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Fourier Series:

e Fourier Series and Fourier Transform aim at determining spectral representation of signal and system models.

e Fourier Series is used to determine the spectral representation of periodic signals. It can be also used to determine the
spectral representation of a time limited signal that is extended to periodic signal, the spectral representation is limited to
the time interval of the signal.

Forms of Fourier series:
Sinusoidal form: A periodic signal or system model x(t)with period T, has a sinusoidal Fourier series (FS) spectral
representation <> 3 a set of real parameters aq a,, and b, so that the following series form converges to x(t) :

X(t) = ag + Xp=1 an cos(nwot) + Xy by sin(nwyt)

Complex Exponential Form: A periodic signal or system model x(t)with period Ty has a Complex Fourier series (FS) spectral
representation <> 3 a set of complex parameters X,,, so that the following series form converges to x(t) :

X(t) = X o Xpe/ @0t

Important Observations:

* The sinusoidal form represents a single sided spectral representation, whereas, the complex form represents a double
sided spectral representation.

* The series, if converges, converges to a periodic signal since it is the sum of sinusoidal signals and phasors with a rational
number frequency ratio between any two signals.

 Thereal and complex series forms are mathematically related through the Euler Formula and the single sided and double

sided spectral representation relations with Re(X,,) = % and Im(X,) = —%
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Proof:
¢ > > ejnth + e_jnwot g ejn(l)ot _ e—jnwot

x(t) =ay+ z a, cos(nwyt) + z b, sin(nwyt) = ay + z an, > 4 z b, —

n=1 n=1 n=1 n=1 J

Collecting the positive exponents in one sum and the negative exponent terms in the second we obtain:
(0 0] (0]
x(6) = ag + 2 In =Jbn et Z In ¥ Jbn _jnege
2 2
n=1 n=1

) L ) ) an—Jjbn i — a_m+jb_ ;
Making the substitution m=-n in the second summation x(t) = ag + Ymeq ”T]” e/nwol 4 ¥ % 4 % g/M@ot

Reordering the second summation and changing symbol m to n (dummy index) we obtain

( _
Xo = ag
An—Jjbn _j - a_n+jb_ ; : ) — an—Jjbn
x(t) = ay + Z%D:lannemwot + Zni_m%emwot = Y X, ein@ot yth 4 Xy x forn=1
X_, = &ntbn forn< -1
-Nn - —_—
\

Determination of the Sinusoidal Fourier Series Coefficients:

The coefficients are determined using the alternation and the signal orthogonality conditions.
Determination of a,:

Integrating both sides of the Series on one signal period we get

fTO x(t)dt = fTO apdt + Y , a, fTO cos(nwyt)dt + Yoy by, fTO sin(nwyt)dt
Since the integrals in the summation are integrals of alternating signals over an integer number of periods their result

. 1
is zero, ay = T_ofTo x(t)dt
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Determination of a,:

Multiplying both sides of the series with cos(mwgt) which is orthogonal to cos(nwyt) n # m

and orthogonal to sin(nwyt) for any n and integrating over T, all the integrations of the orthogonal signals give zero
Moreover, a, fTo cos(mwyt) dt = 0 because it is alternating and integrated over Tj.

The term of the first summation for n = m gives, fTO x(t) cos(mwyt) dt = a,y, - % - a,, = TifTO x(t) cos(mwyt) dt
0

Determination of b,;:
Similarly multiplying both parts with sin(mwgt) and taking into account the orthogonality conditions we obtain:

2
b, = — | x(t)sin(mwyt) dt
T, T,

rao = TiOfTO x(t)dt called average value or DC component

2
Summarizing { a, = T—OfTox(t) cos(nwyt) dt
2 :
L b, = T_ofTo x(t) sin(nwyt) dt
Determination of the Complex Fourier Series Coefficients X,,:
Following a similar procedure based on orthogonality by multiplying both sides with e /™ot 3pplying the Euler

formula, and integrating all the terms with n # m becomes zero. For n = m we obtain:

. 1 .
j x()e Mwotdt =X, - Ty = X,, = — | x(t)e /@oldt
To Ty To
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Spectral Components Terminology:

We will adopt the following terminology:

The component with n=0is called the DC component, the component with n=7is called the fundamental component, and the components with
n=2,3,... are called first, second, third .... Harmonics, respectively.

Observation:
Note the Fourier Series coefficients are defined by an integration operator, therefore if the series converges, it converges to an infinite number of
generally continuous periodic signals, that is signals that differs with a countable set of discontinuity points.

Theorem:
It is sufficient for the periodic signal x(t) to have a Fourier Series representation that it satisfies the following Dirichlet conditions:
* x(t): generally continuous in the period and,

* x(t): absolutely integrable in the period fTO |x(t)|dt < o (since fTO x(t) cos(nwyt) dt < fTO |x(t)|dt)

Properties of Fourier Series Coefficients:

|1X,,| = 1X_,,| Amplitude has even symmetry
< X,, =—< X_,, Phase has odd symmetry

* Ifx(t) is real and even (time domain), then X,, is real and even (frequency domain)

* Ifx(t) is real and odd (time domain), then X,, is imaginary and odd (frequency domain)

1 _ 1 j :
. - = jnwot _ = _ L
Proof: X,,= . fTO x(t)e ofdt = . fTO x(t) cos(nwyt) dt o fTo x(t) sin(nwyt) dt
1 : 1 j
_ = —j(—n)wot _ = J .
X_,= o fTO x(t)e of dt = - fTo x(t) cos(nwyt) dt + " fTO x(t) sin(nwyt) dt
* x(t) is real then the term with the cosine is real and that of the sine is imaginary, thus the two terms have a conjugation relation.

« if x(t) is real and even then the integral term with the sine=0, because the product of an odd sine and even x(t)is odd X,,= %, b, = 0.

* Ifx(t)isreal then X,, = XX, that s {

bn

«if x(t) is real and odd then the integral term with the cosine=0, because the product of an odd x(t)and even cosine is odd X,,= —j .

,a, =0
o If x(t) is alternating then a, = 0.
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Examplel: Compute the Fourier Series coefficients of the periodic signal defined in its basic period by:
A foro<t<>

~A  for —2<t<0

Solution:
The selection between using the sinusoidal or the complex format depends of the number of integrations to do (generally higher in the
sinusoidal form) and the complexity of the interpretation of the results (generally higher in the complex exponential form).

In our case the signal is alternating, has odd symmetry, and has half-wave odd symmetry, thus ag = 0,a,, = 0,and b,, = 0 for neven.
We have to compute only b, for odd values of ».

T
2 —24 (°© 24 (2
b, = x(t) sin(nwyt) dt = —— sin(nwyt) dt + — sm(na)ot) dt
T, To To J Lo To Jo
1 Ty Ty 1
—2A — cos(nwyt)_, 24 —cos(nwot) o 24| T COS(TN%o ot 24 COS|\Nwo>"t)— 24
T | T, + =1 Iy = ——] = [2 — 2 cos(nm)]
0 nwy - Ty nwy T, nwy T, nw, 2nm
24 0 forneven (as expected)
= —. 2sin? (—) - b, 4A
nm — nfor nodd
nm
The complex Fourier coefficients X, = —j%" = —j% for n odd

Exercisel: Compute the integrals to show thatag = 0,a, =0
Exercise2: Compute X,, using the complex Fourier directly.
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Example2: Determine the Fourier series coefficients of the signal defined in its basic period as:

A sin wyt, O=t=T,/2 ﬁ%
x(f) =
{} {U~ T/2=1=T, l r/\i 1

Solution: 0 T2 T
The signal has no symmetry properties, it is preferable to compute X;, in order to reduce the number of integrations
T,/2 _
X, = l—j A sin wyt e " dt
Ly Jy
A " AT/ ) _ )
| F Ly [V W LT dr
2T, _J; (e e e ]
- T2 T,/2
= i J " glol=nmpt gy j g Ta(l+n) d.t]
4T, [y 0 :
fl=nym _ - sill+njmw _
— _._f_jl_ {E—!_FE__ ]:~‘ n #: l or _1
4 1—n | +n
To simplify the results we should compute the value of the phasor witt €/'*"7 = cos(l £ n)m + jsin(l £ m)7 = —(—1)"
: A 1
Thus: X, =0, nodd, n# %1 X, = 5, neven
w1l —n
To complete the solution, it is sufficient to compute one of the cases n = 1 and n = —1 because of the conjugation relation
Ty/2 | I,
X, = iJ- (e/ — (?_ﬁ%*]e_ﬁ“u’ dr _— 4 Jrﬂ (1 - E__.—,flfn\.!) dt = ﬁ
20 Jo 24Ty Jy 4j
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Example3: Determine the Fourier series coefficients of the signal defined in its basic period as:

- t —t, — mT, . e Ty ]
x(0) = 2 ‘4”( I [])’ <1, <~‘ ”
. e A
e : - T i
. : +7/2 ;
Solution:  y - L[ i g A /2 5
L jnw,T, N
2A einenT/2 _ =inwgT/2
= e ( . , n¥*0
nwyly 2j
2A Hw,T
= e J’”Wn 5111 _—Lﬂ_ . M _+(. {}
nw,T, 2

Dividing and multiplying by T and rearranging the equation we obtain: y _ ATE—;I i, sin mfor _ A1 ¢ 12mfsy sinc(nfoT)
B mfyr Ty

Forn =0 x, —é—T

Ty
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Discrete Line Spectral Representation:

The amplitude and phase-shift spectral functions and plots of the Fourier Series phasors that is | X,,|and < X,, for the double
sided spectral representation or its corresponding single sided spectral representation with amplitude|4,,| = 2|X,,|and

< X,, forn = 0. The name line-spectra is due to the fact that the frequency is defined in a countable set of points(discrete)
and the values are extended by lines to show their position. In general the frequency variable is normalized to the signal

fundamental frequency, that is % = n.
0

Examplel: Determine and plot the double sided spectral representation of the coefficients of Fourier Series defined by:

0 for n even |
X, = —j% forn odd with A = 5m
(0 for neven
10 —Eforn > 0 and odd
|X |=_;<Xn:< 2
n n -
LEf0rn<0andodd

Exercise: Plot the single sided spectral representation
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Example2: Determine and plot the single sided spectral representation of the coefficients of Fourier Series defined by the
following and using A = 4m:

A

—, n=0,x2,x4 ...
(1 — n?)

4 |Bn|
X, =10, nodd and # =1
k—ijnﬂﬁ n==x1 21 § o E
e X 3 15 35
! $ ? * 4 - N
For single sided spectral representation |B,| = 2|X,,land < B, =< X, forn >0 1 2 45 7
'y {BTI
1
56 7
T
-3 ta

Exercise: Plot the double sided spectral representation
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Signal Power Using Spectral Representation:

Aims to compute the signal average power or the average power contained in a defined frequency band using the spectral
the Fourier Series Spectral representation.

Observation: remember that the signal power or energy are defined by the magnitude and they are independent of the
phase-shift (signal delay).

Parseval's Theorem
Let x(t) be a periodic signal with period T , average power P,,, and Fourier Series x(t) = Y50 _, X,,e/"?0t the total

average power of the signal can be computed bv P.,, = Yoo _ o | X, |%.

Proof: 1 .
Po=7 = o [*oxydr = .jm(z Xzer)a = 3 X
T, T, Iy J.

av FF
Iﬂ

= 2 |Xf

H=—%

] J’ .
- x(t)e " di
Iy Jr,

Lemmal: If x(t) is real then the conjugation relation between the even and odd indexed terms holds and we can write:

E |‘j(rr2
n=—x n=1

Lemma2: Let x(t) be a periodic signal with period Ty, the average power contained in the frequency band w € [wq, w,]
(or similarly f € [f1, f>]) is given by: ZZ? |X,,|? with n; = min(n) and n, = max(n) so that [nywq, Nywy] S [w1, W,]

(or similarly [nqfo, n2fol < [f1, f2])

Examplel: compute the average of the real power signal with the following Fourier Series coefficients:

=Xj+2 2 X

ay=a, =0,b, =0 for neven,and b, = — for nodd

Solution:

— [ — oo . _ b_ .24 (ZA)Z
égTU_D%’N’FSJI&’EJZBEJ))r(ﬁlz 2 X5 [Xal®, since Xy = —j 5t = ] We have Fop= 2 zc‘)"y\‘ffblae@leollBy Ma(zi?)o_bald




Example2: compute the average power contained in the frequency band w € [0,80] rad/sec. The real power signal has frequency
wo = 15 rad/sec and the following Fourier Series coefficients:

ay, =a, =0,b, =0 for n even,and b, =%for n odd with A :%

Solution:

by, 24 1
Xn=—J5=—J—=7J2

The minimum and maximum indices defined by wgq and the assigned frequency range are ny;, = 0 and n,y,q, = floor (?—g) =5

Therefore the average power contained in this range is Py, = Yo _ o | X, |? = X012 + 2201 | X% = 2(1X1|% + | X3]% + |X5|?)
1 1 1

P, = 2(|I|2 + |§|2 + |§|2 = 2.3 watt

Example3: compute the average power contained in the frequency band f € [0,100] Hz. The real power signal has frequency f

= 16 Hz, A = m, and the following Fourier Series coefficients:
and p

X, =9 0, noddand # =1

—iju‘{ n= =]

Solution:
The minimum and maximum indices defined by wgq and the assigned frequency range are ny;, = 0 and n,y,q, = floor (100) 6
Therefore the average power contained in this range is Py, = Yo_ ¢ | Xnl? = 1X0]|? + 2281 1X4|? = |Xo|? + 2(|1X1]? + |X;]?
+1X4% + 1X51%)

§°1'U[BEN SZS-I'&JL% corﬁ3 |2 T35 lz = 2466 watt
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Steady-State Response of an LTI System to a Periodic Signal with Fourier Series Representation:
Theorem:

Given an LTI system with frequency response H(w), the steady-state response to the periodic signal x(t) = 3% _,, X,,e/"®ot is given by y(t)
— Z?f:—oo |Xn| |H(nw0)|ej(nw0t+<Xn+<H(nwo))

Proof:

The system is Linear time invariant, thus the superposition can be applied and we can write y(t) = Yn=—w Yn(t), where v, (t) is the response
to the generic phasor component x,,(t) = X, e/"®ot.

Applying the theorem of the steady-state response of the LTI system to the generic sinusoidal phasor with frequency nwq, Amplitude |X,|, and
phase shift < X,, we obtain:

V() = |Xp||H (nawo)|e) M@ot+ <nt<H(neo))

Following the superposition theorem we obtain y(t) = Y. _ o ¥ (t) = ¥ _ oo | X | |H (N ) |/ @0t +<Xn+<H(nwo))

Example

Let H(w) = 10

10+jw ’

A foro<t<=>

compute the steady-state response of the system to the periodic signal defined in its basic period by{ A T .
- or —2<t<
2

Solution:

. . : . 4A .
As computed in previous examples the only non-zero spectral components of the signal are given by b,, = — for nodd. Thus, the Fourier

44
T ZkED) sin((2k + 1D)wgt).

The response of the system is given by the sin component of the complex phasor input response:
oo 10 . : _ _1,2k+Dwg _
y(t) = Xk=o TT00t [k Do m@ksD) sin((2k + 1wyt — tan (—10 ) (note that < b,, = 0)>

Exercisel: Write the response for w, = 10 rad/sec.
Exercise2: Determine the response of the same system to the periodic input:

series expressed in trigonometric form is given by x(t) = Y.y,

T T T
x(t) = 10 cos (10t + g) + 20 sin (30t — §) + 15 cos (SOt + —
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System and Signal Distortion :

Definition:

An LTI system is said to be a distortion-less system < its input/output relation is defined by y(t) = kx(t — 1) with constant
k and T values.

Lemma: the frequency response of a distortionless LTI system is given by H(w) = ke /®T with constant k and t values. Such a
system with constant amplitude and linear phase spectral representation (for any w or f) is called an /dea/ Channe/

|H(w) s
Signal Distortion: k
Definition: A signal that is scaled and delayed with constant fixed values
values for all the time-values is said to be undistorted.
Lemma: the output signal of any distortionless system (ideal channel) is not distorted. <H(w) !

Types of distortion: "
* Amplitude distortion: the signal amplitude is scaled with non constant k-va/ues. B g
-

* Phase distortion: the signal is delayed wit different values at different time periods, or its pt
frequency behavior that does not follow a constant slope linear characteristic. /deal Channel

* Frequency distortion: can be generated only by nonlinear systems which can generate new frequency components or cause
a frequency shift.

Examplel: Determine if the system with frequency response is with distortion and the type of distortion introduced.

. _ 10 _ 10 .o _ -1 (W
H(w) = ore |H(w)| = NeTTEY and phase characteristic < H(w) = —tan (10).

The system is with distortion and has amplitude and phase distortions because its amplitude characteristic is not a constant
function of w and its phase is not a linear phase of w
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Example2:

For the system with the following single sided amplitude and phase spectral representation,

1. Determine if the system is distortionless.
2. Determine if its responses to the following signals are distorted and the type of distortion.

* xy(t) = 10cos (10t +2) + 20sin (30t - %)

x5(t) = 10 cos (10t +7) + 20 sin (60t — 7 )
x3(£) = 10 cos (60t + =) + 20 sin (90t — 7 )
x,(t) = 10 cos (120t + %) + 20 sin (140t — 5
x5(t) = 10 cos (120t + %) + 20sin (170t — )
xs(t) = 10 cos (40t + %) + 20sin (215t — g)

Solution

1. The system is with phase and amplitude distortion because it has
non-constant Amplitude and phase characteristics

1. The responses are as follow:
* x1(t) is not distorted because the amplitudes are scaled with the same value 10 and the signal components have the same
delay since their frequencies are on the linear part of the phase response (line that goes through the origin)

*x,(t) has a phase distortion.

*x5(t) has both amplitude and phase distortions.

|H(w)|
20
10
70 160 230 @
<H(w)
50 110 200 _
T

* x,(t) has a phase distortion since the phase-line does not go through the origin (nonlinear characteristic)

* x5 (t) has both phase and amplitude distortions.

*x¢(t) is not distorted because its components are scaled with the same value and delayed by the same linear line
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Fourier Transform

Dr. Jamal Siam
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Fourier Transform:

* Aims at determining the spectral representation of aperiodic energy signal using Fourier Integral form.

» Spectral representation for other types of signals can be determined using theorems and generalized calculus positive
order singularities (delta, Kronecker, and higher order delta derivatives,...)

e As all transforms the Fourier transform has an inverse transform.

Definition:
A signal x(t) is said to have a Fourier Transform spectral representation X(f) in the Fourier Integral sense if and only if the
following integrals converges.

X(f) = joox(t)e—fzﬂft dt < oo

x(t) = JOOX(f)eJZ”ft df < o

Observations:

* X(f) is a complex function of real variable, the frequency £

* The defined double sided form of the Fourier Transform represents a double sided spectral representation.
* X(f) is a spectral density since its dimension is *Dunits /HZ

* x(t) & X(f) are called a pair of Fourier transform.

* The Fourier transform can be expressed as a spectral function of the rotational frequency w using the substitution f = %

e The Fourier Transform operator has the same form the Fourier Series operator, but with continuous frequency variable
instead of discrete harmonics frequency type.
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Theorem:

It is sufficient for the signal x(t) to have Fourier Transform in the Fourier Integral sense that it satisfies the Dirichlet
conditions. The is:

* x(t) is generally continuous on its domain.

* x(t) is absolutely integrable on its domain

Symmetry properties of the Fourier transform:
The proofs of the properties are similar to those of the Fourier Series.

Propertyl:

| . IX(F)] = IX(=f)| even symmetry
If x(t) is real then X(f) = X* (—f) - {< X(f) =—< X(—f) odd symmetry
Property2:
If x(t) is real and even (time domain) then X(f) is real and even (frequency domain).
Property3:

If x(t) is real and odd (time domain) then X(f) is imaginary and odd (frequency domain).

Examplel:

Determine the Fourier Transform of the signal x(t) = m(t).

Solution:

The signal satisfies the Dirichlet conditions, it is also real and even, hence we know that X (f) and expect X (f) to be
real and even.
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1 T _iomf. 2L
e 127 — eI sin(nf)

© : 2 :
X(H =] x@)e#™tdt = j 1-e /2™t dt = = sinc
=] x© p —— = "
Observation: sinc(f) is real and even as expected. ’
Example 2: I, ]
Determine the Fourier Transform of the signal x(t) = & (t + %) — 7 (t — %) -l ° |
Solution: ]

The signal satisfies the Dirichlet conditions, it is also real and odd, hence we know that X (f) and expect X (f) to be
imaginary and odd.

X()=j xte‘jznftdt=j 1-e‘j2”ftdt—j1-e‘j2”ftdt= : + —

4 — o0 i) ; -1 0 —j2nf j2nf

eti2nf 4 e=J27f — 2 2cos(2nf) — 2 sin?(wf)
, = : = j2nf ———== = j2nfsinc?(f)
2 janf I T DAY

0 1 1 — e+j27rf e—j27rf —1

X(f) =

Observation:
The signal is imaginary and odd (product of the odd f and the even sinc?(f) signals) as expected.
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Fourier Transform Theorems:
Fourier Transform theorems assist in simplifying Fourier Transform computation and defining a generalized calculus (using
delta) Fourier Transform for models that do not have Fourier Transform in the Fourier Integral sense.

Superposition theorem: Fourier transform is a linear transform, consequently the superposition can be applied. Given the
pairs of transforms x; (t) & X, (f) , x,(t) & X,(f) and the parameters a; and a,, the following transform pair is

valid: x(t) = ayx;(£) + azx,(t) © a1 X, (f) + ax X, () = X(f)

Example:
letx,(t) =m (t + %) o X, (f) =sinc(fe’™ and x,(t) =1 (t — %) & X, (f) = sinc(f)e /™ determine the Fourier

transform of the signal of x(t) = @ (t + %) — T (t — l).

2 ()
Solution:
Applying superposition X(f) = sinc(f)e!™ — sinc(f)e ™7™ = Sinc(f)[ej”f — e‘j"f) = | !
jrf _e—inf |
2jrfsinc(f) - ijtf = 2jmfsinc?(f) (asin the previous example) i | :
Delay theorem: Given the pair of transforms x,(t) & X, (f) R ' i
X)) =%t —1) © X, (f) =X, (f)e /T N E—
Example:
Let x,(t) = n(t) « sinc(f), determine the transform of x,(t) == (t — %)
Solution

1
X, (f) = J s (t — —) e J2nftqt
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Using the substitutiont’ =t — 0.5 - dt’' =dt,fort =0:t' = —-05and fort =1:t' = 0.5

0.5 0.5 0.5
X,(f) = j (t)e /2mf (t'+0.5) gpr — j w(t")e I/ (t'+0.5) gy’ = e"j”fj e 12/t g¢' = sinc(f)e ™
~0.5 ~0.5

-0.5

Scaling Theorem:
Given the pair of transforms x; (t) & X, (f), x,(t) = x;(at) & X, (f) = in (f)

a1 \a
Exercise : Prove the theorem. Hint: the prove follows the same steps of the scaling property of 6(t).

Example: Let x;(t) = n(t) « sinc(f), determine the transform of x,(t) = m(0.5t) (extended by 2).

Solution X, (f) = f_lln(O.St)e_jZ”ftdt

Using the substitution t’ = 0.5t — dt’ = 0.5dt, fort = —1:t' = —0.5and fort = 1.5:t" = 0.5

f_o('fs w(t)eJ2m 2t . 24t = 2 f_o(.)s-s n(t)e 2T . qt" = 2sinc(2f) which can b obtained by direct application of the

theorem X, (f) = lo—lslsinc (é) = 2sinc(2f).

Inversion Theorem:

Given the pair of transforms x;(t) & X;(f), x,(t) = x,(—t) & X, (f) = X, (—f).

The proof is direct by applying the scaling theorem with & = —1. the theorem asserts that folded signals have folded spectral
representations.

Example: consider the signal x(t) =« (t + %) - (t — %) o 2jnfsinc?(f) , the Fourier transform of:
y(t)=x(—t)=m (—t + %) — T (—t — %)) applying the theorem we obtain is Y (f) = —2jnfsinc?(f)
Exercise: plot the signal and its folded version and compute the Fourier Transform of the folded signal.
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Duality Theorem:

Given the pair of transforms x; (t) < X;(f), then X;(t) & x,(—f) is also a pair of Fourier Transform.

Proof:

x1(t) = ffooo X, (f)el?™t df, exchanging the name of the variable -t < f we obtain f_oooo X, (—t)e 72t dt, which is the
Fourier transform of x;(—f) by the inversion theorem.

Example:

Determine the Fourier transform of x(t) = sinc(t)

Solution:

The solution can be determine by integration, how ever this integration is hard to do. The duality theorem can be used to
compute this transform. In fact Considering the pair of transforms m(t) < sinc(f) and applying the duality theorem we get
sinc(t) & n(—f) = n(f) because m(f) has even symmetry, hence sinc(t) < m(f) is a pair of Fourier transform.

Frequency-Shift Theorem:

Let x(t) < X(f) be a pair of Fourier Transform, then x(t)e/?™ot & X(f — f,) is also a pair of Fourier Transform.
Exercise: Prove this theorem.

Hint: The proof is a direct consequence of the time delay and duality theorems.

Example:
Determine the transform of x(t) = m(t)e/™ if you know that (t) < sinc(f) is a pair of Fourier Transform.

Solution:

Applying the frequency-shift theorem we obtain X (f) = sinc (f — %)

STUDENTS-HUB.com Uploaded By: Malak Obaid



Convolution Theorem:

Given the pair of Fourier Transforms x,(t) & X;(f) , x,(t) & X,(f), the Fourier Transform then x(t) = x(t) * x,(t)
o X, (f) - X2 (f)

Example:

Let x,(t) = x,(t) = w(t) & sinc(f), The convolution (t) * m(t) = A(t).

Applying the convolution theorem:

Flr(t) * w(t)] = sinc(f) - sinc(f) = sinc?(f) as we obtained in the previous examples.

Multiplication Theorem:
Given the pair of Fourier Transforms x,(t) & X;(f) , x,(t) & X,(f), the Fourier Transform then x(t) = x,(t) - x,(t)
o X, (f) = X5 (f)

Example:
Let x1(t) = x,(t) = sinc(t) & w(f), The product sinc(t) - sinc(t) o n(f) * w(f) = A(f).

Differentiation Theorem:
Let x(t) be n-time differentiable and x(t) < X(f) represents a pair of Fourier Transform. Then,

d™x(t) ;
FIEE8) = (o) "X ()
Proof:
The proof is done using the induction method. The first step forn = 1 is done as follow:

Consider x(t) —f X (f)el2ftdf - dx(t)

theorem is true forn = 1.
Exercise :Assume the theorem holds for n — 1 and use this assumption and the proved step1 for n = 1 to prove that the
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Example: Determine the Fourier transform of: x(t) = & (t + %) — 7 (t — %) if you know that A(t) © sinc?(f)

Solution:

The signal x(t) = %(tt) therefore applying X(f) = j2nf - F[A(t)] = j2rf - sinc?(f) as in previous examples.
Fourier Transform via Generalized Calculus (use of density: 6(t)) 1
Spectral representations of signal and system models that do not have Fourier transform in the Fourier ,
Integral sense, such as periodic and power signals, can be obtained via the transform of the Dirac impulse — °

R S

Transform of §(t):

t
F[8(6)] = J §(c)e—i27 4y = 1

Moreover, using the duality theorem, the following two Fourier Transforms hold: §(t) & 1and 1 & §(—f) = 6(f)
Integration Theorem:

Let x(t) be an integrable signal or system model with x(t) < X(f) a pair of Fourier Transform.

The Fourier transform of y(t) = f_t x(o)doisY(f) = Xz(f; + - X(O)(S(f)

Example 1: Determine the transform of u(t) = f_oo d(o)do (t > 0)

Solution: u(t) is a power signal and does not have a Fourier Transform in the Fourier-Integral sense. However, a spectral
representation of u(t) can be obtained using the integration theorem which includes the Dirac impulse 6(t)

Now applying the integration theorem we obtain Flu(t)] = 5(?] + = F[5(t)]f 00 () = .|_ =5(F)

Exercise: Determine the Fourier transform of A(t) using the integration theorem and the palr

1 N |
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Transform of x(t) = cos(2nf,t)

The signal x(t) = cos(2mfyt) is a power signal and does not have a spectral representation in the Fourier-Integral sense,
however, a spectral representation for x(t) = cos(2mfyt) can be obtained as follow:
1. eti2nfot 1. o J2nfot
Flcos(2mfot)] = F[ > ]
Applying the pair of Fourier Transforms 1 & §(f) and the frequency shift theorem we obtain:

Flcos(2mfyt)] = %6(}” —fo) + %6(}” + fo). Thus we have the generalized Fourier Transform pair:

1 1
cos(2mfot) < 55(f — fo) + 55(f + fo)
Modulation Theorem (Amplitude Modulation —AM):
Let x(t) < X(f) be a pair of Fourier Transform, then x(t)cos(2mfyt) < %X(f — fo) + %X(f + fo)

Proof: applying the frequency shift property we obtain:

. o+ J2fot . e~ J2mfot 1
x(t)-e -;x(t) e =S X(f = fo) +5X(f + fo)

Flx(t) cos(2nrfyt)] = F

Observation:

The operation is defined as “Amplitude Modulation” which shifts the spectra of the signal x(t) called the message to the
spectral band of the channel with minimum distortion (centered at f,). The operation is done using a nonlinear device
called the Mixer that executes the multiplication of the signal x(t) called the message and the sinusoidal signal c(t)

= cos(2mf.t) called the carrier. The result is two frequency distorted spectral functions of X(f) shifted to /..
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Example:
Compute the spectral representation of the modulated sinusoidal signal x(t) = A,,cos(2nf,,t) by the sinusoidal carrier signal

c(t) = A .cos(2rf.t)
Solution:

Anm A
F[Am COS(ZT[fmt)] = 75(]( - fm) + 55(]( + fm)
Applying the superposition and modulation theorems we obtain the double sided spectral representation:

AmAc AmAc AmAc AmAc.

F[ApnAc cos(2mfiat) cos(2mfet)] = > 65 —fm—fo)+ > 5(f +fm—f)+ > 65(f —fmt+fc)+ > 5(f + fm + fc)
The spectral components %S(f — fm— fo) + %5@ + fm — f) are called the lower-side band (LSB) and upper —side
band (USB) of the modulated signal spectra.

Transformation of periodic:

Let x(t) be a periodic signal with frequency f;, and Fourier Series representation x(t) = Yo X,el?™ot the Fourier
Transform of x(t) (which does not have spectral representation in the Fourier-Integral sense) :X(f) = Yme—c0 Xn6(f — nfy).
Thatis, x(t) = 3% _ X, e/?™t & ¥ X &6(f — nfy) is a pair of Fourier Transform.

Proof:

FIXOI = F[ ) Xpel2™ht] = %" X, - Fle™ht] = " X,8(f - nfy)
n=—oo n=-—oo n=—oo

Examplel:

Compute the Fourier transform of the signal x(t) = Y 5-_o m(t — nT,) knowing that the Fourier Series of x(t) is:
x(t) = Y=_ oo sinc(nfy) el 2ot
Solution: Applying the periodic signal pair: X(f) = Yo=—_o sinc(nfy)d(f — nfy).
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Examplel:
Compute the Fourier transform of the train of §(t), x(t) = X n=_o 0(t — nT,) knowing that the Fourier Series of x(t) is:
X(1) = 02— foel ot

Solution: Applying the periodic signal pair: X(f) = Yoe—o f00(f —nfy) = fo * Xne—0 0(f — nfy).
That is the transform of the train of §(t) is a scaled train of 6(f) and we have the pair:

> S—nT) o for Y 8 —nfy)

n=-—oo n=-—oo

Exercise: Prove that the Fourier series coefficients of x(t) = Yo _o 6(t — nTy) are X,, = Tl = fo
0

Transform of Periodic Signals via Convolution Theorem:

Let x(t) & X(f) be a pair of Fourier Transform with x(t) a time limited signal with interval extension 7, the signal
Xp(t) = x(t) * Xpe— oo 6(t — nTy) = Yoo x(t) * 6(t — nTy) = Xp=_o x(t — nT)) is a periodic signal.
Computing F[x,(t)] = F[x(¢t) = Zn__oo 5(t — nTy)], applylng the multiplication theorem:

X, () = X(P) - fo Z 5(f = nfo) = fo- z X()) - 8¢ = nfo) = fir Z X(nfy) - 8(F = nfy)

n=—oco n=-—oo n=-—oo

Corollary: The coefficients of the Fourier Series can be computed by X,, = f, X(nf,)
Example 1:
Use the pair §(t) < 1 to determine the Fourier series coefficients of x(t) = Yo-_o 0 (t — nTy).

Solution: X,= fo X(nfy) = for 1 =1, =Tl as expected.
0
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Energy Spectral Density Function:
Parseval’s Theorem:
Given an Energy signal x(t) with Fourier Transform X (f), The signal energy E can be computed by:

E = j (D2 dt = j X(F)[2 df

Proof:

E = joo |x(t)|? dt = Joox(t) cx*(t) dt = joo x(t) - [jooX*(f)e‘fZ”ftdf] dt

Changing the order of integration: E = f_ooooX*(f) : [f_oooox(t)e‘jznftdt] df = f_ooooX*(f) -X()df = f_oooo 1X(H)|?df
Corollary:

The signal energy contained in the energy band B is given by: Ep = f_BB lx(f)|?df

Example: Compute the energy of the signal x(t) = Ae~%‘u(t) with a > 0 in the band B and the total energy of the signal.

Solution:
Parseval’s theorem has to be used because the energy contained in a frequency band is requested. Knowing the pair Ae%tu(t)

A __ B 2 __ (B A? _ 1 B A
a+jenf’ Ep = f—B x(I7df = Ep = f—B aZ+4m2f2 df = a?’-B 1+‘“T22f2 af
Using the substitution v = % - df = %dv, f=—-B-v= —2mB , f=B->v= ?
2B
- aA? jT 1 J A? tan-1(v) 2B A2 - 21B - —2nB A? - 2nB
= v=——-ortan (v = ——/|[tan™"|—— | — tan =—tan | —
B 2ma? ) 2nB1 + 12 2ma l-? Zna[ a a ] Ta a
a
2 2 2
Total Energy: the total energy is computed as lim 2 tan! (@) =L T4 5 expected from the time domain
B—oo T a na 2 2a
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Corollary:

The energy spectral density of the energy signal x(t) is G(f) = |X(f)|?.

System Response:

Given an LTI system with frequency response h(t) < H(f) , the spectral representation of the system
response y(t) « Y(f) totheinputx(t) © X(f)isY(f) = X(f) - H(f).

Proof:

Using the response convolution theorem of LTI systems y(t) = x(t) * h(t), then applying the Fourier
Transform convolution theorem we obtain Y(f) = X(f) - H(f)

LTI System-Response Energy Spectral Density function:

Given an LTI system with frequency response H(f) and input energy density function G, (f) = |X(f)|?,
the system output response energy spectral density function G, (f) = 1Y()|? = G,(f) - |H(f)|?
Proof:

Y(F) =HE) - X() = [YNI? = G, () = [HOI? - IX(OI* = G(F) - [H(OI?

LTI System Frequency Response via Fourier Transform Theorems:

dly () _ w0 dix(t)
att i=m Bi ati

Given The dynamic system representation Zl —n the frequency response of

the system is given by: |
V() _ EhmBi - G27f)!
X(f) ben @i (G21f)!
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Exercise: Derive the formula of H(f) computation using the Fourier differentiation theorem.
Hint: the proof is a direct result of the application of the Fourier Transform differentiation and superposition theorems and

the pairs x(t) & X(f),y(t) & Y(f), and §(t) < 1.
_ a?y(t) dY(t)
Example: Compute the Frequency-Response of the system ——— — T 5 + 6y(t) =2 + 4x(t)
Applying the differentiation and superposition theorems we obtain [(/27tf)2+5 - Jj2nf + 6]Y(f) = [2-j2rnf + 4]X(f)

Applying x(t) = §(t) < 1 to which y(t) = h(t) & H(f) or computing H(f) = Y

X(f)
H(f) =

dx(t)

we obtain:

Y(f) jarnf + 4 . . J2w+4
X(f) 6—47T2f2+j107'[f_) (w)_6—a)2+j5a)

Frequency Response via Laplace Transform:
Given the impulse response h(t) and the transfer function T(s) of an LTI system, the frequency response H (w)of the

system can be obtained by H(w) = T(S)|s=je-
Example:

. : , 35+1
Determine the frequency response of the system with transfer function T(s) = 5215
Solution:

. __ j3w+1
H(w) - T(S)|s=jw T 5_w2
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LTI System Steady-State Response to Periodic Signals via Fourier Transform:
Let x(t) = Z,‘f:_ooXnefznnfOt be the Fourier Series representation of a periodic signal with frequency f,, the response of the
steady state response of the LTI system with frequency response H(f) is given as follow:

) Y(f) = H() - X(f)
Z XnejZnnfot

X(f) =F = > X8 —nfp) -

Y(f) = H(f) * Zn=—w Xn8(f — nfo)=2n=—o Xn H(nfo)S(f — nfo)

The steady state response y(t) is obtained by the inverse Fourier Transform, that is:

D XaHf)S —nfe)| = ) j X Hf)S(f = nf)el?Mdf = " Xy H(nfy)elmot -

y(t) = F~1
n=—oo n=-—oo n=—oo

y(t) = 3% _o | X, ||H(nfy)|ed @mfot+<Xn+<H®f0)) 35 was obtained using the Fourier series
y(t) can also be expressed using the relation X,,=f, X(nf,), with X(f) the transform of the energy signal of the basic period
of the periodic signal, as:

y(t) = z fo |X(nfo)|H(nfo)|ej(znnfot+<X(nf°)+<H(nf°))

n=—oo

Example: Compute the steady state response of the system with frequency response H(f) =

T to the periodic signal

x(t) = X3 _ sinc(t — nT,) knowing the pair sinc(t) < n(f)
Solution: based on the previous analysis
10 ; tom—1
eJ(Znnfot+0 tan (

t) = (N
y(®) n_Zoofo (o) s |
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Ideal Filters:

Ideal-Filters are system components considered in the frequency domain and classified according to the part of
frequency they pass. That is they pass a defined band of frequency called in the so called pass-band and cut the other
range called rejection-band.

Observation: real filters has three regions: pass-band, transition-band, and rejection-band defined by certain conditions
on their frequency response magnitude spectra.

. . . AN | Hyp 1

|deal-Filters classification: N )
* Low-Pass Filter (LPF): passes a certain set of frequencies :' ]I |L' |
band around the origin with a cut-off frequency f, = B . o’ 0 5 : 0 .

* High-Pass Filter (BPF): passes a certain set of frequencies 'F—f\u
band after a cut-off frequency f,. -

* Band-Pass Filter (BPF): passes a certain set of frequencies band around a

certain frequency called the central band frequency. It has two cut-off |Hye ()
. B B — Lx
frequencies f,; = f, — . and f., = f. + el — N re—
L [T _{J,_— 1 } | f
Hyplf)
* Band-Pass Filter (RPF): rejects a certain set of frequencies band around a
certain frequency called the central band frequency. It has two cut-off T
: B B ——* /
frequencies f.1 = f, — . and f., = f. + . ’ ~—
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Hilbert Transform:

Aims to generate orthogonal signals using same time base reference. (extensively used in communication systems).
Definition: The pair of signal x(t) < x(t) are said to be a Hilbert pair & 3 x7(t) = x(t) * % = ffooo n’(ct(_)l) dA

Theorem:
The spectral components of X(f)and X*(f) are orthogonal.
Proof:

1 fort>0
-1 fort<Q0

1 1

The Fourier transform F[2u(t) — 1] = 2 [m — %5(]()] —06(f) = P

Using duality and linearity % o jsign(—f) = —jsign(f), consequently using the Fourier convolution theorem

XH(F) = FIxH(0)] = F [x(0) « | = X(N) - F || = ~jsign(f) - X(f) thatis
XH(f) o —jsign(f) - X(f) is a pair of Fourier transform

The amplitude and phase spectra of X (f) are given by:
X" (O] =1X()

<X(f)—g for f>0

s
<X(f)+§ for f <O
Example: Compute the Hilbert transform of x(t) = Acos(wyt)

Consider the signal sign(t) = { =2u(t) —1

<XH (f) = which proves the assert

A A . A m\ A T o ,
X(N) =500 = f) + 58 + fo) > X =56 (F = fo—F) +58(f + fo +75) » 2"(®) = Asin(aqt)
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Ideal-Filter Frequency and Impulse responses:

LPF frequency response: IH(f)| = Kn(_fi) _ {K? If] = E:f JH(f) = —2mt,f
o 2B 0, otherwise -
_ . . , B i o B .
LPF Impulse response: hyol(f) = J- HrLP(f}E;._wf.r df = Ko 12ftg i2nft df = J' Keli2mli—t) df = 2BK sinc[2B(1 — I”}J
- — 0 ]

HPF Impulse response:  hy(1) = Kd(t — ;) — 2BK sinc[2B(t — 1;)]

BPF Impulse response: /ligplt) = 2KB sinc[B(1 — 1,)] cos[27f,(1 — 1,)]

Exercise:
Use the superposition, modulation, and time delay theorems to determine Hyp(f) and Hyp(f)

STUDENTS-HUB.com Uploaded By: Malak Obaid



