0

14
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Step 4: Find a,’s from desired poles y,, p,, p;, p,

wo=-24j2V3,  mp=-2-j2V3  u=-10, p=-10

(5 = m)ls = p2)(s = ma)(s = pa) = (s + 2 = j2V3)(s + 2 + j2V3)(s + 10)(s + 10)
= (57 + 45 + 16)(s> + 205 + 100)
=s* + 245" + 19657 + 7205 + 1600

=54+ as + a8 + a4 a, =0
o) = 24, ay = 196, oy = T20, ey = 1600

Step 5: Find State Feed back matrix K and input u

K=lag—ay | as—as | ez —a | I11’1“511]1'_l
=[1600 -0 { 720 = 0 { 196 + 20.601 i 24 — 0] T"'

a -
0.5 1
“os1 0 “om O
0 -2 4 __L
= [1600 720 216601 24) 9.81 9.81
-1 0 0 0
0 -1 0 0
o

= [—298.1504 —60.6972 —163.0989 —73.3945]
u = —Kx = 298.1504x, + 60.6972x, + 163.0989x; + 73.3945x,

15
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