Angle Modulation
Part 1
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Frequency Modulation: Basic Principles

To generate an angle modulated signal, the * Since the information is contained in the phase,
amplitude of the modulated carrier is held this type of modulation is less susceptible to
constant, while either the phase or the time AWGN and interference from electrical
derivative of the phase is varied linearly with the equipment and the atmosphere.

message signal m(t). * For phase modulation, the phase 6(t) is

c(t) = A, cos(2mf .t); unmodulated carrier directly proportional to the modulating signal
The expression for an angle modulated signal is o(t) = kpm(t),

s(t) = A, cos(2nf t + 0(D), * k, is the phase sensitivity measured in rad/volt.

* The time domain representation of a phase
modulated signal is

e s(t)py = A_.cos (anct + kpm(t)) :

* The instantaneous frequency of s(t)pp is:

8(t) : A phase difference that contains the
information message.

fc is the carrier frequency in Hz.

The instantaneous frequency of s(t) is :

kp dm
fi®) = 523 (et +6(0) ¢ filt) = fo+ 20
fil®) =fc+ iﬂ% |
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Frequency Modulation

 An angle modulated signal is * fi(®) = fc+ kem(t);
* s(t) = A, cos(2nf.t + 0(t)); * [;(t) = fo = kpm(0).
* The instantaneous frequency of s(t) is : + The peak frequency deviation is

1 do(t
* fit) =f. + P d(t) * Af = max {kym(t)}.
* For frequency modulation, the * The time domain representation of a
frequency deviation of the carrier is frequency modulated signal is

proportional to the modulating signal: . s()py = A, cOS (Zﬂfct + 27k f(f m(a)da).
1 de(t)

o = krm(t) + Where 6(t) = 2mk; [, m(a)da

* Integrating both sides, we get * The average power in s(t), for frequency

. _ t modulation (FM) or phase modulation
0(t) = 2mky [ m(a)da 7

 The instantaneous frequency beomes (PM)is:  Pgy = = constant.
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Example: Binary Frequency Shift Keying
* The periodic square signal m(t), shown below, frequency modulates the carrier
c(t) = A,cos(2m100t) to produce the FM signal

s(t) = A,cos (2n100t + 21k fm(a)da) where ks = 10Hz/V.
* Find and plot the instantaneous frequency f;(t).

me) | .4

* Find and sketch the time domain expression for s(t). | |

* Solution: The instantaneous frequency is "l B t
*fi=fct+ kym(t)

* f; =100+10=110 whenm(t) =+1 (0 <t < T))
* fi =100-10 =90Hz whenm(t) = =1 (T, <t < 2T})

Fi(t

90

TD 2Tb t

* Remark: In digital transmission, we will see that a binary (1) may be represent
by a signal of frequency f, for 0 < ¢ < T, and a binary (0) by a signal of
frequency f, for 0 < t < T}, (This type of digital modulation is called FSK)
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Example: Binary Frequency Shift Keying

Solution: The instantaneous frequency is f; = f. + kym(t)
 f; = 100+10=110 whenm(t) =4+1 (0<t <Ty)

fi = 100-10=90Hz whenm(t) = -1 (T, <t < 2T})
The instantaneous frequency hops between the two values 110 Hz and 90 Hz as shown.
* Depending on the input binary digit, s(t) may take any one of the following expressions
* s(t) = A, cos(2m(110)t ), whenm(t) = +1
* s(t) = A, cos(2m(90)t ), whenm(t) = —1

A, cos(2m(110)t) A, cos(2m(90)t)
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Single Tone Frequency Modulation
« Assume that the message m(t) = A,,, cos w,,t.
* The instantaneous frequencyis: f; = f. + kgm(t) = f. + A, kf cos 27f p,t.
* This frequency is plotted in the figure.
* The peak frequency deviation (from the un-modulated carrier) is : Af = ksAp,.

The FM signalis: s(t)gy = A, cos (anct + 2mky f(f m(a)da)

o s(t)py = A, cos (anct + 2mky fot A, COS Wy da) S—
K
* s(t) =A.cos (2nf.t + 2 sin 21 f t).

s(t) =A.cos 2nf .t + Bsin2nf,,t).
Where [ is the FM modulation index, defined as oA
o ,B _ kam __peak frequency deviation Af

= i i |t

fm message bandwidth fm
* |n the figure below, we show a sinusoidal message signal m(t) and the resulting FM signal

s(t).
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Single Tone Frequency Modulation

fi = fc+ Ankscos 2Tf,,t. 05

1

 f
fc =1 KHz,
fm =100 Hz.
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Spectrum of a Single-Tone FM Signal

* The objective of this lecture is to find a meaningful definition of the bandwidth of an
FM signal.

* To accomplish that, we need to find the spectrum of an FM signal with a single-tone
test message signal.

* Review of basic results from the previous lecture:

* The expression for an angle modulated signal is: s(t) = A, cos(anct + B(t))

i do(t)
2 dt

* The instantaneous frequency of s(t) is: f;(t) = f. +

* For phase modulation:
* 0(t) = k,m(t), k,inrad/volt.
* s(t)py = A, cos (anct + kpm(t)) :

(D) = £ 4 2 dm®
fi®) = fo+ 2
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Spectrum of a Single-Tone FM Signal
* Review of basic results from the previous lecture:

* The expression for an angle modulated signal is: s(t) = A, cos(anct + H(t))

i do(t)
2w dt

* The instantaneous frequency of s(t) is: f;(t) = f. +

 For frequency modulation:
« 0(t) = 2mks fotm(a)da; k¢ in Hz/volt.
e s(t)py = A, cos (anct + 2mk; fotm(a)da) .
* fi®) = fo + kpm(0),
* Whenm(t) = A,, cos 2itf,t
* fi = fc + Apky cos 2 fiut;
* s(t)py = A, cos (anct + 2mks fot A, COS Wy da) =A.cos 2nf.t+ Bsin2nuf,,t).

krA eak frequency deviation A . . 5
e f = ffm _ peak jreq 4 : = f; is the FM modulation index,
| - message bandwidth fm
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Spectrum of a Single-Tone FM Signal
» Let m(t) = A, cos 2mf,,t be the test message signal, then the FM signal is
s(t)=A4 cos( 2ntf .t + Bsin2nf,,t) - o R |
ll fN A N |"[ fTAAtenanN N A AR

0.5 [ | f\ [\ | I ||'
. ﬁ——' FM modulation index !H'H,'H aw ||“"‘I'|I}|"' A CHHY

) o } || | | | | \ l I { \ | | |
fm -0.::—’|’||| l '| | | |I|‘| I|‘ ‘H‘||I |‘ || |||' ||||”|‘
 s(t) can be rewritten as: NIARRVERYRA RN RVARYAR A
" S(t) — Re{e](anct+,B sin anmt} '
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« Remember that: e/? = cos8 + jsin 6 and that cosd = Re{e’?}

* The sinusoidal waveform (f sin 27t f,,,t ) is periodic with period T,,, = = The exponential

: (B si : o . 1/m
function e/ (B 51 27fmt) s 3lso periodic with the same period T, = B
m
o pJB SN2 fi(t+Tm) — oJB sin2nfimt. pJjB SIN 2T finTm — oJB sin 2mfit. fm -1 =

sin( 2nf,,,T,,,) = 0;
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Spectrum of a Single-Tone FM Signal

» s(t) = A.cos(2nf.t + B sin2nf,t)
« 5(t) = Re{e/@net) @i (B sin2mfmt))

* A periodic function g(t) can be expanded into a
complex Fourier series as:

« g(t) = X2 Cy /M0t

1 Tm —jnwmt
. anT—fO g(t) e In@mt d¢
* Now, let g(t) = e/(Bsin2mfmt)

* |t turns out that the Fourier coefficients

STUDENTS-HUB.com

Cn = Jn(B).

* where J, () is the Bessel function of the first
kind of order n (will describe it on next slide)

* Hence, g(t) = X%, J.(B) e/"®@mt
* Substituting g(t) into s(t), we get
« s(t) = A, Re{ej(znfct) Ziooo]n(ﬁ) e/n®mt }

= A, Re{ % Ju(Ber2nUctnimt
= Ac 250 Jn(B) cos2r(fe + nfin)t)

* Finally, the FM signal can be represented as

* s(t) = Ac X% n(B) cos2r(f . + nfp)t)

4
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Spectrum of a Single-Tone FM Signal
2
* Bessel Functions: The Bessel equation of order n is x? % + x;l—z + (x?—n%)y =0

* This is a second order differential equation with variable coefficients. We can solve it using
the power series method. The solution for each value of nis J,,(x), the Bessel function of
the first kind of order n. The figure, below, shows the first three Bessel functions.

Bessel Functions of First Kind of Integrer Order

Some Properties of Bessel Functions :
e J.(x) =(—1)"_,(x); relative to n
J,(x) = (—=1)"],,(—x); relative to x

Recurrence formula J,,_;(x) + J,4+1(x) = %jn(x)_ 05]

xTL

X =
e Forsmallx, J,(x) = gt Jox) =1, Ji(x) = ~
* Forlarge x: J,(x) = /% cos(x — % — nz—n) , ’

> w(Un(x))?=1, forallx.

0.5
0
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The Fourier Series Representation of the FM Signal

* Asingle tone FM signal can be represented in a Fourier series as
s(t) = Ac 220 n(B) cos(2m(f + nfyp)t)
SU) =Ac/2 X2 Ju(BISf = (fc + nf i) + 6(f + (fc + nf )]

* The first few terms in this expansion are:

e s(t) = A. Jo(B) cosRnfit) + A1 (B) cos 2m(fy + f)t + AJ—1(B) cos 2ne(f. — fr)t +
AcJ2(B) cos 2r(f, + 2fm)t + AcJ_5(B) cos 2m(f, — 2f )t + -+

* J-1(B) = —J1(B), J-2(B) =J2(B); J-3(B) = —J3(B); J-a(B) = J4(B);

Remarks:

1. Spectral components are
separated by fm.
2. The 98% power bandwidth

is: Br =2(f+ 1) fm,
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The Fourier Series Representation of the FM Signal

Few remarks about the FM spectrum:

The FM signal s(t) = A, cos(2nf,t + f sin2nf,,t ) can be represented as

s(t) = Ac 220 Jn(B) cos(2m(f + nf)t)

s(t) = AJo(B) cos(2m(f )t) +
AcJq (ﬁ) COS(ZTl'(fC + fm)t) t Ac]—l(ﬁ) COS(Zn(fc _ fm)t)
+AcJ2(B) cos2r(fc + 2fm)t) + A1 (B) cos2r(fc — 2fp)t)
+AJ3(B) cos2u(fc + 3fm)t) + AJ -3(B) cos2r(fc — 3fm)D) + .....

The FM signal consists of an infinite number of spectral components concentrated around f,.

Therefore, the theoretical bandwidth of the signal is infinity. That is to say, if we need to recover the
FM signal without any distortion, all spectral components must be accommodated. This means that a
channel with infinite bandwidth is needed. This is, of course, not practical since the frequency
spectrum is shared by many users.

In the following discussion we need to truncate the series so that, say 98%, of the total average
power is contained within a certain bandwidth. But, first let us find the total average power using the
series approach.
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Power in the Spectral Components of s(t)
* Assingle tone FM signal s(t) = A, cos( 2nf.t + 8 sin 2nf,,t ) is expanded as:

s(t) =A; X%, J.,(B) cos(2r(f, + nf,,)t); average power =< s* (t) > = ATCZ.

* Note that s(t) consists of an infinite number of Fourier terms, and the power in s(t) will be
equal the power in the respective Fourier components

* Any term in s(t) takes the form: A_J,,(B) cos(2n(f, + nf,,,)t)

(Ac)*Un(B))?
2

The average power in this term is:

Hence the total power in s(t) is
Ac® Jo*(B) n A’ (B) n Ac’J-1%(B) N Ac?J2%(B) n Act]-2%(B)

¢ <s%(t) > = L
2 2 2 2 -

: = 2 2(B) + 1,2(B) Ha? (B)+H2B)H 2 (B) + .

- = 2 (02 B) + 2 (B2, () + . } =2

Remark: { X% _ J.%(B) = 1}, ( A property of Bessel functions).
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Example: 99% Power Bandwidth of an FM Signal
* Find the 99% power bandwidth of an FM signal when f = 1
 Solution: s(t) = A, X% J,(B) cos2nr(f, + nf,,)t)
 Casea: f =1 (wideband FM)
* The first five terms corresponding to f = 1 (obtained from the table) are
¢ Jo(1) =0.7652, J;(1) =0.4401, J,(1)=0.1149, J5(1) =0.01956, J,(1) =0.002477

2
<S2(t)> = %

* Let us try to find the average power in the terms at (f;), (fo+fn), (fe—fm), (fe+2fm), (fe=2fm)
A2]2 A2]2 A2]_2 A2]2 A2]_2
. fc:CT"(ﬁ);fﬁfm: %(m}fc_fm: CTl(B);fc‘szm: %(m:fc—me: ¢ J-2"(B)

2
* The average power in the five spectral components is the sum

* The power in s(t) is

_ A%y 2 2 2 A%, 2 5 59 A2,
« P, = T[]0 (D) +2/,°(D) + 2/,°(D)]; Py = =£ [(0.7652) + 2 * (0.4401) + (0.1149)%] = 0.9993 =*

. . . A Jo(B)/2
Hence, these terms contain 99.9 % of the total power. ) AL RV AJL(B))2
e Therefore, the 99.9 % power bandwidth is Ad_(B)/2 A2 (B)/2
. _ _ A 3 (B)/2 AJ:(B)/2
BW = (fc+2fm)_(fc_2fm) —4fm I | | T
fet3fm fe—2fm fc;ijl £ fetfm fet2fm fot3fm
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FM in the time and frequency domains: f = 1

10
o m(t) = cos(2m100t)
:
2 o ‘ < 02
-05 s
104 : . ‘ . : . : ' 00 ' . . : :
0000 0005 0010 0015 0020 0025 0030 0035 0040 2000 1000 0 1000 2000
5.0 ‘ e
e H ﬂ N ||| H N ||| c(t) = 5cos(271000t )
: :
S 00 .
" s o
50 N N N N N .
0000 0005 0010 0015 0020 0025 0030 0035 0040 ~2000 1000 0 1000 2000
5.0 20 e £
“CTHTTTTT T T e
" s % 05
| | TVEVEVEEYY N nn nin
0000 0005 0010 0015 0020 0025 0030 0035 0040 _ -2000 1000 0 1000 2000
time (sec) % 20 e
Kf=100 Hz/V s(t) = 5cos( 2nf.t + 5sin 2m100t) E 1 s(0)
D 10 -
.| 1
BW = (fc+2fw) — (fc —2fm) =4fm =400 Hz = &0 eb0 oo 1200 1960
10
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Example: 99% Power Bandwidth of an FM Signal

* Find the 99% power bandwidth of an FM signal when = 0.2

e Solution: s(t) = A, 2.2, Jn(B) cos(2n(f, + nf,)t)

 Caseb: B = 0.2 (Narrowband FM)

* For § =0.2, J,(0.2) =0.99, /;(0.2) = 0.0995, J,(0.2) = 0.00498335
* The power in the carrier and the two sidebands at (f. , f- + fm, fc — fim) IS

+ P =2¢[},2(0.2) + 2,2(0.2)]

AZ
e P = TC [0.9999]
* Therefore, 99.99% of the total power is found in the carrier and the two sidebands.
* The 99% bandwidthis: BW = (f.+ fm) — fe —fm) = 2fm
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Narrow-Band FM: # = 0.2

' — Mf
7 %1 m(t) = cos(2m100t )
2
= 0.2
=
00 L T T T T T
—-2000 -1000 0 1000 2000
— af
= 04
T
E
= 02
5
DG T T T T T
—2000 -1000 0 1000 2000
freq (Hz)

c(t) = cos(2m1000t )

s(t) = cos(2nf .t + 0.2sin 2100t )

BWZ(fc+fm)_(fc_fm):2fm:200HZ
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Wideband-Band FM : f =5

_ m(t) = 25co0s 2500t ) — i) B u ‘ — sif)
£ 57 <
= ]
y | LU QTG T,
10000 5000 0 5000 10000 3 o 10000 5000 0 5000 10000
g 2 — Cf) :E: | —_ gif)
3 g 05 |
= 1 &
U % 1 | i
- £ 0o | | | |
10000 5000 0 5000 10000 E o 2000 4000 6000 8000 10000
freq (Hz) freq (Hz)
c(t) = 5cos 25000t ) ,
s(t) = 5cos(2nf.t + 5sin 2500t )
BW = (f¢+ 6fn) — (fc — 6fm) =12fp, = 6000 Hz Kf=100 Hz/V
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Carson’s Rule

* A 98% power B.W of an FM signal can be estimated using Carson’s rule

* BT = Z(ﬁ + 1)fm BFM ~ Z(Af £ B'm) (HZ)
* The rule works well when the message signal is continuous (Cannot be used
when the message contains discontinuities as in the case of a square function).

 Example: Find the bandwidth of the FM signal
o s(t) =A,cos(2nf.t + sin2nf,t)
* Solution: By = 2(B + 1)f,,, = 2(1 + 1)f,,, = 4f.,
e Example: Find the bandwidth of the FM signal
s(t) = A, cos(2nf.t + 5sin2nf,,t)
* Solution: By =2(B+ 1)f,,, =25+ 1)f,, = 12f,
* Remark: Same result as was obtained using the spectral analysis.
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Table of Bessel Functions

B Jo(B) J1(B) J2(B) J3(B) Ja(B) J5(B)

0 1 0 0 0 0 0

0.1 0.9975 0.0499 0.0012 0.0000 0.0000 0.0000
0.2 0.9900 0.0995 0.0050 0.0002 0.0000 0.0000
0.3 0.9776 0.1483 0.0112 0.0006 0.0000 0.0000
04 0.9604 0.1960 0.0197 0.0013 0.0001 0.0000
0.5 0.9385 0.2423 0.0306 0.0026 0.0002 0.0000
0.6 0.9120 0.2867 0.0437 0.0044 0.0003 0.0000
0.7 0.8812 0.3290 0.0588 0.0069 0.0006 0.0000
0.8 0.8463 0.3688 0.0758 0.0102 0.0010 0.0001
0.9 0.8075 0.4059 0.0946 0.0144 0.0016 0.0001
1 0.7652 0.4401 0.1149 0.0196 0.0025 0.0002

15

STUDENTS-HUB.com Uploaded By: Jibreel Bornat



EXAMPLE 1|

m(t)  |+—2x107%—>]

Sy ik el i
_1/ \/<a)\/

Sketch the FM and PM waves for the modulating signal m(t) shown in the
figure. The constants ks and kp are 21 X 10° and 107, respectively, and the

carrier frequency f. is 100MHz

For FM
w;(t) = we + kem(t)

P S
fi(t)—fc+§m Y

(FImin = 100MHz + 22 [ (6)] nin = 99.9MHz
(F)max = 100MHz + 222 [m ()] g = 100.1MHz ‘
For PM
w;(t) = we + kym (t)
fil) =fe+ ;{—Zm ®)
(F)min = 100MHz + == [1i ()] ynin = 99.9MHz

107

(fi)max = 100MHz + ;[m (t)];max = 100.1MHz
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0
\_

m(t)

EXAMPLE 2 9

(a)

Sketch the FM and PM waves for the digital modulating signal m(t) shown in the
figure. The constants k¢ and kp are 27 X 10° and 7/2, respectively, and the carrier

frequency f, is 100MHz

For FM
_ o
O=ftstmo W

2mx10°
(fdmin = 100MHz + = [ (Olmin = 99.9MHz
(f)max = 100MHz + “Z== [m ()]nax = 100.1MHz

This is called frequency shift keying (FSK) which we will
study later in digital communications
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CONTINUE .. EXAMPLE 2 I 0

(o
Direct method of plotting PM from 11 (t)works fine if there " T'], T.l’(r"
are no impulses in m (t). i.e.m(t) should be continuous. : l "W L
: s :
For PM © l
ky s é :
fi(t) = fe +—m (t) = 100MHz o i (t) ; | K
We cannot subsfn‘ufe o0 “on® ‘ | }
Consider the direct phase sketch approach i 5 - ,5
x t >
T :
gpm(t) = Acos (wct - kpm(t)) = Acos (wct + Em(t)) f
T N ——

_ [ Asin(wct) m(t) = -1 | : | -
gPM(t) s {—ASLn((UCt) m(t) — +1 Note the phase change

In digital systems, this is called Phase Shift Keying (PSK). Phase shift b@= g@ Q S\//
N ~ i
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Problem!!!

An angle-modulated signal with carrier frequency w, = 2m X 10° is
described by the following equation

gem(t) = 10cos(w t + 5sin 3000t + 10sin20007t )

Find the power of the modulated signal.
Find the frequency deviation Af.

Find the deviation ratio f5.

Find the phase deviation Ag.

Estimate the bandwidth of g (t).
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