Integration of Rational Functions by Partial Fractions
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Method of Partial Fractions ( f(x)/g(x) Proper)

1. Let x — » be a linear factor of g(x). Suppose that (x — »)" is the highest
power of x — r that divides g(x). Then, to this factor, assign the sum of the m
partial fractions:

A, A v

+ e —
(2= F) (x — r)° (x — r)"

Do this for each distinet linear factor of g(x).

2. Letx® + px + g be an irreducible quadratic factor of g(x) so that
x” + px + ¢ has no real roots. Suppose that (x> + px + g)” is the highest
power of this factor that divides g(x). Then, to this factor, assign the sum of
the n partial fractions:
Bix + Bx + (s B.x +
] + 2 3 e A 2 -
(x+px + g) (x* + px + g) x4 px + g)

Do this for each distinct quadratic factor of g(x).

3. Set the original fraction f(x)/g(x) equal to the sum of all these partial
fractions. Clear the resulting equation of fractions and arrange the terms in
decreasing powers of x.

4. Equate the coefficients of corresponding powers of x and solve the resulting
equations for the undetermined coefficients.
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EXAMPLE 1  Use partial fractions to evaluate

Ctdetl
(x—- D+ Dx+3)

Solution  The partial fraction decomposition has the form

XA+ _ A + B n &
x=Dx+Dx+3) x—-1 x+1 x+3¥

To find the values of the undetermined coefficients 4, B, and C, we clear fractions and get
Prdr+ =4+ Dx+3) + B - D +3)+ Clx = Dix + 1)
=AW A+ 3) + B+ =3+ P - 1)
=(A+B+Chx*+ (44 + 2B)x + (34 - 38 - O).

The polynomials on both sides of the above equation are identical, so we equate coeffi-
cients of like powers of x, obtaining

Coefficient of x* A+ B+(C=1
Coefficient of x'; 44 + 2B = 4
Coefficient of x": 3A=-38-C=1

There are several ways of solving such a system of linear equations for the unknowns A4, B,
and C, including elimination of variables or the use of a calculator or computer. Whatever
method is used, the solutionis 4 = 3/4, B = 1/2,and C = —1/4. Hence we have
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—2x +4=(dx + B)(x — 1)? + C(x — 1)(x? + 1) + D(x? + 1)
=(4+ COx* +(—24 + B— C + D)}x*
+(4—-2B+ Ox + (B— C+ D).

Equating coefficients of like terms gives

Coefficients of x7: 0=4 +C

Coefficients of x2: O0=—24+B—-—C+ D
Coefficients of x': —d = —FR F
CoefTicients of x¥; 4 =B—-C+ D

We solve these equations simultaneously to find the values of 4, B, C, and D:

—4 = —24, A =2 Subtract fourth equation from second
C=—4= -2 From the first equation
B = {f:.f 4= 2]!2 = ] From the third equation and ( A4
D=4-—-8B+ C=1. From the fourth equation
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