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Chapter 1

FUNDAMENTAL CONCEPTS Of PROBABILITY

Experiment:
By an experiment, we mean any procedure that: SRR W A~ g
1- Can be repeated, theoretically, an infinite number of times. N 3 O 2N A

2- Has a well-defined set of possible outcomes.
Sample Outcome:

Each of the potential eventualities of an experiment is referred to as a sample outcome(s).

Ao s\ (. _ S
Sample Space: N P J U R

The totality of sample outcomes is called the sample space (S).

20 A AN\ B SN
Event:

Any designated collection of sample outcomes, including individual outcomes, the entire sample
space and the null space, constitute an event. AN I DB (yo ks By o £ O P

Algebra of events:

Dintersection: A (1 & gb o3
@Union: A U B S\
@disjoinf: celobualy Execlvsive, =) pa) /)e = ¢
@ complement: A¢ =
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De Morgan's Laws:
1- (ANB)=A°UB®
2- (AUB)*=A°N B°

Example 1:
Consider the experiment of flipping a coin three times.
a- What is the sample space?
b- Which sample outcomes make up the event:
A : Majority of coins show heads.

s S- gl( v\ W) (HT, T (07w
'y u) ( \),(T.T,T),(T,H"'H
/“
H<
T
== /“‘Y
\T\T

bg- A= 10K, 0, R) (b0, T) ,(“,T,\A\,[T,H,Hg
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Example 2 :
. An experiment has its sample space specified as:

S$={1,2,3, ...... , 48, 49, 50}. Define the events

A : set of numbers divisible by 6

B : set of elements divisible by 8

C : set of numbers which satisfy the relation 2n,n=1, 2, 3,...

Find: 1-A, B, C
2-AUBUC
3-AnBnC

A-6,m,13, a4 , 30,36 ,42 , 43}
B 3%, 16, 24, 32 , 4o ,uf |

C - 12,!4,6---- , 56 8 even numbens
AUBuUC = YUY, b--— 50

AoBnc= L av, yd\
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Definitions of Probability:

(D Classical :

8 F

A s (ol Lase ¢ iy
O N\ + 3952 52
=V W

p(A) = Momber~ 0§ ovkcomes A
Nuwmper o SembPle SPace

p(ﬂ) = oxus\cs\ Nasan sss

[aNE A PV I K (WS { (YRR )

(2 Relative frequency :

P(/)) =|i:\ /vabu\g&l:-'mes A ©ccuss =) plﬂ)-f "': J;lA\
Mombe~ of Erials :

X Mo te g-
@ ;(A\ -0 =) 14 d065n’l: occur onyY Einme
N

@-"(A\ =) =) 0 hoas Occuvred all Eimes
n
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Example -3 :

lets=(1,2,3,4,56) ; A=(156) , B=(2356)

PA): PAy= amof A s Py = 2 — Pmy=_L
nvmo“ g 6 a
PEB: P(BY = numol & — Pw:4 = PiB)= 2.
nvmal S 6 =
PCANB): = (1,5,6) N (2.3.5.,6) = (5,6) —yPlonpy = &
S S e

P(ANB): ANp- lse) = Aap= (1,2,3.4)

Plaap =4 _y Pang) = 2
6 >
To Check: -
Ponp) + PANB) = |
2 x i = | l/
6 6
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3 subJective :

Probability is defined as a person's measure of belief

: . s oy Lo 42
that some given event will occur.

ol ot o o
QD\A—AA-A

Example:

What is the probability of establishing an independent
Palestinian state in the next 2 years?

Any number we might come up with would be our own personal

(4) Axiomatic :
PCA) > O : Probability is non-negative

P(S) = 1: Probability of the sample space is a certain

P(AUB)=PCA) +P(B):(AnB=0) = ¥g mdtvallj Disjoint

P(AUB)=P(A) +P(B) -p(An B); (AnB#T)=> Nok Disjoint

—2 " Disjoinkt" 14380 ¢ (3]

é_,_‘az\_;:\_ Yt\/-“:lfrg\

Mo te
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Basic Theorems for Probability

5- P(A9) =1-P(A)

Proof S=AUA®
P(S) = P(A) + P(A°)
1 =P(A) + P(A%) S PA%=1-PA)
6~ P(@)=0
Proof:
S=SuUs*

S=SU©Q ;S=0

P(S)=P(S)+P(@) = P@)=0

P(A UB)=P(A) +P(B) - P(A N B)

Proof:

For events (A) and (B) in a sample space:
{AUB}={ANB}U{ANB}U{BNAS

{AUB} 1 U 2 U 3

Where events (1) and (2) and (3) are mutually exclusive
P(AUB)=P(1)+P(2) +P(3)
P(A)=P(1) +P(2)
P(B)=P(2) + P(3)
= P(A UB)={P(1)+P(2)} + {P(2) + P(3)} — {P(2)}
= P(AUB)=P(A)+P(B)-P(ANB)

- Theorem:

If A, B, and C are three events, then:

P(AUBUC)=P(A)+P(B)+P(C)-P(ANB)-P(ANC)-P(BNC)+PANBNC)

Theorem:

I€ A, B, and C are three events, then:

PC(AUBUC)=PCA) +P(B) +P(C)—P(ANB)—P(ANC)—P(BNC)+P(ANBNC)

V\—S—:r‘. (:»-4-54\-2\3,: s\ g 058\ g\re:'é\ll) "i“[,,g_c as
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If the probability of occurrence of an even
nhumber is twice as likely as that of an odd
nhumber, A is the numbers divisible by 6, and
the sample space is 1-50

find P(A)

S= 1\,2,3 -, 50}
A= 16.12,18 .2y , 30, 36 ,Y42, "fgz

P(%) = Ploctd) + Plevery = /.’_
Ptsy = Plodd) + 2Poadl) =1
25 xProcldy « 2S v 2P(odd)

plﬁ) :8* 9 D = Py = 16 4

TR ~ =
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Suppose that a company has 100 employees who are classified according to their marital
status and according to whether they are college graduates or not. It is known that 30% of
the employees are married, and the percent of graduate employees is 80%. Moreover, 10
employees are neither married nor graduates. What proportion of married employees are
graduates?

M: set of married employees

G: set of gratuated employees

K: Set of people that are not married gratuatand
A: set of all employees

AN (m) = ©O.3 X 100 = 30 Persons are marnied

/\/(G) = O.Z X |00 = ZO Persons ore g(‘oduoi—ed

/\/(K) = 0-1 100 = |0 Pensons ore none

I\/(mue)c s lo

NImu@) = loe -0 =N (mUQ) = 90

N(MUB) = N(m) «+ HIG) - NMNIMNG) a
dqo = 30 +« 8o - N (m2Q)

9o = o - NImNG)

=) NIlmna)y= 20
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An experiment has two possible outcomes; the first occurs with
probability (P), the second with probability (P*), find (P).

Pley = 1 :P= -1+ 1--4 eladt gas\ad]
Pisy ~ Pisyy =1 : A
P*.P-1-0 (Pl oRIp-4-J5
! 2 2
C __22rs
p: wi Y, S E C\_»\_ ;.BJ
92 .
Example 7:-

A sample space “S” consists of the integers 1 to 6 inclusive. Each outcome has an associated
probability proportional to its magnitude. If one number is chosen at random, what is the
probability that an even number appears?

S:=1,2, 3,4, 9,63

p(S) = 14—9\ +3rYyecs b =\ P[S) :A —) ﬂ"jp :..—4__
12 +3-Y+5+6 o 21
A=72.4,6}
Pia) =Pw) ~Pry) ~P6) = 2 ~Y4y +6 —y PA) = 1A
P(sy A0 20
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Example 8 -

Let (A) and (B) be any two events defined on (S). Suppose that P(A) = 0.4, P(B) = 0.5, and
P(ANB)=0.1.

Find the probability that:
1- (A) or (B) but not both occur.
2- None of the events (A) or (B) will occur.
3- At least one event will occur.
4- Both events occur.

O PauB) = PA) ~ Py — PAnB)

= 04y +0.5 - o1 = P(Aug)= 0.4
DM) enly) = P(/)) - p(@ n3) = P(Aonlj) —o.Yy-0.1l = 0.9
P ongy =Py —P(ANB) =>PBowy) =0.5-0.1 = 0.9

p(/)) or P(B) = P(A vB) = 0.2 o4 = PAUR) = o.F
@ P(/Vone) = P(AUB)C = | - 0.8 =) pwmq = 0.4
@ P(AL— leost one) = P(auvB) = 0.8

® P(Both) = Plang) =01
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Conditional Probabilities and Statistical Independence

Rules -

DOP(AB) = PUnp)

@P(p/ay =PANB)
P(8)

P (A

=28 55 aoaM 56 Liuis Brle podd KX
( ) Qo o Rai e
Notes :-

(D A and B are statically independent if
D P(AN B) = P(A) * P(B,

(@ A, B and C are statically independent if
® P(AN B) = P(A)  P(B)

® P(ANC) = P(A) x P(C)

Mo te ¢~

Doyt W @ C 0% O\ O 2
®P(BNC) = P(B) * P(C) <L v adh A

WPANBNC) = P(A) x P(B) x P(C)

e = e =
Syt 2t AN
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Example 1.-

A certain computer becomes inoperable if two components A and B both fail. The
probability that A fails is 0.001 and the probability that B fails is 0.005. However, the
probability that B fails increases by a factor of 4 if A has failed. Calculate the probability
that:

a- The computer becomes inoperable.

b- A will fail if|B has failed] hafPened = Conolitioned Probabiiity

PlA) = o0.001 ., PiB)=0005 = P®)-5PA)
W& A tavs = Pp/A) = c0a

Ce- BOH\ O-‘ Ele ,&a(l

P(B/A) = Pa) 2 PB) P(AanB) = PA) . PB/A)
Pa)

P(ﬁ HB)= 002 % o.00l P(ﬁ/)B): O .00004A

b, /) win {o\;\ v 3 hos la(\ed

PAIB)Y = Praar) 0.0000 A
Pcp) .00 5

PLAiB)= o.00y

STUDENTS-HUB.com Uploaded By: Jibreel Bornat




Example 2:-
A box contains 20 non-defective (N) items and 5 defective (D) items. Three items are drawn
without replacement.
a. Find the probability that the sequence of objects obtained is (NND) in the given order.
b. Find the probability that exactly one defective item is obtained.
Semble GPoce hos LS items
a- MmN D
S
Plwy- 22 , Py 2
Plvau D) = Pw)~Pw) x PLp)

Ao \a x 5 .
R R °-13F

i\

b- VD o~ MDN o~ DNW
= PlwwD) U Piwdw) U PCDVWM)
Z0>F + 0. (12F + O.12%
L(o127)

0.Y[3

Al

\

Example 3:-
LetS=1{1,2,3,4};Pi=1 A={1,2}and B= {2, 3}. Are (A) and (B) independent?
4
SOLUTION: P(A) = % , P(B) = % 5> (ANB)={2),PANB)=1
4
2> P(ANB)=P(A)P(B) => Events are independent
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Example 4 -
Consider an experiment in which the sample space contains four outcomes {S1, Sz, S3, S4}

such that P(S;) = L. Let events (A), (B) and (C) be defined as:
4

A={S1,S2} , B={S1,S3} , C={Sy, S4}
Are these events independent?

SOLUTION: _P(A) = P(B) = P(C) = %
(ANB)={S1} ; ANC)=(S;} ; BNC)={S1} ; ANBNC)={S;
P(AﬂB)z% ;P(AﬂC)z% : P(BOC):% ;P(AﬂBﬂC)z%

Check the conditions:

W iy, B 11

P(A N B) = Z =PAPB) = Zx— 5 PANC)= 2 = PA)PO)= ~x
A _11

e BB

PANBNC)= o # PAPBPO) = Ixixi=t [ ia best Y

-) Events are not 1ndependent (even though they are pair-wise independent )

Example 5 -

P O\ A\ 4s
Suppose that a system is made up of two components connected in series, each component
has a probability (P) of working “Reliability”’. What is the probability that the system works

assuming that components work independently?
— 3 P » P —»
SOLUTION:
P * Aond B ANB =4 o
2 :
= P ;AorB:Aung»ee,g
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Example 6 -

Suppose that a system is made up of two components connected in parallel. The system
works if at least one component works properly. If each component has a probability (P) of

working “Reliability” and components work independently, find the probability that the
system works.

P(W"N*) = P(C.) o~ P(Ca) (;
=(Pecy U Prewy) - Plency _ -

= 2p-p° .

C:
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Total probability theroum

Let Al, A2, ..., An be a set of events defined over (S) such that:
8=AlUA2U...U An;Ain Aj= (They are digjoint)

euent 500 C s QO ras & o p5 Qs 8 A7 \e g0t oL\ s S (s oy\e L4
(LA LA )N\ sinassccan = 2o Jo\ /~sots oo P
C’aﬁ)\q‘)ﬁ\_)}& BC:\J—e\LRd!:A

P(A1) P(B/A1)
P(A2) .mb
5
I
' P(B/A.)

\ 4
P(An) ./

Goal
To find P(B)

Given
P(A,), P(A.)..... and P(B/A.)....

Rule -
P(B) =pP(A:NB)UP(A.NB)U .....UP(AnNB)

_[D(B) =P(A/:NB)+ P(A-NB) + ..,.. +P(ANB)
-\ Lo \all

ST EHAYR(B/ Al + D(A2)P(B/ Asz) + 4yt DB RUBAAR) o




Example 1 :-
If female students constitute 30% of the student body in the Faculty of Engineering and 40%
of them have A GPA > 80, while 25 % of the male students have their GPA > 80. What 1s

the probability that a person selected at random will have a GPA > 80?

M & moie Stuolents Pimy=20%  PG/m) = 25%
F ¢ femate Stdtents , P (F)= 3072 , P(GIF) = 4%
G: QPA >80 [ PG)
M
P(B) = Pim) P(G/m) « P(EY<P(G/ F) Q
(0% %x0.28) + (0.2 % 0.4) F

O.15 + 0.|12

=~ Pl@)- 0.295

C\' 4/1/ \3 < ’ *’
Uploaded By: Jibreel Bornat
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Example 2 :-

Suppose that when a machine is adjusted properly, 50% of the items produced by it are of
high quality and the other 50% are of medium quality. Suppose, however, that the machine is
improperly adjusted during 10% of the time and that under these conditions 25% of the items
produced by it are of high quality and 75% are of medium quality.

a- Suppose that one item produced by the machine is selected at random, find the
probability that it is of medium quality.

b- If one item is selected at random, and found to be of medium quality, what is the
probability that the machine was adjusted properly.

A 2 adiusted Protery , PLAY = 0.9  P(4/A)=56%  Pimjay- 56%
T * improperly aoivsted PLD=0.1 , peu/z) = 25% , P(m/T)=7F5%
H . \~\\‘3}\ G valit4 M H

M ¢ medivm Yualiks ,,59010

s M

O- Mmedivm Guality o—
Pimy:= P Pm/4) + PLT)PMm/T)
(0.9 & ©.5) + (0.l % 0.35)
< Pim)=o0.525

b - adivsted Proferery -

Piajmy=PANm) _ Py Pm/a) - 0.9 x os
Pm) Pim) o.525s
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////) /1

Lol A 4

Consider the problem of transmitting binary data over a noisy communication channel. Due
to the presence of noise, a certain amount of transmission error is introduced. Suppose that
the probability of transmitting a binary 0 is 0.7 (70% of transmitted digits are zeros) and
there is a 0.8 probability that a given 0 or 1 being received properly.

a- What is the probability of receiving a binary 1.
b- Ifal isreceived, what is the probability that a 0 was sent.

a- P(B1) =P(Ao) P(Bi/A¢) + P(A1) P(Bi/A))
P(By) = (0.7)(0.2) + (0.3)(0.8) = 0.38 Ao .
P(By =1-P(By) =0.62 P(Ag) = 0.7

b- P(A,/B,)= P(A,NB,) _ P(A,)P(B,/A,)

P(B,) P(B,)
0-7)(0-2) 1
P(4,/B, )= T —0.3684 .. .

In a factory, four machines produce the same product. Machine A; produces 10% of the
product, Az 20%, Az 30%, and A4 40%. The proportion of defective items produced by the
machines follows:

A 0.001 ;A2 0.005 ; Az 0.005 ;A4 0.002

An item selected at random is found to be defective, what is the probability that the item was
produced by machine A;?

SOLUTION:
Let D be the event: Selected item is defective

P(D) = P(A1) P(D/A1) + P(A2) P(D/A2) + P(A3) P(D/A3) + P(A4) P(D/Aq)
P(D)= (0.1 x 0.001) + (0.2 x 0.005) + (0.3 x 0.005) + (0.4 x 0.002)
P(D) = 0.0034

by~ PADPDA) _ (00001 _ 00001 _ 1
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Counting Techniques

We use it when the outcomes are equally likely in the probability
Where P(A) =

(D multiplication rule :-
* Independent process — o o Ebs . ks ST
*  repetition is allowed — I
o )\
- order is not important go—o

- o on

Example 1 :-

There are two roads between A and B and four roads between B and C. How many different

routes can one travel between A and C. A
SOLUTION: Q‘@.@

n=2x4=8

Example 2 :-

How many different five-letter computer passwords can be formed:
a- If a letter can be used more than once.
b- If each word contains each letter no more than once.

SOLUTION:
a- N=(26)°
26!
(26-5)!
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(2 permutation - JaaLuill :-

- repetitionig not allowed — ¢ o |1 WI
- orderigimportant - . oSN
!
N = Lk' Since nis the sample space number
(n—F) k is the times we did the experiment
Example 1 :-

An apartment building has eight floors (numbered 1 to 8). If seven people get on the elevator
on the fist floor, what is the probability that:

a- All get off on different floors?
b- All get off on the same floor?

SOLUTION:

Number of points in the sample space:
First person can get off at any of the 7 floors.

Person (2) can get off at any of the 7 floors and so on.

N W B[ | O Q| o0
=@ | =9 | =9 | =9 | =9 | =9 | =9

=» The number of ways people can get off:

(N)=7><7><7><7><7><7><7=77 RERRRE

a- Here the problem is to find the number of permutations of 7 objects taking 7 at a time.

7!
P - 7—7
b- Here there are 7 ways whereby all seven persons get off on the same floor.
7
— 7—7
—
T e, /
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(3 combination - .l :-
* repetition is not allowed
- order ig not important

|
o ™ o AT e Qb e X
k k(n —k)! (orvwscr el a5
Example 1 :-

From four persons (set of elements), how many committees (subsets) of two members
(elements) may be chosen?

SOLUTION:

Let the persons be identified by the initials A, B, C and D
Subsets: (A,B),(A,C),(A,D),(B,C),(B,D),(C,D)

(4j 41
N=|  |= =6
2] 214-2)!

Missing sequences: (A, A),(B,B),(C,C), (D, D) = (repetition is not allowed)
Missing sequences: (B, A),(C,A),(D,A)
(Cc,B),(D,B),[D,C =>» (order is not important)

DS A, &5 0 Je Bk
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Example 2 :-

Consider the rolling of a die twice, how many pairs of numbers can be formed for each case?

SOLUTION:
n=6and k=2
Case I: Permutation 21 2 8 4 5 6
a- With repetition D1
N =nk=62=36 1 | @) | 1,2) | 1,3) | A4 | (1,5) | (1,6)
b- Without repetition 2 12D |22 23 | 24 | 25 | (2,0
- n 6 - 3 1GD |32 |63 |34 | GBS | GB6)
-k (6-2)! 4 1@ @) | (43| @9 | @5 | @0
Case I: Combination 516D |52 | 53 | G | (55 | (56)
6 | (6,1) | (6,2) | (6,3) | (64) | (6,5 | (6,6)

m_ oo 6,
k) kln-k)! 21(6-2)

Example 3 :-

In how many ways can we arrange 5 balls numbered 1 to 5 in 10 baskets each of which can
accommodate one ball?

SOLUTION:
nl 100 10!
(n-k)! (10-5) 3!

The number of ways (N) =

NOTE:
If we remove the numbers of the balls so that the balls are no longer distinguishable, then:

~n! 100 10!
kl(n-k)! 5110-5)! 35! 5!
This is because the permutation within the 5 balls is no longer needed.

n
The number of ways [k}
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forms
Question 1-

A:E&Mq%.h_i e e ,f\_,,,,_ﬂ,ﬂ_,,
'”'Expg‘ﬂ‘m‘j.#hﬂﬁ—bw_g_pmdgdmn_linrs_ﬂ'_Q_vB;;ﬂ :
_P&Quchmqmeﬁgmﬂﬁs@_;iw&&,ancﬂﬁ% T F
_PMMM%MA.QE whick 60 0
hi : . oPSkhBH :
_ oncl yroducss Soo ifemspecday cud of which 907
iHw\ 0 10 /. eduina ;

N

: 2 eduipa

Tedol ifems = A :._.g' L » |
0 SRy . 0 g eg B

1 odouf load0:81-230 0 iminler 27 mol
{ §1-38 ..: ‘\vi“\
b
|

’_p_(ﬂ) — 0.5 250! \, dorlS |5‘ b2t hd
(0.5.350+10-7.600 5 3

= | Zz. (A) = 25 | .Q\ i l“p( \‘..' ’ g ’ - - ; - L\. ‘\; =
\p A% o 2 mec o PLE =
25 0.4-10. 7 .500 = : ;
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C. An iHem:is celeoded) ad random whot is the
prébabfli{j/%w it is ol \nigh quality~C

PRl = p(ﬁl@(}*/ﬁ) 58 D(Q)P(H/B),
= Aer X 0-6, .4_%,,(0‘:1 D= ,G-g
3

CplgT wh/gh q.audg [tem is se/ea‘eo/ whaj s #@ iy

Pfobc-bthjr(} Shed il W0OS Proclucec(] baLQ T tCEEY S
— Ay PHIA L e e B
jo(ﬁ/u) elnnl) 7 o pili . S el |
_gwew R pCH) e e AR R . R
| o 0.6 4 ~ 1
i s D O R e L RN 4 ke
o o_g OX “1

(Mj—— pﬁﬂ) p(Mm) H;ce:s p(M/B} pd bl
e s 0 0= o ol =00 15 e
M/MJ DAOM) = P(A) DIU/) . EisQI5 .5
: f Bn__ﬁem 45 ieJec}aJ of mndom_qnd Pouncﬂio hp |
of low qualily , Whod is ke probab\,l,%gimti wok

 producec] o o i

o) = ph) LA 4 pﬁBlpLL[B) (At = | (e

e RS R e S b et
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Quiz by Dr. Jubran
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