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| funo amantal oﬂs; nals
1_-7: Introduckion + .

what 18 asignal ¢
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A Si.‘am’d 1S acl‘.mh\_-.-(-}.ve olESCrtPl'\OY\o-J OL.ID\’I\{)SICQ,(
Pheﬂomermn p) E’.uenf or P(OCESS, Some (Gmmon e_x,am\o‘\e‘%

indude : ). e
le Eleckricd current or uo{l-qode n civcuit
2 - Daily CJ'OS'x_ng valiue of a share of stock  last yed
3. Audio .'S'!Q)'nods Condinious time n s onginal
form, or discrete - time when stored on CD .

NMore --P_réc,_'lsejtd / OlefanoJ 1S aj}u__nc};on . USu.a&U~_-j o-jf’ one
Var'ta)éie in Yime , How ever, 'mgeneral. Sicanguls Coanbe
funchions of more +han one vaidable . e:g ) Mooy
Signod . \ ,

com

Tn bhis cluss we are inberested in Ywo Fypes of 3“3%‘]’
7 IS F H . | (})

\. Conkinious . Yime signal XG) ., where ¥ i€ oreal B
Vodueod vanable denoting Hm/e s Loy teR We Lge

I—
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paranthesis () Fo dencle a th)-:')’l&lous:'f-.-.%;*mg Signad \
2. Discrete - me Signal xIn], where n 18 an integer... r
valued varable denating the '.oliscrde";'swfpﬂe-sJ Lime, 'J
e cnéz , we USe Sg youre brac,lfelrs gy cl.e.no’re |
o 8iscreke - Fime: S\'-%nods Uhd er e definition of i
a discrete - Fime signal , y 167 15 nok defined (kor |
Cexample . ‘

g e P exio dic om__pl @ periodic Signals :
XCh TP X L seal Yoo |
Example ‘1; e e |

LX) = 4 sin Com ot 4 &)
2. Hg(P = B2RNLCieH) .
3. A3 (t) = G-rPJCGS Cam R b) .

check if' ikig peiodic Signal or ok 7
JusH £ Qour onswer |

'
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Ans - |
1- A CH) = As8in ClTrpal' A+ &)
we Waye Yo check 1f XEHATY = X (W) o1 not s wheve
e 1l , So = i

o

X CHrT) = A sin c?w- PC 4 s 6)

=L ~HLen_ |
) 1 and . gin Czr.L B o

Pe

Xi (4 4Te)A  Sin (2T et +6) = X ()

There fore + X, (4) 1S Periqohc 3ignal
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2.7, (h = 3sin (15 +)

X2 CtaT) = 2Sin Vst 4 15Te)

= 23in015+) GS QS™ + 3GsGsF)SN(I5H

whefe 16, =2TP K = |5 .0, Te=4 = 2T
2T 6 \S
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=2
$2 CHa2) = 250 (16+) @8 (2T + 3 Gos (5L) Sin |

(2 7 : |
= 2Sn0sY) = x2() 1S periodic Signal |

3. X3 i) A+ B @S (amfot)
A3UrT) = A & BGs C2arfo Chap))

= A3 Gs
3ince | entix 2me.T) ‘

P aFE) = (o¢ CA) @s(3) & Sin(A) TN Cr3)
Then r
Xald 47m) A : |
. = AHBGs(21Tf +) G T _fe:
Fod) sin C@h‘&?e—n)]{ SETLT) ~BSin (uir
w\f\.en 90 Hid |
o . {

= A3(t 4B = A Gs C2THY) - yaqy s

Petodic signal .
fundamental Srequency of Gnki nious Signals

To ~lolen$i1[\:j Yhe P.eriocJ —\:l The #req_uency Pz \/7:‘ or
The cngular Qfezkency = 29k, of A Qiven
oY Camlple_)/ QX\DonenLiaJ gmna] s U-s

®

odw ays
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hel\oﬁwl Fo write d-n any of the following foyms
SinCut) = Sin CemEE) = sin C2IT HT) |

The Pundament al freguency of asignal is the

retest Gamon divisor (G CD) of all the Frequeny

Components  n¥ained 1h aSignal i and eguivalently

the fundamenta \oer'\od \3_'4-}\@* least @mmon mulkiple
clem) of all ‘ndivituad periods of the components -

Example 2 :

Fnd Yhe Pundaﬂienlaﬂ Preg ueh CY of he Solowing-

(onH nuouws "6'3‘5)(\935 4 _ i
- A(H) = @5 (Vo) + Sin (BT +)

2. X203) = sin (ZER) + GsCETY) 4 Sin (L y)
3_ Xacy) = Gs C3%)+ Sin C-"’—Z}*)

Ans 2 e X () = s §\°.75'L"l7)+5in C%r L)

The ?rezaen Ces and per'ucaops* of the Ywo berms al

respechvely
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o
wi= BT, N~ E NS s, fre 2 T g |
=3 = B (e T3 Y E
The Pund oM enkal Prequency §q is -\'\’\Q _GCD of b=5 |
- 5 D, T~ L2 i |
.Q'o GCD C-3-) .g—) ---G l C2‘+ qu_ 21_,', |
Altemakively | the period of the fundamente) () is
‘e LCM of T4 _%_, and Ta. = '_55. :
T = LOMAR 18) - 2& |
Now we gek we = 2nbe - 2m/1 = sT1/)0 and the Sppal
Can be wiithen as ; o i ol |
XG) 2 Gos (78 ST 4y s.ﬂ(? 2 4y
VT BsC g We k) +Sin (3 wol )
J}L;Q bhe dwaterns are the 3¢ o,y ghk Varmonicor &
ol
| 4 Qb\nO\qmeJ\J;J Qleib\@hoj wo s FQSIQQC,LBUGJJ , %
)= SIn(ETL)+ @ (3l L sin(iph) P
The fie - i
QJ»L@HQ e O Pen'on s he quw H?y(ns O € LéJ
respediyely | =
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The ?runo\ox(he"\ﬁ‘a} QH‘D&”_‘@ Bo s the GCDsf -£: 2 and
Y3

i -
L Pl B0 2—‘*24-‘2%)
A

ff-:\uerna_l; UQM / 'H’l@ PenoJ of Fhe Qunolamen,lq] To 15 the
LCm ot 1,’ , o and T3 :

=LCMC,\% '——-15) =L am C?( f-_*_‘i/clé)_

\s IS
=
The S'I‘Z)naﬂ @n be Writken 4 - 3
Gy = (B2 1)+ Gs (b asnCimr) 3
[ e, the ?unalamenkal Prew&ehcﬂ 1S We T‘/\’Z (The ‘.Q
fundamental Perwd o L ZTT =24 and the thig
\,e\rmg are *he 1@ 9 Janclﬂ Mrmomc o Lue) fefPf’C—J—ngLv
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3. Xalt) = Gos (—'—g’l—) + Sn (g_qrtr_*)
flere lhe angular ‘?fﬁ’z(«t@“cﬁes of H{@ +wo cxré-f.résioedillej‘ﬁ
Wi =)o ) Wl = 52‘.]1'_ |.

3

The Sundamenta/ Freguency we ShouJa’be the GCD &t wi ;Pwa;
We = GCD ‘E"I %—-

which does nel exisf-__as _ITIT"IS an ';rmJ—iona/ number which Gn ‘
nel oe expressed as aralio of two integers , therefore the |
fwo frezuencies can nok e mulhiplies of H’I? Same fundame -
e frEEZM?hC*j""'I" .TYI ollei words |, the Suﬂnal asS the sum ‘

@’P '“\'Q ‘)’WO *ermg 15 HO!‘ : PQ!’I.OO/'?C S"%hal o | \
‘Hﬁm 'Hr\e above @xqmpk’ ,'d’ Can be @ndudeJ ‘”10} -H»,p Sum 0/)

two Smuseids ‘ig periodiC i the radio of e vespeckie
periods Can be expressed as a akionad number -

3

oN

! (_)-\

One +he other hand | for a disarete @mples eXpo nen]—f@,){[r‘;]:ﬂ:ll
'JU-')V\ ‘ 3:)'
€ . - tolbe P?I’.‘OOUC‘ wi Yh Per’nod N s+ has fo sakisty e
VW) dwan ‘ JW i 2K E

E = € 9“9'96 -_-:l = C %I
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™ok 1s ; wWiIN Yas Yo be amulliple of 2T
WiN =2TK o (+® o Wl —K

Caa 1 A4 .
As *J-"\s an suy |2 has te be a akona) number
( aratio of +wq 'ntegers) . Tn oder far dhe Per‘;g—d
N = KT T
Tl

fo e the fundamentad penod, K has Yo be dhe smallest

integer thak moakes v an integer | and the fundamental
angular feguend) s
: wWo = 2T = __Li!_

gm—

? g ' N 8
e Cbr'\g)‘w\aa\ Signal Can now Yoe witten as .
. L)WY\ ;)Kuo\’\ JK Q%:L“

XCn]f—Q:Q = &

Example 3 5 show fhal o discrele Signal
| Ry 2 gcm o
has Sundament o Per'uod- |

N o :(\/'/ Geb Cvim)

®
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v

we See thak for No Yo be an nkeger . | £ ik has to
divide N . buk Since K-,ml‘(__-'.!s-.._.qn‘:nlrEger L also hasto
divide on | moreover S.f:nCe K needs Yo be smdllest ‘
nteger <ol sf g Yae above - equakion s l=m |k ha'su-}o be
Yh e _cbwo_l—es!r Common. .o\_'\_U._".%C"“f, ¥ Yvolh N and m i
b o m| K has to ‘\QQ--*'-\r\;e.tarea}PS}. Gommon dlivisa of bo-“,, N
and @ sv.e 1 L=°§Col Cniem) ;) and he fundamertal |

Pei\aa’ ap \o"ﬂ__,__'wr"’\lreh AS i
7 ”c.Jf“N/ (M/K\ :N/GCD(NJ/”) ; |

M 2W_No= K2V 2 OF No =K
- No . .

£\ 3 phasor signals and Specka
/;‘\‘\-&K;OMC‘)\’\ P“‘ﬁs"@"’ gystems adways lerack with real S'janajfg

=18 ofven  mathemaki @lly @nVQrﬁvn¥',}o fePreSenJr (o g
Snals “interms of Com\ole)( quonkities .

A @ow\eX Sipuserd Can be viwed as Arotaking pPhaser

J(
;(C—\):Aé)%{-+8) —co ¥ oo

|
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From s Cguodhion - Ganoe noled Pk the signd has
Yhree poramelers , amplilude 0 pfezbtencﬂ B/ and phae &
‘H'\Q Q\Aeo’ IOL\G‘SGK porhah (S (\e : ujlmk’ H«a IO/'GJ"/’@ Parhoh
S EJN \u Therefore . aS shouwn th ?;03 /LCOL) the real
Snusoid Sognal X(+) CGan be Qb*w*_-'-‘ fom X Cr) where
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X CV) - Re i;zaﬂ

o et + @
Refae™ Y
Bu; Wsing E'Lde\' S f‘/‘leofef"‘ , X() @n be eXPfeSSP-o' aAS

X C’t) R‘l {/\ @S Cwo+ &) +)A Sn C&J")r—'ré)]

| = Dos (wed +&)
W e Cam thSO k uan s arownol USij ‘he \Y\UPISG [LJE’Y

QG\(Y\LAQ o Showwn Y\os\ {_\D'l wwhere

=
XGY) = A Gos s Quek el S
= =

~ N*
=4+ X0) + 4 X | -
J(wah-s) ‘ ) (wet-8) E
>
I_
0))]
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B b |
) A L A@s(wi6)
¥ i | o WL e Z £ |
\ . > RQ . d}o‘, e >Z
A G5 ( g,wjr -\‘6) S 43 ) <
| ) A\JA :
(o) ¢

ot

(b) _‘
’ﬁg 1. "TH __g,uw(j‘?;_; of redak N o Plfp\ s Signad b a Snusoida)

Signal . @) OBein XG) fom XG)
X () and X (4)

(Vo) obrun A(+) P rom

f |
\

Qh;. *"Q”etnaj-;up representadion  for A1) 8 Piou'aol od 'In -Pffz e -
ney domoliw  where Lhe amplitude o Lhe Signa) and HE |

phaSe s studied wl), vespeck do Hhe value of WDfQZUJ? h(&?
Q‘C, : D
T

| | 2|

The Sreauency olomann dakes fuo Porns o plok s as shown Z
AN Q\(’) 2 . %‘
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a . j;ncale_,Sl'oleJ line spectra (Amplitude and fha&a)

\o-c)og}g\e ._S.'\o‘ec,_l_ line SPQQJ-]'G{ (QMP—U_IHJQ and PhGISQ)

Both the single - sicled and double - sided lne spectra
Cory d to fhe real 3}; ned XCH). AV

i N

‘ ?u ?@_,._ s-?__ ﬂ! La .S;, ""Fo . (_b) ‘Fo
L-\ fn s, Fiey 2
() Singhe -sided line speckra = ((bb) Double -Sided Une Spechra

F)(O\M\‘ale Lk’. : Cd;\:en Yhe Sicavwd

X = b Gs (20Tha L)+ > Gos (60Tt 1) + Sin (FTt 4
| ‘ | £
a. Skekch Us signa - sided ampl{mcﬁ? and  phaqse Spe

=

, o0
b skerch s double -sided omplitude and Phast’ 5 p&Ea
; N
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Ans | {0 __
@) XY = 4Cos(a,Tih L) +36s (e H L) 4 Gs (30T

%;‘%) Tl where Sm(SoT’M“) 65? (SOMF-QI .E)

=> X)) =4 @s (20T ++L)+9®S (éo’Tl— ) Gs (50Tt ‘

)
T\;\e Single Sided. cxmpwruc!e ‘and Phqs@ Spectial o ‘
Pm\ l\‘rwolc | |
i §--- 3 A Phase |

3 i e -* _Il-_
S i |
is 10 2730 4y T o b | % 'io < ‘
| A T e
s Sl T8 P T I S
Fiq 3 * | |

- ~'er o\ou\g\@ Sided amplitude and phase specka | ‘
X = L+CoSC2°T|-+_J1J__) +3 Cos (6oTrt-TT. )-l—-QDSCSOTi’-—J.L)

020k -1y —J('Lo“ﬂl'-\';% §(6sH ) ) (it ___11)

e 0 o ]
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f_..---.-- P TRRE (R e
2{ T =] 1) _>
"I’G ~3G 20 g 10 20 3o Go P
Amp litucte
A 3
Lo ke el
‘# T
(oI &
T _________ T
¢
v ] =T ! —-—L 4’
Go! 13 g2l N gy 0 if . s
.oy
T3 _,,_-._-l%
v phase

‘s;(% C‘l );_ Dolubie - Sided

Exo{“\)\a By % G'\Ueh e S\%ml-

UB.com

X = € Cos(2aTrt - )+ G-Sin= (2Tt -I1)
(a) S Y-s S\nca\e_ Sided amplitud e ansl phaSe 5pedraI

TS-

(> shehdh Wos doude - Sided amplidude and phase s}oechﬁ

()
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Ang ¢ # g " =
: . v R m ';_r’_) ;
a) KO = € s ol - ) o «Sin (3o 1)
SiY\CE’ ~ S, |
sin )y = L.l @s Cox) ‘
and = |
Gs*(xX)z L Ll GsCaod |
—~ (N |
\\«\en iy
X (4) Gan be wrillen as
XCW) = ¢ Bs CoaTh '\T).\_ q.C_L,_LGSCﬁ,.l_ T) )
\
5 665‘@0“-{' '1)+2 2 @3 C(oT'l- ’Ti)
..6C5S(20TT€ )-\-"2_\..26; Cgo‘[q___j?]_\__']'() ‘
A =6Cos(2am_:x)+:z+2cas COoTiL s am
AT G s ] ar)
: : i ﬁmpl'}ua{f Z?I L e }
- : o
2 Bl g
LTy, R e
lo 30 ¢ oyl w20 B £ =
_ Y g |
'Frg (5) m |
2 |
o) XA = 6 s 20Tk ~ILy s 2 5 2 @5 (CoTH + 20 ) 0
: Z
L
QO
D
|
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3\nq ujcm \y funckons are discenknucss fundons or bheir

» Romp

Qm’\ cdaons oye ¢

% Step fanckion
Qunchion .

* Tompulse funclion .

d:éi'-iug)‘-i'ueg ar disSConlinuous the Cammonhj Used Sirxgu..lcw'\M

“fJploaded By: Rawan Fares
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1.4.1 Yat. step funckion . |
The unit step Sunchion 15 used wdely in mekworkk theory
ond  Gnkol theory , the Unk step funchion 19 defined
axs 4

W@ - n@) =

o=

Vo, B2 N
0._ 9 J’{O

Yrom Hhis defition , 6. G be poted thad bhe Uik Shep

(;'\JW\(_\-'\GV\ MS. L d:\$Conl,:\hu'!\-j Od(' '(-:o o:n:) 15 @'\mou$
Sev all A ey -'U_oths o3 & |

A

- 4—) |

__..L’t_

_ ?\cb': s p\o.\n of umt S e Punckion . |

Refleckion operakion on bhe wilk step funclion

T4 g easy Yo uisualize how Wl wowdd e , thig

funcdon  w(h s reflecked version of W) and s\own
™ Q'\Oﬁ ) w(-+)

Digdplor o W)

kg

+
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Ahother erample Using Phe Unik step Sunchion s shown S

i% ?\3\0 . +his funddioh B Galled M 51‘9r\um Pewadi o

N ond 1% wnHen OKS SHN OF
[ SenOr)'
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& 3@[0;)\0!( o Sig‘r\um Q\m ckion
Where Yhe Sgn (V) Gan be exp&’essecb oS

SHn (V) = T 1 s +>o0

_ ALY > Vo
The chaw\um Q'\J\Y\CJr\Oh g oﬂen not Used ' e nekwork
H«eow:\; buk W15 Used M Grmum@dion and Gnlrol theory.
TH VST e,xwessea n Yerms el umi step Lunchons as ‘nditalk

eo\ \yq\ou.i

S 3gnly) =~ & 2w (L)

o Son(h) = wCy - w(d)
) ?';*w-.“Q\c'\v\a Operakion on He Unil Slep Canclion

T™he S Ehng Cb.pefod—'\oh on the Umb S*QP Ruincbion s he

W G N, and W Gan be evpressed oS
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uwCt-7) _ T \ U\(’C“-t)

3 I _. s z |

R0 SR e s

A\L.2 RO\mp m\'\d-_(on_ |
The vomp fundion shounm n Y19 (1) Gan pe expressed o

o o k<o

Yo (i + pPlot of ramp - '
| P Funchion v,
We (on deline Moo Unik sep Quhd.iop, , as e oleYanl-iEE!

&1 Poe doinp oot | NS ey s G st ol 2

Me omp  fandi on S the e grad &F B urik_ slep
Sundion , wheye |
|
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Tn addikon , the Iof— oMo ~shifled romp ?uhd-:oh and e
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a, =0 forx(¥) odd,
b, =0 forx(d)even

@, b, =0, neven, forx()
odd, half-wave
Symmetrical

Xy = Average value of x{f)
X, real for x(r) even

X, imaginary for x(f) odd

- X =0, n even, for x(¢)
X, = X%, for x(1) real odd half-wave
symmetrical
*ven means that x(¢) = x(-p); x(?) odd means that x(f) = —x(—1); x(t) odd half-

) df means integration over any period Ty, of x().

4. Square wave

. 3. Triangular wave

Wave symmetrical means that x(£) = —x(t * Ty2).

A
ST =0, *+2 +4 .
- % w4,
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—i—jnfi, n==x1
24 .
¥ - ——‘w(l—nz)’ neven
0 n odd

Ar _;
&, = —sinc nfyr ¢ 2, £ = 71

TABLE 3-1
Coefficients for the Complex Exponential Fourier Series of Several Signals
1. Half-rectified sine
wave
A
t
0 T2 T,
2. Full-rectified sine
wave* . A
' t
0 TR T,
3. Pulse-train signal P
A
&
]
Ty

T
I%Ii, r=*]1 %5
ar
o= ﬁf n=+3,+7
0, n even
2.5, nodd
X = n
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Chapter 8: Discrete-Time Signals and Systems

8.1 Introduction to Discrete-Time Signals and Systems

Signals in life can be analog or digital. The analog signal can be converted into digital
signal by using analog-to-digital convertor (ADC) in which the stages of the-analog-to-digital
conversion could be summerized in Fig. 8.1

Analog input signal
—

Sampler

»
L

continuous time
continuous amp.

Fig 8.1: Block Diagram of Analog-To-Digital Convertor (ADC)

8.1.1 Sampling

Quantizer

discrete time

continuous amp.

discrete time

discrete amp.

Encoder

Digital output signal

The sampled signal, X;(t) can be generated by applying a switch to the input signal x(t) as shown

in the figure:

x(?) _’k x(?)

Fig 8.2 : Switch closes at t=nT

From Fig 8.2, in ideal case it can be noted that the switch passes the input signal to the output
signa wheniit is closed whereas, nothing will pass to the output when the swich is opened. On
the other hand, mathematically, this swich could be modeled as multiplier where the input signal

is multiplying with another periodic signal, p(t) which can take only two values 0 or 1 as shown

in Fig 8.3.
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P

(a) (b)
Fig 8.3 : The sampling operation, (a) Model of sampling device and (b) Sampling Function

In Fig. 8.3, itcanbenoted T = %, and t is the sampling duration which is theoretically zero. In

N

addition, the sampled frequency x(t) can be expressed as

X () =x(@O)p(t) oo (D
Since p(t) is periodic signal, then p(t) can be represented by exponent fourier series where
p(t) = X% _ C,el2™ist | i (2)
where C,, = = ["/2 p(t)e~J2mfst

TJ-1/2
and f; is the samling frequency or the frequency of the periodic signal of p(t).
by substituting (2) into (1), then x4(t) can be expressed as
xs(t)= X0, Cpx(t)e?™fst ... (3)

Now, by substituting (3) into(2) with interchanging the order of summation and integration, the
result can be put in the following form

x(t) = X0 _ o Cox(t)e?™fst . 4)

8.1.1.1 Spectrum of Sampled Signal

The Fourier transform of x4 (t) can be given by

Xs(f) =5 x(t) e/2tdt = [7 ¥ Cux(t)e/ste 2 gt ............. (5)
with interchanging summation and integration

Xs(t) = Lo Cn [ x(©)e 2RI gt . (6)

Hence, the fourier transform of the sampled signal, x,(t) as

Xo(f) = 5%y CoX(f = 1) eoreeereereri 7
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where X(f —nf,) = [ x()e /2mUnf)qe.

From (7), it can be concluded that the spectrum of the sampled continuous-time signal x(t)
is composed of the spectrum of x(t) translated to each harmonic of the sampling frequency.
Moreover, from

X X0

0
iy fi 2f, g ‘ ol og 28,
fs'fh

Fig 8.4 : Spectrum of Sampled Signal
Sampling Theorem :

From Fig. 8.4, it can be noted that

the original signal can be completely reconstructed by using low pass filter. Further, it can be
noted that the constant scaling factor C,, ¢an be easily accounted by using an amplifier with gain

1
equal to o

8.1.1.2 Ideal Sampling: Impulse-Train Sampling Model

Consider p(t) is composed of an infinite train of impulse function of period T. Thus,

p(t) =X 0(t—nT) ... (8)

which is'the sampling function illustrated in Fig. 8.5.

CACOTN I N A

=SAT —4AT -3AT -2AT -A

v

Fig 8.5 : Impulse train Function

Since p(t) is periodic signal, then the values of C,, can be expressed as
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C, = %ffooop(t)e‘jz”"fstdt

By using sifting property, C,, results

8.1.1.3 Ideal Sampling: Impulse —Train Sampling Model

By substituting (10) in (7), then the spectrum of sampled signal x,(t) can be given be

Xs(f) = fs Zn=— X(f = 1fs)

8.1.2 Data Reconstruction

Fig 8.6 : Spectrum of Sampled Signal

As shown in Fig 6.7, the original signal can be perfectly reconstructed using a low-pass filter

with cut-off frequency equals'to f;/, provided that the original signal was sampled at a frequency

above 2 f},. In other words, the original signal can be completely reconstructed by using low

pass filter. Further, it.can be noted that the constant scaling factor C,, can be easily accounted by

using an amplifier with gain equal to Ci

0
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Fig 8.7: Data Reconstruction
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Aliasing

Whereas, if the original signal is sampled at a rate less than twice the highest frequency then the
translated spectrums will overlap and the original signal will not be reconstructed properly. This
effect is know aliasing and it is illustrated in Fig. 8.8,

Xi(f)

f-fh

Fig 8.8: Illustration of sampled signal for f; < 2 f},

8.2.1 Ideal Reconstruction Filter

An ideal low-pass filter can be used to reconstruct the data. It has the following transfer function

H ={T VI<054 e (12)

0 0.w

By using Inverse Fourier Transform, then h(t) can be expressed as

h(t) = S“‘;(f;’;” = SINEChL) oo (13)

From (13) it can be noted that the impulse response is not time limited and non-causal.

In addition, from Fig 8.8 it can be noted that the constructed signal could be obtained by using

the convolution theorem between x4(t) and h(t) where the final result can be given by

x(6) = Bieeo X(KT)SINCE = k) oo (14)

If a value is to be interpolated between nT and nT + T as shown in Fig. 8.9, and [ samples each
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side of the value to be interpolated, then we have

Lt
x(t) = X s x(RT)Sinc (G — K)o, (15)
4 Reconstruction
VO, : .
Interpolation functions
TETY NS
-, e ~".'.' ‘..
"~.. .
................ t
T AT (4 )ATT (0t2) AT (043)AT

Fig 8.9: Time-domain equivalent

Example 8.1: The signal

x(t) = 6 cos (10mt)

sampled'at 7 Hz and 14 Hz. For each sampled frequency

A. Plot the spectrum of x(t).

B. Plot the spectrum of sampled signal

C. Plot the output of reconstruction filter.
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Answer

In this example we are interest to see the effect of sampling a signal at both a frequency less and
greater than twice the highest frequency where the highest frequency (the only frequency in this

case)is 5 Hz.

A. By using Fourier Transform, X (f) can be expressed as

X(F) =36(f =5)+38(f +5) cevverreoeeeranenn, (16)

-5 0 5
Fig 8.10 : Spectrum of x(t)

B. The spectrum of the:sampled signal can be easily found by using (11) where

X () =363 o[8(f=5=1F)+6(F +5—=1F) ceevreereenennnn. (17)
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For the case of f; = 7Hz

%(0)
3%7
! .l

———————

L

=

! ol |
26 23 -19 -6 -12 9 5§ -2 |2 5 9 12 16 19 23 26

Fig 8.11: Spectrum of sampled signal with f; = 7Hz

A low-pass filter with cut-off frequency %S = % = 3.5 Hz is used.The amplitude of the filter in

the low-pass region should be fi = %

S

C. The reconstructed spectrum is shown

)(recon(f)
13

f

-2 0 2

Fig 8.12: Output of reconstruction filter with f;, = 7 Hz.

This is equivalent in the time domain to

x(t) = 6 cos(4mt) = 6 cos 2m(2)t) covevinrnnnnn. (18)
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Because the original signal was sampled below Nyquist rate it could not be reconstructed
properly. Note that the reconstructed signal is similar to the original one with lower frequency as

a result of aliasing.

Now, let the sampling frequency be 14Hz which above Nyquist rate. The spectrum of the

sampled signal becomes

X(f)
[ 3%14

et
e s
B s

1
N
W

1
p—
O
1
\O

5 5 9 19 23
Fig 8.13: Spectrum of sampled signal with f;, = 14 Hz

Now, a low-pass filter with cut-off frequency =fs/2=7/2=7 Hz. The amplitude of the filter in the
low- pass region should be 1/fs=1/14. The reconstructed spectrum is exactly like the original

signal.

5 f

-5

Fig 8.13: Output of reconstruction filter with f; = 14 Hz
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Example 8.2: Consider the following signal,

x(t) = 4 cos(8mt) + 6 cos (6TL) ..ceevevvnvinnnnn. (19)

A) What is the minimum required sampling frequency to avoid aliasing?

B) If the signal is sampled at a rate of 10 samples/second, What are the possible bandwidths of

the low-pass filter required to reconstruct x(t) from x,(t)?

C) sketch the spectrum of x(t) and the spectrum of x4 (t)?

Answer:

A) Greater than twice the highest frequency=2*4=8 Hz.

B) If we sketch the spectrum of the sampled signal. It is easy to see that the bandwidth should be

between 4 & 6 Hz.

C) This part is left for you © © ©

8.2.2 Practical reconstruction

There are other different methods to reconstruct the signals which are not exact:

* In the time-domain one may use linear interpolation between the points. Other

averaging techniques are also possible.

* In frequency-domain, RC circuit might be used to approximate low-pass filter.
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Finally, as shown in the figure below the reconstructed spectrum may suffer from
variation in the amplitude in the pass-band region in addition to non-zero amplitude in the

stop-band region.

Fig 8.14 Simple first-order low pass reconstruction filter

8.2 The Z-Transform

The z-transform is the basic tool for the analysis and synthesis of discrete-time systems in which
it is defined as

X(z) =Yy x(NT)Z ™ i, (20)

where the coefficient x(nT) denote the sample value and Z~" denotes that the sample occurs n
sample periods after the t=0 reference.

8.2.1 Derivation of the Z-transform

The sampled signal may be written as

X () =Yoo x(®)6(t—nT) oo (21)

since §(t — nT) = 0 for all t except at t = nT, x(t) can be replaced by x(nT). Assuming
x(t) = 0 for t < 0. Then

Xs(1) = Yoo x(nT)S(t —nT) .oovvnennnenn. (22)
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Taking Laplace transform yields
Xs(s) = f0°° Y& ,x(nT)8 (t — nT)e Stdt ..oeeeecee. (23)
By sifting property of the delta function

Xs(S) = X2 o x(mT)e T e (24)

Now, let us define the complex variable z as the laplace time-shift operator

By substituting (25) in (24), X(z) can be expressed as
X(2)=Yp0x(MT)z™™ e (26)

In additon to, from (25) it can be noted that the left-half plane correspond to o < 0 is
mapped to |z| < 1 in the z-plane which is the region inside the unit circle as shown in Fig
8.15.

jw Im[z]
S-plane 1
o K \ RelZ]
Left-half /Z\
- Unit

circle

z-plane

Fig 8.15
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Summary 469

Summary

This chapter basically considered two topics: the implem

the pulse transfer function ), and the design of digital si
atations cONSIaeT

entation of digital signal processots from
ome perfornance

The design or synthesis problem usually involves the development of 2 digital signal processor that
meets some time-domain oF frequency‘domain specification. The impulse-invariant and step-invariant
digital filters are based on & time-domain specification, while the bilinear -transform digital filter is
based on a frequency-domain specification. All of these filters are infinite-duration impulse 1€sponse

al filters.

“may be difficult,

s available. Choosing the ap-

It should be clear that the designer of a digital filter often has many option
gital filter theory and the re-

propriate technique for an application requires a good understanding of di
quirements of the specific application of interest.
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