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# If N , X2 are solutions of Ax =
b

, then CN +BX2 is a solution

of Ax-b iff 2 + B= 1.

Proof -> Giveny AX-b and Ax=
b.

Then => AlX + BX21
- <(AX+BLAX2)
= 4b + Bb - (x+Blb = b.

iff <B

aresolutionsofahomogeneousLinearsystea%o
Va , BER :

Proof= A(x+Plan Be
-o,2 andB.

⑤If A is an mxn matrix. The A and At both symmetric.

Proof BstA = BT < LAA-A(AY-AA issymmetric.
B = (AAT- CATJTA = Att is symmetric .

# 17 A is symmetric and shew symmetric, then A must be zero

matrix.

Proof- KAT-XA
+

- &A

Since A is symmetric
: <A is symmetric.
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③ Consisting of the linear system :

-

Alinear system Ax-b is consistent iff b is a linearcombination

of the columns of A.

Proof
=> suppose that Ax-b is consistent, so there exist real numbers

&Cry ... -

, Ch . Such that Al)=b .
S,

2 191 + 2292 +
----- +namb.

and so b is a linearcombination of the column of A
conversely,
Suppose that b is a linearcombination of the column of A

,
so

there exist real numbersX1 , 42 . ---

- In such that

bs Lia 1 + 22azx ...--n an.

=> b = A() -
So, ( is a solution of Axb . thatso

Ax =
b is consistent .

④ Let A ,
Bbesymmetric matrices . Then H = AB-BA is skew

Symmetric

Proof ATA and BsB.
H= LAB-BAST = LABI-(BAT

↑ T- BA - A B
↑

- BA-AT
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↳ Show that

Asof has no inverse- Isingularmatril

Proofs if B is any 2x2 matrix
,

the

BA : (bb2]To
② If A and B are nonsingular non matrices ,

then AB is also

nonsigulaandABBBB-
LAB) IB

"AY = A IBBYA"= AIA-AA = I.

: (ABj' = B"A

⑤ If A is invertible then A is invertible and (AT" -AYT
I

Proof= AT (AT =A
= (AA)TSIT =I

(AY"A
= (AYT AT
- (A+ A) T s IT- I.

17 A and Bare invertible matrices
,
then AtB is also invertible.

Proof As [10] , Bo
.1]OI

9 I fo Xs - fo
non singular. non

singular

Ar , [I , 17 => 20 sing
.
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⑤ The sum of singular matrices is also singular
Proof => (falsel : -

A +110] ,
B =

[00] but AB :[] nonsigarA
singa sing

&=0.

6 AB"= (A-B) (A +B)
,
where A and Bare matrices.

Proof False ↓
· truesmmute

:- AB = BA
,

theni

A2-
B= (A +B) (A-B).

7 /A+BIs A2AB + B2 =s False.

8 If AB-0
,
then Aso or Bro . = False.

Proof= 60](ooj AB but A and To

Bo.

& If A-o
,
then A =0. false:

10 If AB = AC ,
then B : C = false.

[00]
To be true= if A is invertible and AB-AC = B =C.

11 If AA
,
then Aso or A- I > false.

12 If Anx matrix
,

such that AA
,
then ExA is nonsingular

and LItAl" = 1- A. = True.
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Proof

(A)(F-A)
(I-Et) (ItAl-I .

i+Al" - F-EA.

13 Let A be nxn matrix
,
then if Also,

then I-A is

non singular and LI-A)" - FA.True

14 If A and B are nun matrices.Then if AB-A and
B+1

,
then A must besingularTrue·

Proof If A were nonsingular,then A exists . Thus,

AlABI , AA IB = I = B = I

which is a contradiction.Therefore, A mustbe singular
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1 If A isrow equivalent to B
,

then B is row equivalent to A.

↳ True:

Proof suppose that A is row equivalent to B then

A = (ER Em ... -
Ell B

,
where Ex Er

, ----Er elementary
matrices :

IR Ent ..... El A.... B
-

: . B = Ei'E .

- - - Er A
.

↳ B isrow equivalent tot -

⑳ if A is now equivalent to B and B is Now equivalent to C
, then A is now

equivalent to C

↳ True :-

Proof :
- We have

and
As (ER Er --- - FilB

B = Fr FR ..... F)C,
where El ---- feFi . --- fr are

elementary matrice then,

A = (Er Er -- . E fr Fr ---- Fi) 2 .

↳ A isrow equivalent to C.

3 Let A be an uxn matrix
.

Then the follwingstatements are equivalent
a A is nonsingular.
b Also has only the trivial solution (Xo the zero solution) .

C A is now equivalent to In.

Proof a- b : - suppose that A is nonsingular andhis a solution of

Axto , i.e
, Ayeo . Multiply both sides byt from left

,
weget

A (Ay) = Alo .

So ly-o ,
vie

,you
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beci - Suppose that Axto has onlyzero solution and suppose
that A is not row equivalent to 1 , so the RREF of A has a

free variable and so Axto has infinitelymanysolutions which is

a contradiction.

=a:-Suppose that A is row equivalent to In
,

sothere exist a finite

sequence of elementarymatrices Ev, E2---er such that

(Er Er
....
El I =A . so,

As ER Er -
- - -El and so

- I
A = Eil Es ... ER

A is invertible (non singularl

Y If A is a /Y matrix and al +92 :93 + cau ThenA

must be singular. = True

↳ Ax = o i

has infinite.
Proof= a +92-93-2an-of (1 ,

1 . +
,
2) is a solution of

AX=o .

=> Ax-o has infinitely many solution .

=> A is singular. (theoreml .

5 If A has no -factorization
,
then A is non singular iff is nonsingular

> false .

Is

Elementarymatrix:iii) non singular"i

6 17A has an -factorization
,
then A is non singular iff is nonsingular

↳ irne = Ano = LUX10 = UX =
Lloso

,

717A has an -factorization
,thenA isrow equivalentto

> The ·
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1 If A is anmxn matrix, then det(At) =
det(Al. IA-1A).

> Proof : - byinduction.
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I Lemma :- Let A be anun matrix . then allAji + air Ajz+.. --tainAjn
·

Pia
Proof : -It is j then

ai Aji + air Ajzx - -.. Main Ajnsai Ailx---tain Ain-IA)

if itj ,
Let At bethe matrix obtained from A byreplacingthee

s row by the ith row, ie,

A = au alz ... all
&

ai , air----aim throw
J

air air---ain ith rou.

an anz- ann

since two rows of A are the same ,
so 1A? -0.

So o, det(A1) = air Ajitaiz Ajen---- ain Ajn?

~ a ,i All + air Ajr+ ---- pain Ajn .

2 Let E,
,

. .

. . fr be elementary matrices then IE . .... Elfil....K

> Proof :- Use math. induction.

3 An uxn matrix A is singular iff det(Also
or An nxn matrix A is non singular iff IAl fo,

> Proof =) Let A be nonsingular. So
, A is now equivalent to In.

that is
,
there exist elementarymatrices E

,
Er

,
---- - ER such that

As E..... ER In.

So IAI s IflKel -
-.. Ir go

=> converselyI suppose that IA1 to then the matrix A can be changed
to RREF. With a finite numberof row operations . That is

,
there exist elementary

matrice El- - . Ev
,
and a matrix Win RREf such that ERER .... FiWsA . since
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IAI to, So ,
IWI to

· Since
,
all Ei's are invertible

,
and IAIs Itil It2) -... Kr IW !

So, Usin,
and so A is invertible,

y If A
,

B are nun matrices , then detlABIsdet1A) det(B).

> Proof :- If A is singular, then 1A1 - 0 and so AB is singular
and therefore

,
IABI = 0 = 1A/IB !

If A is nonsingular, then A isrow equivalent to In
.
That is ,

AsFl --- ERIn-El--- Er
Thus

, (ABIs (Fifz --- Er Bl .

- IEil(E2l --- IER IBI-IAIIBI .

⑤ 1A+ BIs IAI + IBI ,
where a is defined - False.

6 IA=IAI"
, ncool ------ True -

3 /kAl= I) where Anxns KEN.

=True

4 If A is non singular ,
then det (A)- True

> proof: - A non singular It-Ti
A As I

IA"Al - 1

It' 1A1 = 1 => late ta

Uploaded By: Menna Tullah JayousiSTUDENTS-HUB.com



S If AsA , then 1Also or It's 1 False.

proof = A2 = A = 1A1 : o or 1A1so .

1A2) =
IAI

It= 1A1
.

IAI(IA) - 1) = 0
&

1Al . 0 or (A) = 1

6 IFATA : I
,
then 1Als1,true

sproof:- if IATAl- 11)

IATIA1 = 1

I I = 1AR:1 IAIs) .

7 If Ann is skew symmetric and n is odd
,
then A must be singular

> True. => Proof AT = -A
.

IAT1 =
/A) .

(A)
- -I/ (A)--IAI

,
nodd.

=> 21A10 .

IA10 => A singular.

8 If Anxn is skew symmetric and n is even,
thenA must be nonsingular.

I false . => proof -> same as but n is even

9 Let Anxn , Buxn ,
then AB is nonigular iff A and Bare Both nonsingular

> True · = proof =) AB is nonningularEslABI to

IAI IBI for

E) IA) to and IBI%
So A and 3 both nonisingular.
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10 If A
,
B,
andC are 3x3 matrices

, 1A1 :9 , IBIs2,
1C11 . then,

14 CTBA"
-8.True.

> proof- In CTBA"1 . 43 let IBL /At.
= 64 121/BI , = 64x3x2X1

9

=

28

⑪ Lett be an min eatrix . Explain why the matrix multiplicationsATA and Att are possible.

~ A is man matrix and At is nxm matrix.

ATA is nxm myn matrix which is valid
Att is myn num matrix which is valid.

⑫ Amatrix A said to be skew symmetric if AT--A .

show

that if a matrix is skew symmetric ,
then its diagonal entries

must all be o.

J A is skew symmetric matrix ,
so ATA which is asquare

matrixa arethematriceonAandbithcentries of t
and if we take ij we have dig--aij which gives us that ago,
which are the diagonal entries.
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·

⑪ Aadj(A)-IA) In.

I proof the igth entry
of A adj(A) is :

-

Aadj(Alsani Aji +. --- +ain Ajn=Y'Al =I

2 A adjA
) Proof) Since A is nonsingular , then A exists

.

From last theorem
,

We know
,

A adj(A) : IA1 In
.Multiply both sides byA from left:

A"Aadj(Al-IAIA" In = IAIA.

adj(AIIAI A and so
, since IAlfo, A- adjA!

3 Xis is 12.--

> Proof=) since X-Ab = adj(A. .

itfollows that N = biAitbrAzix------bnAniAIAI

"LetA be anonsingular run matrix with n7l
.

Show that ladiAl-1AIh
ular

,
then IAI to and hence adjA = IAIA is alsoif A is nousing

non singular => ladjA) = /IAIA")- 1AI" (A) = 1AI- =
LAI

constant
.

I Al

3 Show that ifA is nonisingular, then adjA is non singular and

Ladj Al" = It' A : adjA!
If A nonsingular,

then IAI to and hence adjA:IAIA is also

nonsingular.
To prove the equation , we have(adja) "=A
and adja IAAY"- ALA ,

hence sandgives the equation.
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6 if ladjA)-IA) and nonsingular, then A is 2x2 Matrixfalse.

> 5 -

[
0

] = (adj(H) =
Hi = xi = 1

00 11 = 1

J ladjil = 11) but
,
I is 343,

7 Let A be nun matrix (nonsingularl ,
then adj (adjA)-1AYA

, proof :- since A is non singular,
then IAI o .

and hence adjA-IAIA!

=> adjladjal -adj(a) = Lat (a a = Iain lat I lat

-A
8 Show that if IAl-1, then adjladit)- A.

> This question is special case of the above example . We proved that

adj ladiAl-IAA.
if (A) = 1

,
Then adjladjA)= 111

**

A = A

& Let A and B are nun matrices
. Show that if AB-A and B*I Then A must

be singular.
< AB=A , By suppose A is non singularand A exists such that

AA-AA" -I multiply by A

A"(AB)= /ATA) B =AA = B =I (contradiction).
Therefore A is singular.

T Prove that if A is nonsingularen At is nonsingular and LAT-**
T

- A =F = (AAT : I

= AT (AYT - IT

(AT)"At -A It
ATAT
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↑ Q
= &X-& are integers bo ? is not a vector space .

> X =ze Q
, CsE

S

2X = Exz = zQ
2 E = So , F1 , F2 . --- 3 is not questor space .

< X = 1 +X- 5E2 but

aXs [15 = 52.
3 Irrationals

: (E,
E

,
ess---) · is not avector since :-

-X = y ,
X =EQ.

but <X =1. -2 Q!

7 out o

I proof : -0 = oto ,
solotov= ov

.

thus ov tou - or add to both sides .

- ou . So
,

ou you +ov-or +ou .

= U +8-5
. Hence ouso

s If x+y =5 ,
theny

: -X.

> proofi-Add - X to both sides ofy
So

, -x + x +y
= = X +0 .Thus : +y

= - X0 .

=y = -X

6 + . u =
- V

,
EvEV.

=
of 1 x - 1

, So ((t)v = ou =
8

.

Thus
,

IV + 1=, so V+V=

=> -V + u +1v=
- V + o =V

.

= 0 +tV == Thus V = V
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1 Let S be a subspace of a vector space V .Theres .

< proof since S is asubspace of V
,
then S0. Let XES

, so

OX = 0 ES .

②SNT.

sasince ofS
, oft

,
then os 1T = SNT + 0.

↑ Let
my ESNT , then Xiyes and X

,yeT
=> xy Es and xyeS.
xye SNT.

↑ let & E and XEslT.

sinceXES1T
,

then XES and XET .
Since sandT are subspaces,

it follows &XES and LNET. - XXE SAT.

3 SUT is not alwaysa subspace ofV.

> Let S
= &(mo) : XERY.

Ts G(osyl : YER3 ·

Notice that Sand T are subspace of R but sut-G(y) : x oryis zerol
is not subspace ,

forexample , Co , 11 ,
11 , 01 ESUT, but

-

(0 , 1) + (1
,
01

+ (1, 1) ESUT

Y Let A be mxn matrix
,
then NIA) is a subspace ofte".

i sinceAo - onthen OfNIA
i . N(A) +0

⑪ Let xy EN(A) .Then Ax : o and Ayeo ,
so Aly= AXtAy

= 0tOs0.

= x+yEN(A) .

⑪ Let XENIA)
,
LE

.Then AXo,
so A (2x1-xAX

= 20 = 0.

xxeN(A) .
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Let A be an nxn matrix. Then the following statement are equivalent:
A- A is non singular.
B- Ax=0 has only the trivial solution (x=0 The zero solution).
C- A is row equivalent to In. 

↑

5 Letv be avector space and let visue, -----URE V .Then

Span (V.. . . - - > UK) is a subspace ofV.

since 8 = 0 . v1 your your ,
then spanlvs ...., UK

.
That is,

Span (vi ...., URL 0 .

is Let xyE span (Vl . --- -
-

UN .Then XsQiVix- ... &RVR.

y-B ,
v + ---- BRUR .

So , xxy= (x1 +B)V) + .. ---

-
(xR + BR)VR -

- D
, V . +..

--- OkVk

= x +yEspan (V .. ---- -uk) .

iii Let X + Span (vi .. ---- UR) , XER-

Then <X = x(CV1 + Cavex .... CnUn/

-

> Kalvi + (02)uzx----x(()Un .

=>Axespan (Vis--- , VR) .

therefore
, span (V , ,

. . .. > UR) is subspace ofV.

⑥ Lett be an nin matrix . Show that if A= O
, then E-A is nonsingular

and (I-Al +A.
(G +A) (I -A) = T+ A =A + A2 = I

CFA) (IAL-I-A +A + A2 I therefore -A is non singular
and (I-Al" = I+ A .

6-
·
Is,all

a Let A be non matrix and x is scalar
.

Show thatKAIECIA).

I is advigonal matric with all diagonal entries Cual2 .
So li2)-1

LA) (a) = /Isale 1911 Al = CMA).
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