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8. 2L INTEGRATION OF RATIONAL FUNCTIONS BY
PARTIAL FRACTIONS

f(X) a

* Partial fraction method: Is a method for writing — )

functions”

rational

* as a sum of simpler fraction.

* “cover up method “ can be used when g(x) can be written as a
product of distinct linear factors

* (the degree of f must be less than the degree of g, if not=use long
division)
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Example:

. x%+4x+1 x%+4x+1
(x2-1)(x+3) (x —1)(x+1)(x+3) alaall s
2 . - ) o
. x"tax+l 4 L, B L € o 5L g 5 clalia sae g \gie 5y Jdaill (e saie Caalla b Jal sal
(x —-1)(x+1)(x+3) (x-1) (x+1) (x+3) Ll 8 Jaalae (ia b e

x%+4x+1 _ A(x+1)(x+3) N B(x —1)(x+3) N Clx —1)(x+1) il s
(x —-1)x+1)(x+3)  (x —-1)x+D)(x+3) (x —-1)(x+1)(x+3) (x —1)(c+1)(x+3)

o sdie 3 ga sall o) iy sl
x24+4x+1=A(x+ D(x+3)+B(x —1)(x+3)+C(x —1)(x+1) ﬁ@iﬁ&iw‘ ’

When x=-1 =-2=-4B :>|3=%

Leb a4 ko (sl Aldlaall Jay

3 * . 3 R e
* When x=1=6=8A =A=" Sl Al a5 X S g il o Lghimy L Gy L
—1 (e el
* When x=-3 =-2=8C :>C=T O sene o) Jgene il dim ot Wl A8 A Bale

x%+4x+1 3 1 -1 3 1 1
[ ] - . - — _— ISJ - \ - .
J(x2—1>(x+3) 14(x—1) * jZ(x+1) * J4(x+3) AN SN2 Anfx 3] G s re wnlls b dnladl o8 025
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*OUTLINE SOLUTION
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express the integrand as a sum of partial fractions
and evaluate the integrals.

. 2x + 1
x2—Tx + 12
2x + 1 _ A B _ C v — _ 71 _ C v — 9 _ 0.
Sl AL B x4 1=AX-3)+Bx-4;5x=3 = B= _—1_—7 x=4 > A=2=09;
[ 2 B =9I |x—4|—7In|x =3[+ C=In|E=2]+C
Ly+4
14./ * "
12" Ty
A B S y+4=AG+D4Byy=0 = A=4y=—1 = B=2 = -3;

y2 4y y + 1
1 + 4 by : d
/2 }?{z+ydy:4tﬁﬁ%—3ff - —[4ln|y\—3]n|y+l\]1/2:(41111—31112)—(4111——’%]11 3)

y+
1 27 27 1 27
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0 3 e .
13_/ - x”dx Alall da 3 (e et daial) 3s 5o

= _fx — = (x+2) + 1) (after long dwlqlon) ﬁz = Xf T T & 131}3 = 3x—2=Ax—1)+B

0
::M+OA+B%$A:3—A+B:%%$A:lB:hj‘ﬁﬂil
_f (x+2)dx+3f

0

0
[ +2}(+3ln\x—l|—x_l} 1

|{X

= (0+0+3m1— L) - ( —2+3m2———)—2 31n2
X+2
2 _2x+1| x°
—x3 4 2x?
2x% — x
—2x%2 +4x -2
3x-2
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.
dx
20. I
,/{x— 1Mx2+2x+ 1)

TR T = T T T e /:» 2 =Ax+ 1) + Bx — Dx+ D+ Cx — 1);x = —1

Repeated

_ 1. 1. _ x2 dx
:>C——§,x_l:>A i’ coefficientof x> =A+B = A+B=1 = B= 4, RSN T TS
dx 3 dx 1 1 3 In [(x — D(x + 1)
x+1 2 r(x—l—]) ln|x—l\+Zln\x+l\+m+”+C 4 +2{x—|—1)+c
yi+ 2y + 1
23. 2 3 dy i . .
*+1) sas) s da o i sl Janl) d dassy

Quadrant. And repeated aiall & L siall (e

y3+2y+/Ay-|—B Cy+D 9 _ 9
oy T T o YV P I=Ay B (Y +1) +Cy+D

= Ay + By’ +(A+C)yy+B+D) = A=0,B=1;A+C=2 = C=2;B+D=1 = D=0;
}f3+2y+1 L 1
f{y3+1)3 dy—fy3+ldy+2

— tan~!

STUDENTS-HUB.com Uploaded By: anonymous



2
zg_f S dx
x' =1

A=A B O D 2 A(x = 1)(X2 4 1) +Bx 4 12+ D+(Cx + D)(x — 1) (x+ 1)

= (A+B+0O)x°+(-A+B+D)x*+(A+B-C)x—-A+B-D=A+B+C=0,-A+B+D=1,
A+B—-C=0,—-A+B —D =0 = adding eq(1) to eq (3) gives 2A + 2B = 0, adding eq(2) to eq(4) gives

—2A+2B =1, addmgtheqetwoequanonqgweqélB—l:>B— , using 2A+2B—U:>A——Z,using
—A+B—D:U:>D:% ndusingAJrB—C:U;%C:U;fﬁdx:f(;ferxlfll xa}’fl)dx
fH]der f -dx + 3 fxﬂdx —aIn|x + 1| + $ln|x — 1| + Jtan~'x + C = {1 X+l‘+ stan~'x 4+ C

1+:1:
:sn.[ x dx
J xt =3t -4

}ﬁf:’?’% = A4 B+ G2 o 2 x=A(x+2)(x* + 1) + B(x — 2)(x* + 1)+(Cx + D)(x — 2)(x + 2)

X+ 2 x>+ 1
:(A+B+C)x3+(2A—2B+D)x2+(A+B—4C)x+2A—2B—4D:>A+B+C:0 2A - 2B+ D =1,
A+B—-4C =1, 2A—2B—4D:0:>subtractin eq(1l) from eq (3) gives —SC: l=C=—< subtactmg eq(2) from

eq(4) gives —5D = —1 = D = substltutmg for Cineq(1) gives A+ B = <, and substltutmg for D in eq(4) gives

2A — 2B = g = A—-B= 5, addmg this equation to the previous equatin gives 2A = = ::>— A= ﬁ = B = %,

2 B 3/10 1/10 |, (=1/5)x+1/5 3 | |
f T —dx = f(x—z ~—x2 T xzil )dx_ mf sdx — 1nfx+2dx fx TrTdx+ 3 f de

SHIPUDEINT GRINB- 8bm gIn|x* + 1] 4+ <tan 'x + C Uploaded By: anonymous




PERFORM LONG DIVISION ON THE INTEGRAND, WRITE THE PROPER

FRACTION AS A& SUM. OF PARTIAL FRACTIONS, AND THEN EVALUATE THE
INTEGRAL.

B
34.[ S dx
J x==1

4

e :(XQ+1)+x21—1 :(X2+l)+(x+1)1{x—1);(x+1)1(x—1):xAT‘FxEl = Il =AKXx—-1)+BXx+ 1)
:—l:>>A——%':-;—l:>]3—1'f"‘1 dx—f(Q 1) dx — 3 dx
=X’ +x—shnjx+1[+inx—1|+C= 37‘/y«;y:}1;y KHH—C

d+ 2_1
31fy }Jg‘:y dy
4 2 _
e =Y sy = s T = =AY+ D)+ By +Oy=(A+By’ +Cy+A

7= A=LEA+B=0= B=-1C=0; [ 25 Ldy= [ydy— [¥+ [
=Y —Inly[+3In(1+y*)+C
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EVALUATE THE INTEGRALS
- f cos &Tif 0 —2

sin # df _ 1 dy _lf dy _ 1 y+2
fc0€6'+coﬂ;€ 2° [Coqg_Y] - fy +y— 2_3fy+2 3 :,f—l_3]n

y — 1
= Iin|3E@d+C=—dm |2t +C

:%ln‘cmf}-i—Z‘_{_C

cos

Wx + 1
N dx

(Hint: Letx + 1 = 42)

—I(Z%—1 _l)du

f"’Kde [Letx+l:u2:>~dx :2udu] —

—2 [dut [2pdu; 2 = A4 B 1:>2—A(u—1)+B( +1)—(A+B)u—A+B:>A+B:U,
—~A+B=2=B=1=A= u—2u+f u+l — ] u—2u—fu}r1

o o vVX+1—1

=2u— Inju+ 1|+ Influ—1|+C=2y/x+ 14+ In \/HH +C
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49.[ 1 i
x(x* + 1)

(Hifh‘.r: Multiply by i—i)

I . I 1 : | A B
f}«:(ﬁ—kl}dx: fx*’*‘(xﬁJr])dX [Letu:x4 = du = 4x’ dx} - L_lfu(qu])du’ D — u T
= 1=Au+1)+Bu=(A+Bu+A=A=1=B=—11![ddi="1[(L- 15 )du

fldu— —f—du— zlnju| — fInju+ 1|+ C = %ln(xfﬂ) +C

SOLVE THE INITIAL VALUE PROBLEM FOR X AS A& FUNCTION OF T

54, (t + ]}%=x2+1 (t > —1), x(0)=20

t+DH)S=x*+1= fx~+1 le tan'x=In[t+1]+C;t=0andx =0 = tan! 0=1In|l|+C
:>C—tan 0=0=tan'x=In|t+1|= x=tan(In(t+ 1)), t > —1

STUDENTS-HUB.com Uploaded By: anonymous



"{ IMPROPER INTEGRALS

Type 1

OS5 LaadIS o) 62 aa 2aa
00, —CO

)

[

j dx

x—1
2

Type 1

s sbon JalSl 253 2a) (g2l 3 5000
&Bjﬁ\gds\suhj\ﬁd\)ﬁwp

o iing el lie lple sy
FeRENTS-HUB.com

2
J dx
x—1
0
Type 2 yua oY
5 Vsl O Y
ARl P WEENK

e Jals

Type 2
b

[

a
¢ O Jlaal ) Blail) e 3 gaas d2e die Jiale (e o) S8Y)
(S 2ae juan Hall JAl Lha e 13) dlae
Lo JulSs L5l Jals Bl (sla (555 s

j dx

x—1
1

Type 1 and 2

Type 1 el 2 gaa 2a e 43 00
Type 2 hs il A dah 5V sl Ol J8Y) jhia 45Y
e Jalsyy
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How to find improper integrals
* Type 1
* Fis continuous on [a,00) = faoof(x) dx
. b
. =l}1_r)£10fa f(x)dx
¢ o (e yiEip Ladie Al aa g ey anh QS gpledly dany o0 Judn JalSill 2 gaa 8

F is continuous on (-0, a] = f_aoof(x) dx = blir_n fbaf(x) dx

C/> usjﬂ\@eﬁ‘)og\
Fis continuous on (—o0,00) = [~ f(x)dx+ [~ f(x) dx

: C : b
= bl_1)r_noo J, f(x)dx + I}l_)IIolo J. f(x) dx

-

B\ g

05 N Bl a1 e s ) Cilee L
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Example 1:

o) b b

dx dx : dx : _ : — _

. = = lim = limtan~ ! x|J = lim tan™1bh —tan™1 0
o X°+1 o XXt1  boow Ji x%+1 pooo b—> 00

e limtan™1h, tan 1 0 =§ (convergs to g)

b—o00
° g ° d ° 4
X X . X . —
. = = lim = lim tan™lx|p =
x2+1 xX%+1 po—o0 X241 po—oo
— OO0 —1 —1 b
lim tan —tan™" b
b—>—oo
. — T T
» lim —tan~! b == (convergs to -)
b—>—o0 2 2
00 0 (0'e]
dx dx dx n  m
. S = S+ >—=_+ - = m(convergs tom)
_Oox +1 _oox +1 0 x<+1 2 2
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Example 2

-2 -2
[ " 2dx : 2
. — = lim — dx
J_o%x -1 b——oo b x<“—1
[ 2 A B
. - I ayL Jalss
Jb x2 dX (x-1)(x+1) x-1 T x+1( #1523k da )

. 2=(x+1)A +(x-1)B
e Whenx=-1=>B=-1
e Whenx=1=>A=1

—Z o, ~Z ~Z
°f 5 dx=f —+J ——ln|x-1| -ln|x+1|
b x<—1 b x—1 x+1

+ lim [In}x-1]-nfx+1]]52 = lim ln‘ 2 > lim ln‘—‘ ln‘
b—— b——o0 x+1 b——o0 b+1
« = ln3-bl_i)moo ln‘ ‘ In3 - n bl_1>moo ﬁ ( d\-mjl PRER )

* =ln3-1n1=1In3 (converges to n3)
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Remark

e If the limit is finite (exists) = converge to = &b L Al ol sl
e Converges.x 83 5 30 Shlgdll JS 8lS J V) JE
* If the limitis infinite (does not exists) = diverge

00 b
dx : dx : :
e Example: | — = lim | — = limIn|x|]?=lnoo = co =diverge
1 X b—-oo 1 X b—oo

STUDENTS-HUB.com Uploaded By: anonymous



1 .
oo »ifp>1  Converge L e Al et dsnd) b
— . p_ =
— if p<1 Diverge

° * OOd_x
Exp fl s

1
— ,ifp<1 Converge , : :

dx p—1
_p o, ifp=1 Diverge
0
Exp 3 d—z = 3—11 = - type 1 converge to =

Exp 4[ X = oo diverge
1

1
dx 1
Exp 5]0 7 = 1—_% = 2 converge. To. 2

Uploaded By: anonymous
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How to find improper integrals

* Type 2

* Iffis discontinuous ata, f;f(x) dx = Cl_igl+ fcbf(x) dx
¢ Ll (% 8.0 2N g O Cua € sy 5 e Jady

* Iffis discontinuous atb, fff(x) dx = Cl_i)rgl_ facf(x) dx

o L o b ey ¢ ) dua ¢ dasy g op e
* If f is discontinuous atc, a<c<b ( 4dals il )

. f;f(x) dx = facf(x) dx+fcbf(x) dx e i

: d : b
+= lim [ f(x) dx+ lim [, f(x) dx

STUDENTS-HUB.com
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Example 6:
4 ) .
. > lim fC (4 —x)2 = lim -21/4 — x‘o = lim -2+/4 — c--4

0 Va4—x c—-4—"0 Co4~ Co4~

e =-21/4 — 4 + 4 = 4 ( converges to 4)
*Example 7:

1 1
dx dx 1
| == | =2
o V¥ o x'2 1=
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Example 8

1
6+1
fo VO?%+20 do
* 0% +20>0if0 =0,-2 = o8 laal
lale JalSs syl & Jals Gie Y AKGG (i Y- I e
1
. 6+1 N2 _ _
C]Lr(r)l+ ) md@ letu=0~ + 20 =du= 20 +2=2(6+1)

u(1)=3, u(c)=C? + 2C

1

lim = i = lim - 1u_%: lim =2vu]%., . = lim Vul’
C

= lim +/3-V/C2 +2C=+/3 —+/0 — 0 = /3 converges to /3

C—-+0
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Example 9

-f xdx , type 1&2
1

x2—1
/.obﬁ\ﬁawiauu»eéﬂ\geﬁ)g\

2
(sl
fxvrf m““‘””‘ st
2 b

lim + lim dx
c—1t X~/ X b—oo x+/x21

lim sec 1|x|] + sec” 1|x|]12’
c—-1t

esec 12 —seclc+sec i b-sec™12=-sec™ 11+ sec

T T T
*=0 + = converges to >
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Example 10

CO
16 tan~1 x . 16 tan~1 x _ dx
o dx = lim Jletu=tan~! x =du=
0 1+x2 b—o |, 1+x2 1+x2
: b : _ _
» lim [ 16 u du = lim8u? =8(tan~ ! x)?|y =8(tan"1 h)? — 0
b—oo 0 b—oo

2
e =8(tan 1 0)2 = 8”T = 272
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WE HAVE TWO TESTS TO CHECK

CONVERGENCE mwm DIVERGENCE

Direct comparison Test (DCT)
F, gare continuous on[a,o) such that 0 < f(x) < g(x),

X € [a,),than if
faoo g(x) dx converge = faoo f(x) dx is converge too
If faoo f(x) dx diverge than faoo g(x) dx is diverge too

dx 1
j 21 1 = converges

“sin?x .
et Ererds S ctggg o0 by OCT

Limit comparison Test (LCT)

F(x), g(x) are positive and continuous on

[a,0) and lim ! or lim Z=Lwhere O<L<co,

x—+oo g x-number §

then faoof(x) dx and faoo g(x) dx both are diverging
or both are converging

7 d

X

Ex:j T2
1 X

s da G 0 S) ) Cusa (S Gl 058 G g e g) Lo

Dive rgé‘ Coverage
dx 1 1

1
= = = — = =1=>= *
F T2 8 2T 1 = converge (by exp?*)
1
L A+x2 : x?
lim=~F==>Ilim—=1=>1
X—00 g} x—oo 1+x

Than f(x) is convergs too b@jb%Taded By: anonymous



*OUTLINE SOLUTION
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EVALUATE THE INTEGRALS

fm dx
1. 5
o x°-+1

fﬁ - Emmfx+l— lim [tan_l,‘»;]E:blLILrlmD (tan"'b—tan™'0) =5 —-0=1
1
dx
S. ﬁ
dx :n'. : 37 1
f[ x~3 _fl :-{33_I_ 0 X2/ :blia-n-{l)_ 3}{1;‘5] _I_Cl_l}ng] [SXLH}C
= lim_ [3bY3 —=3(-DY3] + lim_[3()/?—3c!3] =(0+3)+(3-0)=6
b— 0 Lﬁo—i_
11.f 22 dv
2 v — UV
= lim [21n|* }gzbimm (2In |22 -2l |32 |) =2In(1) - 2In(i) =0+2In2=1In4
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* xdx
14.
,[m (x2 + 4)3/2

0 w2 4
fm X dx R xdx +fm X dx . u=xXx +4 N f du_ + * du_
o (244 Jeo @97 T Jo (@447 | du = 2x dx o 207 T Sy 2

1

L
_ - = 1 _ - 1 1 = 1 1 _ 1 1Y
= lim [ ] retim = ] = tim (<5 ) otim (- E) = (G340 4 (04) =

o dx
17‘1; (1 +x)Vx

o0 u:ﬁ o0 b
dx . 2du - 2du  __ : —1 b
fn “H)ﬁ,[duz{\%] — Jo uiﬁ—l_bli,moo nu§+l_b£mm 2 tan™" uf,
= lim (Ztan_lb—Ztan_10)22(%)—2(0)2??
b — o0

0
21. / 0e? do

f_nmﬁegdﬁzbﬁngm [Qeg—eg]gz(o-eo—eo)—bﬂn}m [be’ —e’] = —1— lim (2=

—b
b— —oc0 €

=—1—_lim (_i_h) (I'Hopital's rule for == form)

b— —
:SIHJQ%\I;'S_?(I%IUB.com Uploaded By: anonymous



24, / 2xe™ dx

[s'e) o 0 5 o0 o a9 C
f 2xe ¥ dx = f 2xe ™ dx + f 2xe ™ dx = X lim [—e ] + lim  [—e™] 5
e - — —OQ

C— OC

:bEn;loc [—1—(—e™)]+ lim [—e —(=1)]=(-1-0+0+1)=0

cC— 00
1
26. / (—Inx)dx
0

1
fﬁ(—lnx)dx: lim [x—xInx], =[1-1In1]— llm b—blnb=1—-0+ lim 2% =14 Ilim

(&)

b— 0" b — b— 0+ (%) My o8 (—Elg)
—1— lim b=1-0=1
b— 0"
32./2 dx
o Vi|x — 1]
Z—dx | dx P dx - 2
R N e R )

:SJE{EENG'S% B (_2 L= 0) +2v2-1- CI_IP}JF ( €= 1) = 0+ 236182088y anonymous



* dx
34 A x+ D>+ 1)

o0 b
f & — = lim [%ln\erl\—%ln(x2+l)+%tan_lx}g: lim [%ln( ] )+%tan_1x}
1

o x+DHE+1) o b — oo

_ : 1 b+ 1 1 —1 1 1 1 —1 1 1 il ] 1 T

= fim [ (3s) +dantb) - [ Lo+ Lan o] =41+l 5—Lfm1—1.0=73

USE INTEGRATION, THE DIRECT COMPARISON TEST, OR THE LIMIT COMPARISON TEST TO TEST THE INTEGRALS FOR
CONVERGENCE. IF MORE THAN ONE METHOD APPLIES, USE WHATEVER METHOD YOU PREFER

T sin @ do
37.
Vo —0
fﬂﬁmﬁdﬁ" [’.FT—Q—K} _ _fﬂsinxdx _frsinxdx Since 0 < sin X < 1 fOI'EillO<K<7TElIldfﬁdx converees. then
T—8"’ B  ovx o Joo Jx = V/x = Vx — 0 = 0 /x £es,

f sinX dx converges by the Direct Comparison Test.

In2
39, / x 2V dx
0

In2 1/In2 4 _ b

)t [ =y] )R ) ey = i ey, = lim (e - e
= (0 + e /"2 = ¢~/"2 g0 the integral converges.

STUDENTS-HUB.com Uploaded By: anonymous
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1
42. / r—L (Hint: t = sint for t = 0)
0

1
— — v _ t 3% _ Jim ot
.f(\) t—sint smt ; let f(t) mt and g(t) _3  then le g(t) t11—>m0 t—sint t11—>m0 l —cost hmﬂ sin t
T 6 dt __ . 1 L 1 .
= tleU — = 6. Nc:w,f0 3 = blin%ﬁr [ 2t2:| L= — 35 blin‘(lﬁ [ Qbﬂ} +oc, which diverges = f qmt diverges

by the Limit Comparison Test.

1
46./—xln |x |dx
-1

1 0 1 21! 2 27!
f_l(—xln\x|)dx:f_][—xln(—x)] dx+f0(—xlnx)dx: lim [2 In x — T} — lim [%mx_?ﬂc

b— 0F c— 0F

:[%lnl_ﬂ_bgﬂ{lﬁ [b;ln —'ﬂ [ lnl—z-]+ lm‘{l)

converges (see Exercise 25 for the limit calculations).

X dx
48. —_—
£ Vx — 1

1
7t (= i, = i g [ i 28] -

2 2] 1 _ '
[%mc_“ﬂ __Z_0+1+0_0 = the integral

: . o : . :
whigh INeEEeSUB cofy 7;}{__1 diverges by the Limit Comparison Test. Uploaded By: anonymous



/
o 1+ e
foo f0r0<9<ooandf ¥ = lim [-e”],= lim (—e —l:>f 4 converges

0 [+ b—w:xj b — o0

o0
= f 7. converges by the Direct Comparison Test.

sq, [ _xdx
2 Vx* -1

which diverges = fz 7’;’—: diverges by the Limit Comparison Test.
56. / Lt smx g
™ X

o0 b .
f '“‘“dx 0<—,ﬁ1+‘““<—¢f0rx>ﬁandf —adx—bllm [—%]_:bllm (—% %):%
— 00 : — 00 i

gﬁruﬁE%-emw@tg@s = f_ l—ff“r" dx converges by the Direct Comparisop/dgséd By: anonymous



8. / T
,» Inx
fz L0 <2 < — forx > 2 and f & diverges = f X — diverges by the Direct Comparison Test.

I
62.[ ex_zxdx

o0 1 .
'f; dx . lim (cx—2X) — lim e

— 2 x S

@) =M, & 5 = lim - (c) :T—landf & — lim [-e7]"

b — o0
; 00 o0
= lim (—e?+el)=1 = f X converges = f
b — o0 € 1 ]
o0
64. -
o € T e

o0 1 . o
f O et "‘ e 2f ex —|— g—x ? ex e for X > 0 f CDHVETgES j" 2 f
Direct Comparison Test.

5= converges by the Limit Comparison Test

= + — converges by the
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66. f f(x) dx may not equal llm f _p J(x) dx Show that

* 2xdx
0o x>+ 1
diverges and hence that
© 2xdx
—00 IZ + 1
diverges. Then show that
b
lim [ 2,
b—0 Jp x° + 1
) %"% = blim [In (x* + )]ﬂ llm In(b*+1)] - 0= bimm In(b®°+ 1) = co = the integral J - dx

diverges. But llm f 2“1" = bhm In (x* 1)}:, = blim In(b®+ 1) —In(b*+ 1)] = blim In (E—g—zﬂ)
— 00 — 00

= lim (In 1)—0
b — o
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