Chapter 4

Motion in Two and Three
Dimensions
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4-1 Position and Displacement

« Aposition vector locates a particle in space

. Extends from a reference point (origin) to the particle

= A A A To locate the
yr = x1 + Y] + Zk, | particle, this
Is how far
' parallel to z.

Example

/ This is how far

- f /- parallel to y.
o Position vector (-3m, 2m, 5m)

I|l 'IIII .'II.

—> A - ~ f / | This is how far
F=(=3m)i+QQm)+ GSmk | 4/ [
(5 m)k (Zm)j /-
(-3 m)i
,.-"; : ; 0 X
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. Change in position vector is a Displacement

—> —> —>
A¥F = T — Fi.

« We can rewrite this as:

AF = (x; — x)1 + (3 — y)) + (22 — z0)k,

« Or express it in terms of changes in each coordinate:

A? == AXI - ij - AZIE As the particle moves,

the position vector
must change.

Tangent —\

_—"__Thisis the

@Iacem ent.

Path ~

&
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4-2 Average Velocity and Instantaneous Velocity

« Average velocity is A7

-

A displacement divided by its time interval Yavg — At

. We can write this in component form:

R Axi + Ayj + Azk  Ax » Ay . Az .
Vive = — :
wE At At At At

Example
o A particle moves through displacement (12 m)i + (3.0 m)k in 2.0 s:

- A7  (12m) + (3.0m)k

Vawg = 0 < = (6.0m/s)1 + (1.5 m/s)k.
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. Instantaneous velocity Is

. The velocity of a particle at a single point in time

- The limit of avg. velocity as the time interval shrinks to O
L dr
VvV = W

The velocity vector is always
tangent to the path.

Tangent -
'-\._""l.

These are the x and y
components of the vector
at this instant.

Path

0
Note: A velocity vector does not extend one point to another. Only shows direction
and magnitude.
STUDENTS-HUB.com Uploaded By: Ahmad K Hamdan



AN

LR

The direction of the instantaneous velocity v of a particle is always tangent to the
particle’s path at the particle’s position.

o In unit-vector form, we write:

_’—i(/‘\_k /’\_|_ E)—ﬂo_}_d_yo_i_ﬂlz
P A S T T P

« Which can also be written:

—> o A A
= e e

dx dy q dz
— = an =
Ve dt’ Yy dt’ & dt
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|ZI Checkpoint 1 y

The figure shows a circular path taken by a particle.
If the instantaneous velocity of the particle is v =
(2m/s)i — (2 m/s)j, through which quadrant is the par-
ticle moving at that instant if it is traveling (a) clockwise
and (b) counterclockwise around the circle? For both
cases, draw v on the figure.

(1
/

Answer: (a) Quadrant! (b) Quadrant Il

(" ("
N -
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4-3 Average Acceleration and Instantaneous Acceleration
« Average acceleration is

A change in velocity divided by its time interval

L V=V AV
Yove T TN T AL
. Instantaneous acceleration Is again the limit t — O:
5 d
i a=—(V1+vv]+vk)
a — —— .
dt _dvy . dv, . dv, P
dt dt dt
— & o A ¥
. aXI + ay] + aZk, ,,f”*.:‘_.f.!x I
L dv, L dv, el dv, a, ?;*\?\_:
T dt oodt © o dt R
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IZ Checkpoint 2

Here are four descriptions of the position (in meters) of a puck as it moves in an xy plane:
(1) x=-32+4t—2 and y=62—4t (3) 7 =221 — (4t + 3)]
(2) x=-3—4t and y=-52+6 (4) 7=04r-201+3

Are the x and y acceleration components constant? Is acceleration @ constant?

1) ay:Yes, a, Yes,
2) a,:No,a,: Yes,
3) a,:Yes, a Yes,
4) a,:No,a,: Yes,

3)d = a,i+ a,j=(@4 m/s*)i

Solve:
dv d?x 2 Sample problem 4.01,
ay =—>=—5=(4m/s%) 4.02 and 4.03 (Rabbit)
dvy dzy
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4-4 Projectile Motion

« Aprojectile is
- Aparticle moving in the vertical plane

- With some Initial velocity
- Whose acceleration is always free-fall acceleration (g)

« The motion of a projectile is projectile motion
« Launched with an initial velocity v,

o 2 2
Vo = Voxl T Vo, ]-

Vox Vo COS 0() and V()y — Vy Sin 0().

~ In projectile motion, the horizontal motion and the vertical motion are indepen-
dent of each other; that 1s, neither motion affects the other.
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. Therefore we can decompose two-dimensional motion
Into 2 one-dimensional problems

Projectile Motion = Horizontal Motion + Vertical Motion
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Projectile Motion (2D motion)

The initial velocity Y i gt
1 o x
— ~ ~ : ? . " »
Vo= Vpzl + Vyy ) ' x . -
[ vy X — x
Voy = Vo cOs (6,) : x ‘ Y
I x
Vo, = Vg Sin (6,) - T, X
) I X ——————
Acceleration 1 d Vo ~ Vx l-,‘
1
a; = 0. 'Z'_‘-_Q __________________ L W——
a,.y — _g b
Velocity
Displacement )
v, =D
= o T = vpt cos(bp) \
v, = Vo, — gt : 1
¥ » y = vt sin(8,)— Egtz-
y 'lv
2y =— {212 12 The magnitude of the displacement: \
L \‘," l’:[‘- + lvy

Ar =22+ y* -
Displacement and coordinates of parabolic
throwing
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Projectile Motion

« Horizontal motion:
- No acceleration, so velocity is constant (a, = 0):

X — Xog — V()xt.

X — Xg = (V() COS 9())1.

 Vertical motion:
- Acceleration Is always —g (a, = —g):
1
Y = Yo = Vol — Sgt*
— (V() sin Oo)t — %gtz,
y = VoSin 6, — gt

vy = (vosin 6p)° — 2g(y — o).
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« The projectile's trajectory Is

Its path through space (traces a parabola)
2

gx
2(v cos 6,)?

y = (tan 6y)x —

o The Horizontal Range Is:

- The distance the projectile travels in x by the time it returns to its
Initial height
R= v,ts

NN

R= 2v0xv0y/g

2v? cos (8,) sin (6,)  v*sin (26,)

9 )
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Horzonts! range » R

Re=




* Maximum Range R has its maximum value when

sin 260 = 1.
y which necessarily corresponds to
g 20 = 90°;
g [6 = 45°]
8
g
$

0 2 4 6 8 10 12 14 16 18 20

Range in meters (horizontal distance)

i Same Range with two different angles

Rl - Rz
sin26;, = sin 20,

20, + 26, =1

91+92=n/2>
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The maximum height of projectile

The highest height which the object will reach is known as the peak of the
object’'s motion. The increase of the height will last, until Uy, = 0. that is,

0O = vosin(8) — gt ki
Time to reach the maximum height:

v sin( ) ’

th —
g
From the vertical displacement v
1 g
. 2
h = l’oth 81n(8) — §gth
v2 sin?(80) , ; S
h —— - Maximum height of projectile
2g

The relation between the range (&) on the horizontal plane
and the maximum height (/) is:

2 sin’(#) R _ U5 sin (26)
2g 9

k=
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Air- resistance effects on Projectile Motion

o In these calculations we assume air resistance IS
negligible

« In many situations this is a poor assumption:

Table 4-1 Two Fly Balls”

Path Path I Air reduces
(Air) (Vacuum) height ... ... and range.
Range 98.5 m 177 m 7 —
Maximum I
height 53.0 m 76.8 m
Time
of flight 6.6 s 7.9s
a . . o ‘
See Fig. 4-13. The launch angle is 60" and the N N S S R SN SN S
launch speed is 44.7 m/s. Coppiahe 291 e Wiy S b Al s rsard
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IZ Checkpoint 3

At a certain instant, a fly ball has velocity v = 251 — 4.9j (the x axis is horizontal, the
y axis is upward, and V is in meters per second). Has the ball passed its highest point?

Answer: Yes. The y-velocity is negative, so the ball is now falling.
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4-27) A certain airplane has a speed of 290.0 km/hand is ™
diving at an angle of 8 = 30.0° below the horizontal when
the pilot releases a radar decoy. The horizontal distance
between the release point and the point where the decoy
strikes the ground is d =700 m. (a) How long is the decoy
in the air? (b) How high was the release point?

0 =30

Vo =290 Km/h = 80.6 m/s

a) How long is the decoy in the air ?

b) How high was the release point ?

1 ¥

Vi~ Yo =Voyt+s gt’

_ 1
~h-0= —V051n6?0t+§gt2

. 1
—h = —80.6 * (sin30") * (10) + 3 (—10) = (10)?
h=903m
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p-32) You throw a ball toward a wall at speed 25.0 m/s and at angle 6. = 40.0° above the
horizontal. The wall is distance d = 22.0 m from the release point of the ball. (a) How far above
the release point does the ball hit the wall? What are the (b) horizontal and (c) vertical
components of its velocity as it hits the wall? (d) When it hits, has it passed the highest point on
Iits trajectory?

Voy = 25.0cos(40.0°)?  Voy = 25.0 sin(4o.0°)§
d = 22.0 m is the horizontal range of the ball
d = vyt =vycos(fy)t

d 22.0m
vocos(8,)  25.0cos(40.0°)m/s

1
(@ yr—yo=Voyt+ ;gtz

=1.15s

1
Ay = 25.0sin(40.0°) (1.15) + > (—9.8)(1.15)> = 12.0m

(b)The horizontal component of ball’s velocity when it hits the wall equals the initial horizontal

component of the velocity (@, = zero)
v, = 25.0c0s(40.0°)m/s =19.15m/s

(c) The wvertical component of the ball’s velocity when it hits the wall:

The ball’s velocity when it hits the wallis (19.15m/si + 4.8 m/sj)
The ball’s speed when it hits the wall is 19.74 m/s

(d) The vertical component of the ball’s velocity when it hits the wall is positive (v), > 0), so it
has not reached the highest point yet.
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Example: To Catch a Thief

police officer chases a master jewel thief across city rooftops. They are both running
when they come to a gap between buildings thatis 4.0 m wide and has a drop of 3.0
m. The thief having studied a little physics, leaps at 5.0 m/s at an angle of 45° above
the horizontal and clears the gap easily. The police officer did not study physics and

thinks he should maximize his horizontal velocity, so he leaps horizontally at 5.0 m/s.
(a) Does he clear the gap? No

(b) By how much does the thief clear the gap? 31 cm

L s Police officer
y=W*+ vi}_rr - ?gf

3 0m=0+ [}—%(9.81 m/s’ }e‘2 ,.f{ f?
[ / i. ""\'/A\;'

=/6.0m/9.81 m/s’ =0.782 s

UL

A~ s —l l[\lleM
Thief

—3.0m=0+(5.0 m/s)sin45° —(9.81 m/s” )¢’

t=-050s or7=1225>
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4-5 Uniform Circular Motion

o Aparticle is in uniform circular motion Iif

. It travels around a circle or circular arc
- At a constant speed

. Since the velocity changes, the particle is accelerating!
° Vel()City and acceleration have: The acceleration vector

always points toward the
center.

. Constant magnitude

. Changing direction / .

=

The velocity \T;

vector is always
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« Acceleration Is called centripetal acceleration

. Means “center seeking” 12

. Directed radially inward a = .

. The period of revolution Is:

. The time it takes for the particle go around the closed path
exactly once

T 27TY

| %
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Uniform Circular Motion:

UZ

a. = - (Radially Inward)

Proof | 3
o
V=l +py]j=(—vsin )i + (vcos 6)]. b
vy VX °
— ' T - 0 *
V= (_ i)l -+ (—P_>J+ Xy
r r

—

_,_ﬂ_(_v d),-‘l,j>,_~+(v dxp>f
“Ta T a ) rodr )"

2

— Ve 2 L,Z . o
a = (— p COS 8)1 + (— sin 8)]

Vv
9 V ¥
X

r
)2 )2 2
a=Va:+a=— V(cos 6)* + (sin )2 = — VI =
Yooy r r
a, —(v?¥/r) sin 6
y
tan ¢ = = = tan 6.
¢ a, —(v¥r) cos 6

Thus, ¢ = ¢. which means that @ is directed along the radius r
toward the circle’s center, as we wanted to prove.
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IZ Checkpoint 5

An object moves at constant speed along a circular path in a horizontal xy plane, with
the center at the origin. When the object is at x = —2 m, its velocity is —(4 m/s)j. Give
the object’s (a) velocity and (b) acceleration at y = 2 m.

—(4m/s)j
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P-58) A rotating fan completes 1200 revolutions every minute. Consider the tip of a
blade, at a radius of 0.15 m. (a) Through what distance does the tip move in one
revolution? What are (b) the tip’s speed and (c¢) the magnitude of its acceleration?
(d) What is the period of the motion?

a) One revolution equals one circumference
C = 2nr = 2n(0.15m) = 0.942 m

b) 1200 revolutions every minute:

1200 revolution 0.942m 1 min
v = . ( - )( )=18.84m/s
1 min 1 revolution 60 s
2 2
¢) a = L =UEBM/T _ 5 35 103m/s?
r 0.15m
d) T = 2TTT _ 0.942m _ 0.05 S
v 18.84 m/s

1200 revolution —» 60 s

1 revolution —» 7?7 s

0
()~ 05
1200
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4-6 Relative Motion in One Dimension
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4-6 Relative Motion iIn One Dimension

« Measures of position and velocity depend on the
reference frame of the measurer

How is the observer moving?
Our usual reference frame is that of the ground

. Read subscripts: Frame 5 moves past
frame A while both
“PA” — P as measured by A e B
PB” - P as measured by B
“BA” - B as measured by A f Y
Frame A Frame B

/ / or
Frames A and B are each Voo Ko
watching the movement of I > —x X
object P | - %pa XpA = Xpp + Xpp
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. Positions In different frames are related by:

Xpa = Xpg T Xpa.

. Taking the derivative, velocities are related by:

d d d

E (Xpa) = E (xpg) + E (XB4)-

Vpa = Vpp T Vpa.

« But accelerations (for non-accelerating reference
frames, ag, = 0) are related by

d d d
E (Vpa) = E (vps) + E (VBa)-
dpy — dpp-
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Observers on different frames of reference that move at constant velocity relative
to each other will measure the same acceleration for a moving particle.

Example

~rame A: Xx=2m,v=4m/s
~rame B: x=3m,v=-2m/s
P as measured by A: X,, =5m, Vo, =2 m/s, a =1 m/s?

So P as measured by B:

o Xpg = Xpp T X,g=05M+(2m—-3m)=4m

P

o Vpg =Vpy * Vg =2 M/s+ (4 m/s—-2m/s) =8 m/s

P
. a=1m/s?
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4-7 Relative Motion in Two Dimensions

« The same as In one dimension, but now with vectors:
. Positions in different frames are related by: 7p4 = rpp T 4.

. — . —_—> —p
Velocities: Vpa — Vpp = VBA-

Accelerations (for non-accelerating reference frames):

—> —>
dpy — dpp.

« Again, observers in different frames will

see the same acceleration

%
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*70 A boat s traveling upstream in the positive direction of an x
axis at 14 km/h with respect to the water of a river. The water is
flowing at 9.0 km/h with respect to the ground. What are the (a)
magnitude and (b) direction of the boat’s velocity with respect to
the ground? A child on the boat walks from front to rear at
6.0 km/h with respect to the boat. What are the (c) magnitude and
(d) direction of the child’s velocity with respect to the ground?

a) 4 4 - SAS ~AA A
vBG — UBW + UWD
km km downstiean . e e urﬂfeam
1})BG = (14—2) + (—9— ’i) Vaw ‘_HK_%
h h e
o = 55 1 R
v — — 1l =
BG h
b) Upstream (+ x-axis) ?(
C) S-S —AA— A
ey N :_“__2 1ot
E)CG = :'})CB + ﬁBG dwnﬁleavﬂ o <_" T : ,}H;_,v, urﬁrcam
gw = 1 Km_
n
. km km —A ———
Ve = (—6—i)+(5—i> ety =
h h o — — 2 —
— ( 1 km A)
Veg= | —1—F1
CG h
1 km
Ver = 1—
(& h

d) Downstream
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=77 sSsm Snow is falling vertically at a constant speed of 8.0 m/s.
At what angle from the vertical do the snowflakes appear to be
falling as viewed by the driver of a car traveling on a straight, level
road with a speed of 50 km/h?

Vs = Vsc T+

1_55{;28.0]’11/5 ﬁggzﬂ.ﬂmﬁs

16.04 m/s with 60 west from south 16.04 m/s with 60 east from south
Vsc = /(8.0 m/s)2 + ( 2 =16.04m/s
tan f = = —»-- 0 = 60
Vgq 8
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