Assignment 8 (MATH 215, Q1)

1. Evaluate the surface integral / / F-ndS for the given vector field F and the oriented

s
surface S. In other words, find the flur of F across S.

(a) F(x,y,2) = vyi+yzj+zzrk, S is the part of the paraboloid z = 4 — 22 —y? that
lies above the square —1 < x <1, —1 <y <1, and has the upward orientation.

Solution. The surface S can be represented by the vector form
r(z,y) =zit+yj+@d-—2" -9 )k, —-1<z<1,-1<y<l.
It follows that r, =i—2zxk and r, = j — 2y k. Consequently,
r, xr, =2ri+2yj+k.

Hence, with @ :={(z,y): -1 <2 <1,—-1 <y <1} we obtain

//SF-ndS://QF-(rmxry)dA
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(b) F(z,y,2) = —yi+xj+3zk, S is the hemisphere z = /16 — 22 — y2 with upward

orientation.

Solution. The surface S has parametric equations
r(¢,0) =x(p,0)i+y(h,0)j+ 2(p,0) k = 4sinpcosf i+ 4sinpsindj+ 4cos ok,
where 0 < ¢ <7/2,0 <60 < 27. We have
ry X rg = 16sin¢(sin ¢ cos i+ sin¢sinf j + cos p k).

Moreover,
F = —4sin¢sinfi+ 4sin¢cosfj+ 12cos o k.

Consequently,
F - (rg x rg) = 192sin ¢ cos® .
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Therefore, with @ := {(¢,0) : 0 < ¢ <7/2,0 <0 < 27} we obtain

//SF-ndS://QF-(rqﬁxrg)dA

27 pm/2
= / / 192 sin ¢ cos? ¢ dep df
o Jo

cos® gb] /2
0

= 128.

- 27r-192[—

2. Let S be the conical surface z = /22 + y?, z < 2.
(a) Find the center of mass of S, if it has constant density.

Solution. The surface has parametric equations
x =zcost, y=zsint, z=z, (t,2) € Q,

where @ := {(t,2) : 0 <t < 27,0 <z < 2}. Let r(t,2) := zcosti+ zsintj+ zk.

Then
i J k
r; Xr, =|—zsint zcost 0|=zcosti+ zsintj— zk.
cost sint 1

Note that r; x r, gives the downward orientation. Moreover,

Iry x 1| = /(zcost)? + (zsint)? + (—2)2 =2z

Suppose the density is k. Then M = [[;kdS and M,, = [[4kzdS. The center of
mass is (0,0, ), where Z = M, /M. We have

2m p2
M://de:k;// |rt><rz|dA:k;/ /\/izdzdt:zl\/iwk:.
S Q 0o Jo

Moreover,

27 2 1 2
Mwy://k:zdS:k// z|rt><rz|dA:k/ / z 2zdzdt=m.
S Q o Jo 3

Therefore, the center of mass is (0,0,4/3).

(b) A fluid has density 15 and velocity v = xi+ yj+ k. Find the rate of flow
downward through S.

Solution. We have
F=pv=15(zi+yj+k)=15(zcosti+ zsintj+ k).
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Consequently,
F-(r; xr,) =15(z%cos® t + z2sin®t — 2) = 15(2% — 2).

Hence, the rate of flow downward through S is

//F-ndS://F-(rtxrz)dA
S Q
2 p2
:15/ /(ZQ—Z)dZdt
o Jo
3 22 2

- 307?[% _ 7}0 — 207

3. Use the divergence theorem to find [[¢F - ndS.

(a) F(x,y,2) = 231+ 2222 j + 3y?2k; S is the surface of the solid bounded by the
paraboloid z = 4 — 22 — y? and the xy-plane.

Solution. The divergence of F is

om0 3 0 2 9 a2\ o2 2
divF = 8x($ )+8y(2xz )+3z(3y z) = 3x* + 3y~.

Let E be the region {(x,9,2):0 < 2z <4 — 22 — y?}. By the divergence theorem, we

have
//F-ndS:/// dideV:///(3x2+3y2)dV
s E E
21 2 pd—r2 2 p2
:/ // 3r27“dzdrd«9:/ /(4—r2)37“3drd0
o JoJo o Jo
2

= 271'/ (123 — 3r°) dr = 327.
0

(b) F(z,y,2) = (2% +sin (yz))i+ (y — ve ?)j + 22 k; S is the surface of the region
bounded by the cylinder z? + y? = 4 and the planes z + z = 2 and z = 0.

Solution. The divergence of F is

. . a 2 . a —z 8 2\
dlvF—a—x(m +sm(yz))—|—8—y(y xe )+8z(z ) =2z +1+ 2z

Let E be the region {(x,y,2) : 0 < 2z < 2 — x,2? + y? < 4}. By the divergence
theorem, we have

//SF~ndS:///EdideV:///E(2a:+1+2z)dV.
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Converting to cylindrical coordinates, we obtain

2w 2 p2—rcosf
/// (233—|—1+22)de/ // (2rcosf + 1+ 22)rdzdrdf
E o JoJo

2m 2 2m
:/ / (—TQCOSQQ—TCOSQ-l-G)Tde@:/ (—4cos® — 8cos /3 + 12) db
o Jo 0

= 20m.

4. Use the divergence theorem to calculate [[¢F -ndS, where
F(r,y,2) = 2%zi+ (y*/3 +tanz)j+ (2%2 +y*) k
and S is the top half of the sphere z? + y? + 22 = 1 oriented upward. (Hint: Note
that S is not a closed surface. Let S; be the disk {(z,y,0) : 2% + y*> < 1} oriented

downward and let S5 = S U S;. The surface integral over S can be derived from
integrals over S and Ss.)

Solution. Let E be the semi-ball {(z,y,2) : 22 + y?> + 22 < 1,2 > 0}. Then S is
the boundary of E. Hence, the divergence theorem applies to the surface integral

[, F-nds:
//S F~ndS:///EdideV.

The divergence of F is given by

0 9, 9,
ivF = — 2 ] (2 2y _ 2 2 2.
div 5’33(2 :c)—i—ay(y /3—l—tanz)—l—az(a: zH+y)=z"+y +z

Hence, we obtain

//S2F-nd52//[EdideV:///E(a:2+y2+z2)dv.

The triple integral can be calculated by using the spherical coordinates:

//L(x2+y2+z2)dvz/027r/Ow/2/01p2(p2sin¢)dpd¢d9:2%_

For the surface integral [[¢ F-ndS we note that n = —k and z = 0 on S;. It follows
that F-n = —y2. Consequently,

2w 1
// F-ndsz// —deAz/ / —(r?sin®O)rdrdo = —_.
S1 x2+y2<1 o Jo 4
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Therefore,

2 - 137
F-ndS:// F-ndS—// F-ndS=——-——=—.
//S Sy S, 5 4 20

5. Use Stokes’ theorem to evaluate the line integral |, o F -dr. In each case C' is oriented
counterclockwise as viewed from above.

(a) F(z,y,2) = 22i+y?j+zyk, C is the triangle with vertices (1,0,0), (0,1,0), and
(0,0,2).
Solution. The curl of F is

i j k
curlF = | & 8% Ll=zi+ (22 —y)j.
22 y? ay

The plane that passes through the points (1,0, 0), (0, 1,0), and (0,0, 2) has an equation
2z =2 —2x — 2y. Hence, r; xr, = 2i+ 2j+ k. By Stokes’ theorem we obtain

/F-dr://curlF-ndS:// curlF - (r; x r,)dA,
C s Q

Q={(r,y):0<2x<1,0<y<1-—uz}.

where

Consequently,
1 pl—x

/F-dr:// (2x+4(2—2x—2y)—2y)dydx
c 0Jo
1 pl—g 1
:// (—690—10y+8)dydx:/(m2—4x+3)d:c:4/3.
0Jo 0

(b) F(x,y,2) = xi+yj+ (22 +y?)k, C is the boundary of the part of the paraboloid
2z =1—2? —y? in the first octant.

Solution. The curl of F is

i k
curlF = % a% % =2yi—2zj.
T y  x?+y?

The surface S can be represented as r = zi+yj+ (1 — 2?2 —y?>)k, 2 > 0, y > 0,
2% 4 2 < 1. It follows that

r, xr, =2ri+2yj+k.

Consequently,
curlF - (r; x ry) = 4oy — 4oy = 0.

Therefore, by Stokes’s theorem, we have

/CF-dr://S(curlF-n)dS:O.
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