
CHAPTER 6  APPLICATIONS OF DEFINITE INTEGRALS

6.1  VOLUMES USING CROSS-SECTIONS

 1. A(x) 2x; a 0, b 4;œ œ œ œ œ
(diagonal) x x#

#

# #

� �ˆ ‰È Èˆ ‰

 V A(x) dx 2x dx x 16œ œ œ œ' '
a 0

b 4 c d# %
!

 2. A(x) 1 2x x ; a 1, b 1;œ œ œ œ � � œ � œ
1 1 1(diameter)

4 4 4
2 x x 2 1 x# # # ## #c d c da b a b� � � # %

1 a b
 V A(x) dx 1 2x x  dx x x 2 1œ œ � � œ � � œ � � œ' '

a 1

b 1

�

1 1 1a b ’ “ ˆ ‰# % $
"

�"

"2 x 2 16
3 5 3 5 15

&
1

 3. A(x) (edge) 1 x 1 x 2 1 x 4 1 x ; a 1, b 1;œ œ � � � � œ � œ � œ � œ# ## # #
# #’ “ Š ‹È È ÈŠ ‹ a b

 V A(x) dx 4 1 x  dx 4 x 8 1œ œ � œ � œ � œ' '
a 1

b 1

�

a b ’ “ ˆ ‰#
"

�"

"x 16
3 3 3

$

 4. A(x) 2 1 x ; a 1, b 1;œ œ œ œ � œ � œ
(diagonal) 1 x 1 x 2 1 x#

# # #
# #

# # #

� � � � �
#

’ “ Š ‹È È ÈŠ ‹ a b
 V A(x) dx 2 1 x  dx 2 x 4 1œ œ � œ � œ � œ' '

a 1

b 1

�

a b ’ “ ˆ ‰#
"

�"

"x 8
3 3 3

$

 5. (a) STEP 1) A(x) (side) (side) sin 2 sin x 2 sin x sin 3 sin xœ œ œ" "
# #† † † †

ˆ ‰ ˆ ‰Š ‹ Š ‹È È È1 1

3 3

 STEP 2) a 0, bœ œ 1

 STEP 3) V A(x) dx 3 sin x dx 3 cos x 3(1 1) 2 3œ œ œ � œ � œ' '
a 0

b È È È È’ “1 1

!

 (b) STEP 1) A(x) (side) 2 sin x 2 sin x 4 sin xœ œ œ# Š ‹Š ‹È È
 STEP 2) a 0, bœ œ 1

 STEP 3) V A(x) dx 4 sin x dx 4 cos x 8œ œ œ � œ' '
a 0

b 1 c d 1!
 6. (a) STEP 1) A(x) (sec x tan x) sec x tan x 2 sec x tan xœ œ � œ � �

1 1 1(diameter)
4 4 4

#
# # #a b

 sec x sec x 1 2 œ � � �1

4 cos x
sin x� ‘a b# #

#

 STEP 2) a , bœ � œ1 1

3 3

 STEP 3) V A(x) dx 2 sec x 1  dx 2 tan x x 2œ œ � � œ � � �' '
a 3

b 3

� Î

Î

1

1

1 1
1

14 cos x 4 cos x
2 sin xˆ ‰ � ‘ˆ ‰# " Î$

� Î$#

 2 3 2 2 3 2 4 3œ � � � � � � � � œ �1 1 1 1 1

4 3 3 4 3
2’ “ Š ‹È È ÈŠ ‹ Š ‹Š ‹" "

ˆ ‰ ˆ ‰" "

# #

 (b) STEP 1) A(x) (edge) (sec x tan x) 2 sec x 1 2 œ œ � œ � �# # #ˆ ‰sin x
cos x#

 STEP 2) a , bœ � œ1 1

3 3

 STEP 3) V A(x) dx 2 sec x 1  dx 2 2 3 4 3œ œ � � œ � œ �' '
a 3

b 3

� Î

Î

1

1 ˆ ‰ Š ‹È È# 2 sin x 2
cos x 3 3#

1 1

 7. (a) STEP 1) A(x) length height 6 3x 10 60 30xœ œ � œ �a b a b a b a b† †

 STEP 2) a 0, b 2œ œ

 STEP 3) V A(x) dx  60 30x  dx 60x 15x 120 60 0 60œ œ � œ � œ � � œ' '
a 0

b 2a b c d a b2 2
!
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328 Chapter 6 Applications of Definite Integrals

 (b) STEP 1) A(x) length height 6 3x 6 3x 4 3x 24 6x 9xœ œ � œ � � œ � �a b a b a b a ba bŠ ‹† †

20 2 6 3x
2

2� �a b

 STEP 2) a 0, b 2œ œ

 STEP 3) V A(x) dx 24 6x 9x dx 24x 3x 3x 48 12 24 0 36œ œ � � œ � � œ � � � œ' '
a 0

b 2 a b c d a b2 3 2#
!

 8. (a) STEP 1) A(x) base height x 6 6 x 3xœ œ � œ �"
# a b a b a bˆ ‰È È

† †

x
2

 STEP 2) a 0, b 4œ œ

 STEP 3) V A(x) dx  6x 3x  dx 4x x 32 24 0 8œ œ � œ � œ � � œ' '
a 0

b 4ˆ ‰ � ‘ a b1 2 3 2 23
2

4Î Î
!

 (b) STEP 1) A(x) x x xœ † œ † œ † œ � �" "
# #

� � � Î
1 1ˆ ‰ ˆ ‰Š ‹diameter 1

2 2 2 4 8 4
2 x x x x2

3 2 2È x 1
2 4

3 2 2
1 1

Î

 STEP 2) a 0, b 4œ œ

 STEP 3) V A(x) dx x x x  dx x x x 8 0œ œ � � œ � � œ � � � œ' '
a 0

b 4
1 1 1 1

8 4 5 12 8 5 3 8
3 2 2 2 5 2 31 2 1 64 164ˆ ‰ � ‘ ˆ ‰ a bÎ Î"

# "&!

 9. A(y) (diameter) 5y 0 y ;œ œ � œ1 1 1

4 4 4
5# # %

#Š ‹È
 c 0, d 2; V A(y) dy y  dyœ œ œ œ' '

c 0

d 2
5
4
1 %

 2 0 8œ œ � œ’ “ˆ ‰ Š ‹ a b5
4 5 4

y1 1
&

#

!

&
1

 

10. A(y) (leg)(leg) 1 y 1 y 2 1 y 2 1 y ; c 1, d 1;œ œ � � � � œ � œ � œ � œ" " "
# # #

# # #
# # #� ‘ ˆ ‰È È Èˆ ‰ a b

 V A(y) dy 2 1 y  dy 2 y 4 1œ œ � œ � œ � œ' '
c 1

d 1

�

a b ’ “ ˆ ‰#
"

�"

"y
3 3 3

8$

11. The slices perpendicular to the edge labeled 5 are triangles, and by similar triangles we have h b. Theb 4 3
h 3 4œ Ê œ

 equation of the line through 5, 0  and 0, 4  is y x 4, thus the length of the base  x 4 and thea b a b œ � � œ � �4 4
5 5

 height x 4 x 3.Thus A x base height x 4 x 3 x x 6œ � � œ � � œ † œ � � † � � œ � �3 4 3 4 3 6 12
4 5 5 5 5 25 5

2ˆ ‰ ˆ ‰ ˆ ‰a b a b a b" "
# #

 and V A x  dx x x 6  dx x x 6x 10 30 30 0 10œ œ � � œ � � œ � � � œ' '
a 0

b 5
6 12 2 6

25 5 25 5
2 3 2 5

0a b a bˆ ‰ � ‘
12. The slices parallel to the base are squares. The cross section of the pyramid is a triangle, and by similar triangles we have

 b h. Thus A y base y y V A y  dy y  dy y 15 0 15b 3 3 3 9 9 3
h 5 5 5 25 25 25

2 2 52 2 3
c 0

d 5

0œ Ê œ œ œ œ Ê œ œ œ œ � œa b a b a bˆ ‰ � ‘' '

13. (a) It follows from Cavalieri's Principle that the volume of a column is the same as the volume of a right
 prism with a square base of side length s and altitude h.  Thus, STEP 1)  A(x) (side length) s ;œ œ# #

 STEP 2)  a 0, b h; STEP 3)  V A(x) dx s  dx s hœ œ œ œ œ' '
a 0

b h
# #

 (b) From Cavalieri's Principle we conclude that the volume of the column is the same as the volume of the prism
 described above, regardless of the number of turns  V s hÊ œ #
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14. 1) The solid and the cone have the same altitude of 12.
 2) The cross sections of the solid are disks of diameter

 x .  If we place the vertex of the cone at the� œˆ ‰x x
# #

 origin of the coordinate system and make its axis of
 symmetry coincide with the x-axis then the cone's cross
 sections will be circular disks of diameter

  (see accompanying figure).x x x
4 4� � œˆ ‰

#

 3) The solid and the cone have equal altitudes and identical
 parallel cross sections.  From Cavalieri's Principle we
 conclude that the solid and the cone have the same
 volume.

 

15. R(x) y 1   V [R(x)]  dx 1  dx 1 x  dx xœ œ � Ê œ œ � œ � � œ � �x x x x x
4 12# # #

# # #

!

' ' '
0 0 0

2 2 2

1 1 1 1ˆ ‰ Š ‹ ’ “# # $

 2œ � � œ1 ˆ ‰4 8 2
2 12 3

1

16. R(y) x   V  [R(y)]  dy  dy y  dy y 8 6œ œ Ê œ œ œ œ œ œ
3y 3y 9 3 3

4 4 4# #
# # $# #

!
' ' '

0 0 0

2 2 2

1 1 1 1 1 1ˆ ‰ � ‘
† †

17. R(y) tan y ; u y  du  dy  4 du  dy; y 0  u 0, y 1  u ;œ œ Ê œ Ê œ œ Ê œ œ Ê œˆ ‰1 1 1 1

4 4 4 41

 V  [R(y)]  dy tan y  dy 4 tan u du 4 1 sec u  du 4[ u tan u]œ œ œ œ � � œ � �' ' ' '
0 0 0 0

1 1 4 4

1 1
# # ## Î%

!
� ‘ˆ ‰ a b1 1

4

1 1Î Î

 4 1 0 4œ � � � œ �ˆ ‰1

4 1

18. R(x) sin x cos x; R(x) 0  a 0 and b  are the limits of integration; V  [R(x)]  dxœ œ Ê œ œ œ1

#
#'

0

21Î

1

  (sin x cos x)  dx    dx; u 2x  du 2 dx  ; x 0  u 0,œ œ œ Ê œ Ê œ œ Ê œ1 1
' '

0 0

2 21 1Î Î
# (sin 2x)

4 8 4
du dx# �

 x   u   V   sin u du  sin 2u 0 0‘ � ‘ � ‘ˆ ‰œ Ê œ Ä œ œ � œ � � œ1 1 1 1 1
1

# # #
" "#

!
1 1

'
0

1

8 8 4 8 16
u #

19. R(x) x   V  [R(x)]  dx  x  dxœ Ê œ œ# # # #' '
0 0

2 2

1 1 a b
  x  dxœ œ œ1 1

'
0

2
%

#

!
’ “x 32

5 5

&
1

 

20. R(x) x   V [R(x)]  dx x  dxœ Ê œ œ$ # $ #' '
0 0

2 2

1 1 a b
   x  dxœ œ œ1 1

'
0

2
'

#

!
’ “x 128

7 7

(
1
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330 Chapter 6 Applications of Definite Integrals

21. R(x) 9 x   V [R(x)]  dx  9 x  dxœ � Ê œ œ �È a b# # #' '
� �3 3

3 3

1 1

 9x 2 9(3) 2 18 36œ � œ � œ œ1 1 1 1’ “ � ‘x 27
3 3

$
$

�$
† †

 

22. R(x) x x   V [R(x)]  dx x x  dxœ � Ê œ œ �# # # #' '
0 0

1 1

1 1 a b
 x 2x x  dxœ � � œ � �1 1

'
0

1a b ’ “# $ %
"

!

x 2x x
3 4 5

$ % &

 (10 15 6)œ � � œ � � œ1 ˆ ‰1
3 5 30 30

" "
#

1 1

 

23. R(x) cos x  V  [R(x)]  dx cos x dxœ Ê œ œÈ ' '
0 0

2 21 1Î Î

1 1
#

 sin x (1 0)œ œ � œ1 1 1c d 1Î#!

 

24. R(x) sec x  V [R(x)]  dx  sec x dxœ Ê œ œ' '
� Î � Î

Î Î

1 1

1 1

4 4

4 4

1 1
# #

 tan x [1 ( 1)] 2œ œ � � œ1 1 1c d 1
1

Î%
� Î%

 

25. R(x) 2 sec x tan x  V [R(x)]  dxœ � Ê œÈ '
0

41Î

1
#

  2 sec x tan x dxœ �1
'

0

41Î Š ‹È #

 2 2 2 sec x tan x sec x tan x  dxœ � �1
'

0

41Î Š ‹È # #

 2 dx 2 2 sec x tan x dx (tan x) sec x dxœ � �1Œ �È' ' '
0 0 0

4 4 41 1 1Î Î Î
# #

 [2x] 2 2 [sec x]œ � �1Œ �È ’ “1 1
1

Î% Î%
! !

Î%

!

tan x
3

$

 0 2 2 2 1 1 0 2 2œ � � � � � œ � �1 1’ “ Š ‹ˆ ‰ È È ÈŠ ‹ a b1 1

# #
" $
3 3

11
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26. R(x) 2 2 sin x 2(1 sin x)  V [R(x)]  dxœ � œ � Ê œ '
0

21Î

1
#

  4(1 sin x)  dx 4  1 sin x 2 sin x  dxœ � œ � �1 1
' '

0 0

2 21 1Î Î
# #a b

 4 1 (1 cos 2x) 2 sin x  dxœ � � �1
'

0

21Î � ‘"
#

 4 2 sin xœ � �1
'

0

21Î ˆ ‰3 cos 2x
2#

 4 x 2 cos xœ � �1 � ‘3 sin 2x
4#

Î#

!

1

 4 0 0 (0 0 2) (3 8)œ � � � � � œ �1 1 1� ‘ˆ ‰3
4
1

 

27. R(y) 5 y   V [R(y)]  dy  5y  dyœ Ê œ œÈ # # %' '
� �1 1

1 1

1 1

 y [1 ( 1)] 2œ œ � � œ1 1 1c d& "
�"

 

28. R(y) y   V [R(y)]  dy y  dyœ Ê œ œ$Î# # $' '
0 0

2 2

1 1

 4œ œ1 1’ “y
4

% #

!

 

29. R(y) 2 sin 2y  V [R(y)]  dyœ Ê œÈ '
0

21Î

1
#

 2 sin 2y dy cos 2yœ œ �1 1
'

0

21Î c d 1Î#!

 [1 ( 1)] 2œ � � œ1 1

 

30. R(y) cos   V [R(y)]  dyœ Ê œÉ 1y
4

'
�2

0

1
#

  cos  dy 4 sin 4[0 ( 1)] 4œ œ œ � � œ1
'
�2

0 ˆ ‰ � ‘1 1y y
4 4

!

�#

 

31. R(y)   V [R(y)]  dy 4   dyœ Ê œ œ2
y 1 y 1�

# "
�

' '
0 0

3 3

1 1 a b2

 4 4 1 3œ � œ � � � œ1 1 1’ “ � ‘a b1
y 1 4�

$

!

"
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32. R(y)   V [R(y)]  dy 2y y 1  dy;œ Ê œ œ �
È2y
y 1#�

# # �#' '
0 0

1 1

1 1 a b
 u y 1  du 2y dy; y 0  u 1, y 1  u 2c dœ � Ê œ œ Ê œ œ Ê œ#

  V u  du ( 1)Ä œ œ � œ � � � œ1 1 1
'

1

2
�# " "#

" # #
� ‘ � ‘

u
1

 

33. For the sketch given, a , b ; R(x) 1, r(x) cos x; V [R(x)] [r(x)]  dxœ � œ œ œ œ �1 1

# #
# #È a b'

a

b

1

 (1 cos x) dx 2 (1 cos x) dx 2 [x sin x] 2 1 2œ � œ � œ � œ � œ �' '
� Î

Î Î

1

1 1

2 0

2 2

1 1 1 1 1 1
1 1Î#
! #

#ˆ ‰
34. For the sketch given, c 0, d ; R(y) 1, r(y) tan y; V [R(y)] [r(y)]  dyœ œ œ œ œ �1

4
'

c

d

1 a b# #

 1 tan y  dy  2 sec y  dy [2y tan y] 1œ � œ � œ � œ � œ �1 1 1 1 1
' '

0 0

4 41 1Î Îa b a b ˆ ‰# # Î%
! # #
1 1 1

#

35. r(x) x and R(x) 1  V  [R(x)] [r(x)]  dxœ œ Ê œ �'
0

1

1 a b# #

 1 x  dx x 1 0œ � œ � œ � � œ'
0

1

1 1 1a b ’ “ � ‘ˆ ‰#
"

!

"x 2
3 3 3

$
1

 

36. r(x) 2 x and R(x) 2  V [R(x)] [r(x)]  dxœ œ Ê œ �È a b'
0

1

1
# #

 (4 4x) dx 4 x 4 1 2œ � œ � œ � œ1 1 1 1
'

0

1 ’ “ ˆ ‰x#

# #

"

!

"

 

37. r(x) x 1 and R(x) x 3œ � œ �#

  V [R(x)] [r(x)]  dxÊ œ �'
�1

2

1 a b# #

 (x 3) x 1  dxœ � � �1
'
�1

2 ’ “a b# # #

  x 6x 9 x 2x 1  dxœ � � � � �1
'
�1

2 c da b a b# % #

  x x 6x 8  dxœ � � � �1
'
�1

2 a b% #

 8xœ � � � �1 ’ “x x 6x
5 3

& $ #

#

#

�"

 

 16 8 3 28 3 8œ � � � � � � � � œ � � � � � œ œ1 1 1� ‘ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰32 8 24 6 33 5 30 33 117
5 3 5 3 5 5 5# #

" " �† 1
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38. r(x) 2 x and R(x) 4 xœ � œ � #

  V [R(x)] [r(x)]  dxÊ œ �'
�1

2

1 a b# #

 4 x (2 x)  dxœ � � �1
'
�1

2 ’ “a b# ##

  16 8x x 4 4x x  dxœ � � � � �1
'
�1

2 c da b a b# % #

 12 4x 9x x  dxœ � � �1
'
�1

2 a b# %

 12x 2x 3xœ � � �1 ’ “# $
#

�"

x
5

&

 

 24 8 24 12 2 3 15œ � � � � � � � � œ � œ1 1� ‘ ˆ ‰ˆ ‰ ˆ ‰32 33 108
5 5 5 5

" 1

39. r(x) sec x and R(x) 2œ œ È
  V [R(x)] [r(x)]  dxÊ œ �'

� Î

Î

1

1

4

4

1 a b# #

  2 sec x  dx [2x tan x]œ � œ �1 1
'
� Î

Î

1

1

4

4 a b# Î%
� Î%
1

1

 1 1 ( 2)œ � � � � œ �1 1 1� ‘ˆ ‰ ˆ ‰1 1

# #

 

40. R(x) sec x and r(x) tan xœ œ

  V [R(x)] [r(x)]  dxÊ œ �'
0

1

1 a b# #

  sec x tan x  dx  1 dx [x]œ � œ œ œ1 1 1 1
' '

0 0

1 1a b# # "
!

 

41. r(y) 1 and R(y) 1 yœ œ �

  V [R(y)] [r(y)]  dyÊ œ �'
0

1

1 a b# #

 (1 y) 1  dy  1 2y y 1  dyœ � � œ � � �1 1
' '

0 0

1 1c d a b# #

  2y y  dy y 1œ � œ � œ � œ1 1 1
'

0

1 a b ’ “ ˆ ‰# #
"

!

"y
3 3 3

4$
1

 

42. R(y) 1 and r(y) 1 y  V [R(y)] [r(y)]  dyœ œ � Ê œ �'
0

1

1 a b# #

 1 (1 y)  dy 1 1 2y y  dyœ � � œ � � �1 1
' '

0 0

1 1c d c da b# #

 2y y  dy y 1œ � œ � œ � œ1 1 1
'

0

1 a b ’ “ ˆ ‰# #
"

!

"y
3 3 3

2$
1
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334 Chapter 6 Applications of Definite Integrals

43. R(y) 2 and r(y) yœ œ È
  V [R(y)] [r(y)]  dyÊ œ �'

0

4

1 a b# #

 (4 y) dy 4y (16 8) 8œ � œ � œ � œ1 1 1 1
'

0

4 ’ “y
2

#
%

!

 

44. R(y) 3 and r(y) 3 yœ œ �È È #

  V [R(y)] [r(y)]  dyÊ œ �'
0

3È

1 a b# #

  3 3 y  dy y  dyœ � � œ1 1
' '

0 0

3 3È Èc da b# #

 3œ œ1 1’ “ Èy
3

$
È$

!

 

45. R(y) 2 and r(y) 1 yœ œ �È
  V [R(y)] [r(y)]  dyÊ œ �'

0

1

1 a b# #

 4 1 y  dyœ � �1
'

0

1 ’ “ˆ ‰È #

  4 1 2 y y  dyœ � � �1
'

0

1 ˆ ‰È
  3 2 y y  dyœ � �1

'
0

1 ˆ ‰È
 3y yœ � �1 ’ “4

3
y$Î#
#

"

!

#

 3œ � � œ œ1 1ˆ ‰ ˆ ‰4 18 8 3 7
3 6 6

" � �
#

1

 

46. R(y) 2 y  and r(y) 1œ � œ"Î$

  V [R(y)] [r(y)]  dyÊ œ �'
0

1

1 a b# #

 2 y 1  dyœ � �1
'

0

1 ’ “ˆ ‰"Î$ #

 4 4y y 1  dyœ � � �1
'

0

1 ˆ ‰"Î$ #Î$

  3 4y y  dyœ � �1
'

0

1 ˆ ‰"Î$ #Î$

 

 3y 3y 3 3œ � � œ � � œ1 1’ “ ˆ ‰%Î$
"

!

3y
5 5 5

3 3&Î$
1

47. (a) r(x) x and R(x) 2œ œÈ
  V [R(x)] [r(x)]  dxÊ œ �'

0

4

1 a b# #

 (4 x) dx 4x (16 8) 8œ � œ � œ � œ1 1 1 1
'

0

4 ’ “x#

#

%

!

 (b) r(y) 0 and R(y) yœ œ #

  V [R(y)] [r(y)]  dyÊ œ �'
0

2

1 a b# #

 y  dyœ œ œ1 1
'

0

2
%

#

!
’ “y

5 5
32&

1

 

 (c) r(x) 0 and R(x) 2 x  V [R(x)] [r(x)]  dx 2 x  dxœ œ � Ê œ � œ �È Èa b ˆ ‰' '
0 0

4 4

1 1
# # #

 4 4 x x  dx 4x 16œ � � œ � � œ � � œ1 1 1
'

0

4 ˆ ‰ ˆ ‰È ’ “8x x 64 16 8
3 3 3

$Î# #

# #

%

!

1
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 (d) r(y) 4 y  and R(y) 4  V [R(y)] [r(y)]  dy  16 4 y  dyœ � œ Ê œ � œ � �# # # # #' '
0 0

2 2

1 1a b a b’ “
  16 16 8y y  dy  8y y  dy yœ � � � œ � œ � œ � œ1 1 1 1

' '
0 0

2 2a b a b ’ “ ˆ ‰# % # % $
#

!

8 64 32 224
3 5 3 5 15

y& 1

48. (a) r(y) 0 and R(y) 1œ œ �
y
#

  V [R(y)] [r(y)]  dyÊ œ �'
0

2

1 a b# #

 1  dy 1 y  dyœ � œ � �1 1
' '

0 0

2 2ˆ ‰ Š ‹y y
4#

# #

 yœ � � œ # � � œ1 1’ “ ˆ ‰y y
12 2 12 3

4 8 2# $

#

#

!

1

 (b) r(y) 1 and R(y) 2œ œ �
y
#

 

  V [R(y)] [r(y)]  dy  2 1  dy  4 2y 1  dyÊ œ � œ � � œ � � �' ' '
0 0 0

2 2 2

1 1 1a b ’ “ Š ‹ˆ ‰# #
#

#y y
4

#

 3 2y  dy 3y y 6 4 2œ � � œ � � œ � � œ � œ1 1 1 1
'

0

2 Š ‹ ’ “ ˆ ‰ ˆ ‰y y
4 12 12 3 3

8 2 8# $
#

#

!

1

49. (a) r(x) 0 and R(x) 1 xœ œ � #

  V [R(x)] [r(x)]  dxÊ œ �'
�1

1

1 a b# #

  1 x  dx  1 2x x  dxœ � œ � �1 1
' '
� �1 1

1 1a b a b# # %#

 x 2 1œ � � œ � �1 1’ “ ˆ ‰2x x 2 1
3 5 3 5

$ &
"

�"

 2œ œ1 ˆ ‰15 10 3 16
15 15

� � 1

 

 (b) r(x) 1 and R(x) 2 x   V [R(x)] [r(x)]  dx  2 x 1  dxœ œ � Ê œ � œ � �# # # # #' '
� �1 1

1 1

1 1a b a b’ “
  4 4x x 1  dx 3 4x x  dx 3x x 2 3œ � � � œ � � œ � � œ � �1 1 1 1

' '
� �1 1

1 1a b a b ’ “ ˆ ‰# % # % $
"

�"

4 x 4 1
3 5 3 5

&

 (45 20 3)œ � � œ2 56
15 15
1 1

 (c) r(x) 1 x  and R(x) 2  V [R(x)] [r(x)]  dx  4 1 x  dxœ � œ Ê œ � œ � �# # # # #' '
� �1 1

1 1

1 1a b a b’ “
  4 1 2x x  dx 3 2x x  dx 3x x 2 3œ � � � œ � � œ � � œ � �1 1 1 1

' '
� �1 1

1 1a b a b ’ “ ˆ ‰# % # % $
"

�"

2 x 2 1
3 5 3 5

&

 (45 10 3)œ � � œ2 64
15 15
1 1

50. (a) r(x) 0 and R(x) x hœ œ � �h
b

  V [R(x)] [r(x)]  dxÊ œ �'
0

b

1 a b# #

  x h  dxœ � �1
'

0

b ˆ ‰h
b

#

 x x h  dxœ � �1
'

0

b Š ‹h 2h
b b

# #

#

# #

 h x h b bœ � � œ � � œ1 1
# #

!
’ “ ˆ ‰x x b h b

3b b 3 3

$ # #

#

b
1

 

 (b) r(y) 0 and R(y) b 1   V [R(y)] [r(y)]  dy b 1  dyœ œ � Ê œ � œ �ˆ ‰ ˆ ‰a by y
h h

' '
0 0

h h

1 1
# # # #

 b 1  dy b y b h hœ � � œ � � œ � � œ1 1 1
# # #

!

'
0

h hŠ ‹ ’ “ ˆ ‰2y y y y
h h h 3h 3 3

h b h# # $

# #

#
1
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51. R(y) b a y  and r(y) b a yœ � � œ � �È È# # # #

  V [R(y)] [r(y)]  dyÊ œ �'
�a

a

1 a b# #

  b a y b a y  dyœ � � � � �1
'
�a

a ’ “ˆ ‰ ˆ ‰È È# # # #
# #

  4b a y  dy 4b a y  dyœ � œ �1 1
' '
� �a a

a aÈ È# # # #

 4b area of semicircle of radius a 4b 2a bœ œ œ1 1 1† †

1a#

#
# #

 

52. (a) A cross section has radius r y and area r y. The volume is ydy y .œ # œ # # œ œ #&È c d1 1 1 1 1
# # &

!
'

0

&

 (b) V h A h dh, so A h . Therefore A h , so .a b a b a b a bœ œ œ † œ † œ †' dV dV dV dh dh dh dV
dh dt dh dt dt dt A h dt

"
a b

 For h , the area is , so  .œ % # % œ ) œ † $ œ †1 1a b dh units units
dt sec sec

" $
) )1 1

$ $

53. (a) R(y) a y   V a y  dy a y a h a aœ � Ê œ � œ � œ � � � � �È a b ’ “ ’ “Š ‹# # # # # # $ $�
1 1 1
'
�

�
�

�

a

h a h a

a

y (h a)
3 3 3

a$ $ $

 a h h 3h a 3ha a a h h a haœ � � � � � œ � � � œ1 1’ “ Š ‹a b# $ # # $ # # #" �
3 3 3 3

a h h (3a h)$ $ #
1

 (b) Given 0.2 m /sec and a 5 m, find .  From part (a), V(h) 5 hdV dh h
dt dt 3 3

h (15 h)
œ œ œ œ �$ #�¸

h 4œ

1 1
# $

1

  10 h h   h(10 h)    m/sec.Ê œ � Ê œ œ � Ê œ œ œdV dV dV dh dh dh 0.2
dh dt dh dt dt dt 4 (10 4) (20 )(6) 1 01 1 1

#
� #

" "
†

¸
h 4œ 1 1 1

54. Suppose the solid is produced by revolving y 2 x aboutœ �

 the y-axis.  Cast a shadow of the solid on a plane parallel to
 the xy-plane.
 Use an approximation such as the Trapezoid Rule, to

 estimate R y  dy y.'
a

b

1 1c da b ! Œ �#

œ"

#

¸ ˜
k

n d
k̂
#

 

55. The cross section of a solid right circular cylinder with a cone removed is a disk with radius R from which a disk of radius
 h has been removed.   Thus its area is A R h R h . The cross section of the hemisphere is a disk of"

# # # #œ � œ �1 1 1 a b
 radius R h .  Therefore its area is A R h R h . We can see that A A .  The altitudes ofÈ ÈŠ ‹ a b# # # #

# " #

#
# #� œ � œ � œ1 1

 both solids are R.  Applying Cavalieri's Principle we find

 Volume of Hemisphere (Volume of Cylinder) (Volume of Cone) R R R R R .œ � œ � œa b a b1 1 1
# # $"

3 3
2

56. R(x) 36 x   V [R(x)]  dx 36 x  dx  36x x  dxœ � Ê œ œ � œ �x x
1 144 144#

# # # # %È a b a b' ' '
0 0 0

6 6 6

1 1

#
1

 12x 12 6 12  cm .  The plumb bob willœ � œ � œ � œ œ1 1 1 1 1

144 5 144 5 144 5 144 5 5
x 6 6 36 196 60 36 36’ “ Š ‹ ˆ ‰ ˆ ‰ ˆ ‰$ $ $

'

!

�& & $

†

†

 weigh about W (8.5) 192 gm, to the nearest gram.œ ¸ˆ ‰36
5
1

57. R(y) 256 y   V [R(y)]  dy 256 y  dy 256yœ � Ê œ œ � œ �È a b ’ “# # #
�(

�"'

' '
� �

� �

16 16

7 7

1 1 1
y
3

$

 (256)( 7) (256)( 16) 256(16 7) 1053  cm 3308 cmœ � � � � � œ � � � œ ¸1 1 1’ “ Š ‹Š ‹7 16 7 16
3 3 3 3

$ $ $ $ $ $
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58. (a) R(x) c sin x , so V [R(x)]  dx (c sin x)  dx c 2c sin x sin x  dxœ � œ œ � œ � �k k a b1 1 1
' ' '

0 0 0

1 1 1

# # # #

 c 2c sin x  dx c 2c sin x  dxœ � � œ � � �1 1
' '

0 0

1 1ˆ ‰ ˆ ‰# #� "
# # #

1 cos 2x cos 2x

 c x 2c cos x c 2c 0 (0 2c 0) c 4c .  Letœ � � � œ � � � � � � œ � �1 1 1 1 1� ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰# # #"
# # #!

sin 2x
4

1
1 1

 V(c) c 4c .  We find the extreme values of V(c):  (2c 4) 0  c  is a criticalœ � � œ � œ Ê œ1 1 1 1ˆ ‰#
#
1

1

dV 2
dc

 point, and V 4; Evaluate V at the endpoints:  V(0)  andˆ ‰ ˆ ‰ ˆ ‰2 4 8 4
1 1 1 1

1 1 1 1œ � � œ � œ � œ1 1# # # #

# #

 V(1) 4 (4 ) .  Now we see that the function's absolute minimum value is 4,œ � œ � � �1 1 1 1ˆ ‰3
# # #

1 1
# #

 taken on at the critical point c .  (See also the accompanying graph.)œ 2
1

 (b) From the discussion in part (a) we conclude that the function's absolute maximum value is , taken on at1
#

#

 the endpoint c 0.œ

 (c) The graph of the solid's volume as a function of c for
 0 c 1 is given at the right.  As c moves away fromŸ Ÿ

 [ ] the volume of the solid increases without bound.!ß "

 If we approximate the solid as a set of solid disks, we
 can see that the radius of a typical disk increases without
 bounds as c moves away from [0 1].ß  

59. Volume of the solid generated by rotating the region bounded by the x-axis and y f x  from x a to x b about theœ œ œa b
 x-axis is V [f(x)]  dx 4 , and the volume of the solid generated by rotating the same region about the lineœ œ'

a

b

1 1
#

 y 1 is V  [f(x) 1]  dx 8 . Thus  [f(x) 1]  dx [f(x)]  dx 8 4œ � œ � œ � � œ �' ' '
a a a

b b b

1 1 1 1 1 1
# # #

 [f(x)] 2f(x) [f(x)]  dx 4 2f(x)  dx 4 2 f(x) dx dx 4Ê � � " � œ Ê � " œ Ê � œ1 1
' ' ' '

a a a a

b b b ba b a b# #

 f(x) dx b a 2 f(x) dxÊ � � œ Ê œ' '
a a

b b
" � �
# #a b 4 b a

60. Volume of the solid generated by rotating the region bounded by the x-axis and y f x  from x a to x b about theœ œ œa b
 x-axis is V [f(x)]  dx 6 , and the volume of the solid generated by rotating the same region about the lineœ œ'

a

b

1 1
#

 y 2 is V  [f(x) 2]  dx 10 . Thus  [f(x) 2]  dx [f(x)]  dx 10 6œ � œ � œ � � œ �' ' '
a a a

b b b

1 1 1 1 1 1
# # #

 [f(x)] 4f(x) 4 [f(x)]  dx 4 4f(x) 4  dx 4 4 f(x) dx 4 dx 4Ê � � � œ Ê � œ Ê � œ1 1
' ' ' '

a a a a

b b b ba b a b# #

 f(x) dx b a 1 f(x) dx 1 b aÊ � � œ Ê œ � �' '
a a

b ba b
6.2  VOLUME USING CYLINDRICAL SHELLS

 1. For the sketch given, a 0, b 2;œ œ

 V 2  dx 2 x 1  dx 2 x  dx 2 2œ œ � œ � œ � œ �' ' '
a 0 0

b 2 2

1 1 1 1 1ˆ ‰ ˆ ‰Š ‹ Š ‹ Š ‹ ’ “shell shell
radius height 4 4 16 16

x x x x 4 16# $ # %

# #

#

!

 2 3 6œ œ1 1†

 2. For the sketch given, a 0, b 2;œ œ

 V 2  dx 2 x 2  dx 2 2x  dx 2 x 2 (4 1) 6œ œ � œ � œ � œ � œ' ' '
a 0 0

b 2 2

1 1 1 1 1 1ˆ ‰ Š ‹ Š ‹ Š ‹ ’ “shell shell
radius height 4 4 16

x x x# $ %#
#

!

 3. For the sketch given, c 0, d 2;œ œ È
 V 2  dy 2 y y dy 2 y  dy 2 2œ œ œ œ œ' ' '

c 0 0

d 2 2

1 1 1 1 1ˆ ‰ Š ‹ ’ “a bshell shell
radius height 4

y
È È

†

# $
#

!

%
È
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 4. For the sketch given, c 0, d 3;œ œ È
 V 2  dy 2 y 3 3 y  dy 2  y  dy 2œ œ � � œ œ œ' ' '

c 0 0

d 3 3

1 1 1 1ˆ ‰ Š ‹ ’ “c da bshell shell
radius height 4

y
3

9
È È

†

# $

! #

%
È

1

 5. For the sketch given, a 0, b 3;œ œ È
 V 2  dx 2 x x 1  dx;œ œ �' '

a 0

b 3

1 1ˆ ‰ Š ‹ Š ‹Èshell shell
radius height

È

†

#

 u x 1  du 2x dx; x 0  u 1, x 3  u 4’ “Èœ � Ê œ œ Ê œ œ Ê œ#

  V u  du u 4 1 (8 1)Ä œ œ œ � œ � œ1 1
'

1

4
"Î# $Î# $Î#%

"
� ‘ ˆ ‰ ˆ ‰2 2 2 14

3 3 3 3
1 1 1

 6. For the sketch given, a 0, b 3;œ œ

 V 2  dx 2 x  dx;œ œ' '
a 0

b 3

1 1ˆ ‰ Š ‹ Š ‹shell shell
radius height

9x
x 9È $ �

 u x 9  du 3x  dx  3 du 9x  dx; x 0  u 9, x 3  u 36c dœ � Ê œ Ê œ œ Ê œ œ Ê œ$ # #

  V 2  3u  du 6 2u 12 36 9 36Ä œ œ œ � œ1 1 1 1
'

9

36
�"Î# "Î# $'

*
� ‘ Š ‹È È

 7. a 0, b 2;œ œ

 V 2  dx 2 x x  dxœ œ � �' '
a 0

b 2

1 1ˆ ‰ � ‘Š ‹ ˆ ‰shell shell
radius height 2

x

 2 x  dx  3x  dx x 8œ œ œ œ' '
0 0

2 2

1 1 1 1
# # $

#

#
!†

3 c d

 

 8. a 0, b 1;œ œ

 V 2  dx 2 x 2x  dxœ œ �' '
a 0

b 1

1 1ˆ ‰ ˆ ‰Š ‹shell shell
radius height 2

x

  2  dx   3x  dx xœ œ œ œ1 1 1 1
'

0

1 1

0

Š ‹ ' c d3x#

#
# $ "

!

 

 9. a 0, b 1;œ œ

 V 2  dx 2 x (2 x) x  dxœ œ � �' '
a 0

b 1

1 1ˆ ‰ Š ‹ c dshell shell
radius height

#

 2 2x x x  dx 2 xœ � � œ � �1 1
'

0

1 a b ’ “# $ #
"

!

x x
3 4

$ %

 2 1 2œ � � œ œ œ1 1ˆ ‰ ˆ ‰" " � �
3 4 12 12 6

12 4 3 10 51 1

 

10. a 0, b 1;œ œ

 V 2  dx 2 x 2 x x  dxœ œ � �' '
a 0

b 1

1 1ˆ ‰ Š ‹ c da bshell shell
radius height

# #

 2 x 2 2x  dx 4 x x  dxœ � œ �1 1
' '

0 0

1 1a b a b# $

 4 4œ � œ � œ1 1 1’ “ ˆ ‰x x
4 2 4

# %

#

"

!

" "

 

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.Uploaded By: osaid zyoudSTUDENTS-HUB.com



 Section 6.2 Volume Using Cylindrical Shells 339

11. a 0, b 1;œ œ

 V 2  dx 2 x x (2x 1)  dxœ œ � �' '
a 0

b 1

1 1ˆ ‰ � ‘Š ‹ Èshell shell
radius height

 2 x 2x x  dx 2 x x xœ � � œ � �1 1
'

0

1 ˆ ‰ � ‘$Î# # &Î# $ #"
#

"

!
2 2
5 3

 2 2œ � � œ œ1 1ˆ ‰ ˆ ‰2 2 12 20 15 7
5 3 30 15

" � �
#

1

 

12. a , b 4;œ " œ

 V 2  dx 2 x x  dxœ œ' '
a 1

b 4

1 1ˆ ‰ ˆ ‰Š ‹shell shell
radius height 2

3 �"Î#

 3 x  dx 3 x 2 4œ œ œ � "1 1 1
'

1

4
"Î# $Î# $Î#%

"
� ‘ ˆ ‰2

3

 2 (8 1) 14œ � œ1 1

 

13. (a) xf(x)    xf(x)  ; since sin 0 0 we have
x ,  0 x

   x,  x 0
sin x,  0 x

    0,  x 0     
œ Ê œ œ

� Ÿ

œ

� Ÿ

œœ œ†

sin x
x 1 1

 xf(x)   xf(x) sin x, 0 x
sin x,  0 x
sin x,  x 0     

œ Ê œ Ÿ Ÿ
� Ÿ

œœ 1

1

 (b) V 2  dx 2 x f(x) dx and x f(x) sin x, 0 x  by part (a)œ œ œ Ÿ Ÿ' '
a 0

b

1 1 1ˆ ‰ Š ‹shell shell
radius height

1

† †

  V 2 sin x dx 2 [ cos x] 2 ( cos cos 0) 4Ê œ œ � œ � � œ1 1 1 1 1
'

0

1

1

!

14. (a) xg(x)    xg(x) ; since tan 0 0 we havex ,  0 x
   x 0,  x 0  

tan x,  0 x /4
    0,  x 0      

œ Ê œ œ
� Ÿ

œ

� Ÿ

œ
œ œ†

†

tan x
x 4

#
1 #

1

 xg(x)   xg(x) tan x, 0 x /4
tan x,  0 x /4
tan x,  x 0         

œ Ê œ Ÿ Ÿ
� Ÿ

œ
œ #

#
#1

1

 (b) V 2  dx 2 x g(x) dx and x g(x) tan x, 0 x /4 by part (a)œ œ œ Ÿ Ÿ' '
a 0

b 4

1 1 1ˆ ‰ Š ‹shell shell
radius height

1Î

† †

#

  V 2 tan x dx 2 sec x 1  dx 2 [tan x x] 2 1Ê œ œ � œ � œ � œ1 1 1 1
' '

0 0

4 41 1Î Î
# # Î%

!
�
#a b ˆ ‰1 1 1 1

4
4 #

15. c 0, d 2;œ œ

 V 2  dy 2 y y ( y)  dyœ œ � �' '
c 0

d 2

1 1ˆ ‰ � ‘Š ‹ Èshell shell
radius height

 2 y y  dy 2œ � œ �1 1
'

0

2 ˆ ‰ ’ “$Î# #
#

!

2y y
5 3

&Î# $

 2 2 2 16œ � œ � œ �1 1 1” •Š ‹ Š ‹ Š ‹È2 2 8
5 3 5 3 5 3

8 2 2
&

"$ È È

 3 2 5œ �16
15
1 Š ‹È
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16. c 0, d 2;œ œ

 V 2  dy 2 y y ( y) dyœ œ � �' '
c 0

d 2

1 1ˆ ‰ Š ‹ c dshell shell
radius height

#

 2 y y  dy 2 16œ � œ � œ �1 1 1
'

0

2 a b ’ “ ˆ ‰$ #
#

!

"y y
4 3 4 3

2% $

 16œ œ1 ˆ ‰5 40
6 3

1

 

17. c 0, d 2;œ œ

 V 2  dy 2 y 2y y dyœ œ �' '
c 0

d 2

1 1ˆ ‰ Š ‹ a bshell shell
radius height

#

 2 2y y  dy 2 2œ � œ � œ �1 1 1
'

0

2 a b ’ “ ˆ ‰# $
#

!

"2y y
3 4 3 4

16 6$ %

 32œ � œ œ1 ˆ ‰" "
3 4 12 3

32 81 1

 

18. c 0, d 1;œ œ

 V 2  dy 2 y 2y y y dyœ œ � �' '
c 0

d 1

1 1ˆ ‰ Š ‹ a bshell shell
radius height

#

 2 y y y  dy 2 y y  dyœ � œ �1 1
' '

0 0

1 1a b a b# # $

 2 2œ � œ � œ1 1’ “ ˆ ‰y y
3 4 3 4 6

1$ % "

!

" 1

 

19. c 0, d 1;œ œ

 V 2  dy 2 y[y ( y)]dyœ œ � �' '
c 0

d 1

1 1ˆ ‰ Š ‹shell shell
radius height

 2 2y  dy yœ œ œ1
'

0

1
# $ "

!
4 4
3 3
1 1c d

 

20. c 0, d 2;œ œ

 V 2  dy 2  y y dyœ œ �' '
c 0

d 2

1 1ˆ ‰ ˆ ‰Š ‹shell shell
radius height 2

y

 2  dy yœ œ œ1
'

0

2
y
2 3 3

3 2 82
1 1c d !

 

21. c 0, d 2;œ œ

 V 2  dy 2 y (2 y) y  dyœ œ � �' '
c 0

d 2

1 1ˆ ‰ Š ‹ c dshell shell
radius height

#

 2  2y y y  dy 2 yœ � � œ � �1 1
'

0

2 a b ’ “# $ #
#

!

y y
3 4

$ %

 2 4 (48 32 48)œ � � œ � � œ1 ˆ ‰8 16 16
3 4 6 3

1 1
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22. c 0, d 1;œ œ

 V 2  dy 2 y (2 y) y  dyœ œ � �' '
c 0

d 1

1 1ˆ ‰ Š ‹ c dshell shell
radius height

#

 2 2y y y  dy 2 yœ � � œ � �1 1
'

0

1 a b ’ “# $ #
"

!

y y
3 4

$ %

 2 1 (12 4 3)œ � � œ � � œ1 ˆ ‰1 1 5
3 4 6 6

1 1

 

23. (a) V 2 dx 2 x 3x dx 6 x  dx 2 x 16œ œ œ œ œ' ' '
a 0 0

b 2 2

1 1 1 1 1ˆ ‰Š ‹ a b c dshell shell
radius height

2 3 2
!

 (b) V 2 dx 2 4 x 3x dx 6 4x x dx 6 2x x 6 8 32œ œ � œ � œ � œ � œ' ' '
a 0 0

b 2 2

1 1 1 1 1 1ˆ ‰ � ‘ ˆ ‰Š ‹ a b a b a bshell shell
radius height 3 3

2 2 31 82

!

 (c) V 2 dx 2 x 1 3x dx 6 x x dx 6 x x 6 2 28œ œ � œ � œ � œ � œ' ' '
a 0 0

b 2 2

1 1 1 1 1 1ˆ ‰ � ‘ ˆ ‰Š ‹ a b a b a bshell shell
radius height 3 2 3

2 3 21 1 82

!

 (d) V 2 dy 2 y 2 y dy 2 2y y dy 2 y y 2 36 24 24œ œ � œ � œ � œ � œ' ' '
c 0 0

d 6 6

1 1 1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰ � ‘Š ‹ a bshell shell
radius height 3 3 9

1 1 12 2 3 6

!

 (e) V 2 dy 2 7 y 2 y dy 2 14 y y dy 2 14y y yœ œ � � œ � � œ � �' ' '
c 0 0

d 6 6

1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰ � ‘Š ‹ a bshell shell
radius height 3 3 3 6 9

1 13 1 13 12 2 3 6

!

 2 84 78 24 60œ � � œ1 1a b
 (f) V 2 dy 2 y 2 2 y dy 2 4 y y dy 2 4y y yœ œ � � œ � � œ � �' ' '

c 0 0

d 6 6

1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰ � ‘Š ‹ a bshell shell
radius height 3 3 3 3 9

1 4 1 2 12 2 3 6

!

 2 24 24 24 48œ � � œ1 1a b
24. (a) V 2 dx 2 x 8 x dx 2 8x x dx 2 4x x 2 16œ œ � œ � œ � œ � œ' ' '

a 0 0

b 2 2

1 1 1 1 1ˆ ‰ � ‘ ˆ ‰Š ‹ a b a bshell shell
radius height 5 5 5

3 4 2 51 32 962

!
1

 (b) V 2 dx 2 3 x 8 x dx 2 24 8x 3x x dxœ œ � � œ � � �' ' '
a 0 0

b 2 2

1 1 1ˆ ‰Š ‹ a b a b a bshell shell
radius height

3 3 4

 2 24x 4x x x 2 48 16 12œ � � � œ � � � œ1 1� ‘ ˆ ‰2 4 53 1 32 264
4 5 5 5

2

!
1

 (c) V 2 dx 2 x 2 8 x dx 2 16 8x 2x x dxœ œ � � œ � � �' ' '
a 0 0

b 2 2

1 1 1ˆ ‰Š ‹ a b a b a bshell shell
radius height

3 3 4

 2 16x 4x x x 2 32 16 8œ � � � œ � � � œ1 1� ‘ ˆ ‰2 4 51 1 32 336
2 5 5 5

2

!
1

 (d) V 2 dy 2 y y dy 2 y dy y 128œ œ † œ œ œ œ' ' '
c 0 0

d 8 8

1 1 1ˆ ‰ � ‘Š ‹ a bshell shell
radius height 7 7 7

1 3 4 3 7 36 6 7688Î Î Î
!

1 1 1

 (e) V 2 dy 2 8 y y dy 2 8y y dy 2 6y yœ œ � œ � œ �' ' '
c 0 0

d 8 8

1 1 1 1ˆ ‰ ˆ ‰ � ‘Š ‹ a bshell shell
radius height 7

1 3 1 3 4 3 4 3 7 33  8Î Î Î Î Î
!

 2 96œ � œ1ˆ ‰384 576
7 7

1

 (f) V 2 dy 2 y 1 y dx 2 y y dy 2 y yœ œ � œ � œ �' ' '
c 0 0

d 8 8

1 1 1 1ˆ ‰ ˆ ‰ � ‘Š ‹ a bshell shell
radius height 7 4

1 3 4 3 1 3 7 3 4 33 3 8Î Î Î Î Î
!

 2 12œ � œ1ˆ ‰384 936
7 7

1

25. (a) V 2 dx 2 2 x x 2 x dx 2 4 3x x dx 2 4x x xœ œ � � � œ � � œ � �' ' '
a 1 1

b 2 2

1 1 1 1ˆ ‰ � ‘Š ‹ a b a b a bshell shell
radius height 4

2 2 3 3 41 2

1
� �

�

 2 8 8 4 2 4 1œ � � � � � � œ1 1a b ˆ ‰1 27
4 2

1

. (b) V 2 dx 2 x 1 x 2 x dx 2 2 3x x dx 2 2x x xœ œ � � � œ � � œ � �' ' '
a 1 1

b 2 2

1 1 1 1ˆ ‰ � ‘Š ‹ a b a b a bshell shell
radius height 2 4

2 3 2 43 1 2

1
� �

�

 2 4 6 4 2 2œ � � � � � � œ1 1a b ˆ ‰3 1 27
2 4 2

1

 (c) V 2 dy 2 y y y dy 2 y y y 2 dyœ œ � � � � �' ' '
c 0 1

d 1

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ È È Èˆ ‰ a bshell shell
radius height

4

 4 y dy 2 y y 2y dy y 2 y y yœ � � � œ � � �1 1 1
' '

0 1

1
3 2 3 2 2 5 2 5 2 3 2

4
8 2 1
5 5 3

1 4

1
Î Î Î Î

!
ˆ ‰ � ‘ � ‘1

 1 2 16 2 1œ � � � � � � œ8 64 64 2 1 72
5 5 3 5 3 5
1 1a b ˆ ‰ ˆ ‰1 1
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 (d) V 2 dy 2 4 y y y dy 2 4 y y y 2 dyœ œ � � � � � � �' ' '
c 0 1

d 1

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ a b a b a bÈ È Èˆ ‰shell shell
radius height

4

 4 4 y y dy 2 y y 6y 4 y 8 dyœ � � � � � �1 1
' '

0 1

1 ˆ ‰ ˆ ‰È È3 2 2 3 2
4

Î Î

 4 y y 2 y y 3y y 8yœ � � � � � �1 1� ‘ � ‘8 2 1 2 8
3 5 3 5 3

3 2 5 2 3 5 2 2 3 21 4

1
Î Î Î Î

!

 4 2 48 32 2 3 8œ � � � � � � � � � � � œ1 1 1ˆ ‰ ˆ ‰ ˆ ‰8 2 64 64 64 1 2 8 108
3 5 3 5 3 3 5 3 5

1

26. (a) V 2 dx 2 1 x 4 3x x dx 2 x x 3x 3x 4x 4 dxœ œ � � � œ � � � � �' ' '
a 1 1

b 1 1

1 1 1ˆ ‰Š ‹ a b a b a bshell shell
radius height

2 4 5 4 3 2
� �

 2 x x x x 2x 4x 2 1 2 4 2 1 2 4œ � � � � � œ � � � � � � � � � � � œ1 1 1� ‘ ˆ ‰ ˆ ‰1 1 3 1 1 3 1 1 3 56
6 5 4 6 5 4 6 5 4 5

6 5 4 3 2 1

1�
1

 (b) V 2 dy 2 y y y dy 2 y dyœ œ � � � � �' ' '
c 0 1

d 1

1 1 1ˆ ‰ ˆ ‰Š ‹ Š ‹È Èˆ ‰ ” •É Éshell shell
radius height 3 3

4
4 y 4 y4 4 � �

 4 y dy y 4 ydy u 4 y y 4 u du dy; y 1 u 3, y 4 u 0œ � � œ � Ê œ � Ê œ � œ Ê œ œ Ê œ1
' '

0 1

1
5 4 4

3

4
Î 1

È È c d
 y 4 u u du 1 4 u u du u uœ � � œ � � œ � �16 4 16 4 16 4 8 2

9 9 9 3 5
9 4 3 2 3 2 5 21 3

3 3 3

0 3

0
1 1 1 1 1 1� ‘ ˆ ‰ � ‘a b a bÈ ÈÎ Î Î Î

! È È È' '
3 0

 8 3 3œ � � œ � œ16 4 18 16 88 872
9 5 9 5 453
1 1 1 1 1

È Š ‹È È

27. (a) V 2  dy 2 y 12 y y  dy 24  y y  dy 24œ œ � œ � œ �' ' '
c 0 0

d 1 1

1 1 1 1ˆ ‰ Š ‹ ’ “a b a bshell shell
radius height 4 5

y y
†

# $ $ %
"

!

% &

 24œ � œ œ1 ˆ ‰1 1 24 6
4 5 20 5

1 1

 (b) V 2  dy 2 (1 y) 12 y y  dy 24 (1 y) y y  dyœ œ � � œ � �' ' '
c 0 0

d 1 1

1 1 1ˆ ‰ Š ‹ c d a ba bshell shell
radius height

# $ # $

 24 y 2y y  dy 24 24 24œ � � œ � � œ � � œ œ1 1 1 1
'

0

1 a b ’ “ ˆ ‰ ˆ ‰# $ %
"

!

" "y y y
3 2 5 3 2 5 30 5

1 1 4$ % &
1

 (c) V 2  dy 2 y 12 y y  dy 24  y y y  dyœ œ � � œ � �' ' '
c 0 0

d 1 1

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ c d a ba bshell shell
radius height 5 5

8 8# $ # $

 24 y y y  dy 24 y y 24 (32 39 12)œ � � œ � � œ � � œ � �1 1 1
'

0

1 ˆ ‰ ˆ ‰’ “8 13 8 13 8 13 1 24
5 5 15 20 5 15 20 5 60

y# $ % $ %
"

!

&
1

 2œ œ24
12
1

1

 (d) V 2  dy 2 y 12 y y  dy 24 y y y  dyœ œ � � œ � �' ' '
c 0 0

d 1 1

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ c d a ba bshell shell
radius height 5 5

2 2# $ # $

 24 y y y y  dy 24 y y y  dy 24 y yœ � � � œ � � œ � �1 1 1
' '

0 0

1 1ˆ ‰ ˆ ‰ ’ “$ % # $ # $ % $ %
"

!

2 2 2 3 2 3
5 5 5 5 15 20 5

y&

 24 (8 9 12) 2œ � � œ � � œ œ1 1ˆ ‰2 3 1 24 24
15 20 5 60 12

1 1

28. (a) V 2  dy 2 y  dy 2 y y  dy 2 y  dyœ œ � � œ � œ �' ' ' '
c 0 0 0

d 2 2 2

1 1 1 1ˆ ‰ Š ‹ ’ “ Š ‹ Š ‹Š ‹shell shell
radius height 4 4 4

y y y y y# % # % &

# #
# $

 2 2 32 32 32œ � œ � œ � œ � œ œ1 1 1 1 1’ “ Š ‹ ˆ ‰ ˆ ‰ ˆ ‰y y
4 24 4 24 4 24 4 6 24 3

2 2 4 2 8% ' % '
#

!

" " " 1

 (b) V 2  dy 2 (2 y)  dy 2 (2 y) y  dyœ œ � � � œ � �' ' '
c 0 0

d 2 2

1 1 1ˆ ‰ Š ‹ ’ “ Š ‹Š ‹shell shell
radius height 4 4

y y y y# % # %

# #
#

 2  2y y  dy 2 2œ � � � œ � � � œ � � � œ1 1 1
'

0

2 Š ‹ ’ “ ˆ ‰# $
#

#

!

y y 2y y y y
2 4 3 10 4 4 3 10 4 24 5

16 32 16 64 8% & $ & % '
1

 (c) V 2  dy 2 (5 y)  dy 2 (5 y) y  dyœ œ � � � œ � �' ' '
c 0 0

d 2 2

1 1 1ˆ ‰ Š ‹ ’ “ Š ‹Š ‹shell shell
radius height 4 4

y y y y# % # %

# #
#

 2 5y y y  dy 2 2 8œ � � � œ � � � œ � � � œ1 1 1 1
'

0

2 Š ‹ ’ “ ˆ ‰# % $
#

#

!

5 40 160 16 64
4 4 3 20 4 4 3 20 4 24

y 5y 5y y y& $ & % '

 (d) V 2  dy 2 y  dy 2 y y  dyœ œ � � � œ � �' ' '
c 0 0

d 2 2

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ ’ “ Š ‹Š ‹shell shell
radius height 8 4 8 4

5 5y y y y# % # %

# #
#

 2 y y y  dy 2 2 4œ � � � œ � � � œ � � � œ1 1 1 1
'

0

2 Š ‹ ’ “ ˆ ‰$ # %
# #

#

!

y y y 5y 5y
4 8 32 4 4 4 160 4 24 24 160

5 5 16 64 40 160& % ' $ &
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29. (a) About x-axis: V 2 dyœ '
c

d

1 ˆ ‰ Š ‹shell shell
radius height

 2 y y y dy 2 y y dyœ � œ �' '
0 0

1 1

1 1ˆ ‰ ˆ ‰È $Î# #

 2 y y 2œ � œ � œ1 1� ‘ ˆ ‰# " # " #
& $ & $ "&

&Î# $ "

!
1

 About y-axis: V 2 dxœ '
a

b

1 ˆ ‰ Š ‹shell shell
radius height

 2 x x x dx 2 x x dxœ � œ �' '
0 0

1 1

1 1a b a b# 2 3

 2 2œ � œ � œ1 1’ “ ˆ ‰x x$ %

$ % $ % '

"

!

" " 1

 

 (b) About x-axis: R x x and r x x  V R x r x dx x x dxa b a b a b a b c d� ‘œ œ Ê œ � œ �# # %# #' '
a 0

b 1

1 1

 œ � œ � œ1 1’ “ ˆ ‰x x$ &

$ & $ & "&

"

!

" " #1

 About y-axis:  R y y and r y y  V R y r y dy y y dya b a b a b a b c dÈ � ‘œ œ Ê œ � œ �' '
c 0

d 1

1 1
# # 2

 œ � œ � œ1 1’ “ ˆ ‰y y# $

# $ # $ '

"

!

" " 1

30. (a) V R x r x dx x dxœ � œ � # �' '
a 0

b

1 1� ‘ ˆ ‰a b a b ’ “# #
#

# #
%

x

 x x dx x xœ � � # � % œ � � � %1 1
'

0

%ˆ ‰ ’ “$
% %

# #
%

!

x$

 œ �"' � "' � "' œ "'1 1a b
 (b) V 2 dx x x dxœ œ # � # �' '

a 0

b

1 1ˆ ‰ ˆ ‰Š ‹shell shell
radius height

x
%

#

 x dx x dxœ # # � œ # # �' '
0 0

% %

1 1ˆ ‰ Š ‹x x
# #

#

 xœ # � œ # "' � œ1 1’ “ ˆ ‰#
' ' $

%

!

'% $#x$ 1

 

 (c) V 2 dx x x dx x dx x dxœ œ # % � � # � œ # % � # � œ # ) � % �' ' ' '
a 0 0 0

b

1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹a b a bshell shell
radius height

x x x
% % %

# # #

#

 x xœ # ) � # � œ # $# � $# � œ1 1’ “ ˆ ‰#
' ' $

%

!

'% '%x$ 1

 (d) V R x r x dx x dx x x x dxœ � œ ) � � ' � œ '% � "' � � $' � ' �' ' '
a 0 0

b

1 1 1� ‘ ˆ ‰a b a b a b a b’ “ ’ “Š ‹# # #
# %

# #
% %

x x#

 x x dx x x1 1 1 1 1
'

0

%ˆ ‰ ’ “ � ‘a ba b a ba b a ba b$
% %

# #
%

!
� "! � #) œ � & � #) œ "' � & "' � ( "' œ $ "' œ %)x$

31. (a) V 2  dy 2 y(y 1) dyœ œ �' '
c 1

d 2

1 1ˆ ‰ Š ‹shell shell
radius height

 2 y y  dy 2œ � œ �1 1
'

1

2a b ’ “#
#

#

"

y y
3

$ #

 2œ � � �1 � ‘ˆ ‰ ˆ ‰8 4
3 2 3

" "
#

 2 2 (14 12 3)œ � � œ � � œ1 ˆ ‰7 5
3 3 3

"
#

1 1

 

 (b) V 2  dx 2 x(2 x) dx 2 2x x  dx 2 xœ œ � œ � œ �' ' '
a 1 1

b 2 2

1 1 1 1ˆ ‰ Š ‹ ’ “a bshell shell
radius height 3

x# #
#

"

$

 2 4 1 2 2œ � � � œ � œ � œ1 1 1� ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰8 12 8 3 4 2 4
3 3 3 3 3 3 3

" � �" 1

 (c) V 2  dx 2 x (2 x) dx 2 x x  dxœ œ � � œ � �' ' '
a 1 1

b 2 2

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹shell shell
radius height 3 3 3

10 20 16 #

 2 x x x 2 2 2œ � � œ � � � � � œ œ1 1 1 1� ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰20 8 40 32 8 20 8 3
3 3 3 3 3 3 3 3 3 3

# $" "#

"

 (d) V 2  dy 2 (y 1)(y 1) dy 2 (y 1) 2œ œ � � œ � œ œ' ' '
c 1 1

d 2 2

1 1 1 1ˆ ‰ Š ‹ ’ “shell shell
radius height 3 3

(y 1) 2# �
#

"

$
1
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32. (a) V 2  dy 2 y y 0  dyœ œ �' '
c 0

d 2

1 1ˆ ‰ Š ‹ a bshell shell
radius height

#

 2 y  dy 2 2 8œ œ œ œ1 1 1 1
'

0

2
$

#

!
’ “ Š ‹y

4 4
2% %

 (b) V 2  dxœ '
a

b

1 ˆ ‰ Š ‹shell shell
radius height

 2 x 2 x  dx 2 2x x  dxœ � œ �' '
0 0

4 4

1 1ˆ ‰ ˆ ‰È $Î#

 2 x x 2 16œ � œ �1 1� ‘ Š ‹# &Î# %

!
2 2 2
5 5

†

&

 2 16 (80 64)œ � œ � œ1 ˆ ‰64 2 32
5 5 5

1 1

 

 (c) V 2  dx 2 (4 x) 2 x  dx 2 8 4x 2x x  dxœ œ � � œ � � �' ' '
a 0 0

b 4 4

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Èshell shell
radius height

"Î# $Î#

 2 8x x x x 2 32 16 (240 320 192) (112)œ � � � œ � � � œ � � œ œ1 1� ‘ ˆ ‰8 2 64 64 2 2 224
3 5 3 5 15 15 15

$Î# # &Î# %

!
1 1 1

 (d) V 2  dy 2 (2 y) y  dy 2  2y y  dy 2 yœ œ � œ � œ �' ' '
c 0 0

d 2 2

1 1 1 1ˆ ‰ Š ‹ ’ “a b a bshell shell
radius height 3 4

2 y# # $ $
#

!

%

 2 (4 3)œ � œ � œ1 ˆ ‰16 16 32 8
3 4 12 3

1 1

33. (a) V 2  dy 2 y y y  dyœ œ �' '
c 0

d 1

1 1ˆ ‰ Š ‹ a bshell shell
radius height

$

 2 y y  dy 2 2œ � œ � œ �'
0

1

1 1 1a b ’ “ ˆ ‰# %
"

!

" "y y
3 5 3 5

$ &

 œ 4
15
1

 (b) V 2  dyœ '
c

d

1 ˆ ‰ Š ‹shell shell
radius height

 2 (1 y) y y  dyœ � �'
0

1

1 a b$

 

 2  y y y y  dy 2 2 (30 20 15 12)œ � � � œ � � � œ � � � œ � � � œ1 1 1
'

0

1a b ’ “ ˆ ‰# $ %
# #

"

!

" " " "y y y y
3 4 5 3 4 5 60 30

2 7# $ % &
1 1

34. (a) V 2 dyœ '
c

d

1 ˆ ‰ Š ‹shell shell
radius height

 2 y 1 y y dyœ � �'
0

1

1 c da b$
 2  y y y  dy 2œ � � œ � �1 1

'
0

1a b ’ “# %
#

"

!

y y y
3 5

# $ &

 2 (15 10 6)œ � � œ � �1 ˆ ‰" " "
# 3 5 30

21

 œ 11
15
1

 

 (b) Use the washer method:

 V R (y) r (y)  dy 1 y y  dy  1 y y 2y  dy yœ � œ � � œ � � � œ � � �' ' '
c 0 0

d 1 1

1 1 1 1c d a b a b’ “ ’ “# # # $ # ' %# "

!

y y 2y
3 7 5

$ ( &

 1 (105 35 15 42)œ � � � œ � � � œ1 ˆ ‰" "
3 7 5 105 105

2 971 1

 (c) Use the washer method:

 V R (y) r (y)  dy 1 y y 0  dy 1 2 y y y y  dyœ � œ � � � œ � � � �' ' '
c 0 0

d 1 1

1 1 1c d c d a b a b’ “ ’ “a b# # $ $ $# #

 1 y y 2y 2y 2y  dy y y 1 1œ � � � � � œ � � � � � œ � � � � �1 1 1
'

0

1 a b ’ “ ˆ ‰# ' $ % #
# #

"

!

" " "y y y 2y
3 7 5 3 7 5

2$ ( % &

 (70 30 105 2 42)œ � � � œ1 1

210 210
121

†

 (d) V 2  dy 2 (1 y) 1 y y  dy 2  (1 y) 1 y y  dyœ œ � � � œ � � �' ' '
c 0 0

d 1 1

1 1 1ˆ ‰ Š ‹ c d a ba bshell shell
radius height

$ $

 2 1 y y y y y  dy 2 1 2y y y y  dy 2 y yœ � � � � � œ � � � � œ � � � �1 1 1
' '

0 0

1 1a b a b ’ “$ # % # $ % #
"

!

y y y
3 4 5

$ % &

 2 1 1 (20 15 12)œ � � � � œ � � œ1 ˆ ‰" " "
3 4 5 60 30

2 231 1
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35. (a) V 2 dy 2 y 8y y  dyœ œ �' '
c 0

d 2

1 1ˆ ‰ ˆ ‰Š ‹ Èshell shell
radius height

#

 2 2 2 y y  dy 2 yœ � œ �1 1
'

0

2 Š ‹ ’ “È $Î# $ &Î#
#

!

4 2 y
5 4

È %

 2 2œ � œ �1 1� � Š ‹4 2 2

5 4 5 4
2 4 2 4 4

È ÈŠ ‹†

†

&

% $†

 2 4 1 (8 5)œ � œ � œ1 †

ˆ ‰8 8 24
5 5 5

1 1

 

 (b) V 2  dx 2 x x  dx 2 x  dx 2 xœ œ � œ � œ �' ' '
a 0 0

b 4 4

1 1 1 1ˆ ‰ Š ‹ Š ‹ Š ‹ ’ “Èshell shell
radius height 8 8 5 32

x x 2 x# $ %$Î# &Î#
%

!

 2 2 (32 20)œ � œ � œ � œ œ œ1 1Š ‹ Š ‹2 2 4 2 2 2 2 3 2 3 48
5 3 5 32 160 160 5 5
† † † † † †

& % ' ) ( * %

#
1 1 1 1

36. (a) V 2  dxœ '
a

b

1 ˆ ‰ Š ‹shell shell
radius height

 2 x 2x x x  dxœ � �'
0

1

1 c da b#
 2  x x x  dx 2 x x  dxœ � œ �1 1

' '
0 0

1 1a b a b# # $

 2 2œ � œ � œ1 1’ “ ˆ ‰x x
3 4 3 4 6

$ %
"

!

" " 1

 

 (b) V 2  dx 2 (1 x) 2x x x  dx 2 (1 x) x x  dxœ œ � � � œ � �' ' '
a 0 0

b 1 1

1 1 1ˆ ‰ Š ‹ c d a ba bshell shell
radius height

# #

 2  x 2x x  dx 2 x 2 (6 8 3)œ � � œ � � œ � � œ � � œ1 1 1
'

0

1a b ’ “ ˆ ‰# $ $
"

!

"
#

x 2 x 1 2 2
2 3 4 2 3 4 1 6

# %
1 1

37. (a) V R (x) r (x)  dx  x 1  dxœ � œ �' '
a 1 16

b 1

1 1c d ˆ ‰# # �"Î#
Î

 2x x (2 1) 2œ � œ � � �1 1� ‘ � ‘ˆ ‰"Î# "

"Î"'
" "

† 4 16

 1œ � œ1 ˆ ‰7 9
16 16

1

 (b) V 2  dy 2 y  dyœ œ �' '
a 1

b 2

1 1ˆ ‰ Š ‹ Š ‹shell shell
radius height 16y

" "
%

 2 y  dy 2 yœ � œ � �1 1
'

1

2ˆ ‰ ’ “�$ �#
#

"

y y
16 2 32

1 #

 2 2œ � � � � � œ �1 1� ‘ ˆ ‰ˆ ‰ ˆ ‰" " " " " "
# #8 8 3 4 32

 (8 1)œ � œ2 9
32 16
1 1

 

38. (a) V R (y) r (y)  dy  dyœ � œ �' '
c 1

d 2

1 1c d Š ‹# # " "
y 16%

 yœ � � œ � � � � �1 1� ‘ � ‘ˆ ‰ ˆ ‰" " " " "�$ #

"3 16 24 8 3 16
y

 ( 2 6 16 3)œ � � � � œ1 1

48 48
11

 (b) V 2  dx 2 x  dxœ œ � "' '
a 1 4

b 1

1 1ˆ ‰ Š ‹ Š ‹shell shell
radius height xÎ

"
È

 2  x x  dx 2 xœ � œ �1 1
'

1 4

1

Î
ˆ ‰ ’ “"Î# $Î#

"

"Î%

2 x
3 2

#

 

 2 1 (4 16 48 8 3)œ � � � œ � � � œ � � � œ1 1� ‘ ˆ ‰ˆ ‰ ˆ ‰2 2 4 11
3 3 8 3 3 6 16 48 48

" " " " "
# #† †

1 1

39. (a) :  V V VH3=5 œ �" #

 V [R (x)]  dx and V [R (x)]  with R (x)  and R (x) x," " # # " #
# # �œ œ œ œ' '

a a

b b

" #

" #

1 1 É Èx 2
3

 a 2, b 1; a 0, b 1  two integrals are required" " # #œ � œ œ œ Ê
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 (b) :  V V V[+=2/< œ �" #

 V [R (x)] [r (x)]  dx with R (x)  and r (x) 0; a 2 and b 0;" " " " " " "
# # �œ � œ œ œ � œ'

a

b

"

"

1 a b É x 2
3

 V [R (x)] [r (x)]  dx with R (x)  and r (x) x; a 0 and b 1# # # # # # #
# # �œ � œ œ œ œ'

a

b

#

#

1 a b É Èx 2
3

  two integrals are requiredÊ

 (c) :  V 2  dy 2 y  dy where shell height y 3y 2 2 2y ;W2/66 œ œ œ � � œ �' '
c c

d d

1 1ˆ ‰ Š ‹ Š ‹ a bshell shell shell
radius height height

# # #

 c 0 and d 1.  Only  integral is required.  It is, therefore preferable to use the  method.œ œ 98/ =2/66

 However, whichever method you use, you will get V .œ 1

40. (a) k:  V V V VH3= œ � �" # $

 V [R (y)]  dy, i 1, 2, 3 with R (y) 1 and c 1, d 1; R (y) y and c 0 and d 1;i ic

d

œ œ œ œ � œ œ œ œ'
i

i

1
#

" " " # # #È
 R (y) ( y)  and c 1, d 0  three integrals are required$ $ $

"Î%œ � œ � œ Ê

 (b) :  V V V[+=2/< œ �" #

 V [R (y)] [r (y)]  dy, i 1, 2 with R (y) 1, r (y) y, c 0 and d 1;i i ic

d

œ � œ œ œ œ œ'
i

i

1a b È# #
" " " "

 R (y) 1, r (y) ( y) , c 1 and d 0  two integrals are required# # # #
"Î%œ œ � œ � œ Ê

 (c) :  V 2 dx 2 x dx, where shell height x x x x ,W2/66 œ œ œ � � œ �' '
a a

b b

1 1ˆ ‰ Š ‹ Š ‹ a bshell shell shell
radius height height

# % # %

 a 0 and b 1  only one integral is required.  It is, therefore preferable to use the  method.œ œ Ê =2/66

 However, whichever method you use, you will get V .œ 5
6
1

41. (a) V R x r x  dx 25 x 3 dx 25 x 9  dx 16 x dxœ � œ � � œ � � œ �' ' ' '
a 4 4 4

b 4 4 4

1 1 1 1c d a b c d a ba b a b ” •Š ‹È# #
#

#

� � �

2 2 2

 16x x 64 64œ � œ � � � � œ1 1 1� ‘ ˆ ‰ ˆ ‰1 64 64 256
3 3 3 3

3
4

%

�
1

 (b) Volume of sphere 5 Volume of portion removedœ œ Ê œ � œ4 500 500 256 244
3 3 3 3 3

3
1a b 1 1 1 1

42. V 2  dx 2 x sin x 1  dx; u x 1 du 2x dx; x 1 u 0,œ œ � Ò œ � Ê œ œ Ê œ' '
a 1

b

1 1ˆ ‰ Š ‹ a bshell shell
radius height

2 2
È"� 1

 x u sin u du cos u 1 1 2œ " � Ê œ Ó Ä œ � œ � � � œÈ c d a b1 1 1 1 1 1'
0

1
1

!

43. V 2  dx 2 x x h dx 2 x h x dx 2 x xœ œ � � œ � � œ � �' ' '
a 0 0

b r r

1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰ � ‘Š ‹shell shell
radius height r r 3r 2

h h h h2 3 2 r

!

 2 r hœ � � œ1 1Š ‹r h r h 1
3 3

22 2

#

44. V 2 dy 2 y r y r y dy 4 y r y dyœ œ � � � � œ �' ' '
c 0 0

d

1 1 1ˆ ‰ ˆ ‰Š ‹ ” •È È Èshell shell
radius height

r r
2 2 2 2 2 2

  u r y du 2y dy; y 0 u r , y r u 0] 2 u du 2 u duÒ œ � Ê œ � œ Ê œ œ Ê œ Ä � œ2 2 2 1 2
r

r
1 1' '

2

20

0
È Î

 u rœ œ4 4
3 3

3 2 3r1 1� ‘Î
!

2
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6.3  ARC LENGTHS

 1. x 2 2x x 2 xdy
dx 3

3œ � œ �"
#

# "Î# #
† † †a b a bÈ

  L 1 x 2 x  dx 1 2x x  dxÊ œ � � œ � �' '
0 0

3$È a b È# # # %

 1 x  dx 1 x  dx xœ � œ � œ �' '
0 0

$ $Éa b a b ’ “# # #
$

!

x
3

$

 3 12œ � œ27
3

 

 2. x  L 1 x dx; u 1 x dy
dx 4 4

3 9 9œ Ê œ � œ �#
È É �'

0

4

  du  dx   du dx; x 0  u 1; x 4Ê œ Ê œ œ Ê œ œ9 4
4 9

  u 10   L u  du ud ˆ ‰ � ‘Ê œ Ä œ œ'
1

10
"Î# $Î# "!

"
4 4 2
9 9 3

 10 10 1œ �8
27 Š ‹È

 

 3. y   ydx dx
dy 4y dy 16yœ � Ê œ � �# %" " "

#

## %Š ‹
  L 1 y  dyÊ œ � � �'

1

3 É % " "
# 16y%

 y  dyœ � �'
1

3É % " "
# 16y%

 y  dy y  dyœ � œ �' '
1 1

3 3ÊŠ ‹ Š ‹# " "
#

#
4y 4y# #  

 9 9 9œ � œ � � � œ � � � œ � œ � œ’ “ ˆ ‰ ˆ ‰y y ( 1 4 3) ( 2)
3 4 3 1 3 4 1 3 4 1 1 6

27 53$ �"
$

"

" " " " " "
# # # #

� � � �

 4. y y   y 2dx dx
dy dy 4 yœ � Ê œ � �" " " "

# #
"Î# �"Î#

#Š ‹ Š ‹
  L 1 y 2  dyÊ œ � � �'

1

9 Ê Š ‹" "
4 y

 y 2  dy  y  dyœ � � œ �' '
1 1

9 9Ê Š ‹ Š ‹Ê È" " " "
#

#

4 y yÈ

 y y  dy y 2yœ � œ �" "
# #

"Î# �"Î# $Î# "Î# *

"
'

1

9ˆ ‰ � ‘2
3

 

 y 3 1 11œ � œ � � � œ � œ’ “ Š ‹ ˆ ‰y
3 3 3 3 3

3 32$Î# $"Î#
*

"

" "

 5. y   ydx dx
dy 4y dy 16yœ � Ê œ � �$ '" " "

#

#$ 'Š ‹
  L 1 y  dyÊ œ � � �'

1

2É ' " "
2 16y'

 y  dy y  dyœ � � œ �' '
1 1

2 2É ÊŠ ‹' $" "
#

2 16y 4
y

'

�$

 y  dyœ � œ �'
1

2Š ‹ ’ “$
#

"

y y y
4 4 8

�$ % �#

 

 4œ � � � œ � � � œ œŠ ‹ ˆ ‰16 128 1 8 4 123
4 (16)(2) 4 8 32 4 8 32 32

" " " " " " � � �
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 6.   y 2 ydx dx
dy y dy 4

yœ � Ê œ � �
#

## #
" "

#
% �%Š ‹ a b

  L 1 y 2 y  dyÊ œ � � �'
2

3 É a b" % �%
4

 y 2 y  dyœ � �'
2

3É a b" % �%
4

 y y  dy y y  dyœ � œ �" "
# #

# �# # # �#' '
2 2

3 3Éa b a b
 

 y 6œ � œ � � � œ � � œ � œ" " " " " " " "
# # # # # # #

�"
$

#
’ “ � ‘ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰y

3 3 3 3 3 3 4
27 8 26 8 13$

 7. x x   xdy dy
dx 4 dx 16

xœ � Ê œ � �"Î$ �"Î$ #Î$" "
#

#Š ‹ �#Î$

  L 1 x  dxÊ œ � � �'
1

8É #Î$ "
#

x
16
�#Î$

 x  dxœ � �'
1

8É #Î$ "
#

x
16
�#Î$

 x x  dx x x  dxœ � œ �' '
1 1

8 8Éˆ ‰ ˆ ‰"Î$ �"Î$" "# "Î$ �"Î$
4 4

 x x 2x xœ � œ �� ‘ � ‘3 3 3
4 8 8

%Î$ #Î$ %Î$ #Î$) )

" "

 2 2 2 (2 1) (32 4 3)œ � � � œ � � œ3 3 99
8 8 8c da b†

% #

 

 8. x 2x 1 x 2x 1  dy
dx (4x 4) 4 (1 x)

4œ � � � œ � � �# #
� �

" "
# #

 (1 x)    (1 x)œ � � Ê œ � � �# %" " " "
� #

#

�4 (1 x) dx
dy

16(1 x)# %Š ‹
  L 1 (1 x)  dxÊ œ � � � �'

0

2 É % "
#

�(1 x)
16

�%

 (1 x)  dxœ � � �'
0

2 É % "
#

�(1 x)
16

�%

 (1 x)  dxœ � �'
0

2 Ê’ “# �
#

(1 x)
4

�#
 

 (1 x)  dx; u 1 x  du dx; x 0  u 1, x 2  u 3œ � � œ � Ê œ œ Ê œ œ Ê œ'
0

2’ “ c d# �(1 x)
4

�#

  L u u  du u 9Ä œ � œ � œ � � � œ œ œ'
1

3 ˆ ‰ ˆ ‰ ˆ ‰’ “# �# �"" " " " " � � �
$

" #4 3 4 1 3 4 12 12 6
u 108 1 4 3 106 53$

 9. sec y 1  sec y 1dx dx
dy dyœ � Ê œ �È Š ‹%

#
%

  L 1 sec y 1  dy sec y dyÊ œ � � œ' '
� Î � Î

Î Î

1 1

1 1

4 4

4 4È a b% #

 tan y 1 ( 1) 2œ œ � � œc d 1
1

Î%
� Î%

 

10. 3x 1  3x 1dy dy
dx dxœ � Ê œ �È Š ‹%

#
%

  L 1 3x 1  dx 3 x  dxÊ œ � � œ' '
� �

� �

2 2

1 1È a b È% #

 3 1 ( 2) ( 8)œ œ � � � œ �" � œÈ ’ “ c dx
3 3 3 3

3 3 7 3$
�"

�#

$È È È
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11. (a) 2x  4xdy dy
dx dxœ Ê œŠ ‹#

#

  L 1  dxÊ œ �'
�1

2 Ê Š ‹dy
dx

#

 1 4x  dxœ �'
�1

2 È #

 (c) L 6.13¸

 (b) 

12. (a) sec x  sec xdy dy
dx dxœ Ê œ# %

#Š ‹
  L 1 sec x dxÊ œ �'

� Î1 3

0 È %

 (c) L 2.06¸

 (b) 

13. (a) cos y  cos ydx dx
dy dyœ Ê œŠ ‹#

#

  L 1 cos y dyÊ œ �'
0

1È #

 (c) L 3.82¸

 (b) 

14. (a)   dx dx
dy dy 1 y

y y
1 y

œ � Ê œÈ �

#

�#

#

#Š ‹
  L 1  dy  dyÊ œ � œ' '

� Î � Î

Î Î

1 2 1 2

1 2 1 2É Éy
1 y 1 y

#

# #a b� �
"

 1 y  dyœ �'
� Î

Î

1 2

1 2 a b# �"Î#

 (c) L 1.05¸

 (b) 

15. (a) 2y 2 2   (y 1)� œ Ê œ �dx dx
dy dyŠ ‹#

#

  L 1 (y 1)  dyÊ œ � �'
�1

3 È #

 (c) L 9.29¸

 (b) 
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16. (a) cos x - cos x + x sin x  x  sin xdy dy
dx dxœ Ê œŠ ‹#

# #

  L 1 x  sin x dxÊ œ �'
0

1È # #

 (c) L 4.70¸

 (b) 

17. (a) tan x  tan xdy dy
dx dxœ Ê œŠ ‹#

#

  L 1 tan x dx  dxÊ œ � œ' '
0 0

6 61 1Î ÎÈ É# �sin x cos x
cos x

# #

#

 sec x dxœ œ' '
0 0

6 61 1Î Î
dx

cos x

 (c) L 0.55¸

 (b) 

18. (a) sec y 1  sec y 1dx dx
dy dyœ � Ê œ �È Š ‹#

#
#

  L 1 sec y 1  dyÊ œ � �'
� Î

Î

1

1

3

4 È a b#

 sec y  dy sec y dyœ œ' '
� Î � Î

Î Î

1 1

1 1

3 3

4 4k k
 (c) L 2.20¸

 (b) 

19. (a) corresponds to  here, so take  as . Then y x C  and since ( ) lies on the curve, C 0.Š ‹ Èdy dy
dx 4x dx x

#
" "

#È œ � "ß " œ

 So y x from ( ) to (4 2).œ "ß " ßÈ
 (b) Only one. We know the derivative of the function and the value of the function at one value of x.

20. (a) corresponds to  here, so take  as .  Then x C and, since ( ) lies on the curve, C 1Š ‹dx
dy dx y yy

dy
#

" " "
% # œ � � !ß " œ

 So y .œ "
"� x

 (b) Only one. We know the derivative of the function and the value of the function at one value of x.

21. y cos2t dt cos2x  L 1 cos2x dx 1 cos2x dx 2cos x dxœ Ê œ Ê œ � œ � œ' ' ' '
0 0 0 0

x 4 4 4
dy
dx

2È È ÈÊ ’ “ È È1 1 1Î Î Î#

 2cos x dx 2 sin x 2sin 2sin 1œ œ œ � ! œ'
0

4 4
0 4

1
1 1

Î ÎÈ È È Èc d a bˆ ‰

22. y 1 x , x 1 1 x x  L 1 dxœ � Ÿ Ÿ Ê œ � � œ � Ê œ � �ˆ ‰ ˆ ‰ ˆ ‰ Ë ” •2 3 2 3 1 33 2 1 22 dy
4 dx 2 3

3 2 1 x
x x

1 1 xÎ Î � ÎÎ Î � �
#È ˆ ‰

È
a b2 3 1 2

1 3 1 3

2 3 1 2Î Î

Î Î

Î Î'
2 4Î

 1 dx 1 1 dx dx dx x dx xœ � œ � � œ œ œ œ' ' ' ' 'È È È È È È2 4 2 4 2 4 2 4 2 4 2 4Î Î Î Î Î Î

1 1 1 1 1
1 x 1 1 1 3

x x x x
1 3 2 3

2
É É É � ‘� � Î Î "2 3

2 3 2 3 2 3 1 3

Î

Î Î Î Î

 1 total length 8 6œ � œ � œ Ê œ œ3 3 3 3 1 3 3
2 2 4 2 2 2 4 4

2 3 2
2 3a b Š ‹ ˆ ‰ ˆ ‰Î
ÎÈ
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23. y 3 2x, 0 x 2 2  L 1 2 dx 5 dx 5 x 2 5.œ � Ÿ Ÿ Ê œ � Ê œ � � œ œ œdy
dx 0 0

2 2 2

0
' 'É a b È È È’ “#

 d 2 0 3 1 2 5œ � � � � œÉa b a ba b È2 2

24. Consider the circle x y r , we will find the length of the portion in the first quadrant, and multiply our result by 4.2 2 2� œ

 y r x , 0 x r  L 4 1 dx 4 1 dx 4 dxœ � Ÿ Ÿ Ê œ Ê œ � œ � œÈ Ë ” • É É2 2 dy
dx r x r x

x x x r
r x r x0 0 0

r r r
� �

� �

#

� �È È2 2 2 2

2 2

2 2 2 2
' ' '

 4 dx 4rœ œ' '
0 0

r r
r dx

r x r xÈ È2 2 2 2� �

25. 9x y y 3 9x y y 3 18x 2y y 3 y 3 3 y 3 y 12 22 2 2 y 3 y 1d d dx dx
dy dy dy dy 6xœ � Ê œ � Ê œ � � � œ � � Ê œa b a b a b a b a ba b’ “ ’ “ a ba b� �

 dx dy; ds dx dy dy dy dy dy dy dyÊ œ œ � œ � œ � œ �a ba b a ba b a b a b a b a b
a b

y 3 y 1 y 3 y 1 y 3 y 1 y 3 y 1
6x 6x 36x

2 2 2 2 2 2 2 2
2

4y y 3
� � � � � � � �

�
’ “ 2 2 2 2

2 2

 1 dy dy dyœ � œ œ’ “a b a by 1 y 1
4y 4y 4y

2 2 2y 2y 1 4y� �� � �
2 22

26. 4x y 64 4x y 64 8x 2y 0 dy dx; ds dx dy2 2 2 2 2 2 2d d 4x 4x
dx dx dx dx y y

dy dy� œ Ê � œ Ê � œ Ê œ Ê œ œ �’ “ ’ “
 dx dx dx dx 1 dx dx dx dx 5x 16 dxœ � œ � œ � œ œ œ œ �2 2 2 2 2 2 2 2 24x 16x 16x 4x 64 16x 20x 64 4

y y y y y y y

2
y 16x’ “ Š ‹ a b2 2 2 2 2

2 2 2 2 2 2

2 2� � � �

27. 2 x 1  dt, x 0 2 1 1 y f(x) x C where C is any realÈ ÈÊ ÊŠ ‹ Š ‹œ �   Ê œ � Ê œ „ Ê œ œ „ �'
0

x
dy dy dy
dt dx dx

# #

 number.

28. (a) From the accompanying figure and definition of the
 differential (change along the tangent line) we see that
 dy f (x ) x   length of kth tangent fin isœ ˜ Êw

k 1 k�

 ( x ) (dy) ( x ) [f (x ) x ] .È È˜ � œ ˜ � ˜k k k 1 k
# # # w #

�

 

 (b) Length of curve  lim    (length of kth tangent fin)  lim    ( x ) [f (x ) x ]œ œ ˜ � ˜
n nÄ _ Ä _

! !Èn n

k 1 k 1
k k 1 k

œ œ

�

# w #

  lim    1 [f (x )] x 1 [f (x)]  dxœ � ˜ œ �
n Ä _

!È Èn

k 1
k 1 k a

b

œ

�

w # w #'

29. x y 1 y 1 x ; P 0, , , , 1 L  x x y y 0 12 2 2 1 1 3 1
4 2 4 4 4i i 1 i i 1

2 2 2 15
2

� œ Ê œ � œ Ö × Ê ¸ � � � œ � � �È !Éa b a b Ê Š ‹ˆ ‰4

k 1œ
� �

È

 1 0 1.55225� � � � � � � � � � � � ¸Ê Š ‹ Ê Š ‹ Ê Š ‹ˆ ‰ ˆ ‰ ˆ ‰1 1 3 1 3
4 2 4 4 2 4 2 4 4

2 2 23 15 7 3 7
2 2 2

#

È È È È È

30. Let x , y  and x , y , with x x , lie on y m x b, where m , then m L 1 m dxa b a b È
1 1 2 2 2 1

y y dy
x x dx x

x
� œ � œ œ Ê œ �2 1

2 1 1

2�
�

#'

 1 m x 1 m x x 1 x x x xœ � œ � � œ � � œ �È Èc d a b a b a bÊ Š ‹ Ê# # �
�

#
� � �

�

x x x y y
x 2 1 2 1 2 1

y y
x x x x

2 2 1 2 1

1

2 1

2 1 2 1

a b a b
a b

# #

#

 x x x x y y .
Éa b a b

a b
x x y y

x x 2 1 2 1 2 1
2 1 2 1

2 1

� � �

�
# #

# # a b a b a bÉ� œ � � �
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31. y 2x 3x ; L x 1 3t dt 1 9t dt; u 1 9t du 9dt, t 0 u 1,œ Ê œ œ � œ � Ò œ � Ê œ œ Ê œ3 2 1 2dy
dx 0 0

x x
1 2Î Î Î #a b É � ‘ È' '

 t x u 1 9x] u du u 1 9x ; L 1 10œ Ê œ � Ä œ œ � � œ � œ1 2 2 2 2 2
9 27 27 27 27 27 271

1 9x
3 2 1 9x

1
3 2 3 2 2 10 10 1' �

Î � Î Î �È � ‘ a b a b a b Š ‹È

 

32. y x x x 2x 1 x 1 ;œ � � � Ê œ � � � œ � �x 1 1 1
3 4x 4 dx

2 2dy
4 x 1 4 x 1

23

2 2� � �a b a ba b
 L x 1 t 1 dt 1 dt 1 dta b a bË Ë” • ” • Êœ � � � œ � œ �' ' '

0 0 0

x x x2 4 t 1 11
4 t 1 4 t 1 16 t 1

4 t 1 1

a b a b a b
a b � ‘a b

� � �

# #
� � � �

2 2 4

4 4 #

 dt dt dtœ œ œ' ' '
0 0 0

x x x16 t 1 16 t 1 8 t 1 16 t 1 8 t 1
16 t 1 16 t 1 16 t 1

4 t 1 1Ê Ê Êa b a b a b a b a b
a b a b a b

� ‘a b� � � � � �" � � � �"

� � �

� �4 8 4 8 4

4 4 4

4 #

 dt t 1 dt; u t 1 du dt, t 0 u 1, t x u x 1œ œ � � Ò œ � Ê œ œ Ê œ œ Ê œ � Ó' '
0 0

x x4 t 1 1 2
4 t 1 4 t 1

1a b
a b a b
� �

� �

4

2 2” •a b
 u u du u u x 1 x 1 ;Ä � œ � œ � � � � œ � � �'

1

x 1
2 2 3 11 1 1 1 1 1 1 1 1 1

4 3 4 3 4 x 1 3 4 3 4 x 1 12
x 1

1
3 3�

� � �

� �” • � ‘ ˆ ‰Š ‹a b a ba b a b

 L 1a b œ � � œ8 1 1 59
3 8 12 24

33-38. Example CAS commands:
 :Maple
 with( plots );
 with( Student[Calculus1] );
 with( student );
 f := x -> sqrt(1-x^2);a := -1;
 b := 1;
 N := [2, 4, 8 ];
 for n in N do
   xx := [seq( a+i*(b-a)/n, i=0..n )];
   pts := [seq([x,f(x)],x=xx)];
   L := simplify(add( distance(pts[i+1],pts[i]), i=1..n ));                          # (b)
   T := sprintf("#33(a) (Section 6.3)\nn=%3d  L=%8.5f\n", n, L );
   P[n] := plot( [f(x),pts], x=a..b, title=T ):                                                  # (a)
 end do:
 display( [seq(P[n],n=N)], insequence=true, scaling=constrained );
 L := ArcLength( f(x), x=a..b, output=integral ):
 L = evalf( L );                                                                                               # (c)

33-38. Example CAS commands:
 : (assigned function and values for a, b, and n may vary)Mathematica
 Clear[x, f]

 {a, b} = { 1, 1}; f[x_] = Sqrt[1 x ]� � 2

 p1 = Plot[f[x], {x, a, b}]
 n = 8;
 pts = Table[{xn, f[xn]}, {xn, a, b, (b a)/n}]/ / N�

 Show[{p1,Graphics[{Line[pts]}]}]

 Sum[ Sqrt[ (pts[[i 1, 1]] pts[[i, 1]]) (pts[[i 1, 2]] pts[[i, 2]]) ], {i, 1, n}]� � � � �2 2

 NIntegrate[ Sqrt[ 1 f'[x] ],{x, a, b}]� 2
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6.4  AREAS OF SURFACES OF REVOLUTION

1. (a) sec x  sec xdy dy
dx dxœ Ê œ# %

#Š ‹
  S 2 (tan x) 1 sec x dxÊ œ �1'

0

41Î È %

 (c) S 3.84¸

 (b) 

 2. (a) 2x  4xdy dy
dx dx

2œ Ê œŠ ‹#

  S 2 x 1 4x  dxÊ œ �1'
0

2
# #È

 (c) S 53.23¸

 (b) 

 3. (a) xy 1  x     œ Ê œ Ê œ � Ê œ" " "
#

y dy y dy
dx dx

y# %Š ‹
  S 2 1 y  dyÊ œ �1'

1

2
" �%
y
È

 (c) S 5.02¸

 (b) 

 4. (a) cos y  cos ydx dx
dy dyœ Ê œŠ ‹#

#

  S 2 (sin y) 1 cos y  dyÊ œ �1'
0

1 È #

 (c) S 14.42¸

 (b) 

 5. (a) x y 3  y 3 x"Î# "Î# "Î# #
� œ Ê œ �ˆ ‰

  2 3 x xÊ œ � �dy
dx

ˆ ‰ ˆ ‰"Î# �"Î#"
#

  1 3xÊ œ �Š ‹ ˆ ‰dy
dx

#
�"Î# #

  S 2 3 x 1 1 3x  dxÊ œ � � �1'
1

4ˆ ‰ É a b"Î# # �"Î# #

 (c) S 63.37¸

 (b) 
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 6. (a) 1 y  1 ydx dx
dy dyœ � Ê œ ��"Î# �"Î#

# #Š ‹ ˆ ‰
  S 2  y 2 y 1 1 y  dxÊ œ � � �1 '

1

2ˆ ‰È É a b�"Î# #

 (c) S 51.33¸

 (b) 

 7. (a) tan y  tan ydx dx
dy dyœ Ê œŠ ‹#

#

  S 2 tan t dt  1 tan y dyÊ œ �1' '
0 0

3 y1Î Š ‹ È #

 2 tan t dt  sec y dyœ 1' '
0 0

3 y1Î Š ‹
 (c) S 2.08¸

 (b) 

 8. (a) x 1  x 1dy dy
dx dxœ � Ê œ �È Š ‹#

#
#

  S 2 t 1 dt  1 x 1  dxÊ œ � � �1' '
1 1

5 xÈ Š ‹È È a b# #

 2 t 1 dt  x dxœ �1' '
1 1

5 xÈ Š ‹È #

 (c) S 8.55¸

 (b) 

 9. y   ; S 2 y 1  dx  S 2 1  dx  x dxœ Ê œ œ � Ê œ � œx xdy dy
dx dx 4

5
# # # #

" "
#' ' '

a 0 0

b 4 4

1 1Ê Š ‹ ˆ ‰É 1È

 4 5; Geometry formula:  base circumference 2 (2), slant height 4 2 2 5œ œ œ œ � œ1È5 x
# #

%

!

# #’ “ È ÈÈ#

1 1

  Lateral surface area (4 ) 2 5 4 5 in agreement with the integral valueÊ œ œ"
# 1 1Š ‹È È

10. y   x 2y  2; S 2 x 1  dy 2 2y 1 2  dy 4 5 y dy 2 5 yœ Ê œ Ê œ œ � œ � œ œx dx dx
dy dy#

#
# # #

!
' ' '

c 0 0

d 2 2

1 1 1 1Ê Š ‹ È È È c d†

 2 5 4 8 5; Geometry formula:  base circumference 2 (4), slant height 4 2 2 5œ œ œ œ � œ1 1 1È È ÈÈ
†

# #

  Lateral surface area (8 ) 2 5 8 5 in agreement with the integral valueÊ œ œ"
# 1 1Š ‹È È

11. ; S 2 y 1  dx 2 1  dx (x 1) dx xdy dy (x 1)
dx dx

5 5 xœ œ � œ � œ � œ �" "
# # # # # #

# $
� #

"

' ' '
a 1 1

b 3 3

1 1Ê Š ‹ ’ “É ˆ ‰ 1 1È È #

 3 1 (4 2) 3 5; Geometry formula:  r 1, r 2,œ � � � œ � œ œ � œ œ � œ1 1È È5 59 3
# # # # # # # #

" " " "
" #� ‘ˆ ‰ ˆ ‰ È1

 slant height (2 1) (3 1) 5  Frustum surface area (r r ) slant height (1 2) 5œ � � � œ Ê œ � ‚ œ �È È È# #
" #1 1

 3 5 in agreement with the integral valueœ 1È

12. y   x 2y 1  2; S 2 x 1  dy 2 (2y 1) 1 4 dy 2 5 (2y 1) dyœ � Ê œ � Ê œ œ � œ � � œ �x dx dx
dy dy# #

"
#' ' '

c 1 1

d 2 2

1 1 1Ê Š ‹ È È
 2 5 y y 2 5 [(4 2) (1 1)] 4 5; Geometry formula:  r 1, r 3,œ � œ � � � œ œ œ1 1 1È È Èc d# #

" " #
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 slant height (2 1) (3 1) 5  Frustum surface area (1 3) 5 4 5 in agreement withœ � � � œ Ê œ � œÈ È È È# # 1 1

 the integral value

13.     S 1  dx;dy dy
dx 3 dx 9 9 9

x x 2 x xœ Ê œ Ê œ �
# % $ %Š ‹ É# '

0

2
1

 u 1   du x  dx   du  dx;’ œ � Ê œ Ê œx 4 x
9 9 4 9

% $$ "

 x 0  u 1, x 2   u ‘œ Ê œ œ Ê œ 25
9

  S 2  u  du uÄ œ œ1 '
1

25 9Î
"Î# $Î#"

#

#&Î*

"
† 4 3

21 � ‘
 1œ � œ œ1 1 1

3 27 3 27 81
125 125 27 98ˆ ‰ ˆ ‰�

 

14. x   dy dy
dx dx 4xœ Ê œ" "

#
�"Î#

#Š ‹
  S 2 x 1  dxÊ œ �'

3 4

15 4

Î

Î

1È É "
4x

 2 x  dx 2 xœ � œ �1 1'
3 4

15 4

Î

Î É ’ “ˆ ‰" " $Î# "&Î%

$Î%4 3 4
2

 1œ � � � œ �4 15 3 4 4
3 4 4 4 4 3 2
1 1’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰" "$Î# $Î# $

  (8 1)œ � œ4 28
3 3
1 1

 

15.   dy (2 2x) dy (1 x)
dx dx 2x x2x x 2x x

1 xœ œ Ê œ" �
# �

� �

� �

#

È È# #

#

#Š ‹
  S 2 2x x  1  dxÊ œ � �'

0 5

1 5

Þ

Þ

1È É# �
�

(1 x)
2x x

#

#

 2 2x x   dxœ �1'
0 5

1 5

Þ

Þ È # � � � �

�

È
È

2x x 1 2x x

2x x

# #

#

 2 dx 2 [x] 2œ œ œ1 1 1'
0 5

1 5

Þ

Þ

"Þ&
!Þ&

 

16.   dy dy
dx dx 4(x 1)2 x 1

œ Ê œ" "
�

#

�È Š ‹
  S 2 x 1 1  dxÊ œ � �'

1

5

1È É "
�4(x 1)

 2 (x 1)  dx 2 x  dxœ � � œ �1 1' '
1 1

5 5É É"
4 4

5

 2 x 5 1œ � œ � � �1 ’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰2 5 4 5 5
3 4 3 4 4

$Î# $Î# $Î#&

"

1

 œ � œ �4 25 9 4 5 3
3 4 4 3 2 2
1 1’ “ Š ‹ˆ ‰ ˆ ‰$Î# $Î# $ $

$ $

 (125 27)œ � œ œ1 1 1

6 6 3
98 49

 

17. y   y   S 1 y  dy;dx dx
dy dy 3

2 yœ Ê œ Ê œ �# %
#

%Š ‹ È'
0

1
1

$

 u 1 y   du 4y  dy   du y  dy; y 0� œ � Ê œ Ê œ œ% $ $"
4

  u 1, y 1  u 2   S 2 u  dud ˆ ‰ ˆ ‰Ê œ œ Ê œ Ä œ '
1

2

1
" ""Î#
3 4

 u  du u 8 1œ œ œ �1 1 1

6 6 3 9
2'

1

2
"Î# $Î# #

"
� ‘ Š ‹È
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18. x y y 0, when 1 y 3.  To get positiveœ � Ÿ Ÿ Ÿˆ ‰" $Î# "Î#
3

 area, we take x y yœ � �ˆ ‰" $Î# "Î#
3

  y y    y 2 yÊ œ � � Ê œ � �dx dx
dy dy 4

" "
#

"Î# �"Î# �"
#ˆ ‰ Š ‹ a b

  S 2 y y  1 y 2 y  dyÊ œ � � � � �'
1

3

1 ˆ ‰ É a b" "$Î# "Î# �"
3 4

 2 y y  y 2 y  dyœ � � � �1'
1

3ˆ ‰ É a b" "$Î# "Î# �"
3 4

 

 2 y y   dy y y 1 y  dy  y 1 (y 1) dyœ � � œ � � � œ � � �1 1 1' ' '
1 1 1

3 3 3ˆ ‰ ˆ ‰ ˆ ‰Š ‹" " " "$Î# "Î# "Î# "Î#�

#3 3 3

y y

y

Éa b"Î# �"Î# #

"Î#

 y  y 1  dy y 3 1 3 1œ � � � œ � � � œ � � � � � � œ � � � � �1 1 1 1'
1

3ˆ ‰ � ‘ ˆ ‰’ “ ˆ ‰ ˆ ‰" " " " "#
$

"3 3 9 3 9 3 9 3 9 3
2 27 9y y$ #

 ( 18 1 3)œ � � � � œ1 1

9 9
16

19.     S 2 2 4 y 1  dy 4 (4 y) 1 dydx dx
dy dy 4 y 4 y4 y

œ Ê œ Ê œ � � œ � ��" " "
�

#

� �È Š ‹ È É È' '
0 0

15 4 15 4Î Î

1 1†

 4  5 y dy 4 (5 y) 5 5 5œ � œ � � œ � � � œ � �1 1'
0

15 4Î È � ‘ ˆ ‰ ˆ ‰’ “ ’ “2 8 15 8 5
3 3 4 3 4

$Î# $Î# $Î#"&Î%

!

$Î# $Î#1 1

 5 5œ � œ œ8 8
3 8 3 8 3

5 5 40 5 5 5 35 51 1 1Š ‹ Š ‹È È È È È�

20.   S 2 2y 1 1  dy 2 (2y 1) 1 dy 2 2 y  dydx dx
dy dy 2y 1 2y 12y 1

œ Ê œ Ê œ � � œ � � œ" " "
�

#

� �
"Î#

È Š ‹ È É È È' ' '
5 8 5 8 5 8

1 1 1

Î Î Î
1 1 1

 2 2 y 1 1 16 2 5 5œ œ � œ � œ œ �1È È� ‘ ˆ ‰’ “ Š ‹ Š ‹ Š ‹È2 5
3 3 8 3 3 12

4 2 4 2 4 25 5 8 2 2 5 5
8 8 8 2 2

$Î# $Î#"

&Î)

$Î# �1 1 1 1
È È È È È

È È
È

†

†

21. S 2 2y 1 1  dy 2  2y 1 1  dy 2 2y 1  dyœ � � œ � � œ �1 1 1' ' '
1 2 1 2 1 2Î Î Î

1 1 1

2y 1 2y 1 2y 1
2yÈ È ÈÊ Š ‹ É É" "

�

#

� �È

 2  2y dy 2 2  y dy 2 2 y 2 2 1 2 2œ œ œ œ � œ �1 1 1 1 1' '
1 2 1 2 1 2Î Î Î

1 1
2 2 2 2
3 3 3 3

3 2 1 3 3

3 2
È È È È ÈÈ � ‘ ˆ ‰” •Š ‹ Š ‹È Œ �ÉÎ " "

# È

 2 2  2 2 1œ œ �È ÈŠ ‹ Š ‹1
2 2 1

3 2
2
3

È
È
� 1

22. y x 2   dy x x 2 dx  ds 1 2x x  dx  S 2 x 1 2x x  dxœ � Ê œ � Ê œ � � Ê œ � �" # $Î# # # % # %
3 a b a bÈ È È1'

0

2È

 2 x x 1  dx 2 x x 1  dx 2 x x  dx 2 2 4œ � œ � œ � œ � œ � œ1 1 1 1 1 1' ' '
0 0 0

2 2 2È È ÈÉa b a b a b ’ “ ˆ ‰# # # $
#

#

!

x x 4 2
4 4 2

% #
È

23. ds dx dy y 1 dy y 1 dy y  dyœ � œ � � œ � � � œ � �È ÊŠ ‹ Š ‹ Š ‹Ê Ê# # $ ' '" " " " "
#

# #4y 16y 16y$ ' '

 y  dy y  dy; S 2 y ds 2 y y  dy 2 y y  dyœ � œ � œ œ � œ �ÊŠ ‹ Š ‹ Š ‹ ˆ ‰$ " " " "
#

$ $ % �#
4y 4y 4y 4$ $ $

' ' '
1 1 1

2 2 2

1 1 1

 2 y 2 2 (8 31 5)œ � œ � � � œ � œ � œ1 1 1’ “ � ‘ ˆ ‰ˆ ‰ ˆ ‰y
5 4 5 8 5 4 5 8 40 20

32 31 2 253& " " " " "�"
#

"

1 1
†

24. y cos x  sin x  sin x  S 2  (cos x) 1 sin x dxœ Ê œ � Ê œ Ê œ �dy dy
dx dxŠ ‹ È#

# #1 '
� Î

Î

1

1

2

2

25. y a x   a x ( 2x)   œ � Ê œ � � œ Ê œÈ a b Š ‹# # " �
# �

# # �"Î#

�

#
dy dy
dx dx a x

x x
a xÈ a b# #

#

# #

  S 2 a x  1  dx 2 a x x  dx 2 a dx 2 a[x]Ê œ � � œ � � œ œ1 1 1 1' ' '
� � �

�a a a

a a a
a

a
È É Èa b# # # # #

�
x

a x
#

# #a b
 2 a[a ( a)] (2 a)(2a) 4 aœ � � œ œ1 1 1

#
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26. y x      S 2  x 1  dx 2 x  dxœ Ê œ Ê œ Ê œ � œr r r r r r h r
h dx h dx h h h h h

dy dyŠ ‹ É É#
�#

# # #

# # #

1 1' '
0 0

h h

  x dx h r h r r h rœ œ � œ � œ �2 r h r 2 r x 2 r h
h h h h
1 1 1É È È È’ “ Š ‹# #

# # #

# #� # # # # # #
# #

'
0

h h

0
1

27. The area of the surface of one wok is S 2 x 1  dy.  Now, x y 16   x 16 yœ � � œ Ê œ �'
c

d

1 Ê Š ‹ Èdx
dy

#
# # # # #

    ; S 2 16 y 1  dy 2 16 y y  dyÊ œ Ê œ œ � � œ � �dx dx
dy dy 16 y 16 y

y y y
16 y
�

�

#

� �
# # # # #È # #

#

# # # #

#Š ‹ È É Èa b' '
� �

� �

16 16

7 7

1 1

 2 16 dy 32 9 288 904.78 cm .  The enamel needed to cover one surface of one wok isœ œ œ ¸1 1 1'
�

�

16

7

†

#

 V S 0.5 mm S 0.05 cm (904.78)(0.05) cm 45.24 cm .  For 5000 woks, we needœ œ œ œ† †

$ $

 5000 V 5000 45.24 cm (5)(45.24)L 226.2L  226.2 liters of each color are needed.† †œ œ œ Ê$

28. y r x      ; S 2 r x  1  dxœ � Ê œ � œ Ê œ œ � �È ÈŠ ‹ É# # # #" �
# � �� �

#
dy
dx dy r x r x

2x x dx x x
r x r xÈ È# # # #

#

# # # #

#

1'
a

a h�

 2 r x x  dx 2 r dx 2 rh, which is independent of a.œ � � œ œ1 1 1' '
a a

a h a h� �Èa b# # #

29. y R x      ; S 2 R x  1  dxœ � Ê œ � œ Ê œ œ � �È ÈŠ ‹ É# # # #" �
# � �� �

#
dy
dx dy R x R x

2x x dx x x
R x R xÈ È# # # #

#

# # # #

#

1'
a

a h�

 2 R x x  dx 2 R dx 2 Rhœ � � œ œ1 1 1' '
a a

a h a h� �Èa b# # #

30. (a) x y 45   x 45 y     ;# # # # # �

�

#

�� œ Ê œ � Ê œ Ê œÈ Š ‹dx dx
dy dy 45 y

y y
45 yÈ # #

#

# #

 S 2 45 y  1  dy 2  45 y y  dy 2 45 dyœ � � œ � � œ' ' '
� Þ � Þ � Þ22 5 22 5 22 5

45 45 45

1 1 1È É Èa b# # # # #
�

y
45 y

#

# # †

 (2 )(45)(67.5) 6075  square feetœ œ1 1

 (b) 19,085 square feet

31. (a) An equation of the tangent line segment is
 (see figure) y f(m ) f (m )(x m ).œ � �k k k

w

 When x x  we haveœ k 1�

 r f(m ) f (m )(x m )"
wœ � �k k 1 k5�

 f(m ) f (m ) f(m ) f (m ) ;œ � � œ �k k k k
w w

# #
ˆ ‰? ?x xk k

 when x x  we haveœ k

 r f(m ) f (m )(x m )#
wœ � �k k k5

 f(m ) f (m ) ;œ �k k
w

#
?xk

 (b) L ( x ) (r r )k
# # #

# "œ � �? k

 ( x ) f (m ) f (m ) œ � � �? k k k
# w w

# #

#� ‘ˆ ‰? ?x xk k
 

 ( x ) [f (m ) x ]  L ( x ) [f (m ) x ] , as claimedœ � Ê œ �? ? ? ?k k k k k k
# w # # w #

k È
 (c) From geometry it is a fact that the lateral surface area of the frustum obtained by revolving the tangent

 line segment about the x-axis is given by S (r r )L [2f(m )] x [f (m ) x ]? 1 1 ? ?k k k k kœ � œ �" #
# w #

k Éa b
 using parts (a) and (b) above.  Thus, S 2 f(m ) 1 [f (m )]  x .? 1 ?k k k kœ �È w #

 (d) S  lim   S lim   2 f(m ) 1 [f (m )]  x 2 f(x) 1 [f (x)]  dxœ œ � œ �
n nÄ _ Ä _

! ! È Èn n

k 1 k 1
k k k k a

b

œ œ

? 1 ? 1w # w #'

32. y 1 x   1 x x   1œ � Ê œ � � œ � Ê œ œ �ˆ ‰ ˆ ‰ ˆ ‰ Š ‹#Î$ #Î$ �"Î$$Î# "Î#

#

� #
� "dy dy

dx 3 dx
3 2 1 x1 x

x x x

ˆ ‰#Î$ "Î#

"Î$ #Î$ #Î$

#Î$

  S 2 2 1 x 1 1  dx 4 1 x x  dxÊ œ � � � œ �' '
0 0

1 1

1 1ˆ ‰ ˆ ‰ ˆ ‰É È#Î$ #Î$$Î# $Î#" �#Î$
x#Î$
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 4 1 x x  dx; u 1 x   du x  dx   du x  dx; œ � œ � Ê œ � Ê � œ1'
0

1 ˆ ‰ �#Î$ �"Î$ #Î$ �"Î$ �"Î$$Î# 2 3
3 2

 x 0  u 1, x 1  u 0   S 4 u  du 6 u 6 0d ˆ ‰ � ‘ ˆ ‰œ Ê œ œ Ê œ Ä œ � œ � œ � � œ1 1 1'
1

0
$Î# &Î#

#

!

"
3 2 2 12

5 5 5
1

6.5  WORK AND FLUID FORCES

 1. The force required to stretch the spring from its natural length of 2 m to a length of 5 m is F(x) kx.  The work doneœ

 by F is W F(x) dx k x dx x .  This work is equal to 1800 J  k 1800  k 400 N/mœ œ œ œ Ê œ Ê œ' '
0 0

3 3
k 9k 9
# # #

# $
!c d

 2. (a) We find the force constant from Hooke's Law:  F kx  k   k 200 lb/in.œ Ê œ Ê œ œF 800
x 4

 (b) The work done to stretch the spring 2 inches beyond its natural length is W kx dx 200 x dx 200œ œ œ' '
0 0

2 2 ’ “x#

#

#

!

 200(2 0) 400 in lb 33.3 ft lbœ � œ œ† †

 (c) We substitute F 1600 into the equation F 200x to find 1600 200x  x 8 in.œ œ œ Ê œ

 3. We find the force constant from Hooke's law:  F kx.  A force of 2 N stretches the spring to 0.02 m 2 k (0.02)œ Ê œ †

 k 100 .  The force of 4 N will stretch the rubber band y m, where F ky y y y 0.04 mÊ œ œ Ê œ Ê œ Ê œN F 4N
m k 100 N

m

 4 cm.  The work done to stretch the rubber band 0.04 m is W kx dx 100 x dx 100œ œ œ œ' '
0 0

0 04 0 04Þ Þ ’ “x#

#

!Þ!%

!

 0.08 Jœ œ(100)(0.04)#

#

 4. We find the force constant from Hooke's law:  F kx  k   k   k 90 .  The work done to stretch theœ Ê œ Ê œ Ê œF 90 N
x 1 m

 spring 5 m beyond its natural length is W kx dx 90 x dx 90 (90) 1125 Jœ œ œ œ œ' '
0 0

5 5 ’ “ ˆ ‰x 25#

# #

&

!

 5. (a) We find the spring's constant from Hooke's law:  F kx  k   k 7238 œ Ê œ œ œ Ê œF lb
x 8 5 3 in

21,714 21,714
�

 (b) The work done to compress the assembly the first half inch is W kx dx 7238 x dx 7238œ œ œ' '
0 0

0 5 0 5Þ Þ ’ “x#

#

!Þ&

!

 (7238) 905 in lb.  The work done to compress the assembly the second half inch is:œ œ ¸(0.5) (7238)(0.25)#

# # †

 W kx dx 7238 x dx 7238 1 (0.5) 2714 in lbœ œ œ œ � œ ¸' '
0 5 0 5

1 0 1 0

Þ Þ

Þ Þ ’ “ c dx 7238 (7238)(0.75)#

# # #

"Þ!

!Þ&

#
†

 6. First, we find the force constant from Hooke's law:  F kx  k 16 150 2,400 .  If someoneœ Ê œ œ œ œF 150 lb
x inˆ ‰"

16
†

 compresses the scale x  in, he/she must weigh F kx 2,400 300 lb.  The work done to compress the scaleœ œ œ œ" "
8 8

ˆ ‰
 this far is W kx dx 2400 18.75 lb in.  ft lbœ œ œ œ œ'

0

1 8Î ’ “x 2400 25
2 64 16

#

#

"Î)

! †

† †

 7. The force required to haul up the rope is equal to the rope's weight, which varies steadily and is proportional to x, the

 length of the rope still hanging:  F(x) 0.624x.  The work done is:  W F(x) dx 0.624x dx 0.624œ œ œ œ' '
0 0

50 50 ’ “x#

#

&!

!

 780 Jœ

 8. The weight of sand decreases steadily by 72 lb over the 18 ft, at 4 lb/ft. So the weight of sand when the bag is x ft off the

 ground is F x x. The work done is:  W F(x) dx x dx 144x 2x 1944 ft lba b a b c dœ "%% � % œ œ "%% � % œ � œ' '
a 0

b 18
# ")

! †

 9. The force required to lift the cable is equal to the weight of the cable paid out:  F(x) (4.5)(180 x) where xœ �

 is the position of the car off the first floor.  The work done is:  W F(x) dx 4.5 (180 x) dxœ œ �' '
0 0

180 180
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 4.5 180x 4.5 180 72,900 ft lbœ � œ � œ œ’ “ Š ‹x 180 4.5 180# # #

# # #

")!

!

# †

†

10. Since the force is acting  the origin, it acts opposite to the positive x-direction.  Thus F(x) .  The work donetoward œ � k
x#

 is W  dx k  dx k kœ � œ � œ œ � œ' '
a a

b b b

a
k
x x x b a ab

k(a b)
# #

" " " " �� ‘ ˆ ‰
11. Let r the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant raœ te,
 the amount of water in the bucket is proportional to x , the distance the bucket is being raised. The leakage rate ofa b#! �

 the water is 0.8 lb/ft raised and the weight of the water in the bucket is F 0.8 x . So:œ #! �a b
 W 0.8 x  dx 0.8 20x 160 ft lb.œ #! � œ � œ †'

0

20 a b ’ “x#

#

#!

!

12. Let r the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant raœ te,
 the amount of water in the bucket is proportional to x , the distance the bucket is being raised. The leakage rate ofa b#! �

 the water is 2 lb/ft raised and the weight of the water in the bucket is F 2 x . So:œ #! �a b
 W 2 x  dx 2 20x 400 ft lb.œ #! � œ � œ †'

0

20 a b ’ “x#

#

#!

!

 Note that since the force in Exercise 12 is 2.5 times the force in Exercise 11 at each elevation, the total work is also 2.5
 times as great.

13. We will use the coordinate system given.
 (a) The typical slab between the planes at y and y y has�?

 a volume of V (10)(12) y 120 y ft .  The force? ? ?œ œ $

 F required to lift the slab is equal to its weight:
 F 62.4 V 62.4 120 y lb.  The distance throughœ œ? ?†

 which F must act is about y ft, so the work done lifting
 the slab is about W force distance? œ ‚

 62.4 120 y y ft lb.  The work it takes to lift allœ † † † †?

 the water is approximately W  W¸ !20

0

?

  62.4 120y y ft lb.  This is a Riemann sum forœ !20

0

† † †?

 

 the function 62.4 120y over the interval 0 y 20. The work of pumping the tank empty is the limit of these sums:† Ÿ Ÿ

 W 62.4 120y dy (62.4)(120) (62.4)(120) (62.4)(120)(200) 1,497,600 ft lbœ œ œ œ œ'
0

20

† †’ “ ˆ ‰y 400#

# #

#!

!

 (b) The time t it takes to empty the full tank with –hp motor is t 5990.4 sec 1.ˆ ‰5 W
11 250 250 

1,497,600 ft lbœ œ œ œft lb ft lb
sec sec
† †

† 664 hr

 t 1 hr and 40 minÊ ¸

 (c) Following all the steps of part (a), we find that the work it takes to lower the water level 10 ft is

 W 62.4 120y dy (62.4)(120) (62.4)(120) 374,400 ft lb and the time is tœ œ œ œ œ'
0

10

† †’ “ ˆ ‰y 100 W
250 

#

# #

"!

!
ft lb
sec
†

 1497.6 sec 0.416 hr 25 minœ œ ¸

 (d) In a location where water weighs 62.26 :lb
ft$

 a) W (62.26)(24,000) 1,494,240 ft lb.œ œ †

 b) t 5976.96 sec 1.660 hr  t 1 hr and 40 minœ œ ¸ Ê ¸1,494,240
250

 In a location where water weighs 62.59 lb
ft$

 a) W (62.59)(24,000) 1,502,160 ft lbœ œ †

 b) t 6008.64 sec 1.669 hr  t 1 hr and 40.1 minœ œ ¸ Ê ¸1,502,160
250
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14. We will use the coordinate system given.
 (a) The typical slab between the planes at y and y y has�?

 a volume of V (20)(12) y 240 y ft .  The force? ? ?œ œ $

 F required to lift the slab is equal to its weight:
 F 62.4 V 62.4 240 y lb.  The distance throughœ œ? ?†

 which F must act is about y ft, so the work done lifting
 the slab is about W force distance? œ ‚

 

 62.4 240 y y ft lb.  The work it takes to lift all the water is approximately W  Wœ ¸† † † †? ?!20

10

  62.4 240y y ft lb.  This is a Riemann sum for the function 62.4 240y over the intervalœ !20

10

† † † †?

 10 y 20.  The work it takes to empty the cistern is the limit of these sums:  W 62.4 240y dyŸ Ÿ œ '
10

20

†

 (62.4)(240) (62.4)(240)(200 50) (62.4)(240)(150) 2,246,400 ft lbœ œ � œ œ’ “y#

#

#!

"!
†

 (b) t 8168.73 sec 2.27 hours 2 hr and 16.1 minœ œ ¸ ¸ ¸W
275 

2,246,400 ft lb
275ft lb

sec
†

†

 (c) Following all the steps of part (a), we find that the work it takes to empty the tank halfway is

 W 62.4 240y dy (62.4)(240) (62.4)(240) (62.4)(240) 936,000 ft.œ œ œ � œ œ'
10

15

† ’ “ ˆ ‰ ˆ ‰y 225 100 125#

# # # #

"&

"!

 Then the time is t 3403.64 sec 56.7 minœ œ ¸ ¸W
275 

936,000
75ft lb

sec
† #

 (d) In a location where water weighs 62.26 :lb
ft$

 a) W (62.26)(240)(150) 2,241,360 ft lb.œ œ †

 b) t 8150.40 sec 2.264 hours 2 hr and 15.8 minœ œ œ ¸2,241,360
275

 c) W (62.26)(240) 933,900 ft lb; t 3396 sec 0.94 hours 56.6 minœ œ œ œ ¸ ¸ˆ ‰125 933,900
75# #†

 In a location where water weighs 62.59 lb
ft$

 a) W (62.59)(240)(150) 2,253,240 ft lb.œ œ †

 b) t 8193.60 sec 2.276 hours 2 hr and 16.56 minœ œ œ ¸2,253,240
275

 c) W (62.59)(240) 938,850 ft lb; t 3414 sec 0.95 hours 56.9 minœ œ œ ¸ ¸ ¸ˆ ‰125 938,850
275# †

15. The slab is a disk of area x , thickness y, and height below the top of the tank y . So the work to pump1 1
#

#

#
œ ˜ "! �ˆ ‰ a by

 the oil in this slab, W, is 57 y . The work to pump all the oil to the top of the tank is˜ "! �a b ˆ ‰1
y
#

#

 W y y dy 11,875  ft lb 37,306 ft lb.œ "! � œ � œ † ¸ †'
0

10
57 57

4 4
y y1 1a b ’ “# $ "!
$ %

"!

!

$ %

1

16. Each slab of oil is to be pumped to a height of 14 ft. So the work to pump a slab is y  and since the tank isa ba bˆ ‰"% � 1
y
#

#

 half full and the volume of the original cone is V r h  ft , half the volume  ft , andœ œ & "! œ œ" " #&! #&!
$ $ $ '

# #
1 1a ba b 1 13 3

 with half the volume the cone is filled to a height y, y y  ft. So W y y  dy#&! "
' $ %

&!!
# $1 1œ Ê œ &!! œ "% �1

y 57
4

#
$

$È a b'
0

È

 60,042 ft lb.œ � ¸ †57
4

y y1’ “"%
$ %

&!!

!

$ %

$È

17. The typical slab between the planes at y and and y y has a volume of V (radius) (thickness) y� œ œ? ? 1 1 ?
#

#

#ˆ ‰20

 100 y ft .  The force F required to lift the slab is equal to its weight: F 51.2 V 51.2 100 y lbœ œ œ1 ? ? 1?† †

$

  F 5120 y lb.  The distance through which F must act is about  (30 y) ft.  The work it takes to lift all theÊ œ �1?

 kerosene is approximately W  W  5120 (30 y) y ft lb which is a Riemann sum.  The work to pump the¸ œ �! !30 30

0 0

? 1 ? †

 tank dry is the limit of these sums:  W 5120 (30 y) dy 5120 30y 5120 (5120)(450 )œ � œ � œ œ'
0

30

1 1 1 1’ “ ˆ ‰y 900#

# #

$!

!

 7,238,229.48 ft lb¸ †
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18. (a) Follow all the steps of Example 5 but make the substitution of 64.5  for 57 .  Then,lb lb
ft ft$ $

 W (10 y)y  dy 8 2œ � œ � œ � œ �'
0

8
64.5 64.5 64.5 10 8 8 64.5 10

4 4 3 4 4 3 4 4 3
10y y1 1 1 1# $

)

!
’ “ Š ‹ ˆ ‰ ˆ ‰a b$ % $ %

†

 21.5 8 34,582.65 ft lbœ œ ¸64.5 8
3
1†

$

1 † †

$

 (b) Exactly as done in Example 5 but change the distance through which F acts to distance (13 y) ft.  Then¸ �

 W (13 y)y  dy 8 2œ � œ � œ � œ � œ'
0

8
57 57 57 13 8 8 57 13 57 8 7

4 4 3 4 4 3 4 4 3 3 4
13y y1 1 1 1 1# $

)

!
’ “ Š ‹ ˆ ‰ ˆ ‰a b$ % $ % $

† † †

†

 (19 ) 8 (7)(2) 53,482.5 ft lbœ ¸1 a b# †

19. The typical slab between the planes at y and y y has a volume of about V (radius) (thickness) y y ft .� œ œ? ? 1 1 ?
# $#ˆ ‰È

 The force F(y) required to lift this slab is equal to its weight:  F(y) 73 V 73 y y 73 y y lb. Theœ œ œ†? 1 ? 1 ?ˆ ‰È #

 distance through which F(y) must act to lift the slab to the top of the reservoir is about 4 y  ft, so the work done isa b�

 approximately W 73 y 4 y y  ft lb.  The work done lifting all the slabs  from y 0 ft to y 4 ft is? 1 ?¸ � œ œa b †

 approximately W  73 y 4 y y  ft lb. Taking the limit of these Riemann sums as n , we get¸ � Ä _! a bn

k 0œ

1 ?k k †

 W 73 y 4 y dy 73 4y y dy 73 2y y 73 32  ft lb.œ � œ � œ � œ � œ' '
0 0

4 4

1 1 1 1a b a b � ‘ ˆ ‰2 1 64 2336
3 3 3

4

0
# $ 1

†

20. The typical slab between the planes at y and y y has a volume of about V (length)(width)(thickness)� œ? ?

 2 25 y 10 y ft . The force F(y) required to lift this slab is equal to its weight:  F(y) 53 Vœ � œˆ ‰È a b2 ? ?
$

†

 53 2 25 y 10 y 1060 25 y y lb. The distance through which F(y) must act to lift the slab to theœ � œ �ˆ ‰È Èa b2 2? ?

 level of 15 m above the top of the reservoir is about 20 y  ft, so the work done is approximatelya b�

 W 1060 25 y 20 y y  ft lb.  The work done lifting all the slabs from y 5 ft to y 5 ft is? ?¸ � � œ � œÈ a b2
†

 approximately W  1060 25 y  20 y y  ft lb. Taking the limit of these Riemann sums as n , we get¸ � � Ä _! É a bn

k 0œ
k
2

k ? †

 W 1060 25 y 20 y dy 1060 20 y 25 y dy 1060 20 25 y dy y 25 y dyœ � � œ � � œ � � �' ' ' '
� � � �5 5 5 5

5 5 5 5È È È Èa b a b ” •2 2 2 2

 To evaluate the first integral, we use we can interpret 25 y dy as the area of the semicircle whose radius is 5, thus'
�5

5
2È �

 20 25 y dy 20 25 y dy 20 5 250 . To evaluate the second integral let u 25 y' '
� �5 5

5 5È È � ‘a b� œ � œ œ œ �2 2 2 2"
#1 1

 du 2y dy; y 5 u 0, y 5 u 0, thus y 25 y dy u du 0. Thus,Ê œ � œ � Ê œ œ Ê œ � œ � œ' '
�5 0

5 0È È2 "
#

 1060 20 25 y dy y 25 y dy 1060 250 0 265000 832522 ft lb.” •È È a b' '
� �5 5

5 5

� � � œ � œ ¸2 2 1 1 †

21. The typical slab between the planes at y and y y has a volume of about V (radius) (thickness)� œ? ? 1
#

 25 y y m .  The force F(y) required to lift this slab is equal to its weight:  F(y) 9800 Vœ � œ1 ? ?ˆ ‰È #
# $

†

 9800 25 y y 9800 25 y y N.  The distance through which F(y) must act to lift theœ � œ �1 ? 1 ?ˆ ‰È a b#
# #

 slab to the level of 4 m above the top of the reservoir is about (4 y) m, so the work done is approximately�

 W 9800 25 y (4 y) y N m.  The work done lifting all the slabs from y 5 m to y 0 m is? 1 ?¸ � � œ � œa b# †

 approximately W  9800 25 y (4 y) y N m.  Taking the limit of these Riemann sums, we get¸ � �! a b0

5�

1 ?
#

†

 W 9800 25 y (4 y) dy 9800  100 25y 4y y  dy 9800 100y y yœ � � œ � � � œ � � �' '
� �5 5

0 0

1 1 1a b a b ’ “# # $ # $
#

!

�&

25 4
3 4

y%

 9800 500 125 15,073,099.75 Jœ � � � � � ¸1 ˆ ‰25 25 4 625
3 4

†

# †

22. The typical slab between the planes at y and y y has a volume of about V (radius) (thickness)� œ? ? 1
#

 100 y y 100 y y ft .  The force is F(y) V 56 100 y y lb.  Theœ � œ � œ œ �1 ? 1 ? ? 1 ?ˆ ‰È a b a b#
# # $ #56 lb

ft$ †

 distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about
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 (12 y) ft, so the work done is W 56 100 y (12 y) y lb ft.  The work done lifting all the slabs� ¸ � �? 1 ?a b# †

 from y 0 ft to y 10 ft is approximately W  56 100 y (12 y) y lb ft.  Taking the limit of theseœ œ ¸ � �! a b10

0

1 ?
#

†

 Riemann sums, we get W 56 100 y (12 y) dy 56 100 y (12 y) dyœ � � œ � �' '
0 0

10 10

1 1a b a b# #

 56 1200 100y 12y y  dy 56 1200œ � � � œ C � � �1 1'
0

10 a b ’ “# $
#

"!

!

100y 12y y
3 4

# $ %

 56 12,000 4 1000 (56 ) 12 5 4 (1000) 967,611 ft lb.œ � � � œ � � � ¸1 1ˆ ‰ ˆ ‰10,000 10,000
4

5
# #† †

 It would cost (0.5)(967,611) 483,805¢ $4838.05.  Yes, you can afford to hire the firm.œ œ

23. F m mv  by the chain rule  W mv  dx m v  dx m v (x)œ œ Ê œ œ œdv dv dv dv
dt dx dx dx

' '
x x

x x x

x
" "

# #
#

"

ˆ ‰ � ‘"
#

#

 m v (x ) v (x ) mv mv , as claimed.œ � œ �" " "
# # #

# # # #
# " # "c d

24. weight 2 oz  lb; mass  slugs; W  slugs (160 ft/sec) 50 ft lbœ œ œ œ œ œ ¸2
16 32 3 56 56

weight "

8
# # # #

" " " #ˆ ‰ ˆ ‰
†

25. 90 mph 132 ft/sec; m  slugs;œ œ œ œ90 mi 1 hr 1 min 5280 ft 0.3125 lb 0.3125
1 hr 60 min 60 sec 1 mi 32 ft/sec 32† † † #

 W (132 ft/sec) 85.1 ft lbœ ¸ˆ ‰ ˆ ‰"
#

#0.3125 lb
32 ft/sec# †

26. weight 1.6 oz 0.1 lb  m  slugs; W  slugs (280 ft/sec) 122.5 ft lbœ œ Ê œ œ œ œ0.1 lb
32 ft/sec 3 0 3 0#

" " "
# # #

#ˆ ‰ ˆ ‰
†

27. v 0 mph 0 , v 153 mph 224.4 ; 2 oz 0.125 lb m  slugs;1 2
ft ft 0.125 lb

sec sec 32 ft/sec 256œ œ œ œ œ Ê œ œ#

"

 W F x  dx mv mv 224.4 98.35 ft-lb.œ œ � œ � ! œ'
x

x

"

# a b a b a bˆ ‰ ˆ ‰" " " " " "
# # # #

# #
# 1 256 256

2 2

28. weight 6.5 oz  lb  m  slugs; W  slugs (132 ft/sec) 110.6 ft lbœ œ Ê œ œ ¸6.5 6.5 6.5
16 (16)(32) (16)(32)

ˆ ‰ Š ‹"
#

#
†

29. We imagine the milkshake divided into thin slabs by planes perpendicular to the y-axis at the points of a partition of the
 interval [ ].  The typical slab between the planes at y and y y has a volume of about V (radius) (thickness)!ß ( � œ? ? 1

#

 y in .  The force F(y) required to lift this slab is equal to its weight:  F(y) V y oz.œ œ œ1 ? ? ?ˆ ‰ ˆ ‰y 17.5 y 17.5
14 9 9 14

4 4� �# #$ 1

 The distance through which F(y) must act to lift this slab to the level of 1 inch above the top is about (8 y) in.  The work�

 done lifting the slab is about W 8 y y in oz. The work done lifting all the slabs from y 0 to? ?œ � œˆ ‰ a b4
9 14

y 17.51 a b� #

# †

 y 7 is approximately W  (y 17.5) (8 y) y in oz which is a Riemann sum. The work is the limit of theseœ œ � �!7

0

4
9 14

1

†

#

#
? †

 sums as the norm of the partition goes to zero: W y 17.5 8 y dyœ � �'
0

7
4

9 14
1

†

# a b a b#

  2450 26.25y 27y y dy 9y y 2450yœ � � � œ � � � �4 4 26.25
9 14 9 14 4

y1 1

† †

# #

%'
0

7a b ’ “# $ $ #
#

(

!

 9 7 7 2450 7 91.32 in ozœ � � � � ¸4 7 26.25
9 14 4

1

†

#

%’ “† † † †

$ #
#

30. Work   dr 1000 MG   1000 MGœ œ œ �' '
6 370 000 6 370 000

35 780 000 35 780 000

ß ß ß ß

ß ß ß ß

1000 MG dr
r r r# #

� ‘" $&ß()!ß!!!

'ß$(!ß!!!

 (1000) 5.975 10 6.672 10 5.144 10  Jœ � ¸ ‚a b a b Š ‹† †

#% �"" "!" "
6,370,000 35,780,000

31. To find the width of the plate at a typical depth y, we first find an equation for the line of the plate's
 right-hand edge:  y x 5.  If we let x denote the width of the right-hand half of the triangle at depth y, thenœ �

 x 5 y and the total width is L(y) 2x 2(5 y).  The depth of the strip is ( y).  The force exerted by theœ � œ œ � �

 water against one side of the plate is therefore F w( y) L(y) dy 62.4 ( y) 2(5 y) dyœ � œ � �' '
� �

� �

5 5

2 2

† † †
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 124.8 5y y  dy 124.8 y y 124.8 4 8 25 125œ � � œ � � œ � � � � �'
�

�

5

2a b � ‘ � ‘ˆ ‰ ˆ ‰# # $
# # #

" " "�#

�&
5 5 5

3 3 3† † † †

 (124.8) (124.8) 1684.8 lbœ � œ œˆ ‰ ˆ ‰105 117 315 234
3 6#

�

32. An equation for the line of the plate's right-hand edge is y x 3  x y 3.  Thus the total width isœ � Ê œ �

 L(y) 2x 2(y 3).  The depth of the strip is (2 y).  The force exerted by the water isœ œ � �

 F w(2 y)L(y) dy 62.4 (2 y) 2(3 y) dy 124.8 6 y y  dy 124.8 6yœ � œ � � œ � � œ � �' ' '
� � �3 3 3

0 0 0

† † a b ’ “#
#

!

�$

y y
3

# $

 ( 124.8) 18 9 ( 124.8) 1684.8 lbœ � � � � œ � � œˆ ‰ ˆ ‰9 27
# #

33. (a) The width of the strip is L y 4, the depth of the strip is 10 y F w F y dya b a b a bŠ ‹œ � Ê œ †'
a

b
strip
depth

 62.4 10 y 4 dy 249.6 10 y dy 249.6 10y 249.6 30 6364.8 lbœ � œ � œ � œ � œ' '
0 0

3 3
y

3

0

9
2a ba b a b ’ “ ˆ ‰#

#

 (b) The width of the strip is L y 3, the depth of the strip is 10 y F w F y dya b a b a bŠ ‹œ � Ê œ †'
a

b
strip
depth

 62.4 10 y 3 dy 187.2 10 y dy 187.2 10y 187.2 40 8 5990.4 lbœ � œ � œ � œ � œ' '
0 0

4 4
y

4

0
a ba b a b a b’ “##

34. The width of the strip is L y 2 25 y , the depth of the strip is 6 y F w F y dya b a b a bÈ Š ‹œ � � Ê œ †2
a

b
strip
depth

'

 62.4 6 y 2 25 y dy 124.8 6 y 25 y dy 124.8 6 25 y dy y 25 y dyœ � � œ � � œ � � �' ' ' '
0 0

5 5 5 5
2 2 2 2a b a bˆ ‰È È È È” •0 0

 To evaluate the first integral, we use we can interpret 25 y dy as the area of a quarter circle whose radius is 5, thus'
0

5
2È �

 6 25 y dy 6 25 y dy 6 5 . To evaluate the second integral let u 25 y' '
0 0

5 5
2 2

4 2
2 75 2È È � ‘a b� œ � œ œ œ �"

1
1

 du 2y dy; y 0 u 25, y 5 u 0, thus y 25 y dy u du u duÊ œ � œ Ê œ œ Ê œ � œ � œ' ' '
0 25 0

5 0 25
2 1 2È È" "

# #
Î

 u . Thus, 124.8 6 25 y dy y 25 y dy 124.8 9502.7 lb.œ œ � � � œ � ¸1 125 75 125
3 3 2 3

3 2 25

0

5 5
2 2� ‘ ˆ ‰” •È ÈÎ ' '

0 0

1

35. Using the coordinate system of Exercise 32, we find the equation for the line of the plate's right-hand edge to be

 y 2x 4  x  and L(y) 2x y 4.  The depth of the strip is (1 y).œ � Ê œ œ œ � �y 4�
#

 (a) F w(1 y)L(y) dy 62.4 (1 y)(y 4) dy 62.4 4 3y y  dy 62.4 4yœ � œ � � œ � � œ � �' ' '
� � �4 4 4

0 0 0

† a b ’ “#
#

!

�%

3y y
3

# $

 ( 62.4) ( 4)(4) ( 62.4) 16 24 1164.8 lbœ � � � � œ � � � � œ œ’ “ ˆ ‰(3)(16) ( 62.4)( 120 64)64 64
3 3 3#

� � �

 (b) F ( 64.0) ( 4)(4) 1194.7 lbœ � � � � œ ¸’ “(3)(16) ( 64.0)( 120 64)64
3 3#

� � �

36. Using the coordinate system given, we find an equation for
 the line of the plate's right-hand edge to be y 2x 4œ � �

  x  and L(y) 2x 4 y.  The depth of theÊ œ œ œ �4 y�
#

 strip is (1 y)  F w(1 y)(4 y) dy� Ê œ � �'
0

1

 62.4 y 5y 4  dy 62.4 4yœ � � œ � �'
0

1a b ’ “#
#

"

!

y 5y
3

$ #  

 (62.4) 4 (62.4) 114.4 lbœ � � œ œ œˆ ‰ ˆ ‰" � �
#3 6 6
5 2 15 24 (62.4)(11)
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37. Using the coordinate system given in the accompanying
 figure, we see that the total width is L(y) 63 and the depthœ

 of the strip is (33.5 y)  F w(33.5 y)L(y) dy� Ê œ �'
0

33

 (33.5 y) 63 dy (63) (33.5 y) dyœ � œ �' '
0 0

33 33
64 64
1 12#$ $† †

ˆ ‰
 (63) 33.5y (33.5)(33)œ � œ �ˆ ‰ ˆ ‰’ “ ’ “64 64 63 33

12 1
y

$ $

# #

# # #

$$

!

†

 1309 lbœ œ(64)(63)(33)(67 33)
( ) 12

�
# a b$

 

38. Using the coordinate system given in the accompanying

 figure, we see that the right-hand edge is x 1 yœ �È #

 so the total width is L(y) 2x 2 1 y  and the depthœ œ �È #

 of the strip is ( y).  The force exerted by the water is�

 therefore F w ( y) 2 1 y  dyœ � �'
�1

0

† †

È #

 

 62.4 1 y  d 1 y 62.4 1 y (62.4) (1 0) 41.6 lbœ � � œ � œ � œ'
�1

0 È a b a b’ “ ˆ ‰# # # $Î# !

�"

2 2
3 3

39. (a) F 62.4 8 ft 25 ft 12480 lbœ œˆ ‰a ba blb
ft

2
3

 (b) The width of the strip is L y 5, the depth of the strip is 8 y F w F y dya b a b a bŠ ‹œ � Ê œ †'
a

b
strip
depth

 62.4 8 y 5 dy 312 8 y dy 312 8y 312 40 8580 lbœ � œ � œ � œ � œ' '
0 0

5 5
y

5

0

25
2a ba b a b ’ “ ˆ ‰#

#

 (c) The width of the strip is L y 5, the depth of the strip is 8 y , the height of the strip is 2 dya b a b Èœ �

 F w F y dy 62.4 8 y 5 2 dy 312 2 8 y dy 312 2 8yÊ œ † œ � œ � œ �' ' '
a 0 0

b 5 2 5 2
strip
depth

y
5 2

0
Š ‹ ’ “a b a ba b a bÈ È ÈÎ Î

#

ÎÈ È È
#

 312 2 9722.3œ � œÈ Š ‹40 25
2 4È

40. The width of the strip is L y 2 3 y , the depth of the strip is 6 y , the height of the strip is dya b a bŠ ‹Èœ � �3 2
4 3 È

 F w F y dy 62.4 6 y 2 3 y dy 12 3 6y 2y 3 y dyÊ œ † œ � † � œ � � �' ' '
a 0 0

b 2 3 2 3
strip
depth 4

3 2 93.6
3 3 

2Š ‹ Š ‹ Š ‹a b a b È È ÈÈ È
È È

 12y 3 3y y 3 72 36 12 3 8 3 1571.04 lbœ � � � œ � � � ¸93.6 93.6
3 3 

2 2 y
3

2 3

0È È
È’ “ Š ‹È È È È3

41. The coordinate system is given in the text.  The right-hand edge is x y and the total width is L(y) 2x 2 y.œ œ œÈ È
 (a) The depth of the strip is (2 y) so the force exerted by the liquid on the gate is F w(2 y)L(y) dy� œ �'

0

1

 50(2 y) 2 y dy 100 (2 y) y dy 100 2y y  dy 100 y yœ � œ � œ � œ �' ' '
0 0 0

1 1 1

† È È ˆ ‰ � ‘"Î# $Î# $Î# &Î# "

!
4 2
3 5

 100 (20 6) 93.33 lbœ � œ � œˆ ‰ ˆ ‰4 2 100
3 5 15

 (b) We need to solve 160 w(H y) 2 y dy for h. 160 100 H 3 ftœ � œ � Ê œ Þ'
0

1

† È ˆ ‰2H 2
3 5

42. Suppose that h is the maximum height.  Using the coordinate system given in the text, we find an equation for

 the line of the end plate's right-hand edge is y x  x y.  The total width is L(y) 2x y and theœ Ê œ œ œ5 2 4
5 5#

 depth of the typical horizontal strip at level y is (h y).  Then the force is F w(h y)L(y) dy F ,� œ � œ'
0

h

max

 where F 6667 lb.  Hence, F w (h y) y dy (62.4) hy y  dymax 0 0

h h

œ œ � œ �max
4 4
5 5

' '
†

ˆ ‰ a b#
 (62.4) (62.4) (62.4) h (10.4) h   hœ � œ � œ œ Ê œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰’ “ Š ‹ É4 4 h h 4 4 5

5 3 5 3 5 6 5 4 10.4
hy y F# $ $ $

# #
" $ $

h

0

3 max
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 9.288 ft.  The volume of water which the tank can hold is V (Base)(Height) 30, whereœ ¸ œÉˆ ‰ ˆ ‰3 5 6667
4 10.4

"
# †

 Height h and (Base) h  V h (30) 12h 12(9.288) 1035 ft .œ œ Ê œ œ ¸ ¸"
#

# # # $2 2
5 5

ˆ ‰
43. The pressure at level y is p(y) w y  the averageœ Ê†

 pressure is p  p(y) dy w y dy wœ œ œ" " "
#b b b
y' '

0 0

b b b

0
† ’ “#

 .  This is the pressure at level , whichœ œˆ ‰ Š ‹w b wb b
b

#

# # #

 is the pressure at the middle of the plate.  

44. The force exerted by the fluid is F w(depth)(length) dy w y a dy (w a) y dy (w a)œ œ œ œ' ' '
0 0 0

b b b b

0
† † † † ’ “y#

#

 w (ab) p Area, where p is the average value of the pressure.œ œ œŠ ‹ ˆ ‰ab wb#

# # †

45. When the water reaches the top of the tank the force on the movable side is (62.4) 2 4 y ( y) dy'
�2

0 ˆ ‰È � �#

 (62.4) 4 y ( 2y) dy (62.4) 4 y (62.4) 4 332.8 ft lb.  The forceœ � � œ � œ œ'
�2

0 a b a b’ “ ˆ ‰ ˆ ‰# # $Î#"Î# $Î# !

�#

2 2
3 3 †

 compressing the spring is F 100x, so when the tank is full we have 332.8 100x  x 3.33 ft.  Therefore theœ œ Ê ¸

 movable end does not reach the required 5 ft to allow drainage  the tank will overflow.Ê

46. (a) Using the given coordinate system we see that the total
 width is L(y) 3 and the depth of the strip is (3 y).œ �

 Thus, F w(3 y)L(y) dy (62.4)(3 y) 3 dyœ � œ �' '
0 0

3 3

†

 (62.4)(3) (3 y) dy (62.4)(3) 3yœ � œ �'
0

3 ’ “y#

#

$

!

 (62.4)(3) 9 (62.4)(3) 842.4 lbœ � œ œˆ ‰ ˆ ‰9 9
# #

 

 (b) Find a new water level Y such that F (0.75)(842.4 lb) 631.8 lb.  The new depth of the strip is (Y y) and Y isY œ œ �

 the new upper limit of integration.  Thus, F w(Y y)L(y) dy 62.4 (Y y) 3 dyY 0 0

Y Y

œ � œ �' '
†

 (62.4)(3) (Y y) dy (62.4)(3) Yy (62.4)(3) Y (62.4)(3) .  Therefore,œ � œ � œ � œ'
0

Y Y

0
’ “ Š ‹ Š ‹y Y Y# # #

# # #
#

 Y 6.75 2.598 ft.  So, Y 3 Y 3 2.598 0.402 ft 4.8 inœ œ œ ¸ œ � ¸ � ¸ ¸É É È2F
(62.4)(3) 187.2

1263.6Y ?

6.6  MOMENTS AND CENTERS OF MASS

 1. Since the plate is symmetric about the y-axis and its density is
 constant, the distribution of mass is symmetric about the y-axis
 and the center of mass lies on the y-axis.  This means that

 x 0. It remains to find y .  We model the distribution ofœ œ M
M

x

 mass with  strips.  The typical strip has center of mass:@/<>3-+6

 ( x y ) x , length:  4 x , width:  dx, area:µ µß œ ß �Š ‹x 4# �
#

#

 

 dA 4 x  dx, mass:  dm  dA 4 x  dx.  The moment of the strip about the x-axis isœ � œ œ �a b a b# #
$ $

   dm 4 x  dx 16 x  dx.  The moment of the plate about  the x-axis is M  dmC œ � œ � œ Cµ µŠ ‹ a b a bx 4#�
# #

# %
$

$
x

'

 16 x  dx 16x 16 2 16 2 32 .  The mass of theœ � œ � œ � � � � œ � œ'
�2

2
$ $ $ $ $

# # # #
%

#

�#
a b ’ “ ’ “Š ‹ Š ‹ ˆ ‰x 2 2 2 32 128

5 5 5 5 5

& & &

† †

†
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 plate is M  4 x  dx 4x 2 8 .  Therefore y .  The plate's center ofœ � œ � œ � œ œ œ œ' $ $ $a b ’ “ ˆ ‰#
#

�#

x 8 32 Mx 12
3 3 3 M 5

$
$

Š ‹
Š ‹

128
5

32
3

$

$

 mass is the point (x y) .ß œ !ßˆ ‰12
5

 2. Applying the symmetry argument analogous to the one in

 Exercise 1, we find x 0.  To find y , we use theœ œ M
M

x

  strips technique.  The typical strip has center of@/<>3-+6

 mass:  ( x y ) x , length:  25 x , width:  dx,µ µß œ ß �Š ‹25 x�
#

##

 area:  dA 25 x dx, mass:  dm  dA 25 x  dx.œ � œ œ �a b a b# #
$ $

 The moment of the strip about the x-axis is

 

 y dm 25 x  dx 25 x  dx.  The moment of the plate about the x-axis is M y dmµ µœ � œ � œŠ ‹ a b a b25 x�
# #

# # ##

$
$

x
'

 25 x  dx  625 50x x  dx 625x x 2 625 5 5œ � œ � � œ � � œ � �' '
� �5 5

5 5
$ $ $ $

# # # #
# # % $ $# &

�&
a b a b ’ “ Š ‹50 x 50 5

3 5 3 5

& &

† † †

 625 5 1 625 .  The mass of the plate is M  dm  25 x  dx 25xœ � � œ œ œ � œ �$ $ $ $† † †

ˆ ‰ ˆ ‰ a b ’ “10 8 x
3 3 3

' '
�5

5
#

&

�&

$

 2 5 5 .  Therefore y 10.  The plate's center of mass is the point (x y) ( 10).œ � œ œ œ œ ß œ !ß$ $Š ‹$ $5 4
3 3 M

M$

†

x
$

$

† †

† †

5

5

%

$

ˆ ‰
ˆ ‰

8
3
4
3

 3. Intersection points:  x x x  2x x 0� œ � Ê � œ# #

  x(2 x) 0  x 0 or x 2.  The typical Ê � œ Ê œ œ @/<>3-+6

 strip has center of mass:  ( x y ) xµ µß œ ßŠ ‹a bx  x   ( x)� � �
#

#

 x , length:  x x ( x) 2x x , width:  dx,œ ß� � � � œ �Š ‹ a bx#

#
# #

 area:  dA 2x x  dx, mass:  dm  dA 2x x  dx.œ � œ œ �a b a b# #
$ $

 The moment of the strip about the x-axis is

 

 y dm 2x x  dx; about the y-axis it is x dm x 2x x  dx.  Thus, M  y dmµ µ µœ � � œ � œŠ ‹ a b a bx#

#
# #

$ $† x
'

   x 2x x  dx 2x x  dx 2 2 1œ � � œ � � œ � � œ � � œ � �' '
0 0

2 2ˆ ‰ ˆ ‰a b a b ’ “ Š ‹$ $ $ $ $

# # # # # #
# # $ % $ $

#

!

x x 2 4
5 5 5

% & &

†

 ; M x dm x 2x x  dx 2x x x 2 ;œ � œ œ � œ � œ � œ � œ œµ4 2 x 2 2 2 4
5 3 4 3 4 1 3
$ $ $

y 0 0

2 2
' ' '

† †$ $ $ $a b a b ’ “ Š ‹# # $ $
#

! #

% $ % %
†

 M  dm 2x x  dx 2x x  dx x 4 .  Therefore, xœ œ � œ � œ � œ � œ œ' ' '
0 0

2 2

$ $ $ $a b a b ’ “ ˆ ‰# # #
#

!

x 8 4
3 3 3 M

M$
$ y

 1 and y   (x y) 1  is the center of mass.œ œ œ œ � œ � Ê ß œ ß�ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰4 3 4 3 3 3
3 4 M 5 4 5 5

M$ $

$ $

x

 4. Intersection points:  x 3 2x   3x 3 0# # #� œ � Ê � œ

  3(x 1)(x 1) 0  x 1 or x 1.  Applying theÊ � � œ Ê œ � œ

 symmetry argument analogous to the one in Exercise 1, we
 find x 0.  The typical  strip has center of mass:œ @/<>3-+6

 ( x y ) x x ,µ µß œ ß œ ßŠ ‹ Š ‹� � �
# #

� �2x   x   3 x   3# # #a b

 length:  2x x 3 3 1 x , width:  dx,� � � œ �# # #a b a b
 area:  dA 3 1 x  dx, mass:  dm  dA 3 1 x  dx.œ � œ œ �a b a b# #

$ $

 The moment of the strip about the x-axis is

 

 y dm x 3 1 x  dx x 3x x 3  dx x 2x 3  dx; M  y dmµ µœ � � � œ � � � œ � � œ3 3 3
# # #

# # % # # % #
$ $ $a b a b a b a b x

'

 x 2x 3  dx 3x 2 3 3 ;œ � � œ � � œ � � œ œ �3 3 x 2x 3 2 3 10 45 32
5 3 5 3 15 5# # #

% #
"

�"

" � �
$ $ $ $'

�1

1 a b ’ “ ˆ ‰ ˆ ‰& $

† †

$
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 M  dm 3 1 x  dx 3 x 3 2 1 4 .  Therefore, yœ œ � œ � œ � œ œ œ � œ �' $ $ $ $'
�1

1 a b ’ “ ˆ ‰#
"

�"

"x 32 8
3 3 M 5 4 5

M$

†

x $

$

†

† †

  (x y) 0  is the center of mass.Ê ß œ ß�ˆ ‰8
5

 5. The typical  strip has center of mass:29<3D98>+6

 ( x y ) y , length:  y y , width:  dy,µ µß œ ß �Š ‹y y�
#

$
$

 area:  dA y y  dy, mass:  dm dA y y  dy.œ � œ œ �a b a b$ $
$ $

 The moment of the strip about the y-axis is

 x dm y y  dy y y  dyµ œ � œ �$ Š ‹ a b a by y�
# #

$ $ #$
$

 y 2y y  dy; the moment about the x-axis isœ � �$

#
# % 'a b

 

 y dm y y y  dy y y  dy.  Thus, M y dm y y  dy ;µ µœ � œ � œ œ � œ � œ � œ$ $ $ $ $a b a b a b ’ “ ˆ ‰$ # % # %
"

!

" "
x 0

1
' ' y y

3 5 3 5 15
2$ &
$

 M x dm y 2y y  dy ; M dmy 0

1

œ œ � � œ � � œ � � œ œ œµ' '$ $ $ $ $

# # # #
# % '

"

!

" " � �' a b ’ “ ˆ ‰ ˆ ‰y 2y y
3 5 7 3 5 7 3 5 7 105

2 35 42 15 4$ & (

† †

 y y  dy .  Therefore, x  and yœ � œ � œ � œ œ œ œ œ œ$ $ $'
0

1a b ’ “ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰$
# #

"

!

" "y y
4 4 4 M 105 105 M 15

 M 4 4 16 2 4M# %
$ $ $

$ $

y x

  (x y)  is the center of mass.œ Ê ß œ ß8 16 8
15 105 15

ˆ ‰
 6. Intersection points:  y y y  y 2y 0œ � Ê � œ# #

  y(y 2) 0  y 0 or y 2.  The typicalÊ � œ Ê œ œ

  strip has center of mass:29<3D98>+6

  ( x y ) y y ,µ µß œ ß œ ßŠ ‹ Š ‹a by y y
2

y# #� �
#

 length:  y y y 2y y , width:  dy,� � œ �a b# #

 area:  dA 2y y  dy, mass:  dm  dA 2y y  dy.œ � œ œ �a b a b# #
$ $

 The moment about the y-axis is x dm y 2y y  dyµ œ �$

#
# #

† a b

 

 2y y  dy; the moment about the x-axis is y dm y 2y y  dy 2y y  dy.  Thus,œ � œ � œ �µ$

#
$ % # # $a b a b a b$ $

 M y dm 2y y  dy (4 3) ; M x dmx y0

2

œ œ � œ � œ � œ � œ œµ µ' '' $ $ $a b ’ “ ˆ ‰# $
#

! #
2y y
3 4 3 4 1 3

16 16 16 4$ %
$ $

 2y y  dy 8 ; M dm 2y y  dyœ � œ � œ � œ œ œ œ �' '
0 0

2 2
$ $ $ $ $

# # # #
$ % #

#

!

�a b a b’ “ ˆ ‰ ˆ ‰y y
2 5 5 5 5

32 40 32 4% & ' $

 y 4 .  Therefore, x  and y 1œ � œ � œ œ œ œ œ œ œ$ $’ “ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰#
#

!

y
3 3 3 M 5 4 5 M 3 4

8 4 4 3 3 4 3M M$
$ $ $

$ $

y x

  (x y)  is the center of mass.Ê ß œ ß "ˆ ‰3
5

 7. Applying the symmetry argument analogous to the one used
 in Exercise 1, we find x 0.  The typical  strip hasœ @/<>3-+6

 center of mass:  ( x y ) x , length:  cos x, width:  dx,µ µß œ ßˆ ‰cos x
#

 area:  dA cos x dx, mass:  dm  dA  cos x dx.  Theœ œ œ$ $

 moment of the strip about the x-axis is y dm cos x dxµ œ $ † †

cos x
#

  cos x dx  dx (1 cos 2x) dx; thus,œ œ œ �$ $ $

# # #
# �ˆ ‰1 cos 2x

4

 

 M y dm (1 cos 2x) dx x 0 ; M dm  cos x dxx 2 2

2 2

œ œ � œ � œ � � � œ œ œµ' '' '
� Î � Î

Î Î

1 1

1 1

$ $ $ 1 1 $11

14 4 4 4
sin 2x� ‘ � ‘ˆ ‰ ˆ ‰
# # #

Î#

� Î#
$

 [sin x] 2 .  Therefore, y   (x y)  is the center of mass.œ œ œ œ œ Ê ß œ !ß$ $
1

1

$1 1 1

$

Î#
� Î# #

M
M 4 8 8

x
†

ˆ ‰
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 8. Applying the symmetry argument analogous to the one used
 in Exercise 1, we find x 0.  The typical vertical strip hasœ

 center of mass:  ( x y ) x , length:  sec x, width:  dx,µ µß œ ßŠ ‹sec x#

#
#

 area:  dA sec x dx, mass:  dm  dA  sec x dx.  Theœ œ œ# #
$ $

 moment about the x-axis is y dm  sec x  dxµ œ Š ‹ a bsec x#

#
#

$

  sec x dx.  M  y dm  sec x dxœ œ œµ$ $

# #
% %

x 4 4

4 4' '
� Î � Î

Î Î

1 1

1 1

 

 tan x 1 sec x  dx  (tan x) sec x  dx sec x dx [tan x]œ � œ � œ �$ $ $ $ $
1

1

1

1# # # #
# # # # #

Î

� Î

Î%
� Î%

' ' '
� Î � Î � Î

Î Î Î

1 1 1

1 1 1

4 4 4

4 4 4a b a b a b ’ “2 3
(tan x)

4

4

$

 [1 ( 1)] ; M dm  sec x dx [tan x] [1 ( 1)] 2 .œ � � � � � œ � œ œ œ œ œ � � œ$ $ $ $ 1

12 3 3 3 3
4 4

4
� ‘ˆ ‰" "

#
# Î

� Î$ $ $ $ $' '
� Î

Î

1

1

4

4

 Therefore, y   (x y)  is the center of mass.œ œ œ Ê ß œ !ßM
M 3 2 3 3

4 2 2x ˆ ‰ ˆ ‰ ˆ ‰$

$

"

 9. Since the plate is symmetric about the line x 1 and itsœ

 density is constant, the distribution of mass is symmetric
 about this line and the center of mass lies on it.  This means
 that x 1.  The typical  strip has center of mass:œ @/<>3-+6

 ( x y ) x x ,µ µß œ ß œ ßŠ ‹ Š ‹a b a b2x x 2x 4x x 2x� � �
# #

�# # #

 length: 2x x 2x 4x 3x 6x 3 2x x ,a b a b a b� � � œ � � œ �# # # #

 width:  dx, area:  dA 3 2x x  dx, mass:  dm  dAœ � œa b# $

 3 2x x  dx.  The moment about the x-axis isœ �$ a b#
 y dm x 2x 2x x  dx x 2x  dxµ œ � � œ � �3 3

# #
# # # #

$ $a b a b a b

 

 x 4x 4x  dx.  Thus, M y dm x 4x 4x  dx x xœ � � � œ œ � � � œ � � �µ3 3 3 x 4
2 2 5 3#

% $ # % $ # % $
#

!
$ $ $a b a b ’ “x 0

2
' ' &

 2 2 2 1  2 ; M dmœ � � � œ � � � œ � œ � œ3 2 4 3 2 2 3 6 15 10 8
2 5 3 5 3 15 5$ $ $Š ‹ ˆ ‰ ˆ ‰& % $ % %

# #
� �

† † †

$ '

 3 2x x  dx 3 x 3 4 4 .  Therefore, yœ � œ � œ � œ œ œ � œ �'
0

2

$ $ $ $a b ’ “ ˆ ‰ ˆ ‰ ˆ ‰# #
#

!

"x 8 8 2
3 3 M 5 4 5

M$
x $

$

  (x y) 1  is the center of mass.Ê ß œ ß�ˆ ‰2
5

10. (a) Since the plate is symmetric about the line x y andœ

 its density is constant, the distribution of mass is
 symmetric about this line.  This means that x y.  Theœ

 typical  strip has center of mass:@/<>3-+6

 ( x y ) x , length:  9 x , width:  dx,µ µß œ ß �Š ‹ ÈÈ9 x�
#

##

 area:  dA 9 x  dx,œ �È #

 mass: dm  dA 9 x  dx.œ œ �$ $È #

 The moment about the x-axis is

 

  y dm 9 x  dx 9 x  dx.  Thus, M y dm 9 x  dx 9xµ µœ � œ � œ œ � œ �$ Š ‹ ’ “È a b a bÈ9 x x
3

�
# # # #

# # #
$

!

# $
$ $ $

x 0

3
' '

 (27 9) 9 ; M dm  dA  dA (Area of a quarter of a circle of radius 3) .œ � œ œ œ œ œ œ œ$ 1 1$

# $ $ $ $ $' ' ' ˆ ‰9 9
4 4

 Therefore, y (9 )   (x y)  is the center of mass.œ œ œ Ê ß œ ßM
M 9

4 4 4 4x $ ˆ ‰ ˆ ‰
1$ 1 1 1
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 (b) Applying the symmetry argument analogous to the one
 used in Exercise 1, we find that x 0.  The typicalœ

 vertical strip has the same parameters as in part (a).

 Thus, M y dm 9 x  dxx 3

3

œ œ �µ' '
�

$

#
#a b

 9 x  dx 2(9 ) 18 ;œ # � œ œ'
0

3
$

#
#a b $ $

 M dm  dA  dAœ œ œ' ' '$ $

 

 (Area of a semi-circle of radius 3) .  Therefore, y (18 ) , the same yœ œ œ œ œ œ$ $ $ˆ ‰ ˆ ‰9 9 2 4
2 2 M 9

M1 1$

1$ 1

x

 as in part (a)  (x y) 0  is the center of mass.Ê ß œ ßˆ ‰4
1

11. Since the plate is symmetric about the line x y and itsœ

 density is constant, the distribution of mass is symmetric
 about this line.  This means that x y.  The typical œ @/<>3-+6

 strip has

 center of mass:  ( x y ) x ,µ µß œ ßŠ ‹3 9 x� �
#

È #

 length:  3 9 x , width:  dx,� �È #

 area:  dA 3 9 x  dx,œ � �Š ‹È #

 mass:  dm  dA 3 9 x  dx.œ œ � �$ $ Š ‹È #

 The moment about the x-axis is
 

  y dm  dx 9 9 x  dx  dx.  Thus, M  dx x .  The areaµ œ œ � � œ œ œ œ$
Š ‹Š ‹È È3 9 x 3 9 x x x 9

6

� � � �

# # # # #
# $ $

!

# #
# #

$ $ $ $ $c d c da b x 0

3'
 equals the area of a square with side length 3 minus one quarter the area of a disk with radius 3  A 3Ê œ �# 19

4

 (4 )  M A (4 ).  Therefore, y   (x y)  is theœ � Ê œ œ � œ œ œ Ê ß œ ß9 9 9 4 2 2 2
4 4 M 9 (4 ) 4 4 4

M1 $ 1$ $

$ 1 1 1 1

x ˆ ‰ ˆ ‰’ “# � � � �

 center of mass.

12. Applying the symmetry argument analogous to the one used
 in Exercise 1, we find that y 0.  The typical  stripœ @/<>3-+6

 has center of mass:  ( x y ) x (x 0),µ µß œ ß œ ßŒ �" "

$ $x x
�

#

 length:  , width:  dx, area:  dA  dx," "
x x x x

2 2
$ $ $ $� � œ œˆ ‰

 mass:  dm  dA  dx.  The moment about the y-axis isœ œ$ 2
x
$
$

 x dm x  dx  dx.  Thus, M x dm  dxµ µœ œ œ œ†

2 2 2
x x x
$ $ $
$ # #y 1

a
' '

 

 2 2 1 ;  M dm  dx 1 .  Therefore,œ � œ � � œ œ œ œ � œ � � œ$ $ $ $� ‘ ˆ ‰ � ‘ ˆ ‰" " " "
" "

� �
x a a x x a a

2 (a 1) 2 a 1a a

1

a
$ $ $' '

$ # # #

#a b

  x   (x y) 0 .  Also,  lim   x 2.œ œ œ Ê ß œ ß œ
M
M a a 1 a 1 a 1

2 (a 1) a 2a 2ay ’ “ ’ “ ˆ ‰$

$

�
� � �

#

#a b a Ä _

13. M y dm  dxx 1

2

œ œ †µ' ' Š ‹2
x#

## $ † ˆ ‰2
x

 x  dx  dx 2 x  dxœ œ œ' ' '
1 1 1

2 2 2ˆ ‰ ˆ ‰a b" # �#
x x x

2 2
# # #

 2 x 2 ( 1) 2 1;œ � œ � � � œ œc d � ‘ ˆ ‰ˆ ‰�" #
"

" "
# #

 M x dm x  dxy 1

2

œ œµ' '
† †$ ˆ ‰2

x#

 x x  dx 2 x dx 2œ œ œ' '
1 1

2 2a b ˆ ‰ ’ “#
#

#

"

2 x
x#

#

 

 2 2 4 1 3;  M dm  dx x  dx 2 dx 2[x] 2(2 1) 2.  Soœ � œ � œ œ œ œ œ œ œ � œˆ ‰ ˆ ‰ ˆ ‰"
#

# #
"

' ' ' '
1 1 1

2 2 2

$ 2 2
x x# #

  x  and y   (x y)  is the center of mass.œ œ œ œ Ê ß œ ß
M
M M

3 3My x
# # # #

" "ˆ ‰
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14. We use the  strip approach:@/<>3-+6

 M y dm x x  dxx 0

1

œ œ �µ' ' a bx x�
#

#
# a b † $

  x x 12x dxœ �"
#

# %'
0

1a b †
 6 x x  dx 6œ � œ �'

0

1a b ’ “$ &
"

!

x x
4 6

% '

 6 1 ;œ � œ � œˆ ‰" " "
#4 6 4

6

 

 M x dm x x x  dx x x 12x dx 12 x x  dx 12 12y 0 0 0

1 1 1

œ œ � œ � œ � œ � œ �µ' ' ' 'a b a b a b ’ “ ˆ ‰# # $ $ %
"

!

" "
† †$ x x

4 5 4 5

% &

 ; M dm x x  dx 12 x x  dx 12 12 1.  Soœ œ œ œ � œ � œ � œ � œ œ12 3 x x 12
0 5 3 4 3 4 12#

# # $
"

!

" "' ' '
0 0

1 1a b a b ’ “ ˆ ‰
† $

$ %

 x  and y    is the center of mass.œ œ œ œ Ê ß
M
M 5 M 5

3 3My x " "
# #

ˆ ‰

15. (a) We use the shell method: V 2  dx 2 x  dx 16  dxœ œ � � œ' ' '
a 1 1

b 4 4

1 1 1ˆ ‰ Š ‹ ’ “Š ‹shell shell
radius height

4 4 x
x x xÈ È È

 16 x  dx 16 x 16 8 (8 1)œ œ œ � œ � œ1 1 1'
1

4
"Î# $Î# %

"
� ‘ ˆ ‰2 2 2 32 224

3 3 3 3 3†

1 1

 (b) Since the plate is symmetric about the x-axis and its density (x)  is a function of x alone, the distribution of its$ œ "
x

 mass is symmetric about the x-axis.  This means that y 0.  We use the vertical strip approach to find x:œ

 M x dm x  dx x  dx 8 x  dx 8 2x 8(2 2 2) 16;y 1 1 1

4 4 4

œ œ � � œ œ œ œ � œµ' ' ' '
† † † † †’ “Š ‹ � ‘4 4 8

x x x xÈ È È$ " �"Î# "Î# %

"

 M dm  dx 8  dx 8 x  dx 8 2x 8[ 1 ( 2)] 8.œ œ � œ œ œ � œ � � � œ' ' ' '
1 1 1

4 4 4’ “ Š ‹Š ‹ ˆ ‰ � ‘4 4
x x x xÈ È È

� " " �$Î# �"Î# %

"
† $

 So x 2  (x y) (2 0) is the center of mass.œ œ œ Ê ß œ ß
M
M 8

16y

 (c) 

16. (a) We use the disk method:  V R (x) dx  dx 4 x  dx 4 4 ( 1)œ œ œ œ � œ � �' ' '
a 1 1

b 4 4

1 1 1 1 1# �# " �"%

"
ˆ ‰ � ‘ � ‘4

x x 4#

 [ 1 4] 3œ � � œ1 1

 (b) We model the distribution of mass with vertical strips:  M y dm  dx x dxx 1 1

4 4

œ œ œµ' ' 'ˆ ‰2
x
2 x x

2 2
† † †

ˆ ‰ È$ #

 2 x  dx 2 2[ 1 ( 2)] 2; M x dm x  dx 2 x  dx 2œ œ œ � � � œ œ œ œ œ œµ' ' '
1 1 1

4 4 4

y
�$Î# "Î#�

% %

" "
’ “ ’ “2 2 2x

x x 3È '
† † $

$Î#

 2 ; M dm  dx 2  dx 2 x  dx 2 2x 2(4 2) 4.  So� ‘ � ‘16 2 28 2
3 3 3 x x

x
� œ œ œ œ œ œ œ � œ' ' ' '

1 1 1

4 4 4

† $
È �"Î# "Î# %

"

  x  and y   (x y)  is the center of mass.œ œ œ œ œ œ Ê ß œ ß
M
M 4 3 M 4 3

7 2 7My
28
3 x

ˆ ‰ " "
# #

ˆ ‰
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 Section 6.6 Moments and Centers of Mass 371

 (c) 

17. The mass of a horizontal strip is dm  dA L dy, where L is the width of the triangle at a distance of y aboveœ œ$ $

 its base on the x-axis as shown in the figure in the text.  Also, by similar triangles we have L
b h

h y
œ

�

  L (h y).  Thus, M y dm y (h y) dy hy y  dyÊ œ � œ œ � œ � œ �µb b b b
h h h h 3

hy y
x 0 0

h h h
' ' '$ ˆ ‰ a b ’ “$ $#

# !

# $

 bh ; M dm (h y) dy h y  dy hyœ � œ � œ œ œ � œ � œ �$ $ $ $b h h bh b b b
h 3 3 6 h h h 2

yŠ ‹ ’ “ˆ ‰ ˆ ‰ a b$ $ # #

# #
# " "

!
$ $' ' '

0 0

h h h

 h .  So y   the center of mass lies above the base of theœ � œ œ œ œ Ê$ $ $

$

b h bh bh 2 h
h 2 2 M 6 bh 3

MŠ ‹ Š ‹ ˆ ‰# # #
x

 triangle one-third of the way toward the opposite vertex.  Similarly the other two sides of the triangle can be
 placed on the x-axis and the same results will occur.  Therefore the centroid does lie at the intersection of the
 medians, as claimed.

18. From the symmetry about the y-axis it follows that x 0.œ

 It also follows that the line through the points ( ) and!ß !

 ( ) is a median  y (3 0) 1  (x y) ( ).!ß $ Ê œ � œ Ê ß œ !ß ""
3

 

19. From the symmetry about the line x y it follows thatœ

 x y.  It also follows that the line through the points ( )œ !ß !

 and  is a median  y x 0ˆ ‰ ˆ ‰" " " "
# # #ß Ê œ œ � œ2

3 3†

  (x y) .Ê ß œ ßˆ ‰" "
3 3  

20. From the symmetry about the line x y it follows thatœ

 x y.  It also follows that the line through the point ( )œ !ß !

 and  is a median  y x 0 aˆ ‰ ˆ ‰a a 2 a
3 3# # #

"ß Ê œ œ � œ

  (x y) .Ê ß œ ßˆ ‰a a
3 3  

21. The point of intersection of the median from the vertex (0 b)ß

 to the opposite side has coordinates ˆ ‰!ß a
#

  y (b 0)  and xÊ œ � œ œ � ! œ† †

"
#3 3 3 3

b a 2 aˆ ‰
  (x y) .Ê ß œ ßˆ ‰a b

3 3
 

22. From the symmetry about the line x  it follows thatœ a
#

 x .  It also follows that the line through the pointsœ a
#

  and b  is a median  y (b 0)ˆ ‰ ˆ ‰a a b
3 3# #
"ß ! ß Ê œ � œ

  (x y) .Ê ß œ ßˆ ‰a b
3#
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23. y x   dy x  dxœ Ê œ"Î# �"Î#"
#

  ds (dx) (dy) 1  dx ;Ê œ � œ �È É# # "
4x

 M x 1  dxx 0

2

œ �$' È É "
4x

 x  dx xœ � œ �$'
0

2É ’ “ˆ ‰" " $Î# #

!4 3 4
2$

 2œ � �2
3 4 4
$ ’ “ˆ ‰ ˆ ‰" "$Î# $Î#

 

 œ � œ � œ2 9 2 27 13
3 4 4 3 8 8 6
$ $ $’ “ˆ ‰ ˆ ‰ ˆ ‰$Î# " "$Î#

24. y x   dy 3x  dxœ Ê œ$ #

  dx (dx) 3x  dx 1 9x  dx;Ê œ � œ �É a b È# # %#

 M x 1 9x  dx;x 0

1

œ �$' $ %È
 [u 1 9x   du 36x  dx   du x  dx;œ � Ê œ Ê œ% $ $"

36

 x 0  u 1, x 1  u 10]œ Ê œ œ Ê œ

  M u  du u 10 1Ä œ œ œ �x 1

10

$' " "Î# $Î# $Î#"!

"36 36 3 54
2$ $� ‘ ˆ ‰

 

25. From Example 4 we have M a(a sin )(k sin ) d a k sin  d (1 cos 2 ) dx 0 0 0
œ œ œ � œ �' ' '1 1 1

) ) ) ) ) ) ) )# #
# # # !

a k a k sin 2# # � ‘) 1

 ; M a(a cos )(k sin ) d a k sin  cos  d sin 0; M ak sin  d ak[ cos ]œ œ œ œ œ œ œ �a k a k# #
1 1

# #
# #

!y 0 0 0
' ' '1 1 1

1) ) ) ) ) ) ) ) ) )c d
!

 2ak.  Therefore, x 0 and y    is the center of mass.œ œ œ œ œ œ Ê !ß
M
M M 2 2ak 4 4

M a k a ay x Š ‹ ˆ ‰ ˆ ‰#
1 1 1"

26. M y dm (a sin ) a dx 0
œ œµ' ' 1

) $ )† †

 a  sin 1 k cos  dœ �'
0

1a b a bk k# ) ) )

 a (sin )(1 k cos ) dœ �#'
0

21Î

) ) )

      a (sin )(1 k cos ) d� �#'
1

1

Î2
) ) )

 

 a sin  d a k sin  cos  d  a sin  d a k sin  cos  dœ � � �# # # #' ' ' '
0 0 2 2

2 21 1 1 1

1 1

Î Î

Î Î
) ) ) ) ) ) ) ) ) )

 a [ cos ]  a k a [ cos ] a kœ � � � � �# # # #Î#
! # #

Î#

! Î#
Î#) )

1 ) )
1 1

1

1
1

’ “ ’ “sin sin# #

 a [0 ( 1)] a k 0 a [ ( 1) 0] a k 0 a a 2a a k a (2 k);œ � � � � � � � � � � œ � � � œ � œ �# # # # # # # # #" "
# # # #

ˆ ‰ ˆ ‰ a k a k# #

 M x dm (a cos ) a d a  cos 1 k cos  dy 0 0
œ œ œ �µ' ' '1 1

) $ ) ) ) )† † a b a bk k#

 a (cos )(1 k cos ) d a (cos )(1 k cos ) dœ � � �# #' '
0 2

21 1

1

Î

Î
) ) ) ) ) )

 a  cos  d a k   d a cos  d a k  dœ � � �# # # #� �
# #

' ' '
0 2 2

2 2

0

1 1 1
1

1 1

Î Î

Î Î
) ) ) ) ) )' ˆ ‰ ˆ ‰1 cos 2 1 cos 2) )

 a [sin ] a [sin ]œ � � � � �# #Î#
! # # # #

Î#

! Î#Î#) ) ) )
1 ) )1 1

1

1 1

a k sin 2 a k sin 2# #� ‘ � ‘
 a (1 0) 0 ( 0) a (0 1) ( 0) 0 a a 0;œ � � � � ! � � � � � � � œ � � � œ# # # #

# # # #
a k a k a k a k

4 4

# # # #� ‘ � ‘ˆ ‰ ˆ ‰1 1 1 11

 M a d a (1 k cos ) d a (1 k cos ) d a (1 k cos ) dœ œ � œ � � �' ' ' '
0 0 0 2

21 1 1 1

1

$ ) ) ) ) ) ) )† k k Î

Î

 a[ k sin ] a[ k sin ] a k 0 a ( 0) kœ � � � œ � � � � � �) ) ) ) 1
1 1

1

1 1Î#
! Î# # #

� ‘ � ‘ˆ ‰ ˆ ‰
 ak a k a 2ak a( 2k).  So x 0 and yœ � � � œ � œ � œ œ œ œ œa M

M M a( k) k
M a (2 k) a(2 k)1 1

1 1# # �# �#
� �ˆ ‰ 1 1 y x

#

 0  is the center of mass.Ê ßˆ ‰2a ka
k

�
�#1
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27. f x x 6, g x x , f x g x x 6 xa b a b a b a bœ � œ œ Ê � œ2 2

 x x 6 0 x 3, x 2; 1Ê � � œ Ê œ œ � œ2 $

 M x 6 x dx x 6x xœ � � œ � �'
�2

3
2 2 31

3
3

2c da b � ‘"
# �

 18 9 2 12œ � � � � � œˆ ‰ ˆ ‰9 8 125
2 3 6

  x x x 6 x dx x 6x x dxœ � � œ � �1 6
125 6 125

3 3
2 2 3

Î
' '
� �2 2

c d c da b
 x 3x xœ � �6 1 1

125 3 4
3 2 4 3

2
� ‘

�

 

 9 27 12 4 ;  y x 6 x dx x 12x 36 x dxœ � � � � � � œ œ � � œ � � �6 81 6 8 1 1 1 3
125 4 125 3 2 125 6 2 125

3 32 2 2 42ˆ ‰ ˆ ‰ ’ “a b a b c dÎ
' '
� �2 2

 x 6x 36x x 9 54 108 24 72 4œ � � � œ � � � � � � � � œ3 1 1 3 243 3 8 32
125 3 5 125 5 125 3 5

3 2 5 3

2
� ‘ ˆ ‰ ˆ ‰

�

 , 4  is the center of mass.Ê ˆ ‰1
2

28. f x 2, g x x x 1 , f x g x 2 x x 1a b a b a b a b a b a bœ œ � œ Ê œ �2 2

 x x 2 0 x 1; 1Ê � � œ Ê œ œ3 2 $

 M 2 x x 1  dx 2 x x  dxœ � � œ � �' '
0 0

1 1
2 3 2c d c da b

 2x x x 2 0œ � � œ � � � œ� ‘ ˆ ‰" "
4 3 4 3 12

4 31 1 171

0

  x x 2 x x 1 dx 2x x x dxœ � � œ � �1 12
17 12 17

1 1
2 4 3

Î
' '

0 0
c d c da b

 x x xœ � �12 1 1
17 5 4

2 5 4 1

0
� ‘

 

 1 0 ; y 2 x x 1 dx 4 x 2x x dxœ � � � œ œ � � œ � � �12 1 1 33 1 1 6
17 5 4 85 17 12 2 17

1 1
2 2 6 5 42ˆ ‰ ’ “a b c da bÎ

' '
0 0

 4x x x x 4 0 ,  is the center of mass.œ � � � œ � � � � œ Ê6 1 1 1 6 1 1 1 698 33 698
17 7 3 5 17 7 3 5 595 85 595

7 6 5 1

0
� ‘ ˆ ‰ ˆ ‰

29. f x x , g x x x 1 , f x g x x x x 1a b a b a b a b a b a bœ œ � œ Ê œ �2 2 2 2

 x 2x 0 x 0, x 2; 1Ê � œ Ê œ œ œ3 2 $

 M x x x 1 dx 2x x dxœ � � œ �' '
0 0

2 2
2 2 2 3c d c da b

 x x 4 0œ � œ � � œ� ‘ ˆ ‰2 16 4
3 4 3 3

3 4 2

0
"

  x x x x x 1 dx 2x x dxœ � � œ �1 3
4 3 4

2 2
2 2 3 4

Î
' '

0 0
c d c da b

 x x 8 0 ;œ � œ � � œ3 1 3 32 6
4 2 5 4 5 5

4 5 2

0
� ‘ ˆ ‰"

 

  y x x x 1 dx 2x x dx x x 0œ � � œ � œ � œ � � œ1 1 3 3 1 3 64 28 8
4 3 2 8 8 3 7 8 3 7 7

2 2
2 2 5 6 6 72 2 2

0Î
" "' '

0 0
’ “a b a b c da b � ‘ ˆ ‰

 ,  is the center of mass.Ê ˆ ‰6 8
5 7

30. f x 2 sin x, g x 0, x 0, x 2 ; 1;a b a bœ � œ œ œ œ1 $

 M 2 sin x dx 2x cos xœ � œ �'
0

2 2
0

1
1c d c d

 4 1 0 1 4œ � � � œa b a b1 1

  x x 2 sin x 0 dx 2x x sin x dxœ � � œ �1 1
4 4

2 2

1 1

1 1' '
0 0

c d c d
 2x dx x sin xdxœ �1 1

4 4

2 2

1 1

1 1' '
0 0

 x sin x x cos xœ � �1 1
4 4

2 2
0 0

2
1 1

1 1c d c d

 

 4 0 0 2 0 ; y 2 sin x 0 dx 4 4 sin x sin x dxœ � � � � œ œ � � œ � �1 1 2 1 1 1 1
4 4 2 4 2 8

2 2
2 22 2

1 1 1 1

1
1 1a b a b a b a b c d’ “1 1 � ' '

0 0

 4 4 sin x dx sin x dx 4 4 sin x dx dxœ � � œ � �1 1 1 1 1 cos 2x
8 8 8 8 2

2 2 2 2
2

1 1 1 1

1 1 1 1' ' ' '
0 0 0 0

c d c d c d � ‘�

 4x 4cos x dx cos 2x dx [u 2x du 2dx, x 0 u 0, x 2 u 4 ]œ � � � � œ Ê œ œ Ê œ œ Ê œ1 1 1
8 16 16

2
0

2 2

1 1 1

1
1 1c d ' '

0 0
1 1
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 4x 4cos x x cos u du 4x 4cos x x sin uÄ � � � œ � � �1 1 1 1 1 1
8 16 32 8 16 32

2 2 2 2 4
0 0 0 0 0

4

1 1 1 1 1 1

1 1 1 1 1
1c d c d c d c d c d'

0

 8 4 0 4 2 0 0 ,  is the center of mass.œ � � � � � � œ Ê1 1 1 9 2 1 9
8 8 16 8 2 81 1 1

1a b a b a b ˆ ‰1 1 �

31. Consider the curve as an infinite number of line segments joined together.  From the derivation of arc length we have that

 the length of a particular segment is ds dx dy .  This implies that M y ds, M x ds andœ � œ œÉa b a b# #
x y

' '$ $

 M  ds.  If  is constant, then x  and y .œ œ œ œ œ œ œ' $ $
M
M length M length

x ds x ds y ds y ds

ds ds
My x

' ' ' '
' '

32. Applying the symmetry argument analogous to the one used in Exercise 1, we find that x 0.  The typical vertical stripœ

 has center of mass:  ( x y ) x , length:  a , width:  dx, area:  dA a  dx, mass:  dm  dAµ µß œ ß � œ � œŒ � Š ‹a

2 4p 4p
x x� x

4p

#

# #

$

 a  dx. Thus, M y dm a a  dx a  dxœ � œ œ � � œ �µ$ $Š ‹ Š ‹Š ‹ Š ‹x x x x
4p 4p 4p 16p

# # # %

#x 2 pa 2 pa

2 pa 2 pa
' ' '

� �
È È

È È
"
# #

#$

 a x 2 a x 2a pa 2a pa 1 2a paœ � œ � œ � œ � œ$ $

# #
# # # # #

#
�"’ “ ’ “ Š ‹È È Èˆ ‰ ˆ ‰x x 16 80 6

80p 80p 80p 80 80
2 p a pa& &

# # #

& # #È Èpa 2 pa

2 pa 0�
È

È

† $ $ $

 2a pa ; M dm a  dx ax 2 axœ œ œ œ � œ � œ �#$ $ $ $È ˆ ‰ Š ‹ ’ “ ’ “64 x x x
80 5 4p 12p 12p

8a pa#
# $ $$È ' '

�

� !
2 pa

2 pa 2 pa

2 pa

2 pa

È

È È

È

È

†

 2 2a pa 4a pa 1 4a pa .  So yœ � œ � œ œ œ œ$ $ $Š ‹ Š ‹Š ‹È È Èˆ ‰ ˆ ‰2 pa pa 8a pa 8a pa
12p 12 1 3 M 5

4 12 4 3M
8a pa

$ #È È È
È

�
#

$ $

$

x

 a, as claimed.œ 3
5

33. The centroid of the square is located at ( ).  The volume is V (2 ) y (A) (2 )(2)(8) 32  and the surface area is#ß # œ œ œ1 1 1a b
 S (2 ) y (L) (2 )(2) 4 8 32 2  (where 8 is the length of a side).œ œ œ1 1 1a b Š ‹È ÈÈ

34. The midpoint of the hypotenuse of the triangle is 3ˆ ‰3
# ß

  y 2x is an equation of the median  the lineÊ œ Ê

 y 2x contains the centroid.  The point  isœ ß $ˆ ‰3
#

   units from the origin  the x-coordinate of the3 5È
# Ê

 centroid solves the equation x (2x 3)Éˆ ‰� � �3
#

# #

   x 3x 4x 12x 9œ Ê � � � � � œ
È5 9 5

4 4#
# #ˆ ‰ a b

  5x 15x 9 1Ê � � œ �#  

  x 3x 2 (x 2)(x 1) 0  x 1 since the centroid must lie inside the triangle  y 2. By theÊ � � œ � � œ Ê œ Ê œ#

 Theorem of Pappus, the volume is V (distance traveled by the centroid)(area of the region) 2 5 x (3)(6)œ œ �1 a b � ‘"
#

 (2 )(4)(9) 72œ œ1 1

35. The centroid is located at ( )  V (2 ) x (A) (2 )(2)( ) 4#ß ! Ê œ œ œ1 1 1 1a b #

36. We create the cone by revolving the triangle with vertices
 (0 0), (h r) and (h 0) about the x-axis (see the accompanyingß ß ß

 figure).  Thus, the cone has height h and base radius r.  By
 Theorem of Pappus, the lateral surface area swept out by the

 hypotenuse L is given by S 2 yL 2 h rœ œ �1 1 ˆ ‰Èr
#

# #

 r r h .  To calculate the volume we need the positionœ �1 È # #

 of the centroid of the triangle.  From the diagram we see that 

 the centroid lies on the line y x.  The x-coordinate of the centroid solves the equation (x h) xœ � � �r r r
2h 2h

É ˆ ‰#
#

#
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 h   x x 0  x  or   x , since the centroid must lieœ � Ê � � � œ Ê œ Ê œ" � �# # �
3 4 4h 2h 4 9 3 3 3

r 4h r 4h r r 2h 4h 2h2 r 4hÉ Š ‹ Š ‹# # # # # #

#

# #a b

 inside the triangle  y x .  By the Theorem of Pappus, V 2  hr r h.Ê œ œ œ œr r r
2h 3 3 3

� ‘ ˆ ‰ˆ ‰1 1" "
#

#

37. S 2 y L  4 a 2 y ( a)  y , and by symmetry x 0œ Ê œ Ê œ œ1 1 1 1# a b 2a
1

38. S 2 L  2 a ( a) 2 a ( 2)œ Ê � œ �13 1 1 1 1� ‘ˆ ‰2a
1

#

39. V 2 yA  ab 2 y   y  and by symmetry x 0œ Ê œ Ê œ œ1 1 14 ab 4b
3 3

#
#a b ˆ ‰1

1

40. V 2 A  V 2 aœ Ê œ � œ13 1� ‘ˆ ‰ Š ‹4a a
3 3

a (3 4)
1

1 1 1# $

#
�

41. V 2 A (2 )(area of the region) (distance from the centroid to the line y x a).  We must find the distance fromœ œ œ �13 1 †

 0  to y x a.  The line containing the centroid and perpendicular to y x a has slope 1 and contains the pointˆ ‰ß œ � œ � �4a
31

 .  This line is y x .  The intersection of y x a and y x  is the point .  Thus,ˆ ‰ ˆ ‰!ß œ � � œ � œ � � ß4a 4a 4a 4a 3a 4a 3a
3 3 3 6 61 1 1 1 1

1 1� �

 the distance from the centroid to the line y x a is œ � � � � œÉˆ ‰ ˆ ‰4a 3a 4a 4a 3a
6 3 6 6 6

2 (4a 3a )� # # �1 1

1 1 1 1 1

1È

 V (2 )Ê œ œ1 Š ‹Š ‹È È2 (4a 3a ) 2 a (4 3 )
6 6

a� �
#

1 1 1

1

1
# $

42. The line perpendicular to y x a and passing through the centroid  has equation y x .  The intersectionœ � !ß œ � �ˆ ‰2a 2a
1 1

 of the two perpendicular lines occurs when x a x   x   y .  Thus the distance from the� œ � � Ê œ Ê œ2a 2a a 2a a
2 21 1 1

1 1� �

 centroid to the line y x a is 0 . Therefore, by the Theorem of Pappus theœ � � � � œÉˆ ‰ ˆ ‰2a a 2a a 2a
2 2

a(2 )
2

� �# #

#
�1 1 1

1È

 surface area is S 2 ( a) 2 a (2 ).œ œ �1 1 1 1’ “ Èa(2 )
2
� #1

1È

43. If we revolve the region about the y-axis: r a, h b A ab, V   a b and x. By the Theorem of Pappus:œ œ Ê œ œ ß œ1 1
2 3

21 3

  a b 2 x ab x ; If we revolve the region about the x-axis: r b, h a A ab, V   b a and1 1 a 1 1
3 2 3 2 3

2 21 1 1œ Ê œ œ œ Ê œ œ ßˆ ‰
 y. By the Theorem of Pappus: b a 2 y ab y ,  is the center of mass.3 1 1œ œ Ê œ Ê1 1 b a b

3 2 3 3 3
2 ˆ ‰ ˆ ‰

44. Let O 0, 0 , P a, c , and Q a, b  be the vertices of the given triangle. If we revolve the region about the x-axis: Let R bea b a b a b
 the point R a, 0 . The volume is given by the volume of the outer cone, radius RP c, minus the volume of the innera b œ œ

 cone, radius RQ b, thus V c a b a a c b , the area is given by the area of triangle OPR minusœ œ œ � œ �1 1 1
3 3 3

2 2 2 21 1 1 a b
 area of triangle OQR, A ac ab a c b , and y. By the Theorem of Pappus: a c bœ � œ � œ �" " "

# # # a b a b3 11
3

2 2

 2 y a c b y ; If we revolve the region about the y-axis: Let S and T be the points S 0, c  and T 0, b ,œ � Ê œ1 ’ “a b a b a b" �
#

c b
3

 respectively. Then the volume is the volume of the cylinder with radius OR a and height RP c, minus the sum of theœ œ

 volumes of the cone with radius SP a and height OS c and the portion of the cylinder with height OT b andœ œ œ œ œ œ

 radius TQ a with a cone of height OT b and radius TQ a removed. Thusœ œ œ œ œ œ

 V a c a c a a b a c a b a a b . The area of the triangle is the same asœ � � , � œ � œ �1 1 1 1 1 1 12 2 2 2 2 2 21 1 2 2 2
3 3 3 3 3’ “ˆ ‰ a b

 before,  A ac ab a c b , and x. By the Theorem of Pappus: a a b 2 x a c bœ � œ � œ � œ �" " " "
# # # #a b a b a b’ “3 1 12

3
2

 x ,  is the center of mass.Ê œ Ê
2a a b 2a a b
3 c b 3 c b 2

c ba b a b
a b a b

� �
� �

�Š ‹
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CHAPTER 6 PRACTICE EXERCISES

 1. A(x) (diameter) x xœ œ �1 1

4 4
# # #ˆ ‰È

 x 2 x x x ; a 0, b 1œ � � œ œ1

4
ˆ ‰È

†

# %

  V A(x) dx x 2x x  dxÊ œ œ � �' '
a 0

b 1
1

4
ˆ ‰&Î# %

 xœ � � œ � �1 1

4 7 5 4 7 5
x 4 x 4’ “ ˆ ‰# &

# #
(Î#

"

!

" "

 (35 40 14)œ � � œ1 1

4 70 280
9

†

 

 2. A(x) (side) sin 2 x xœ œ �"
#

# #ˆ ‰ ˆ ‰È1

3 4
3È

 4x 4x x x ; a 0, b 4œ � � œ œ
È3

4
ˆ ‰È #

  V A(x) dx 4x 4x x  dxÊ œ œ � �' '
a 0

b 4È3
4

ˆ ‰$Î# #

 2x x 32œ � � œ � �
È È3 3

4 5 3 4 5 3
8 x 8 32 64’ “ ˆ ‰# &Î#

%

!

$
†

 1 (15 24 10)œ � � œ � � œ
32 3 8 3 8 3

4 5 3 15 15
8 2È È Èˆ ‰

 

 3. A(x) (diameter) (2 sin x 2 cos x)œ œ �1 1

4 4
# #

 4 sin x 2 sin x cos x cos xœ � �1

4 † a b# #

 (1 sin 2x); a , bœ � œ œ1 1 1

4 4
5

  V A(x) dx  (1 sin 2x) dxÊ œ œ �' '
a 4

b 5 4

1
1

1

Î

Î

 xœ �1 � ‘cos 2x
#

& Î%

Î%

1

1

 œ � � � œ1 1’ “Š ‹ Š ‹5
4 4

cos cos 1 1
51 1

# #

# #
#

 

 4. A(x) (edge) 6 x 0 6 x 36 24 6 x 36x 4 6 x x ;œ œ � � œ � œ � � � �# $Î# #
# %#

Œ �Š ‹ Š ‹È È È ÈÈ È È
 a 0, b 6  V A(x) dx 36 24 6 x 36x 4 6 x x  dxœ œ Ê œ œ � � � �' '

a 0

b 6Š ‹È ÈÈ $Î# #

 36x 24 6 x 18x 4 6 x 216 16 6 6 6 18 6 6 6 6œ � � � � œ � � � �’ “È È È È È È
† † † † † †

2 2 x 8 6
3 5 3 5 3

$Î# # &Î# # #
'

!

$ $

 216 576 648 72 360œ � � � � œ � œ œ1728 1728 1800 1728 72
5 5 5 5

�

 5. A(x) (diameter) 2 x 4x x ; a 0, b 4  V A(x) dxœ œ � œ � � œ œ Ê œ1 1 1

4 4 4 4 16
x x# &Î#

#Š ‹ Š ‹È # % '
a

b

 4x x  dx 2x x 32 32 32œ � � œ � � œ � �1 1 1

4 16 4 7 5 16 4 7 5
x 2 x 8 2'

0

4Š ‹ ’ “ ˆ ‰&Î# # (Î#
%

!

% &

†

† †

 1 (35 40 14)œ � � œ � � œ32 8 2 8 72
4 7 5 35 35
1 1 1ˆ ‰

 6. A(x) (edge)  sin 2 x 2 xœ œ � �"
#

# #ˆ ‰ � ‘È Èˆ ‰1

3 4
3È

 4 x 4 3 x; a 0, b 1œ œ œ œ
È3

4
ˆ ‰È È#

  V A(x) dx 4 3 x dx 2 3 xÊ œ œ œ' '
a 0

b 1 È È’ “# "

!

 2 3œ È
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 7. (a)  :.3=5 7/>29.

 V R (x) dx 3x  dx  9x  dxœ œ œ' ' '
a 1 1

b 1 1

1 1 1# % )#

� �

a b
 x 2œ œ1 1c d* "

�"

 
 (b)  :=2/66 7/>29.

 V 2  dx 2 x 3x  dx 2 3 x  dx 2 3œ œ œ œ œ' ' '
a 0 0

b 1 1

1 1 1 1 1ˆ ‰ Š ‹ ’ “a bshell shell
radius height 6

x% &
"

!
† †

'

 Note:  The lower limit of integration is 0 rather than 1.�

 (c)  :=2/66 7/>29.

 V 2  dx 2 (1 x) 3x  dx 2 2œ œ � œ � œ � � � � œ' '
a 1

b 1

1 1 1 1ˆ ‰ � ‘Š ‹ ’ “a b ˆ ‰ ˆ ‰shell shell
radius height 5 2 5 5 5

3x x 3 3 12
�

%
"

�"

" "
# #

& '
1

 (d)  :A+=2/< 7/>29.

 R(x) 3, r(x) 3 3x 3 1 x   V R (x) r (x)  dx 9 9 1 x  dxœ œ � œ � Ê œ � œ � �% % # # % #a b c d a b’ “' '
a 1

b 1

1 1
�

 9  1 1 2x x  dx 9  2x x  dx 9 18œ � � � œ � œ � œ � œ œ1 1 1 1' '
� �1 1

1 1c d a ba b ’ “ � ‘% ) % )
"

�"

"2x x 2 2 13 26
5 9 5 9 5 5

& *
1 1†

 8. (a)  :A+=2/< 7/>29.

 R(x) , r(x)  V R (x) r (x)  dx  dx xœ œ Ê œ � œ � œ � �4 4 16 x
x x 5 4$ $

" "
# #

# # �&# ##

"
' '

a 1

b 2

1 1 1c d ’ “ˆ ‰ ˆ ‰ � ‘
 ( 2 10 64 5)œ � � � � œ � � � � œ � � � � œ1 1� ‘ ˆ ‰ˆ ‰ ˆ ‰� " " " " "

# # #
16 16 16 57

5 32 5 4 10 5 4 20 0†

1 1

 (b)  :=2/66 7/>29.

 V 2 x  dx 2 4x 2 1 4 2œ � œ � � œ � � � � � œ œ1 1 1 1'
1

2 ˆ ‰ � ‘ ˆ ‰’ “ ˆ ‰ ˆ ‰4 x 4 5 5
x 4 4 4$

#" "
# # #

�"
#

"

1

 (c)  :=2/66 7/>29.

 V 2  dx 2 (2 x)  dx 2 1  dxœ œ � � œ � � �1 1 1' ' '
a 1 1

b 2 2ˆ ‰ ˆ ‰ ˆ ‰Š ‹shell shell
radius height x x x

4 8 4 x
$ $ #

"
# #

 2 x 2 ( 1 2 2 1) 4 4 1œ � � � � œ � � � � � � � � � œ1 1’ “ � ‘ˆ ‰4 4 x 3
x x 4 4#

#
#

"

"
#
1

 (d)  :A+=2/< 7/>29.

 V R (x) r (x)  dxœ �'
a

b

1c d# #

  4  dxœ � �1 '
1

2’ “ˆ ‰ ˆ ‰7 4
x#

# #
$

 16 1 2x x  dxœ � � �49
4
1 1'

1

2a b�$ �'

 16 x xœ � � �49 x
4 5
1 1 ’ “�#

#

"

�&

 16 2 1 1œ � � � � � �49
4 4 5 3 5
1 1 � ‘ˆ ‰ ˆ ‰" " "

#†

 16œ � � �49
4 4 160 5
1 1 ˆ ‰" " "

 (40 1 32)œ � � � œ � œ49 16 49 71 103
4 160 4 10 20
1 1 1 1 1

 

9. (a)  :.3=5 7/>29.

 V  x 1  dx (x 1) dx xœ � œ � œ �1 1 1' '
1 1

5 5Š ‹ ’ “È # &

# "

x#

 5 1 4 8œ � � � œ � œ1 1 1� ‘ ˆ ‰ˆ ‰ ˆ ‰25 24
# # #

"

  (b)  :A+=2/< 7/>29.

 R(y) 5, r(y) y 1  V R (y) r (y)  dy  25 y 1  dyœ œ � Ê œ � œ � �# # # # #' '
c 2

d 2

1 1c d a b’ “
�

 25 y 2y 1  dy  24 y 2y  dy 24y y 2 24 2 8œ � � � œ � � œ � � œ � �1 1 1 1' '
� �2 2

2 2a b a b ’ “ ˆ ‰% # % # $
#

�#

y
5 3 5 3

2 32 2&

† †
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 32 3 (45 6 5)œ � � œ � � œ1 ˆ ‰2 32 1088
5 3 15 15

" 1 1

 (c)  :.3=5 7/>29.

 R(y) 5 y 1 4 yœ � � œ �a b# #

  V R (y) dy 4 y  dyÊ œ œ �' '
c 2

d 2

1 1# # #

�

a b
  16 8y y  dyœ � �1 '

�2

2 a b# %

 16y 2 32œ � � œ � �1 1’ “ ˆ ‰8y y
3 5 3 5

64 32$ &
#

�#

 64 1 (15 10 3)œ � � œ � � œ1 ˆ ‰2 64 512
3 5 15 15

" 1 1

 

10. (a)  :=2/66 7/>29.

 V 2  dy 2 y y  dyœ œ �' '
c 0

d 4

1 1ˆ ‰ Š ‹ Š ‹shell shell
radius height 4

y#

 2 y  dy 2 2œ � œ � œ �1 1 1'
0

4Š ‹ ’ “ ˆ ‰#
%

!

y y y
4 3 16 3 4

64 64$ $ %

 64œ œ2 32
1 3
1 1

# †

 
 (b)  :=2/66 7/>29.

 V 2  dx 2 x 2 x x  dx 2 2x x  dx 2 xœ œ � œ � œ �' ' '
a 0 0

b 4 4

1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ ’ “Èshell shell
radius height 5 3

4 x$Î# # &Î#
%

!

$

 2 32œ � œ1 ˆ ‰4 64 128
5 3 15†

1

 (c)  :=2/66 7/>29.

 V 2  dx 2 (4 x) 2 x x  dx 2 8x 4x 2x x  dxœ œ � � œ � � �' ' '
a 0 0

b 4 4

1 1 1ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Èshell shell
radius height

"Î# $Î# #

 2 x 2x x 2 8 32 32 64 1œ � � � œ � � � œ � � �1 1 1’ “ ˆ ‰ ˆ ‰16 4 x 16 4 64 4 4 2
3 5 3 3 5 3 3 5 3

$Î# # &Î#
%

!

$

† †

 64 1œ � œ1 ˆ ‰4 64
5 5

1

 (d)  :=2/66 7/>29.

 V 2  dy 2 (4 y) y  dy 2 4y y y  dyœ œ � � œ � � �' ' '
c 0 0

d 4 4

1 1 1ˆ ‰ Š ‹ Š ‹ Š ‹shell shell
radius height 4 4

y y# $
# #

 2 4y 2y  dy 2 2y y 2 32 64 16 32 2 1œ � � œ � � œ � � œ � � œ1 1 1 1'
0

4Š ‹ ’ “ ˆ ‰ ˆ ‰# # $
%

!

y y
4 3 16 3 3 3

2 2 8 32$ %

†

1

11.  :.3=5 7/>29.

 R(x) tan x, a 0, b   V  tan x dx sec x 1  dx [tan x x]œ œ œ Ê œ œ � œ � œ1 1 1 1

3 3

3 3
1 1 1' '

0 0

3 31 1Î Î
# # Î$

!

�a b Š ‹È

12.  :.3=5 7/>29.

 V (2 sin x)  dx  4 4 sin x sin x  dx 4 4 sin x  dxœ � œ � � œ � �1 1 1' ' '
0 0 0

1 1 1

# # �
#a b ˆ ‰1 cos 2x

 4x 4 cos x 4 4 0 (0 4 0 0) 8 (9 16)œ � � � œ � � � � � � � œ � œ �1 1 1 1 1� ‘ � ‘ ˆ ‰ˆ ‰x sin 2x 9
4# # # #!

1 1 1 1

13. (a)  :.3=5 7/>29.

 V x 2x  dx x 4x 4x  dx x x 16œ � œ � � œ � � œ � �1 1 1 1' '
0 0

2 2a b a b ’ “ ˆ ‰# % $ # % $# #

!

x 4 32 32
5 3 5 3

&

 (6 15 10)œ � � œ16 16
15 15
1 1

 (b)  :A+=2/< 7/>29.

 V 1 x 2x  dx dx x  dxœ � � � " œ � � " œ # � œ # � † œ' ' '
0 0 0

2 2 2

1 1 1 1 1 1 1’ “ ’ “a b a b# # # % �"
& & &

#

!

# )a bx &

1

 (c)  :=2/66 7/>29.

 V 2  dx 2 (2 x) x 2x  dx 2 (2 x) 2x x  dxœ œ � � � œ � �' ' '
a 0 0

b 2 2

1 1 1ˆ ‰ Š ‹ c d a ba bshell shell
radius height

# #
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 2 4x 2x 2x x  dx 2 x 4x 4x  dx 2 x 2x 2 4 8œ � � � œ � � œ � � œ � �1 1 1 1' '
0 0

2 2a b a b ’ “ ˆ ‰# # $ $ # $ #
#

!

x 4 32
4 3 3

%

 (36 32)œ � œ2 8
3 3
1 1

 (d)  :A+=2/< 7/>29.

 V  2 x 2x  dx 2  dx 4 4 x 2x x 2x  dx 8œ � � � œ � � � � �1 1 1 1' ' '
0 0 0

2 2 2c d a b a ba b ’ “# # # ## #

 4 4x 8x x 4x 4x  dx 8 x 4x 8x 4  dx 8œ � � � � � � œ � � � �1 1 1 1' '
0 0

2 2a b a b# % $ # % $

 x 4x 4x 8 16 16 8 8 (32 40) 8œ � � � � œ � � � � œ � � œ � œ1 1 1 1 1’ “ ˆ ‰x 32 72 40 32
5 5 5 5 5 5

& % #
#

!

1 1 1 1

14.  :.3=5 7/>29.

 V 2 4 tan x dx 8 sec x 1  dx 8 [tan x x] 2 (4 )œ œ � œ � œ �1 1 1 1 1' '
0 0

4 41 1Î Î
# # Î%

!a b 1

15. The material removed from the sphere consists of a cylinder
 and two "caps." From the diagram, the height of the cylinder

 is 2h, where h , i.e. h . Thus# #
#

� $ œ # œ "Š ‹È
 V h  ft . To get the volume of a cap,cyl œ # $ œ 'a b Š ‹È1 1

#
$

 use the disk method and x y : V x dy# # # #
"

� œ # œcap ' 2

1

 y dy yœ % � œ % �'
"

#
#

"

2

1 1a b ’ “y
3

3

 8  ft . Therefore,œ � � % � œ1� ‘ˆ ‰ ˆ ‰8
3 3 3

" & $1

 V V V ft .removed cyl cap 3 3œ � # œ ' � œ1 "! #) $1 1  

16. We rotate the region enclosed by the curve y 12 1  and the x-axis around the x-axis.  To find theœ �É ˆ ‰4x
121

#

 volume we use the  method:  V R (x) dx 12 1  dx  12 1  dx.3=5 œ œ � œ �' ' '
a 11 2 11 2

b 11 2 11 2

1 1 1#
#

� Î � Î

Î ÎŠ ‹ Š ‹É ˆ ‰4x 4x
121 121

# #

 12 1  dx 12 x 24 132 1œ � œ � œ � œ �1 1 1 1'
� Î

Î

11 2

11 2 Š ‹ ’ “ ’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ Š ‹4x 4x 11 4 11 4 11
121 363 2 363 363 4

# $ #
""Î#

�""Î# #

$

 132 1 88 276 inœ � œ œ ¸1 1ˆ ‰" $
3 3

2641

17. y x   x x   2 x   L 1 2 x  dxœ � Ê œ � Ê œ � � Ê œ � � �"Î# �"Î# "Î#" " " " " "
# #

#
x

3 dx dx 4 x 4 x
dy dy$Î# Š ‹ ˆ ‰ ˆ ‰É'

1

4

  L 2 x  dx x x  dx x x  dx 2x xÊ œ � � œ � œ � œ �' ' '
1 1 1

4 4 4É ˆ ‰ ˆ ‰ � ‘É a b" " " " "�"Î# "Î# #

# #
�"Î# "Î# "Î# $Î# %

"4 x 4 3
2

 4 8 2 2œ � � � œ � œ" "
# #
� ‘ ˆ ‰ˆ ‰ ˆ ‰2 2 14 10

3 3 3 3†

18. x y   y     L 1  dy 1  dyœ Ê œ Ê œ Ê œ � œ �#Î$ �"Î$
# #

dx 2 dx dx 4
dy 3 dy 9 dy

4y
9yŠ ‹ Š ‹Ê É�#Î$

#Î$
' '

1 1

8 8

  dy 9y 4 y  dy; u 9y 4 du 6y  dy; y 1 u 13,œ œ � œ � Ê œ œ Ê œ' '
1 1

8 8È9y 4
3y 3

#Î$

"Î$

� " #Î$ �"Î$ #Î$ �"Î$È ˆ ‰ �
 y 8 u 40   L  u  du u 40 13 7.634d � ‘ � ‘œ Ê œ Ä œ œ œ � ¸" " ""Î# $Î# $Î# $Î#%!

"$ #18 18 3 7
2'

13

40

19. y x x   x x   x 2 xœ � Ê œ � Ê œ � �5 5
12 8 dx dx 4

dy dy'Î& %Î& "Î& �"Î& #Î& �#Î&" " "
# #

#Š ‹ ˆ ‰
  L 1 x 2 x  dx  L x 2 x  dx  x x  dxÊ œ � � � Ê œ � � œ �' '

1 1

32 32 32

1

É Éa b a b a b' É" " "#Î& �#Î& #Î& �#Î& "Î& �"Î& #

4 4 4
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 x x  dx x x 2 2œ � œ � œ � � � œ �'
1

32
" " " "
# # # #

"Î& �"Î& 'Î& %Î& ' %$#

"
ˆ ‰ � ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰5 5 5 5 5 5 315 75

6 4 6 4 6 4 6 4† †

 (1260 450)œ � œ œ"
48 48 8

1710 285

20. x y   y   y   L 1 y  dyœ � Ê œ � Ê œ � � Ê œ � � �" " " " " " " " " "
# # #

$ # %
#

%
1 y dy 4 y dy 16 16

dx dx
y y# % %Š ‹ Š ‹Ê'

1

2

 y  dy y  dy y  dy yœ � � œ � œ � œ �' ' '
1 1 1

2 2 2É ÊŠ ‹ Š ‹ ’ “" " " " " " " " "% #
# #

# #
# $

"16 4 y 4 y 1 yy% # #

 1œ � � � œ � œˆ ‰ ˆ ‰8 7 13
12 1 1 12

" " "
# # # #

21. S 2 y 1  dx;      S 2 2x 1 1  dxœ � œ Ê œ Ê œ � �' '
a 0

b 3

1 1Ê Š ‹ Š ‹ È Édy dy dy
dx dx dx x 1 x 12x 1

# #
" " "
� # � # �È

 2 2x 1  dx 2 2 x 1 dx 2 2 (x 1) 2 2 (8 1)œ � œ � œ � œ � œ1 1 1 1' '
0 0

3 3È ÈÉ È È È� ‘2x 2 2 2
2x 1 3 3 3

28 2�
�

$Î# $

!
†

1È

22. S 2 y 1  dx;  x   x   S 2 1 x  dx 1 x 4x  dxœ � œ Ê œ Ê œ � œ �' ' '
a 0 0

b 1 1

1 1Ê Š ‹ Š ‹ È È a bdy dy dy
dx dx dx 3 6

x
# #

# % $% %
†

$
1

  1 x  d 1 x 1 x 2 2 1œ � � œ � œ �1 1 1

6 6 3 9
2'

0

1È a b a b’ “ ’ “È% % % $Î# "

!

23. S 2 x 1  dy;   1œ � œ œ Ê � œ œ'
c

d

1 Ê Š ‹ Š ‹dx dx dx 4
dy dy dy 4y y 4y y

(4 2y)

4y y 4y y
2 y 4y y 4 4y y

# #�

� �

� � � � �
� �

ˆ ‰
È È
"

#

# #

# #

# #

  S 2 4y y  dy 4 dx 4Ê œ � œ œ' '
1 1

2 2

1 1 1È É#
�
4

4y y#

24. S 2 x 1  dy;   1 1   S 2 y  dyœ � œ Ê � œ � œ Ê œ' '
c 2

d 6

1 1Ê Š ‹ Š ‹ Èdx dx 1 dx
dy dy 2 y dy 4y 4y

4y 1 4y 1
4y

# #
" � �

È È
È

†

 4y 1 dy (4y 1) (125 27) (98)œ � œ � œ � œ œ1'
2

6È � ‘1 1 1 1

4 3 6 6 3
2 49$Î# '

#

25. The equipment alone:  the force required to lift the equipment is equal to its weight F (x) 100 N.Ê œ"

 The work done is W F (x) dx 100 dx [100x] 4000 J; the rope alone:  the force required" "
%!
!œ œ œ œ' '

a 0

b 40

 to lift the rope is equal to the weight of the rope paid out at elevation x  F (x) 0.8(40 x).  The workÊ œ �#

 done is W F (x) dx 0.8(40 x) dx 0.8 40x 0.8 40 640 J;# # # # #

%!

!

#œ œ � œ � œ � œ œ' '
a 0

b 40 ’ “ Š ‹x 40 (0.8)(1600)# #

 the total work is W W W 4000 640 4640 Jœ � œ � œ" #

26. The force required to lift the water is equal to the water's weight, which varies steadily from 8 800 lb to†

 8 400 lb over the 4750 ft elevation.  When the truck is x ft off the base of Mt. Washington, the water weight is†

 F(x) 8 800 (6400) 1  lb.  The work done is W F(x) dxœ œ � œ† †

ˆ ‰ ˆ ‰2 4750 x x
2 4750 9500
†

†

� '
a

b

 6400 1  dx 6400 x 6400 4750 (6400)(4750)œ � œ � œ � œ'
0

4750 ˆ ‰ ˆ ‰’ “ Š ‹x x 4750 3
9500 2 9500 4 4750 4

# #

† †

%(&!

!

 22,800,000 ft lbœ †

27. Force constant:  F kx  20 k 1  k 20 lb/ft; the work to stretch the spring 1 ft isœ Ê œ Ê œ†

 W kx dx k x dx 20 10 ft lb; the work to stretch the spring an additional foot isœ œ œ œ' '
0 0

1 1 ’ “x#

#

"

!
†

 W kx dx k x dx 20 20 20 30 ft lbœ œ œ œ � œ œ' '
1 1

2 2 ’ “ ˆ ‰ ˆ ‰x 4 3#

# # # #

#

"

"
†
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28. Force constant:  F kx  200 k(0.8)  k 250 N/m; the 300 N force stretches the spring xœ Ê œ Ê œ œ F
k

 1.2 m; the work required to stretch the spring that far is then W F(x) dx 250x dxœ œ œ œ300
250

' '
0 0

1 2 1 2Þ Þ

 [125x ] 125(1.2) 180 Jœ œ œ# "Þ# #
!

29. We imagine the water divided into thin slabs by planes
 perpendicular to the y-axis at the points of a partition of the
 interval [0 8].  The typical slab between the planes at y andß

 y y has a volume of about V (radius) (thickness)� œ? ? 1 #

 y y y y ft .  The force F(y) required toœ œ1 ? ?ˆ ‰5 25
4 16

# # $1

 lift this slab is equal to its weight:  F(y) 62.4 Vœ ?

 y y lb.  The distance through which F(y)œ
(62.4)(25)

16 1 ?#

 must act to lift this slab to the level 6 ft above the top is

 

 about (6 8 y) ft, so the work done lifting the slab is about W y (14 y) y ft lb.  The work done� � œ �? 1 ?(62.4)(25)
16

#
†

 lifting all the slabs from y 0 to y 8 to the level 6 ft above the top is approximatelyœ œ

 W  y  (14 y) y ft lb so the work to pump the water is the limit of these Riemann sums as the norm of¸ �!8

!

(62.4)(25)
16 1 ?#

†

 the partition goes to zero:   W y (14 y) dy  14y y  dy (62.4) yœ � œ � œ �' '
0 0

8 8
(62.4)(25) (62.4)(25) y

(16) 16 16 3 4
25 141 # # $ $

)

!

1 1a b ˆ ‰ ’ “%
 (62.4) 8 418,208.81 ft lbœ � ¸ˆ ‰ Š ‹25 14 8

16 3 4
1

† †

$ %

30. The same as in Exercise 29, but change the distance through which F(y) must act to (8 y) rather than (6 8 y).  Also� � �

 change the upper limit of integration from 8 to 5.  The integral is:W y (8 y) dyœ �'
0

5
(62.4)(25)

16
1 #

 (62.4) 8y y  dy (62.4) y (62.4) 5 54,241.56 ft lbœ � œ � œ � ¸ˆ ‰ ˆ ‰ ˆ ‰a b ’ “ Š ‹25 25 8 25 8 5
16 16 3 4 16 3 4

y1 1 1'
0

5
# $ $ $

&

!

% %

† †

31. The tank's cross section looks like the figure in Exercise 29 with right edge given by x y . A typical horizontalœ œ5
10

y
#

 slab has volume V (radius) (thickness) y y y.  The force required to lift thisslab is its weight:? 1 1 ? ?œ œ œ# #
#

#ˆ ‰y
4
1

  F(y) 60 y y.  The distance through which F(y) must act is (2 10 y) ft, so the work to pump the liquid isœ � �†

1

4
# ?

 W 60 12 y dy 15 22,500  ft lb; the time needed to empty the tank isœ � œ � œ'
0

10

1 1 1a bŠ ‹ ’ “y 12y y
4 3 4

# $ % "!

!
†

 257 sec22,500  ft lb
275 ft lb/sec

1 †

†

¸

32. A typical horizontal slab has volume about V (20)(2x) y (20) 2 16 y y and the force required to lift this? ? ?œ œ �ˆ ‰È #

 slab is its weight F(y) (57)(20) 2 16 y y.  The distance through which F(y) must act is (6 4 y) ft, so theœ � � �ˆ ‰È # ?

 work to pump the olive oil from the half-full tank is W 57 (10 y)(20) 2 16 y  dyœ � �'
�4

0 ˆ ‰È #

 2880 10 16 y  dy 1140 16 y ( 2y) dyœ � � � �' '
� �4 4

0 0È a b# # "Î#

 22,800 (area of a quarter circle having radius 4) (1140) 16 y (22,800)(4 ) 48,640œ � � œ �†

2
3 ’ “a b# $Î# !

�%
1

 335,153.25 ft lbœ †
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33. Intersection points:  3 x 2x   3x 3 0� œ Ê � œ# # #

  3(x 1)(x 1) 0  x 1 or x 1.  SymmetryÊ � � œ Ê œ � œ

 suggests that x 0.  The typical  strip hasœ @/<>3-+6

 center of mass:  ( x y ) x x ,µ µß œ ß œ ßŠ ‹ Š ‹2x 3 x x 3# # #� �
# #

�a b

 length:  3 x 2x 3 1 x , width:  dx,a b a b� � œ �# # #

 area:  dA 3 1 x  dx, and mass:  dm dAœ � œa b# $ †

 3 1 x  dx  the moment about the x-axis isœ � Ê$ a b#  

  y dm x 3 1 x  dx x 2x 3  dx  M y dm x 2x 3  dxµ µœ � � œ � � � Ê œ œ � � �3 3 3
# # #

# # % # % #
"

$ $ $a b a b a b a bx 1
' '

�

 3x 3 3 ( 3 10 45) ; M dm 3  1 x  dxœ � � � œ � � � œ � � � œ œ œ �3 x 2x 2 3 32
5 3 5 3 15 5#

"

�"

"
"

#$ $ $’ “ ˆ ‰ a b& $
$ $ ' '

�1

 3 x 6 1 4  y .  Therefore, the centroid is (x y) .œ � œ � œ Ê œ œ œ ß œ !ß$ $ $’ “ ˆ ‰ ˆ ‰x 32 8 8
3 3 M 5 4 5 5

M$
"

�"

" x $

$†

34. Symmetry suggests that x 0.  The typical œ @/<>3-+6

 strip has center of mass:  ( x y ) x , length:  x ,µ µß œ ßŠ ‹x#

#
#

 width:  dx, area:  dA x  dx, mass:  dm dA x  dxœ œ œ# #$ $†

  the moment about the x-axis is y dm x x  dxÊ œµ $

#
# #
†

 x  dx  M y dm  x  dx xœ Ê œ œ œµ$ $ $

# #
% % & #

�#x 2

2
' '

�

10 c d
 

35. The typical  strip has:  center of mass:  ( x y )@/<>3-+6 ßµ µ

 x ,  length:  4 , width:  dx,œ ß �Œ �4 x
4

�

#

x
4

#
#

 area:  dA 4 dx,  mass:  dm dAœ � œŠ ‹x
4

#

$ †

 4  dx  the moment about the x-axis isœ � Ê$ Š ‹x
4

#

 y dm 4  dx 16  dx; theµ œ � œ �$ †
Š ‹4 x x

4 16

�

# #

x
4

#

# %Š ‹ Š ‹$
 

 moment about the y-axis is x dm 4 x dx 4x  dx.  Thus, M y dm 16  dxµ µœ � œ � œ œ �$ $Š ‹ Š ‹ Š ‹x x x
4 4 16

# $ %

† x 0

4
' $

#
'

 16x 64 ; M x dm  4x  dx 2xœ � œ � œ œ œ � œ �µ$ $ $

2 5 16 5 5 4 16
x 64 128 x x’ “ Š ‹ ’ “� ‘& $ %

†

% %

! !#
#

y 0

4
' $ $'

 (32 16) 16 ; M dm  4  dx 4x 16œ � œ œ œ � œ � œ � œ$ $ $ $ $' '
0

4Š ‹ ’ “ ˆ ‰x x 64 32
4 12 1 3

# $
%

! #
$

  x  and y .  Therefore, the centroid is (x y) .Ê œ œ œ œ œ œ ß œ ß
M
M 32 2 5 32 5 5

16 3 3 128 3 12 3 12y † † †

† † †

$ $

$ $

M
M

x †
#

ˆ ‰

36. A typical  strip has:29<3D98>+6

 center of mass:  ( x y ) y , length:  2y y ,µ µß œ ß �Š ‹y 2y# �
#

#

 width:  dy, area:  dA 2y y  dy, mass:  dm dAœ � œa b# $ †

 2y y  dy; the moment about the x-axis isœ �$ a b#
 y dm y 2y y  dy 2y y ; the momentµ œ � œ �$ $† † a b a b# # $

 about the y-axis is x dm 2y y  dyµ œ �$ † †

a by 2y# �
#

#a b
 4y y  dy  M y dm  2y y  dyœ � Ê œ œ �µ$

#
# % # $a b a bx 0

2
' $ '

 

 y 8 ; M x dm 4y y  dy yœ � œ � œ � œ œ œ œ � œ �µ$ $ $’ “ ’ “ˆ ‰ ˆ ‰ a b2 2 16 16 16 16 4 4
3 4 3 4 3 4 12 3 3 5

y y$ # % $
# #

! !# #

% &

†

$ $ $ $†

y 0

2
' '

 ; M dm 2y y  dy y 4   x  andœ � œ œ œ � œ � œ � œ Ê œ œ œ$ $ $ $

$#
# #

#

!
ˆ ‰ ˆ ‰a b ’ “4 8 32 32 8 4 32 3 8

3 5 15 3 3 3 M 15 4 5
y M

† † †

† †

' $ $ $'
0

2 $
y

  y 1.  Therefore, the centroid is (x y) 1 .œ œ œ ß œ ßM
M 3 4 5

4 3 8x † †

† †

$

$
ˆ ‰
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37. A typical horizontal strip has:  center of mass:  ( x y )µ µß

 y , length:  2y y , width:  dy,œ ß �Š ‹y 2y#�
#

#

 area:  dA 2y y  dy,  mass:  dm dAœ � œa b# $ †

 (1 y) 2y y  dy  the moment about theœ � � Êa b#
 x-axis is y dm y(1 y) 2y y  dyµ œ � �a b#
 2y 2y y y  dyœ � � �a b# $ $ %

 2y y y  dy; the moment about the y-axis isœ � �a b# $ %
 

 x dm (1 y) 2y y  dy 4y y (1 y) dy 4y 4y y y  dyµ œ � � œ � � œ � � �Š ‹ a b a b a by 2y# �
# # #

# # % # $ % &" "

  M y dm 2y y y  dy y 16Ê œ œ � � œ � � œ � � œ � �µ
x 0

2
' ' a b ’ “ ˆ ‰ ˆ ‰# $ % $

#

!

" "2 16 16 32 2
3 4 5 3 4 5 3 4 5

y y% &

 (20 15 24) (11) ; M x dm 4y 4y y y  dy y yœ � � œ œ œ œ � � � œ � � �µ16 4 44 4
60 15 15 3 5 6

y y
y 0

2
' ' " "

# #
# $ % & $ %

#

!
a b ’ “& '

 2 4 2 4 2 ; M dm (1 y) 2y y  dyœ � � � œ � � � œ � œ œ œ � �"
#

% #Š ‹ ˆ ‰ ˆ ‰ a b4 2 2 2 4 4 8 4 24
3 5 6 3 5 6 5 5
†

$ & ' ' '
0

2

 2y y y  dy y 4   x  and yœ � � œ � � œ � � œ Ê œ œ œ œ'
0

2a b ’ “ ˆ ‰ ˆ ‰ ˆ ‰# $ #
#

!

y y
3 4 3 4 3 M 5 8 5 M

8 16 8 24 3 9M M$ %
y x

 . Therefore, the center of mass is (x y) .œ œ œ ß œ ßˆ ‰ ˆ ‰ ˆ ‰44 3 44 11 9 11
15 8 40 10 5 10

38. A typical vertical strip has:  center of mass:  ( x y ) x , length:  , width:  dx, area:  dA  dx,µ µß œ ß œˆ ‰3 3 3
2x x x$Î# $Î# $Î#

 mass:  dm dA  dx  the moment about the x-axis is y dm  dx  dx; the moment aboutœ œ Ê œ œµ$ $ $† † †

3 3 3 9
x x x 2x$Î# $Î# $Î# $#

$

 the y-axis is x dm x  dx  dx.µ œ œ† $ 3 3
x x$Î# "Î#

$

 (a) M  dx ; M x  dx 3 2x 12 ;x y1 1

9 9

œ œ � œ œ œ œ$ $ $ $' '"
# # #

*

"

"Î# *

"
ˆ ‰ ˆ ‰ � ‘’ “9 9 x 20 3

x 9 x$

�#

$Î#
$ $

 M  dx 6 x 4   x 3 and yœ œ � œ Ê œ œ œ œ œ œ$ $ $'
1

9
3 12 5

x
M
M 4 M 4 9

M
$Î#

� ‘�"Î# *

"
y x$

$ $

ˆ ‰20
9
$

 (b) M  dx 4; M x  dx 2x 52; M  x  dxx y1 1 1

9 9 9

œ œ � œ œ œ œ œ' ' 'x 9 9 3 3
x x x x# #

" *

"
# $Î# *

"
ˆ ‰ � ‘ ˆ ‰ � ‘ ˆ ‰

$ $Î# $Î#

 6 x 12  x and yœ œ Ê œ œ œ œ� ‘"Î# *

"
"M

M 3 M 3
13 My x

39. F W L(y) dy  F 2 (62.4)(2 y)(2y) dy 249.6 2y y  dy 249.6 yœ Ê œ � œ � œ �' ' '
a 0 0

b 2 2

† †Š ‹ ’ “a bstrip
depth 3

y# #
#

!

$

 (249.6) 4 (249.6) 332.8 lbœ � œ œˆ ‰ ˆ ‰8 4
3 3

40. F W L(y) dy  F 75 y (2y 4) dy 75 y 2y 4y  dyœ Ê œ � � œ � � �' ' '
a 0 0

b 5 6 5 6

† †Š ‹ ˆ ‰ ˆ ‰strip
depth 6 3 3

5 5 10
Î Î

#

 75 y 2y  dy 75 y y y (75)œ � � œ � � œ � �'
0

5 6Î ˆ ‰ � ‘ � ‘ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰10 7 10 7 2 50 7 25 2 125
3 3 3 6 3 18 6 36 3 216

# # $ &Î'

!

 (75) (25 216 175 9 250 3) 118.63 lb.œ � � œ � � œ ¸ˆ ‰ ˆ ‰25 175 250 75
9 216 3 16 9 16 9 16

(75)(3075)
† † †# # #† † †

41. F W L(y) dy  F 62.4 (9 y) 2  dy 62.4 9y 3y  dyœ Ê œ � œ �' ' '
a 0 0

b 4 4

† † †Š ‹ Š ‹ ˆ ‰strip
depth 2

yÈ "Î# $Î#

 62.4 6y y (62.4) 6 8 32 (48 5 64) 2196.48 lbœ � œ † � œ � œ œ� ‘ ˆ ‰ ˆ ‰$Î# &Î# %

!
2 2 62.4
5 5 5 5

(62.4)(176)
† †

42. Place the origin at the bottom of the tank.  Then F W L(y) dy, h the height of the mercury column,œ œ'
0

h

† †Š ‹strip
depth

 strip depth h y, L(y) 1  F 849(h y)  dy (849) (h y) dy 849 hy 849 hœ � œ Ê œ � " œ � œ � œ �' '
0 0

h h h’ “ Š ‹y h# #

# #!

#

 h . Now solve h 40000 to get h 9.707 ft. The volume of the mercury is s h 1 9.707 9.707 ftœ œ ¸ œ † œ Þ849 849
2 2

2 2# # $
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CHAPTER 6 ADDITIONAL AND ADVANCED EXERCISES

 1. V  f(x)  dx b ab  f(t)  dt x ax for all x a  [f(x)] 2x a  f(x)œ œ � Ê œ � � Ê œ � Ê œ1 1 1' '
a a

b xc d c d É# ## # # �2x a
1

 2. V  [f(x)]  dx a a   [f(t)]  dt x x for all x a  [f(x)] 2x 1  f(x)œ œ � Ê œ � � Ê œ � Ê œ1 1 1' '
0 0

a x
# # # # # �É 2x 1

1

 3. s(x) Cx 1 [f (t)]  dt Cx 1 [f (x)] C f (x) C 1 for C 1œ Ê � œ Ê � œ Ê œ �  '
0

x È È Èw # w # #w

 f(x) C 1 dt k.  Then f(0) a  a 0 k  f(x) C 1 dt a  f(x) x C 1 a,Ê œ � � œ Ê œ � Ê œ � � Ê œ � �' '
0 0

x xÈ È È# # #

 where C 1. 

 4. (a) The graph of f(x) sin x traces out a path from ( ) to ( sin ) whose length is L 1 cos  d .œ !ß ! ß œ �! ! ) )'
0

!È #

 The line segment from (0 0) to ( sin ) has length ( 0) (sin 0) sin .  Since theß ß � � � œ �! ! ! ! ! !È È# # # #

 shortest distance between two points is the length of the straight line segment joining them, we have

 immediately that 1 cos  d sin  if 0 .'
0

!È È� � � � Ÿ# # #
#) ) ! ! ! 1

 (b) In general, if y f(x) is continuously differentiable and f(0) 0, then 1 [f (t)]  dt f ( )œ œ � � �'
0

! È Èw # # #! !

 for 0.! �

 5. We can find the centroid and then use Pappus' Theorem to calculate the volume. f x x, g x x ,  f x g xa b a b a b a bœ œ œ2

 x x x x 0 x 0, x 1; 1; M x x dx x x 0Ê œ Ê � œ Ê œ œ œ œ � œ � œ � � œ2 2 2 2 3
1

1 1 1
3 3 6

1

0$ '
0
c d � ‘ ˆ ‰" "

# #

  x x x x dx 6 x x dx 6 x x 6 0œ � œ � œ � œ � � œ1 1 1 1 1 1
1 6 3 4 3 4 2

1 1
2 2 3 3 4 1

0Î
' '

0 0
c d c d � ‘ ˆ ‰

  y x x dx 3 x x dx 3 x x 3 0 The centroid is , .œ � œ � œ � œ � � œ Ê1 1 1 1 1 1 2 1 2
1 6 2 3 5 3 5 5 2 5

1 1
2 2 2 4 3 52 1

0Î
' '

0 0
’ “a b c d � ‘ ˆ ‰ ˆ ‰

  is the distance from ,  to the axis of rotation, y x. To calculate this distance we must find the point on y x that3 ˆ ‰1 2
2 5 œ œ

 also lies on the line perpendicular to y x that passes through , . The equation of this line is y 1 xœ � œ � �ˆ ‰ ˆ ‰1 2 2 1
2 5 5 2

 x y . The point of intersection of the lines x y  and y x is , . Thus,Ê � œ � œ œ9 9 9 9
10 10 20 20

ˆ ‰
  . Thus V 2 .3 1œ � � � œ œ œÉˆ ‰ ˆ ‰ ˆ ‰Š ‹9 1 9 2 1 1 1

20 2 20 5 6
2 2

10 2 10 2 30 2È È È
1

 6. Since the slice is made at an angle of 45 , the volume of the wedge is half the volume of the cylinder of radius  and‰ "
#

 height 1. Thus, V 1  .œ œ" "
# #’ “ˆ ‰ a b1

2
8
1

 7. y 2 x  ds 1 dx  A 2 x 1 dx (1 x)œ Ê œ � Ê œ � œ � œÈ ÈÉ É � ‘" " $Î# $

!x x 3 3
4 28'

0

3

 8. This surface is a triangle having a base of 2 a and a height of 2 ak.  Therefore the surface area is1 1

 (2 a)(2 ak) 2 a k."
#

# #1 1 1œ

 9. F ma t   a   v C; v 0 when t 0  C 0    x C ;œ œ Ê œ œ Ê œ œ � œ œ Ê œ Ê œ Ê œ �#
"

d x t dx t dx t t
dt m dt 3m dt 3m 12m

# # $ $ %

#

 x 0 when t 0  C 0  x .  Then x h  t (12mh) .  The work done isœ œ Ê œ Ê œ œ Ê œ"
"Î%t

12m

%

 W F dx F(t)  dt t  dt (12mh)œ œ œ œ œ' ’ “ ˆ ‰' '
0 0

12mh 12mh 12mh)

 0

Ð Ñ Ð Ñ Ð"Î% "Î% "Î%

† †

dx t t
dt 3m 3m 6 18m

# 'Î%" "$ '

 2 3mh 3mhœ œ œ œ
(12mh)

18m 18m 3 3
12mh 12mh 2h 4h$Î#

†

È
†

È È
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10. Converting to pounds and feet, 2 lb/in 24 lb/ft.  Thus, F 24x  W 24x dxœ œ œ Ê œ2 lb 12 in
1 in 1 ft†

'
0

1 2Î

 12x 3 ft lb.  Since W mv mv , where W 3 ft lb, m  lbœ œ œ � œ œc d ˆ ‰ ˆ ‰# # #"Î#
!

" " " "
# # #! "† † 10 3  ft/sec#

  slugs, and v 0 ft/sec, we have 3  v   v 3 640.  For the projectile height,œ œ œ Ê œ" " "
" # #

# #
!320 3 0

ˆ ‰ ˆ ‰
!

†

 s 16t v t (since s 0 at t 0)  v 32t v .  At the top of the ball's path, v 0  tœ � � œ œ Ê œ œ � � œ Ê œ#
! ! #

ds
dt 3

v!

 and the height is s 16 v 30 ft.œ � � œ œ œˆ ‰ ˆ ‰v v
3 3 64 64

v 3 640! ! !

#

# #

#
!

†

11. From the symmetry of y 1 x , n even, about the y-axis for 1 x 1, we have x 0.  To find y , weœ � � Ÿ Ÿ œ œn M
M

x

 use the vertical strips technique.  The typical strip has center of mass:  ( x y ) x , length:  1 x ,µ µß œ ß �ˆ ‰1 x
2
� n n

 width:  dx, area:  dA 1 x  dx, mass:  dm 1 dA 1 x  dx.  The moment of the strip about theœ � œ œ �a b a bn n
†

 x-axis is y dm  dx  M  dx 2 1 2x x  dx xµ œ Ê œ œ � � œ � �
a b a b1 x 1 x 2x x

n 1 n 1
� �
# # # � # �

" "

!

n n# #

x 1 0

1 1
n 2n' '

�

a b � ‘n 1 2n 1� �

 1 .œ � � œ œ œ2 2n 3n 1 4n 2 n 1 2n
n 1 n 1 (n 1)( n 1) (n 1)( n 1) (n 1)( n 1)

(n 1)(2n 1) 2(2n ) (n 1)
� # � � # � � # � � # �

" � � � � � �� � � �" � � # #

 Also, M dA 1 x  dx 2 1 x  dx 2 x 2 1 .  Therefore,œ œ � œ � œ � œ � œ' ' '
� �1 1 0

1 1 1
n na b a b � ‘ ˆ ‰x 2n

n 1 n 1 n 1

n 1�

� � �

"

!
"

 y    is the location of the centroid.  As n  , y   soœ œ œ Ê !ß Ä _ ÄM
M (n 1)(2n 1) 2n 2n 1 n 1

2n n n(n 1)x
#

� � � # � #
� "

†

ˆ ‰
 the limiting position of the centroid is .ˆ ‰!ß "

#

12. Align the telephone pole along the x-axis as shown in the
 accompanying figure.  The slope of the top length of pole is

 (14.5 9) .  Thus,
ˆ ‰14.5 9

8 81 1
� " "

40 8 40 8 40 8 80
5.5 11œ � œ œ

1 1 1
† †

† †

 y x 9 x  is an equation of theœ � œ �9 11 11
8 8 80 8 801 1 1†

" ˆ ‰
 line representing the top of the pole.  Then,

 M x y  dx x 9 x  dxy œ œ �' '
a 0

b 40

† 1 1# " #� ‘ˆ ‰
8 80

11
1

 x 9 x  dx; M y  dxœ � œ" # #
64 80

11
1
' '

0 a

40 bˆ ‰ 1

 

  9 x  dx  9 x  dx.  Thus, x 23.06 (using a calculator to computeœ � œ � œ ¸ ¸1 ' '
0 0

40 40� ‘ ˆ ‰ˆ ‰" "# #

8 80 64 80 M
11 11 M 129,700

5623.31 1

y

 the integrals).  By symmetry about the x-axis, y 0 so the center of mass is about 23 ft from the top of the pole.œ

13. (a) Consider a single vertical strip with center of mass ( x y ).  If the plate lies to the right of the line, thenµ µß

 the moment of this strip about the line x b is (x b) dm (x b)  dA  the plate's first momentœ � œ � Êµ µ $

 about x b is the integral (x b)  dA x dA b dA M b A.œ � œ � œ �' '$ $ $ $' y

 (b) If the plate lies to the left of the line, the moment of a vertical strip about the line x b isœ

 b x  dm b x  dA  the plate's first moment about x b is (b x)  dA b dA x dAa b a b� œ � Ê œ � œ �µ µ $ $ $ $' ' '

 b A M .œ �$ y

14. (a) By symmetry of the plate about the x-axis, y 0.  A typical vertical strip has center of mass:œ

 ( x y ) (x 0), length:  4 ax, width:  dx, area:  4 ax dx, mass:  dm  dA kx 4 ax dx, for someµ µß œ ß œ œÈ È È$ †

 proportionality constant k.  The moment of the strip about the y-axis is M x dm 4kx ax dxy 0

a

œ œµ' ' #È
 4k a x  dx 4k a x 4ka a .  Also, M dm 4kx ax dxœ œ œ œ œ œÈ È È� ‘' '

0 0

a aa

0
&Î# (Î# "Î# (Î#2 2 8ka

7 7 7†

% '

 4k a x  dx 4k a x 4ka a .  Thus, x aœ œ œ œ œ œ œÈ È � ‘'
0

a a

0
$Î# &Î# "Î# &Î#2 2 8ka 8ka 5 5

5 5 5 M 7 8ka 7
M

† †

$ %

$

y

  (x y) 0  is the center of mass.Ê ß œ ßˆ ‰5a
7

 (b) A typical horizontal strip has center of mass:  ( x y ) y y , length:  a ,µ µß œ ß œ ß �Œ � Š ‹y
4a

#

�

#
�a y 4a y
8a 4a

# # #

 width:  dy, area:  a  dy,  mass: dm  dA y  a  dy.  Thus, M y dmŠ ‹ Š ‹k k� œ œ � œ µy y
4a 4a

# #

$ x
'

 y y  a  dy y a  dy y a  dyœ � œ � � � �' ' '
� �2a 2a 0

2a 0 2ak k Š ‹ Š ‹ Š ‹y y y
4a 4a 4a

# # #
# #
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 ay  dy ay  dy y yœ � � � � œ � � � �' '
�2a 0

0 2a

a

aŠ ‹ Š ‹ ’ “ ’ “# # $ $
# #

! #

�# !

y y y y
4a 4a 3 0a 3 0a

a a% % & &

 0; M x dm  y  a  dyœ � � � � œ œ œ �µ8a 32a 8a 32a
3 20a 3 0a 8a 4a

y   4a y% & % & # # #

#
�

y 2a

2a
' '

�

Š ‹ Š ‹k k
  y  y 4a  dy   y  16a y  dyœ � œ �" "# # % %�

8a 4a 32a
4a   y'

�

�

2a

2a 2a

2a

k k a b k k a bŠ ‹ '# #

#

  16a y y  dy  16a y y  dy 8a y 8a yœ � � � � œ � � � �" " "
# # #

% & % & % # % #
! #

�# !3 a 32a 3 a 6 3 a 6
y y1

# # # #

' '' '
�2a 0

0 2a

a

aa b a b ’ “ ’ “
 8a 4a 8a 4a 32a 32a a ;œ � � � œ � œ œ" " " "% # % # ' ' %

32a 6 32a 6 16a 3 16a 3 3
64a 64a 32a 2 4

# # # #

' ' '’ “ ’ “ Š ‹ a b† † †

 M dm y   dy  y 4a y  dyœ œ œ �' ' '
� �2a 2a

2a 2ak k k k a bŠ ‹4a y
4a 4a

# #� " # #

  4a y y  dy  4a y y  dy 2a y 2a yœ � � � � œ � � � �" " " "# $ # $ # # # #
! #

�# !4a 4a 4a 4 4a 4
y y' '

�2a 0

0 2a

a

aa b a b ’ “ ’ “% %

 2 2a 4a 8a 4a 2a .  Therefore, x a  andœ � œ � œ œ œ œ† †

" " "# # % % $ %
#4a 4 a M 3 2a 3

16a 4 2aMŠ ‹ a b ˆ ‰ ˆ ‰%

$

y

 y 0 is the center of mass.œ œM
M

x

15. (a) On [0 a] a typical  strip has center of mass:  ( x y ) x, ,ß @/<>3-+6 ß œµ µ Š ‹È Èb x a x# # # #� � �
#

 length:  b x a x , width:  dx, area:  dA b x a x  dx, mass:  dm  dAÈ È È ÈŠ ‹# # # # # # # #� � � œ � � � œ $

 b x a x  dx.  On [a b] a typical  strip has center of mass:œ � � � ß @/<>3-+6$ Š ‹È È# # # #

 ( x y ) x , length:  b x , width:  dx, area:  dA b x  dx,µ µß œ ß � œ �Š ‹ È ÈÈb x# #�
#

# # # #

 mass:  dm  dA b x  dx.  Thus, M y dmœ œ � œ µ$ $È '# #
x

 b x a x b x a x  dx  b x b x  dxœ � � � � � � � � �' '
0 a

a b
" "
# #

# # # # # # # # # # # #Š ‹ Š ‹È È È È È È$ $

  b x a x  dx  b x  dx b a  dx b x  dxœ � � � � � œ � � �$ $ $ $

# # # #
# # # # # # # # # #' ' ' '

0 a 0 a

a b a bc d a b a b a ba b a b
 b a x b x b a a b b aœ � � � œ � � � � �$ $ $ $

# # # #
# # # # # $ #

!c d c da b a b’ “ ’ “Š ‹ Š ‹a
b

x b a
3 3 3a

$ $ $

 ab a b ab ; M x dmœ � � � � œ � œ œ µ$ $ $ $

# #
# $ $ # �a b Š ‹ Š ‹ '2 a b a b   a

3 3 3 3 3

$ $ $ $ $

$ y

 x b x a x  dx x b x  dxœ � � � � �' '
0 a

a b

$ $Š ‹È È È# # # # # #

 x b x  dx  x a x  dx x b x  dxœ � � � � �$ $ $' ' '
0 0 a

a a ba b a b a b# # # # # #"Î# "Î# "Î#

 œ � ��
# # #

� � �

!

$ $ $” • ” • ” •2 b x 2 a x 2 b x
3 3 3

a b a b a b# # # # # #$Î# $Î# $Î#
a a b

0 a

 b a b 0 a 0 b a M ;œ � � � � � � � � œ � œ œ$ $ $ $ $ $

3 3 3 3 3 3
b a b a’ “ ’ “ ’ “a b a b a b a b# # # # # #$Î# $Î# $Î# $Î# �$ $ $ $a b

x

 We calculate the mass geometrically:  M A b a .  Thus, xœ œ � œ � œ$ $ $Š ‹ Š ‹ a b1 1 $1b a
4 4 4 M

M# # # # y

 ; likewiseœ œ œ œ
$

$1 1 1 1

a b a b a b
a b

b a (b a) a ab b 4 a ab b
3 b a 3 b a 3 (b a)(b a) 3 (a b)

4 4 b a 4$ $ # # # #

# # # #

$ $� � � � � �
� � � � �

�
† Š ‹

 y .œ œM
M 3 (a b)

4 a ab bx a b# #� �
�1

 (b)  lim     (x y)  is the limiting
b aÄ

4 a ab b 4 a a a 4 3a 2a 2a 2a
3 a b 3 a a 3 2a1 1 1 1 1 1

Š ‹ Š ‹ Š ‹ˆ ‰ ˆ ‰ ˆ ‰# # # # # #� � � �
� �œ œ œ Ê ß œ ß

 position of the centroid as b  a.  This is the centroid of a circle of radius a (and we note the two circlesÄ

 coincide when b a).œ
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16. Since the area of the traingle is 36, the diagram may be
 labeled as shown at the right. The centroid of the triangle is

 , . The shaded portion is 144 36 108. Writeˆ ‰a 24
3 a � œ

 ,  for the centroid of the remaining region. The centroida bx y

 of the whole square is obviously 6, 6 . Think of the squarea b
 as a sheet of uniform density, so that the centroid of the
 square is the average of the centroids of the two regions,
 weighted by area:

  and ' œ ' œ
$' �"!) $' �"!)

"%% "%%

ˆ ‰ ˆ ‰a b a ba 24
3 ax y

 which we solve to get  and . Setx yœ ) � œa a
a*

) �"a b

 7 in. (Given). It follows that a , whence x yœ œ * œ '%
*

 

 7  in. The distances of the centroid ,  from the other sides are easily computed. (Note that if we set 7 in.œ œ"
* a bx y y

 above, we will find 7 .)x œ "
*

17. The submerged triangular plate is depicted in the figure
 at the right.  The hypotenuse of the triangle has slope 1�

  y ( 2) (x 0)  x (y 2) is an equationÊ � � œ � � Ê œ � �

 of the hypotenuse.  Using a typical horizontal strip, the fluid

 pressure is F (62.4)  dyœ '
† †Š ‹ Š ‹strip strip

depth length

 (62.4)( y)[ (y 2)] dy 62.4 y 2y  dyœ � � � œ �' '
� �

� �

6 6

2 2a b#

 62.4 y (62.4) 4 36œ � œ � � � � �’ “ � ‘ˆ ‰ ˆ ‰y
3 3 3

8 216$
#

�#

�'

 (62.4) 32 2329.6 lbœ � œ ¸ˆ ‰208
3 3

(62.4)(112)  

18. Consider a rectangular plate of length  and width w.j

 The length is parallel with the surface of the fluid of
 weight density .  The force on one side of the plate is=

 F ( y)( ) dy .  Theœ � j œ � j œ= ='
�w

0

w
’ “y w# #

# #

!

�

j=

 average force on one side of the plate is F   ( y)dyav w

0

œ �=

w
'
�

 .  Therefore the force œ � œ= = =

w
y w w’ “# #

# # #

!

�

j

w

 

 ( w) (the average pressure up and down) (the area of the plate).œ j œˆ ‰=w
# †
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NOTES:
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CHAPTER 7  TRANSCENDENTAL FUNCTIONS

7.1  INVERSE FUNCTIONS AND THEIR DERIVATIVES

 1. Yes one-to-one, the graph passes the horizontal line test.

 2. Not one-to-one, the graph fails the horizontal line test.

 3. Not one-to-one since (for example) the horizontal line y 2 intersects the graph twice.œ

 4. Not one-to-one, the graph fails the horizontal line test.

 5. Yes one-to-one, the graph passes the horizontal line test

 6. Yes one-to-one, the graph passes the horizontal line test

 7. Not one-to-one since the horizontal line y 3 intersects the graph an infinite number of times.œ

 8. Yes one-to-one, the graph passes the horizontal line test

 9. Yes one-to-one, the graph passes the horizontal line test

10. Not one-to-one since (for example) the horizontal line y 1 intersects the graph twice.œ

11. Domain:  0 x 1, Range:  0 y 12. Domain:  x 1, Range:  y 0� Ÿ Ÿ � �

  

13. Domain:  1 x 1, Range:  y  14. Domain:  x , Range:  y� Ÿ Ÿ � Ÿ Ÿ �_ � � _ � � Ÿ1 1 1 1

# # # #
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390 Chapter 7 Transcendental Functions

15. Domain:  0 x 6, Range:  0 y 3 16. Domain:  2 x 1, Range:  1 y 3Ÿ Ÿ Ÿ Ÿ � Ÿ Ÿ � Ÿ �

  

17. The graph is symmetric about y x.œ

 

 (b) y 1 x   y 1 x   x 1 y   x 1 y   y 1 x f (x)œ � Ê œ � Ê œ � Ê œ � Ê œ � œÈ ÈÈ# # ## # # # �"

18. The graph is symmetric about y x.œ

 

 y   x   y f (x)œ Ê œ Ê œ œ" " " �"
x y x

19. Step 1: y x 1  x y 1  x y 1œ � Ê œ � Ê œ �# # È
 Step 2: y x 1 f (x)œ � œÈ �"

20. Step 1: y x   x y, since x .œ Ê œ � Ÿ !# È
 Step 2: y x f (x)œ � œÈ �"

21. Step 1: y x 1  x y 1  x (y 1)œ � Ê œ � Ê œ �$ $ "Î$

 Step 2: y x 1 f (x)œ � œ$ �"È
22. Step 1: y x 2x 1  y (x 1)   y x 1,  since x 1  x 1 yœ � � Ê œ � Ê œ �   Ê œ �# # È È
 Step 2: y 1 x f (x)œ � œÈ �"

23. Step 1: y (x 1)   y x 1,  since x 1  x y 1œ � Ê œ �   � Ê œ �# È È
 Step 2: y x 1 f (x)œ � œÈ �"

24. Step 1: y x   x yœ Ê œ#Î$ $Î#

 Step 2: y x f (x)œ œ$Î# �"
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 Section 7.1 Inverse Functions and Their Derivatives 391

25. Step 1: y x   x yœ Ê œ& "Î&

 Step 2: y x f (x);œ œÈ5 �"

 Domain and Range of f :  all reals;�"

 f f (x) x x and f (f(x)) x xa b a bˆ ‰�" "Î& �" && "Î&
œ œ œ œ

26. Step 1: y x   x yœ Ê œ% "Î%

 Step 2: y x f (x);œ œ% �"È
 Domain of f :  x 0, Range of f :  y 0;�" �"   

 f f (x) x x and f (f(x)) x xa b a bˆ ‰�" "Î% �" %% "Î%
œ œ œ œ

27. Step 1:  y x 1  x y 1  x (y 1)œ � Ê œ � Ê œ �$ $ "Î$

 Step 2: y x 1 f (x);œ � œ$ �"È
 Domain and Range of f :  all reals;�"

 f f (x) (x 1) 1 (x 1) 1 x and f (f(x)) x 1 1 x xa b a b a bˆ ‰ a b�" "Î$ �" $ $$ "Î$ "Î$
œ � � œ � � œ œ � � œ œ

28. Step 1: y x   x y   x 2y 7œ � Ê œ � Ê œ �" "
# # # #

7 7

 Step 2:  y 2x 7 f (x);œ � œ �"

 Domain and Range of f :  all reals;�"

 f f (x) (2x 7) x x and f (f(x)) 2 x 7 (x 7) 7 xa b ˆ ‰ ˆ ‰�" �"" "
# # # # # #œ � � œ � � œ œ � � œ � � œ7 7 7 7

29. Step 1: y   x   xœ Ê œ Ê œ" " "#
x y y# È

 Step 2: y f (x)œ œ" �"Èx

 Domain of f :  x 0, Range of f :  y 0;�" �"� �

 f f (x) x and f (f(x)) x since x 0a b�" �"" " " "œ œ œ œ œ œ �Š ‹ Š ‹ Š ‹É" " "

Èx x x
#

"

#x

30. Step 1: y   x   xœ Ê œ Ê œ" " "$
x y y$ "Î$

 Step 2: y f (x);œ œ œ" " �"
x x"Î$ É3

 Domain of f :  x 0, Range of f :  y 0;�" �"Á Á

 f f x x and f f x xa b a ba b a b ˆ ‰ ˆ ‰�" �"" " " "�"Î$ �"
œ œ œ œ œ œa bx x x x�"Î$ $ �" $

31. Step 1: y y x 2 x 3 x y 2y x 3 x y x 2y 3 xœ Ê � œ � Ê � œ � Ê � œ � Ê œx 3
x 2 y 1

2y 3�
� �

�a b
 Step 2: y f x ;œ œ2x 3

x 1
1�

�
� a b

 Domain of f :  x 1, Range of f :  y 2;�" �"Á Á

 f f x x and f f xa b a ba b a b�" �"� �

� �

� � � � � �
� � � � � �œ œ œ œ œ œ œ

ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰a b a b a b a ba b a b a b a b
2x 3 x 3
x 1 x 2

2x 3 x 3
x 1 x 2

� �

� �

� �

� �

3 2 3
2 1

2x 3 3 x 1 2 x 3 3 x 2
2x 3 2 x 1 5 x 3 x 2

5x 5x
5 œ x

32. Step 1: y y x 3 x y x 3y x y x x 3y xœ Ê � œ Ê � œ Ê � œ Ê œ
ÈÈ x
x 3

3y
y 1

2

� �
ˆ ‰È È È È È È Š ‹

 Step 2: y f x ;œ œˆ ‰ a b3x
x 1

2 1
�

�

 Domain of f :  , 0 1, , Range of f :  0, 9 9, ;�" �"Ð�_ Ó � _ Ò Ñ � _a b a b
 f f x ; If x 1 or x 0 0 x anda ba b�"

� �
� � ��

œ � Ÿ Ê   Ê œ œ œ œ
É Éˆ ‰ ˆ ‰

É Éˆ ‰ ˆ ‰ a b
3x 3x

x 1 x 1
2 2

3x 3x
x 1 x 1

2 2

3x
x 1

3x
x 1

� �

� �

�

�3 3

3x 3x 3x
x 1 3x 3 x 1 33

 f f x x�"

� � �
a ba b � �œ œ œ œ

3

1

2

9x 9x
x x 3 9

Š ‹
Š ‹ ˆ ‰È Èˆ ‰

È
È
È
È

x
x 3

x
x 3

2
�

�
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392 Chapter 7 Transcendental Functions

33. Step 1: y x 2x, x 1 y 1 x 1 , x 1 y 1 x 1, x 1 x 1 y 1œ � Ÿ Ê � œ � Ÿ Ê � � œ � Ÿ Ê œ � �2 2a b È È
 Step 2: y 1 x 1 f x ;œ � � œÈ a b�1

 Domain of f :  1, , Range of f :  , 1 ;�" �"Ò� _Ñ Ð�_ Ó

 f f x 1 x 1 2 1 x 1 1 2 x 1 x 1 2 2 x 1 x anda ba b Š ‹ Š ‹È È È È�" œ � � � � � œ � � � � � � � œ
2

 f f x 1 x 2x 1, x 1 1 x 1 , x 1 1 x 1 1 1 x x�"a b a b a b a ba b È Éœ � � � Ÿ œ � � Ÿ œ � l � l œ � � œ2 2

34. Step 1: y 2x 1 y 2x 1 y 1 2x x xœ � Ê œ � Ê � œ Ê œ Ê œa b É3 5 3 5 3 31 5 y 1 y 1
2 2

Î � �5 3 5

 Step 2: y f x ;œ œÉ a b3 5x 1
2

1� �

 Domain of f :  , , Range of f :  , ;�" �"a b a b�_ _ �_ _

 f f x 2 1 2 1 x 1 1 x x anda b a b a ba b a bŒ �Š ‹ Š ‹É Š ‹�" � �
Î Î Î Î

œ � œ � œ � � œ œ3 5 5x 1 x 1
2 2

3 1 5 1 5
5 51 5 1 5

 f f x x�"
� � � �a ba b Ê É Éœ œ œ œ

3 3 1 5 5

3 3 3 3’ “a b a b2x 1 1

2 2 2
2x 1 1 2x

Î

35. (a) y 2x 3  2x y 3œ � Ê œ �

  x   f (x)Ê œ � Ê œ �y 3 x 3
# # # #

�"

 (c) 2, ¸ ¹df df
dx dxx 1 x 1œ�

œ

œ œ
�" "

#

 (b) 

36. (a) y x 7  x y 7œ � Ê œ �" "
5 5

  x 5y 35  f (x) 5x 35Ê œ � Ê œ ��"

 (c) , 5¸ ¹df df
dx 5 dxx 1 xœ�

œ$%Î&
œ œ" �"

 (b) 

37. (a) y 5 4x  4x 5 yœ � Ê œ �

  x   f (x)Ê œ � Ê œ �5 5 x
4 4 4 4

y �"

 (c) 4, ¸ ¹df df
dx dx 4x 1 x 3œ Î#

œ
œ � œ �

�" "

 (b) 

38. (a) y 2x   x yœ Ê œ# # "
#

  x y  f (x)Ê œ Ê œ" �"
#È2
xÈ È

 (c) 4x 20,¸ kdf
dx x x 5œ& œ

œ œ

 x¹ ¹df
dx 02

�"

x 0 x 50œ& œ

œ œ" "

#
�"Î#

#È

 (b) 
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39. (a) f(g(x)) x x, g(f(x)) x xœ œ œ œˆ ‰È È3 3$ 3

 (c) f (x) 3x   f (1) 3, f ( 1) 3;w # w wœ Ê œ � œ

 g (x) x   g (1) , g ( 1)w �#Î$ w w" " "œ Ê œ � œ3 3 3

 (d) The line y 0 is tangent to f(x) x  at ( );œ œ !ß !$

 the line x 0 is tangent to g(x) x at (0 0)œ œ ß$È

 (b) 

40. (a) h(k(x)) (4x) x,œ œ" "Î$ $

4
ˆ ‰

 k(h(x)) 4 xœ œŠ ‹†

x
4

$
"Î$

 (c) h (x)   h (2) 3, h ( 2) 3;w w wœ Ê œ � œ3x
4

#

 k (x) (4x)   k (2) , k ( 2)w �#Î$ w w" "œ Ê œ � œ4
3 3 3

 (d) The line y 0 is tangent to h(x)  at ( );œ œ !ß !x
4

$

 the line x 0 is tangent to k(x) (4x)  atœ œ "Î$

 ( )!ß !

 (b) 

41. 3x 6x   42. 2x 4  df df df df
dx dx 9 dx dx 6œ � Ê œ œ œ � Ê œ œ# " "¹ ¹º º�" �"

x f(3) x f(5)x 3 x 5œ œ

œ œ

" "
df df
dx dx

43. 3 44. ¹ ¹ ¹ ¹º ºdf df
dx dx dx dx 2

dg dg�" �"

"

�" �"

x 4 x f(2) x 0 x f(0)x 2 x 0œ œ œ œ

œ œ

œ œ œ œ œ œ œ" "
df dg
dx dx

" "ˆ ‰
3

45. (a) y mx  x y  f (x) xœ Ê œ Ê œ" "�"
m m

 (b) The graph of y f (x) is a line through the origin with slope .œ �" "
m

46. y mx b  x   f (x) x ; the graph of f (x) is a line with slope  and y-intercept .œ � Ê œ � Ê œ � �y
m m m m m m

b b b�" �"" "

47. (a) y x 1  x y 1  f (x) x 1œ � Ê œ � Ê œ ��"

 (b) y x b  x y b  f (x) x bœ � Ê œ � Ê œ ��"

 (c) Their graphs will be parallel to one another and lie on
 opposite sides of the line y x equidistant from thatœ

 line.

 

48. (a) y x 1   x y 1  f (x)  1 x;œ � � Ê œ � � Ê œ ��"

 the lines intersect at a right angle
 (b) y x b  x y b  f (x) b x;œ � � Ê œ � � Ê œ ��"

 the lines intersect at a right angle
 (c) Such a function is its own inverse.
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394 Chapter 7 Transcendental Functions

49. Let x x  be two numbers in the domain of an increasing function f.  Then, either x x  or" # " #Á �

 x x  which implies f(x ) f(x ) or f(x ) f(x ), since f(x) is increasing.  In either case," # " # " #� � �

 f(x ) f(x ) and f is one-to-one.  Similar arguments hold if f is decreasing." #Á

50. f(x) is increasing since x x   x x ;   3# " # "
" " " "� Ê � � � œ Ê œ œ3 6 3 6 dx 3 dx

5 5 df df�"
"ˆ ‰
3

51. f(x) is increasing since x x   27x 27x ; y 27x   x y   f (x) x ;# "
$ $ $ "Î$ �" "Î$
# "

" "� Ê � œ Ê œ Ê œ3 3

 81x   xdf df
dx dx 81x 99xœ Ê œ œ œ# �#Î$" " "�"

# #Î$
¸

1
3 x"Î$

52. f(x) is decreasing since x x   1 8x 1 8x ; y 1 8x   x (1 y)   f (x) (1 x) ;# "
$ $ $ "Î$ �" "Î$
# "

" "
# #� Ê � � � œ � Ê œ � Ê œ �

 24x   (1 x)df df
dx dx 24x 66( x)œ � Ê œ œ œ � �# �#Î$" �" "

� "�

�"

# #Î$
¸

1
2 Ð � Ñ1 x "Î$

53. f(x) is decreasing since x x   (1 x ) (1 x ) ; y (1 x)   x 1 y   f (x) 1 x ;# " # "
$ $ $ "Î$ �" "Î$� Ê � � � œ � Ê œ � Ê œ �

 3(1 x)   xdf df
dx dx 3(1 x) 33xœ � � Ê œ œ œ �# �#Î$" �" "

� �

�"

# #Î$¹
1 x� "Î$

54. f(x) is increasing since x x   x x ; y x   x y   f (x) x ;# "
&Î$ &Î$
# "

&Î$ $Î& �" $Î&� Ê � œ Ê œ Ê œ

 x   xdf 5 df 3 3
dx 3 dx 5x 5xœ Ê œ œ œ#Î$ �#Î&"�"

#Î$ #Î&¹5
3 x$Î&

55. The function g(x) is also one-to-one.  The reasoning:  f(x) is one-to-one means that if x x  then f(x ) f(x ), so" # " #Á Á

 f(x ) f(x ) and therefore g(x ) g(x ).  Therefore g(x) is one-to-one as well.� Á � Á" # " #

56. The function h(x) is also one-to-one.  The reasoning:  f(x) is one-to-one means that if x x  then f(x ) f(x ), so" # " #Á Á

 , and therefore h(x ) h(x )." "
" #f(x ) f(x )" #

Á Á

57. The composite is one-to-one also.  The reasoning:  If x x  then g(x ) g(x ) because g is one-to-one.  Since" # " #Á Á

 g(x ) g(x ), we also have f(g(x )) f(g(x )) because f is one-to-one.  Thus, f g is one-to-one because" # " #Á Á ‰

 x x   f(g(x )) f(g(x ))." # " #Á Ê Á

58. Yes, g must be one-to-one.  If g were not one-to-one, there would exist numbers x x  in the domain of g with" #Á

 g(x ) g(x ).  For these numbers we would also have f(g(x )) f(g(x )), contradicting the assumption that" # " #œ œ

 f g is one-to-one.‰

59. (g f)(x) x  g(f(x)) x  g (f(x))f (x) 1‰ œ Ê œ Ê œw w

60. W(a) f (y) a  dy 0 2 x[f(a) f(x)] dx S(a); W (t) f (f(t)) a f (t)œ � œ œ � œ œ �' '
f(a) a

f(a) a

1 1 1’ “ ’ “a b a b�" # w �" # w# #

 t a f (t); also S(t) 2 f(t) x dx 2 xf(x) dx f(t)t f(t)a 2 xf(x) dx  S (t)œ � œ � œ � � Ê1 1 1 1 1 1a b c d# # w # # w' ' '
a a a

t t t

 t f (t) 2 tf(t) a f (t) 2 tf(t) t a f (t)  W (t) S (t).  Therefore, W(t) S(t) for all t [a b].œ � � � œ � Ê œ œ − ß1 1 1 1 1
# w # w # # w w wa b

61-68. Example CAS commands:
 :Maple
 with( plots );#63
 f := x -> sqrt(3*x-2);
 domain := 2/3 .. 4;
 x0 := 3;
 Df := D(f);                                     # (a)
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 plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"],
        title="#61(a) (Section 7.1)" );
 q1 := solve( y=f(x), x );               # (b)
 g := unapply( q1, y );
 m1 := Df(x0);                                # (c)
 t1 := f(x0)+m1*(x-x0);
 y=t1;
 m2 := 1/Df(x0);                             # (d)
 t2 := g(f(x0)) + m2*(x-f(x0));
 y=t2;
 domaing := map(f,domain);       # (e)
 p1 := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ):
 p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ):
 p3 := plot( t1, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ):
 p4 := plot( t2, x=f(x0)-1..f(x0)+1, color=blue, linestyle=7, thickness=1 ):
 p5 := plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ):
 display( [p1,p2,p3,p4,p5], scaling=constrained, title="#63(e) (Section 7.1)" );
 (assigned function and values for a, b, and x0 may vary)Mathematica:
 If a function requires the odd root of a negative number, begin by loading the RealOnly package that allows Mathematica
 to do this. See section 2.5 for details.
 <<Miscellaneous `RealOnly`
 Clear[x, y]
 {a,b} = { 2, 1}; x0 = 1/2 ;�

 f[x_] = (3x 2) / (2x 11)� �

 Plot[{f[x], f'[x]}, {x, a, b}]
 solx = Solve[y == f[x], x]
 g[y_] = x /. solx[[1]]
 y0 = f[x0]
 ftan[x_] = y0 f'[x0] (x-x0)�

 gtan[y_] = x0 1/ f'[x0] (y y0)� �

 Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b},
 Epilog Line[{{x0, y0},{y0, x0}}], PlotRange {{a,b},{a,b}}, AspectRatio Automatic]Ä Ä Ä

69-70. Example CAS commands:
 :Maple
 with( plots );
 eq := cos(y) = x^(1/5);
 domain := 0 .. 1;
 x0 := 1/2;
 f := unapply( solve( eq, y ), x );   # (a)
 Df := D(f);
 plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"],
        title="#70(a) (Section 7.1)" );
 q1 := solve( eq, x );                        # (b)
 g := unapply( q1, y );
 m1 := Df(x0);                                   # (c)
 t1 := f(x0)+m1*(x-x0);
 y=t1;
 m2 := 1/Df(x0);                                # (d)
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 t2 := g(f(x0)) + m2*(x-f(x0));
 y=t2;
 domaing := map(f,domain);          # (e)
 p1 := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ):
 p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ):
 p3 := plot( t1, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ):
 p4 := plot( t2, x=f(x0)-1..f(x0)+1, color=blue, linestyle=7, thickness=1 ):
 p5 := plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ):
 display( [p1,p2,p3,p4,p5], scaling=constrained, title="#70(e) (Section 7.1)" );
 (assigned function and values for a, b, and x0 may vary)Mathematica:
 For problems 69 and 70, the code is just slightly altered. At times, different "parts" of solutions need to be used, as in the
 definitions of f[x] and g[y]
 Clear[x, y]
 {a,b} = {0, 1}; x0 = 1/2 ;

 eqn = Cos[y] == x1/5

 soly = Solve[eqn, y]
 f[x_] = y /. soly[[2]]
 Plot[{f[x], f'[x]}, {x, a, b}]
 solx = Solve[eqn, x]
 g[y_] = x /. solx[[1]]
 y0 = f[x0]
 ftan[x_] = y0 f'[x0] (x x0)� �

 gtan[y_] = x0 1/ f'[x0] (y y0)� �

 Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b},
 Epilog Line[{{x0, y0},{y0, x0}}], PlotRange {{a, b}, {a, b}}, AspectRatio Automatic]Ä Ä Ä

7.2  NATURAL LOGARITHMS

 1. (a) ln 0.75 ln ln 3 ln 4 ln 3 ln 2 ln 3 2 ln 2œ œ � œ � œ �3
4

#

 (b) ln ln 4 ln 9 ln 2 ln 3 2 ln 2 2 ln 34
9 œ � œ � œ �# #

 (c) ln ln 1 ln 2 ln 2 (d) ln 9  ln 9  ln 3  ln 3" " "
#

#œ � œ � œ œ œÈ3

3 3 3
2

 (e) ln 3 2 ln 3 ln 2 ln 3  ln 2È œ � œ �"Î# "
#

 (f) ln 13.5  ln 13.5  ln ln 3 ln 2 (3 ln 3 ln 2)È a bœ œ œ � œ �" " " "
# # # # #

$27

 2. (a) ln ln 1 3 ln 5 3 ln 5 (b) ln 9.8 ln ln 7 ln 5 2 ln 7 ln 5" #
125 5

49œ � œ � œ œ � œ �

 (c) ln 7 7 ln 7  ln 7 (d) ln 1225 ln 35 2 ln 35 2 ln 5 2 ln 7È œ œ œ œ œ �$Î# #
#
3

 (e) ln 0.056 ln ln 7 ln 5 ln 7 3 ln 5 (f) œ œ � œ � œ œ7 ln 5  ln 7  ln 7
125 ln 25  ln 5

ln 35  ln $ � � � "
# #

"

7

 3. (a) ln sin ln ln ln 5 (b) ln 3x 9x ln ln ln (x 3)) � œ œ � � œ œ �ˆ ‰ ˆ ‰� � a b Š ‹sin sin 3x   9x
5 3x 3x
) )Š ‹sin 

5
)

# " �#

 (c)  ln 4t ln 2 ln 4t ln 2 ln 2t ln 2 ln ln t"
# #

% # #%a b a bÈ Š ‹� œ � œ � œ œ2t#

 4. (a) ln sec ln cos ln [(sec )(cos )] ln 1 0) ) ) )� œ œ œ

 (b) ln (8x 4) ln 2 ln (8x 4) ln 4 ln ln (2x 1)� � œ � � œ œ �# �ˆ ‰8x  4
4

 (c) 3 ln t 1 ln (t 1) 3 ln t 1 ln (t 1) 3  ln t 1 ln (t 1) ln
$È a b a bˆ ‰ Š ‹# # #"Î$ " � � "

�� � � œ � � � œ � � � œ3 (t  1)
(t  1)(t  )

 ln (t 1)œ �
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 5. y ln 3x  y (3)   6. y ln kx  y (k)œ Ê œ œ œ Ê œ œw w" " "ˆ ‰ ˆ ‰1
3x x kx x

 7. y ln t   (2t)   8. y ln t   tœ Ê œ œ œ Ê œ œa b ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰# $Î# "Î#" "
#

dy dy
dt t t dt 2t

2 3 3
t# $Î#

 9. y ln ln 3x   3xœ œ Ê œ � œ �3
x dx 3x x

dy�" �#" "ˆ ‰ a b�"

10. y ln ln 10x   10xœ œ Ê œ � œ �10
x dx 10x x

dy�" �#" "ˆ ‰ a b�"

11. y ln ( 1)  (1)  12. y ln (2 2)  (2)œ � Ê œ œ œ � Ê œ œ) )
dy dy
d   1   1 d   2   1) ) ) ) ) )

ˆ ‰ ˆ ‰" " " "
� � # � �

13. y ln x   3x  14. y (ln x)   3(ln x) (ln x)œ Ê œ œ œ Ê œ œ$ # $ #"dy dy 3(ln x)
dx x x dx dx x

3 dˆ ‰ a b$

#

†

15. y t(ln t)   (ln t) 2t(ln t) (ln t) (ln t) (ln t) 2 ln tœ Ê œ � œ � œ �# # # #dy
dt dt t

d 2t ln t
†

16. y t ln t t(ln t)   (ln t) t(ln t) (ln t) (ln t)œ œ Ê œ � œ �È "Î# "Î# �"Î# "Î#"
# #

dy t(ln t)
dt dt t

d
†

�"Î#

 (ln t)œ �"Î# "
#(ln t)"Î#

17. y  ln x   x  ln x x  ln xœ � Ê œ � � œx x x 4x
4 16 dx 4 x 16

dy% % % $$ $"
†

18. y x  ln x   4 x  ln x x 2x ln x 4x ln x x 2x ln x 4x ln x 8x ln xœ Ê œ † � œ � œ �a b a b a b a b a b a bˆ ‰2 2 2 6 7 74 3dy
dx x

1 3 3 4

19. y   œ Ê œ œln t
t dt

dy t (ln t)(1)
t t

1 ln tˆ ‰"
# #

t � �

20. y   œ Ê œ œ œ �"� "� �ln t 1 ln t ln t
t dt t t

dy t ( ln t)(1)
t

ˆ ‰"
#

t � "�

# #

21. y   yœ Ê œ œ œln x
1 ln x x(1 ln x)

(1 ln x) (ln x)

(1 ln x) (1 ln x)� �
w �

� �
"ˆ ‰ ˆ ‰" " "

x x x x x
ln x ln x

� � �

# # #

22. y   y 1œ Ê œ œ œ �x ln x ln x
1 ln x (1 ln x) (1 ln x)

(1 ln x) (x ln x)

(1 ln x)
( ln x) ln x

� � �
w �

�
"� �ˆ ‰ ˆ ‰ln x x� �†

" "

x x
#

#

# #

23. y ln (ln x)  yœ Ê œ œw " " "ˆ ‰ ˆ ‰
ln x x x ln x

24. y ln (ln (ln x))  y (ln (ln x)) (ln x)œ Ê œ œ œw " " " "
ln (ln x) dx ln (ln x) ln x dx x (ln x) ln (ln x)

d d
† † †

25. y [sin (ln ) cos (ln )]  [sin (ln ) cos (ln )] cos (ln ) sin (ln )œ � Ê œ � � �) ) ) ) ) ) ) )
dy
d) ) )

� ‘
† †

" "

 sin (ln ) cos (ln ) cos (ln ) sin (ln ) 2 cos (ln )œ � � � œ) ) ) ) )

26. y ln (sec tan )  sec œ � Ê œ œ œ) ) )
dy sec (tan sec )
d sec tan tan sec 

sec  tan sec
) ) ) ) )

) ) ) ) ) )�
� �

�#

27. y ln ln x  ln (x 1)  yœ œ � � � Ê œ � � œ � œ �" " " " " �
� # # � � �

w � �

x x 1 x x 1 2x(x 1) 2x(x 1)
2(x 1) x 3x 2È ˆ ‰

28. y  ln ln (1 x) ln (1 x)   y ( 1)œ œ � � � Ê œ � � œ œ" � " " " " " � � � "
# � # # � � # � "� �

w1 x 1 x 1 x
1 x 1 x 1 x (1 x)( x) 1 xc d � ‘ˆ ‰ ’ “ #
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29. y   œ Ê œ œ œ1 ln t 2
1 ln t dt (1 ln t) (1 ln t) t(1 ln t)

dy�
� � � �

(1 ln t) (1 ln t)� � � � � �ˆ ‰ ˆ ‰" �" " "

t t t t t t
ln t ln t

# # #

30. y ln t ln t   ln t ln t ln t tœ œ Ê œ œÉ È ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰"Î# "Î# "Î# "Î# "Î#"Î# �"Î# �"Î#" " "
# #

dy
dt dt dt

d d
t† † †

"Î#

 ln t tœ œ" " " "
# #

"Î# �"Î#�"Î#ˆ ‰
† †t 4t ln t

"Î# É È

31. y ln (sec (ln ))  (sec (ln )) (ln )œ Ê œ œ œ) ) )
dy sec (ln ) tan (ln ) tan (ln )
d sec (ln ) d sec (ln ) d

d d
) ) ) ) ) )

) ) )"
† †

32. y ln (ln sin ln cos ) ln (1 2 ln )  œ œ � � � Ê œ � �
Èsin  cos 

1 2 ln d sin cos 1  ln 
dy cos sin ) )

) ) ) ) )

) )

� # # �#
" "

) ) ) ˆ ‰ 2
)

 cot tan œ � �"
# �’ “) )

4
(1 2 ln )) )

33. y ln 5 ln x 1  ln (1 x)  y ( 1)œ œ � � � Ê œ � � œ �Š ‹ a b ˆ ‰a bÈx 1

1 x
5 2x 10x

x 1 1 x x 1 (1 x)

# &

# #

�

�
# w" " " "

# � # � � # �
†

34. y ln [5 ln (x 1) 20 ln (x 2)]  yœ œ � � � Ê œ � œÉ ˆ ‰ ’ “(x 1) (x 2) 4(x 1)
(x 2) x 1 x (x 1)(x 2)

5 20 5� � � �
� # # � �# # � �

" "w&

#!

 œ � 5 3x 2
(x 1)(x )# � �#

�’ “
35. y  ln t dt  ln x x ln 2x ln x x ln œ Ê œ � œ �'

x 2

x

#

#

Î
È Š ‹ Š ‹ Š ‹È a b k kÉdy

dx dx dx
d x d x x

2
# #

# #† †

# # k kÈ

36. y ln t dt  ln x x ln x x ln x x ln x xœ Ê œ � œ �'
Èx

È3
3 3 3

x
dy
dx dx dx 3

d dˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È È È È È È
† †

" "�#Î$ �"Î#
#

 œ �
ln x ln x

3 x 2 x

È ÈÈ È
3

3 2

37.  dx ln x ln 2 ln 3 ln  38.  dx ln 3x 2 ln 2 ln 5 ln ' '
� �

�

3 1

2 0
" �# !

�$ �"�#x 3 3x 5
2 3 2œ œ � œ œ � œ � œc d c dk k k k

39.  dy ln y 25 C 40.  dr ln 4r 5 C' '2y
y 25 4r 5

8r
# #� �

# #œ � � œ � �k k k k
41.  dt ln 2 cos t ln 3 ln 1 ln 3; or let u 2 cos t  du sin t dt with t 0'

0

1

sin t
2 cos t� !œ � œ � œ œ � Ê œ œc dk k 1

  u 1 and t   u 3  dt   du ln u ln 3 ln 1 ln 3Ê œ œ Ê œ Ê œ œ œ � œ1 ' '
0 1

31

sin t
2 cos t u�

" $
"c dk k

42.  d ln 1 4 cos ln 1 2 ln 3 ln ; or let u 1 4 cos   du 4 sin  d'
0

31Î
4 sin 

1 4 cos 3
)

)

1

�
Î$

!
"

) ) ) ) )œ � œ � œ � œ œ � Ê œc d k kk k
 with 0  u 3 and   u 1   d   du ln u ln 3 ln ) ) )œ Ê œ � œ Ê œ � Ê œ œ œ � œ1 )

)3 1 4 cos u 3
4 sin ' '

0 3

3 11Î �

��
" "�"

�$c dk k
43. Let u ln x  du  dx; x 1  u 0 and x 2  u ln 2;œ Ê œ œ Ê œ œ Ê œ"

x

  dx 2u du u (ln 2)' '
1 0

2 ln 2 ln 2

0
2 ln x

x œ œ œc d# #

44. Let u ln x  du  dx; x 2  u ln 2 and x 4   u ln 4;œ Ê œ œ Ê œ œ Ê œ"
x

  du ln u ln (ln 4) ln (ln 2) ln ln ln ln 2' '
2 ln 2

4 ln 4
ln 4
ln 2

dx ln 4 ln 2 2 ln 2
x ln x u ln 2 ln 2 ln 2œ œ œ � œ œ œ œ" c d ˆ ‰ ˆ ‰Š ‹#
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45. Let u ln x  du  dx; x 2  u ln 2 and x 4  u ln 4;œ Ê œ œ Ê œ œ Ê œ"
x

 u  du' '
2 ln 2

4 ln 4 ln 4

ln 2
dx

x(ln x) u ln 4 ln ln ln 2 2 ln ln  ln 2 ln 4# #œ œ � œ � � œ � � œ � � œ œ�# " " " " " " " " "
# # # # #

� ‘
46. Let u ln x  du  dx; x 2  u ln 2 and x 16  u ln 16;œ Ê œ œ Ê œ œ Ê œ"

x

  u  du u ln 16 ln 2 4 ln 2 ln 2 2 ln 2 ln 2 ln 2' '
2 ln 2

16 ln 16 ln 16

ln 2
dx

2x ln xÈ œ œ œ � œ � œ � œ"
#

�"Î# "Î#� ‘ È È È È È È È
47. Let u 6 3 tan t  du 3 sec t dt;œ � Ê œ #

  dt ln u C ln 6 3 tan t C' '3 sec t du
6 3 tan t u

#

� œ œ � œ � �k k k k
48. Let u 2 sec y  du sec y tan y dy;œ � Ê œ

  dy ln u C ln 2 sec y C' 'sec y tan y
sec y u

du
#� œ œ � œ � �k k k k

49. Let u cos   du  sin  dx  2 du sin  dx; x 0  u 1 and x   u ;œ Ê œ � Ê � œ œ Ê œ œ Ê œx x x
2# # # # #

" "1 È
 tan  dx  dx 2 2 ln u 2 ln 2 ln 2 ln 2' ' '

0 0 1

2 2 1 2
1 2
1

1 1Î Î Î
Îx dusin 

cos u 2#
"œ œ � œ � œ � œ œ

x

x
#

#

È
Èc dk k ÈÈ

50. Let u sin t  du cos t dt; t   u  and t   u 1;œ Ê œ œ Ê œ œ Ê œ1 1

4 2
"

#È
 cot t dt   dt ln u ln ln 2' ' '

1 1

1 1

Î Î Î

Î Î

4 4 1 2

2 2 1

œ œ œ œ � œcos t du
sin t u 2È c dk k È"

"Î #
"È È

51. Let u sin   du  cos  d   6 du 2 cos  d ;   u  and   u ;œ Ê œ Ê œ œ Ê œ œ Ê œ) ) ) 1

3 3 3 3
3" "

# # #) ) ) ) 1
È

 2 cot  d  d 6  6 ln u 6 ln ln 6 ln 3 ln 27' ' '
1 1

1 1

Î Î Î

Î
Î

Î2 2 1 2

3 2
3 2

1 2
)

3 u
2 cos 

sin 
du 3

) )œ œ œ œ � œ œ
)

)

3

3

È
Èc dk k Š ‹ ÈÈ

# #
"

52. Let u cos 3x  du 3 sin 3x dx  2 du 6 sin 3x dx; x 0   u 1 and x   u ;œ Ê œ � Ê � œ œ Ê œ œ Ê œ1

1 2#
"È

 6 tan 3x dx  dx 2 2 ln u 2 ln ln 1 2 ln 2 ln 2' ' '
0 0 1

12 12 1 2
1 2
1

1 1Î Î Î
Îœ œ � œ � œ � � œ œ6 sin 3x du

cos 3x u 2

È
Èc dk k È"È

53.   ; let u 1 x  du  dx;  ln u C' ' 'dx dx dx du
2 x 2x 2 x 1 x x 2 x 1 x uÈ È È È È Èˆ ‰ ˆ ‰� � # �

"œ œ � Ê œ œ œ �È k k'
 ln 1 x C ln 1 x Cœ � � œ � �¸ ¸ ˆ ‰È È
54. Let u sec x tan x  du sec x tan x sec x  dx (sec x)(tan x sec x) dx  sec x dx ;œ � Ê œ � œ � Ê œa b# du

u

  (ln u)  du 2(ln u) C 2 ln (sec x tan x) C' sec x dx du
ln (sec x tan x) u ln u uÈ È�

�"Î# "Î#"œ œ œ � œ � �' ' È
†

55. y x(x 1) (x(x 1))   ln y  ln (x(x 1))  2 ln y ln (x) ln (x 1)  œ � œ � Ê œ � Ê œ � � Ê œ �È "Î# " " "
# �

2y
y x x 1

w

  y x(x 1)Ê œ � � œ œw " " " � "
# � �

� �

�
ˆ ‰ ˆ ‰È

x x 1 2x(x 1)
x(x 1) (2x 1) 2x

2 x(x 1)

È È

56. y x 1 (x 1)   ln y ln x 1 2 ln (x 1)   œ � � Ê œ � � � Ê œ �Èa b c da b ˆ ‰# # " "
# # � �

# y
y x 1 x 1

2x 2w

#

  y x +1 (x 1) x 1 (x 1)Ê œ � � œ � � œw # # # #
� � � �

" � � � � � �

� �
È Èa b a bˆ ‰ ’ “x x x x 1

x 1 x 1 x 1 (x 1)
2x x 1  x 1

x 1 (x 1)# #

# # #

#a b a b k kÈ

57. y   ln y [ln t ln (t 1)]   œ œ Ê œ � � Ê œ �É ˆ ‰ ˆ ‰t t
t 1 t 1 y dt t t 1

dy
� � # # �

"Î# " " " " "

  Ê œ � œ œdy
dt t 1 t t 1 t 1 t(t 1)

t t
2 t (t 1)

" " " " " "
# � � # � � �
É Éˆ ‰ ’ “ È $Î#
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58. y [t(t 1)]   ln y [ln t ln (t 1)]   œ œ � Ê œ � � Ê œ � �É ˆ ‰1
t(t 1) y dt t t 1

dy
� # # �

�"Î# " " " " "

  Ê œ � œ �dy
dt t(t 1) t(t 1)

1 2t 2t 1
2 t t

" �" �
# � � �
É ’ “ a b# $Î#

59. y 3 (sin ) ( 3)  sin   ln y  ln ( 3) ln (sin )   œ � œ � Ê œ � � Ê œ �È) ) ) ) ) )
"Î# " " "

# # �y d ( 3) sin 
dy cos 
) ) )

)

  3 (sin ) cot Ê œ � �dy
d 2( 3)) )

È ’ “) ) )
"
�

60. y (tan ) 2 1 (tan )(2 1)   ln y ln (tan )  ln (2 1)   œ � œ � Ê œ � � Ê œ �) ) ) ) ) )È ˆ ‰ ˆ ‰"Î# " " "
# # # �y d tan 1

dy sec 2
) ) )

)
#

  (tan ) 2 1 sec 2 1Ê œ � � œ � �dy
d tan 1

sec tan 
2 1) ) )

) )

)
) ) ) )È ÈŠ ‹ a b# "

# �
#

�È

61. y t(t 1)(t 2)  ln y ln t ln (t 1) ln (t 2)   œ � � Ê œ � � � � Ê œ � �" " " "
� �#y dt t t 1 t

dy

  t(t 1)(t+2) t(t 1)(t 2) 3t 6t 2Ê œ � � � œ � � œ � �dy (t 1)(t 2) t(t 2) t(t 1)
dt t t 1 t t(t 1)(t 2)

ˆ ‰ ’ “" " "
� �# � �

� � � � � � #

62. y   ln y ln 1 ln t ln (t 1) ln (t 2)   œ Ê œ � � � � � Ê œ � � �" " " " "
� � � �#t(t 1)(t 2) y dt t t 1 t

dy

  Ê œ � � � œdy (t 1)(t 2) t(t 2) t(t 1)
dt t(t 1)(t 2) t t 1 t t(t 1)(t ) t(t 1)(t 2)

" " " " �"
� � � �# � �# � �

� � � � � �� ‘ ’ “
 œ � 3t 6t 2

t 3t 2t

#

$ # #

� �
� �a b

63. y ln y ln ( 5) ln ln (cos )  tan œ Ê œ � � � Ê œ � � Ê œ � �) ) )

) ) ) ) ) ) ) ) ) ) )

� " " " � " "
� �

5 sin 5
 cos y d 5 cos d  cos 5

dy dy
) ) ) )ˆ ‰ ˆ ‰

64. y   ln y ln ln (sin )  ln (sec )   œ Ê œ � � Ê œ � �) ) )

) ) ) ) )

) ) sin cos 
sec y d sin 2 sec 

dy (sec )(tan )È ) ) )
" " "
# ’ “

  cot  tan Ê œ � �dy
d

 sin 
sec ) )

) )

)È ˆ ‰" "
#) )

65. y   ln y ln x  ln x 1  ln (x 1)  œ Ê œ � � � � Ê œ � �x x 1 y
(x 1)

2 x 2
3 y x x 1 3(x 1)

È #

#Î$

w

#
�

�
" "
# � �

#a b
  yÊ œ � �w �

�
"

� �
x x 1
(x 1) x x 1 3(x 1)

x 2È #

#Î$ #’ “
66. y   ln y [10 ln (x 1) 5 ln (2x 1)]  œ Ê œ � � � Ê œ �É (x 1) y

(2x 1) y x 1 2x 1
5 5�

� # � �
""!

&

w

  yÊ œ �w �
� � �

É ˆ ‰(x 1)
(2x 1) x 1 2x 1

5 5"!

&

67. y   ln y ln x ln (x 2) ln x 1   œ Ê œ � � � � Ê œ � �É c da b ˆ ‰3 x(x 2) y
x 1 3 y 3 x x x 1

2x�
� �# �

" " " "#
# #

w

  yÊ œ � �w " " "�
� �# �3 x 1 x x x 1

x(x 2) 2xÉ ˆ ‰3
# #

68. y  ln y ln x ln (x 1) ln (x 2) ln x 1 ln (2x 3)œ Ê œ � � � � � � � �É c da b3 x(x 1)(x 2)
x 1 (2x 3) 3

� �
� �

" #a b#

  yÊ œ � � � �w " " " "� �
� � � �# � �3 x 1 (2x 3) x x 1 x x 1 2x 3

x(x 1)(x 2) 2x 2É ˆ ‰3 a b# #

69. (a) f(x) ln (cos x)  f (x) tan x 0  x 0; f (x) 0 for x 0 and f (x) 0 forœ Ê œ � œ � œ Ê œ � � Ÿ � �w w wsin x
cos x 4

1

 0 x   there is a relative maximum at x 0 with f(0) ln (cos 0) ln 1 0; f ln cos� Ÿ Ê œ œ œ œ � œ �1 1 1

3 4 4
ˆ ‰ ˆ ‰ˆ ‰

 ln  ln 2 and f ln cos ln ln 2.  Therefore, the absolute minimum occurs atœ œ � œ œ œ �Š ‹ ˆ ‰ ˆ ‰ˆ ‰" " "
# #È2 3 3

1 1

 x  with f ln 2 and the absolute maximum occurs at x 0 with f(0) 0.œ œ � œ œ1 1

3 3
ˆ ‰
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 (b) f(x) cos (ln x)  f (x) 0  x 1; f (x) 0 for x 1 and f (x) 0 for 1 x 2œ Ê œ œ Ê œ � Ÿ � � � Ÿw w w� "
#

sin (ln x)
x

  there is a relative maximum at x 1 with f(1) cos (ln 1) cos 0 1; f cos lnÊ œ œ œ œ œˆ ‰ ˆ ‰ˆ ‰" "
# #

 cos ( ln 2) cos (ln 2) and f(2) cos (ln 2).  Therefore, the absolute minimum occurs at x  andœ � œ œ œ "
#

 x 2 with f f(2) cos (ln 2), and the absolute maximum occurs at x 1 with f(1) 1.œ œ œ œ œˆ ‰"
#

70. (a) f(x) x ln x  f (x) 1 ; if x 1, then f (x) 0 which means that f(x) is increasingœ � Ê œ � � �w w"
x

 (b) f(1) 1 ln 1 1  f(x) x ln x 0, if x 1 by part (a)  x ln x if x 1œ � œ Ê œ � � � Ê � �

71. (ln 2x ln x) dx ( ln x ln 2 ln x) dx (ln 2) dx (ln 2)(5 1) ln 2 ln 16' ' '
1 1 1

5 5 5

� œ � � � œ œ � œ œ%

72. A tan x dx tan x dx  dx  dx ln cos x ln cos xœ � � œ � œ �' ' ' '
� Î � Î

Î Î

1 1

1 1

4 0 4 0

0 3 0 3
� � !

� Î%
Î$

!
sin x sin x

cos x cos x c d c dk k k k
1

1

 ln 1 ln ln ln 1 ln 2 ln 2  ln 2œ � � � œ � œŠ ‹ ˆ ‰ È" "
# #È2

3

73. V  dy 4   dy 4 ln y 1 4 (ln 4 ln 1) 4  ln 4œ œ œ � œ � œ1 1 1 1 1' '
0 0

3 3Š ‹ c dk k2
y 1 y 1È �

#
"
�

$
!

74. V  cot x dx    dx ln (sin x) ln 1 ln  ln 2œ œ œ œ � œ1 1 1 1 1' '
1 1

1 1

Î Î

Î Î

6 6

2 2
cos x
sin x c d ˆ ‰1

1

Î#
Î'

"
#

75. V 2 x  dx 2   dx 2 ln x 2 ln 2 ln 2 (2 ln 2)  ln 2  ln 16œ œ œ œ � œ œ œ1 1 1 1 1 1 1' '
1 2 1 2

2 2

Î Î
ˆ ‰ ˆ ‰c dk k" " "#

"Î# #
%

x x#

76. V  dx 27  dx 27 ln x 9 27 (ln 36 ln 9) 27 (ln 4 ln 9 ln 9)œ œ œ � œ � œ � �1 1 1 1 1' '
0 0

3 3Š ‹ c da b9x
x 9È $ �

#
$ $

!

 27  ln 4 54  ln 2œ œ1 1

77. (a) y ln x  1 y 1 1   L 1 y  dxœ � Ê � œ � � œ � œ Ê œ �x x x 4 x 4
8 4 x 4x 4x

# # #a b a bˆ ‰ Š ‹ Š ‹ Éw # " � �# # #
w #'

4

8

  dx  dx ln x (8 ln 8) (2 ln 4) 6 ln 2œ œ � œ � œ � � � œ �' '
4 4

8 8
x 4 x x

4x 4 x 8

# #� "
)

%
ˆ ‰ ’ “k k

 (b) x 2 ln     1 1 1œ � Ê œ � Ê � œ � � œ � œˆ ‰ ˆ ‰ Š ‹ Š ‹ Š ‹ Š ‹y y y y y 16 y 16
4 4 dy 8 y dy 8 y 8y 8y

dx 2 dx 2# # # # #
� �# #

  L 1  dy  dy  dy 2 ln y (9 2 ln 12) (1 2 ln 4)Ê œ � œ œ � œ � œ � � �' ' '
4 4 4

12 12 12Ê Š ‹ Š ‹ ’ “dx 2
dy 8y 8 y 16

y 16 y y
# "#

�

%

# #

 8 2 ln 3 8 ln 9œ � œ �

78. L 1  dx    y ln x C ln x C since x 0  0 ln 1 C  C 0  y ln xœ � Ê œ Ê œ � œ � � Ê œ � Ê œ Ê œ'
1

2É k k" "
x dx x

dy
#

79. (a) M x  dx 1, M  dx   dx , M  dx ln x ln 2y x1 1 1 1

2 2 2 2

œ œ œ œ œ � œ œ œ œ' ' ' 'ˆ ‰ ˆ ‰ ˆ ‰ � ‘ c dk k" " " " " " " "
#

#

"
#
"x 2x x x 2x 4 x#

  x 1.44 and y 0.36Ê œ œ ¸ œ œ ¸
M
M ln 2 M ln 2

My x 4" ˆ ‰"
 (b) 
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402 Chapter 7 Transcendental Functions

80. (a) M x  dx x  dx x 42; M  dx   dxy x1 1 1 1

16 16 16 16

œ œ œ œ œ œ' ' ' 'Š ‹ Š ‹Š ‹� ‘" " " " ""Î# $Î# "'

" #È È Èx 2 x x
2
3 x

 ln x ln 4, M  dx 2x 6  x 7 and yœ œ œ œ œ Ê œ œ œ œ" "
#

"'
"

"Î# "'

"
c dk k � ‘'

1

16

Èx
M
M M 6

M ln 4y x

 (b) M x  dx 4 dx 60, M  dx  x  dxy x1 1 1 1

16 16 16 16

œ œ œ œ œ #' ' ' 'Š ‹Š ‹ Š ‹Š ‹Š ‹" " " �$Î#È È È È Èx x 2 x x x
4 4

 4 x 3, M  dx 4  dx 4 ln x 4 ln 16  x   andœ � œ œ œ œ œ Ê œ œ� ‘ Š ‹Š ‹ c dk k�"Î# "'

"
" " "'

"
' '

1 1

16 16

È Èx x
4 15

x M ln 16
My

 y œ œM
M 4 ln 16

3x

81. f x ln x 1 , domain of f: 1, f x ; f x 0 3x 0 x 0, not in the domain;a b a b a b a b a bœ � _ Ê œ œ Ê œ Ê œ3 23x
x 1

w w
�

2

3

 f x undefined x 1 0 x 1, not in domain. On 1, , f x 0 f is increasing on 1, w wa b a b a b a bœ Ê � œ Ê œ _ � Ê _3

 f is one-to-oneÊ

82. g x x ln x, domain of g: x 0.652919 g x ; g x 0 2x 1 0 no reala b a b a bÈœ � � Ê œ œ œ Ê � œ Ê2 2x

2 x ln x 2x x ln x
2x 1 2w w�

� �

�
1
x

2 2

2È È
 solutions; g x undefined 2x x ln x 0 x 0 or x 0.652919, neither in domain. On x 0.652919,wa b Èœ Ê � œ Ê œ ¸ �2

 g x 0 g is increasing for x 0.652919 g is one-to-onewa b � Ê � Ê

83. 1  at ( 3)  y x ln x C; y 3 at x 1  C 2  y x ln x 2dy
dx xœ � "ß Ê œ � � œ œ Ê œ Ê œ � �" k k k k

84. sec x  tan x C and 1 tan 0 C  tan x 1  y (tan x 1) dxd y dy dy
dx dx dx

#

# œ Ê œ � œ � Ê œ � Ê œ �# '
 ln sec x x C  and 0 ln sec 0 0 C   C 0  y ln sec x xœ � � œ � � Ê œ Ê œ �k k k k k k" " "

85. (a) L(x) f(0) f (0) x, and f(x) ln (1 x)  f (x) 1  L(x) ln 1 1 x  L(x) xœ � œ � Ê œ œ Ê œ � Ê œw w "
�† †k ¸

x 0  x 0œ
œ

1 x

 (b) Let f x ln x . Since f x  on , the graph of f is concave down on this interval and thea b a b a bœ � " œ � � ! Ò!ß !Þ"Óww "
�"a bx #

 largest error in the linear approximation will occur when x . This error is ln  to fiveœ !Þ" !Þ" � "Þ" ¸ !Þ!!%'*a b
 decimal places.
 (c) The approximation y x for ln (1 x) is best for smallerœ �

 positive values of x; in particular for 0 x 0.1 in theŸ Ÿ

 graph.  As x increases, so does the error x ln (1 x).� �

 From the graph an upper bound for the error is
 0.5 ln (1 0.5) 0.095; i.e., E(x) 0.095 for� � ¸ Ÿk k
 0 x 0.5.  Note from the graph that 0.1 ln (1 0.1)Ÿ Ÿ � �

 0.00469 estimates the error in replacing ln (1 x) by¸ �

 x over 0 x 0.1.  This is consistent with the estimateŸ Ÿ

 given in part (b) above.  

86. For all positive values of x,  and 0 . Since  and  haveln lnln a ln x ln a ln xd 1 a 1 d 1 1
dx x x dx x x

a a
x xc d c dœ † � œ � œ � œ �� �a

x
2

 the same derivative, then ln ln a ln x C for some constant C. Since this equation holds for all positve values of x,a
x œ � �

 it must be true for x 1 ln ln 1 ln x C 0 ln x C ln ln x C. By part 3 we know thatœ Ê œ � � œ � � Ê œ � �1 1
x x

 ln ln x C 0 ln ln a ln x.1 a
x xœ � Ê œ Ê œ �
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87. (a)  (b) y . Since sin x  and cos x  are less thanw
�œ l l l lcos x

a sin x

 or equal to 1, we have for a � "

 y  for all x.�" "
�" �"

w
a aŸ Ÿ

 Thus, y for all x the graph of y lookslim
aÄ�_

w œ ! Ê

 more and more horizontal as a .Ä �_

88. (a) The graph of y x ln x  to be concaveœ �È appears

 upward for all x 0.�

 

 (b) y x ln x  y   y 1 0  x 4  x 16.œ � Ê œ � Ê œ � � œ � � œ Ê œ Ê œÈ ÈŠ ‹w ww" " " " "
#È

È
x x x x 44x

x
$Î# # #

 Thus, y 0 if 0 x 16 and y 0 if x 16 so a point of inflection exists at x 16.  The graph ofww ww� � � � � œ

 y x ln x closely resembles a straight line for x 10 and it is impossible to discuss the point ofœ �  È
 inflection visually from the graph.

7.3  EXPONENTIAL FUNCTIONS

 1. (a) e 27  ln e ln 3   ( 0.3t) ln e 3 ln 3  0.3t 3 ln 3  t 10 ln 3� Þ � Þ $0 3t 0 3tœ Ê œ Ê � œ Ê � œ Ê œ �

 (b) e   ln e ln 2 kt ln e ln 2  tkt kt ln 2
kœ Ê œ œ œ � Ê œ �"

#
�"

 (c) e 0.4  e 0.4  0.2 0.4  ln 0.2 ln 0.4  t ln 0.2 ln 0.4  tÐ Þ Ñ Þln 0 2 t ln 0 2 t tt ln 0.4
ln 0.2œ Ê œ Ê œ Ê œ Ê œ Ê œˆ ‰

 2. (a) e 1000  ln e ln 1000  ( 0.01t) ln e ln 1000 0.01t ln 1000  t 100 ln 1000� Þ � Þ0 01t 0 01tœ Ê œ Ê � œ Ê � œ Ê œ �

 (b) e   ln e ln 10 kt ln e ln 10  kt ln 10  tkt kt
10 k

ln 10œ Ê œ œ œ � Ê œ � Ê œ �" �"

 (c) e   e 2   2 2   t 1Ð Ñ �" �""
#

ln 2 t ln 2 tt
œ Ê œ Ê œ Ê œ �ˆ ‰

 3. e x   ln e ln x   t 2 ln x  t 4(ln x)È Èt tœ Ê œ Ê œ Ê œ# # #È
 4. e e e   e e   ln e ln e   t x 2x 1x 2x 1 t x 2x 1 t x 2x 1 t# # #� � � � � #œ Ê œ Ê œ Ê œ � �

 5. y e   y e  ( 5x)  y 5e  œ Ê œ � Ê œ �� w � w �5x 5x 5xd
dx

 6. y e   y e    y eœ Ê œ Ê œ2x 3 2x 3 2x 3d 2x 2
dx 3 3

Î w Î w Îˆ ‰
 7. y e   y e  (5 7x)  y 7eœ Ê œ � Ê œ �5 7x 5 7x 5 7xd

dx
� w � w �

 8. y e   y e  4 x x   y 2x eœ Ê œ � Ê œ �ˆ ‰ ˆ ‰ ˆ ‰È È ÈÈ4 x x 4 x x 4 x xd 2
dx x

� w � # w �# # #ˆ ‰È Š ‹
 9. y xe e   y e xe e xe  œ � Ê œ � � œx x x x x xw a b
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10. y (1 2x) e   y 2e (1 2x)e  ( 2x)  y 2e 2(1 2x) e 4xeœ � Ê œ � � � Ê œ � � œ �� w � � w � � �2x 2x 2x 2x 2x 2xd
dx

11. y x 2x 2 e   y (2x 2)e x 2x 2 e x eœ � � Ê œ � � � � œa b a b# w # #x x x x

12. y 9x 6x 2 e y (18x 6)e 9x 6x 2 e  (3x) y (18x 6)e 3 9x 6x 2 eœ � � Ê œ � � � � Ê œ � � � �a b a b a b# w # w #3x 3x 3x 3x 3xd
dx

 27x eœ # 3x

13. y e (sin cos )  y e (sin cos ) e (cos sin ) 2e  cos œ � Ê œ � � � œ) ) ) )
) ) ) ) ) ) )

w

14. y ln 3 e ln 3 ln ln e ln 3 ln   1œ œ � � œ � � Ê œ �ˆ ‰) ) ) )
� � ") )

) )

dy
d

15. y cos e   sin e  e sin e e  2 e  sin eœ Ê œ � œ � � œŠ ‹ Š ‹ Š ‹ Š ‹Š ‹ Š ‹Š ‹ a b� � � � � # � �) ) ) ) ) ) )

) ) )

# # # # # # #dy
d d d

d d
) )

16. y e  cos 5   3 e  cos 5  cos 5 e  ( 2 ) 5(sin 5 ) eœ Ê œ � � �) ) ) ) ) ) ) ) )
$ �# # �# $ �# $ �#) ) ) )

) )

dy
d d

da b a bˆ ‰ ˆ ‰
 e (3 cos 5 2  cos 5 5  sin 5 )œ � �) ) ) ) ) )

# �#)

17. y ln 3te ln 3 ln t ln e ln 3 ln t t  1œ œ � � œ � � Ê œ � œa b� � " �t t dy
dt t t

1 t

18. y ln 2e  sin t ln 2 ln e ln sin t ln 2 t ln sin t  1  (sin t) 1œ œ � � œ � � Ê œ � � œ � �a b ˆ ‰� � "t t dy
dt sin t dt sin t

d cos t

 œ cos t sin t
sin t
�

19. y ln ln e ln 1 e ln 1+e   1  1 e 1œ œ � � œ � Ê œ � � œ � œe d e
1 e 1 e 1 e 1 e

dy
d d

) )

) ) ) )� � � �
" ") ) ) )

) )
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰)

20. y ln ln ln 1     1œ œ � � Ê œ � �
ÈÈ È È)

) ) )) ) )1 1
dy
d d d

d d
� �

" "È È È ÈŠ ‹ Š ‹ Š ‹ Š ‹ Š ‹) ) ) )

 œ � œ œ œŠ ‹Š ‹ Š ‹Š ‹" " " " " "

# � #

� �

� # � # �È È È È
Š ‹È È

Š ‹ Š ‹È È a b) ) ) )

) )

) ) ) ) ) )1

1

2 1 1 1 "Î#

21. y e e e te   e te  (cos t) (1 t sin t) eœ œ œ Ê œ � œ �Ð � Ñcos t ln t cos t ln t cos t cos t cos t cos tdy
dt dt

d

22.  y e ln t 1   e (cos t) ln t 1 e e ln t 1 (cos t)œ � Ê œ � � œ � �sin t sin t sin t sin tdy
dt t t

2 2a b a b a b� ‘# # #

23.  sin e  dt  y sin e (ln x)'
0

ln x
t ln x d sin x

dx xÊ œ œw ˆ ‰
†

24. y  ln t dt  y ln e e ln e e (2x) 2e 4 x e 4 xœ Ê œ � œ �'
e

e
2x 2x 4 x 4 x 2x 4 xd d d

dx dx dx4 x

2x

È
w a b a b a bŠ ‹ Š ‹ Š ‹ˆ ‰ ˆ ‰È È

† † †

È È È
 4xe 4 x e 4xe 8eœ � œ �2x 4 x 2x 4 x2

x
È Š ‹È ÈÈ

25. ln y e  sin x  y y e (sin x) e  cos x  y e  sin x e  cos xœ Ê œ � Ê � œy y y y y
y yŠ ‹ Š ‹a b" "w w w

  y e  cos x  yÊ œ Ê œw w�
�Š ‹1 ye  sin x ye  cos x

y 1 ye  sin x
yy y

y
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x x

xe  cos ya b# w w" � "a bx #

29. e 5e  dx 5e C 30. 2e 3e  dx 2e e C' 'a b a b3x x x x 2x x 2xe 3
3� œ � � � œ � �� � � �

#

3x

31. e  dx e e e 3 2 1 32. e  dx e e e 1 2 1' '
ln 2 ln 2

ln 3
x x ln 3 ln 2 x x ln 2ln 3

ln 2 ln 2œ œ � œ � œ œ � œ � � œ � � œc d c d
�

� � !
�

0
0

33. 8e  dx 8e C 34. 2e  dx e C' 'Ð � Ñ Ð � Ñ Ð � Ñ Ð � Ñx 1 x 1 2x 1 2x 1œ � œ �
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59. y x   y x  60. y t   (1 e) tœ Ê œ œ Ê œ �1 1w
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� �
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� � � �
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ln 7 d ln 7 ln 7  ln 7 ln 7

dy) ) )

) )

" "

76. y log  œ œ œ7 ˆ ‰sin  cos 
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� � � � � �
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2 log (x 1) (ln (x 1)) (ln 10) (ln )

x 1 ln 10 x 1 ln 10 ln 10 2
2 2 210 � � "

� � # #
"

*

!
œ � œ œ � œˆ ‰ ˆ ‰ ˆ ‰’ “ ’ “# # #

104.  dx  ln (x 1)  dx ln 2' '
2 2

3 3
2 log (x 1) (ln (x 1)) (ln 2) (ln )

x 1 ln 2 x 1 ln 2 ln 2 2
2 2 22 � � "

� � # #
"

$

#
œ � œ œ � œˆ ‰ ˆ ‰ ˆ ‰’ “ ’ “# # #

105.   dx (ln 10)  dx; u ln x  du  dx' ' 'dx ln 10
x log  x ln x x ln x x x10

œ œ œ Ê œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ � ‘" " " "

  (ln 10)  dx (ln 10)   du (ln 10) ln u C (ln 10) ln ln x CÄ œ œ � œ �' 'ˆ ‰ ˆ ‰ k k k k" " "
ln x x u

106.   (ln 8)    dx (ln 8)  C C' ' 'dx dx
x (log  x) x 1 ln xx

(ln x) (ln x) (ln 8)
8

# #

�# �" #

œ œ œ � œ � �ˆ ‰ln x
ln 8

# #
�

107.  dt ln t ln ln x ln 1 ln (ln x), x 1'
1

ln x
"
t

ln x
1œ œ � œ �c d k kk k

108.  dt ln t ln e ln 1 x ln e x'
1

e
e x

x
x"

t 1œ œ � œ œc dk k
109.  dt ln t ln ln 1 ln 1 ln x ln 1 ln x, x 0'

1

1/x
x

1
" "
t xœ œ � œ � � œ � �c d a bk k k k¸ ¸"Î

110.   dt  ln t log  x, x 0" " "
ln a t ln a ln a ln a

ln x ln 1'
1

x x

1 aœ œ � œ �� ‘k k
111. y (x 1)   ln y ln (x 1) x ln (x 1)  ln (x 1) x   y (x 1) ln (x 1)œ � Ê œ � œ � Ê œ � � Ê œ � � �x x xy

y (x 1) x 1
xw

†

"
� �

w � ‘
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112. y x x y x x ln y x ln x 2x ln x y 2x 2x 2 ln x 2 2ln xœ � Ê � œ Ê � œ œ Ê � œ † � † œ �2 2x 2 2x 2 2x 1 1
y x xa b a b�

w
2

 y 2x y x 2 2ln x y x x x 2 2ln x 2x 2 x x x ln xÊ � œ � � Ê œ � � � � œ � �w wa ba b a ba b a ba b2 2 2x 2 2x 2x

113. y t t t ln y ln t  ln t  (ln t)œ œ œ Ê œ œ Ê œ � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰È t t t t"Î# Î#
# # # # #

" " " "Î# t t ln t
y dt t

dy

 tÊ œ �dy
dt

ln tˆ ‰ ˆ ‰È t

# #
"

114. y t t ln y ln t t (ln t)  t (ln t) t tœ œ Ê œ œ Ê œ � œ Ê œÈ Èˆ ‰ ˆ ‰t t t t"Î# "Î# ˆ ‰ ˆ ‰ ˆ ‰ Š ‹"Î# �"Î# "Î#" " " � �
#y dt t dt

dy dyln t 2 ln t 2
2 t 2 tÈ È

115. y (sin x)   ln y ln (sin x) x ln (sin x)  ln (sin x) x   y (sin x) ln (sin x) x cot xœ Ê œ œ Ê œ � Ê œ �x x xy
y sin x

cos xw ˆ ‰ c dw

116. y x   ln y ln x (sin x)(ln x)  (cos x)(ln x) (sin x)œ Ê œ œ Ê œ � œsin x sin x y sin x x (ln x)(cos x)
y x x

w ˆ ‰" �

  y xÊ œw �sin x ’ “sin x x(ln x)(cos x)
x

117. y sin x y cos x  x ; if u x ln u ln x x ln x x 1 ln x 1 ln xœ Ê œ œ Ê œ œ Ê œ † � † œ �x x x x xw d u 1
dx u xa b w

 u x 1 ln x y cos x x 1 ln x x cos x 1 ln xÊ œ � Ê œ † � œ �w wx x x x xa b a b a b
118. y (ln x) ln y (ln x) ln (ln x) ln (ln x) (ln x)  (ln x)œ Ê œ Ê œ � œ �ln x y ln (ln x)

y x ln x dx x x
dw ˆ ‰ ˆ ‰" " "

 y (ln x)Ê œw � "Š ‹ln (ln x)
x

ln x

119. f(x) e 2x f (x) e 2; f (x) 0 e 2 x ln 2; f(0) 1, the absolute maximum; f(ln 2) 2 2 ln 2œ � Ê œ � œ Ê œ Ê œ œ œ �x x xw w

 0.613706, the absolute minimum; f(1) e 2 0.71828, a relative or local maximum since f (x) e  is always¸ œ � ¸ œww x

 positive.

120. The function f(x) 2e  has a maximum whenever sin 1 and a minimum whenever sin 1. Therefore theœ œ œ �sin x 2 x xÐ Î Ñ
# #

 maximums occur at x 2k(2 ) and the minimums occur at x 3 2k(2 ), where k is any integer.  The maximumœ � œ �1 1 1 1

 is 2e 5.43656 and the minimum is 0.73576.¸ ¸2
e

121. f x x e f x x e 1 e e x e f x e x e 1 e x e 2ea b a b a b a b a ba bœ Ê œ � � œ � Ê œ � � � � œ �� w � � � � ww � � � � �x x x x x x x x x x

 (a) f x 0 e x e e 1 x 0 e 0 or 1 x 0 x 1, f 1 1 e ; using secondw � � � � �a b a b a b a bœ Ê � œ � œ Ê œ � œ Ê œ œ œx x x x 1 1
e

 derivative test, f 1 1 e 2e 0 absolute maximum at 1, ww � �a b a b ˆ ‰œ � œ � � Ê1 1 1 1
e e

 (b) f x 0 x e 2e e x 2 0 e 0 or x 2 0 x 2, f 2 2 e ; sinceww � � � � �a b a b a b a bœ Ê � œ � œ Ê œ � œ Ê œ œ œx x x x 2 2
e2

 f 1 0 and f 3 e 3 2 0 point of inflection at 2, ww ww �a b a b a b ˆ ‰� œ � œ � Ê3 1 2
e e3 2

122. f x f x f xa b a b a bœ Ê œ œ Ê œe e e
1 e

1 e e e 2e 1 e e 3e e e 2 1 e 2e

1 e 1 e 1 e

x x 3x

2x 2 2 2

2x x x 2x 2x x 3x x 3x 2x 2x

2x 2x

2

2x 2�
w ww� � � � � � �

� �

�

�

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰
a b a b ’ “a b

 œ
e 1 6e e

1 e

x 2x 4x

2x 3

ˆ ‰
a b� �

�

 (a) f x 0 e e 0 e 1 e 0 e 1 x 0; f 0 ;w
�

a b a b a bœ Ê � œ Ê � œ Ê œ Ê œ œ œx 3x x 2x 2x e 1
1 e 2

0

2 0a b

 f x undefined 1 e 0 e 1 no real solutions. Using the second derivative test,wa b a bœ Ê � œ Ê œ � Ê2x 2x2

 f 0 0 absolute maximum at 0, ww � �

�

�a b ˆ ‰œ œ � Ê
e 1 6e e

1 e
4 1

8 2

0 2 0 4 0

2 0 3

ˆ ‰
a b

a b a b

a b

 (b) f x 0 e 1 6e e e 0 or 1 6e e 0 e 3 2 2,ww � � „ �a b a b Èœ Ê � � Ê œ � � œ Ê œ œ „x 2x 4x x 2x 4x 2x 6 36 4
2

a b È

 x  or x . f  and f ;Ê œ œ œ œ
ln 3 2 2 ln 3 2 2 ln 3 2 2 ln 3 2 2

2 2 2 2

3 2 2 3 2 2

4 2 2 4 2 2

Š ‹ Š ‹ Š ‹ É Š ‹ ÉÈ È È ÈÈ È
È È

� � � �� �

� �� � � �
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 since f 1 0,  f 0 0, and f 1 0 points of inflection at ,  andww ww ww
� �

�
a b a b a b � �� � � � Ê

ln 3 2 2

2

3 2 2

4 2 2

Š ‹ ÉÈ È
È

 , .� �ln 3 2 2

2

3 2 2

4 2 2

Š ‹ ÉÈ È
È

� �

�

123. f(x) x  ln f (x) 2x ln x x 2x ln x x(2 ln x 1); f (x) 0 x 0 or ln x .œ Ê œ � � œ � œ � � œ Ê œ œ �# w # �# w" " " " "
#x x xŠ ‹ a b"

x

 Since x 0 is not in the domain of f, x e .  Also, f (x) 0 for 0 x  and f (x) 0 for x .œ œ œ � � � � ��"Î# w w" " "È È Èe e e

 Therefore, f  ln e  ln e  ln e  is the absolute maximum value of f assumed at x .Š ‹ È" " " " " ""Î#
# #È Èe ee e e eœ œ œ œ œ

124. f(x) (x 3) e   f (x) 2(x 3) e (x 3) eœ � Ê œ � � �# w #x x x

 (x 3) e (2 x 3) (x 1)(x 3) e ; thusœ � � � œ � �x x

 f (x) 0 for x 1 or x 3, and f (x) 0 forw w� � � �

 1 x 3  f(1) 4e 10.87 is a local maximum and� � Ê œ ¸

 f(3) 0 is a local minimum.  Since f(x) 0 for all x,œ  

 f(3) 0 is also an absolute minimum.œ

 

125. e e  dx e e e 3 1 2 2'
0

ln 3a b ’ “ Š ‹ Š ‹ ˆ ‰ ˆ ‰2x x x ln 3e e e 9 8
ln 3

0
� œ � œ � � � œ � � � œ � œ

2x 2 ln 3

# # # # # #
! "!

126. e e  dx 2e 2e 2e 2e 2e 2e (4 1) (2 2) 5 4 1'
0

2 ln 2ˆ ‰ � ‘ ˆ ‰ a bx 2 x 2 x 2 x 2 ln 2 ln 22 ln 2

0
Î � Î Î � Î � ! !� œ � œ � � � œ � � � œ � œ

127. L 1  dx    y e C; y(0) 0  0 e C  C 1  y e 1œ � Ê œ Ê œ � œ Ê œ � Ê œ � Ê œ �'
0

1
x 2É e e

4 dx
dy x 2 0x x 2Î

#
Î Î

128. S 2  1  dy 2   1 e 2 e  dyœ � œ � � �1 1' '
0 0

ln 2 ln 2ˆ ‰ ˆ ‰ ˆ ‰É É a be e e e e e
4

2y 2yy y y yy y� � � "
# # #

# �
� �

�

 2   dy 2   dy  e 2 e dyœ œ œ � �1 1' '
0 0

ln 2 ln 2ˆ ‰ ˆ ‰ ˆ ‰É ' a be e e e e e
0
ln 2 2y 2yy y y yy y� � �

# # # #

# # �� �

� 1

 e 2y e e 2 ln 2 e 0œ � � œ � � � � �1 1

# # # # # # # #
" " " " " "� �� ‘ � ‘ˆ ‰ ˆ ‰2y 2y 2 ln 2 2 ln 2ln 2

0

 4 2 ln 2 2 2 ln 2  ln 2œ � � œ � � œ �1 1

# # # #
" " " "ˆ ‰ ˆ ‰ ˆ ‰
† † 4 8 16

15
1

129. y e e e e ; L 1 e e  dx 1  dxœ � Ê œ � œ � � œ � � �" " " "
# # # #

� � �a b a b a bÉ ˆ ‰ Éx x x xdy
dx 4 4

x x 2 e e' '
0 0

1 1 2x 2x�

  dx e e  dx e e  dx e e e 0œ � � œ � œ � œ � œ � � œ' ' '
0 0 0

1 1 1É Éˆ ‰ ˆ ‰a b a b c de e 1 e 1
4 4 e 2e

x x 2 x x x x 1
0

2x 2x 2" " " " " �
# # # # #

� � ��

130. y ln e 1 ln e 1 ; L 1  dx 1  dxœ � � � Ê œ � œ œ � œ �a b a b É ˆ ‰ Éx x dy
dx e 1 e 1 e 1 e 1

e e 2e 2e 4e2

e 1

x x x

x x 2x 2x 2

x 2x

2x� � � � �
' '

ln 2 ln 2

ln 3 ln 3

a b
  dx  dx  dx  dxœ œ œ œ œ' ' ' ' '

ln 2 ln 2 ln 2 ln 2 ln 2

ln 3 ln 3 ln 3 ln 3 ln 3É É Êe 2e 1 4e e 2e 1 e 1
e 1 e 1 e 1

e 1
e 1

4x 2x 2x 4x 2x

2x 2x 2x2 2 2 2x

2x 2 2x e 12x
� � � � � �

� � �

�
�a b a b a ba b �

ex

e 12x
ex
�

 dx

  dx; let u e e du e e dx, x ln 2 u e e 2 , x ln 3œ œ � Ê œ � œ Ê œ � œ � œ œ'
ln 2

ln 3
e e 1 3
e e 2 2

x x x x ln 2 ln 2x x

x x
�
�

� � ��

� ’ a b
 u e e 3 du ln u ln ln lnÊ œ � œ � œ Ä œ l l œ � œln 3 ln 3 1 8 1 8 3 16

3 3 u 3 2 9
8 3
3 2

� Î
Î“ c d ˆ ‰ ˆ ‰ ˆ ‰'

3 2

8 3

Î

Î

131. y ln cos x tan x; L 1 tan x  dx 1 tan x dx sec x dxœ Ê œ œ � œ � � œ � œdy
dx cos x

sin x
4 4 42 2 2�

Î Î Î' ' '
0 0 0

1 1 1É a b È È
 sec x dx ln sec x tan x ln sec tan 0 ln 2 1œ œ l � l œ l � l � œ �'

0

1
1 1 1

Î Î4 4
0 4 4c d a bˆ ‰ˆ ‰ ˆ ‰ Š ‹È
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412 Chapter 7 Transcendental Functions

132. y ln csc x cot x; L 1 cot x  dx 1 cot x dx csc x dxœ Ê œ œ � œ � � œ � œdy
dx csc x

csc x cot x
4 4 42 2 2�

Î Î Î' ' '
1 1 1Î Î Î6 6 6

1 1 1É a b È È
 csc x dx ln csc x cot x ln csc cot ln csc cotœ œ � l � l œ � l � l � l � l'

1Î6

1
1

1

1 1 1 1
Î Î

Î

4 4
6 4 4 6 6c d ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

 ln 2 1 ln 2 3 lnœ � � � � œŠ ‹ Š ‹ Š ‹È È 2 3
2 1
�

�

ÈÈ

133. (a) (x ln x x C) x ln x 1 0 ln xd
dx x� � œ � � � œ†

"

 (b) average value ln x dx x ln x x [(e ln e e) (1 ln 1 1)] (e e 1)œ œ � œ � � � œ � � œ" " " " "
� � � � �e 1 e 1 e 1 e 1 e 1

e
1

'
1

e c d
134. average value  dx ln x ln 2 ln 1 ln 2œ œ œ � œ" "

�
#
"2 1 x

'
1

2 c dk k
135. (a) f(x) e   f (x) e ; L(x) f(0) f (0)(x 0)  L(x) 1 xœ Ê œ œ � � Ê œ �x xw w

 (b) f(0) 1 and L(0) 1  error 0; f(0.2) e 1.22140 and L(0.2) 1.2  error 0.02140œ œ Ê œ œ ¸ œ Ê ¸0 2Þ

 (c) Since y e 0, the tangent lineww œ �x

 approximation always lies below the curve y e .œ x

 Thus L(x) x 1 never overestimates e .œ � x

 

136. (a) y e   y e 0 for all x  the graph of y e  is always concave upwardœ Ê œ � Ê œx x xww

 (b) area of the trapezoid ABCD e  dx area of the trapezoid AEFD  (AB CD)(ln b ln a)� � Ê � �'
ln a

ln b
x "

#

 e  dx (ln b ln a).  Now (AB CD) is the height of the midpoint� � � �'
ln a

ln b
x Š ‹e eln a ln b� "

# #

 M e  since the curve containing the points B and C is linear  e (ln b ln a)œ Ê �Ð � ÑÎ Ð � ÑÎln a ln b 2 ln a ln b 2

 e  dx (ln b ln a)� � �'
ln a

ln b
x Š ‹e eln a ln b�

#

 (c) e  dx e e e b a, so part (b) implies that'
ln a

ln b
x x ln b ln aln b

ln aœ œ � œ �c d
 e (ln b ln a) b a (ln b ln a)  eÐ � ÑÎ Ð � ÑÎ� � �

# � #
ln a ln b 2 ln a ln b 2e e b a a b

ln b ln a� � � � � Ê � �Š ‹ln a ln b

  e e   e e   abÊ � � Ê � � Ê � �ln a 2 ln b 2 b a a b b a a b b a a b
ln b ln a ln b ln a ln b ln a

ln a ln bÎ Î � � � � � �
� # � # � #†

È È È
137. A  dx 2  dx; u 1 x   du 2x dx; x 0  u 1, x 2  u 5œ œ œ � Ê œ œ Ê œ œ Ê œ' '

�2 0

2 2
2x 2x

1 x 1 x� �
#

# # c d
  A 2   du 2 ln u 2(ln 5 ln 1) 2 ln 5Ä œ œ œ � œ'

1

5
" &

"u c dk k

138. A  2  dx 2  dx 2 2œ œ œ œ � � œ � � œ' '
� �

" "
# # # # # #

"

�"
1 1

1 1
1 x xÐ � Ñ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰– —Š ‹

Š ‹
"

#

"

#

x

ln

2 2 3 3
ln ln ln 
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139. From zooming in on the graph at the right,  we estimate
 the third root to be x 0.76666¸ �

 

140. The functions f(x) x  and g(x) 2  appear toœ œln 2 ln x

 have identical graphs for x 0.  This is no accident,�

 because x e e 2 .ln 2 ln 2 ln x ln 2 ln xln xœ œ œ† a b

 

141. (a) f(x) 2   f (x) 2  ln 2; L(x) 2  ln 2 x 2 x ln 2 1 0.69x 1œ Ê œ œ � œ � ¸ �x xw ! !a b
 (b)                      

142. (a) f(x) log  x  f (x) , and f(3)   L(x) (x 3) 1 0.30x 0.09œ Ê œ œ Ê œ � � œ � � ¸ �3
w " " "

x ln 3 ln 3 3 ln 3 ln 3 3 ln 3 ln 3
ln 3 ln 3 x

 (b)                     

143. (a) The point of tangency is p  ln p  and m  since . The tangent line passes through thea b a bß œ œ !ß ! Êtangent p dx x
dy" "

 equation of the tangent line is y x. The tangent line also passes through p  ln p ln p p p e, andœ ß Ê œ œ " Ê œ" "
p pa b

 the tangent line equation is y x.œ "
e

 (b)  for x y ln x is concave downward over its domain. Therefore, y ln x lies below the graph ofd y
dx x

#

# #œ � Á ! Ê œ œ"

 y x for all x , x e, and ln x  for x , x e.œ � ! Á � � ! Á"
e e

x

 (c) Multiplying by e, e ln x x or ln x x.� �e

 (d) Exponentiating both sides of ln x x, we have e e , or x e  for all positive x e.e ln x x e x� � � Á
e

 (e) Let x  to see that e . Therefore, e  is bigger.œ �1 1
e 1 1
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414 Chapter 7 Transcendental Functions

144. Using Newton's Method: f x ln x f x x x x x ln x .a b a b a b a b’ “œ � " Ê œ Ê œ � Ê œ # �w "
�" �"x n n n n n

ln xa bn

x

�"
"

8

 Then, x 2, x 2.61370564, x 2.71624393, and x 2.71828183. Many other methods may be used. For1 2 3œ œ œ œ&

 example, graph y ln x  and determine the zero of y.œ � "

7.4  EXPONENTIAL CHANGE AND SEPARABLE DIFFERENTIAL EQUATIONS

 1. (a) y e   y e   2y 3y 2 e 3e eœ Ê œ � Ê � œ � � œ� � � � �x x x x xw w a b
 (b) y e e   y e e   2y 3y 2 e e 3 e e eœ � Ê œ � � Ê � œ � � � � œ� � Î � � Î � � Î � � Î �x 3x 2 x 3x 2 x 3x 2 x 3x 2 xw w

# #
3 3ˆ ‰ a b

 (c) y e Ce   y e Ce   2y 3y 2 e Ce 3 e Ce eœ � Ê œ � � Ê � œ � � � � œ� � Î � � Î � � Î � � Î �x 3x 2 x 3x 2 x 3x 2 x 3x 2 xw w
# #
3 3ˆ ‰ a b

 2. (a) y   y yœ � Ê œ œ � œ" " "w ##

x x x#
ˆ ‰

 (b) y   y yœ � Ê œ œ � œ" " "
� � �

w #
#

x 3 (x 3) (x 3)# ’ “
 (c) y   y yœ Ê œ œ � œ" " "

� � �
w ##

x C (x C) x C#
� ‘

 3. y    dt y  dt x y  dt e x   dt e xy eœ Ê œ � � Ê œ � � œ � � œ � �" " " "w # w
x t x t x x t x t1 1 1 1

e e e e e' ' ' 'x x x x
x x xt t x t t

#
ˆ ‰ ˆ ‰ Š ‹

 x y xy eÊ � œ# w x

 4. y  1 t  dt  y 1 t  dt 1 xœ � Ê œ � � � �" " "

� �
% % %w

#
�

È ÈŠ ‹È1 x 1 x1 1
4x

1 x
% %

$

%
$

' 'x xÈ È È– — Š ‹
  y  1 t  dt 1  y y 1  y y 1Ê œ � � Ê œ � Ê � œw w w� " �

� � ��
%Š ‹Š ‹ Š ‹È2x 2x 2x

1 x 1 x 1 x1 x 1

$ $ $

% % %%È ' x

†

 5. y e  tan 2e   y e  tan 2e e 2e e  tan 2eœ Ê œ � � œ � �� � � �x x x x x x x x�" w �" �""
� �a b a b a b a b’ “

1 2e
2

1 4ea bx 2x#

  y y   y y ; y( ln 2) e  tan 2e 2 tan 1 2Ê œ � � Ê � œ � œ œ œ œw w �" �"
� � #

2 2
1 4e 1 4e 42x 2x

�Ð� Ñ �ln 2 ln 2a b ˆ ‰1 1

 6. y (x 2) e   y e 2xe (x 2)  y e 2xy; y(2) (2 2) e 0œ � Ê œ � � � Ê œ � œ � œ� � � � �x x x x 2# # # # #w wˆ ‰
 7. y y y y xy sin x y xy y sin x;œ Ê œ Ê œ � � Ê œ � � Ê œ � � Ê � œ �cos x x sin x cos x sin x cos x sin x

x x x x x x x
yw w w w w� � "

#
ˆ ‰

 y 0ˆ ‰1 1

1# œ œcos ( /2)
( /2)

 8. y   y   y   x y   x y xy y ; y(e) e.œ Ê œ Ê œ � Ê œ � Ê œ � œ œx x x e
ln x (ln x) ln x (ln x) ln x (ln x) ln e

ln x x
w w # w # w #

�
" "

Š ‹"x
# # #

# #

 9. 2 xy 1 2x y  dy dx 2y  dy x  dx 2y  dy x  dx 2 y 2x CÈ ˆ ‰dy
dx 3

2œ Ê œ Ê œ Ê œ Ê œ �"Î# "Î# "Î# �"Î# "Î# �"Î# $Î# "Î#
"

' '
 y x C, where C CÊ � œ œ2

3
$Î# "Î# "

# "

10. x y dy x y  dx y  dy x  dx y  dy x  dx 2y C 2y x Cdy
dx 3 3

xœ Ê œ Ê œ Ê œ Ê œ � Ê � œ# # "Î# �"Î# # �"Î# # "Î# "Î# $"È ' ' $

11. e   dy e e  dx  e  dy e  dx  e  dy e  dx  e e C  e e Cdy
dx œ Ê œ Ê œ Ê œ Ê œ � Ê � œx y x y y x y x y x y x� � ' '

12. 3 e  dy 3 e dx  e  dy 3 dx e  dy 3 dx e C  e Cdy
dx œ Ê œ Ê œ Ê œ Ê œ � Ê � œx x x x x x# # # #� �y y y y y y3 3' '
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13. y cos y dy y cos y dx dy dx dy dx. In the integral on the left-handdy
dx y y

sec y sec y
œ Ê œ Ê œ Ê œÈ È È Èˆ ‰# #

# #È ÈÈ È' '

 side, substitute u y du dy 2 du dy, and we have sec u du dx 2 tan u x Cœ Ê œ Ê œ œ Ê œ �È 1 1
2 y yÈ È ' '#

 x 2 tan y CÊ � � œÈ
14. 2xy 1 dy  dx 2 ydy  dx 2 y  dy x  dx 2 y  dy x  dxÈ È È ÈÈdy

dx
1 1
2xy x

1/2 1/2 1/2 1/2œ Ê œ Ê œ Ê œ Ê œÈ È � �' '

 2  dy  C 2 y 3 x C 2 y 3 x C, where C CÊ œ � Ê œ � Ê � œ œÈ È ÈÈ Èˆ ‰Èy x 3 3
1 1 1

3/2
2 2

33/2

3
2

1/2

"

#

15. x e  dy dx e  dy   dx e  dy  dx In the integral on the right-È dy dy
dx dx

e e e e e e
x x x x

œ Ê œ Ê œ Ê œ Ê œ Þy x�È y yÈ È È Èx x x xÈ È È È� �y y' '

 hand side, substitute u x du  dx 2 du  dx, and we have  e  dy 2 e  du e 2e Cœ Ê œ Ê œ œ Ê � œ �È " "
#È Èx x 1' '� �y u y u

 e 2e C,  where C CÊ � œ � œ ��y xÈ
1

16. sec x  e e cos x dy e e cos x dx e  dy e  cos x dxa b a bdy dy
dx dxœ Ê œ Ê œ Ê œy sin x y sin x y sin x y sin x� � �

 e  dy e  cos x dx  e e C e e C,  where C CÊ œ Ê � œ � Ê � œ œ �' '� � �y y ysin x sin x sin x
1 1

17. 2x 1 y dy 2x 1 y dx 2x dx 2x dx  sin y x C  since ydy dy dy
dx

2 2
1 y 1 y

œ � Ê œ � Ê œ Ê œ Ê œ � � "È È k kÈ È� �
�" #

2 2
' '

 y sin x CÊ œ �a b2

18. dy dx dy dx dx e  dy e  dx e  dy e  dx e Cdy
dx e e e e e

e e e e e e2y x 2y x x
1œ Ê œ Ê œ œ Ê œ Ê œ Ê œ �

2x y 2x y 2x y x 2y

x y x y x y 2y

� � �

� �
' '

#

 e 2e C where C 2CÊ � œ œ2y x
1

19. y 3x y 6x y dy 3x y 2 dx dy 3x dx dy 3x dx ln y 2 x C2 2 3 2 2 2 3 2 2 3 3dy y y
dx y 2 y 2 3

1œ � Ê œ � Ê œ Ê œ Ê l � l œ �a b 2 2

3 3� �
' '

20. x y 3x 2y 6 y 3 x 2 dy x 2 dx dy x 2 dxdy
dx y 3 y 3

1 1œ � � � œ � � Ê œ � Ê œ �a ba b a b a b� �
' '

 ln y 3 x 2x CÊ l � l œ � �"
#

2

21. ye 2 y e e y 2 y dy x e dx dy x e dx1 1 1
x dx y 2 y y 2 y

dy x x x x xœ � œ � Ê œ Ê œ
2 2 2 2 2È Èˆ ‰

� �È È' '

 dy x e dx 2 ln y 2 e C 4 ln y 2 e C 4 ln y 2 e CÊ œ Ê l � l œ � Ê l � l œ � Ê � œ �' '1
y y 2

x x x xÈ Èˆ ‰�
"
#

2 2 2 2È È Èˆ ‰

22. e e e 1 e 1 e 1 dy e 1 dx dy e 1 dxdy
dx e 1 e 1

x y x y y x x x1 1œ � � � œ � � Ê œ � Ê œ �� � �
� �a ba b a b a b

� �y y
' '

 dy e 1 dx ln 1 e e x C ln 1 e e x CÊ œ � Ê l � l œ � � Ê � œ � �' 'e
1 e

x y x y xy

y� a b a b
23. (a) y y e   0.99y y e   k 0.00001œ Ê œ Ê œ ¸ �! ! !

kt 1000k ln 0.99
1000

 (b) 0.9 e   ( 0.00001)t ln (0.9)  t 10,536 yearsœ Ê � œ Ê œ ¸Ð� Þ0 00001)t ln (0.9)
0.00001�

 (c) y y e y e y (0.82)  82%œ ¸ œ Ê! ! !
Ð ß Ñ � Þ20 000 k 0 2

24. (a) kp  p p e  where p 1013; 90 1013e   k 0.121dp ln (90) ln (1013)
dh 20œ Ê œ œ œ Ê œ ¸ �! !

�kh 20k

 (b) p 1013e 2.389 millibarsœ ¸� Þ6 05

 (c) 900 1013e   0.121h ln   h 0.977 kmœ Ê � œ Ê œ ¸Ð� Þ Ñ0 121 h ˆ ‰900
1013 0.121

ln (1013) ln (900)�

25. 0.6y  y y e ; y 100  y 100e   y 100e 54.88 grams when t 1 hrdy
dt œ � Ê œ œ Ê œ Ê œ ¸ œ! !

� Þ � Þ � Þ0 6t 0 6t 0 6
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416 Chapter 7 Transcendental Functions

26. A A e   800 1000e   k   A 1000e , where A represents the amount of sugar thatœ Ê œ Ê œ Ê œ!
kt 10k ln (0 8 10 tln (0.8)

10
Ð Þ ÑÎ Ñ

 remains after time t.  Thus after another 14 hrs, A 1000e 585.35 kgœ ¸Ð Ð Þ ÑÎ Ñln 0 8 10 24

27. L(x) L e   L e   ln 18k  k 0.0385  L(x) L e ; when the intensity isœ Ê œ Ê œ � Ê œ ¸ Ê œ! ! !# #
"� � � Þkx 18k 0 0385xL ln 2

18
!

 one-tenth of the surface value, L e   ln 10 0.0385x  x 59.8 ftL
10
! œ Ê œ Ê ¸!

� Þ0 0385x

28. V(t) V e   0.1V V e  when the voltage is 10% of its original value  t 40 ln (0.1) 92.1 secœ Ê œ Ê œ � ¸! ! !
� Î � Ît 40 t 40

29. y y e  and y 1  y e   at y 2 and t 0.5 we have 2 e   ln 2 0.5k  k ln 4.œ œ Ê œ Ê œ œ œ Ê œ Ê œ œ! !
kt kt 0 5kÞ ln 2

0.5

 Therefore, y e   y e 4 2.81474978 10  at the end of 24 hrsœ Ê œ œ œ ‚Ð Ñln 4 t 24 ln 4 24 14

30. y y e  and y(3) 10,000  10,000 y e ; also y(5) 40,000 y e .  Therefore y e 4y eœ œ Ê œ œ œ œ! ! ! ! !
kt 3k 5k 5k 3k

  e 4e   e 4  k ln 2.  Thus, y y e   10,000 y e y e   10,000 8yÊ œ Ê œ Ê œ œ Ê œ œ Ê œ5k 3k 2k ln 2 t 3 ln 2 ln 8
! ! ! !

Ð Ñ

  y 1250Ê œ œ!
10,000

8

31. (a) 10,000e 7500  e 0.75  k ln 0.75 and y 10,000e .  Now 1000 10,000ek 1 k ln 0 75 t ln 0 75 tÐ Ñ Ð Þ Ñ Ð Þ Ñœ Ê œ Ê œ œ œ

  ln 0.1 (ln 0.75)t  t 8.00 years (to the nearest hundredth of a year)Ê œ Ê œ ¸ln 0.1
ln 0.75

 (b) 1 10,000e   ln 0.0001 (ln 0.75)t  t 32.02 years (to the nearest hundredth of a year)œ Ê œ Ê œ ¸Ð Þ Ñln 0 75 t ln 0.0001
ln 0.75

32. (a) There are (60)(60)(24)(365) 31,536,000 seconds in a year.  Thus, assuming exponential growth,œ

 P 257,313,431e  and 257,313,432 257,313,431e ln k 0.0087542œ œ Ê œ Ê ¸kt 14k 31 536 000Ð Î ß ß Ñ Š ‹257,313,432
257,313,431 31,536,000

14k

 (b) P 257,313,431e 293,420,847 (to the nearest integer).  Answers will vary considerably with theœ ¸Ð Ñ0.0087542 a b"&

 number of decimal places retained.

33. 0.9P P e   k ln 0.9; when the well's output falls to one-fifth of its present value P 0.2P! ! !œ Ê œ œk

  0.2P P e   0.2 e   ln (0.2) (ln 0.9)t  t 15.28 yrÊ œ Ê œ Ê œ Ê œ ¸! !
Ð Þ Ñ Ð Þ Ñln 0 9 t ln 0 9 t ln 0.2

ln 0.9

34. (a) p   dx  ln p x C  p e e e C e ;dp dp
dx 100 p 100 100œ � Ê œ � Ê œ � � Ê œ œ œ" " "

"
Ð� Þ � Ñ � Þ � Þ0 01x C C 0 01x 0 01x

 p(100) 20.09  20.09 C e   C 20.09e 54.61  p(x) 54.61e  (in dollars)œ Ê œ Ê œ ¸ Ê œ" "
Ð� Þ ÑÐ Ñ � Þ0 01 100 0 01x

 (b) p(10) 54.61e $49.41, and p(90) 54.61e $22.20œ œ œ œÐ� Þ ÑÐ Ñ Ð� Þ ÑÐ Ñ0 01 10 0 01 90

 (c) r(x) xp(x)  r (x) p(x) xp (x);œ Ê œ �w w

 p (x) .5461e   r (x)w wœ � Ê� Þ0 01x

 (54.61 .5461x)e .  Thus, r (x) 0œ � œ� Þ0 01x w

  54.61 .5461x  x 100.  Since r 0Ê œ Ê œ �w

 for any x 100 and r 0 for x 100, then� � �w

 r(x) must be a maximum at x 100.œ
 

35. A A e  and A 10 A 10 e , 5 10 e k 0.000028454 A 10 e ,œ œ Ê œ œ Ê œ ¸ � Ê œ! !
�kt kt k 24360 tÐ Ñ ln (0.5)

24360
0.000028454

 then 0.2 10 10 e  t 56563 yearsÐ Ñ œ Ê œ ¸�
�

0.000028254 ln 0.2
0.000028454

t

36. A A e  and A A e e k 0.00499; then 0.05A A eœ œ Ê œ Ê œ ¸ � œ! ! ! ! !
" "
# #

kt 139k 139k 0 00499tln (0.5)
139

� Þ

 t 600 daysÊ œ ¸ln 0.05
0.00499�

37. y y e y e y e (0.05)(y )  after three mean lifetimes less than 5% remainsœ œ œ œ � œ Ê! ! ! !
� �Ð ÑÐ Î Ñ �kt k 3 k 3 y y

e 20
! !

$
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 Section 7.4 Exponential Change and Separable Differential Equations 417

38. (a) A A e   e   k 0.262œ Ê œ Ê œ ¸!
"
# #

� � Þkt 2 645k ln 2
.645

 (b) 3.816 years"
k ¸

 (c) (0.05)A A exp t   ln 20 t  t 11.431 yearsœ � Ê � œ � Ê œ ¸ˆ ‰ ˆ ‰ln 2 ln 2 2.645 ln 20
2.645 2.645 ln #

39. T T (T T ) e , T 90°C, T 20°C, T 60°C 60 20 70e e k 0.05596� œ � œ œ œ Ê � œ Ê œ Ê œ ¸s s s
kt 10k 10k

! !
� � �4

7 10
ln ˆ ‰7

4

 (a) 35 20 70e t 27.5 min is the total time  it will take 27.5 10 17.5 minutes longer to reach 35°C� œ Ê ¸ Ê � œ� Þ0 05596t

 (b) T T (T T ) e , T 90°C, T 15°C  35 15 105e   t 13.26 min� œ � œ œ � Ê � œ Ê ¸s s s
kt 0 05596t

! !
� � Þ

40. T 65° (T 65°) e 35° 65° (T 65°) e  and 50° 65° (T 65°) e .  Solving� œ � Ê � œ � � œ �! ! !
� � �kt 10k 20k

 30° (T 65°) e  and 15° (T 65°) e  simultaneously  (T 65°) e 2(T 65°) e� œ � � œ � Ê � œ �! ! ! !
� � � �10k 20k 10k 20k

  e 2  k  and 30°   30° e 65° 60° 5°Ê œ Ê œ � œ Ê � œ � œ10k 10 ln 2ln 2
10 e

T 65°!�
10k

ln 2
10� ‘ˆ ‰

œ � Ê œ �T 65°  T 65° 30° e! !
ˆ ‰

41. T T (T T ) e   39 T (46 T ) e  and 33 T (46 T ) e   e  and� œ � Ê � œ � � œ � Ê œs s s s s s
kt 10k 20k 10k

!
�
�

� � � �

39 T
46 T

s

s

 e e     (33 T )(46 T ) (39 T )   1518 79T T33 T 33 T 39 T
46 T 46 T 46 T

� � �
� � �

#
#

# #s s

s s
œ œ Ê œ Ê � � œ � Ê � �� �20k 10k

s s s s sa b Š ‹s

s

 1521 78T T   T 3  T 3°Cœ � � Ê � œ Ê œ �s s ss
#

42. Let x represent how far above room temperature the silver will be 15 min from now, y how far above room temperature the
 silver will be 120 min from now, and t  the time the silver will be 10°C above room temperature.  We then have the!

 following time-temperature table:

  time in min. 0 20 (Now) 35 140 t
temperature   T 70° T 60° T x T y T 10°

!

s s s s s� � � � �

 T T (T T ) e   (60 T ) T (70 T ) T e   60 70e   k  ln 0.00771� œ � Ê � � œ � � Ê œ Ê œ � ¸s s s s s s
kt 20k 20k

!
"

� � �c d ˆ ‰ ˆ ‰
20 7

6

 (a) T T (T T ) e   (T x) T (70 T ) T e   x 70e 53.44°C� œ � Ê � � œ � � Ê œ ¸s s s s s s
0 00771t 0 00771 35 0 26985

!
� Þ �Ð Þ ÑÐ Ñ � Þc d

 (b) T T (T T ) e   (T y) T (70 T ) T e   y 70e 23.79°C� œ � Ê � � œ � � Ê œ ¸s s s s s s
0 00771t 0 00771 140 1 0794

!
� Þ �Ð Þ ÑÐ Ñ � Þc d

 (c) T T (T T ) e   (T 10) T (70 T ) T e   10 70e� œ � Ê � � œ � � Ê œs s s s s s
0 00771t 0 00771 t 0 00771t

!
� Þ �Ð Þ Ñ � Þc d ! !

  ln 0.00771t   t  ln 252.39  252.39 20 232 minutes from now theÊ œ � Ê œ � œ Ê � ¸ˆ ‰ ˆ ‰ ˆ ‰" " "
! !7 0.00771 7

 silver will be 10°C above room temperature

43. From Example 4, the half-life of carbon-14 is 5700 yr c c e k 0.0001216 c c eÊ œ Ê œ ¸ Ê œ"
# ! ! !

� Ð Ñ � Þk 5700 0 0001216tln 2
5700

 (0.445)c c e   t 6659 yearsÊ œ Ê œ ¸! ! �
� Þ0 0001216t ln (0.445)

0.0001216

44. From Exercise 43, k 0.0001216 for carbon-14.¸

 (a) c c e  (0.17)c c e   t 14,571.44 years  12,571 BCœ Ê œ Ê ¸ Ê! ! !
� Þ � Þ0 0001216t 0 0001216t

 (b) (0.18)c c e   t 14,101.41 years  12,101 BC! !œ Ê ¸ Ê� Þ0 0001216t

 (c) (0.16)c c e   t 15,069.98 years  13,070 BC! !œ Ê ¸ Ê� Þ0 0001216t

45. From Exercise 43, k 0.0001216 for carbon-14 y y e . When t 5000¸ Ê œ œ0
0.0001216t�

 y y e 0.5444y 0.5444 approximately 54.44% remainsÊ œ ¸ Ê ¸ Ê0 0
0.0001216 5000 y

y
� a b

0

46. From Exercise 43, k 0.0001216 for carbon-14.  Thus, c c e (0.995)c c e¸ œ Ê œ! ! !
� Þ � Þ0 0001216t 0 0001216t

 t 41 years oldÊ œ ¸ln (0.995)
0.0001216�
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418 Chapter 7 Transcendental Functions

7.5  INDETERMINATE FORMS AND L'HOPITAL'S RULE^

 1. l'Hopital:   lim    or  lim    lim    lim   ^
x 2 x 2 x 2 x 2Ä Ä Ä Ä

x 2 x 2 x 2
x 4 x 4 x 4 x x x 4x

� " " � � " "
� # � �# �# �#œ#

# #œ œ œ œ œ¹ a ba b

 2. l'Hopital:   lim   5 or  lim   5  lim   5 1 5
5

^
x 0 x 0 x 0Ä Ä Ä

sin 5x 5 cos 5x sin 5x sin 5x
x 1 x 5xx

œ œ œ œ † œ¹
œ!

 3. l'Hopital:   lim    lim    lim    or  lim    lim   ^
x x x x xÄ _ Ä _ Ä _ Ä _ Ä _

5x 3x 0x 3 10 5 5x 3x 5
7x 1 14x 14 7 7x 1 7

5

7

# #

# #

#

� " � �
� �

�

�
œ œ œ œ œ

3
x
"

x

 4. l'Hopital:   lim    lim    or  lim    lim   ^
x 1 x 1 x 1 x 1Ä Ä Ä Ä

x 1 3x 3 x 1
4x x 3 12x 1 11 4x x 3 x 4x + 4x + 3

x x x$ # $

$ # $

#� �
� � � � � �"

�" � �"œ œ œ a ba ba ba b2

  lim   œ œ
x 1Ä

a ba bx x
4x + 4x + 3 11

3# � �"
2

 5. l'Hopital:   lim    lim    lim    or  lim    lim   ^
x x x x xÄ ! Ä ! Ä ! Ä ! Ä !

1 cos x sin x cos x 1 cos x cos x
x 2x 2 x x co

cos x� " � "�
# "�

"�
# #œ œ œ œ ” ˆ ‰a b

2 s x •
  lim    lim   œ œ œ

x xÄ ! Ä !
sin  x sin x sin x

x cos x x x cos x

#

2a b"� "� #
" "” •ˆ ‰ˆ ‰ˆ ‰

 6. l'Hopital:   lim    lim    lim    or  lim    lim   ^
x x x x xÄ _ Ä _ Ä _ Ä _ Ä _

# �$ % � % # � !
� � $ �" ' � � "

�

"� �
x x x 3 x 3x

x x 1 x x x x 1

# #

$ # $œ œ œ ! œ œ œ !
#

#

" "

# $

x
3

x

x x

 7.  lim    lim     8.  lim    lim   10
x 2 x 2 x 5 x 5Ä Ä Ä � Ä �

x 2 x 25 2x
x 4 x 4 x 5 1
� " " �
� # �#

#

œ œ œ œ �

 9.  lim    lim   
t 3 t 3Ä � Ä �

t 4t 15 3t 4 23
t t 12 2t 1 2( 3) 1 7

3( 3) 4$ #

#

#� � �
� � � � �

� �œ œ œ �

10.  lim    lim   
t 1 t 1Ä Ä

t 1 3t 3
4t t 3 12t 1 11

$ #

$ #

�
� � �œ œ

11.  lim    lim    lim    lim   x x x xÄ _ Ä _ Ä _ Ä _
5x 2x 5x 2 30x 30 5
7x 3 21x 42x 42 7

3 2

3 2
� " �
� œ œ œ œ

12.  lim    lim    lim   x x xÄ _ Ä _ Ä _
x 8x 1 6x 16 2

12x 5x 24x 5 24 3
� �" �
� �

#

# œ œ œ �

13.  lim    lim   0 14.  lim    lim   
t 0 t 0 t 0 t 0Ä Ä Ä Ä

sin t sin 5t 5 cos 5t 5
t 1 2t 2 2

cos t (2t)# #

œ œ œ œa b

15.  lim    lim    lim   16
x 0 x 0 x 0Ä Ä Ä

8x 16x 16 16
cos x 1 sin x cos x 1

#

� � � �œ œ œ œ �

16.  lim    lim   lim    lim   
x 0 x 0 x 0 x 0Ä Ä Ä Ä

sin x x cos x sin x cos x
x 3x 6x 6 6
� �" � � "
$ #œ œ œ œ �

17.  lim    lim   2
) 1 ) 1Ä Î Ä Î2 2

2 2 2
cos (2 ) sin (2 ) sin

) 1

1 ) 1 )

�
� �œ œ œ �ˆ ‰31

#

18.  lim    lim   3
) 1 ) 1Ä � Î Ä � Î3 3

3 3
sin cos

) 1

) )

�
� �ˆ ‰ ˆ ‰1 1

3 3
œ œ

19.  lim    lim    lim   
) 1 ) 1 ) 1Ä Î Ä Î Ä Î2 2 2

1 sin cos sin 
1 cos 2 2 sin 2 4 cos 2 ( 4)( 1) 4

� � " "
� � � � �

) ) )

) ) )
œ œ œ œ
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20.  lim    lim  
x 1 x 1Ä Ä

x
ln x sin ( x) 1 cos ( x)

�" " "
� ��1 11 1

œ œ"

x

21.  lim    lim    lim    lim   2
x 0 x 0 x 0 x 0Ä Ä Ä Ä

x 2x 2x 2 2
ln (sec x) tan x sec x 1

#

# #œ œ œ œ œˆ ‰sec x tan x
sec x

22.  lim    lim    lim    lim   
x 2 x 2 x 2 x 2Ä Î Ä Î Ä Î Ä Î1 1 1 1

ln (csc x)

x 2 x 2 x
cot x csc x 1ˆ ‰ˆ ‰

ˆ ‰ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰�

�

� �
� "

# # #1
1 1

#

#

# #

# #

œ œ œ œ œ
csc x cot x

csc x

23.  lim    lim    lim    lim   
t 0 t 0 t 0 t 0Ä Ä Ä Ä

t(1 cos t) (1 cos t) t(sin t) sin t (sin t t cos t)
t sin t 1 cos t sin t

cos t cos t cos t� � � � �
� �

� �œ œ œ � � �"�t sin t 1 1 0
cos t 1œ œ 3

24.  lim    lim    lim   2
t 0 t 0 t 0Ä Ä Ä

t sin t sin t t cos t
1 cos t sin t cos t 1

cos t (cos t t sin t) 1 (1 0)
�

� � � � �œ œ œ œ

25.  lim  x  sec x  lim    lim  1
x 2 x 2 x 2Ä Ð Î Ñ Ä Ð Î Ñ Ä Ð Î Ñ1 1 1

� � �

ˆ ‰ ˆ ‰� œ œ œ œ �1

# � �

� " "ˆ ‰x
cos x sin x 1

1

#

26.  lim  x  tan x  lim    lim   lim  sin x 1
x 2 x 2 x 2 x 2Ä Ð Î Ñ Ä Ð Î Ñ Ä Ð Î Ñ Ä Ð Î Ñ1 1 1 1

� � � �

ˆ ‰ ˆ ‰1

# �

� �" #� œ œ œ œ
ˆ ‰1

#

#

x
cot x csc x

27.  lim    lim   ln 3
) )Ä Ä0 0

3 3 (ln 3)(cos )
1 1

3 (ln 3)(1)sin sin) )�"
)

)œ œ œa b!

28.  lim    lim   ln ln 1 ln 2 ln 2
) )Ä Ä0 0

ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰" " "

# # #

) )
� "

#

1 ln
1)

œ œ œ � œ �ˆ ‰
29.  lim    lim   

x 0 x 0Ä Ä

x 2 1 2 0
2 1 (ln 2) 2 (ln 2) 2 ln 

(1) 2 (x)(ln 2) 2x

x x

x x

� #
� � "œ œ œa b a ba b †

†

!

!

30.  lim    lim   
x 0 x 0Ä Ä

3 3  ln 3 3 ln 3 ln 3
2 1 2  ln 2 2 ln 2 ln 

x x

x x
�"
� #œ œ œ

!

!

†

†

31.  lim    lim   (ln 2)  lim   (ln 2)  lim   (ln 2)  lim   ln 2x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
ln (x 1) ln (x 1)

log  x x 1 1
x 1� �
�2

œ œ œ œ œˆ ‰ ˆ ‰ˆ ‰ln x
ln 

x 1

x#

"

�

"

32.  lim    lim     lim     lim   x x x xÄ _ Ä _ Ä _ Ä _
log  x

log (x 3) ln ln (x 3) ln 
ln 3 ln x ln 3 l2

3

ln x
ln 

ln (x 3)
ln 3

x

x 3
� # � #œ œ œ œ

ˆ ‰
Š ‹

ˆ ‰ˆ ‰#

�

"

"

�

ˆ ‰ ˆ ‰ ˆ ‰n 3 x 3
ln x#

�  lim   x Ä _

   lim   œ œˆ ‰ln 3 ln 3
ln 1 ln # #

"
x Ä _

33.  lim    lim    lim    lim    lim   1
x x x x xÄ ! Ä ! Ä ! Ä ! Ä !� � � � �

ln x 2x
ln x x 2x 2x 2

2x 2x 4x 2 2a b Š ‹
ˆ ‰

#
�

# �

"

#

#

� � �
� � #œ œ œ œ œ

2x 2
x 2x

x

34.  lim    lim    lim    lim   1
x x x xÄ ! Ä ! Ä ! Ä !� � � �

ln e
ln x e 1 e 1

xe e xe 1 0a b Š ‹
ˆ ‰

x
ex

e 1x

x

x x x

x x
�"

�
� �œ œ œ œ œ

�

"

35.  lim    lim    lim    lim   
y 0 y 0 y 0 y 0Ä Ä Ä Ä

È ˆ ‰ È5y 25 5
y y 1

(5y 25) 5 (5y 25) (5) 5
2 5y 25

� � � � �

�
"
#œ œ œ œ

"Î# "
#

�"Î#

36.  lim    lim    lim    lim   , a 0
y 0 y 0 y 0 y 0Ä Ä Ä Ä

È a b ˆ ‰ a b Èay a a
y y 1

ay a a ay a (a) a
2 ay a

� � � � �

�
"
#

# # "Î# "
#

# �"Î#

#œ œ œ œ �

37.  lim   [ln 2x ln (x 1)]  lim  ln ln  lim   ln  lim   ln 2x x x xÄ _ Ä _ Ä _ Ä _
� � œ œ œ œˆ ‰ Š ‹ Š ‹2x 2x 2

x 1 x 1 1� �
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38.  lim  (ln x ln sin x)  lim  ln ln  lim   ln  lim   ln 1 0
x x x xÄ ! Ä ! Ä ! Ä !� � � �

� œ œ œ œ œˆ ‰ Š ‹ Š ‹x x
sin x sin x cos x

"

39. 1lim lim lim lim
x 0 x 0 x 0 x 0

ln x 2 ln x sin x 2 ln x
ln sin x x cos x cos x x

2 ln x sin x

Ä Ä Ä Ä� � � �

a b a ba b a ba b a bˆ ‰2 1
x

cos x
sin x

œ œ œ † œ �_ † œ �_’ “
40.  lim   lim   lim   

x x xÄ ! Ä ! Ä !� � �

ˆ ‰ Š ‹3x
x sin x x sin x sin x x cos x

(3x 1)(sin x) x 3 sin x (3x 1)(cos x) 1�" " � � � � �
�� œ œ

  lim   3œ œ œ œ
x Ä !�

Š ‹3 cos x 3 cos x (3x 1)( sin x) 3 3 (1)(0)
cos x cos x x sin x 1 1 0

6� � � � � �
� � � � #

41.  lim   lim   lim   lim  
x 1 x 1 x 1 x 1Ä Ä Ä Ä� � � �

ˆ ‰ Š ‹ Š ‹ Š ‹" " �
� � � �

� � �"

� �x 1 ln x (x 1)(ln x) (x ln x) x 1
ln x (x 1)

(ln x) (x 1)
1 x� œ œ œ

"

"

x

x
ˆ ‰

  lim  œ œ œ �
x 1Ä �

Š ‹�" �" "
� � � � #(ln x 1) 1 (0 1) 1

42.  lim  (csc x cot x cos x)  lim  cos x  lim  
x x xÄ ! Ä ! Ä !� � �

� � œ � � œˆ ‰ Š ‹" � �
sin x sin x sin x

cos x (1 cos x) (sin x)(cos x)

  lim  1œ œ œ
x Ä !�

Š ‹sin x cos x sin x 0 1 0
cos x 1

� � � �# #

43.  lim    lim    lim   1
) ) )Ä Ä Ä0 0 0

cos sin cos 
e 1 e 1 e

) ) )

)

�" � �
� � �) ) )œ œ œ �

44.  lim    lim    lim   
h 0 h 0 h 0Ä Ä Ä

e ( h)
h h

e eh h h� "� �" "
# # ## œ œ œ

45.  lim    lim    lim    lim   1
t t t tÄ _ Ä _ Ä _ Ä _

e t e 2t e 2 e
e 1 e e e

t t t t

t t t t
� � �
�

#

œ œ œ œ

46.  lim  x e  lim    lim    lim   0x x x xÄ _ Ä _ Ä _ Ä _
# �x x 2x 2

e e eœ œ œ œ
#

x x x

47. 0lim lim lim
x 0 x 0 x 0

x sin x 1 cos x sin x 0
x tan x x sec x tan x 2x sec x tan x 2sec x 2Ä Ä Ä

� �
� �œ œ œ œ2 2 2

48. 1lim lim lim lim
x 0 x 0 x 0 x 0

e 1 2 e 1 e
x sin x x cos x sin x x cos x sin x x sin x 2cos x 2

2e 2e 4e 2e 2

Ä Ä Ä Ä

� �
� � � �

� �a b a bx x x2 2x x 2x x
œ œ œ œ œ

49. 2 cos 2lim lim lim lim
) ) ) )

) ) ) ) ) )

) ) ) )Ä Ä Ä Ä

� � �
� �"0 0 0 0

sin cos 1 sin cos 2sin
tan sec tan

2œ œ œ œ
2 2 2

2 2 )

50. lim lim lim lim
x 0 x 0 x 0 x 0

sin 3x 3x x 3cos 3x 3 2x 3cos 3x 3 2x 9sin 3x 2
sin x sin 2x 2sin x cos 2x cos x sin 2x sin x cos 2x sin 3x 2sin x sin 2xÄ Ä Ä Ä

� � � � � � � �
� � �

2
œ œ œ � �cos x cos 2x 3cos 3x 4 2

2 1œ œ

51. The limit leads to the indeterminate form 1 .  Let f x x   ln f x ln x .  Now_ ÎÐ � Ñ ÎÐ � Ña b a b a bœ Ê œ œ1 1 x 1 1 x ln x
1 x�

  lim  ln f x  lim   lim  1. Therefore  lim  x  lim  f x  lim  e e
x 1 x 1 x 1 x 1 x 1 x 1Ä Ä Ä Ä Ä Ä� � � � � �

ÎÐ � Ña b a bœ œ œ � œ œ œ œln x
1 x 1 e

ln f x
� �

�" "ˆ ‰ a b"

x 1 1 x

52. The limit leads to the indeterminate form 1 .  Let f x x   ln f x ln x .  Now_ ÎÐ � Ñ ÎÐ � Ña b a b a bœ Ê œ œ1 x 1 1 x 1 ln x
x 1�

  lim  ln f x  lim    lim   1.  Therefore  lim  x  lim  f x  lim  e e e
x 1 x 1 x 1 x 1 x 1 x 1Ä Ä Ä Ä Ä Ä� � � � � �

ÎÐ � Ña b a bœ œ œ œ œ œ œln x
x 1 1

ln f x
�

"ˆ ‰ a b"

x 1 x 1

53. The limit leads to the indeterminate form .  Let f x (ln x)   ln f x ln (ln x) .  Now_ œ Ê œ œ! a b a b1 x 1 xÎ Î ln (ln x)
x

  lim  ln f x  lim    lim   0.  Therefore  lim  (ln x)  lim  f x  lim e e 1x x x x x x  
Ä _ Ä _ Ä _ Ä _ Ä _ Ä _

a b a bœ œ œ œ œ œ œln (ln x)
x 1

ln f xˆ ‰ a b"

x ln x 1 xÎ !
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54. The limit leads to the indeterminate form 1 .  Let f x (ln x)   ln f x  lim  ln f x_ ÎÐ � Ñ

�
a b a b a bœ Ê œ œ1 x e ln (ln x)

x e� x eÄ

  lim   lim   .  Therefore (ln x)  lim  f x  lim  e eœ œ œ œ œ œ
x e x e x e x eÄ Ä Ä Ä� � � �

ÎÐ � Ñln (ln x)
x e 1 e

ln f x e
�

" "Îˆ ‰ a b"

x ln x 1 x e a b
55. The limit leads to the indeterminate form 0 .  Let f x x   ln f x 1.  Therefore! a b a bœ Ê œ � œ �� Î1 ln x ln x

ln x

  lim  x  lim   f x  lim  e e
x x xÄ ! Ä ! Ä !� � �

� Î1 ln x œ œ œ œa b ln f x
e

a b �" "

56. The limit leads to the indeterminate form .  Let f x x   ln f x 1.  Therefore  lim  x_ œ Ê œ œ! a b a b1 ln x 1 ln xÎ Îln x
ln x x Ä _

  lim  f x  lim  e e eœ œ œ œx xÄ _ Ä _
a b 1n f xa b "

57. The limit leads to the indeterminate form .  Let f x (1 2x)   ln f x_ œ � Ê œ! �a b a b1 2 ln xÎÐ Ñ ln (1 2x)
2 ln x

   lim  ln f x  lim    lim    lim   .  Therefore  lim  (1 2x)Ê œ œ œ œ �x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
a b ln (1 2x)

2 ln x 1 2x
x�
� # #

" " 1 2 ln xÎÐ Ñ

  lim  f x  lim  e eœ œ œx xÄ _ Ä _
a b ln f xa b "Î#

58. The limit leads to the indeterminate form 1 .  Let f x e x   ln f x_ Î �a b a b a bœ � Ê œx 1 x ln e x
x

a bx

   lim  ln f x  lim    lim   2.  Therefore  lim  e x  lim  f x  lim  e eÊ œ œ œ � œ œ œ
x 0 x 0 x 0 x 0 x 0 x 0Ä Ä Ä Ä Ä Ä

a b a b a bln e x
x e x

e 1 ln f xa b a bx x

x
� �

�
#x 1 xÎ

59. The limit leads to the indeterminate form 0 .  Let f x x   ln f x x ln x  ln f x! a b a b a bœ Ê œ Ê œx ln xˆ ‰"
x

  lim  ln f x  lim    lim    lim  ( x) 0.  Therefore  lim  x  lim  f xœ œ œ œ � œ œ
x x x x x xÄ ! Ä ! Ä ! Ä ! Ä ! Ä !� � � � � �

a b a bln xˆ ‰ ˆ ‰
Š ‹"

"

"

#x

x

x
�

x

  lim  e e 1œ œ œ
x Ä !�

ln f xa b !

60. The limit leads to the indeterminate form .  Let f x 1   ln f x    lim  ln f x_ œ � Ê œ Ê! " �a b a b a bˆ ‰
x x

ln 1 xx a b�"

�"

x Ä !�

  lim    lim    lim   0.  Therefore  lim  1  lim  f xœ œ œ œ � œ
x x x x xÄ ! Ä ! Ä ! Ä ! Ä !� � � � �

Š ‹�

�#

� �"

�# �"

x
1 x

� � �
" "

x 1 x x 1 x
x ˆ ‰ a bx

  lim  e e 1œ œ œ
x Ä !�

ln f xa b !

61. The limit leads to the indeterminate form 1 .  Let f x ln f x ln x ln   ln f x_ � � �
� � � Ä_

a b a b a bˆ ‰ ˆ ‰ ˆ ‰œ Ê œ œ Êx 2 x 2 x 2
x 1 x 1 x 1

x x

x
lim

   x ln         œ œ œ œ œlim lim lim lim lim
x x x x x

x 2
x 1

ln ln x 2 ln x 1

Ä_ Ä_ Ä_ Ä_ Ä_

�
�

� � � �

� �
ˆ ‰ Š ‹ Š ‹ Œ � Œ �ˆ ‰ a b a bx 2

x 1
1 1 1 1
x x

1 1
x 2 x 1

x x2 2

3
x 2 x 1

�

� � �

�

� �a ba b

       3. Therefore,       f x    e eœ œ œ œ œ œ œlim lim lim lim lim lim
x x x x x x

3x 6x 6 x 2
x 2 x 1 2x 1 2 x 1

x ln f x 3
Ä_ Ä_ Ä_ Ä_ Ä_ Ä_� � � �

�Š ‹ ˆ ‰ ˆ ‰ ˆ ‰ a b2a ba b a b

62. The limit leads to the indeterminate form .  Let f x ln f x ln ln _ œ Ê œ œ! � � �
� � �

Î Îa b a bŠ ‹ Š ‹ Š ‹x 1 x 1 1 x 1
x 2 x 2 x x 2

1 x 1 x2 2 2

   ln f x   ln         Ê œ œ œ œ œlim lim lim lim lim lim
x x x x x x

1 x 1 x 4x 1
x x 2 x x 1

ln ln x 1 ln x 2

Ä_ Ä_ Ä_ Ä_ Ä_ Ä_

� � �
�

� � � �a b Š ‹2 2
x 12

x 2
2 2x 1

x 12 x 2
Š ‹ ˆ ‰ a b a

�

�
� � ba bx 1 x 22 � �

       0. Therefore,      f x   eœ œ œ œ œ œ œlim lim lim lim lim lim
x x x x x x

x 4x 1 2x 4 2 x 1
x 2x x 2 3x 4 x 1 6 x 4 x 2

1 x
ln f x

Ä_ Ä_ Ä_ Ä_ Ä_ Ä_

� � � �
� � � � � � �

Î2 2

3 2 2 Š ‹ a b a b e 10 œ

63.   x ln x         0lim lim lim lim lim
x 0 x 0 x 0 x 0 x 0

2 ln x x 3x
2x 2Ä Ä Ä Ä Ä�� � � � �

œ œ œ � œ � œŒ � Œ � Š ‹ Š ‹1 2
x x2 3

1
x

3 2

64.   x ln x             lim lim lim lim lim lim lim
x 0 x 0 x 0 x 0 x 0 x 0 x 0

2 ln x 2 ln x 2 ln x 2x
xÄ Ä Ä Ä Ä Ä Ä� �� � � � � � �

a b a bŠ ‹ Š ‹ Š ‹Œ � Œ �œ œ œ œ œ œa b a b2

1 1 1 1
x x

1 2
x x

x x2 2

2
2x 0œ
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422 Chapter 7 Transcendental Functions

65.   x tan x     1lim lim lim
x 0 x 0 x 02 1

x 1 1
cot x csc xÄ Ä Ä� �� � �

ˆ ‰ Š ‹ Š ‹1 � œ œ œ œˆ ‰ ˆ ‰1 1

2 2
2

66.   sin x ln x         0lim lim lim lim lim
x 0 x 0 x 0 x 0 x 0

ln x sin x tan x sin x sec x cos x tan x 0
csc x csc x cot x x 1 1Ä Ä Ä Ä Ä�

�
� � � � �

† œ œ œ � œ � œ œˆ ‰ ˆ ‰Š ‹ Š ‹1
x

2

67.  lim    lim    lim   9 3x x xÄ _ Ä _ Ä _

ÈÈ9x 1
x 1

9x 1 9
x 1 1

�

�
�
�œ œ œ œÉ É È

68.  lim   1
x Ä !� Ä!

ÈÈ x

sin x  lim   1œ œ œÊ É" "

x �

sin x
x

69.  lim    lim   lim   1
x 2 x 2 x 2Ä Î Ä Î Ä Î1 1 1

� � �

sec x cos x
tan x cos x sin x sin xœ œ œˆ ‰ ˆ ‰" "

70.  lim    lim    lim  cos x 1
x x xÄ ! Ä ! Ä !� � �

cot x
csc x œ œ œ

ˆ ‰ˆ ‰
cos x
sin x

sin x
"

71.  lim    lim   0x xÄ _ Ä _
2 3
3 4

1

1

x x

x x

2
3

x

4
3

x
�
�

�

�
œ œ

ˆ ‰ˆ ‰

72.  lim    lim    lim   1x x xÄ �_ Ä �_ Ä �_
2 4 1 2 1 0
5 2 0 1

1

1 1

x x x

x x

4
2

x

5 5
2 2

x x
� � �
� �

�

� �
œ œ œ œ �

ˆ ‰ˆ ‰ ˆ ‰

73.  lim    lim     lim     lim    x x x xÄ _ Ä _ Ä _ Ä _
e e e
x e x x 1

e 2x 1x x x x x 12 2

x

x x 1

œ œ œ œ _
� �

�a b a ba b�

74.  lim    lim     lim     lim    e
x x x xÄ ! Ä ! Ä ! Ä !� � � �

x e
e

e
1 x

� Î

Î
Î

1 x

1 x

1 1
x

1 x 1
x2

x2
œ œ œ œ _

Š ‹�

�
Î

75. Part (b) is correct because part (a) is neither in the  nor  form and so l'Hopital's rule may not be used.^0
0

_
_

76. Part (b) is correct; the step  lim    lim    in part (a) is false because  lim    is 
x 0 x 0 x 0Ä Ä Ä

2x 2 2 2x 2
2x cos x sin x 2x cos x

� �
� #� �œ not an

 indeterminate quotient form.

77. Part (d) is correct, the other parts are indeterminate forms and cannot be calculated by the incorrect arithmetic

78. (a) We seek c in  so that . Since f c  and g c c we have that a b a b a b�#ß ! œ œ œ � œ " œ # œ �f c f f
g c g g c

w

w

a b a b a ba b a b a b! � �#
! � �# !�% # # #

!�# " " "w w

  c .Ê œ �"

 (b) We seek c in a b  so that . Since f c  and g c c we have that a b a b a bß œ œ œ œ " œ # œf c f b f a
g c g b g a b a b a c b a

b aw

w # #

a b a b a ba b a b a b�
� � � # �

� " " "w w

 c .Ê œ b a�
#

 (c) We seek c in  so that . Since f c c  and g c c we have thata b a b a b!ß $ œ œ œ � œ � % œ #f c f f
g c g g

w

w

a b a b a ba b a b a b$ � !
$ � ! *�! $

�$�! " w # w

  c c .c
c

# �% "
# $ $ $

�"„ $( �"� $(œ � Ê œ Ê œ
È È

79. If f(x) is to be continuous at x 0, then  lim  f(x) f(0)  c f(0)  lim    lim   œ œ Ê œ œ œ
x 0 x 0 x 0Ä Ä Ä

9x 3 sin 3x 9 9 cos 3x
5x 15x

� �
$ #

  lim    lim   .œ œ œ
x 0 x 0Ä Ä

27 sin 3x 81 cos 3x 27
30x 30 10
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80.       will be in  form iflim lim lim
x 0 x 0 x 0

tan 2x a sin bx tan 2x ax x sin bx 2sec 2x a bx cos bx 2x sin bx 0
x x x x 3x 0Ä Ä Ä

� � � � �ˆ ‰ Š ‹ Š ‹3 2 3 2

2 2 2
� � œ œ

   2sec 2x a bx cos bx 2x sin bx a 2 0 a 2;   lim lim
x 0 x 0

2 2 2sec 2x 2 bx cos bx 2x sin bx
3xÄ Ä

� � �a b Š ‹� � � œ � œ Ê œ �
2 2

2

     œ œlim lim
x 0 x 0

8sec 2x tan 2x b x sin bx 4bx cos bx 2sin bx 32sec 2x tan 2x 16sec 2x b x cos bx 6b x sin bx 6b cos bx
6x 6Ä Ä

� � � � � � �Š ‹ Š ‹2 2 2 2 2 4 3 2 2

 0 16 6b 0 bœ œ Ê � œ Ê œ �16 6b 8
6 3
�

81. (a) 

 (b) The limit leads to the indeterminate form :_�_

   lim   x x x  lim   x x x  lim    lim   x x x xÄ _ Ä _ Ä _ Ä _
Š ‹ Š ‹Š ‹ Š ‹È È� � œ � � œ œ# # � �

� � � � � �

� � �x x x
x x x x x x x x x

x x x xÈÈ È Èa b#

# # #

# #

   lim   œ œ œ �x Ä _
�" �" "

"� "� "� "�! #É È"

x

82.   x 1 x   x   x   x 1lim lim lim lim
x x x x

2 x 1
x x x x x x

x x 1 x 1 1

Ä Ä Ä Ä

� �

_ _ _ _

Š ‹ Š ‹ Š ‹ Š ‹È È É È É É� � œ � œ � œ � � œ _
È È2 2

2 2 2

83. The graph indicates a limit near 1.  The limit leads to the�

 indeterminate form :  lim   0
0 x 1

2x (3x 1) x 2

x 1Ä

# � � �

�

È

  lim    lim   œ œ
x 1 x 1Ä Ä

2x 3x x 2
x 1 1

4x x x# $Î# "Î# "Î# �"Î#
� � �

�

� �9
# #

"

 1œ œ œ �
4

1 1
4 5� � �

9
# #

"

 

84. (a) The limit leads to the indeterminate form 1 .  Let f(x) 1   ln f(x) x ln 1    lim  ln f(x)_ " "œ � Ê œ � Êˆ ‰ ˆ ‰
x x

x

x Ä _

  lim    lim    lim    lim   1œ œ œ œ œ œx x x xÄ _ Ä _ Ä _ Ä _
ln 1 ln 1 x

x x 1 01

ˆ ‰ˆ ‰ ˆ ‰a b Š ‹� �
� �

" "
�

"

" "

�"

�" �#

� �#

� �"x

x x

x
1 x

   lim  1  lim  f(x)  lim  e e eÊ � œ œ œ œx x xÄ _ Ä _ Ä _
ˆ ‰" Ð Ñ "

x
x ln f x

 (b) x 1ˆ ‰� "
x

x

  10 2.5937424601
100 2.70481382942
1000 2.71692393224
10,000 2.71814592683
100,000 2.71826823717

 

 Both functions have limits as x approaches
 infinity.  The function f has a maximum but
 no minimum while g has no extrema.  The limit
 of f(x) leads to the indeterminate form 1 ._
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424 Chapter 7 Transcendental Functions

 (c) Let f(x) 1   ln f(x) x ln 1 xœ � Ê œ �ˆ ‰ a b" �#
x

x
#

   lim  ln f(x)  lim    lim    lim    lim    lim   0.Ê œ œ œ œ œ œx x x x x xÄ _ Ä _ Ä _ Ä _ Ä _ Ä _
ln 1 x

x x x x 3x 1 6x
2x 4x 4a b Š ‹

a b a b�
� � �

�#

�" �# $ #

� �$

� �# #
2x

1 x

 Therefore  lim  1  lim  f(x)  lim  e e 1x x xÄ _ Ä _ Ä _
ˆ ‰� œ œ œ œ" Ð Ñ !

x
x ln f x

#

85. Let f(k) 1   ln f(k)    lim    lim    lim   œ � Ê œ Ê œ œˆ ‰r r
k k k k 1 rk

k ln 1 rk ln 1 rka b a b Š ‹� �
� �

�" �"

�" �" �# �"

� �#

� �"

k k kÄ _ Ä _ Ä _

rk
1 rk

  lim    lim   r.  Therefore  lim  1  lim  f(k)  lim  e e .œ œ œ � œ œ œ
k k k k kÄ _ Ä _ Ä _ Ä _ Ä _

rk r r
k r 1 k

k ln f k r
�

Ð Ñˆ ‰
86. (a) y x   ln y     y x .  The sign pattern isœ Ê œ Ê œ Ê œ1 x 1 xÎ Îln x 1 ln x

x y x x
y (x) ln xw "

# #

ˆ ‰
x � w �ˆ ‰ a b

 y  which indicates a maximum value of y e  when x ew œ ± � � � � � ± � � � � œ œ
! e

1 eÎ

 (b) y x   ln y     y x .  The sign pattern isœ Ê œ Ê œ Ê œ1 x ln x 1 2 ln x
x y x

y x 2x ln x
x

Î w� �#

# $

w " #

%

ˆ ‰ a bx ˆ ‰ a b1 xÎ #

 y  which indicates a maximum of y e  when x ew œ ± � � � ± � � � � œ œ
! È È

e

1 2eÎ

 (c) y x   ln y   y x .  The sign pattern isœ Ê œ œ Ê œ1 x 1 xln x
x x x

x (ln x) nx x (1 n ln x)Î w Î� �n n

n 2n 2n
x

n n 1 n 1ˆ ‰ ˆ ‰a b" � �

†

 y  which indicates a maximum of y e  when x e
e

w Îœ ± � � � ± � � � � œ œ
! È È

n

n1 ne

 (d)  lim  x  lim  e  lim  e exp  lim   exp  lim  e 1x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
1 x ln x ln x x1 x ln x

x nx
Î Ð ÑÎ !Î "n nn

n nœ œ œ œ œ œˆ ‰ ˆ ‰Š ‹ Š ‹

87. (a) y x tan ,   x tan    sec 1;   x tanœ œ œ œ œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰Š ‹ � �1 1 1 1
x x x xx x x x x

tan sec
2lim lim lim lim lim

Ä Ä Ä Ä Ä�

�

�_ _ _ _ _

ˆ ‰ ˆ ‰Š ‹
Š ‹

1
x

1
x

2 1 1
x x2

1
x2

    sec 1 the horizontal asymptote is y 1 as x  and asœ œ œ œ Ê œ Ä _lim lim lim
x x x

tan sec
2 1

xÄ� Ä� Ä�

�

�_ _ _

Š ‹ � � ˆ ‰ˆ ‰ ˆ ‰Š ‹
Š ‹

1
x

1
x

2 1 1
x x2

1
x2

 x .Ä �_

 (b) y ,            0;   œ œ œ œ œ3x e 3x e 3 2e 4e 4 3x e
2x e 2x e 2 3e 9e 9e 2x ex x x x x

� � � �
� � � �Ä Ä Ä Ä Ä�

2x 2x 2x 2x 2x

3x 3x 3x 3x xlim lim lim lim lim
_ _ _ _ _

Š ‹ Š ‹ Š ‹ Š ‹ˆ ‰ 3x

     the horizontal asymptotes are y 0 as x  and y  as x .œ œ Ê œ Ä _ œ Ä �_lim
x

3 2e 3 3
2 3e 2 2Ä�

�
�

_

Š ‹2x

3x

88. f 0              w

Ä Ä Ä Ä Ä Ä

� � � �

�
a b Š ‹ Š ‹� �œ œ œ œ œ œlim lim lim lim lim lim

h 0 h 0 h 0 h 0 h 0 h 0

f 0 h f 0
h h h

e 0 e h
e 2ee

a b a b
Š ‹

� Î � Î

Î ÎÎ

1 h 1 h2 2 1
h h

1 h 1 h2 2

1
2

1 h2 2
h3

   e 0œ œlim
h 0

h
2

1 h

Ä

� ÎŠ ‹2

89. (a) We should assign the value 1 to f(x) (sin x)  toœ x

 make it continuous at x 0.œ

 

 (b) ln f(x) x ln (sin x)    lim  ln f(x)  lim    lim   œ œ Ê œ œln (sin x) ln (sin x) (cos x)ˆ ‰ ˆ ‰ ˆ ‰
Š ‹" "

"

"

#x x

sin x

xx x xÄ ! Ä ! Ä !� � � �

  lim    lim   0   lim  f(x) e 1œ œ œ Ê œ œ
x 0 x 0 x 0Ä Ä Ä

� � !x 2x
tan x sec x

#

#

 (c) The maximum value of f(x) is close to 1 near the point x 1.55 (see the graph in part (a)).¸
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 (d) The root in question is near 1.57.  

90. (a) When sin x 0 there are gaps in the sketch.  The width�

 of each gap is .1
 

 (b) Let f(x) (sin x)   ln f(x) (tan x) ln (sin x)œ Ê œtan x

   lim  ln f(x)  lim   Ê œ
x 2 x 2Ä Î Ä Î1 1

� �

ln (sin x)
cot x

  lim    lim   0œ œ œ
x 2 x 2Ä Î Ä Î1 1

� �

ˆ ‰"

#

sin x (cos x)
csc x ( csc x)

cos x
� �

   lim  f(x) e 1.  Similarly,Ê œ œ
x 2Ä Î1 �

!

  lim  f(x) e 1.  Therefore,  lim  f(x) 1.
x 2 x 2Ä Î Ä Î1 1�

œ œ œ!

 

 (c) From the graph in part (b) we have a minimum of about 0.665 at x 0.47 and the maximum is about 1.491 at¸

 x 2.66.¸

7.6  INVERSE TRIGONOMETRIC FUNCTIONS

 1. (a)  (b)  (c)   2. (a)  (b)  (c) 1 1 1 1 1 1

4 3 6 4 3 6� � �

 3. (a)  (b)  (c)   4. (a)  (b)  (c) � � �1 1 1 1 1 1

6 4 3 6 4 3

 5. (a)  (b)  (c)   6. (a)  (b)  (c) 1 1 1 1 1 1

3 4 6 4 3 6
3 �

 7. (a)  (b)  (c)   8. (a)  (b)  (c) 3 2 3 2
4 6 3 4 6 3
1 1 1 1 1 1

 9. sin cos  sin  10. sec cos  sec 2Š ‹ ˆ ‰ ˆ ‰ ˆ ‰�" �"
# #

" "È È2
4 32

œ œ œ œ1 1

11. tan sin  tan  12. cot sin cotˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ Š ‹Š ‹�" �"" " "
# #� œ � œ � � œ � œ �1 1

6 33 3
3È ÈÈ

13.  lim  sin x  14.  lim  cos x
x 1 x 1Ä Ä �� �

�" �"
#œ œ1 1

15.  lim  tan x  16.  lim  tan xx xÄ _ Ä �_
�" �"

# #œ œ �1 1

17.  lim  sec x  18.  lim  sec x  lim  cosx x xÄ _ Ä �_ Ä �_
�" �" �"

# #
"œ œ œ1 1ˆ ‰
x

19.  lim  csc x  lim  sin 0 20.  lim  csc x  lim  sin 0x x x xÄ _ Ä _ Ä �_ Ä �_
�" �" �" �"" "œ œ œ œˆ ‰ ˆ ‰

x x
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21. y cos x    22. y cos sec  x  œ Ê œ � œ œ œ Ê œ�" # �" �"

�

� " "

� �
a b ˆ ‰dy dy

dx x dx
2x 2x

1 x 1 x x  x 1É a b È Èk k# # % #

23. y sin 2t   24. y sin (1 t)  œ Ê œ œ œ � Ê œ œ�" �"

�
� �

�" �"
� �

È dy 2 2 dy
dt dt

1 2t
1 2t 2t t1 (1 t)

È È
Ê Š ‹È È È È# # ##

25. y sec (2s 1)  œ � Ê œ œ œ�"
� � � � � � �

"dy
ds

2 2
2s 1  (2s 1) 1 2s 1  4s 4s 2s 1  s sk k È È Èk k k k# # #

26. y sec 5s  œ Ê œ œ�"
�

"

�

dy
ds

5
5s  (5s) 1 s  25s 1k k È Èk k# #

27. y csc x 1   œ � Ê œ � œ�" #

� � �

�

� �
a b dy

dx
2x 2x

x 1  x 1 1 x 1  x 2xk k a bÉ a b È# # # # % #

28. y csc   œ Ê œ � œ œ�"
#

�

�" �

�
ˆ ‰x 2dy

dx  1 x  x  x 4

Š ‹
É Éˆ ‰ k k k k È

"

#

# #

# �¸ ¸x x x 4
4

# #

29. y sec cos t  œ œ Ê œ�" �"" �"

�
ˆ ‰

t dt
dy

1 tÈ #

30. y sin csc   œ œ Ê œ � œ œ�" �"

�

� �

�
ˆ ‰ Š ‹3 t 2t 6

t 3 dt
dy

 1 t  t t 9
#

#

#
#

%

ˆ ‰
¹ ¹ Š ‹

2t
3

t t
3 3

t 9
9

# #
% �Ê É È

31. y cot t cot t   œ œ Ê œ � œ�" �" "Î#

�

�"
# �

È dy
dt

t

1 t t(1 t)

Š ‹
a b È

"

#

�"Î#

"Î# #

32. y cot t 1 cot (t 1)   œ � œ � Ê œ � œ œ�" �" "Î#
�

� �

�" �"

� � � �
È dy

dt

(t 1)

1 (t 1) 2 t 1 (1 t 1) 2t t 1

Š ‹
c d È È

"

#

�"Î#

"Î# #

33. y ln tan x   œ Ê œ œa b�" "
�

dy
dx tan x tan x 1 x

Š ‹
a b a b

"

� #1 x
�" �" #

34. y tan (ln x)  œ Ê œ œ�"
� �

"dy
dx 1 (ln x) x 1 (ln x)

ˆ ‰"
x

# #c d

35. y csc e   œ Ê œ � œ�"

�

�"

�
a bt dy

dt
e

e  e 1 e 1

t

t t 2tk k a bÉ È#

36. y cos e   œ Ê œ � œ�" � �

� �
a bt dy

dt
e e

1 e 1 e

� �

� # �

t t

t 2tÉ a b È

37. y s 1 s cos s s 1 s cos s  1 s s 1 s ( 2s)œ � � œ � � Ê œ � � � � �È a b a b a bˆ ‰# �" # �" # #"Î# "Î# �"Î#" "
# �

dy
ds 1 sÈ #

 1 s 1 sœ � � � œ � � œ œÈ È# #
� � � � �

" � � � � �s s 1 1 s s 1 2s
1 s 1 s 1 s 1 s 1 s

# # # # #

# # # # #È È È È È

38. y s 1 sec s s 1 sec s  s 1 (2s)œ � � œ � � Ê œ � � œ �È a b a bˆ ‰# �" # �" #"Î# �"Î#" " "
# � � �

dy
dx s  s 1 s 1 s  s 1

sk k k kÈ È È# # #

 œ s s 1

s  s 1

k kk k È �

�#
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39. y tan  x 1 csc x tan x 1 csc x  œ � � œ � � Ê œ ��" �" �" # �"# "Î# �

� �

"

�
È a b dy

dx

x 1 (2x)

1 x 1 x  x 1

Š ‹ a b
’ “a b k k È

"

#

# �"Î#

# "Î#
# #

 0, for x 1œ � œ �" "

� �x x 1 x  x 1È Èk k# #

40. y cot tan x tan x tan x  0 0œ � œ � � Ê œ � � œ � œ�" �" �" �" �"" � " " "
# � � ��

ˆ ‰ a bx dx 1 x x 1 1 x
dy x

1 x
1

�#

�" # # # #a b

41. y x sin x 1 x x sin x 1 x   sin x x 1 x ( 2x)œ � � œ � � Ê œ � � � ��" �" # �" ## "Î# �"Î#" "

� #
È a b a bŠ ‹ ˆ ‰dy

dx 1 xÈ #

 sin x sin xœ � � œ�" �"

� �

x x
1 x 1 xÈ È# #

42. y ln x 4 x tan tan x tan tanœ � � Ê œ � � œ � � œ �a b ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰– —# �" �" �" �"
# � # � # � #�

x 2x x 2x x 2x xdy
dx x 4 x 4 4 x1

# # ##

Š ‹
ˆ ‰
"

#

#

x

43.  dx sin C' "

�

�"È9 x
x
3#

œ �ˆ ‰
44.  dx  dx , where u 2x and du 2 dx' ' '" " "

� �# #�È È È1 4x 1 u
2 du

1 (2x)# ##
œ œ œ œ

  sin u C  sin (2x) Cœ � œ �" "
# #

�" �"

45.  dx  dx  tan  C' '" " "
�

�

�"
17 x

17 x 17 17
x

# #
#

œ œ �Š ‹È È È

46.  dx  dx  tan C  tan C' '" " " "
�

�

�" �"
9 3x 3 9

3 x 3 3 3 3
x x3

# #
#

œ œ � œ �Š ‹È È È ÈÈŠ ‹ Š ‹

47. , where u 5x and du 5 dx' 'dx du
x 25x 2 u u 2È È# #� �

œ œ œ

  sec  C  sec  Cœ � œ �" "�" �"È È È È2 2 2 2
u 5x¹ ¹ ¹ ¹

48. , where u 5x and du 5 dx' 'dx du
x 5x 4 u u 4È È# #� �

œ œ œÈ È
  sec  C  sec  Cœ � œ �" "

# # # #
�" �"¸ ¸ ¹ ¹u 5xÈ

49. 4 sin  4 sin  sin 0 4 0'
0

1
4 ds s 2
4 s 6 3È �

�" �" �"
# #

"

!
"

#
œ œ � œ � œ� ‘ ˆ ‰ ˆ ‰1 1

50.   , where u 2s and du 2 ds; s 0  u 0, s   u' '
0 0

3 2 4 3 2 4È ÈÎ Î
ds du

9 4s 9 u

3 2 3 2
4È È È È

� �

"
# ## #

œ œ œ œ Ê œ œ Ê œ

  sin  sin  sin 0 0œ œ � œ � œ� ‘ ˆ ‰Š ‹" " "
# # # #

�" �" �"u
3 4 8

23 2 2

0

È Î È
1 1

51.  , where u 2t and du 2 dt; t 0  u 0, t 2  u 2 2' '
0 0

2 2 2
dt du

8 2t 8 u2� �
"

# #œ œ œ œ Ê œ œ Ê œÈ
È È È È

  tan  tan  tan 0 tan 1 tan 0 0œ œ � œ � œ � œ’ “ Š ‹ a b ˆ ‰" " " " "�" �" �" �" �"
# #

!
È È È È

È È
2 8 8 8

u
4 4 4 4 16

2 2
†

1 1
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52.    , where u 3t and du 3 dt; t 2  u 2 3, t 2  u 2 3' '
� �2 2 3

2 2 3
dt du

4 3t 4 u3� �
"

# #œ œ œ œ � Ê œ � œ Ê œÈ È

È È È È È
  tan  tan 3 tan 3œ œ � � œ � � œ’ “ ’ “È ÈŠ ‹ � ‘ˆ ‰" " " "

# #
�" �" �"

# $

�# $ # #È È È È
È
È3 3 3 3 3

u
3 3†

1 1 1

53. , where u 2y and du 2 dy; y 1  u 2, y   u 2' '
� �

� Î �

1 2

2 2 2È È
dy 2

y 4y 1
du

u u 1È È È
# #� � #œ œ œ œ � Ê œ � œ � Ê œ �È

 sec  u sec  2 sec  2œ œ � � � œ � œ �c d k kk k ¹ ¹È�" �" �"� #
�# #

È
1 1 1

4 3 1

54.  , where u 3y and du 3 dy; y   u 2, y   u 2' '
� Î �

� Î �

2 3 2

2 3 2È È
dy 2

y 9y 1
du 2

u u 1 3 3È È È
# #� �

œ œ œ œ � Ê œ � œ � Ê œ �È
 sec  u sec  2 sec  2œ œ � � � œ � œ �c d k kk k ¹ ¹È�" �" �"� #

�# #

È
1 1 1

4 3 1

55.  , where u 2(r 1) and du 2 dr' '3 dr 3 du
1 4(r 1) 1 uÈ È� � # �# #

œ œ � œ

  sin u C  sin 2(r 1) Cœ � œ � �3 3
# #

�" �"

56. 6  , where u r 1 and du dr' '6 dr du
4 (r 1) 4 uÈ È� � �# #

œ œ � œ

 6 sin  C 6 sin Cœ � œ ��" �"
# #

�u r 1ˆ ‰
57.  , where u x 1 and du dx' 'dx du

2 (x 1) 2 u� � �# #œ œ � œ

  tan  C  tan Cœ � œ �" " ��" �"È È È È2 2 2 2
u x 1Š ‹

58.  , where u 3x 1 and du 3 dx' 'dx du
1 (3x 1) 3 1 u� � �

"
# #œ œ � œ

  tan u C  tan (3x 1) Cœ � œ � �" "�" �"
3 3

59. , where u 2x 1 and du 2 dx' 'dx du
(2x 1) (2x 1) 4 u u 4� � �

"
# �È È# #

œ œ � œ

  sec  C  sec  Cœ � œ �" " " �
# # # #

�" �"
†

¸ ¸ ¸ ¸u 2x 1
4

60. , where u x 3 and du dx' 'dx du
(x 3) (x 3) 25 u u 25� � � �È È# #

œ œ � œ

  sec  C  sec  Cœ � œ �" " ��" �"
5 5 5 5

u x 3¸ ¸ ¸ ¸
61. 2  , where u sin  and du cos  d ; u , u' '

� Î �

Î

1

1

2 1

2 1
2 cos  d du

1 (sin ) 1 u
) ) 1 1

)� � # ## #œ œ œ œ � Ê œ �" œ Ê œ ") ) ) ) )

 2 tan u 2 tan 1 tan ( 1) 2œ œ � � œ � � œc d a b � ‘ˆ ‰�" �" �""
�"

1 1

4 4 1

62.   , where u cot x and du csc x dx; x   u 3 , x   u 1' '
1

1

Î

Î

6 3

4 1
csc x dx du

1 (cot x) 1 u 6 4

#

# #� �
#œ � œ œ � œ Ê œ œ Ê œÈ

1 1È
 tan u tan 1 tan 3œ � œ � � œ � � œc d È�" �" �""

$ #È 1 1 1

4 3 1

63.   , where u e  and du e  dx; x 0  u 1, x ln 3  u 3' '
0 1

ln 3 3
x x

È È
e  dx du

1 e 1 u

x

2x� �œ œ œ œ Ê œ œ Ê œ#
È È

 tan u tan 3 tan 1œ œ � œ � œc d È�" �" �"$
" #

È
1 1 1

3 4 1
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64. 4 , where u ln t and du  dt; t 1  u 0, t e   u' '
1 0

e 4
4

1Î%

4 dt du
t 1 ln t 1 u t 4a b� �

"
# #œ œ œ œ Ê œ œ Ê œ

1

1

Î
Î 1

 4 tan u 4 tan  tan 0 4 tan  œ œ � œc d ˆ ‰�" �" �" �"Î%
!
1 1 1

4 4

65. , where u y  and du 2y dy' 'y dy
1 y

du
1 uÈ È�

"
# �

#
% #
œ œ œ

  sin u C  sin y Cœ � œ �" "
# #

�" �" #

66. , where u tan y and du sec y dy' 'sec y dy
1 tan y

du
1 u

#

# #È È� �

#œ œ œ

 sin u C sin (tan y) Cœ � œ ��" �"

67. sin (x 2) C' ' 'dx dx dx
x 4x 3 1 x 4x 4 1 (x 2)È È Èa b� � � � � � � �

�"
# # #

œ œ œ � �

68. sin (x 1) C' ' 'dx dx dx
2x x 1 x 2x 1 1 (x 1)È È Èa b� � � � � �

�"
# # #
œ œ œ � �

69.  6 6 6 sin' ' '
� � �� � � � � � �

�" �
#

!

�"1 1 1

0 0 0
6 dt dt dt t 1

3 2t t 4 t 2t 1 2 (t 1)È È Èa b# # # #
œ œ œ � ‘ˆ ‰

 6 sin sin 0 6 0œ � œ � œ� ‘ ˆ ‰ˆ ‰�" �""
#

1

6 1

70.  3 3 3 sin' ' '
1 2 1 2 1 2

1 1 1

Î Î Î

6 dt 2 dt 2 dt 2t 1
3 4t 4t 4 4t 4t 1 2 (2t 1)È È Èa b� � � � � � �

�" �
#

"

"Î## # # #
œ œ œ � ‘ˆ ‰

 3 sin sin 0 3 0œ � œ � œ� ‘ ˆ ‰ˆ ‰�" �""
# #

1 1

6

71.  tan C' ' 'dy dy dy y 1
y 2y 5 4 y 2y 1 (y 1)# # # #� � � � � # � � # #

" �" �œ œ œ �ˆ ‰
72. tan (y 3) C' ' 'dy dy dy

y 6y 10 1 y 6y 9 1 (y 3)# # #� � � � � � �
�"œ œ œ � �a b

73. 8 8 8 tan (x 1) 8 tan 1 tan 0 8 0 2' ' '
1 1 1

2 2 2
8 dx dx dx

x 2x 2 1 x 2x 1 1 (x 1) 4# # #� � � � � � �
�" �" �"#

"œ œ œ � œ � œ � œa b c d a b ˆ ‰1 1

74.  2  2  2 tan (x 3) 2 tan 1 tan ( 1) 2' ' '
2 2 2

4 4 4
2 dx dx dx

x 6x 10 1 x 6x 9 1 (x 3) 4 4# # #� � � � � � �
�" �" �"%

#œ œ œ � œ � � œ � � œa b c d c d � ‘ˆ ‰1 1 1

75. dx dx dx; dx du where u x 4 du 2x dx du x dx' ' ' ' 'x 4 x 4 x 1
x 4 x 4 x 4 x 4 u
� " "
� � � � # #

#
# # # #œ � œ œ � Ê œ Ê œ

 dx ln x 4 2 tan CÊ œ � � �' x 4 1 x
x 4 2 2

1�
�

# �
# a b ˆ ‰

76. dt dt Let w t 3 w 3 t dw dt dw dw dw;' ' ' ' 't t w 1 w 1
t 6t 10 w w wt 3 1

�# �# �
� � �" �" �"� �# # # ##œ œ � Ê � œ Ê œ Ä œ �a b ’ “

 dw du where u w 1 du 2w dw du w dw dw dw' ' ' 'w 1 w 1
w u w w# # #�" # # �" �"

" "#œ œ � Ê œ Ê œ Ê �

 ln w 1 tan w C ln t 3 1 tan t 3 C ln t 6t 10 tan t 3 Cœ � � � œ � � � � � œ � � � � �1 1 1
2 2 2

1 1 1a b a b a b a b a b a bˆ ‰# � � # �#

77. dx 1 dx dx dx 10 dx; dx du where u x 9' ' ' ' ' ' 'a bx 2x 1 2x 10 2x 1 2x 1
x 9 x 9 x 9 x 9 x 9 u

#

# # # # #

� � �
� � � � �

#œ � œ � � œ œ �

 du 2x dx dx dx 10 dx x ln x 9 tan CÊ œ Ê � � œ � � � �' ' '2x 1 10 x
x 9 x 9 3 3

1
# #� �

# �a b ˆ ‰
78. dt t 2 dt t 2 dt dt 2 dt; dt du where u t 1' ' ' ' ' ' 'a b a bt 2t 3t 4 2t 2 2t 1 2t 1

t 1 t 1 t 1 t 1 t 1 u

3 2� � � �
� � � � �

#
# # # # #œ � � œ � � � œ œ �

 du 2t dt t 2 dt dt 2 dt t 2t ln t 1 2 tan t CÊ œ Ê � � � œ � � � � �' ' 'a b 2t 1 1
t 1 t 1 2

2 1
# #� �

# �a b a b
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79.  , where u x 1 and du dx' ' ' 'dx dx dx du
(x 1) x 2x (x 1) x 2x 1 1 (x 1) (x 1) 1 u u 1� � � � � � � � � �È È È È# # # #

œ œ œ œ � œ

 sec  u C sec  x 1 Cœ � œ � ��" �"k k k k
80.  du, where u x 2 and du dx' ' ' 'dx dx dx

(x 2) x 4x 3 (x 2) x 4x 4 1 (x 2) (x 2) 1 u u 1� � � � � � � � � �
"

�È È È È# # # #
œ œ œ œ � œ

 sec  u C sec  x 2 Cœ � œ � ��" �"k k k k
81.  dx e  du, where u sin x and du' 'e dx

1 x 1 x

sin x�"

# #È È� �

�"œ œ œu

 e C e Cœ � œ �u sin x�"

82.  dx e  du, where u cos x and du' 'e dx
1 x 1 x

cos x�"

# #È È� �

�" �œ � œ œu

 e C e Cœ � � œ � �u cos x�"

83.  dx u  du, where u sin x and du' 'a bÈ Èsin x

1 x 1 x
dx�" #

# #� �

# �"œ œ œ

 C Cœ � œ �u
3 3

sin x$ �" $a b

84.  dx u  du, where u tan x and du' 'Ètan x
1 x 1 x

dx�"

# #� �
"Î# �"œ œ œ

 u C tan x C tan x Cœ � œ � œ �2 2 2
3 3 3

$Î# �" $Î# �" $a b a bÉ

85.  dy  dy  du, where u tan y and du' '" "
� �

�"a b a b
Š ‹

tan y 1 y tan y u 1 y
dy

�" # �" #œ œ œ œ' "

� #1 y

 ln u C ln tan y Cœ � œ �k k k k�"

86.   dy  dy  du, where u sin y and du' '" "
� �

�"a bÈ È
� �

sin y 1 y 1 ysin y u
dy

�" # #�"œ œ œ œ'
"

� #É1 y

 ln u C ln sin y Cœ � œ �k k k k�"

87.   dx sec u du, where u sec x and du ; x 2  u , x 2  u' '
È2 4

2 3sec sec x

x x 1 x x 1
dx

4 3

# �"

# #

a bÈ È� �

# �"œ œ œ œ Ê œ œ Ê œ
1

1

Î

Î È 1 1

 tan u tan tan 3 1œ œ � œ �c d È1

1

1 1Î$
Î4 3 4

88.   dx cos u du, where u sec x and du ; x   u , x 2  u' '
2

cos sec x

x x 1 x x 1
dx 2

3 6 3Î Î

Î

È3 6

2 3a bÈ È È
�"

# #� �

�"œ œ œ œ Ê œ œ Ê œ
1

1

1 1

 sin u sin sin œ œ � œc d 1
1

1 1Î$
Î'

�"
#3 6

3È

89.  dx 2 du where u tan x du dx 2du dx' '" "

� �
�

�
�È Èa b ” •ˆ ‰ ˆ ‰È È Èa b

x x 1 tan x 9
u 9

1 1 1 1
1 + x 2 x 1 x x

�1 2 2 2œ œ Ê œ Ê œÈ
 tan Cœ �2

3 3
1 tan x� Š ‹�1È

90.  dx u du where u sin e du e dx' 'e  sin e 1
1 e 1 e

x xx x

x x

�"

# #È È� �

�"œ œ Ê œ

 sin e Cœ �"
#

�"a bx 2

91.  lim    lim   5
x 0 x 0Ä Ä

sin 5x
x 1

�"

œ œ
Š ‹5

1 25xÈ
� #
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92.  lim    lim    lim    lim  x x 1
x 1 x 1 x 1 x 1Ä Ä Ä Ä� � � �

È a b Š ‹ a b
Œ �

x 1
sec x sec x

x 1 x 1 (2x)#

�" �"

# "Î# # �"Î#

� � �
œ œ œ œ

"

#

"

# �k k Èx  x 1

k k

93.  lim  x tan  lim    lim    lim   2x x x xÄ _ Ä _ Ä _ Ä _
�"

� �
ˆ ‰2 2

x x x 1 4x
tan 2xœ œ œ œ

�" �"

�" �# �#

a b Š ‹� �#

� �#

2x
1 4x

94.  lim    lim    lim   
x 0 x 0 x 0Ä Ä Ä

2 tan 3x 6 6
7x 14x 77 1 9x

�" #

# %œ œ œ
Š ‹

a b
12x

1 9x� %

�

95.       lim lim lim
x 0 x 0 x 0

tan x 2
x sin x 2x sin xÄ Ä Ä�

�

� � �
�

�

�

� �

�

� �

�
Î

� �

� Î

1 2

1 1 2 0 2

2x
1 x4

1 x2
1

2 3x 14

1 x4 2

x 2

1 x2 3 2

2 0 1
12

1 0 3 2
œ œ œ œ œŒ � Î ÑÐ Ó

Ï ÒÈ

Š ‹

Š ‹

Š ‹

a b

a b
1

96.         lim lim lim lim
x x x x

e tan e
e x 2e 1 4e

e tan e
e tan e e tan e

Ä_ Ä_ Ä_ Ä_� �

�
� � �

x 1 x

2x 2x 2x

x 1 x e2x

e 12x

x 1 x x 1 xe 2e2x 2x

e 12x 2
e 12x

e e2x

�

�

�

� �

�
�

œ œ œ
Š ‹

Š ‹2x 3

e 12x 2

2x

�

�Š ‹
4e

     0 0 0œ � œ � œ � œlim lim
x x

tan e tan e
4e 4e

e 3 1 3e

4 e 1 4 e eÄ_ Ä_

� �

� �– — – —� �

�

�

1 x 1 x

x 2 x 2

2x 2x

2x x x

ˆ ‰ ˆ ‰
a b a b

97.         lim lim lim lim
x 0 x 0 x 0 x 0

tan x

x x 1 x 1 3

tan x 2tan x

Ä Ä Ä Ä� � �� � � �

� �

� �

�

�

�

�

�’ “ˆ ‰È
È È

ˆ ‰È ˆ ‰È
a b

1
2

1 1
x 1 x x 1 x

x
2 x 1

tan x1

3x 2
2 x 1

1

œ œ œ
È Èa b a b

È

ˆ ‰È

È
Š ‹

x 2 x x 1 x 0� � ÄÈ È œ   lim
�

�

� �

�

� �1
x 1 x

12x 13x 22

2 x x 1

È a b

È È

   1œ œ œlim
x 0

2 2
12x 13x 2 x 1 2Ä � � ��

Š ‹a bÈ2

98.         lim lim lim lim
x 0 x 0 x 0 x 0

sin x

sin x 2 sin x
x 1

sin x 1 x sin x 1 xÄ Ä Ä Ä� † � �� � � �

�

�

�

�

�

� �

� �

1 2

1 2 1

2x

1 x4

1
1 x2

1 2 1 2x 1
1 x2 1 x2

ˆ ‰
a b a b È Èœ œ œŒ � Œ �Š ‹È

È È È
œ

   1œ œ œlim
x 0

1 x 1 x

1 x x 1 x sin x
1
1Ä

� �

� � �� �
Š ‹È ÈÈ2 2

2 2 1

99. If y ln x  ln 1 x C, then dy  dxœ � � � � œ � �" "
# �

#
�a b – —tan x x

x x 1 x x

tan x
�"

# #

�"Š ‹x
1 x� #

  dx  dx  dx,œ � � � œ œŠ ‹" "
� � �

� � � � �
x 1 x x 1 x x x 1 x x

x tan x tan xx 1 x x x tan x 1 x
# # # # # #

�" �"# $ �" #

a b a ba b a ba b
 which verifies the formula

100. If y  cos 5x  dx, then dy x  cos 5x  dxœ � œ � �x 5 x x 5 5 x
4 4 4 41 25x 1 25x 1 25x

% % % %

# # #

�" $ �"

� � �

�' È È È’ “Š ‹Š ‹ Š ‹
 x  cos 5x  dx, which verifies the formulaœ a b$ �"

101. If y x sin x 2x 2 1 x  sin x C, thenœ � � � �a b È�" �"# #

 dy sin x 2  sin x 2 1 x  dx sin x  dx, which verifiesœ � � � � � œ’ “a b a bÈ Š ‹�" �" �"# #

� � �

� "#2x sin x

1 x 1 x 1 x
2xa bÈ È È�"

# # #

 the formula

102. If y x ln a x 2x 2a tan C, then dy ln a x 2  dxœ � � � � œ � � � �a b a bˆ ‰ – —# # �" # #
� �

x 2x 2
a a x 1

#

# # Š ‹x
a

#

#

 ln a x 2 2  dx ln a x  dx, which verifies the formulaœ � � � œ �’ “a b a bŠ ‹# # # #�
�

a x
a x

# #

# #

103.   dy   y sin x C; x 0 and y 0  0 sin 0 C  C 0  y sin xdy
dx 1 x 1 x

dxœ Ê œ Ê œ � œ œ Ê œ � Ê œ Ê œ"

� �

�" �" �"È È# #
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104. 1 dy 1  dx y tan (x) x C; x 0 and y 1 1 tan 0 0 Cdy
dx x 1 1 xœ � Ê œ � Ê œ � � œ œ Ê œ � �" "

� �
�" �"

# #
ˆ ‰

  C 1  y tan (x) x 1Ê œ Ê œ � ��"

105.   dy   y sec  x C; x 2 and y   sec 2 C  C sec 2dy
dx x x 1 x x 1

dxœ Ê œ Ê œ � œ œ Ê œ � Ê œ �"

� �

�" �" �"È È# #
k k 1 1 1

   y sec (x) , x 1œ � œ Ê œ � �1 1 1 1

3 3 3
2 2�"

106.   dy  dx  y tan x 2 sin x C; x 0 and y 2dy
dx 1 x 1 x

2 2
1 x 1 x

œ � Ê œ � Ê œ � � œ œ" "
� �� �

�" �"
# #

# #È ÈŠ ‹
  2 tan 0 2 sin 0 C  C 2  y tan x 2 sin x 2Ê œ � � Ê œ Ê œ � ��" �" �" �"

107. (a) The angle  is the large angle between the wall and the right end of the blackboard minus the small angle  between!

 the left end of the blackboard and the wall  cot cot .Ê œ �! �" �"ˆ ‰ ˆ ‰x x
15 3

 (b) ; 0 540 12x 0 x 3 5d 15 3 540 12x d
dt 225 x 9 x 225 x 9 x dt1 1

2! !œ � � œ � � œ œ Ê � œ Ê œ „
1 1

15 3
x x

15 3
2 2 2 2 2 2

2

� � � � � �
�ˆ ‰ ˆ ‰ a ba b È

 Since x 0, consider only x 3 5 3 5 cot cot 0.729728 41.8103 .  Using� œ Ê œ � ¸ ¸È ÈŠ ‹ Š ‹ Š ‹! �" �" ‰3 5 3 5
15 3

È È

 the first derivative test, 0 and 0 local maximum of  41.8103  whend 132 d 132
dt 565 dt 5x 1 x 10

! !¹ ¹
œ œ (!)

‰œ � œ � � Ê

 x 3 5 6.7082 ft.œ ¸È
108. V 2 (sec y)  dy 4y tan y 3œ � œ � œ �1 1 1'

0

31Î c d c d Š ‹È# # Î$
!
1 14

3

109. V r h (3 sin ) (3 cos ) 9 cos cos , where 0œ œ œ � Ÿ Ÿˆ ‰ ˆ ‰ a b" "# # $
#3 31 1 ) ) 1 ) ) ) 1

 9 (sin ) 1 3 cos sin 0 or cos   the critical points are:  0, cos , andÊ œ � � œ ! Ê œ œ „ ÊdV
d 3 3)

1 ) ) ) )a b Š ‹# �"" "È È
 cos ; but cos  is not in the domain.  When 0, we have a minimum and when cos�" �" �"" " "Š ‹ Š ‹ Š ‹� � œ œÈ È È3 3 3

) )

 54.7°, we have a maximum volume.¸

110. 65° (90° ) (90° ) 180°  65° 65° tan 65° 22.78° 42.22°� � � � œ Ê œ � œ � ¸ � ¸" ! ! " �" ˆ ‰21
50

111. Take each square as a unit square.  From the diagram we have the following:  the smallest angle  has a!

 tangent of 1  tan 1; the middle angle  has a tangent of 2  tan 2; and the largest angle Ê œ Ê œ! " " #�" �"

 has a tangent of 3  tan 3.  The sum of these three angles is   Ê œ Ê � � œ# 1 ! " # 1�"

  tan 1 tan 2 tan 3 .Ê � � œ�" �" �" 1

112. (a) From the symmetry of the diagram, we see that sec x is the vertical distance from the graph of y sec x to1 � œ�" �"

 the line y  and this distance is the same as the height of y sec x above the x-axis at x;œ œ �1 �"

 i.e., sec x sec ( x).1 � œ ��" �"

 (b) cos ( x) cos x, where 1 x 1  cos cos , where x 1 or x 1�" �" �" �"" "� œ � � Ÿ Ÿ Ê � œ �   Ÿ �1 1ˆ ‰ ˆ ‰
x x

  sec ( x) sec xÊ � œ ��" �"1

113. sin (1) cos (1) 0 ; sin (0) cos (0) 0 ; and sin ( 1) cos ( 1) .�" �" �" �" �" �"
# # # # # #� œ � œ � œ � œ � � � œ � � œ1 1 1 1 1 11

 If x ( 0) and x a, then sin (x) cos (x) sin ( a) cos ( a) sin a cos a− �"ß œ � � œ � � � œ � � ��" �" �" �" �" �"a b1

 sin a cos a  from Equations (3) and (4) in the text.œ � � œ � œ1 1a b�" �"
# #
1 1
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114.    tan x and tan   tan x tan   .Ê œ œ Ê œ � œ �! " ! "" "
#

�" �"
x x

1

115. csc u sec u  csc u sec u 0 , u 1�" �" �" �"
# # � �

œ � Ê œ � œ � œ � �1 1d d
dx dx u  u 1 u  u 1
a b k kˆ ‰ du du

dx dxk k k kÈ È# #

116. y tan x  tan y x  (tan y) (x)œ Ê œ Ê œ�" d d
dx dx

  sec y  1  Ê œ Ê œ œa b# " "

�

dy dy
dx dx sec y

1 x
#

#
#Š ‹È

 , as indicated by the triangleœ "
�1 x#

 

117. f(x) sec x  f (x) sec x tan x   .œ Ê œ Ê œ œ œw

œ

" " "

„ �"

df
dx sec sec  b tan sec  bx b b b

�"

œ �"

�" �"
#

¹
df
dx x f b
¹ Š ‹a b a b È

a b

 Since the slope of sec  x is always positive, we the right sign by writing sec  x .�" �" "

l l � "

d
dx x x

œ È #

118. cot u tan u  cot u tan u 0�" �" �" �"
# # � �œ � Ê œ � œ � œ �1 1d d

dx dx 1 u 1 ua b ˆ ‰ du du
dx dx

# #

119. The functions f and g have the same derivative (for x 0), namely .  The functions therefore differ  "
�Èx (x 1)

 by a constant.  To identify the constant we can set x equal to 0 in the equation f(x) g(x) C, obtainingœ �

 sin ( 1) 2 tan (0) C  0 C  C .  For x 0, we have sin 2 tan x .�" �" �" �"
# # � #

�� œ � Ê � œ � Ê œ �   œ �1 1 1ˆ ‰ Èx 1
x 1

120. The functions f and g have the same derivative for x 0, namely .  The functions therefore differ by a� �"
�1 x#

 constant for x 0.  To identify the constant we can set x equal to 1 in the equation f(x) g(x) C, obtaining� œ �

 sin tan 1 C  C  C 0.  For x 0, we have sin  tan  .�" �" �" �"" " "

�
Š ‹È È2 x 14 4 xœ � Ê œ � Ê œ � œ1 1

#

121. V   dx   dx tan x tan 3 tanœ œ œ œ � �1 1 1 1' '
� Î � Î � ÎÈ È

È È È
È

3 3 3 3

3 3 3

3 3Š ‹ ’ “c d È Š ‹" "

�

#

�
�" �" �"È È

1 x 1 x 3
3

# #

 œ � � œ1 � ‘ˆ ‰1 1 1

3 6

#

#

122. Consider y r x ; Since  is undefined at x r and x r, we will find the length from x 0œ � Ê œ œ œ � œÈ 2 2 dy dy
dx dx

x
r x
�

�È 2 2

 to x  (in other words, the length of  of a circle) L 1 dx 1 dxœ Ê œ � œ �r 1 x x
8 r x

r 2 r 2

r x

2

È È
È È

#

Î Î
�

� �
' '

0 0
Ê Š ‹ É

2 2

2

2 2

 dx dx r sin r sin r sin 0œ œ œ œ �' '
0 0 0

r 2 r 2
r r x

r x r rr x
1 1 1r 2 r 2Î Î

� �

� � �Î Î
È È

È
È ÈÉ � ‘ˆ ‰ Š ‹ a b2

2 2 2 2

 r sin 0 r . The total circumference of the circle is C 8L 8 2 r.œ � œ œ œ œ œ�1 1 r r
2 4 4 4Š ‹ ˆ ‰ ˆ ‰È 1 1 1 1

123. (a) A(x) (diameter)   V  A(x) dx  œ œ � � œ Ê œ œ1 1 1 1

4 4 1 x 1 x1 x 1 x
 dx# " "

� �

#

� �’ “Š ‹È È# # # #
' '

a 1

b 1

�

 tan x ( )(2)œ œ œ1 1c d ˆ ‰�" "
�" #

1 1

4

#

 (b) A(x) (edge)   V A(x) dxœ œ � � œ Ê œ œ# " "

� �

#

� �’ “Š ‹È È1 x 1 x
4 4 dx

1 x 1 x# # # #
' '

a 1

b 1

�

 4 tan  x 4 tan (1) tan ( 1) 4 2œ œ � � œ � � œc d c d � ‘ˆ ‰�" �" �""
�"

1 1

4 4 1
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124. (a) A(x) (diameter) 0   V A(x) dxœ œ � œ œ Ê œ1 1 1 1

4 4 4
2 4

1 x 1 x 1 x
#

�

#

� �
Š ‹ Š ‹%

# # #È È È '
a

b

   dx sin x sin sinœ œ œ � � œ � � œ'
� Î

Î
Î

� ÎÈ

È È

È2 2

2 2 2 2

2 2
1 1 1 1È È È

1 x

2 2
4 4�

�" �" �"
# # ##

#

1 1 1c d ’ “Š ‹ Š ‹ � ‘ˆ ‰
 (b) A(x) 0   V A(x) dx   dxœ œ � œ Ê œ œ(diagonal)

2 2
1 2 2 2

1 x 1 x 1 x

#

%
# # #

Š ‹È È È�

#

� �
' '

a 2 2

b 2 2

� Î

Î

È

È

 2 sin x 2 2œ œ œc d ˆ ‰�" È

È
2 2

2 2

Î

� Î
1

4 † 1

125. (a) sec 1.5 cos  0.84107 (b) csc ( 1.5) sin 0.72973�" �" �" �"" "œ ¸ � œ � ¸ �1.5 1.5
ˆ ‰

 (c) cot 2 tan 2 0.46365�" �"
#œ � ¸1

126. (a) sec ( 3) cos 1.91063 (b) csc 1.7 sin 0.62887�" �" �" �"" "� œ � ¸ œ ¸ˆ ‰ ˆ ‰
3 1.7

 (c) cot ( 2) tan ( 2) 2.67795�" �"
#� œ � � ¸1

127. (a) Domain:  all real numbers except those having
 the form k  where k is an integer.1

# � 1

 Range:  y� � �1 1

# #

 

 (b) Domain:  x ; Range:  y�_ � � _ �_ � � _

 The graph of y tan (tan x) is periodic, theœ �"

 graph of y tan tan x x for x .œ œ �_ Ÿ � _a b�"

 

128. (a) Domain:  x ; Range:  y�_ � � _ � Ÿ Ÿ1 1

# #  

 (b) Domain:  x 1; Range:  y 1�" Ÿ Ÿ �" Ÿ Ÿ

 The graph of y sin (sin x) is periodic; theœ �"

 graph of y sin sin x x for x 1.œ œ �" Ÿ Ÿa b�"

 

129. (a) Domain:  x ; Range:  0 y�_ � � _ Ÿ Ÿ 1  
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 Section 7.6 Inverse Trigonometric Functions 435

 (b) Domain:  1 x 1; Range:  y 1� Ÿ Ÿ �" Ÿ Ÿ

 The graph of y cos (cos x) is periodic; theœ �"

 graph of y cos cos x x for x 1.œ œ �" Ÿ Ÿa b�"

 

130. Since the domain of sec x is ( 1] [ ), we�" �_ß� � "ß_

 have sec sec x x for x 1.  The graph ofa b k k�" œ  

 y sec sec x  is the line y x with the openœ œa b�"

 line segment from ( ) to ( ) removed.�"ß�" "ß "

 

131. The graphs are identical for y 2 sin 2 tan xœ a b�"

 4 sin tan x cos tan x 4œ œc d c da b a b Š ‹Š ‹�" �"
� �

"x
x 1 x 1È È# #

  from the triangle   œ 4x
x 1# �

 

132. The graphs are identical for y cos 2 sec xœ a b�"

 cos sec x sin sec xœ � œ �# �" # �" " �a b a b x x
x 1

# #

#

  from the triangle   œ 2 x
x
� #

#

 

133. The values of f increase over the interval [ 1] because�"ß

 f 0, and the graph of f steepens as the values of fw w�

 increase towards the ends of the interval.  The graph of f
 is concave down to the left of the origin where f 0,ww �

 and concave up to the right of the origin where f 0.ww �

 There is an inflection point at x 0 where f 0 andœ œww

 f  has a local minimum value.w
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436 Chapter 7 Transcendental Functions

134. The values of f increase throughout the interval ( )�_ß_

 because f 0, and they increase most rapidly near thew �

 origin where the values of f  are relatively large.  Thew

 graph of f is concave up to the left of the origin where
 f 0, and concave down to the right of the originww �

 where f 0.  There is an inflection point at x 0ww � œ

 where f 0 and f  has a local maximum value.ww wœ

 

7.7  HYPERBOLIC FUNCTIONS

 1. sinh x   cosh x 1 sinh x 1 1 , tanh x ,œ � Ê œ � œ � � œ � œ œ œ œ œ �3 3 9 25 5 sinh x 3
4 4 16 16 4 cosh x 5

È É ˆ ‰ É É# # �ˆ ‰ˆ ‰
3
4

5
4

 coth x , sech x , and csch xœ œ � œ œ œ œ �" " "
tanh x 3 cosh x 5 sin x 3

5 4 4

 2. sinh x   cosh x 1 sinh x 1 , tanh x , coth x ,œ Ê œ � œ � œ œ œ œ œ œ œ4 16 25 5 sinh x 4 5
3 9 9 3 cosh x 5 tanh x 4

È É É# "ˆ ‰ˆ ‰
4
3
5
3

 sech x , and csch xœ œ œ œ" "
cosh x 5 sinh x 4

3 3

 3. cosh x , x 0  sinh x cosh x 1 1 1 , tanh xœ � Ê œ � œ � œ � œ œ œ œ17 17 289 64 8 sinh x
15 15 225 225 15 cosh x

È Éˆ ‰ É É# # ˆ ‰ˆ ‰
8

15
17
15

 , coth x , sech x , and csch xœ œ œ œ œ œ œ8 17 15 15
17 tanh x 8 cosh x 17 sinh x 8

" " "

 4. cosh x , x 0  sinh x cosh x 1 1 , tanh x ,œ � Ê œ � œ � œ œ œ œ œ13 169 144 12 sinh x 12
5 25 25 5 cosh x 13

È É É#
ˆ ‰ˆ ‰

12
5

13
5

 coth x , sech x , and csch xœ œ œ œ œ œ" " "
tanh x 12 cosh x 13 sinh x 12

13 5 5

 5. 2 cosh (ln x) 2 e xœ œ � œ �Š ‹e e ln x
e x

ln x ln x

ln x
� " "
#

�

 6. sinh (2 ln x) œ œ œ œe e e e xx

x

2 ln x 2 ln x ln x ln x x� � �"
# # # #

�
� %

# �#
# "

#

#

Š ‹

 7. cosh 5x sinh 5x e   8. cosh 3x sinh 3x e� œ � œ � œ � œe e e e e e e e5x 3x5x 5x 5x 5x 3x 3x 3x 3x� � � �
# # # #

�� � � �

 9. (sinh x cosh x) e e� œ � œ œ% � �
# #

% %ˆ ‰ a be e e e x 4xx x x x� �

10. ln (cosh x sinh x) ln (cosh x sinh x) ln cosh x sinh x ln 1 0� � � œ � œ œa b# #

11. (a) sinh 2x sinh (x x) sinh x cosh x cosh x sinh x 2 sinh x cosh xœ � œ � œ

 (b) cosh 2x cosh (x x) cosh x cosh x sinh x sin x cosh x sinh xœ � œ � œ �# #

12. cosh x sinh x e e e e e e e e 2e 2e# # � � � � �� � " "
# #

# #
� œ � œ � � � � � � œˆ ‰ ˆ ‰ c d c d a b a ba b a b a b a be e e e

4 4
x x x x x x x x x xx x x x� �

 4e (4) 1œ œ œ" "!
4 4a b

13. y 6 sinh   6 cosh 2 cosh œ Ê œ œx x x
3 dx 3 3 3

dy ˆ ‰ ˆ ‰"
14. y  sinh (2x 1)  [cosh (2x 1)](2) cosh (2x 1)œ � Ê œ � œ �" "

# #
dy
dx

15. y 2 t tanh t 2t  tanh t sech t t 2t tanh t t sech tœ œ Ê œ � œ �È È È� ‘ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰"Î# "Î# # "Î# �"Î# "Î# "Î# �"Î# #"
#

dy
dt

tanh t
t

ÈÈ
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16. y t  tanh t  tanh t sech t t t (2t) tanh t sech  2t tanh œ œ Ê œ � � œ � �# # �" # �" �# # �" #" " "
t dt t t

dy c d a b a b a ba b
17. y ln (sinh z)  coth z 18. y ln (cosh z)  tanh zœ Ê œ œ œ Ê œ œdy dy

dz sinh z dz cosh z
cosh z sinh z

19. y (sech )(1 ln sech ) (sech ) ( sech  tanh )(1 ln sech )œ � Ê œ � � � �) ) ) ) ) )dy
d sech 

sech  tanh 
) )

) )ˆ ‰�

 sech  tanh (sech  tanh )(1 ln sech ) (sech  tanh )[1 (1 ln sech )] (sech  tanh )(ln sech )œ � � œ � � œ) ) ) ) ) ) ) ) ) ) )

20. y (csch )(1 ln csch ) (csch ) (1 ln csch )( csch  coth )œ � Ê œ � � � �) ) ) ) ) )dy
d csch 

csch  coth 
) )

) )ˆ ‰�

 csch  coth (1 ln csch )(csch  coth ) (csch  coth )(1 1 ln csch ) (csch  coth )(ln csch )œ � � œ � � œ) ) ) ) ) ) ) ) ) ) )

21. y ln cosh v  tanh v (2 tanh v) sech v tanh v (tanh v) sech vœ � Ê œ � œ �" "
# #

# # #dy
dv cosh v

sinh v ˆ ‰ a b a b
 (tanh v) 1 sech v (tanh v) tanh v tanh vœ � œ œa b a b# # $

22. y ln sinh v  coth v (2 coth v) csch v coth v (coth v) csch vœ � Ê œ � � œ �" "
# #

# # #dy
dv sinh v

cosh v ˆ ‰ a b a b
 (coth v) 1 csch v (coth v) coth v coth vœ � œ œa b a b# # $

23. y x 1  sech (ln x) x 1 x 1 x 1 2x  2œ � œ � œ � œ � œ Ê œa b a b a b a bˆ ‰ ˆ ‰ ˆ ‰# # # #
� � �
2 2 2x

e e x x x 1 dx
dy

ln x ln x� �" #

24. y 4x 1  csch (ln 2x) 4x 1 4x 1 4x 1 4x  4œ � œ � œ � œ � œ Ê œa b a b a b a bˆ ‰ ˆ ‰Š ‹# # # #
� � �
2 2 4x

e e 2x (2x) 4x 1 dx
dy

ln 2x ln 2x� �" #

25. y sinh x sinh x   œ œ Ê œ œ œ�" �" "Î#

�

" "
# � # �

È ˆ ‰ dy
dx

x

1 x x 1 x x(1 x)

Š ‹
É a b È È È

"

#

�"Î#

"Î# #

26. y cosh  2 x 1 cosh 2(x 1)   œ � œ � Ê œ œ œ�" �" "Î#
�

� �

" "
� � � �

È ˆ ‰ dy
dx

(2) (x 1)

2(x 1) 1 x 1 4x 3 4x 7x 3

Š ‹
Éc d È È È

"

#

�"Î#

"Î# # #

27. y (1 ) tanh   (1 ) ( 1) tanh tanhœ � Ê œ � � � œ �) ) ) ) )�" �" �"" "
� �

dy
d 1 1) ) )

ˆ ‰
#

28. y 2  tanh ( 1) 2 (2 2) tanh ( 1) (2 2) tanh ( 1)œ � � Ê œ � � � � œ � � �a b a b ’ “) ) ) ) ) ) ) ) )# �" # �" �"" �
� � � �

dy
d 1 ( 1) 2

2
) ) ) )

) )
# #

#

 (2 2) tanh ( 1) 1œ � � �) )�"

29. y (1 t) coth t (1 t) coth t   (1 t) ( 1) coth t coth tœ � œ � Ê œ � � � œ ��" �" "Î# �" "Î# �"

�

"
#

È Èˆ ‰ ˆ ‰– —dy
dt

t

1 t t

Š ‹
a b È

"

#

�"Î#

"Î# #

30. y 1 t  coth t  1 t ( 2t) coth t 1 2t coth tœ � Ê œ � � � œ �a b a b ˆ ‰# �" # �" �""
�

dy
dt 1 t#

31. y cos x x sech x  x (1) sech x sech x sech xœ � Ê œ � � œ � � œ ��" �" �" �" �"�" �" �" "

� � � �

dy
dx 1 x x 1 x 1 x 1 xÈ È È È# # # #

’ “Š ‹
32. y ln x 1 x  sech x ln x 1 x  sech xœ � � œ � �È a b# �" # �""Î#

 1 x 1 x ( 2x) sech x  sech x  sech xÊ œ � � � � � œ � � œdy
dx x x xx 1 x 1 x 1 x

x x" �" " " " �# # �" �" �""Î# �"Î#

� � �#a b a bŠ ‹ ˆ ‰È È È# # #

33. y csch   œ Ê œ � œ � œ�" "
#

�

�

� �

ˆ ‰)
)

dy ln (1) ln (2)
d

ln

1 1 1

ln 2’ “ Š ‹Š ‹
Š ‹ Š ‹Ë ” • Ê ÊŠ ‹ Š ‹

" "

# #

" "

# #

" "

# #

)

) )
) )# # #
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34. y csch 2   œ Ê œ � œ�"

�

�

�

)

)

dy (ln 2) 2
d 2 1 2

ln 2
1 2

)

) )
)É a b È# #

35. y sinh (tan x)  sec xœ Ê œ œ œ œ œ�"
�

dy
dx sec x sec x

sec x sec x sec x
1 (tan x) sec x

sec x  sec x# # #

# #È È k k k kk k k k k k
36. y cosh (sec x)  sec x, 0 xœ Ê œ œ œ œ � ��"

� #
dy (sec x)(tan x) (sec x)(tan x) (sec x)(tan x)
dx tan xsec x 1 tan xÈ È k k# #

1

37. (a) If y tan (sinh x) C, then sech x, which verifies the formulaœ � œ œ œ�"
�

dy
dx 1 sinh x cosh x

cosh x cosh x
# #

 (b) If y sin (tanh x) C, then sech x, which verifies the formulaœ � œ œ œ�"

�

dy
dx sech x

sech x sech x
1 tanh x

# #

#È

38. If y  sech x 1 x C, then x sech x x sech x,  which verifies theœ � � � œ � � œx x 2xdy
dx x 1 x 4 1 x

# #

# ## # #
�" �" �"" �"#

� �
È Š ‹È È

 formula

39. If y  coth x C, then x coth x x coth x, which verifies the formulaœ � � œ � � œx x xdy
dx 1 x

# #

#

�" �" " "
# # # � #

�" �" �"Š ‹ ˆ ‰
40. If y x tanh x  ln 1 x C, then tanh x x tanh x, which verifies the formulaœ � � � œ � � œ�" # �" �"" " " �

# � # �a b ˆ ‰ ˆ ‰dy
dx 1 x 1 x

2x
# #

41. sinh 2x dx sinh u du, where u 2x and du 2 dx' 'œ œ œ"
#

 C Cœ � œ �cosh u cosh 2x
# #

42. sinh  dx 5 sinh u du, where u  and du  dx' 'x x
5 5 5œ œ œ "

 5 cosh u C 5 cosh Cœ � œ �x
5

43. 6 cosh ln 3  dx 12 cosh u du, where u ln 3 and du  dx' 'ˆ ‰x x
# # #

"� œ œ � œ

 12 sinh u C 12 sinh ln 3 Cœ � œ � �ˆ ‰x
#

44. 4 cosh (3x ln 2) dx cosh u du, where u 3x ln 2 and du 3 dx' '� œ œ � œ4
3

  sinh u C  sinh (3x ln 2) Cœ � œ � �4 4
3 3

45. tanh  dx 7   du, where u  and du  dx' 'x sinh u x
7 cosh u 7 7œ œ œ "

 7 ln cosh u C 7 ln cosh C 7 ln C 7 ln e e 7 ln 2 Cœ � œ � œ � œ � � �k k ¸ ¸ ¸ ¸¹ ¹" " " "
�
#

Î � Îx e e
7

x 7 x 7x 7 x 7Î � Î

 7 ln e e Cœ � �k kx 7 x 7Î � Î

46. coth  d 3  du, where u  and du' ') ) )È È È3 3 3
cosh u d
sinh u) œ œ œÈ

 3 ln sinh u C 3 ln sinh C 3 ln Cœ � œ � œ �È È Èk k ¹ ¹ ¹ ¹" " "
�
#

)È3
e e) )Î $ � Î $È È

 3 ln e e 3 ln 2 C 3 ln e e Cœ � � � œ � �È È È¹ ¹ ¹ ¹) ) ) )Î $ � Î $ Î � Î
"

È È È È3 3

47.  sech x  dx sech u du, where u x  and du dx' '# #" "
# #

ˆ ‰ ˆ ‰� œ œ � œ

 tanh u C tanh x Cœ � œ � �ˆ ‰"
#
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48. csch (5 x) dx csch u du, where u (5 x) and du dx' '# #� œ � œ � œ �

 ( coth u) C coth u C coth (5 x) Cœ � � � œ � œ � �

49.   dt 2 sech u tanh u du, where u t t  and du' 'sech t tanh t
t 2 t

dtÈ ÈÈ Èœ œ œ œÈ "Î#

 2( sech u) C 2 sech t Cœ � � œ � �È
50.   dt csch u coth u du, where u ln t and du' 'csch (ln t) coth (ln t)

t t
dtœ œ œ

 csch u C csch (ln t) Cœ � � œ � �

51. coth x dx  dx   du ln u ln ln ln ln ,' ' '
ln 2 ln 2 3 4

ln 4 ln 4 15 8

œ œ œ œ � œ œcosh x 15 3 15 4 5
sinh x u 8 4 8 3Î

Î
" "&Î)

$Î% #c dk k ¸ ¸ ¸ ¸ ¸ ¸
†

 where u sinh x, du cosh x dx, the lower limit is sinh (ln 2)  and the upperœ œ œ œ œe e 32

4

ln 2 ln 2�
# #

�
�

Š ‹"
#

 limit is sinh (ln 4) œ œ œe e 154

8

ln 4 ln 4�
# #

�
�

Š ‹"4

52. tanh 2x dx  dx    du ln u ln ln 1  ln , where' ' '
0 0 1

ln 2 ln 2 17 8

œ œ œ œ � œsinh 2x 17 17
cosh 2x u 8 8

" " " " "
# # # #

"(Î)
"

Î c dk k � ‘ˆ ‰
 u cosh 2x, du 2 sinh (2x) dx, the lower limit is cosh 0 1 and the upper limit is cosh (2 ln 2) cosh (ln 4)œ œ œ œ

 œ œ œe e 174

8

ln 4 ln 4�
# #

�
�

Š ‹"4

53. 2e  cosh  d  2e  d e 1  d' ' '
� � �

� � �

�ln 4 ln 4 ln 4

ln 2 ln 2 ln 2
2 ln 2

ln 4
) )) ) ) ) )œ œ � œ �Š ‹ a b � ‘e e) )�

#

�

) e2)

#

�

 ln 2 ln 4 ln 2 ln 4 ln 2 2 ln 2 ln 2œ � � � œ � � � œ � � œ �Š ‹ Š ‹ ˆ ‰ ˆ ‰e e 3 3
8 32 32 3

� �2 ln 2 2 ln 4

# # #
" "

54. 4e  sinh  d 4e  d 2 1 e  d 2' ' '
0 0 0

ln 2 ln 2 ln 2
2

ln 2

0

� � �) ) )) ) ) ) )œ œ � œ �Š ‹ ’ “a be e e) ) )�
# #

� �#

 2 ln 2 0 2 ln 2 2 ln 2 1 ln 4œ � � � œ � � œ � � œ �’ “Š ‹ Š ‹ ˆ ‰e e 3
8 4 4

�2 ln 2 0

# # #
" " "

55. cosh (tan ) sec  d cosh u du sinh u sinh (1) sinh ( 1)' '
� Î �

Î

1

1

4 1

4 1

) ) )# "
�"

� �
# #œ œ œ � � œ �c d Š ‹ Š ‹e e e e" �" �" "

 e e , where u tan , du sec  d , the lower limit is tan 1 and the upperœ œ � œ œ � œ �e e e e
4

� � �
#

�" #�" �"

) ) ) ˆ ‰1
 limit is tan 1ˆ ‰1

4 œ

56. 2 sinh (sin ) cos  d 2 sinh u du 2 cosh u 2(cosh 1 cosh 0) 2 1' '
0 0

2 11Î

) ) ) œ œ œ � œ �c d Š ‹"
!

�
#

e e�"

 e e 2, where u sin , du cos  d , the lower limit is sin 0 0 and the upper limit is sin 1œ � � œ œ œ œ�"
#) ) ) ˆ ‰1

57.  dt cosh u du sinh u sinh (ln 2) sinh (0) 0 , where' '
1 0

2 ln 2
ln 2
0

cosh (ln t)
t 4

e e 32
œ œ œ � œ � œ œc d ln 2 ln 2�

# #

��

"

#

 u ln t, du  dt, the lower limit is ln 1 0 and the upper limit is ln 2œ œ œ"
t

58.  dx 16 cosh u du 16 sinh u 16(sinh 2 sinh 1) 16' '
1 1

4 28 cosh x
x

e e e eÈÈ œ œ œ � œ �c d ’ “Š ‹ Š ‹#
"

� �
# #

# �# �"

 8 e e e e , where u x x , du x dx , the lower limit is 1 1 and the upperœ � � � œ œ œ œ œa b È È# �# �" "Î# �"Î#"
#

dx
2 xÈ

 limit is 4 2È œ
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59. cosh  dx  dx (cosh x 1) dx sinh x x' ' '
� � �

�ln 2 ln 2 ln 2

0 0 0
0

ln 2
#

# # # #
�" " "ˆ ‰ c dx cosh xœ œ � œ �

 [(sinh 0 0) (sinh ( ln 2) ln 2)] (0 0) ln 2 ln 2œ � � � � œ � � � œ � �" " � "
# # # # #

�’ “Š ‹ – —e e 2
� ln 2 ln 2 Š ‹"

#

 1 ln 2  ln 2 ln 2œ � � œ � œ �" " "
# #
ˆ ‰ È

4 8 8
3 3

60. 4 sinh  dx 4  dx 2 (cosh x 1) dx 2 sinh x x' ' '
0 0 0

ln 10 ln 10 ln 10
ln 10
0

#
# #

�ˆ ‰ ˆ ‰ c dx cosh x 1œ œ � œ �

 2[(sinh (ln 10) ln 10) (sinh 0 0)] e e 2 ln 10 10 2 ln 10 9.9 2 ln 10œ � � � œ � � œ � � œ �ln 10 ln 10�
"

10

61. sinh ln 1 ln  62. cosh ln 1 ln 3�" �"�
#

ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹É É5 5 25 2 5 5 25
1 12 144 3 3 3 9œ � � � œ œ � � œ

63. tanh  ln  64. coth  ln  ln 9 ln 3�" �"" " " "
# # � # # #

�ˆ ‰ ˆ ‰Š ‹ Š ‹� œ œ � œ œ œ1 (1/2) (9/4)
1 (1/2) 4 (1/4)

ln 3 5

65. sech ln ln 3 66. csch ln 3 ln 3 2�" �"� � "ˆ ‰ Š ‹ Š ‹ Š ‹� �È È3
5 (3/5)

1 1 (9/25)

3
4/3

1/ 3
œ œ � œ � � œ � �

È ÈÈ Š ‹È

67. (a) sinh  sinh 3 sinh 0 sinh 3'
0

2 3 2 3

0

È Èdx x
4 xÈ �

�" �" �"
##

œ œ � œ� ‘ È È
 (b) sinh 3 ln 3 3 1 ln 3 2�" È È ÈŠ ‹ Š ‹Èœ � � œ �

68. (a) 2 , where u 3x, du 3 dx, a 1' '
0 0

1 3 1Î
6 dx dx
1 9x a uÈ È� �# # #

œ œ œ œ

 2 sinh u 2 sinh 1 sinh 0 2 sinh 1œ œ � œc d a b�" �" �" �""
!

 (b) 2 sinh 1 2 ln 1 1 1 2 ln 1 2�" #œ � � œ �Š ‹ Š ‹È È

69. (a)   dx coth x coth 2 coth  '
5 4

2

Î

"
�

�" �" �"#
&Î%1 x 4

5
# œ œ �c d

 (b) coth 2 coth  ln 3 ln  ln �" �" " " "
# #� œ � œ5 9/4

4 1/4 3
� ‘ˆ ‰

70. (a)   dx tanh x tanh  tanh 0 tanh  '
0

1 2Î
" " "
� # #

�" �" �" �""Î#
!1 x# œ œ � œc d

 (b) tanh   ln  ln 3�" " " "
# # � #

�œ œŠ ‹1 (1/2)
1 (1/2)

71. (a)   , where u 4x, du 4 dx, a 1' '
1 5 4 5

3 13 12 13

Î Î

Î Î
dx du

x 1 16x u a uÈ È� �# # #
œ œ œ œ

 sech u sech  sech  œ � œ � �c d�" �" �"12 13

4 5

Î

Î
12 4
13 5

 (b) sech  sech  ln ln� � œ � ��" �" � � � �12 4
13 5 (12/13) (4/5)

1 1 (12/13) 1 1 (4/5)Š ‹ Š ‹È È# #

 ln ln ln ln ln 2 ln ln 2 ln œ � � œ � œ � œ œŠ ‹ Š ‹ ˆ ‰ ˆ ‰ ˆ ‰13 169 144 5 25 16
1 4 4 12 3 3

5 3 13 5 3 2 4� � � �
# #

� �È È
†

72. (a)  csch  csch 1 csch  csch  csch 1'
1

2
dx x

x 4 xÈ �

" " " " "
# # # # # #

�" �" �" �" �"#

"#
œ � œ � � œ �� ‘ ˆ ‰ ˆ ‰¸ ¸

 (b) csch  csch 1 ln 2 ln 1 2  ln" " " "
# # # #

�" �" �

�
ˆ ‰ ’ “ Š ‹Š ‹ Š ‹È� œ � � � œ

È ÈÈ5/4
(1/2)

2 5
1 2

73. (a)    dx   du sinh u sinh 0 sinh 0 0, where u sin x, du cos x dx' '
0 0

01

cos x
1 sin x 1 uÈ È� �

" �" �" �"!
!# #

œ œ œ � œ œ œc d
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 (b) sinh 0 sinh 0 ln 0 0 1 ln 0 0 1 0�" �"� œ � � � � � œŠ ‹ Š ‹È È

74. (a)  , where u ln x, du  dx, a 1' '
1 0

e 1
dx du

x 1 (ln x) a u xÈ È� �

"
# # #
œ œ œ œ

 sinh u sinh 1 sinh 0 sinh 1œ œ � œc d�" �" �" �""
!

 (b) sinh 1 sinh 0 ln 1 1 1 ln 0 0 1 ln 1 2�" �" # #� œ � � � � � œ �Š ‹ Š ‹ Š ‹È È È
75. Let E(x)  and O(x) .  Then E(x) O(x) f(x).  Also,œ œ � œ � œ œf(x) f( x) f(x) f( x) f(x) f( x) f(x) f( x) 2f(x)� � � � � � � �

# # # # #

 E( x) E(x)  E(x) is even, and O( x) O(x)� œ œ œ Ê � œ œ � œ �f( x) f( ( x)) f(x) f( x) f( x) f( ( x)) f(x) f( x)� � � � � � � � � � � �
# # # #

 O(x) is odd.  Consequently, f(x) can be written as a sum of an even and an odd function.Ê

 f(x)  because 0 if f is even and f(x)  because 0 if f is odd.œ œ œ œf(x) f( x) f(x) f( x) f(x) f( x) f(x) f( x)� � � � � � � �
# # # #

 Thus, if f is even f(x) 0 and if f is odd, f(x) 0œ � œ �2f(x) 2f(x)
# #

76. y sinh x  x sinh y  x    2x e   2xe e 1  e 2xe 1 0œ Ê œ Ê œ Ê œ � Ê œ � Ê � � œ�" � "
#

e e y
e

y y

y

� y 2y 2y y

  e   e x x 1  sinh x y ln x x 1 .  Since e 0, we cannotÊ œ Ê œ � � Ê œ œ � � �y y y2x 4x 4„ �
#

# #�"È # È ÈŠ ‹
 choose e x x 1 because x x 1 0.y œ � � � � �È È# #

77. (a) v tanh t sech t g sech t .œ Ê œ œÉ ÉŒ � Œ � Œ � Œ �É É É É” •mg gk mg gk gk gk
k m dt k m m m

dv # #

 Thus m mg sech t mg tanh t mg kv . Also, since tanh x  when x , vdv
dt m m

gk gkœ œ " � œ � œ ! œ ! œ !# # #Œ � Œ �É ÉŒ �
 when t .œ !

 (b)  lim  v  lim   tanh t   lim  tanh t (1)
t t tÄ _ Ä _ Ä _

œ œ œ œÉ É É ÉŒ � Œ �É Émg kg mg kg mg mg
k m k m k k

 (c) 80 5 178.89 ft/secÉ É È160 400
0.005 5

160,000
5

œ œ œ ¸È

78. (a) s(t) a cos kt b sin kt  ak sin kt bk cos kt  ak  cos kt bk  sin ktœ � Ê œ � � Ê œ � �ds d s
dt dt

#

#

# #

 k (a cos kt b sin kt) k s(t)  acceleration is proportional to s.  The negative constant kœ � � œ � Ê �# # #

 implies that the acceleration is directed toward the origin.

 (b) s(t) a cosh kt  b sinh kt  ak sinh kt bk cosh kt  ak  cosh kt bk  sinh ktœ � Ê œ � Ê œ �ds d s
dt dt

#

#

# #

 k (a cosh kt b sinh kt) k s(t)  acceleration is proportional to s.  The positive constant k  impliesœ � œ Ê# # #

 that the acceleration is directed away from the origin.

79. V cosh x sinh x  dx 1 dx 2  œ � œ œ1 1 1' '
0 0

2 2a b# #

80. V 2  sech x dx 2 tanh x 2œ œ œ œ1 1 1 1'
0

ln 3
ln 3
0

È
È#

�

�
c d – —È ÈŠ ‹

È ÈŠ ‹
3 1/ 3

3 1/ 3

81. y  cosh 2x  y sinh 2x  L 1 (sinh 2x)  dx cosh 2x dx  sinh 2xœ Ê œ Ê œ � œ œ" "
# #

w #' '
0 0

ln 5 ln 5 ln 5

0

È È ÈÈ � ‘
 5œ œ � œ’ “Š ‹ ˆ ‰" � " "

# #
e e 6

4 5 5

2x 2x�

ln 5

0

È
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82. (a)  lim tanh x  lim  lim  lim  lim 1x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ † œ œ œe e 1 0

e e 1 0
e e

e e 1

1x x

x x 1 1 1 1

x x1 1 1
e e e ex x x 2x

x x
e e ex x x

1

e2x

� �
� �

� �

� � �

��

�

ˆ ‰ˆ ‰
 (b)  lim tanh x  lim  lim  lim  lim 1x x x x xÄ �_ Ä �_ Ä �_ Ä �_ Ä �_

œ œ œ † œ œ œ �e e e e 1 0 1
e e e e 1 0 1

e e

e e

x x x 2x

x x 1 1 x 2x

x x1 1
e ex x

x x
e ex x

� � �
� � �

� �

� �

�

�

ˆ ‰ˆ ‰
 (c)  lim sinh x  lim  lim  lim 0x x x xÄ _ Ä _ Ä _ Ä _

œ œ œ � œ _� œ _e e e 1
2 2 2 2e

ex x xx 1
ex

x
� �� ˆ ‰

 (d)  lim sinh x  lim  lim 0x x xÄ �_ Ä �_ Ä �_
œ œ � œ �_ œ �_e e e e

2 2 2

x x x x� � �ˆ ‰
 (e)  lim sech x  lim  lim  limx x x xÄ _ Ä _ Ä _ Ä _

œ œ † œ œ œ !2 2 0
e e 1 0e 1x x 1 1 1x

e ex x

1 2
e ex x

e2x� �� ��

 (f)  lim coth x  lim  lim  lim  lim 1x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ † œ œ œe e 1 0

e e 1 0
e e

e e 1

1x x

x x 1 1 1 1

x x1 1 1
e e e ex x x 2x

x x
e e ex x x

1

e2x

� �
� �

� �

� � �

��

�

ˆ ‰ˆ ‰
 (g)  lim coth x  lim  lim  lim

x 0 x 0 x 0 x 0Ä Ä Ä Ä� � � �
œ œ † œ œ �_e e e e 1

e e e e 1
e

e

x x x 2x

x x 1 x 2x

x 1
ex

x
ex

� �
� �

�

�

�

�

 (h)  lim coth x  lim  lim  lim
x 0 x 0 x 0 x 0Ä Ä Ä Ä� � � �

œ œ † œ œ �_e e e e 1
e e e e 1

e

e

x x x 2x

x x 1 x 2x

x 1
ex

x
ex

� �
� �

�

�

�

�

 (i)  lim csch x  lim  lim  limx x x xÄ �_ Ä �_ Ä �_ Ä �_
œ œ † œ œ œ !2 2 e 2e 0

e e e e 1 0 1ex x 1 x 2xx
ex

x x

� � ���

83. (a) y  cosh x   tan  sinh x sinh xœ Ê œ œ œH w H w w w
w H dx w H H H

dyˆ ‰ ˆ ‰ � ‘ ˆ ‰ˆ ‰9

 (b) The tension at P is given by T cos H  T H sec H 1 tan H 1 sinh x9 9 9œ Ê œ œ � œ �È É ˆ ‰# #w
H

 H cosh x w  cosh x wyœ œ œˆ ‰ ˆ ‰ ˆ ‰w H w
H w H

84. s  sinh ax  sinh ax as  ax sinh as  x  sinh as; y  cosh ax cosh axœ Ê œ Ê œ Ê œ œ œ" " " "�" �" #
a a a a

È
 sinh ax 1 a s 1 sœ � œ � œ �" " "# # # #

a a a
È È É

#

85. To find the length of the curve:  y  cosh ax  y sinh ax  L 1 (sinh ax)  dxœ Ê œ Ê œ �" w #
a

'
0

bÈ
  L cosh ax dx  sinh ax  sinh ab.  The area under the curve is A  cosh ax dxÊ œ œ œ œ' '

0 0

b bb

0
� ‘" " "

a a a

  sinh ax  sinh ab  sinh ab  which is the area of the rectangle of height  and length Lœ œ œ� ‘ ˆ ‰ ˆ ‰" " " " "
a a a a a# #

b

0

 as claimed, and which is illustrated below.
 

86. (a) Let the point located at (cosh u 0) be called T.  Then A(u) area of the triangle OTP minus the areaß œ ?

 under the curve y x 1 from A to T  A(u)  cosh u sinh u x 1 dx.œ � Ê œ � �È È# #"
#

'
1

cosh u

 (b) A(u)  cosh u sinh u x 1 dx  A (u) cosh u sinh u cosh u 1 (sinh u)œ � � Ê œ � � �" "
# #

# #w # #'
1

cosh uÈ a b Š ‹È
  cosh u  sinh u sinh u cosh u sinh u (1)œ � � œ � œ œ" " " " "

# # # # #
# # # # #a b ˆ ‰

 (c) A (u)   A(u) C, and from part (a) we have A(0) 0  C 0  A(u)   u 2Aw "
# # #œ Ê œ � œ Ê œ Ê œ Ê œu u
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7.8  RELATIVE RATES OF GROWTH

 1. (a) slower,  lim    lim   0x xÄ _ Ä _
œ œx 3

e e
� "

x x

 (b) slower,  lim    lim    lim    lim   0 by thex x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œx sin x 3x 2 sin x cos x 6x 2 cos 2x 6 4 sin 2x

e e e e

$ # #� � � �
x x x x

 Sandwich Theorem because  for all reals and  lim   0  lim   x x
2 6 4 sin 2x 10 2 0
e e e e ex x x x xŸ Ÿ œ œ

Ä _ Ä _
� "

 (c) slower,  lim    lim    lim    lim   0x x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œ

È Š ‹
Èx

e e e
x x

x ex x x x

"Î#
�"Î#"

# "
#

 (d) faster,  lim    lim    since 1x xÄ _ Ä _
œ œ _ �4 4 4

e e e
xx

x ˆ ‰
 (e) slower,  lim    lim  0 since 1x xÄ _ Ä _

œ œ �
Š ‹3
#

x

xe 2e 2e
3 3xˆ ‰

 (f) slower,  lim    lim   0x xÄ _ Ä _
œ œe

e e

x 2

x x 2

Î

Î
"

 (g) same,  lim    lim   x xÄ _ Ä _
œ œ

Š ‹ex

#

ex
" "
# #

 (h) slower,  lim    lim    lim    lim   0x x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œlog  x

e (ln 10) e (ln 10) e (ln 10)xe
ln x10

x x x x

"

x "

 2. (a) slower,  lim    lim    lim    lim    lim   0x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œ10x 30x 1 40x 30 20x 240x 240

e e e e e

% $ #� � � "
x x x x x

 (b) slower,  lim    lim    lim    lim    lim   x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ œx ln x x ln x 1 1 ln x

e e e e e
x (ln x 1) ln x 1 x

� � �� � �

x x x x x

Š ‹"x

  lim    lim   0x xœ œ œ
Ä _ Ä _

Š ‹"x
e xex x

"

 (c) slower,  lim    lim    lim    lim    lim    lim   x x x x x xÄ _ Ä _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œ

È1 x
e e 2e 4e 8e 16e

1 x 4x 12x 24x 24� �% % $ #

x 2x 2x 2x 2x 2xÉ É É É É
 0 0œ œÈ
 (d) slower,  lim    lim  0 since 1x xÄ _ Ä _

œ œ �
Š ‹5
#

x

xe e 2e
5 5xˆ ‰
#

 (e) slower,  lim    lim   0x xÄ _ Ä _
œ œe

e e

�x

x 2x
"

 (f) faster,  lim    lim  xx xÄ _ Ä _
œ œ _xe

e

x

x

 (g) slower, since for all reals we have 1 cos x 1  e e e    and also� Ÿ Ÿ Ê Ÿ Ÿ Ê Ÿ Ÿ�" "cos x e e e
e e e

�" "

x x x

cos x

  lim   0  lim   , so by the Sandwich Theorem we conclude that  lim   0x x xÄ _ Ä _ Ä _
œ œ œe e e

e e e

�" "

x x x

cos x

 (h) same,  lim    lim    lim   x x xÄ _ Ä _ Ä _
œ œ œe

e e ee

x 1

x x x 1

�

Ð � � Ñ
" " "

 3. (a) same,  lim    lim    lim   1x x xÄ _ Ä _ Ä _
œ œ œx 4x 2x 4 2

x 2x

#

#
� �

#

 (b) faster,  lim    lim  x 1x xÄ _ Ä _
œ � œ _x x

x

& #

#
� $a b

 (c) same,  lim    lim    lim  1 1 1x x xÄ _ Ä _ Ä _
œ œ � œ œ

Èx x
x x

x x
x

% $

#

% $

%

� � "É É ˆ ‰ È
 (d) same,  lim    lim    lim   1x x xÄ _ Ä _ Ä _

œ œ œ(x 3) 2(x 3)
x x

2� �
# #

#

#

 (e) slower,  lim    lim    lim   0x x xÄ _ Ä _ Ä _
œ œ œx ln x ln x

x x 1#

Š ‹"x
 (f) faster,  lim    lim    lim   x x xÄ _ Ä _ Ä _

œ œ œ _2
x 2x

(ln 2) 2 (ln 2) 2x x x

#

#

#

 (g) slower,  lim    lim    lim   0x x xÄ _ Ä _ Ä _
œ œ œx e x

x e e

$ �

#

x

x x
"

 (h) same,  lim    lim  8 8x xÄ _ Ä _
œ œ8x

x

#

#

 4. (a) same,  lim    lim  1 1x xÄ _ Ä _
œ � œ

x x
x x

#

# $Î#

� "È ˆ ‰
 (b) same,  lim    lim  10 10x xÄ _ Ä _

œ œ"0x
x

#

#

 (c) slower,  lim    lim   0x xÄ _ Ä _
œ œx e

x e

# �

#

x

x
"
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444 Chapter 7 Transcendental Functions

 (d) slower,  lim    lim     lim     lim     lim   0x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œlog  x

x x ln 10 x ln 10 2x ln 10 x
2 ln x 210

#

# # # #

Š ‹ Š ‹ln x
ln 10 x

#
"

" " "

 (e) faster,  lim    lim  (x 1)x xÄ _ Ä _
œ � œ _x x

x

$ #

#

�

 (f) slower,  lim    lim   0x xÄ _ Ä _
œ œ

Š ‹"

10

x

xx 10 x# #

"

 (g) faster,  lim    lim    lim   x x xÄ _ Ä _ Ä _
œ œ œ _(1.1) (ln 1.1)(1.1) (ln 1.1) (1.1)

x x

x x x

#

#

# #

 (h) same,  lim    lim  1 1x xÄ _ Ä _
œ � œx 100x 100

x x

#

#

� ˆ ‰

 5. (a) same,  lim    lim    lim   x x xÄ _ Ä _ Ä _
œ œ œlog  x

ln x ln x ln 3 ln 3
3

Š ‹ln x
ln 3 " "

 (b) same,  lim    lim   1x xÄ _ Ä _
œ œln 2x

ln x

ˆ ‰
ˆ ‰

2
x

x

#

"

 (c) same,  lim    lim    lim   x x xÄ _ Ä _ Ä _
œ œ œ

ln x
ln x ln x

 ln xÈ Š ‹"
# " "

# #

 (d) faster,  lim    lim    lim    lim    lim   x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œ _

È ÈŠ ‹
Š ‹ Èx x

ln x ln x
x xx

x

"Î#
�"Î#"

#

"

x
# #

 (e) faster,  lim    lim    lim  xx x xÄ _ Ä _ Ä _
œ œ œ _x

ln x
"Š ‹"x

 (f) same,  lim    lim  5 5x xÄ _ Ä _
œ œ5 ln x

ln x

 (g) slower,  lim    lim   0x xÄ _ Ä _
œ œ

Š ‹"x
ln x x ln x

"

 (h) faster,  lim    lim    lim  xex x xÄ _ Ä _ Ä _
œ œ œ _e e

ln x
xx x

x
ˆ ‰"

 6. (a) same,  lim    lim     lim     lim     lim  2x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œlog  x

ln x ln x ln ln x ln ln x ln 
ln x 2 ln x 22

# #Š ‹ln x
ln 2

#

" " "
# # # ln #

 (b) same,  lim    lim     lim     lim     limx x x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œlog  10x

ln x ln x ln 10 ln x ln 10 ln 10
ln 10x10

Š ‹ Š ‹
Š ‹

ln 10x 0
ln 10 10x

x

" " "
"

" Ä _
œ 1 "

ln 10

 (c) slower,  lim    lim   0x xÄ _ Ä _
œ œ

Š ‹
ˆ ‰È

"

Èx

ln x x (ln x)
"

 (d) slower,  lim    lim   0x xÄ _ Ä _
œ œ

Š ‹"

#x
ln x x  ln x

"
#

 (e) faster,  lim    lim  2  lim   2  lim   2  lim  x 2x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ � œ � œ � œ � œ _x 2 ln x x x

ln x ln x ln x
� "ˆ ‰ Š ‹ Š ‹� �Š ‹"x

 (f) slower,  lim    lim   0x xÄ _ Ä _
œ œe

ln x e  ln x

�x

x
"

 (g) slower,  lim    lim    lim   0x x xÄ _ Ä _ Ä _
œ œ œln (ln x)

ln x ln x

Š ‹
Š ‹
"

"

/x
ln x

x

"

 (h) same,  lim    lim    lim    lim    lim  1 1x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œln (2x 5)

ln x 2x 5
2x 2�
� #

Š ‹
Š ‹

2
2x 5

x

�

"

 7.  lim    lim  e   e  grows faster than e ; since for x e  we have ln x e and  lim   x x xÄ _ Ä _ Ä _
œ œ _ Ê � �e

e
x 2 x x 2 e (ln x)

e

x

x 2

x

xÎ
Î Î

  lim    (ln x)  grows faster than e ; since x ln x for all x 0 and  lim    lim  x x xœ œ _ Ê � � œ
Ä _ Ä _ Ä _

ˆ ‰ ˆ ‰ln x x x
e (ln x) ln x

x x x xx

x

   x  grows faster than (ln x) .  Therefore, slowest to fastest are: e , e , (ln x) , x  so the order is d, a, c, bœ _ Ê x x x 2 x x xÎ

 8.  lim    lim    lim     lim  (ln 2) 0x x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œ(ln 2) (ln (ln 2))(ln 2) (ln (ln 2)) (ln 2) (ln (ln 2))

x x
xx x x

#

# #

# # #

  (ln 2)  grows slower than x ;  lim    lim    lim   0  x  grows slower than 2 ;x x xÊ œ œ œ Ê
Ä _ Ä _ Ä _

x xx 2x 2
2 (ln )2 (ln 2)

# #
# #

#

#x x x

  lim    lim  0  2  grows slower than e .  Therefore, the slowest to the fastest is:  (ln 2) , x , 2x xÄ _ Ä _
œ œ Ê2 2

e e
x x x x xx

x ˆ ‰ #

 and e  so the order is c, b, a, dx
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 9. (a) false;  lim   1x Ä _
œx

x

 (b) false;  lim   1x Ä _
œ œx

x 5 1�
"

 (c) true; x x 5  1 if x 1 (or sufficiently large)� � Ê � �x
x 5�

 (d) true; x 2x  1 if x 1 (or sufficiently large)� Ê � �x
2x

 (e) true;  lim    lim   0x x 0Ä _
œ œ

Ä
e
e e

x

2x x
"

 (f) true; 1 1 1 2 if x 1 (or sufficiently large)x ln x ln x
x x x

x
x

� "œ � � � œ � � �
È È

 (g) false;  lim    lim    lim  1 1x x xÄ _ Ä _ Ä _
œ œ œln x

ln 2x

Š ‹
Š ‹

"

#

x

2
x

 (h) true; 1 6 if x 1 (or sufficiently large)
È Èx 5

x x x x
(x 5) x 5 5# #� � �� � œ � � �

10. (a) true; 1 if x 1 (or sufficiently large)
Š ‹
Š ‹
"

�

"

x 3

x

œ � �x
x 3�

 (b) true; 1 2 if x 1 (or sufficiently large)
Š ‹

Š ‹
" "

#

"

x x

x

�

œ � � �"
x

 (c) false;  lim    lim  1 1x xÄ _ Ä _
œ � œ

Š ‹
Š ‹

" "

#

"

x x

x

� ˆ ‰"
x

 (d) true; 2 cos x 3   if x is sufficiently large� Ÿ Ê Ÿ2 cos x 3�
# #

 (e) true; 1  and   0 as x    1 2 if x is sufficiently largee x x x x
e e e e

x

x x x x
� œ � Ä Ä _ Ê � �

 (f) true;  lim    lim    lim   0x x xÄ _ Ä _ Ä _
œ œ œx ln x ln x

x x 1#

Š ‹"x
 (g) true; 1 if x is sufficiently largeln (ln x)

ln x ln x
ln x� œ

 (h) false;  lim    lim    lim    lim  x x x xÄ _ Ä _ Ä _ Ä _
œ œ œ � œln x x

ln x 1 x xa b
Š ‹

Š ‹# # #

#

� # # # #
�" " " "

"

# �

x

2x
x 1

ˆ ‰

11. If f(x) and g(x) grow at the same rate,  then  lim   L 0   lim   0.  Thenx xÄ _ Ä _
œ Á Ê œ Áf(x) g(x)

g(x) f(x) L
"

 L 1 if x is sufficiently large  L 1 L 1  L 1 if x is sufficiently large¹ ¹ k kf(x) f(x) f(x)
g(x) g(x) g(x)� � Ê � � � � Ê Ÿ �

  f O(g).  Similarly, 1  g O(f).Ê œ Ÿ � Ê œg(x)
f(x) L

¸ ¸"
12. When the degree of f is less than the degree of g since in that case  lim   0.x Ä _

œf(x)
g(x)

13. When the degree of f is less than or equal to the degree of g since  lim   0 when the degree of f is smallerx Ä _
œf(x)

g(x)

 than the degree of g, and  lim    (the ratio of the leading coefficients) when the degrees are the same.x Ä _
œf(x)

g(x) b
a

14. Polynomials of a greater degree grow at a greater rate than polynomials of a lesser degree.  Polynomials of the
 same degree grow at the same rate.

15.  lim    lim    lim    lim   1 and  lim    lim   x x x x x xÄ _ Ä _ Ä _ Ä _ Ä _ Ä _
œ œ œ œ œln (x ) ln (x 999)

ln x x 1 1 ln x
x�" �
�

"
Š ‹ Š ‹
Š ‹ Š ‹
" "

� �

" "

x 1 x 999

x x

  lim   1xœ œ
Ä _

x
x 999�

16.  lim    lim    lim    lim   1.  Therefore, the relative rates are the same.x x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œln (x a)

ln x x a 1
x�
�

"
Š ‹
Š ‹
"

�

"

x a

x
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446 Chapter 7 Transcendental Functions

17.  lim    lim   10 and  lim    lim   1 1.  Since the growth ratex x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œ œ

È ÈÈ È10x 1 x 1
x x

0x 1 x 1
x x

� �" � �É ÉÈ È
 is transitive, we conclude that 10x 1 and x 1 have the same growth rate that of x .È È ˆ ‰È� �

18.  lim    lim   1 and  lim    lim   1.  Since the growth rate isx x x xÄ _ Ä _ Ä _ Ä _
œ œ œ œ

È Èx x
x x

x x x x
x x

x x%

# #

% % $

% %

% $� � ��É É
 transitive, we conclude that x x and x x  have the same growth rate that of x .È È a b% % $ #� �

19.  lim    lim    lim   0  x o e  for any non-negative integer nx x xÄ _ Ä _ Ä _
œ œ á œ œ Ê œx nx n!

e e e
n xn n 1

x x x

� a b
20. If p(x) a x a x a x a , then  lim   a   lim   a   lim   x x xœ � �á � � œ � �á

Ä _ Ä _ Ä _n n 1 n n 1
n n 1 p(x)

e e e
x x

� " ! �
�

x x x

n n 1�

 a   lim   a   lim    where each limit is zero (from Exercise 19).  Therefore,  lim   0x x x� � œ
Ä _ Ä _ Ä _" !

"x
e e e

p(x)
x x x

  e  grows faster than any polynomial.Ê x

21. (a)  lim    lim     lim  x   ln x o x  for any positive integer nx x xÄ _ Ä _ Ä _
œ œ œ _ Ê œx x

ln x nn
1 n 1 n1 n 1 n n

x

Î Ð � ÑÎ

"ˆ ‰ ˆ ‰ ˆ ‰" Î Î

 (b) ln e 17,000,000 e e 24,154,952.75a b Š ‹17 000 000
1 10

ß ß "(‚"! "(
Î

œ � œ ¸
'

'

 (c) x 3.430631121 10¸ ‚ "&

 (d) In the interval 3.41 10 3.45 10  we havec d‚ ß ‚"& "&

 ln x 10 ln (ln x).  The graphs cross at aboutœ

 3.4306311 10 .‚ "&

 

22.  lim    lim   x xÄ _ Ä _
œ œ œln x

a x a x a x a a a n

 lim   lim  x x

 lim  a  x
n n 1 n n

n n 1
n

� �á� �
Ä_ Ä_

Ä_
� �á� �

"
� " !

�

Š ‹ ’ “
Š ‹ a b a b

ln x
xn

a an 1
x x

a

xn 1 n

1 x
nxn 1

� "
�

!

Î
�

xn œ 0

 ln x grows slower than any non-constant polynomial (n 1)Ê  

23. (a)  lim    lim   0  n log  n growsn nÄ _ Ä _
œ œ Ên log  n

n log  n log  n 2
2

2 2a b# "

 slower than n (log  n) ;  lim    lim   n n2
n log  n

n n
#

Ä _ Ä _
œ2

$Î# "Î#

Š ‹ln n
ln 2

   lim     lim   0n nœ œ œ
Ä _ Ä _

" "
# #ln ln n

2
n

Š ‹
ˆ ‰

"

n
"

#
�"Î# "Î#

  n log  n grows slower than n .  Therefore,  n log  nÊ 2 2
$Î#

 grows at the slowest rate  the algorithm that takesÊ

 O(n log  n) steps is the most efficient in the long run.2

 (b)  

24. (a)  lim    lim    lim   n n nÄ _ Ä _ Ä _
œ œ(log  n) (ln n)

n n n(ln 2)
2

# #

#

#

Š ‹ln n
ln 2

  lim     lim   n nœ œ
Ä _ Ä _

2(ln n)

(ln 2) (ln 2) n
2 ln nŠ ‹"n

# #

   lim   0 (log  n)  grows slowernœ œ Ê
Ä _

2
(ln 2) 1 2#

Š ‹"n #

 than n;    lim    lim   n nÄ _ Ä _
œ(log  n) log  n

n log  n n
2 2

2

#È È
  lim     lim   n nœ œ

Ä _ Ä _

Š ‹ln n
ln 2

n nln 
ln n

"Î# "Î#
"
#

 (b)  

   lim     lim   0  (log  n)  grows slower than n log  n.  Therefore (log  n)  growsx nœ œ œ Ê
Ä _ Ä _

" "
# #

# #
ln ln n

2
n 2 2 2

Š ‹
ˆ ‰

"

n
"

#
�"Î# "Î#

È
 at the slowest rate  the algorithm that takes O (log  n)  steps is the most efficient in the long run.Ê a b2

#
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 Chapter 7 Practice Exercises 447

25. It could take one million steps for a sequential search, but at most 20 steps for a binary search because
 2 524,288 1,000,000 1,048,576 2 ."* #!œ � � œ

26. It could take 450,000 steps for a sequential search, but at most 19 steps for a binary search because
 2 262,144 450,000 524,288 2 .") "*œ � � œ

CHAPTER 7 PRACTICE EXERCISES

 1. y 10e (10) e 2e   2. y 2 e   2 2 e 2eœ Ê œ � œ � œ Ê œ œ� Î � Î � Îx 5 x 5 x 5 2x 2x 2xdy dy
dx 5 dx

ˆ ‰ È È ÈŠ ‹Š ‹" È È È

 3. y xe e   x 4e e (1) 4e xe e e xeœ � Ê œ � � œ � � œ" " " " " "
4 16 dx 4 16 4 4

dy4x 4x 4x 4x 4x 4x 4x 4x 4xc d a ba b
 4. y x e x e   x 2x e e (2x) (2 2x)e 2e (1 x)œ œ Ê œ � œ � œ �# # # �#� Î � � � � � Î2 x 2x 2x 2x 2x 2 x�" �" �" �"dy

dx c da b
 5. y ln sin   2 cot œ Ê œ œ œa b# ) )dy 2(sin )(cos )

d sin sin 
2 cos 

) ) )

) ) )
#

 6. y ln sec   2 tan œ Ê œ œa b# ) )dy 2(sec )(sec  tan )
d sec) )

) ) )
#

 7. y log    œ œ Ê œ œ2 Š ‹ � �x x 2ln

ln dx ln (ln 2)x
dy#

#

#

#

#

# # #
"

Š ‹
Š ‹

x

x

 8. y log  (3x 7)   œ � œ Ê œ œ5
ln (3x 7) dy

ln 5 dx ln 5 3x 7 (ln 5)(3x 7)
3 3� "
� �

ˆ ‰ ˆ ‰
 9. y 8   8 (ln 8)( 1) 8 (ln 8) 10. y 9   9 (ln 9)(2) 9 (2 ln 9)œ Ê œ � œ � œ Ê œ œ� � �t t t 2t 2t 2tdy dy

dt dt

11. y 5x   5(3.6)x 18xœ Ê œ œ$Þ' #Þ' #Þ'dy
dx

12. y 2 x   2 2 x 2xœ Ê œ � œ �È È ÈŠ ‹Š ‹� � � � �È Š ‹ Š ‹È È2 2 1 2 1dy
dx

13. y (x 2)   ln y ln (x 2) (x 2) ln (x 2)  (x 2) (1) ln (x 2)œ � Ê œ � œ � � Ê œ � � �x 2 x 2� � y
y x

w ˆ ‰"
�#

  (x 2) ln (x 2) 1Ê œ � � �dy
dx

x 2� c d
14. y 2(ln x)   ln y ln 2(ln x) ln (2)  ln (ln x)  0 (ln (ln x))œ Ê œ œ � Ê œ � �x 2 x 2Î Îc d ˆ ‰ ˆ ‰ ˆ ‰’ “x xy

y ln x# # #
"w "ˆ ‰

x

  y ln (ln x) 2 (ln x) (ln x) ln (ln x)Ê œ � œ �w " " "
# #

� ‘ � ‘ˆ ‰
 ln x ln x

x 2 x 2Î Î

15. y sin 1 u sin 1 u   œ � œ � Ê œ œ œ�" �" ## "Î# � �

� �

� �

� � � �
È a b dy

du
1 u ( 2u)

1 1 u

u u
1 u 1 1 u u 1 u

"

#
#

# "Î#
# # # #

a b
Ê ’ “a b È ÈÈ a b k k

� Î1 2

 , 0 u 1œ œ � �� �"

� �

u
u 1 u 1 uÈ È# #

16. y sin sin v   œ œ Ê œ œ œ œ œ�" �" �"Î#" �" �" �"�

� �

�

� �
Š ‹È È È ÈÉ Éa b

È
v

dy
dv

v

1 v 2v 1 v 2v

v

2v v 1 2v v 1

"

#

�

�$Î#

�"Î# # $Î# �" $Î# $Î#v 1
v

17. y ln cos x   yœ Ê œ œa b�" w �"

�

Š ‹
È

�"

� #È1 x
cos x 1 x  cos x�"

# �"
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448 Chapter 7 Transcendental Functions

18. y z cos z 1 z z cos z 1 z   cos z 1 z ( 2z)œ � � œ � � Ê œ � � � ��" �" # �" ## "Î# �"Î#

�

"
#

È a b a bˆ ‰dy
dz

z
1 zÈ #

 cos z cos zœ � � œ�" �"

� �

z z
1 z 1 zÈ È# #

19. y t tan t  ln t  tan t t tan tœ � Ê œ � � œ � ��" �" �"" " " " "
# � # �

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰dy
dt 1 t t 1 t 2t

t
# #

20. y 1 t  cot 2t  2t cot 2t 1 tœ � Ê œ � �a b a b ˆ ‰# �" �" # �
�

dy
dt 1 4t

2
#

21. y z sec z z 1 z sec z z 1   z sec z (1) z 1 (2z)œ � � œ � � Ê œ � � ��" �" # �" ## "Î# �"Î#" "

� #
È a b a b a bŠ ‹dy

dz z z 1k kÈ #

 sec z sec z, z 1œ � � œ � �z z 1 z
z z 1 z 1 z 1k kÈ È È# # #� � �

�" �"�

22. y 2 x 1 sec x 2(x 1)  sec xœ � œ �È È ˆ ‰�" "Î# �" "Î#

  2 (x 1)  sec x (x 1) 2Ê œ � � � œ � œ �dy
dx x x

x

x x 1 2 x 1 x 1

sec x sec x– —ˆ ‰ ˆ ‰ � � Š ‹" " "
# #

�"Î# �" "Î# "Î#
� � �

Š ‹
È È È ÈÈ È"

#

�"Î# �" �"

23. y csc (sec )  1, 0œ Ê œ œ � œ � � ��" �

� #) )dy
d tan 

sec  tan tan 
sec sec 1) )

) ) ) 1

) )k kÈ k k#

24. y 1 x e   y 2xe 1 x 2xe eœ � Ê œ � � œ �a b a b Š ‹# w #
�

tan x tan x tan x tan xe
1 x

�" �" �" �"
�"

#

tan x

25. y   ln y ln ln (2) ln x 1  ln (cos 2x)  0œ Ê œ œ � � � Ê œ � �2 x 1 2 x 1

cos 2x cos 2x
y ( 2 sin 2x)
y x 1 cos 2x

2xa b a bÈ È
# # w

#

� � # " "
# � #

�Š ‹ a b ˆ ‰
  y tan 2x y tan 2xÊ œ � œ �w

� �
�ˆ ‰ ˆ ‰2x 2x

x 1 x 1
2 x 1

cos 2x# #

#a bÈ

26. y   ln y ln ln (3x 4) ln (2x 4)   œ Ê œ œ � � � Ê œ �É É c d ˆ ‰"! "!
w3x 4 3x 4 3 2

2x 4 2x 4 10 y 10 3x 4 2x 4
y� � " "

� � � �

  y yÊ œ � œ �w " " � " "
� � � � �10 3x 4 x 2 2x 4 10 3x 4 x 2
3 3x 4 3ˆ ‰ ˆ ‰ ˆ ‰É"!

27. y   ln y 5 ln (t 1) ln (t 1) ln (t 2) ln (t 3)   œ Ê œ � � � � � � � Ê’ “ Š ‹Š ‹c d(t 1)(t 1) dy
(t 2)(t 3) y dt
� �
� �

&
"

 5   5œ � � � Ê œ � � �ˆ ‰ ˆ ‰’ “" " " " " " " "
� � �# � � � � � �# �

� �
&

t 1 t 1 t t 3 dt (t 2)(t 3) t 1 t 1 t t 3
dy (t 1)(t 1)

28. y   ln y ln 2 ln u u ln 2  ln u 1   ln 2œ Ê œ � � � � Ê œ � �2u2 2u
u 1 y du u u 1

dyuÈ # #
�

" " " "
# # �

#a b Š ‹Š ‹ ˆ ‰
  ln 2Ê œ � �dy

du u u 1
2u2 u
u 1

uÈ # #
�

"
�

ˆ ‰
29. y (sin )   ln y  ln (sin )   ln (sin )œ Ê œ Ê œ �) ) ) ) ) )

È)

) )

)È ÈŠ ‹Š ‹ ˆ ‰" "
#

�"Î#
y d sin 

dy cos 

  (sin )  cot Ê œ �dy ln (sin )
d 2)

) )

)
) ) )

È ÈŠ ‹È

30. y (ln x)   ln y  ln (ln x)  ln (ln x)œ Ê œ Ê œ �1 ln x
ln x y ln x ln x x (ln x) x

yÎ " " " " �" "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰’ “w

#

  y (ln x)Ê œw Î �1 ln x 1 ln (ln x)
x(ln x)’ “#

31. e  sin e  dx sin u du, where u e  and du e  dx' 'x x x xa b œ œ œ

 cos u C cos e Cœ � � œ � �a bx

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.Uploaded By: osaid zyoudSTUDENTS-HUB.com



 Chapter 7 Practice Exercises 449

32. e  cos 3e 2  dt  cos u du, where u 3e 2 and du 3e  dt' 't t t t
3a b� œ œ � œ"

  sin u C  sin 3e 2 Cœ � œ � �" "
3 3

ta b
33. e  sec e 7  dx sec u du, where u e 7 and du e  dx' 'x x x x# #a b� œ œ � œ

 tan u C tan e 7 Cœ � œ � �a bx

34. e  csc e 1  cot e 1  dy csc u cot u du, where u e 1 and du e  dy' 'y y y y ya b a b� � œ œ � œ

 csc u C csc e 1 Cœ � � œ � � �a by

35. sec x e  dx e  du, where u tan x and du sec x dx' 'a b# #tan x uœ œ œ

 e C e Cœ � œ �u tan x

36. csc x e  dx e  du, where u cot x and du csc x dx' 'a b# #cot x œ � œ œ �u

 e C e Cœ � � œ � �u cot x

37.    dx   du, where u 3x 4, du 3 dx; x 1  u 7, x 1  u 1' '
� �

�

1 7

1 1
" " "
�3x 4 3 uœ œ � œ œ � Ê œ � œ Ê œ �

 ln u ln 1 ln 7 [0 ln 7]œ œ � � � œ � œ �" " "�"
�(3 3 3 3

ln 7c d c dk k k k k k
38.   dx  u  du, where u ln x, du  dx; x 1  u 0, x e  u 1' '

1 0

e 1Èln x
x xœ œ œ œ Ê œ œ Ê œ"Î# "

 u 1 0œ œ � œ� ‘ � ‘2 2 2 2
3 3 3 3

$Î# $Î# $Î#"

!

39. tan  dx  dx 3  du, where u cos , du  sin  dx; x 0  u 1, x' ' '
0 0 1

1 21 1ˆ ‰ ˆ ‰ ˆ ‰x x x
3 u 3 3 3

sin

cos
œ œ � œ œ � œ Ê œ œ

ˆ ‰ˆ ‰
x
3
x
3

Î
" " 1

  uÊ œ "
#

 3 ln u 3 ln ln 1 3 ln ln 2 ln 8œ � œ � � œ � œ œc d k kk k � ‘¸ ¸"Î#
"

" "
# #

$

40.  2 cot x dx 2   dx    du, where u sin x, du  cos x dx; x   u , x' ' '
1 6 1 6 1 2

1 4 1 4 1 2

Î Î Î

Î Î Î

1 1 1 1œ œ œ œ œ Ê œ œcos x 2
sin x u 6 4

1

1 1

È
" " " "

#

  uÊ œ "È2

 ln u ln ln ln 1  ln 2 ln 1 ln 2  ln 2œ œ � œ � � � œ œ2 2 2 2 ln 2
21 1 1 1 1

c dk k ’ “¹ ¹ ¸ ¸ � ‘ � ‘1 2
1 2
Î

Î

È " " " "
# # #È

41.   dt   du, where u t 25, du 2t dt; t 0  u 25, t 4  u 9' '
0 25

4 9
2t

t 25 u# �
" #œ œ � œ œ Ê œ � œ Ê œ �

�

�

 ln u ln 9 ln 25 ln 9 ln 25 ln œ œ � � � œ � œc d k k k kk k �*
�#&

9
25

42.  dt    du, where u 1 sin t, du cos t dt; t   u 2, t   u' '
� Î

Î Î

1

1

2 2

6 1 2
cos t

1 sin t u 6� # #
" "œ � œ � œ � œ � Ê œ œ Ê œ1 1

 ln u ln ln 2 ln 1 ln 2 ln 2 2 ln 2 ln 4œ � œ � � œ � � � œ œc d k kk k � ‘¸ ¸"Î#
#

"
#

43.   dv tan u du   du, where u ln v and du  dv' tan (ln v)
v cos u v

sin uœ œ œ œ' ' "

 ln cos u C ln cos (ln v) Cœ � � œ � �k k k k
44.   dv   du, where u ln v and du  dv' " " "

v ln v u vœ œ œ'

 ln u C ln ln v Cœ � œ �k k k k
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45.   dx u  du, where u ln x and du  dx' (ln x)
x x

�$

œ œ œ' �$ "

 C (ln x) Cœ � œ � �u�#

�# #
" �#

46.   dx u du, where u ln (x 5) and du  dx' ln (x 5)
x 5 x 5

�
� �

"œ œ � œ'

 C Cœ � œ �u ln (x 5)
2

#
#

#
�c d

47.   csc (1 ln r) dr csc u du, where u 1 ln r and du  dr' " "# #
r r� œ œ � œ'

 cot u C cot (1 ln r) Cœ � � œ � � �

48.   dv cos u du, where u 1 ln v and du  dv' cos (1 ln v)
v v
� "œ � œ � œ �'

 sin u C sin (1 ln v) Cœ � � œ � � �

49. x3  dx 3  du, where u x  and du 2x dx' 'x u#

œ œ œ"
#

#

 3 C 3 Cœ � œ �" "
# # ln 3  ln 3

u xa b Š ‹#

50. 2  sec x dx 2  du, where u tan x and du sec x dx' 'tan x u# #œ œ œ

 2 C Cœ � œ �"
# #ln ln 

u 2a b tan x

51.   dx 3   dx 3 ln x 3 ln 7 ln 1 3 ln 7' '
1 1

7 7
3
x xœ œ œ � œ" (

"c d a bk k
52.  dx   dx ln x ln 32 ln 1  ln 32 ln 32 ln 2' '

1 1

32 32
" " " " " "$#

"5x 5 x 5 5 5œ œ œ � œ œ œc d a bk k Š ‹È&

53.  dx x  dx x ln x ln 4 ln 1  ln 4' '
1 1

4 4ˆ ‰ ˆ ‰ � ‘ � ‘k k ˆ ‰ ˆ ‰x 16 15
8 x 4 x 8 8 8 16� œ � œ � œ � � � œ �" " " " " " " " "

# # # # #
# %

"

 ln 4 ln 2œ � œ �15 15
16 16

È
54.  dx 12x  dx ln x 12x ln 8 (ln 1 12)' '

1 1

8 8ˆ ‰ ˆ ‰ � ‘c dk k ˆ ‰2 8 2 2 2 12
3x x 3 x 3 3 8� œ � œ � œ � � �#

" �# �" )
"

 ln 8 12 ln 8 (ln 8) 7 ln 8 7 ln 4 7œ � � œ � œ � œ � œ �2 3 2 21 2
3 3 3
ˆ ‰ ˆ ‰ ˆ ‰

# #
#Î$

55. e  dx e  du, where u (x 1), du dx; x 2  u 1, x 1  u 0' '
�

�

2 1

1 0
u�Ð � Ñx 1 œ � œ � � œ � œ � Ê œ œ � Ê œ

 e e e e 1œ � œ � � œ �c d a bu !
"

! "

56. e  dw  e  du, where u 2w, du 2 dw; w ln 2  u ln , w 0  u 0' '
� Ð Î Ñln 2 n 1 4

0 0
2w uœ œ œ œ � Ê œ œ Ê œ" "

# l 4

 e e e 1œ œ � œ � œ" " " "
# # #

!c d c d ˆ ‰u ln 1 40
ln 1 4Ð Î Ñ

Ð Î Ñ

4 8
3

57. e 3e 1  dr u  du, where u 3e 1, du 3e dr; r 0  u 4, r ln 5  u 16' '
1 4

ln 5 16
r r r ra b� œ œ � œ œ Ê œ œ Ê œ�$Î# " �$Î#

3

 u 16 4œ � œ � � œ � � œ � � œ2 2 2 2
3 3 3 4 3 4 6
� ‘ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰�"Î# �"Î# �"Î#"'

%
" " " "

#

58. e e 1  d u  du, where u e 1, du e  d ; 0  u 0, ln 9  u 8' '
0 0

ln 9 8
) ) ) )a b� œ œ � œ œ Ê œ œ Ê œ"Î# "Î#) ) ) )

 u 8 0 2 0œ œ � œ � œ œ2 2 2 2
3 3 3 3 3

32 2� ‘ ˆ ‰ ˆ ‰$Î# $Î# $Î# *Î#)

!

""Î# È
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59.  (1 7 ln x)  dx u  du, where u 1 7 ln x, du  dx, x 1  u 1, x e  u 8' '
1 1

e 8
" "�"Î$ �"Î$
x 7 x

7� œ œ � œ œ Ê œ œ Ê œ

 u 8 1 (4 1)œ œ � œ � œ3 3 3 9
14 14 14 14
� ‘ ˆ ‰ ˆ ‰#Î$ #Î$ #Î$)

"

60.  dx  (ln x)   dx u  du, where u ln x, du  dx; x e  u 1, x e   u 2' ' '
e e 1

e e 2# #

" " "�"Î# �"Î# #
x ln x x xÈ œ œ œ œ œ Ê œ œ Ê œ

 2 u 2 2 1 2 2 2œ œ � œ �� ‘ Š ‹È È"Î# #

"

61.  dv [ln (v 1)]   dv u  du, where u ln (v 1), du dv;' ' '
1 1 ln 2

3 3 ln 4
[ln (v 1)]

v 1 v 1 v 1
�
� � �

# #" "#

œ � œ œ � œ

 v 1  u ln 2, v 3  u ln 4;œ Ê œ œ Ê œ

 u (ln 4) (ln 2) (2 ln 2) (ln 2) (8 1) (ln 2)œ œ � œ � œ � œ" " "$ $ $ $ $ $
3 3 3 3 3

(ln 2) 7c d c d c dln 4

ln 2

$

62. (1 ln t)(t ln t) dt (t ln t)(1 ln t) dt u du, where u t ln t, du (t) (ln t)(1)  dt' ' '
2 2 2 ln 2

4 4 4 ln 4

� œ � œ œ œ �ˆ ‰ˆ ‰"
t

 (1 ln t) dt; t 2  u 2 ln 2, t 4œ � œ Ê œ œ

  u 4 ln 4Ê œ

 u (4 ln 4) (2 ln 2) (8 ln 2) (2 ln 2) (16 1) 30 (ln 2)œ œ � œ � œ � œ" " "
# # # #

# # # # # #c d c d c d4 ln 4

2 ln 2
(2 ln 2)#

63.  d (ln )  d  u du, where u ln , du  d , 1  u 0, 8  u ln 8' ' '
1 1 0

8 8 ln 8
log  

ln 4 ln 4
4 )

) ) )
) ) ) ) ) ) )œ œ œ œ œ Ê œ œ Ê œ" " " "ˆ ‰

 u (ln 8) 0œ œ � œ œ" "
#

# # #
 ln 4 ln 16 4 ln 2 4

(3 ln 2) 9 ln 2c d c dln 8

!

#

64.   d  d 8 (ln )  d 8 u du, where u ln , du  d ;' ' ' '
1 1 1 0

e e e 1
8(ln 3)(log  ) 8(ln 3)(ln )

(ln 3)
3 ) )

) ) ) )
) ) ) ) ) )œ œ œ œ œˆ ‰" "

 1  u 0, e  u 1) )œ Ê œ œ Ê œ

 4 u 4 1 0 4œ œ � œc d a b# # #"
!

65.  dx 3  dx 3  du, where u 2x, du 2 dx;' ' '
� Î � Î � Î

Î Î Î

3 4 3 4 3 2

3 4 3 4 3 2
6 2

9 4x 3 u3 (2x)È È È� ��
"

# # ## #
œ œ œ œ

 x   u , x   uœ � Ê œ � œ Ê œ3 3 3 3
4 4# #

 3 sin 3 sin sin 3 3œ œ � � œ � � œ œ� ‘ � ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰�" �" �"$Î#

�$Î#
" "
# #

u
3 6 6 3

1 1 1 1

66.   dx     dx  du, where u 5x, du 5 dx;' ' '
� Î � Î �

Î Î

1 5 1 5 1

1 5 1 5 1
6 6 5 6

4 25x 2 u5 52 (5x)È È È� ��
"

# # ## #
œ œ œ œ

 x   u 1, x   u 1œ � Ê œ � œ Ê œ1 1
5 5

 sin sin sinœ œ � � œ � � œ œ6 u 6 6 6 2
5 2 5 5 6 6 5 3 5
� ‘ � ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰�" �" �""

�"
" "
# #

1 1 1 1

67.   dt 3   dt 3  du, where u 3t, du 3 dt;' ' '
� � �2 2 2 3

2 2 2 3
3

4 3t 2 u
3

2 3t
� �

�

"
# # #

#
#œ œ œ œÈ È È ÈÈ

Š ‹È È

È

 t 2  u 2 3, t 2  u 2 3œ � Ê œ � œ Ê œÈ È
 3  tan tan 3 tan 3œ œ � � œ � � œÈ È È� ‘ � ‘ˆ ‰ ˆ ‰’ “Š ‹ Š ‹"

# # #
�" �" �"u

2 3 3
3 3

3

2 3

2 3

È

È
�

È È È1 1 1

68.   dt  dt  tan tan 3 tan 1' '
È È È3 3

3 3 3

3

" " " " "
�

�

�" �" �"
3 t 3 4 36

3 t 3 3 3 3
t 3

# #
#

œ œ œ � œ � œŠ ‹È È È È È È’ “ Š ‹Š ‹ È ˆ ‰1 1 1

69.   dy   dy   du, where u 2y and du 2 dy' ' '" "
� � �y 4y 1 (2y) (2y) 1

2
u u 1È È È# # #

œ œ œ œ

 sec  u C sec  2y Cœ � œ ��" �"k k k k
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70.   dy 24   dy 24  sec  C 6 sec  C' '24
y y 16 y y 4 4 4 4

y yÈ È# # #� �
" " �" �"œ œ � œ �ˆ ‰ ¸ ¸¸ ¸

71.   dy  dy  du, where u 3y, du 3 dy;' ' '
È È È2 3 2 3 2

2 3 2 3 2

Î Î

Î Î
" "

� � �k k k kÈ È Èk ky 9y 1 3y (3y) 1
3

u u 1# # #
œ œ œ œ

 y   u 2, y   u 2œ Ê œ œ Ê œ
È2

3 3
2È

 sec u sec 2 sec 2œ œ � œ � œc d ’ “È�" �" �"2

2È
1 1 1

3 4 12

72.  dy   dy  du,' ' '
� � �

� Î � Î �

2/ 5 2/ 5 2

6 5 6 5 6

È È

È È ÈÈ È
" "

�
� � � �

k k È
È

È È È ÈÊŠ ‹ Š ‹ Ê Š ‹y  5y 3
5

5y 5y 3 u u 3
# # # #

#

œ œ

 where u 5y, du 5 dy; y   u 2, y   u 6œ œ œ � Ê œ � œ � Ê œ �È È È2
5 5

6È ÈÈ

  sec  sec 2 sec  œ � œ � œ � œ � œ œ’ “ ’ “¹ ¹ È ˆ ‰ � ‘" � �" �" ��" �" �"
#

�È È È È È È È È
3 3 3 3 3 3 12 3

u 1 2 3 2
4 6 12 1 36

3
�

�

È6

2

1 1 1 1 1 1

73.   dx  dx  dx  du, where u x 1 and' ' ' '" " " "

� � �� � � � �È È È Èa b2x x 1 u1 x 2x 1 1 (x 1)# ## #
œ œ œ œ �

 du dxœ

 sin u C sin (x 1) Cœ � œ � ��" �"

74.  dx  dx  dx   du' ' ' '" " " "

� � � � � �
� � �

È È a b ÊŠ ‹ ÊŠ ‹È Èx 4x 1 3 x 4x 4
3 (x 2) 3 u

# # # #
# #

œ œ œ

 where u x 2 and du dxœ � œ

 sin C sin Cœ � œ ��" �" �Š ‹ Š ‹u x 2
3 3È È

75.  dv 2  dv 2  dv 2  du,' ' ' '
� � �

� � �

2 2 2 0

1 1 1 1
2

v 4v 5 1 v 4v 4 1 (v 2) 1 u# # # #� � � � � � � �
" " "œ œ œa b

 where u v 2, du dv; v 2  u 0, v 1  u 1œ � œ œ � Ê œ œ � Ê œ

 2 tan u 2 tan 1 tan 0 2 0œ œ � œ � œc d a b ˆ ‰�" �" �""
! #

1 1

4

76.   dv   dv   dv   du' ' ' '
� � � � Î

Î

1 1 1 1 2

1 1 1 3 2
3 3 3 3

4v 4v 4 4 4 4v v v u
#

#
# #

#
#

� �
" " "

� � � � � �

œ œ œ3
4 4 3 3Š ‹ Œ � Œ �Š ‹"

# # #

"
È È

 where u v , du dv; v 1  u , v 1  uœ � œ œ � Ê œ � œ Ê œ" "
# # #

3

  tan tan 3 tanœ œ � � œ � � œ � œ3 2 2u 2
4 3 6 6 63 3 3

3 3 3 3’ “ ’ “Š ‹ Š ‹È � ‘ ˆ ‰ˆ ‰È È ÈÈ È È È�" �" �"
$Î#

�"Î# # # # # #
" 1 1 1 1 1

†

 œ
È3

4
1

77.   dt   dt   dt   du' ' ' '" " " "

� � � � � � � � � � �(t 1) t 2t 8 (t 1) t 2t 1 9 (t 1) (t 1) 3 u u 3È È È Èa b# # # # # #
œ œ œ

 where u t 1 and du dtœ � œ

  sec  C  sec  Cœ � œ �" " ��" �"
3 3 3 3

u t 1¸ ¸ ¸ ¸
78.   dt  dt   dt   du' ' ' '" " " " "

� � � � � � � � � �(3t 1) 9t 6t (3t 1) 9t 6t 1 1 (3t 1) (3t 1) 1 3 u u 1È È È Èa b# # # # #
œ œ œ

 where u 3t 1 and du 3 dtœ � œ

  sec  u C  sec  3t 1 Cœ � œ � �" "�" �"
3 3k k k k

79. 3 2   ln 3 ln 2   y(ln 3) (y 1) ln 2  (ln 3 ln 2)y ln 2  ln y ln 2  yy y 1 y y 1 3 ln 2

ln
œ Ê œ Ê œ � Ê � œ Ê œ Ê œ� �

#
ˆ ‰ Š ‹3

#
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80. 4 3 ln 4 ln 3 y ln 4 y 2  ln 3 2 ln 3 ln 3 ln 4 y ln 12 y 2 ln 3� � � �y y 2 y y 2œ Ê œ Ê � œ � Ê � œ � Ê œ �a b a b a b
 yÊ œ � ln 9

ln 12

81. 9e x   e   ln e ln   2y(ln e) ln   y  ln ln ln ln x ln 32y 2y 2yx x x x x x
9 9 9 9 9 3œ Ê œ Ê œ Ê œ Ê œ œ œ œ �# "

#

# # # # #Š ‹ Š ‹ Š ‹ É ¸ ¸ k k
82. 3 3 ln x  ln 3 ln (3 ln x)  y ln 3 ln (3 ln x)  yy y ln (3 ln x) ln 3 ln (ln x)

ln 3 ln 3œ Ê œ Ê œ Ê œ œ �

83. ln (y 1) x ln y e e e e y 1 ye y ye 1 y 1 e 1 y� œ � Ê œ œ Ê � œ Ê � œ Ê � œ Ê œln y 1 x ln y x ln y x x x
1 e

Ð � Ñ Ð � Ñ "
�a b x

84. ln (10 ln y) ln 5x  e e   10 ln y 5x  ln y   e e   y eœ Ê œ Ê œ Ê œ Ê œ Ê œln 10 ln y ln 5x ln y x 2 x 2xÐ Ñ Î Î
#

85.  lim    lim  5 86.  lim    lim  
x x x xÄ " Ä " Ä " Ä "

x   x  x  x ax a
x  bx bx

# �"

�"

� $ � % # � $ �"
� " " �"

œ œ œ œ
a a

b b

87.  lim    88.  lim    lim   x x xÄ Ä ! Ä !1

tan x tan tan x sec  x
x x sin x   cos xœ œ ! œ œ œ1

1 � " � "�" #
" "#

89.  lim    lim    lim    lim   
x x x xÄ ! Ä ! Ä ! Ä !

sin  x sin x cos x
tan x x sec x x sec x x sec x tan x x  

sin x cos x#

# # # # # # # #a b a b a b a ba b a ba b a bœ œ œ# †
# # # # †# �

# # #
 sec x# !�#†"

#
# #a b œ œ "

90.  lim    lim   
x xÄ ! Ä !

sin mx m cos mx
sin nx n cos nx n

ma b a ba b a bœ œ

91. lim  sec x cos x lim  lim  
x x xÄ Î# Ä Î# Ä Î#1 1 1

� � �

a b a b( $ œ œ œcos x sin x
cos x sin x

a b a ba b a b$ �$ $
( �( ( (

$

92.  lim   x sec x  lim   
x xÄ ! Ä !� �

È œ œ œ !
Èx

cos x
!
"

93.  lim   csc x cot x  lim    lim   
x x xÄ ! Ä ! Ä !

a b� œ œ œ œ !" � !
"

  cos x sin x
sin x cos x

94.  lim    lim    lim   x  lim   x  lim   
x x x x xÄ ! Ä ! Ä ! Ä ! Ä !

ˆ ‰ Š ‹ a b a b" " " � " "# #
x x x xx

  x
% % % %#

#

� œ œ " � † œ " � œ œ " † _ œ _

95.  lim   x x x x  lim   x x x xx xÄ _ Ä _
Š ‹ Š ‹È ÈÈ È# # # # � � "� �

� � " � �
� � " � � œ � � " � � †

È ÈÈ Èx   x  x   x

x   x    x   x

# #

# #

  lim   œ x Ä _
# � "

� � " � �

x  
x   x    x   xÈ È# #

 Notice that x x  for x  so this  is equivalent toœ � !È #

  lim    lim   œ œ œ œ "x xÄ _ Ä _

# � " "

# #� � " �

# #

" " "

#

x  
x x

x   x  x   x
x x x xx

É É ÉÉ�

# �

" � � � " �

  

        

#

"� "È È

96.  lim    lim    lim    lim    lim   x x x xxÄ _ Ä _ Ä _ Ä _Ä
Š ‹x x x x

x   x   x   x   x
x x     x x   

x   

$ $ $ #

# # # # $

$ # $ #

%� " � " � " � " %
� " � � " # ' "#

� "
� œ œ œ œ

_
a b a ba ba b x

x"# #

  lim    lim   œ œ œ !x xÄ _ Ä _
"# "
#% #x x

97. The limit leads to the indeterminate form :   lim    lim   ln 10
x 0

0 10 1
0 x 1

(ln 10)10

x 0Ä

x x� œ œ
Ä

98. The limit leads to the indeterminate form :   lim    lim   ln 30 3 1
0 1

(ln 3)3

) )Ä Ä0 0

) )�
)

œ œ

99. The limit leads to the indeterminate form :   lim    lim   ln 2
x 0

0 2 1
0 e 1 e

2 (ln 2)(cos x)

x 0Ä

sin x

x x

sin x�
� œ œ

Ä

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.Uploaded By: osaid zyoudSTUDENTS-HUB.com



454 Chapter 7 Transcendental Functions

100. The limit leads to the indeterminate form :   lim    lim   ln 20 2
0 e 1 e

2 (ln 2)( cos x)

x 0Ä

�

�sin x

x x

sin x�"
�

�œ œ �
x 0Ä

101. The limit leads to the indeterminate form :   lim    lim    lim   5
x 0

0 5 5 cos x 5 sin x 5 cos x
0 e x 1 e 1 ex 0Ä

�
� � �x x xœ œ œ

Äx 0Ä

102. The limit leads to the indeterminate form :  lim    lim    lim   0 x sin x 2x cos x sin x 2x cos x s
0 tan x 3tan x sec xx 0 x 0 x 0Ä Ä Ä

2 2 2 2 2 2

3 2 2œ œ� � in x
3tan x 3tan x

2

4 2�

  lim    lim    lim   œ œ œ
x 0 x 0 x 0Ä Ä Ä

6x cos x 4x sin x 6x cos x 4x sin x
12tan x sec x 6tan x sec x 12tan x 18tan x 6tan x

6 8x cos x 24x si2 3 2 2 3 2

3 2 2 5 3

4 2 2
� �
� � �

� �ˆ ‰ n x
60tan x sec x 54tan x sec x 6sec x 6

6
2

4 2 2 2 2� � œ œ 1

103. The limit leads to the indeterminate form :   lim   0
0 t

t ln (1 2t)
2tt

 lim   
tÄ ! Ä !

� �

�� �
# œ œ �_

Š ‹1 2
1 2t�

104. The limit leads to the indeterminate form :   lim    lim   
x 4

0
0 e 3 x e 1

sin ( x) 2 (sin x)(cos x)

x 4Ä

#

� �

1 1 1 1
x 4 x 4� � �œ

Ä

  lim    lim   2
x 4 x 4

œ œ œ
Ä Ä

1 1 1 1 sin (2 x) 2  cos (2 x)
e 1 ex 4 x 4� �

#

�
#

1

105. The limit leads to the indeterminate form :   lim   lim   lim   10 e e e
0 t t t 1t t tÄ ! Ä ! Ä !

� � �
Š ‹ Š ‹t t t

� œ œ œ" �"

106. The limit leads to the indeterminate form :   lim  e  ln y  lim    lim   _
_

� Î

�y y yÄ ! Ä ! Ä !
� � �

1 y ln y y
e e

œ œy y y�" �" �#

�"

ˆ ‰

  lim   0œ � œ
y Ä !

�
Š ‹y

ey�"

107. Let f(x)   ln f(x) ln x ln   lim  ln f(x)  lim   ln x ln ; this is limit is currently ofœ Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰e 1 e 1 e 1
e 1 e 1 e 1

lnx x x

x x x
� � �
� � �

x

x xÄ _ Ä _

 the form 0 . Before we put in one of the indeterminate forms, we rewrite coth ; the limit is† _ œ œe 1 e e x
e 1 2e e

x x 2 x 2

x x 2 x 2
� �
� �

Î � Î

Î � Î
ˆ ‰

  lim   ln x ln coth  lim  ; the limit leads to the indeterminate form :   lim  x x xÄ _ Ä _ Ä _
ˆ ‰x 0

2 0
 ln coth  ln coth

œ
ˆ ‰ ˆ ‰x x

2 2
1 1

ln x ln x

  lim    lim    lim    lim   œ œ œ œx x x xÄ _ Ä _ Ä _ Ä _

Î ÑÐ Ó
Ï Ò Š ‹ Š ‹ Š ‹

csch2 x
2

coth x
2
1 1

ln x 2 x

2 2

x x
2 2

Š ‹
Š ‹

a b

ˆ ‰
ˆ ‰ a b a bˆ ‰ ˆ ‰ a b�

�

"

# x ln x x ln x
2 sinh cosh sinh x

2x ln x ln x
cosh x

ˆ ‰ a b1
x

2�

  lim    lim    lim    lim   œ œ œ œx x x xÄ _ Ä _ Ä _ Ä _
Š ‹ Š ‹ Š ‹ˆ ‰2ln x ln x

cosh x sinh x x sinh x x cosh x sinh x
2 2 ln x 2 2ln x� � �

�
a b ˆ ‰ ˆ ‰a b2 1 1 2

x x x

  lim   0   lim   lim  e e 1œ œ Ê œ œ œx x xÄ _ Ä _ Ä _
ˆ ‰ ˆ ‰2 e 1

x  cosh x x sinh x e 1
ln 0

2 x

x

� �
� x ln f xÐ Ñ

108. Let f(x) 1   ln f(x) x ln 1    lim  ln f(x)  lim   ; the limit leads to theœ � Ê œ � Ê œˆ ‰ ˆ ‰3 3
x x x

ln 1 3xx

x xÄ ! Ä !� �

a b� �"

�"

 indeterminate form :   lim    lim   0   lim  1  lim  e e 1_
_ � �

!

x x x xÄ ! Ä ! Ä ! Ä !� � � �

Ð Ñ
Š ‹�

�#

� �"

3x
1 3x

x x 3 x
3x 3

�# œ œ Ê � œ œ œˆ ‰x ln f x

109. (a)  lim    lim    lim     same ratex x xÄ _ Ä _ Ä _
log  x
log  x ln 2 ln 

ln 3 ln 32

3
œ œ œ Ê

Š ‹
Š ‹

ln x
ln 2

ln x
ln 3

#

 (b)  lim    lim    lim    lim  1  same ratex x x xÄ _ Ä _ Ä _ Ä _
x x 2x

x x 1 x� � #Š ‹"x œ œ œ " œ Ê
#

#

 (c)  lim    lim    lim     fasterx x xÄ _ Ä _ Ä _

ˆ ‰x
100

xe 100x 100
xe e

�x

x x
œ œ œ _ Ê

 (d)  lim     fasterx Ä _
x

tan x�" œ _ Ê

 (e)  lim    lim    lim    lim   1  same ratex x x xÄ _ Ä _ Ä _ Ä _
csc x sin x

x x
1

�" �" �"

�" �#Š ‹
a b

Ê Š ‹"

�
�#

� �"
#

"

#
x

x

1 x

x

œ œ œ œ Ê

Š ‹
Ê Š ‹

�
"

�
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 (f)  lim    lim    lim     same ratex Ä _
sinh x e

e e
e e

x x

x x 2x
œ œ œ Êx xÄ _ Ä _

a b�
# # #

"� "�

�

110. (a)  lim    lim   0  slowerx xÄ _ Ä _
3 2
2 3

�

�

x

x œ œ Êˆ ‰x

 (b)  lim    lim    lim    same ratex x xÄ _ Ä _ Ä _
ln 2x ln 2 ln x ln 2
ln x 2 (ln x)  ln x# œ œ � œ Ê� " "

# # #
ˆ ‰

 (c)  lim    lim    lim    lim   0  slowerx x x xÄ _ Ä _ Ä _ Ä _
10x 2x 30x 4x 60x 4 60

e e e e

$ # #� � �
x x xœ œ œ œ Êx

 (d)  lim    lim    lim    lim   1  same ratex x x xÄ _ Ä _ Ä _ Ä _

tan tan x
x x 1

�"
�" �"

�" �#

Š ‹ Š ‹
Š ‹

a b" �

"

�#

� �#

"

#

x

x

x
1 x

x

œ œ œ œ Ê�
"
�

 (e)  lim    lim    lim    lim     fasterx x x xÄ _ Ä _ Ä _ Ä _

sin sin x
x 2x

x

2 1

�"
�" �"

�# �$

�
�#

� �" #

"

#

Š ‹
Š ‹

a b � �
É

"

"

#

x

x

œ œ œ œ _ Ê

x

1 x

x

É ˆ ‰
� �

 (f)  lim    lim    lim    lim   2  same ratex x x xÄ _ Ä _ Ä _ Ä _
sech x 2 2

e e e e e 1 e� � � � �x x x x x 2xœ œ œ œ Ê
Š ‹

a b
2

e ex x� �

� �
ˆ ‰

111. (a) 1 2 for x sufficiently large  true
Š ‹

Š ‹
" "

# %

"

#

x x

x

�
"œ � Ÿ Êx#

 (b) x 1 M for any positive integer M whenever x M  false
Š ‹

Š ‹
" "

# %

"

%

x x

x

�
#œ � � � ÊÈ

 (c)  lim    lim   1  the same growth rate  falsex xÄ _ Ä _
x

x ln x 1�
"
�

œ œ Ê Ê"

x

 (d)  lim    lim    lim   0  grows slower  truex x xÄ _ Ä _ Ä _
ln (ln x)

ln x ln xœ œ œ Ê Ê
– —
ˆ ‰
Š ‹"x
ln x

"

x

"

 (e)  for all x  truetan x
1

�"

Ÿ Ê1

#

 (f) 1 e (1 1) 1 if x 0  truecosh x
ex œ � Ÿ � œ � Ê" "

# #a b�2x

112. (a) 1 if x 0  true
Š ‹

Š ‹
"

%

" "

# %

x

x x
�

"
�œ Ÿ � Êx 1#

 (b)  lim  lim  0  truex xÄ _ Ä _

Š ‹
Š ‹

"

%

" "

# %

x

x x
�

"
�œ œ Êˆ ‰

x 1#

 (c)  lim    lim   0  truex xÄ _ Ä _
ln x

x 1 1� œ œ Ê
Š ‹"x

 (d) 1 1 1 2 if x 2  trueln 2x ln 2
ln x ln xœ � Ÿ � œ   Ê

 (e)  if x 1  truesec x
1 1 1

cos
�"

�"

#œ Ÿ œ � Ê
Š ‹ ˆ ‰"

x
1

1

#

 (f) 1 e  if x 0  truesinh x
ex œ � Ÿ � Ê" "

# #a b�2x

113. e 1    df df df
dx dx dx e 1 1 3œ � Ê œ Ê œ œ œx Š ‹ Š ‹�" �"

x f ln 2 x f ln 2œ Ð Ñ œ Ð Ñ

" " " "
� #�Š ‹ a bdf

dx x ln 2
x ln 2

œ

œ

x

114. y f(x)  y 1   y 1  x   f (x) ; f (f(x)) x andœ Ê œ � Ê œ � Ê œ Ê œ œ œ œ" " " " " "
� �

�" �"

� �x x y 1 x 1 1 1Š ‹ Š ‹" "

x x

 f f (x) 1 1 (x 1) x; x ;a b ¹ ¹�" #" �" �"
�

� �
œ � œ � � œ œ œ œ �Š ‹ ’ “Š ‹"

�
"

x 1 x

df
dx (x 1)

1 1

�"

# #

f x f xÐ Ñ Ð Ñ

 f (x)   w " "œ � Ê œx dx f (x)
df

# w

�" ¹
f xÐ Ñ
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456 Chapter 7 Transcendental Functions

115. y x ln 2x x  y x ln (2x) 1 ln 2x;œ � Ê œ � � œw ˆ ‰2
2x

 solving y 0  x ; y 0 for x  and y 0 forw w w" "
# #œ Ê œ � � �

 x   relative minimum of  at x ; f� Ê � œ œ �" " " " "
# # # #

ˆ ‰
e e

 and f 0  absolute minimum is  at x  andˆ ‰e
# # #

" "œ Ê � œ

 the absolute maximum is 0 at x œ e
#

 

116. y 10x(2 ln x)  y 10(2 ln x) 10xœ � Ê œ � �w "ˆ ‰
x

 20 10 ln x 10 10(1 ln x); solving y 0œ � � œ � œw

  x e; y 0 for x e and y 0 for x eÊ œ � � � �w w

  relative maximum at x e of 10e;  y  on e  andÊ œ   ! Ð!ß Ó#

 y e 10e (2 2 ln e) 0  absolute minimum is 0a b# #œ � œ Ê

 at x e  and the absolute maximum is 10e at x eœ œ#

 

117. A   dx  2u du u 1, where u ln x and du  dx; x 1  u 0, x e  u 1œ œ œ œ œ œ œ Ê œ œ Ê œ' '
1 0

e 1
2 ln x

x xc d# "
!

"

118. (a) A   dx ln x ln 20 ln 10 ln ln 2, and A   dx ln x ln 2 ln 1 ln 2" #
" "#! #

"! "œ œ œ � œ œ œ œ œ � œ' '
10 1

20 2

x 10 x
20c d c dk k k k

 (b) A  dx ln x ln kb ln ka ln ln ln b ln a, and A  dx ln x ln b ln a" #
" "œ œ œ � œ œ œ � œ œ œ �' '

ka a

kb b
kb b
ka ax ka a x

kb bc d c dk k k k
119. y ln x  ;     x    m/secœ Ê œ œ Ê œ œ Ê œdy dy dy dy dy

dx x dt dx dt dt x dt e
dx

x
" " " "ˆ ‰ È ¹È

e#

120. y 9e   3e ;   ; x 9  y 9eœ Ê œ � œ Ê œ œ Ê œ� Î � Îx 3 x 3dy (dy/dt)
dx dt (dy/dx) dt 3e

dx dx 9 yŠ ‹È� �

�
�$

"

4
� Îx 3

  e e 1 5 ft/secÊ œ œ � ¸¸ È Èdx
dt 4

9

x 9œ

Š ‹É
Š ‹

� �

�

" $ $
"

$

$

4
9
e

3
e

121. A xy xe   e (x)( 2x) e e 1 2x .  Solving 0  1 2x 0œ œ Ê œ � � œ � œ Ê � œ� � � �x x x x# # # #dA dA
dx dxa b# #

  x ; 0 for x  and 0 for 0 x   absolute maximum of e  atÊ œ � � � � � Ê œ" " " " "�"Î#È È È È È2 2 2 2
dA dA
dx dx 2e

 x  units long by y e  units high.œ œ œ" "�"Î#È È2 e

122.  A xy x   .  Solving 0  1 ln x 0  x e;œ œ œ Ê œ � œ œ Ê � œ Ê œˆ ‰ln x ln x dA ln x 1 ln x dA
x x dx x x x dx# # # #

" �

 0 for x e and 0 for x e  absolute maximum of  at x e units long and y  units high.dA dA ln e
dx dx e e e� � � � Ê œ œ œ" "

#

123. (a) y   yœ Ê œ � œln x ln x 2 ln x
x x x 2x x2xÈ È Èw " �

$Î#

 y x (2 ln x) x x  ln x 2 ;Ê œ � � � œ �ww �&Î# �&Î# �&Î#"
#

3 3
4 4

ˆ ‰
 solving y 0 ln x 2 x e ; y 0 for x e  andw # w #œ Ê œ Ê œ � �

 and y 0 for x e   a maximum of ; y 0w # ww� � Ê œ2
e

 ln x x e ; the curve is concave down onÊ œ Ê œ8
3

)Î$

 0 e  and concave up on e ; so there is anˆ ‰ ˆ ‰ß ß_)Î$ )Î$

 inflection point at e .ˆ ‰)Î$ )
$

ß e%Î$
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 Chapter 7 Practice Exercises 457

 (b) y e   y 2xe y 2e 4x eœ Ê œ � Ê œ � �� w � ww � # �x x x x# # # #

 4x 2 e ; solving y 0 x 0; y 0 forœ � œ Ê œ �a b# � w wx#

 x 0 and y 0 for x 0  a maximum at x 0 of� � � Ê œw

 e 1; there are points of inflection at x ; the! "œ œ „ È2

 curve is concave down for x  and concave� � �" "È È2 2

 up otherwise.

 

 (c) y (1 x) e   y e (1 x) e xeœ � Ê œ � � œ �� � � �x x x xw

 y e xe (x 1) e ; solving y 0Ê œ � � œ � œww w� � �x x x

 xe 0 x 0; y 0 for x 0 and y 0Ê � œ Ê œ � � ��x w w

 for x 0 a maximum at x 0 of (1 0) e 1;� Ê œ � œ!

 there is a point of inflection at x 1 and the curve isœ

 concave up for x 1 and concave down for x 1.� �

 

124. y x ln x  y ln x x ln x 1; solving y 0œ Ê œ � œ � œw w"ˆ ‰
x

 ln x 1 0  ln x 1 x e ; y 0 forÊ � œ Ê œ � Ê œ ��" w

 x e  and y 0 for x e a minimum of e  ln e� � � Ê�" w �" �" �"

  at x e . This minimum is an absolute minimumœ � œ" �"
e

 since y  is positive for all x .ww "œ � !x

 

125. y cos y dx 2tan y x C y tandy dy
dx y cos y 2

2 1 x C 2
œ Ê œ Ê œ � Ê œÈ È È ˆ ‰ˆ ‰È È2

� �

126. y dy 3 x 1 dx y ln y x 1 Cw � �
�œ Ê œ � Ê � œ � �3y x 1 y 1 2 3

y 1 y
a b a b2 a b a b

127. yy sec y sec x sec x dx tan x C sin y 2tan x Cw œ Ê œ Ê œ � Ê œ �a b a b2 2 2 2y dy
sec y 2

sin y
1a b ˆ ‰

2

2

128. y cos x  dy sin x dx 0 y dy dx C y C2 sin x 1 2
cos x 2 cos x cos x

y
1a b É� œ Ê œ � Ê œ � � Ê œ „ �2

2

a b a b a b�

129. e e dy e dx e e C. We have y 0 2, so e e C C 2e  anddy
dx

x y 2 y x 2 y x 2 2 2 2œ Ê œ Ê œ � � œ � œ � � Ê œ� � � � � � � � � �a b a b a b
 e e 2e y ln e 2ey x 2 2 x 2 2œ � � Ê œ � �� � � � � �a b a bˆ ‰
130. ln ln y tan x C y e . We have y 0 e e edy y ln y dy

dx 1 x y ln y 1 x
dx 1 e 2 2 eœ Ê œ Ê œ � Ê œ œ Ê œ� �

�
2 2

tan x C tan 0 C1 1a b a b a b� �

� �a b a b

 e 2 tan 0 C ln 2 0 C ln 2 C ln 2 y eÊ œ Ê � œ Ê � œ Ê œ Ê œtan 0 C 1 e� �
�1 tan x ln 21a b� � a b a b

131. x dy y y dx 0 2ln y 1 ln x C. We have y 1 1 2 ln 1 1 ln 1 C� � œ Ê œ Ê � œ � œ Ê � œ �ˆ ‰ ˆ ‰È È a b Š ‹Èdy
y y

dx
xˆ ‰È�

 2 ln 2 C ln 2 ln 4. So 2 ln y 1 ln x ln 4 ln 4x ln y 1 ln 4x ln 4xÊ œ œ œ � œ � œ Ê � œ œ2 1/2ˆ ‰ ˆ ‰È Èa b a b a b"
#

 e e y 1 2 x y 2 x 1Ê œ Ê � œ Ê œ �ln y 1 ln 4x 2ˆ ‰È a b� 1/2 È È Èˆ ‰
132. y dx e e C. We have y 0 1 e e C C .� �

�
�2 x x 0 0dx e e 1 1

dy e 1 e y 3 3 3
dy y 1œ Ê œ Ê œ � � œ Ê œ � � Ê œ

x 2x

2x x 2

3 3

�

a b a b
 So e e y 3 e e 1 y 3 e e 1y

3 3
x x 3 x x x x1 1/33

œ � � Ê œ � � Ê œ � �� � �a b c da b
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458 Chapter 7 Transcendental Functions

133. Since the half life is 5700 years and A(t) A e  we have A e   e   ln (0.5) 5700kœ œ Ê œ Ê œ! !# #
"kt 5700k 5700kA!

  k .  With 10% of the original carbon-14 remaining we have 0.1A A e   0.1 eÊ œ œ Ê œln (0.5)
5700 ! !

ln 0 5 ln 0 5
5700 5700
Ð Þ Ñ Ð Þ Ñt t

  ln (0.1) t  t 18,935 years (rounded to the nearest year).Ê œ Ê œ ¸ln (0.5) (5700) ln (0.1)
5700 ln (0.5)

134. T T (T T ) e 180 40 220 40 e , time in hours, k 4 ln 4 ln 70 40� œ � Ê � œ � Ê œ � œ Ê �s o s
kt k 4� � Îa b ˆ ‰ ˆ ‰7 9

9 7

 220 40 e t 1.78 hr 107 min, the total time the time it took to cool from 180° F toœ � Ê œ ¸ ¸ Êa b � Ð Î Ñ4 ln 9 7  t ln 6
4 ln ˆ ‰9

7

 70° F was 107 15 92 min� œ

135. cot cot , 0 x 50  ) 1œ � � � � � Ê œ ��" �"

�

�

�

ˆ ‰ ˆ ‰x 5 x d
60 3 30 dx 1 1

)
Š ‹ Š ‹
ˆ ‰ Š ‹
1
60 30

x
60

50 x
30

# #

"

�

 30 ; solving 0  x 200x 3200 0  x 100 20 17, butœ � œ Ê � � œ Ê œ „’ “ È2 d
60 x 30 (50 x) dx# # # #� � �

" #)

 100 20 17 is not in the domain; 0 for x 20 5 17  and 0 for 20 5 17 x 50� � � � � � � �È È ÈŠ ‹ Š ‹d d
dx dx
) )

  x 20 5 17 17.54 m maximizes Ê œ � ¸Š ‹È )

136. v x  ln x (ln 1 ln x) x  ln x  2x ln x x x(2 ln x 1); solving 0œ œ � œ � Ê œ � � œ � � œ# # # #" "ˆ ‰ ˆ ‰
x dx x dx

dv dv

  2 ln x 1 0  ln x   x e ; 0 for x e  and 0 for x e   a relativeÊ � œ Ê œ � Ê œ � � � � Ê"
#

� Î � Î � Î1 2 1 2 1 2dv dv
dx dx

 maximum at x e ; x and r 1  h e e 1.65 cmœ œ œ Ê œ œ ¸� Î Î1 2 1 2r
h

È
CHAPTER 7  ADDITIONAL AND ADVANCED EXERCISES

 1.  lim   dx  lim  sin x  lim  sin b sin 0  lim  sin b 0  lim  sin b
b 1 b 1 b 1 b 1 b 1Ä Ä Ä Ä Ä� � � � �

'
0

b b

0
"

�

�" �" �" �" �"
#È1 x#

œ œ � œ � œ œc d a b a b 1

 2.  lim    tan t dt  lim     formx xÄ _ Ä _
" _�"

_x x

tan t dt'
0

x

œ
'

0

x
�" ˆ ‰

  lim   œ œx Ä _
tan x

1

�"
1

#

 3. y cos x   ln y  ln cos x  and  lim    lim     lim   œ Ê œ œ œˆ ‰ ˆ ‰È È1 xÎ

� � �

" �"�

#x x
ln cos x sin x tan x

2 x cos x xx x xÄ ! Ä ! Ä !

ˆ ‰ È ÈÈ È È È
   lim      lim  cos x eœ � œ � Ê œ œ" " "

# #x xÄ ! Ä !� �

Î � Î
"

#
�"Î# #

"
#

�"Î#

x  sec x
x e

È Èˆ ‰È 1 x 1 2

 4. y x e   ln y    lim  ln y  lim    lim    lim   2œ � Ê œ Ê œ œ œ œa bx 2 xÎ 2 ln x e 2 1 e
x x e 1 e e

2e 2ea b a b� �
� �

x x

x x x

x x

x x x xÄ _ Ä _ Ä _ Ä _

   lim  x e  lim  e eÊ � œ œx xÄ _ Ä _
a bx y2 xÎ #

 5.  lim   lim  x xÄ _ Ä _
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰� �– — – — – —" " " " " "

� �# # � � �n 1 n n n n n
1 1 1

1 1 2 1 n
� �á � œ � �á �Š ‹ Š ‹ Š ‹" " "

n n n

 which can be interpreted as a Riemann sum with partitioning x    lim  ? œ Ê � �á �" " " "
� �# #n n 1 n nx Ä _

ˆ ‰
   dx ln (1 x) ln 2œ œ � œ'

0

1
"
�

"
!1 x c d

 6.  lim   e e e  lim  e e e  which can be interpreted as ax xÄ _ Ä _
" " " "
n n n nc d � ‘ˆ ‰ ˆ ‰ ˆ ‰1 n 2 n 1 n 2 1 n n 1 nÎ Î Ð Î Ñ Ð Î Ñ Ð Î Ñ� �á � œ � �á �

 Riemann sum with partitioning x    lim   e e e e  dx e e 1? œ Ê � �á � œ œ œ �" " "
!n nx Ä _

c d c d1 n 2 n x x

0

1
Î Î '
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 Chapter 7 Additional and Advanced Exercises 459

 7. A(t) e  dx e 1 e , V(t) e  dx e 1 eœ œ � œ � œ œ � œ �' '
0 0

t t
x x t 2x 2x 2tt

0

t

0
� � � � � �c d a b� ‘1

1 1

# #

 (a)  lim  A(t)  lim  1 e 1
t tÄ _ Ä _

œ � œa b�t

 (b)  lim    lim   
t tÄ _ Ä _

V(t)
A(t) 1 e

1 e
œ œ

1

#

�

�

ˆ ‰�

� #

2t

t
1

 (c)  lim    lim    lim    lim   1 e
t t t tÄ ! Ä ! Ä ! Ä !� � � �

�V(t)
A(t) 1 e 1 e

1 e 1 e 1 e
œ œ œ � œ

1 1

# #

� � �

� �

ˆ ‰ a b a ba b� � �

� � #

2t t t

t t
1 a bt 1

 8. (a)  lim  log  2  lim   0;
a aÄ ! Ä !� �

a œ œln 2
ln a

  lim  log  2  lim   ;
a 1 a 1Ä Ä� �a œ œ �_ln 2

ln a

  lim  log  2  lim   ;
a 1 a 1Ä Ä� �

a œ œ _ln 2
ln 1

  lim  log  2  lim   0
a aÄ _ Ä _a œ œln 2

ln a

 (b) 

 9. A   dx   dx ; A  dx   dx" #
"
#œ œ œ œ œ œ' ' ' '

1 1 1 1

e e e ee

1

2 log  x (ln x) 2 log  x
x ln 2 x ln 2 ln 4 ln 4 x

2 ln x 2 ln x2 4’ “#
   A : A 2 : 1œ œ Ê œ’ “(ln x)

2 ln  ln 2

#

# #
"

" #

e

1

10. y tan x tan   yœ � Ê œ ��" �" w" "
�

�

�
ˆ ‰

x 1 x 1
#

"

#

Š ‹
Š ‹

"

#x

x

 0  tan x tan  is aœ � œ Ê �" " "
� �

�" �"
1 x 1 x x# #

ˆ ‰
 constant and the constant is  for x 0; it is  for1 1

# #� �

 x 0 since tan x tan  is odd.  Next the� ��" �" "ˆ ‰
x

   lim  tan x tan
x Ä !�

� ‘ˆ ‰�" �" "
# #� œ ! � œx
1 1

 

 and   lim  tan x tan 0
x Ä !�

ˆ ‰ ˆ ‰ˆ ‰�" �" "
# #� œ � � œ �x
1 1

11. ln x x  ln x and ln x x ln x x  ln x; then, x  ln x x  ln x x x ln x  x x   or ln xa bx x x x x x xxx
œ œ œ œ Ê � œ ! Ê œ œ !Þa b a b# # # #

 ln x x ;  x x  x ln x 2 ln x  x 2.  Therefore, x x  when x 2 or x .œ ! Ê œ " œ Ê œ Ê œ œ œ œ "x x x x# a bx a b
12. In the interval x 2  the function sin x 01 1� � �

  (sin x)  is not defined for all values in thatÊ sin x

 interval or its translation by 2 .1

 

13. f(x) e   f (x) e  g (x), where g (x)   f (2) eœ Ê œ œ Ê œ œg x g x x 2 2
1 x 1 16 17

Ð Ñ w Ð Ñ w w w !
� �%

ˆ ‰
14. (a) e 2x (b) f(0)  dt 0df 2 ln e 2 ln t

dx e t
xœ œ œ œ

x

x †

'
1

1

 (c) 2x  f(x) x C; f(0) 0  C 0  f(x) x   the graph of f(x) is a paraboladf
dx œ Ê œ � œ Ê œ Ê œ Ê# #

15. (a) g(x) h(x) 0  g(x) h(x); also g(x) h(x) 0  g( x) h( x) 0   g(x) h(x) 0� œ Ê œ � � œ Ê � � � œ Ê � œ

  g(x) h(x); therefore h(x) h(x)  h(x) 0  g(x) 0Ê œ � œ Ê œ Ê œ
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460 Chapter 7 Transcendental Functions

 (b) f (x);f(x) f( x) f (x) f (x) f (x) f (x)f (x) f ( x) f ( x)� � � � �
# # #

� � � �œ œ œc dE O OE E O E O(x) f
E

� � ‘

 f (x)f(x) f( x) f (x) f (x) f (x) f (x)f (x) f (x) f ( x) f ( x)� � � � �
# # #

� � � � �œ œ œc d c dE O E O E O E O
O

 (c) Part b such a decomposition is unique.Ê

16. (a) g(0 0)   1 g (0) g(0) 2g(0)  g(0) g (0) 2g(0)  g (0) g(0) 0� œ Ê � œ Ê � œ Ê � œg(0) g(0)
1 g(0) g(0)

�
�

# $ $c d
  g(0) g (0) 1 0  g(0) 0Ê � œ Ê œc d#

 (b) g (x)  lim    lim    lim   w � � � � ��

�œ œ œ
h 0 h 0 h 0Ä Ä Ä

g(x h) g(x) g(x) g(h) g(x) g (x) g(h)
h h h 1 g(x) g(h)

g(x)’ “
c d

g(x) g(h)
1 g(x) g(h)

�

�
#

  lim  1 1 g (x) 1 g (x) 1 [g(x)]œ œ � œ � œ �
h 0Ä

’ “ ’ “ c dg(h) 1 g (x)
h 1 g(x) g(h)

�
�

# # #
#

†

 (c) 1 y   dx  tan y x C  tan (g(x)) x C; g(0) 0  tan 0 0 Cdy dy
dx 1 yœ � Ê œ Ê œ � Ê œ � œ Ê œ �# �" �" �"

� #

  C 0  tan (g(x)) x  g(x) tan xÊ œ Ê œ Ê œ�"

17. M  dx 2 tan x  and M  dx ln 1 x ln 2  xœ œ œ œ œ � œ Ê œ' '
0 0

1 1

y
2 2x

1 x 1 x M
M

� # �
�" #"

! !
"

# #c d c da b1 y

 ; y 0 by symmetryœ œ œln 2 ln 4ˆ ‰1
#

1

18. (a) V   dx   dx ln x ln 4 ln  ln 16  ln 2  ln 2œ œ œ œ � œ œ œ1 1' '
1 4 1 4

4 4

Î Î
Š ‹ c d a bk k ˆ ‰" " "

#

#
%
"Î%

%Èx 4 x 4 4 4 4 4
1 1 1 1 1

 (b) M x  dx   x  dx x ;y 1 4 1 4

4 4

œ œ œ œ � œ œ' '
Î Î

Š ‹ � ‘ ˆ ‰" " " �
#

"Î# $Î# %

"Î% #Èx
1 8 64 1 63
2 3 3 24 4 24

 M  dx   dx ln x  ln 16  ln 2;x 1 4 1 4

4 4

œ œ œ œ œ' '
Î Î

" " " " " " "
# ##

%

"Î%
Š ‹Š ‹ � ‘k kÈ Èx 2 x

1
8 x 8 8

 M  dx x  dx x 2 ; therefore, x  andœ œ œ œ � œ œ œ œ œ' '
1 4 1 4

4 4

Î Î

" " "
#

�"Î# "Î# %

"Î% # # #Èx 2 M 24 3 1 4
3 63 2 21 7M� ‘ ˆ ‰ ˆ ‰y

 y  ln 2œ œ œM
M 3 3

2 ln 2x ˆ ‰ ˆ ‰"
#

19. (a) L k   k ; solving 0œ � Ê œ � œˆ ‰ Š ‹a b cot b csc dL b csc b csc  cot dL
R r R rd d

� ) ) ) ) )

) )% % % %

#

  r b csc bR  csc  cot 0  (b csc ) r  csc R  cot 0; but b csc 0 sinceÊ � œ Ê � œ Á% # % % %
) ) ) ) ) ) )a b

   r  csc R  cot 0  cos   cos , the critical value of ) ) ) ) ) )Á Ê � œ Ê œ Ê œ1

#
% % �"r r

R R

% %

% %Š ‹
 (b) cos cos (0.48225) 61°) œ ¸ ¸�" �"%ˆ ‰5

6

20. In order to maximize the amount of sunlight, we need to maximize the angle  formed by extending the two red line)

 segments to their vertex. The angle between the two lines is given by . From trig we have) 1 ) 1 )œ � � �a ba b1 #

 tan tan  and tan tan) ) 1 ) 1 )1 1
350 350 200 200

450 x 450 x x x
1 1œ Ê œ � œ Ê � œ� �

� �
# #ˆ ‰ ˆ ‰a b a b

  tan tanÊ œ � � � œ � �) 1 ) 1 ) 1a ba b ˆ ‰ ˆ ‰1
1 1350 200

450 x x#
� �

�

 Ê œ � † � † � œ �d 1 350 1 200 350 200
dx x x 400001 1450 x 450 x 122500
)

� �� � �
�

�ˆ ‰ ˆ ‰a b a b350 200
450 x x

2 2 2 2 2 2
�

ˆ ‰
 0 0 200 450 x 122500 350 x 40000d 350 200

dx x 40000450 x 122500
2 2) œ Ê � œ Ê � � œ ��

� � �a b2 2 Š ‹a b a b
 3x 3600x 1020000 0 x 600 100 70. Since x 0, consider only x 600 100 70.Ê � � œ Ê œ � „ � œ � �2 È È
 Using the first derivative test, 0 and 0 local max whend 9 d 9

dx 3500 dx 5000x 100 x 400

) )¹ ¹
œ œ

�œ � œ � Ê

 x 600 100 70 236.67 ft.œ � � ¸È
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CHAPTER 8  TECHNIQUES OF INTEGRATION

8.1  INTEGRATION BY PARTS

 1. u x, du dx; dv sin  dx, v 2 cos ;œ œ œ œ �x x
# #

 x sin  dx 2x cos 2 cos  dx 2x cos 4 sin C' 'x x x x x
# # # # #œ � � � œ � � �ˆ ‰ ˆ ‰ ˆ ‰

 2. u , du d ; dv cos  d , v  sin ;œ œ œ œ) ) 1) ) 1)
"
1

  cos  d  sin  sin  d  sin  cos C' ') 1) ) 1) 1) ) 1) 1)œ � œ � �) )

1 1 1 1

" "
#

 3.  cos t

 t sin t# ïïïïî
Ð�Ñ

 2t  cos tïïïïî �
Ð�Ñ

 2  sin tïïïïî �
Ð�Ñ

 0 t  cos t dt t  sin t 2t cos t 2 sin t C' # #œ � � �

 4. sin x

 x cos x# ïïïïî �
Ð�Ñ

 2x  in xsïïïïî �
Ð�Ñ

 2 cos xïïïïî
Ð�Ñ

 0 x  sin x dx x  cos x 2x sin x 2 cos x C' # #œ � � � �

 5. u ln x, du ; dv x dx, v ;œ œ œ œdx x
x

#

#

 x ln x dx  ln x  2 ln 2 2 ln 2 ln 4' '
1 1

2 2

œ � œ � œ � œ �’ “ ’ “x x dx x 3 3
x 4 4 4

# # #

# #

# #

" "

 6. u ln x, du ; dv x  dx, v ;œ œ œ œdx x
x 4

$ %

 x  ln x dx  ln x  ' '
1 1

e ee e

1 1

$ �œ � œ � œ’ “ ’ “x x dx e x 3e 1
4 4 x 4 16 16

% % % % %

 7. u x, du dx ; dv e dx, v e ;œ œ œ œx x

 x e dx x e e dx x e e C' 'x x x x xœ � œ � �

 8. u x, du dx ; dv e dx, v e ;œ œ œ œ3x 3x1
3

 x e dx e e dx e e C' '3x 3x 3x 3x 3xx 1 x 1
3 3 3 9œ � œ � �

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.Uploaded By: osaid zyoudSTUDENTS-HUB.com



462 Chapter 8 Techniques of Integration

 9.  e�x

 x e# �ïïïïî �
Ð�Ñ

x

 2x  eïïïïî
Ð�Ñ

�x

 2  eïïïïî �
Ð�Ñ

�x

 0 x e  dx x e 2x e 2 e C' # � # � � �x x x xœ � � � �

10. e2x

 x 2x 1  e# � � ïïïïî
Ð�Ñ

1
2

2x

 2x 2           e� ïïïïî
Ð � Ñ

1
4

2x

 2                      eïïïïî
Ð�Ñ

1
8

2x

 0 x 2x 1 e  dx x 2x 1 e 2x 2 e e C' a b a b a b# #� � œ � � � � � �2x 2x 2x 2x1 1 1
2 4 4

 x x e Cœ � � �ˆ ‰1 3 5
2 2 4

2x#

11. u tan y, du ; dv dy, v y;œ œ œ œ�"
�
dy

1 y#

 tan y dy y tan y y tan y  ln 1 y C y tan y ln 1 y C' '�" �" �" # �"
� #

" #œ � œ � � � œ � � �y dy
1 ya b# a b È

12. u sin y, du ; dv dy, v y;œ œ œ œ�"
�

dy
1 yÈ #

 sin y dy y sin y y sin y 1 y C' '�" �" �"
�

#œ � œ � � �y dy
1 yÈ #

È
13. u x, du dx; dv sec x dx, v tan x;œ œ œ œ#

 x sec x dx x tan x tan x dx x tan x ln cos x C' # œ � œ � �' k k
14. 4x sec 2x dx; [y 2x]  y sec y dy y tan y tan y dy y tan y ln sec y C' ' '# #œ Ä œ � œ � �k k
 2x tan 2x ln sec 2x Cœ � �k k
15. ex

 x   e$ ïïïïî
Ð�Ñ

x

 3x   e# ïïïïî
Ð�Ñ

x

 6x   eïïïïî
Ð�Ñ

x

 6     eïïïïî
Ð�Ñ

x

 0  x e  dx x e 3x e 6xe 6e C x 3x 6x 6 e C' $ $ # $ #x x x x x xœ � � � � œ � � � �a b
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 Section 8.1 Integration by Parts 463

16. e�p

 p     e
 

% ïïïïî �
Ð�Ñ

�p

 4p     
 

e$ ïïïïî
Ð�Ñ

�p

 12p e# ïïïïî �
Ð�Ñ

�p

 24p    eïïïïî
Ð�Ñ

�p

 24    eïïïïî �
Ð�Ñ

�p

 0  p e  dp p e 4p e 12p e 24pe 24e C' % % $ #� � � � � �p p p p p pœ � � � � � �

 p 4p 12p 24p 24 e Cœ � � � � � �a b% $ # �p

17.  ex

 x 5x e# � ïïïïî
Ð�Ñ

x

 2x 5     e� ïïïïî
Ð�Ñ

x

 2            eïïïïî
Ð�Ñ

x

 0 x 5x e  dx x 5x e (2x 5)e 2e C x e 7xe 7e C' a b a b# # #� œ � � � � � œ � � �x x x x x x x

 x 7x 7 e Cœ � � �a b# x

18.  er

 r r 1 e# � � ïïïïî
Ð�Ñ

r

 2r 1          e� ïïïïî
Ð�Ñ

r

 2                 eïïïïî
Ð�Ñ

r

 0 r r 1 e  dr r r 1 e (2r 1) e 2e C' a b a b# #� � œ � � � � � �r r r r

 r r 1 (2r 1) 2 e C r r 2 e Cœ � � � � � � œ � � �c d a ba b# #r r

19. ex

 x       e& ïïïïî
Ð�Ñ

x

 5x       e% ïïïïî
Ð�Ñ

x

 20x   e$ ïïïïî
Ð�Ñ

x

 60x     e# ïïïïî
Ð�Ñ

x

 120x   eïïïïî
Ð�Ñ

x

 120     ee ïïïïî
Ð�Ñ

x

 0  x e  dx x e 5x e 20x e 60x e 120xe 120e C' & & % $ #x x x x x x xœ � � � � � �

 x 5x 20x 60x 120x 120 e Cœ � � � � � �a b& % $ # x
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464 Chapter 8 Techniques of Integration

20. e4t

 t  e# "ïïïïî
Ð�Ñ

4
4t

 2t    eïïïïî
Ð�Ñ

"
16

4t

 2  eïïïïî
Ð�Ñ

"
64

4t

 0 t e  dt e e e C e e e C' # "
#

4t 4t 4t 4t 4t 4t 4tœ � � � œ � � �t 2t 2 t t
4 16 64 4 8 3

# #

 e Cœ � � �Š ‹t t
4 8 3

# "
#

4t

21. I e  sin  d ; u sin , du cos  d ; dv e  d , v e I e  sin  e  cos  d ;œ œ œ œ œ Ê œ �' ) ) ) ) )
) ) ) ) ) ) ) ) )c d '

 u cos , du sin  d ; dv e  d , v e  I e  sin e  cos e  sin  dc d Š ‹œ œ � œ œ Ê œ � �) ) ) ) ) ) ) )
) ) ) ) )'

 e  sin e  cos I C  2I e  sin e  cos C   I e  sin e  cos C, where C  isœ � � � Ê œ � � Ê œ � � œ) ) ) ) ) )
) ) ) ) ) )

w w "
# #a b a b Cw

 another arbitrary constant

22. I e  cos y dy; u cos y, du sin y dy; dv e  dy, v eœ œ œ � œ œ �' � � �y y yc d
  I e  cos y e ( sin y)  dy e  cos y e  sin y dy; u sin y, du cos y dy;Ê œ � � � � œ � � œ œ� � � �y y y y' 'a b c
 dv e  dy, v e   I e  cos y e  sin y e  cos y dy e  cos y e  sin y I Cd a bŠ ‹œ œ � Ê œ � � � � � œ � � � �� � � � � �y y y y y y y' w

  2I e (sin y cos y) C   I e  sin y e  cos y C, where C  is another arbitrary constantÊ œ � � Ê œ � � œ� � �y y yw "
# #a b Cw

23. I e  cos 3x dx; u cos 3x; du 3 sin 3x dx, dv e  dx; v eœ œ œ � œ œ' 2x 2x 2x� ‘"
#

  I e  cos 3x e  sin 3x dx; u sin 3x, du 3 cos 3x, dv e  dx; v eÊ œ � œ œ œ œ" "
# # #

2x 2x 2x 2x3 ' � ‘
  I e  cos 3x e  sin 3x e  cos 3x dx e  cos 3x  e  sin 3x I CÊ œ � � œ � � �" " "

# # # # #
w2x 2x 2x 2x 2x3 3 3 9

4 4Š ‹'

  I e  cos 3x e  sin 3x C   (3 sin 3x 2 cos 3x) C, where C CÊ œ � � Ê � � œ13 3 e 4
4 4 13 13

"
#

w w2x 2x 2x

24. e  sin 2x dx; [y 2x]  e  sin y dy I; u sin y, du cos y dy; dv e  dy, v e' '� � � �2x y y yœ Ä œ œ œ œ œ �"
# c d

  I e  sin y e  cos y dy  u cos y, du sin y; dv e  dy, v eÊ œ � � œ œ � œ œ �"
# Š ‹ c d� � � �y y y y'

  I e  sin y e  cos y e ( sin y) dy e (sin y cos y) I CÊ œ � � � � � � œ � � � �" " "
# # #

w� � � �y y y yŠ ‹a b'

  2I e (sin y cos y) C   I e (sin y cos y) C (sin 2x cos 2x) C, where CÊ œ � � � Ê œ � � � œ � � � œ" "
# #

w� �y y
4 4

e C�2x w

25. e  ds;   e x dx xe  dx; u x, du dx; dv e  dx, v e ;
3s 9 x
ds x dx

' ' 'È3s 9 x x x x� ” • c d� œ

œ
Ä œ œ œ œ œ

#

2
3

2 2
3 3†

 xe  dx xe e  dx xe e C 3s 9 e e C2 2 2 2
3 3 3 3
' Š ‹ Š ‹a b Èx x x x x 3s 9 3s 9œ � œ � � œ � � �' È È� �

26. u x, du dx; dv 1 x dx, v (1 x) ;œ œ œ � œ � �È È2
3

$

 x 1 x dx (1 x) x  (1 x)  dx (1 x)' '
0 0

1 1È � ‘ � ‘È È� œ � � � � œ � � œ2 2 2 2 4
3 3 3 5 15

$ $
"

! !
&Î# "

27. u x, du dx; dv tan x dx, v tan x dx  dx  dx  dxœ œ œ œ œ œ œ �# # "�' ' ' ' 'sin x cos x dx
cos x cos x cos x

# #

# # #

 tan x x; x tan x dx x(tan x x) (tan x x) dx 3 ln cos xœ � œ � � � œ � � �' '
0 0

3 31 1Î Î
# Î$

! #

Î$

!
c d k kŠ ‹ ’ “È1 1 1

1

3 3
x#

 3 ln ln 2œ � � � œ � �1 1 1 11

3 3 18 3 18
3Š ‹È "

#

# #È
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28. u ln x x , du ; dv dx, v x; ln x x  dx x ln x x x dxœ � œ œ œ � œ � �a b a b a b# # #�
� �

�"(2x 1) dx
x x x(x 1)

2x
#

' '
†

 x ln x x x ln x x  dx x ln x x 2x ln x 1 Cœ � � œ � � œ � � � � �a b a b a b k k# # #� � �"
� �

' '(2x 1) dx 2(x 1)
x 1 x 1

29. sin (ln x) dx; du  dx   (sin u) e  du.  From Exercise 21, (sin u) e  du e C
u ln x

dx e  du

' ' 'Ô ×
Õ Ø ˆ ‰œ

œ Ä œ �

œ

" �
#x

sin u cos u

u

u u u

 x cos (ln x) x sin (ln x) Cœ � � �"
# c d

30. z(ln z)  dz; du  dz   e u e  du e u  du;
u ln z

dz e  du

' ' '# # #"
Ô ×
Õ Ø

œ

œ Ä œ

œ
z

u u 2u

u

† † †

 e2u

 u  e# "ïïïïî
Ð�Ñ

2
2u

 2u    
 

eïïïïî
Ð�Ñ

"
4

2u

 2    eïïïïî
Ð�Ñ

"
8

2u

 0 u e  du e e e C 2u 2u 1 C' # #
# #

"2u 2u 2u 2uœ � � � œ � � �u u e
4 4

# 2u c d
 2(ln z) 2 ln z 1 Cœ � � �z

4

# c d#

31. x sec x  dx Let u x , du 2x dx du x dx x sec x  dx sec u du ln sec u tan u C' ' '# # #’ “œ œ Ê œ Ä œ œ l � l �1 1 1
2 2 2

 ln sec x tan x Cœ l � l �1
2

# #

32. dx Let u x, du dx 2du dx  dx 2 cos u du 2 sin u C 2 sin x C' ' 'cos x cos x
x 2 x x x

1 1È È
È È È È’ “È Èœ œ Ê œ Ä œ œ � œ �

33. x ln x  dx; du  dx   e u e  du e u  du;
u ln x

dx e  du

' ' 'a b Ô ×
Õ Ø# " # #

œ

œ Ä œ

œ
x

u u 2u

u

† † †

 e2u

 u  e# "ïïïïî
Ð�Ñ

2
2u

 2u    
 

eïïïïî
Ð�Ñ

"
4

2u

 2    eïïïïî
Ð�Ñ

"
8

2u

 0 u e  du e e e C 2u 2u 1 C' # #
# #

"2u 2u 2u 2uœ � � � œ � � �u u e
4 4

# 2u c d
 2(ln x) 2 ln x 1 C ln x ln x Cœ � � � œ � � �x x x x

4 2 2 4

# # # #c d a b# #

34. dx Let u ln x, du dx  dx  du C C' ' '" "
x ln x x ln x

1 1 1
x u ln x

1

ua b a b# #’ “œ œ Ä œ œ � � œ � �2

35. u ln x, du dx; dv  dx, v ;œ œ œ œ �1 1 1
x x x2

 dx  dx C' 'ln x ln x ln x 1
x x x x x2 œ � � œ � � �"

#

36. dx Let u ln x, du dx  dx u  du u C ln x C' ' 'a b a bln x ln x 4
x x x 4 4

1 1 13 4
3 3’ “ a bœ œ Ä œ œ � œ �
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37. x e dx Let u x , du 4x dx du x dx x e dx e  du e C e C' ' '3 x 4 3 3 3 x u u x1 1 1 1
4 4 4 4

4 4 4’ “œ œ Ê œ Ä œ œ � œ �

38. u x , du 3x dx; dv x e  dx, v e ;œ œ œ œ3 2 2 x x1
3

3 3

 x e dx x e x dx x e e 3x dx x e e C' ' '5 x 3 x 2 3 x x 2 3 x x1 1 1 1
3 3 3 3

3 3 3 3 3 3
œ œ � œ � �

39. u x , du 2x dx; dv x 1 x dx, v x 1 ;œ œ œ � œ �2 22 1
3

3 2È a b Î

 x x 1 dx x x 1 x 1 2x dx x x 1 x 1 C' '3 2 2 2 2 2 22 1 1 1 2
3 3 3 15

3 2 3 2 3 2 5 2È a b a b a b a b� œ � � � œ � � � �
Î Î Î Î

40. x sin x dx Let u x , du 3x dx du x dx x sin x dx sin u du cos u C' ' '2 3 3 2 2 2 31 1 1
3 3 3’ “œ œ Ê œ Ä œ œ � �

 cos x Cœ � �1
3

3

41. u sin 3x, du 3cos 3x dx; dv cos 2x dx, v sin 2x ;œ œ œ œ 1
2

 sin 3x cos 2x dx sin 3x sin 2x cos 3x sin 2x dx' 'œ �1 3
2 2

 u cos 3x, du 3sin 3x dx; dv sin 2x dx, v cos 2x ;œ œ � œ œ � 1
2

 sin3x cos 2x dx sin 3x sin 2x cos 3x cos 2x sin3x cos 2x dx' 'œ � � �1 3 1 3
2 2 2 2” •

 sin 3x sin 2x cos 3x cos 2x sin 3x cos 2x dx sin 3x cos 2x dx sin 3x sin 2x cos 3x cos 2xœ � � Ê � œ �1 3 9 5 1 3
2 4 4 4 2 4

' '

 sin 3x cos 2x dx sin 3x sin 2x cos 3x cos 2x CÊ œ � � �' 2 3
5 5

42. u sin 2x, du 2cos 2x dx; dv cos 4x dx, v sin 4x ;œ œ œ œ 1
4

 sin 2x cos 4x dx sin 2x sin 4x cos 2x sin 4x dx' 'œ �1 1
4 2

 u cos 2x, du 2sin 2x dx; dv sin 4x dx, v cos 4x ;œ œ � œ œ � 1
4

 sin 2x cos 4x dx sin 2x sin 4x cos 2x cos 4x sin 2x cos 4x dx' 'œ � � �1 1 1 1
4 2 4 2” •

 sin 2x sin 4x cos 2x cos 4x sin 2x cos 4x dx sin 2x cos 4x dx sin 2x sin 4x cos 2x cos 4xœ � � Ê œ �1 1 1 3 1 1
4 8 4 4 4 8

' '

 sin 2x cos 4x dx sin 2x sin 4x cos 2x cos 4x CÊ œ � �' 1 1
3 6

43. e sin e dx Let u e , du e dx e sin e dx sin u du cos u C cos e C' ' 'x x x x x x x’ “œ œ Ä œ œ � � œ � �

44. dx Let u x, du dx 2du dx dx 2 e  du 2e C 2e C' ' 'e e

x x
1 1

2 x x
u u x

È Èx x

È ÈÈ È È’ “Èœ œ Ê œ Ä œ œ � œ �

45. cos x dx;   cos y 2y dy 2y cos y dy;

y x
dy  dx

dx 2y dy

' ' 'È Ô ×Ö Ù
Õ Ø

Èœ

œ

œ

Ä œ"
2 xÈ

 u 2y, du 2 dy; dv cos y dy, v sin y ;œ œ œ œ

 2y cos y dy 2y sin y 2 sin y dy 2y sin y 2 cos y C 2 x sin x 2 cos x C' 'œ � œ � � œ � �È È È
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46. x e  dx;   y e 2y dy 2y e dy;

y x
dy  dx

dx 2y dy

' ' 'È Ô ×Ö Ù
Õ Ø

È
È Èx y 2 y

2 x

œ

œ

œ

Ä œ"

   ey

 2y    e# ïïïïî
Ð�Ñ

y

 4y     
 

 eïïïïî
Ð�Ñ

y

 4      eïïïïî
Ð�Ñ

y

 0 2y e dy 2y e 4y e 4 e C 2x e 4 x e 4e C' 2 y y y y x x xœ � � � œ � � �# È È ÈÈ
47. sin 2)

   cos 2) )
# "ïïïïî �

Ð�Ñ
2

 2      sin 2) )ïïïïî �
Ð�Ñ

"
4

 2    cos 2ïïïïî
Ð�Ñ

"
8 )

 0  sin 2  d  cos 2  sin 2  cos 2'
0

21Î

) ) ) ) ) )
#

# #
"

Î#

!
œ � � �’ “) )

1
#

4

 ( 1) 0 ( 1) 0 0 1œ � � � � � � � � œ � œ’ “ � ‘1 1 1 1
# # #

8 4 4 4 8 8
4

† † † †

" " " �
#

48. cos 2x

 x    sin 2x$ "ïïïïî
Ð�Ñ

2

 3x    cos 2x# "ïïïïî �
Ð�Ñ

4

 6x    sin 2xïïïïî �
Ð�Ñ

"
8

 6      os 2x cïïïïî
Ð�Ñ

"
16

 0  x  cos 2x dx  sin 2x  cos 2x  sin 2x  cos 2x'
0

21Î
$

#

Î#

!
œ � � �’ “x 3x 3x 3

4 4 8

$ #
1

 0 ( 1) 0 ( 1) 0 0 0 1œ � � � � � � � � � œ � � œ’ “ � ‘1 1 1 1 1$ # # #

16 16 8 8 8 16 4 16
3 3 3 3 3 3 3 4

† † † † †

a b�

49. u sec t, du ; dv t dt, v ;œ œ œ œ�"

� #
dt t

t t 1È #

#

  t sec t dt  sec t  2  ' ' '
2 3 2 3 2 3

2 2 2

Î Î ÎÈ È È
�" �"

# #

#

#Î $ � �
œ � œ � �’ “ Š ‹ ˆ ‰t t dt 2 t dt

t t 1 2 t 13 3 6

# #

# #È È È† †

1 1

 t 1 3 1 3œ � � œ � � � œ � � œ � œ5 5 4 5 5
9 9 3 9 3 9 3 9

3 3 5 3 31 1 1 1 1’ “ Š ‹ Š ‹È È ÈÉ" " "
# # #

#
#

#Î $

�

È
È È È

50. u sin x , du ; dv 2x dx, v x ;œ œ œ œ�" # #

�
a b 2x dx

1 xÈ %

 2x sin x  dx x  sin x x' ' '
0 0 0

1 2 1 2 1 2Î Î ÎÈ È È
�" # # �" # #"Î #

! � �

"
#

�a b c da b ˆ ‰ ˆ ‰œ � œ �
È

È È
ˆ ‰

†

2x dx
1 x 2 1 x6

d 1 x
% %

%
1

 1 x 1œ � � œ � � œ1 1 1

1 1 4 1
3 6 3 12

# # #
%

"Î #

!

� �’ “È ÉÈ È

51. (a) u x, du dx; dv sin x dx, v cos x;œ œ œ œ �

 S x sin x dx [ x cos x] cos x dx [sin x]" ! !œ œ � � œ � œ' '
0 0

1 1

1 1
1 1
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468 Chapter 8 Techniques of Integration

 (b) S x sin x dx [ x cos x] cos x dx 3 [sin x] 3#
# #œ � œ � � � œ � � � œ' '

1 1

1 12 2” • c d1 1
1 11 1

 (c) S x sin x dx [ x cos x] cos x dx 5 [sin x] 5$
$ $
# #œ œ � � œ � œ' '

2 2

3 3

1 1

1 1

1 1

1 1
1 1

 (d) S ( 1) x sin x dx ( 1) [ x cos x] [sin x]8�" œ � œ � � �n 1 n 1 n 1 n 1

n

n 1

n n
� � Ð � Ñ Ð � Ñ

Ð � Ñ'
1

1

1 1

1 1
c d

 ( 1) (n 1) ( 1) n ( 1) 0 (2n 1)œ � � � � � � � œ �n 1 n n 1� �c d1 1 1

52. (a) u x, du dx; dv cos x dx, v sin x;œ œ œ œ

 S x cos x dx [x sin x] sin x dx [cos x] 2" # #œ � œ � � œ � � � � œ' '
1 1

1 1

1 1

1 1Î Î

Î Î
Î Î

Î Î2 2

3 2 3 2
3 2 3 2

2 2” • ˆ ‰31 1
1

 (b) S x cos x dx [x sin x] sin x dx [cos x] 4# # #œ œ � œ � � � œ' '
3 2 3 2

5 2 5 2
2 2
2 2

1 1

1 1

1 1

1 1Î Î

Î Î
& Î & Î

$ Î $ Î
� ‘ˆ ‰5 31 1

1

 (c) S x cos x dx [x sin x] sin x dx [cos x] 6$ # #œ � œ � � œ � � � � œ' '
5 2 5 2

7 2 7 2
2 2
2 2

1 1

1 1

1 1

1 1Î Î

Î Î
( Î ( Î

& Î & Î” • ˆ ‰7 51 1
1

 (d) S ( 1) x cos x dx ( 1) [x sin x] sin x dxn
n n n

2n 1 2 2n 1 2

2n 1 2 2n 1 2
n 1 2

2n 1 2œ � œ � �' '
Ð � Ñ Î Ð � Ñ Î

Ð � Ñ Î Ð � Ñ Î
Ð# � Ñ Î

Ð � Ñ Î
1 1

1 1

1

1” •
 ( 1) ( 1) ( 1) [cos x] (2n 2n ) 2nœ � � � � � œ � � � œn n n 1 n 1 2

2n 1 2’ “(2n 1) (2n 1)� �
# # #

"1 1
�

Ð# � Ñ Î

Ð � Ñ Î

1

1
1 1 1 1 1

53. V 2 (ln 2 x) e  dx 2  ln 2 e  dx 2 xe  dxœ � œ �' ' '
0 0 0

ln 2 ln 2 ln 2
x x x

1 1 1

 (2  ln 2) e 2 xe e  dxœ � �1 1c d c dŒ �x x xln 2 ln 2
0 0 0

ln 2'

 2  ln 2 2 2 ln 2 e 2  ln 2 2 2 (1 ln 2)œ � � œ � � œ �1 1 1 1 1ˆ ‰c dx ln 2
0

 

54. (a) V 2 xe  dx 2 xe e  dxœ œ � �' '
0 0

1 1
x x x

1 1
� � �Œ �c d "!

 2 e 2 1œ � � � œ � � �1 1Š ‹c d ˆ ‰" " ""
!e e e

�x

 2œ �1
4
e
1

 

 (b) V 2 (1 x)e  dx; u 1 x, du dx; dv e  dx,œ � œ � œ � œ'
0

1
x x

1
� �

  v e  ; V 2 (1 x) e e  dxœ � œ � � �� � �x x x

0

1

1 ” •c da b "
!

'

 2 [0 1( 1)] e 2 1 1œ � � � œ � � œ1 1’ “c d ˆ ‰�x "
!

"
e e

21

 

55. (a) V 2 x cos x dx 2 [x sin x] sin x dxœ œ �' '
0 0

2 21 1Î Î

1 1Œ �1Î#
!

 2 [cos x] 2 0 1 ( 2)œ � œ � � œ �1 1 1 1Š ‹ ˆ ‰1 11

# #
Î#

!

 

 (b) V 2 x  cos x dx; u x, du dx; dv cos x dx, v sin x;œ � œ � œ � œ œ'
0

21Î

1 ˆ ‰1 1

# #

 V 2 x  sin x 2 sin x dx 0 2 [ cos x] 2 (0 1) 2œ � � œ � � œ � œ1 1 1 1 1� ‘ˆ ‰1 1 1

#

Î#

!

Î#
!

'
0

21Î
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56. (a) V 2 x(x sin x) dx;œ '
0

1

1

 sin x

 x cos x# ïïïïî �
Ð�Ñ

 2x   in xsïïïïî �
Ð�Ñ

 2  cos xïïïïî
Ð�Ñ

 0  V 2 x  sin x dx 2 x  cos x 2x sin x 2 cos x 2 4Ê œ œ � � � œ �1 1 1 1'
0

1

# # #
!c d a b1

 (b) V 2 ( x)x sin x dx 2 x sin x dx 2  x  sin x dx 2 [ x cos x sin x] 2 8œ � œ � œ � � � �' ' '
0 0 0

1 1 1

1 1 1 1 1 1 1
# # # $

!
1 a b

 8œ 1

57. (a) A ln x dx x ln x dxœ œ �' '
1 1

e e’ “ e

1

 e ln e 1 ln 1 x e e 1 1œ � � œ � � œa b a b’ “ e

1

 (b) V ln x dx x ln x 2 ln x dxœ œ �' '
1 1

e e

1 1a b a bŠ ‹’ “2 2
e

1

 e ln e 1 ln 1 2x ln x 2 dxœ � � �1” •Š ‹ Š ‹a b a b ’ “2 2
e

1
'

1

e

 e 2e ln e 2 1 ln 1 2xœ � � �1” •Š ‹a ba b ’ “ e

1

 e 2e 2e 2 e 2œ � � � œ �1 1” •a b a ba b

 

 (c) V 2 x 2 ln x dx 2 x 2 ln x dx 2 x 2x ln x x 2 dxœ � œ � œ � � �' ' '
1 1 1

e e e

1 1 1a b a b Œ �” •ˆ ‰ ˆ ‰1 1
2 2

2
e

1

 2 e 2e ln e 2 ln 1 x 2x 2 e 2e e 2e e 9œ � � � � � œ � � � � œ �1 1Œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰” • ˆ ‰ ˆ ‰ˆ ‰ a b1 1 1 1 1 9
2 2 4 2 4 4 2

2 2 2 2 2
e

1

1

 (d) M ln x dx 1 (from part (a));  x x ln x dx x ln x x dx e ln e 1 ln 1 xœ œ œ œ � œ � �' ' '
1 1 1

e e e
1 1 1 1 1 1
1 2 2 2 2 4

2 2 2
e e

1 1

2” • ” •Š ‹a b
 e e 1 e 1 ; y ln x dx x ln x 2 ln x dxœ � � œ � œ œ �1 1 1 1 1 1 1

2 4 4 4 1 2 2
2 2 22 2 2

e

1
Š ‹a b a b a b a bŒ �” •' '

1 1

e e

 e ln e 1 ln 1 2x ln x 2 dx e 2e ln e 2 1 ln 2xœ � † � � œ � � " �1 1
2 2

2 2
e

1

e

1
Œ �Š ‹ Š ‹a b a b a bŒ �” • Š ‹a b ’ “'

1

e

 e 2e 2e 2 e 2  x y  is the centroid.œ � � � œ � Ê ß œ ß1 1 e 1 e 2
2 2 4 2a b a b a b Š ‹2 � �

58. (a) A tan x dx x tan x dxœ œ �' '
0 0

1 1
� �

�
1 1

1

0

x
1 x” • 2

 tan 1 0 ln 1 xœ � � �a b a b” •�1 21
2

1

0

 ln 2 ln 1 ln 2œ � � œ �1 1

4 2 4 2
1 1a b

 (b) V 2 x tan x dxœ '
0

1

1
�1

 2 tan x dxœ �1� �” •x x
2 1 x

1
1

0

2 2

2
� "

# �
'

0

1

 

 2 tan 1 0 1 dx 2 x tan x 2 1 tan 1 0 0œ � � � œ � � œ � � � �1 1 1Œ �ˆ ‰ ˆ ‰� �” • a ba b1 1
2 1 x 8 8

1 1 1
1

0

� � �" " "
# � # #
'

0

1

2
1 1

 2 1œ � � œ1ˆ ‰ˆ ‰1 1 1 1

8 4 2
2"

#
�a b

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.Uploaded By: osaid zyoudSTUDENTS-HUB.com



470 Chapter 8 Techniques of Integration

59. av(y)  2e  cos t dtœ "
#1
'

0

2
t

1

�

 eœ " �
#

#

!1

1� ‘ˆ ‰�t sin t cos t

 (see Exercise 22) av(y) 1 eÊ œ �"
#1 a b�21

 

60. av(y) 4e (sin t cos t) dtœ �"
#1
'

0

2
t

1

�

  e  sin t dt  e  cos t dtœ �2 2
1 1
' '

0 0

2 2
t t

1 1

� �

 e eœ �2 sin t cos t sin t cos t
1

1� ‘ˆ ‰ ˆ ‰� �t t� � �
# #

#

!

 e  sin t 0œ � œ2
1

1c d�t #
!

 

61. I x cos x dx; u x , du nx  dx; dv cos x dx, v sin xœ œ œ œ œ' n n nc d�"

 I x sin x nx sin x dxÊ œ �n n' �"

62. I x sin x dx; u x , du nx  dx; dv sin x dx, v cos xœ œ œ œ œ �' n n nc d�"

 I x cos x nx cos x dxÊ œ � �n n' �"

63. I x e  dx; u x , du nx  dx; dv e  dx, v eœ œ œ œ œ' n ax n n ax ax
a

� ‘�" "

 I e x e  dx, aÊ œ � Á !x e n
a a

ax n axn ax ' �"

64. I ln x  dx; u ln x , du  dx; dv  dx, v xœ œ œ œ " œ' a b a b’ “n n n ln x
x

a bn�"

 I x ln x n ln x  dxÊ œ �a b a bn n' �"

65. x a f x dx; u x a, du dx; dv f x dx, v f t dt f t dt' ' '
a b x

b x ba b a b a b a b a b’ “� œ � œ œ œ œ �

 x a f t dt f t dt dx b a f t dt a a f t dt f t dt dxœ � � œ � � � � �” •a b a b a b a b a b a b a b a bŠ ‹ Œ � Œ �' ' ' ' ' ' '
b a b b b a x

x b x b a b b

a

b

 0 f t dt dx f t dt dxœ � œ' ' ' '
a x a x

b b b bŒ � Œ �a b a b

66. 1 x dx; u 1 x , du dx; dv dx, v x'È È’ “� œ � œ œ œ2 2 x
1 x
�

�È 2

 x 1 x dx x 1 x dx x 1 x dx dxœ � � œ � � œ � � �È È È Š ‹2 2 2x x x
1 x 1 x 1 x 1 x

' ' ' '� "� �" "� "

� � � �

2 2 2

2 2 2 2È È È È
 x 1 x 1 x dx dxœ � � � �È È2 2

1 x
' ' "

�È 2

 1 x dx x 1 x dx 1 x dx 2 1 x dx x 1 x dxÊ � œ � � � � Ê � œ � �' ' ' ' 'È È È È È2 2 2 2 2
1 x 1 x
" "

� �È È2 2

 1 x dx 1 x dx CÊ � œ � � �' 'È È2 2x 1
2 2 1 x

"

�È 2

67. sin x dx x sin x sin y dy x sin x cos y C x sin x cos sin x C' '�" �" �" �" �"œ � œ � � œ � �a b
68. tan x dx x tan x tan y dy x tan x ln cos y C x tan x ln cos tan x C' '�" �" �" �" �"œ � œ � � œ � �k k k ka b
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69. sec x dx x sec x sec y dy x sec x ln sec y tan y C' '�" �" �"œ � œ � � �k k
 x sec x ln sec sec x tan sec x C x sec x ln x x 1 Cœ � � � œ � � � ��" �" �" �" #k ka b a b ¹ ¹È

70. log  x dx x log  x 2  dy x log  x C x log  x C' '
2 2 2 2

yœ � œ � � œ � �2 x
ln ln 

y

# #

71. Yes, cos x is the angle whose cosine is x which implies sin cos x 1 x .�" �" #a b Èœ �

72. Yes, tan x is the angle whose tangent is x which implies sec tan x 1 x .�" �" #a b Èœ �

73. (a) sinh x dx x sinh x sinh y dy x sinh x cosh y C x sinh x cosh sinh x C;' '�" �" �" �" �"œ � œ � � œ � �a b
 check:  d x sinh x cosh sinh x C sinh x sinh sinh x   dxc d a ba b ’ “�" �" �" �"

� �

"� � œ � �x
1 x 1 xÈ È# #

 sinh x dxœ �"

 (b) sinh x dx x sinh x x  dx x sinh x 1 x 2x dx' ' '�" �" �" #" "

� #

�"Î#
œ � œ � �Š ‹ a bÈ1 x#

 x sinh x 1 x Cœ � � ��" # "Î#a b
 check:  d x sinh x 1 x C sinh x  dx sinh x dx’ “ ’ “a b�" # �" �""Î#

� �
� � � œ � � œx x

1 x 1 xÈ È# #

74. (a) tanh x dx x tanh x tanh y dy x tanh x ln cosh y C x tanh x ln cosh tanh x C;' '�" �" �" �" �"œ � œ � � œ � �k k k ka b
 check:  d x tanh x ln cosh tanh x C tanh x   dxc dk ka b ’ “�" �" �"

� �
"� � œ � �x

1 x cosh tanh x 1 x
sinh tanh x

# �" #

�"a ba b
 tanh x  dx tanh x dxœ � � œ� ‘�" �"

� �
x x

1 x 1 x# #

 (b) tanh x dx x tanh x  dx x tanh x  dx x tanh x  ln 1 x C' ' '�" �" �" �" #
� # � #

" "œ � œ � œ � � �x 2x
1 x 1 x# # k k

 check:  d x tanh x  ln 1 x C tanh x  dx tanh x dx� ‘ � ‘k k�" # �" �""
# � �� � � œ � � œx x

1 x 1 x# #

8.2  TRIGONOMETRIC INTEGRALS

 1. cos 2x dx cos 2x 2dx sin 2x C' 'œ † œ �" "
# #

 2. 3 sin dx 9  sin dx 9 cos 9 cos cos 0 9 1' '
0 0

1 1 1
1x x 1 x 9

3 3 3 3 30
œ † œ � œ � � œ � � œ’ “ ˆ ‰ ˆ ‰"

# #

 3. cos x sin x dx cos x sin x dx cos x C' '3 3 41
4œ � � œ � �a b

 4. sin 2x cos 2x dx sin 2x cos 2x 2dx sin 2x C' '4 4 51
10œ † œ �"

#

 5. sin x dx sin x sin x dx 1 cos x sin x dx sin x dx cos x sin x dx cos x cos x C' ' ' ' 'a b3 2 2 2 31
3œ œ � œ � œ � � �

 6. cos 4x dx cos 4x cos 4x dx 1 sin 4x cos 4x 4dx cos 4x 4dx sin 4x cos 4x 4dx' ' ' ' 'a b3 2 2 21 1 1
4 4 4œ œ � † œ † � †

 sin 4x sin 4x Cœ � �1 1
4 12

3

 7. sin x dx sin x sin x dx cos x sin x dx 2cos x cos x sin x dx' ' ' '5 4œ œ " � œ " � �a b a b a b# # ## #

 sin x dx 2cos x sin x dx cos x sin x dx cos x cos x cos x Cœ � � œ � � � �' ' '# #4 3 5
3 5

1
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 8. sin dx (using Exercise 7) sin dx 2cos sin dx cos sin dx' ' ' '
0 0 0 0

1 1 1 1
5 4x x x x x x

2 2 2 2 2 2
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰œ � �#

 cos cos cosœ �# � � œ ! � �# � � œ� ‘ ˆ ‰ˆ ‰ ˆ ‰ ˆ ‰ a bx x x
2 3 2 5 2

3 5% # % # "'
$ & "&

1

0

 9. cos x dx cos x cos x dx sin x cos x dx cos x dx sin x cos x dx sin x sin x C' ' ' ' '3 31
3œ œ " � œ � œ � �a b a b# # #

10. 3cos 3x dx cos 3x cos 3x 3dx sin 3x cos 3x 3dx sin 3x sin 3x cos 3x 3dx' ' ' '
0 0 0 0

/6 /6 /6 /6
5

1 1 1 1

œ † œ " � † œ " � # � †a b a b a b# # # %# #

 cos 3x 3dx sin 3x cos 3x 3dx sin 3x cos 3x 3dx sin 3xœ † � # † � † œ � # �' ' '
0 0 0

/6 /6 /6
sin 3x sin 3x

3 5

61 1 1 1
# %

Î’ “3 5

0

 œ " � � � ! œˆ ‰ a b2
$ & "&

" )

11. sin x cos x dx sin x cos x cos xdx sin x 1 sin x cos x dx sin x cos x dx sin x cos x dx' ' ' ' '3 3 3 2 3 2 3 5œ œ � œ �a b
 sin x sin x Cœ � �1 1

4 6
4 6

12. cos 2x sin 2x dx cos 2x sin 2x 2dx cos 2x cos 2x sin 2x 2dx 1 sin 2x sin 2x cos 2x 2dx' ' ' '3 5 3 5 2 5 2 5œ † œ † œ � †" " "
# # # a b

 sin 2x cos 2x 2dx sin 2x cos 2x 2dx sin 2x sin 2x Cœ † � † œ � �" "
# #
' '5 7 6 81 1

12 16

13. cos x dx  dx 1 cos 2x dx dx cos 2x dx dx cos 2x 2dx' ' ' ' ' ' 'a b2 1 cos 2x
2 4œ œ � œ � œ � †� " " " " "

# # # #

 x sin 2x Cœ � �" "
# 4

14. sin x dx  dx 1 cos 2x dx dx cos 2x dx dx cos 2x 2dx' ' ' ' ' ' 'a b
0 0 0 0 0 0 0

/2 /2 /2 /2 /2 /2 /2
2 1 cos 2x

2 4

1 1 1 1 1 1 1

œ œ � œ � œ � †� " " " " "
# # # #

 x sin 2x sin 2 0 sin 2 0 0 0 0œ � œ � � � œ � � � œ� ‘ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰ a b a b a b" " " " " "
# # #

Î

4 2 4 2 4 4 4
21 1 1 1 1

0

15. sin y dy sin y sin y dy cos y  sin y dy sin y dy cos y sin y dy' ' ' ' '
0 0 0 0 0

/2 /2 /2 /2 /2
7 6 2 2

1 1 1 1 1

œ œ " � œ � $a b$
 cos y sin y dy cos y sin y dy cos y� $ � œ � � $ � $ � œ ! � �" � " � � œ' '

0 0

/2 /2
4 6 cos y cos y cos y

3 5

1 1 1’ “ a b ˆ ‰3 & (

( & ( $&

Î#
$ " "'

0

16. 7cos t dt (using Exercise 15) 7 cos t dt sin t cos t dt sin t cos t dt sin t cos t dt' ' ' ' '7 2 4 6œ � $ � $ �’ “
 7 sin t C 7sin t 7sin t sin t sin t Cœ � $ � $ � � œ � � � �Š ‹sin t sin t sin t 21

3 5 5
33 & (

(
& (

17. sin x dx dx cos x cos x dx dx cos x dx dx' ' ' ' ' '
0 0 0 0 0 0

1 1 1 1 1 1

) œ ) œ # " � # # � # œ # � # # † # � #4 cos x cos 4xˆ ‰ a b"� # "�
# #

# #

 x sin x dx cos 4x dx x sin 4xœ # � # # � � œ # � � œ # � œ $c d � ‘1
1 1

1

0 0 0 0
' ' 1 1 1 1

"
#

18. cos 2 x dx dx cos 4 x cos 4 x dx dx cos 4 x dx dx' ' ' ' ' ') œ ) œ # " � # � œ # � % � #4 cos 4 x cos x
1 1 1 1ˆ ‰ a b"� "� )

# #

# #1 1

 3 dx cos 4 x dx cos x dx 3x sin 4 x sin x Cœ � % � ) œ � � ) �' ' '1 1 1 1
" "

)1 1

19. 16 sin x cos x dx 16 dx cos 2x dx dx dx' ' ' ' '# # #"� # "� # "�
# #œ œ % " � œ % � %ˆ ‰ˆ ‰ ˆ ‰a bcos x cos x cos 4x

2

 4x 2 dx 2 cos 4x dx 4x 2x sin 4x C 2x sin 4x C 2x sin 2x cos 2x Cœ � � œ � � � œ � � œ � �' ' " "
2 2

 2x 2sin x cos x 2cos x 1 C 2x 4sin x cos x 2sin x cos x Cœ � � � œ � � �a b2 3
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20. 8 sin y cos y dy 8  dy dy cos y dy cos y dy cos y dy' ' ' ' ' '
0 0 0 0 0 0

1 1 1 1 1 1
4 cos y cos y# # $"� # "� #

# #

#
œ œ � # � # � #ˆ ‰ ˆ ‰

 y sin 2y dy sin y cos y dy dy cos 4y dy cos y dyœ � � � " � # # œ � � � #� ‘ ˆ ‰ a b" " ""�
# # #

#
2

cos 4y1
1 1 1 1 1

0 0 0 0 0 0
' ' ' ' '1

 sin y cos y dy y sin 4y sin 2y� # # œ � � � � � † œ � œ'
0 0

1 1
1 1# " " " "

# ) # # # #1 1’ “sin 2y
3

3

21. 8cos 2 sin 2  d 8 C cos 2 C' 3 4cos 2
4) ) ) )œ � � œ � �ˆ ‰"

#

4
)

22. sin 2 cos 2  d sin 2 sin 2 cos 2  d sin 2 cos 2  d sin 2 cos 2  d' ' ' '
0 0 0 0

1 1 1 1/2 /2 /2 /2
2 3 2 2 2 4
) ) ) ) ) ) ) ) ) ) ) ) )œ " � œ �a b

 œ † � † œ !’ “" "
# #

sin 2 sin 2
3 5

/23 5
) )

1

0

23.  dx  sin  dx  sin dx cos ' ' '
0 0 0 0

2 2 2
cos x x x x 21 1 1

1É ¹ ¹ � ‘"�
# # # #œ œ œ �# œ # � # œ %

24. cos 2x dx  sin 2x dx sin 2x dx cos 2x' ' '
0 0 0 0

1 1 1 1È È È È È È È’ “" � œ # l l œ # œ � # œ # � # œ # #

25. sin t dt  cos t dt cos t dt cos t dt sin t sin t' ' ' '
0 0 0 0

1 1 1 1

1

1 1

1
È c d c d" � œ l l œ � œ � œ " � ! � ! � " œ ##

/2

/2
/2

/2

26. cos  d  sin  d sin  d cos ' ' '
0 0 0 0

1 1 1
1È c d" � œ l l œ œ � œ " � " œ ##) ) ) ) ) ) )

27. dx dx dx dx' ' ' '
1 1 1 1

1 1 1 1

Î Î Î Î

Î Î Î Î

"� "�

"� "� "�

"� "�3 3 3 3

2 2 2 2
sin x sin x

cos x cos x

cos x sin x cos x sin x cos x
cos x cos x sin x

2 2 2 2

2 2È È È È È
È È È

œ œ œ

 sin x cos x dx cos x cos cosœ " � œ � " � œ � " � � " � œ � �'
1

1

1

1
1 1

Î

Î
Î

Î

Î Î Î Î

3

2
2 2 2 2 2 3
3 3 2 3 3 3 3 2

3 2

3

2 3 2 3 2 3 2È ’ “a b ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
 œ �É 3 2

2 3

28. sin x dx dx dx dx dx' ' ' ' '
0 0 0 0 0

6 6 6 6 6sin x
1

sin x
sin x sin x sin x sin x

sin x cos x cos x
1 1 1 1 1Î Î Î Î Î

"� "�

"� "� "� "�

"�È" � œ œ œ œ
È È È È

È È È È
2 2

 2 sin x 2 sin 2 sin 0 2 2 1 2 2œ � " � œ � " � � " � œ � � œ �’ “a b É ˆ ‰ È É È È1 2

0

6

6
1Î

Î

#

1
1

29. dx dx dx dx' ' ' '
5 6 5 6 5 6 5 6

cos x cos x
sin x sin x

sin x cos x sin x cos x sin x
sin x sin x cos x1 1 1 1

1 1 1 1

Î Î Î Î"� "�

"� "� "�

"� "�

4 4 4 4

2 2È È È È È
È È È

œ œ œ

 dx cos x sin x dx cos x sin x sin x dxœ œ � " � œ � " � " �' ' '
5 6 5 6 5 6

cos x sin x
cos x

3 2
1 1 1

1 1 1

Î Î Î

"�
�

4 È È Èa b
 cos x sin x dx cos x sin x sin x dx; u u duœ � " � � " �' '

5 6 5 6
2 2

1 1

1 1

Î Î
È È È

 Let u 1 sin x u 1 sin x du cos x dx, x  u 1 sin , x  u 1 sin 1 ’ “ˆ ‰œ � Ê � œ Ê œ œ Ê œ � œ œ Ê œ � œ5 5 3
6 6 2
1 1

1 1

 sin x u 1 u du sin x u 2u u duœ � " � � � œ � " � � � �’ “ ’ “a b a b a bÈ Èˆ ‰2 2
3 3

3 2 2 3 2

5 6 5 63 2 3 2

1 1
5 2 3 2Î Î

Î ÎÎ Î
Î Î

1 1

1 1' '

 sin sin u u uœ � " � � " � � � �Š ‹a b ˆ ‰ � ‘ˆ ‰2 2 5 2 4 2
3 3 6 7 5 3

3 2 3 2 7 2 5 2 3 2
3 2

1
1

Î Î Î Î Î
Î

1

 œ � � � � � � � � œ � �Š ‹ Š ‹ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰2 2 3 2 4 2 2 3 4 3 2 3 4 3 2 3 18
3 3 2 7 5 3 7 2 5 2 3 2 5 2 7 2 35

3 2 7 2 5 2 3 2 5 2 7 2Î Î Î Î Î Î

30. 1 sin 2x dx dx dx dx' ' ' '
1 1 1 1

1 1 1 1

Î Î Î Î

Î Î Î Î
� �

� � �

�

2 2 2 2

7 12 7 12 7 12 7 12
1 sin 2x

1
1 sin 2x
1 sin 2x 1 sin 2x 1 sin 2x

1 sin 2x cos 2xÈ � œ œ œ
È È È È

È È È
2 2

 dx 1 sin 2x 1 sin 2 1 sin 2 1 1œ œ � � œ � � � � œ � � œ � œ'
1

1

1

1
1 1

Î

Î
� "
� Î

Î

#
�

2

7 12
cos 2x 7 1

1 sin 2x 2

7 12

12 2 2 2
2 1È È È

È’ “È É É Éˆ ‰ ˆ ‰
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31. cos 2  d  sin   d  sin  d cos sin ' ' '
0 0 0 0

1 1 1
1

/2 /2 /2 /2
) ) ) ) ) ) ) ) ) ) ) )È È È È È Èc d a b" � œ # l l œ # œ # � � œ # " œ #

32. cos t  dt sin t  dt sin t  dt sin t dt sin t dt cos t sin t dt' ' ' ' ' '
� � � � ! �

# # $ $ $ #$Î# $Î# ! !

1 1 1 1 1

1 1 1 1a b a b a b¸ ¸" � œ œ œ � � œ � " �

 cos t sin t dt sin t dt cos t sin t dt sin t dt cos t sin t dt cos t� " � œ � � � � œ �' ' ' ' '
! � � ! !

# # #
! ! !

�

1 1 1

1 1 1

a b ’ “cos t
3

3

 cos t� � � œ " � � " � � " � � " � œ’ “ ˆ ‰ ˆ ‰cos t
3

3 1

!

" " " " )
$ $ $ $ $

33. sec x tan x dx tan x sec x dx tan x C' '2 2 21
2œ œ �

34. sec x tan x dx sec x tan x tan xdx; u tan x, du sec  x dx, dv sec x tan x dx, v sec x;' '2 2œ œ œ œ œ

 sec x tan x sec x dx sec x tan x sec x sec xdx sec x tan x tan x 1 sec xdxœ � œ � œ � �' ' ' a b3 2 2

 sec x tan x tan x sec xdx sec xdx sec x tan x ln sec x tan x tan x sec xdxœ � � œ � l � l �Š ‹' ' '2 2

 sec x tan x dx sec x tan x ln sec x tan x tan x sec xdxÊ œ � l � l �' '2 2

 2 tan x sec xdx sec x tan x ln sec x tan x tan x sec xdx sec x tan x ln sec x tan x CÊ œ � l � l Ê œ � l � l �' '2 2 " "
# #

35. sec x tan x dx sec x sec x tan x dx sec x C' '3 2 31
3œ œ �

36. sec x tan x dx sec x tan x sec x tan x dx sec x sec x 1 sec x tan x dx' ' '3 3 2 2 2 2œ œ �a b
 sec x sec x tan x dx sec x sec x tan x dx sec x sec x Cœ � œ � �' '4 2 5 31 1

5 3

37. sec x tan x dx tan x sec x dx tan x C' '2 2 2 2 31
3œ œ �

38. sec x tan x dx sec x tan x sec x dx tan x 1 tan x sec x dx tan x sec x dx tan x sec x dx' ' ' ' 'a b4 2 2 2 2 2 2 2 4 2 2 2œ œ � œ �

 tan x tan x Cœ � �1 1
5 3

5 3

39. 2 sec x dx; u sec x, du sec x tan x dx, dv sec x dx, v tan x;'
�

!
$ #

1/3
œ œ œ œ

 2 sec x dx 2 sec x tan x sec x tan x dx sec x sec x dx' ' '
� � �

! ! !
$ !

� Î$1 1 11/3 /3 /3
2 2œ � # œ # † " † ! � # † # † $ � # � "c d a bÈ

 sec x dx sec x dx; 2 2 sec x dx ln sec x + tan xœ % $ � # � # œ % $ � # l lÈ È c d' ' '
� � �

! ! !
$ $ !

� Î$1 1 1 1/3 /3 /3

  2 2 sec x dx ln  + ln  ln  '
�

!
$

1/3
œ % $ � # l " !l � # l # � $ l œ % $ � # # � $È È È ÈŠ ‹

  2 sec x dx ln  '
�

!
$

1/3
œ # $ � # � $È ÈŠ ‹

40. e sec e dx; u sec e , du sec e tan e e dx, dv sec e e dx, v tan e .' x x x x x x x x x$ #a b a b a b a b a b a bœ œ œ œ

 e sec e dx sec e tan e sec e tan e e dx' 'x x x x x x x$ #a b a b a b a b a bœ �

 sec e tan e sec e sec e e dxœ � � "a b a b a ba ba bx x x x x' #

 sec e tan e sec e e dx sec e e dxœ � �a b a b a b a bx x x x x x' '$

 2 e sec e dx sec e tan e ln sec e tan e C' x x x x x x$a b a b a b a b a b¸ ¸œ � � �

 e sec e dx sec e tan e ln sec e tan e C' x x x x x x$ "
#a b a b a b a b a bˆ ‰¸ ¸œ � � �
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41. sec  d tan sec  d sec  d tan sec  d tan tan C' ' ' '4 2 2 2 2 2 31
3) ) ) ) ) ) ) ) ) ) ) )œ " � œ � œ � �a b

 tan tan sec 1 C tan sec tan Cœ � � � œ � �) ) ) ) ) )
1 1 2
3 3 3

2 2a b
42. 3sec 3x  dx tan 3x sec 3x 3dx sec 3x 3dx tan 3x sec 3x 3dx tan 3x tan 3x C' ' ' '4 2 2 2 2 2 31

3a b a b a b a b a b a b a b a ba bœ " � œ � œ � �

43. csc  d cot csc  d csc  d cot csc  d cot' ' ' '
1 1 1 1

1 1 1 1
)

1

1/4 /4 /4 /4

/2 /2 /2 /2
4 cot

3

2

/4
) ) ) ) ) ) ) ) ) ) )œ " � œ � œ � �a b ’ “# # # # #

Î
$

 œ ! � �" � œa b ˆ ‰" %
$ $

44. sec x dx sec x sec x dx tan x 1 sec x dx tan x 2tan x 1 sec x dx' ' ' 'a b a b6 4 2 2 2 4 2 2
2

œ œ � œ � �

 tan x sec x dx 2 tan x sec x dx sec x dx tan x tan x tan x Cœ � � œ � � �' ' '4 2 2 2 2 5 31 2
5 3

45. 4 tan x dx 4  sec x tan x dx 4 sec x tan x dx 4 tan x dx ln sec x C' ' ' '3 tan xœ � " œ � œ % � % l l �a b# #
#

#

 2 tan x 4 ln sec x C 2 tan x 2 ln sec  x C 2 tan x 2 ln 1 tan  x Cœ � l l � œ � l l � œ � � �# # #2 2a b
46. 6 tan x dx 6  sec x tan x dx 6  sec x tan x dx 6  tan x dx' ' ' '
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# #

1 1 1 1
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/4 /4 /4 /4

/4 /4 /4 /4
4 2 2 2œ � " œ �a b

 6  sec x tan x dx 6  sec x 1 dx 6 sec x dx 6  dxœ � � œ ' � �' ' ' '
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Î

� Î

#
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4
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� Î � Î
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47. tan x dx tan x tan x dx sec x 1 tan x dx sec x 2sec x 1 tan x dx' ' ' 'a b a b5 4 2 4 2
2

œ œ � œ � �

 sec x tan x dx 2 sec x tan x dx tan x dx sec x sec x tan x dx 2 sec x sec x tan x dx tan x dxœ � � œ � �' ' ' ' ' '4 2 3

 sec x sec x ln sec x C tan x 1 tan x 1 ln sec x C tan x tan x ln sec x Cœ � � l l � œ � � � � l l � œ � � l l �1 1 1
4 4 4

4 2 2 2 4 2
2a b a b "

#

48. cot 2x dx cot 2x cot 2x dx cot 2x csc 2x 1  dx cot 2x csc 2x dx cot 2x dx' ' ' ' '6 4 2 4 2 4 2 4œ œ � œ �a b
 cot 2x csc 2x dx cot 2x cot 2x dx cot 2x csc 2x dx cot 2x csc 2x 1 dxœ � œ � �' ' ' '4 2 2 2 4 2 2 2a b
 cot 2x csc 2x dx cot 2x csc 2x dx cot 2x dxœ � �' ' '4 2 2 2 2

 cot 2x csc 2x dx cot 2x csc 2xdx csc 2x 1 dxœ � � �' ' '4 2 2 2 2a b
 cot 2x csc 2x dx cot 2x csc 2xdx csc 2x dx dx cot 2x cot 2x cot 2x x Cœ � � � œ � � � � �' ' ' '4 2 2 2 2 5 31 1

10 6
"
#

49. cot x dx csc x  cot x dx csc x cot x dx cot x dx ln csc x' ' ' '
1 1 1 1

1 1 1 1 1

1/6 /6 /6 /6

/3 /3 /3 /3
3 2 2 cot x

3

6
œ � " œ � œ � � l la b ’ “#

#

Î

Î

 ln ln lnœ � � $ � � # œ � $" " # %
# $ $$
ˆ ‰ Š ‹ ÈÈ

50. 8 cot t dt 8 csc t  cot t dt 8 csc t cot t dt 8 cot t dt cot t 8 csc t  dt' ' ' ' '4 2 2 2 2 2 3 28
3œ � " œ � œ � � � "a b a b

 cot t 8 cot t 8t Cœ � � � �8
3

3

51. sin 3x cos 2x dx sin x sin 5x  dx cos x cos 5x C' 'œ � œ � � �" " "
# #a b 10

52. sin 2x cos 3x dx sin x sin 5x  dx sin x sin 5x  dx cos x cos 5x C' ' 'œ � � œ � � œ � �" " " "
# # #a b a ba b 10
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53. sin 3x sin 3x dx cos cos 6x  dx dx cos 6x dx x sin 6x' ' ' '
� � � �

" " " " "
# # # # "# # #�1 1 1 1

1 1 1 1
1

1

1 1œ ! � œ � œ � œ � � ! œa b � ‘ 1

54. sin x cos x dx sin sin 2x  dx sin 2x dx cos 2x' ' '
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# # % % #

Î#
!

1 1 1
1

2 2 2
œ ! � œ œ � œ � �" � " œa b c d a b

55. cos 3x cos 4x dx cos x cos 7x  dx cos x cos 7x  dx sin x sin 7x C' ' 'œ � � œ � œ � �" " " "
# #a b a ba b 2 14

56. cos 7x cos x dx cos 6x cos 8x  dx sin 6x sin 8x 0' '
� Î � Î

Î Î
" " " "
#

Î

� Î1 1

1 1
1

12 2

2 2

2 6 8
2
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57. sin   cos 3  d  cos 3  d cos 3  d cos 2  cos 3  d' ' ' '2 1 cos 2
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)
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 cos 3  d cos  d cos 5  d sin 3 sin sin 5 Cœ � � œ � � �" " " "
#
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58. cos  2  sin  d 2cos  1  sin  d 4cos  4cos  1 sin  d' ' '2 2 4 22
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 4cos  sin  d 4cos  sin  d sin  d cos  cos  cos Cœ � � œ � � � �' ' '4 2 5 34 4
5 3) ) ) ) ) ) ) ) ) ) )

59. cos   sin 2  d cos   2sin cos  d 2 cos   sin  d cos  C' ' '3 3 4 52
5) ) ) ) ) ) ) ) ) ) )œ œ œ � �a b

60. sin   cos 2  d sin   cos 2  sin  d 1 cos  2cos  1 sin  d' ' ' a b3 2 2 2
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 2cos  3cos  1 sin  d 2 cos  sin  d 3 cos  sin  d sin  dœ � � � œ � � �' ' ' 'a b4 2 4 2
) ) ) ) ) ) ) ) ) ) ) )

 cos  cos  cos Cœ � � �2
5
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61. sin  cos cos 3  d 2sin  cos cos 3  d sin 2  cos 3  d sin 2 3 sin 2 3  d' ' ' ') ) ) ) ) ) ) ) ) ) ) ) ) )œ œ œ � � �" " " "
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 sin sin 5  d sin sin 5  d cos cos 5 Cœ � � œ � � œ � �" " "
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62. sin  sin 2 sin 3  d cos 1 2 cos 1 2 sin 3  d cos cos 3 sin 3  d' ' 'a b a b) ) ) ) ) ) ) ) ) ) ) )œ � � � œ � �" "
# #a b a b a b

 sin 3  cos d sin 3  cos 3 d sin 3 1 sin 3 1 d 2sin 3  cos 3 dœ � œ � � � �" " " " "
# # # #
' ' ' ') ) ) ) ) ) ) ) ) ) ) )a ba b a b 4

 sin 2 sin 4 d sin 6  d sin 2 sin 4 d sin 6  dœ � � œ � �" " " "
4 4 4 4
' ' ' 'a b a b) ) ) ) ) ) ) ) ) )

 cos 2 cos 4 cos 6 Cœ � � � �1 1 1
8 16 24) ) )

63. dx dx dx dx dx tan x sec x dx csc x dx' ' ' ' ' ' 'sec  x sec  x sec x tan  x sec x sec x

tan x tan x tan x tan x tan x

tan  x 1 sec x3 2 22

œ œ œ � œ �
a b�

 sec x ln csc x cot x Cœ � l � l �

64. dx dx dx dx dx sec x tan x dx sec x tan x dx' ' ' ' ' ' 'sin  x sin  x sin x sin x cos  x sin x

cos x cos x cos x cos x cos x

1 cos  x sin x 3
3

4 4 4 4 4œ œ œ � œ �
# ##a b�

 sec x sec x tan x dx sec x tan x dx sec x sec x Cœ � œ � �' '2 31
3

65. dx sin x dx sin x dx sin x dx sin x dx sec x tan x dx sin x dx' ' ' ' ' ' 'tan  x sin  x 1 cos  x

csc x cos x cos x cos x cos x

1 cos  x2 2

2 2 2 2œ œ œ � œ �
a b� # #

 sec x cos x Cœ � �
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66. dx dx dx dx csc 2x 2dx ln csc 2x cot 2x C' ' ' ' 'cot x cos x 1 2 2

cos x sin x cos x 2sin x cos x sin 2x2 2œ † œ œ œ œ � l � l �

67. x sin x dx x dx x dx x cos 2x dx u x, du dx, dv cos 2x dx, v sin 2x' ' ' '2 1 cos 2x
2œ œ � œ œ œ œ� " " "

# # #’ “
 x x sin 2x sin 2x dx x x sin 2x cos 2x Cœ � � œ � � �" " " " " "

# # #4 4 4 8
2 2 1’ “'

68. x cos x dx x cos x cos x dx x 1 sin x cos x dx x cos x dx x sin x cos x dx;' ' ' ' '3 2 2 2œ œ � œ �a b
           x cos x dx x sin x sin x dx x sin x cos x;' 'œ � œ �

 u x, du dx, dv cos x dx, v sin x’ “œ œ œ œ

           x sin x cos x dx x sin x sin x dx;' '2 3 31 1
3 3œ �

 u x, du dx, dv sin x cos x dx, v sin x’ “œ œ œ œ2 31
3

 x sin x 1 cos x sin x dx x sin x sin x dx cos x sin x dx x sin x cos x cos x;œ � � œ � � œ � �1 1 1 1 1 1 1 1
3 3 3 3 3 3 3 9

3 2 3 2 3 3' ' 'a b
 x cos x dx x sin x cos x dx x sin x cos x x sin x cos x cos x CÊ � œ � � � � �' ' 2 3 31 1 1
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 x sin x x sin x cos x cos x Cœ � � � �1 2 1

3 3 9
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69. y ln sec x ; y tan x; y tan x; tan x dx sec x  dx ln sec x tan xœ œ œ œ " � œ l l œ l � la b a b c dÈw w ##
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È È È È
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71. V sin x dx  dx dx cos 2x dx x sin 2xœ œ œ � œ � œ � ! � ! � ! œ1 1 1' ' ' '
! ! ! !

# "�
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72. A cos 4x dx  cos 2x dx  cos 2x dx  cos 2x dx  cos 2x dxœ " � œ # l l œ # � # � #' ' ' ' '
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1

1

1

73. M x cos x dx x sin x 2 sin 2 0 sin 0 2 ;œ � œ � œ � � � œ'
0

2
2 2

0

2
2 21 1a b a b a b a b a b’ “ Š ‹ Š ‹" " "

# # #1 1 1

 x x x cos x dx x x cos x dx x dx x cos xdxœ � œ � œ �1 1 1 1
2 2 2 20 0 0 0

2 2 2 2
2 2

1 1 1 1

1 1 1 1

2 2 2 2
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       u x, du dx, dv cos x dx, v sin x’ “œ œ œ œ

 x x sin x sin xdx 8 0 2 sin 2 0 sin xdxœ � � œ � � � �1 1 1 1
6 2 6 2

3 3
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2 2
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2 2

1 1 1 1

1 1 1 1
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 cos x cos 2 cos 0 0 ; y x cos x dxœ � œ � � œ � œ œ �4 1 4 1 4 4 1
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2

0

2 21 1 1 1
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#

 x 2x cos x cos  x dx x dx x cos xdx cos  x dxœ � � œ � �1 1 1 1
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 x x sin x cos x dx 0 cos 2x dx dxœ � � � œ � � �1 1 1 cos 2x 1 2 1 1
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74. V sin x sec x  dx sin x 2sin x sec x sec x  dxœ � œ � �' '
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 sin x dx 2tan x dx sec x dx  dx 2 ln sec x tan xœ � � œ � l l �1 1 1 1 1 1' ' ' '
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 x sin 2x 2 ln 2 3 0 sin 2 sin 2 0 2 ln 2 3œ � � � œ � � � � �1 1 1 1 1 1
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8.3  TRIGONOMETRIC SUBSTITUTIONS

 1. x 3 tan , , dx , 9 x 9 1 tan 9 sec   ;œ � � � œ � œ � œ Ê œ œ œ) ) ) )
1 1 ) )
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)

# #
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�

3 d 1 cos 
cos 3 sec 3 39 x
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1 9x 1 u cos tÈ È� � # #
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Î
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œ œ � œ � œ� ‘ 1 1

 6.  ; t 2x   sin t sin  sin 0 0' '
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0
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Î

È È È2 dx dt
1 4x 1 t 2 4 4È È È� �

�" �" �""
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c d c dœ Ä œ œ � œ � œ1 1

 7. t 5 sin ,  , dt 5 cos  d , 25 t 5 cos ;œ � � � œ � œ) ) ) ) )
1 1

# #
#È

 25 t  dt (5 cos )(5 cos ) d 25 cos  d 25   d 25 C' ' ' 'È ˆ ‰� œ œ œ œ � �# # �
# #) ) ) ) ) )

1 cos 2 sin 2
4

) ) )

 sin  cos C sin C  sin Cœ � � œ � � œ � �25 25 t t 25 t
5 5 5 5

25 t t 25 t
# # # #

�" �"� �a b ’ “ˆ ‰ ˆ ‰ ˆ ‰Š ‹) ) )
È È# #

 8. t  sin , , dt  cos  d , 1 9t cos ;œ � � � œ � œ" "
# #

#
3 3) ) ) ) )

1 1 È
 1 9t  dt (cos )(cos ) d cos  d sin  cos C sin (3t) 3t 1 9t C' ' 'È Èa b ’ “� œ œ œ � � œ � � �# #" " " "# �"
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 9. x  sec , 0 , dx  sec  tan  d , 4x 49 49 sec 49 7 tan ;œ � � œ � œ � œ7 7
# # #

# #) ) ) ) ) ) )
1 È È

 sec  d  ln sec tan C  ln C' 'dx 2x
4x 49

 sec  tan  d
7 tan 7 7

4x 49È
ˆ ‰ È

#

#
#

�
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�œ œ œ � � œ � �
7
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10. x  sec , 0 , dx  sec  tan  d , 25x 9 9 sec 9 3 tan ;œ � � œ � œ � œ3 3
5 5) ) ) ) ) ) )

1

#
# #È È

 sec  d ln sec tan C ln C' '5 dx 5x
25x 9

5  sec  tan  d
3 tan 3 3
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ˆ ‰ È

#

#

�

�œ œ œ � � œ � �
3
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)
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11. y 7 sec , 0 , dy 7 sec  tan  d , y 49 7 tan ;œ � � œ � œ) ) ) ) ) )
1

#
#È

  dy 7 tan  d 7 sec 1  d 7(tan ) C' 'Èy 49
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1
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#
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5
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1

#
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#

#

È
È

�
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)
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1

#
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#
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20. w 3 sin , , dw 3 cos  d , 9 w 3 cos ;œ � � � œ � œ) ) ) ) )
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1 1

# #

 C sin x C' 'dx cos  d
1 x cos È �

�"
#
œ œ � œ �) )

)
)

43. Let x tan , 0  , 2x dx sec   d x dx sec   d ; 1 x 1 tan  sec 2 2 2 4 2œ Ÿ � œ Ê œ � œ � œ) ) ) ) ) ) ) )
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 dx d d csc d sin d ln csc cot cos C' ' ' ' 'É a b1 ln x

x ln x sin sin
cos 1 sin� �

2
2 2

œ œ œ � œ � l � l � �) )

) )
) ) ) ) ) ) ) ) )

 ln 1 ln x C ln 1 ln x Cœ � � � � � œ � � � �» » » »É Éa b a b1
ln x ln x ln x

1 ln x 1 1 ln x2 2É Éa b a b� � �2 2

45. Let u x x u dx 2u du dx 2u du 2 4 u du;œ Ê œ Ê œ Ê œ œ �È É É È2 4 x 4 u
x u

2' ' '� � 2

2

 u 2 sin , du 2 cos  d , 0  , 4 u 2 cos œ œ � Ÿ � œ) ) ) ) )
1

#
È 2

 2 4 u du 2 2 cos 2 cos  d 8 cos  d 8 d 4 d 4 cos 2 d' ' ' ' ' 'a bÈ a b� œ œ œ œ �2 2 1 cos 2

2
) ) ) ) ) ) ) ) )

� )

 4 2 sin 2 C 4 4 sin cos C 4 sin 4 C 4 sin x 4 x Cœ � � œ � � œ � � œ � � �) ) ) ) )
� ��1 1u u

2 2 2 2
4 u xˆ ‰ ˆ ‰Š ‹ Š ‹ È ÈÈ È2

 4 sin 4x x Cœ � � ��1 x
2

2Š ‹ ÈÈ

46. Let u x x u dx u duœ Ê œ Ê œ3 2 2 3 1 32
3

Î Î � Î

 dx u du du du sin u C sin x C' ' ' 'È É ˆ ‰ ˆ ‰ ˆ ‰x u 2 u 2 2 1 2 2
1 x 3 3 3 31 u 1 u 1 u

1 3 1 1 3 2
3u� � � �

� Î � � Î
3 3

2 3

2 3

1 3

1 3œ œ œ œ � œ �
Î

Î # #

Î

Îa b È È

47. Let u x x u dx 2u du x 1 x dx u 1 u 2u du 2 u 1 u du;œ Ê œ Ê œ Ê � œ � œ �È È È È È2 22 2' ' '
 u sin , du cos  d ,  , 1 u cos œ œ � � Ÿ � œ) ) ) ) )

1 1

# #
È 2

 2 u 1 u du 2 sin  cos cos  d 2 sin  cos  d sin  2 d d' ' ' ' '2 2 2 2 22 1 1 1 cos 4
2 2 2

È � œ œ œ œ) ) ) ) ) ) ) ) ) )
� )

 d cos 4 d sin 4 C sin 2 cos 2 C sin cos 2cos 1 Cœ � œ � � œ � � œ � � �1 1 1 1 1 1 1 1
4 4 4 16 4 8 4 4

2' ') ) ) ) ) ) ) ) ) ) ) )a b
 sin cos sin cos C sin u u 1 u u 1 u Cœ � � � œ � � � � �1 1 1 1 1 1

4 2 4 4 2 4
3 1 2 3 2 2) ) ) ) )

� Îa b È
 sin x x 1 x x 1 x Cœ � � � � �1 1 1

4 2 4
1 3 2� ÎÈ È Èa b È

48. Let w x 1 w x 1 2w dw dx dx 2w dw 2 w 1 dwœ � Ê œ � Ê œ Ê œ œ �È È2 x 2
x 1

w 1
w

2' ' 'È È
È �

�

�2

 w sec , dx sec tan  d , 0  , w 1 tan œ œ � � � œ) ) ) ) ) )
1

#
È 2

 2 w 1 dw 2 tan sec tan d ; u tan , du sec   d , dv sec  tan  d , v sec ' 'È 2 2� œ œ œ œ œ) ) ) ) ) ) ) ) ) ) )

 2 tan sec tan d 2 sec  tan 2 sec d 2 sec  tan 2 sec sec d' ' ') ) ) ) ) ) ) ) ) ) ) ) )œ � œ �3 2
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0

3 È9 x
3
�

#
# ##

) ) ) ) ) )
1 È È

 A  3 cos  d sin  cos œ œ œ � œ' '
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� �È È
È È

Š ‹ÈŒ �Œ �É ˆ ‰ ˆ ‰ ’ “ Š ‹2 2 2

0

56. V  x tan x  dx  x tan x dx u  tan x, du dx, dv x dx, v xœ œ œ œ œ œ' '
0 0

1 1
1

2
1 1 21

1 x1 1Š ‹È ’ “� � �
� #

"
2

 x tan x   dx tan 1 0  1 dx  1 dxœ � œ � � � œ � �1 1 1Œ � Œ � Œ �’ “ ˆ ‰ ˆ ‰ ˆ ‰" " " " "
# # � # # � # �

� �2 1 1
1 1 1 1

x 1 1
1 x 1 x 8 1 x

0 0 0 0
' ' '2

2 2 2
1

 dx dx x tan x tan 1 0 0œ � � œ � � � œ � � � � � œ1 1 1Œ � Œ �’ “ ˆ ‰ˆ ‰1 1 1 1 1

8 1 x 8 8 4

1 1
1 1 1

1
2" " " " " "

# # � # # # #
� � �' '

0 0 0
2

a b

57. (a)  Integration by parts:  u  x , du 2x dx, dv x 1 x dx, v 1 xœ œ œ � œ � �2 22 1
3

3 2È a b Î

  x 1 x dx x 1 x  1 x 2x dx x 1 x 1 x C' '3 2 2 2 2 2 22 1 1 1 2
3 3 3 15

3 2 3 2 3 2 5 2È a b a b a b a b� œ � � � � œ � � � � �
Î Î Î Î

 (b) Substitution:  u  1 x x 1 u du 2x dx du x dxœ � Ê œ � Ê œ � Ê � œ2 2 "
#

  x 1 x dx  x 1 x x dx 1 u u du u u du u u C' ' ' '3 2 3 2 3 2 5 22 2 1
3 5

È È a bÈ Èˆ ‰� œ � œ � � œ � � œ � � �" " "
# #

Î Î Î

 1 x 1 x Cœ � � � � �1
3 5

2 23 2 5 2a b a bÎ Î"

 (c) Trig substitution: x sin , , dx cos  d , 1 x cos œ Ÿ Ÿ œ � œ) ) ) ) )
1 1

# #
È 2

  x 1 x dx  sin cos cos  d  sin cos   sin d 1 cos  cos   sin d' ' ' '3 3 2 2 2 22È a b� œ œ œ �) ) ) ) ) ) ) ) ) ) ) )

 cos   sin d cos   sin d cos  cos  C 1 x 1 x Cœ � œ � � � œ � � � � �' '2 4 3 5 2 21 1
3 5 3 5

3 2 5 2
) ) ) ) ) ) ) )

" "Î Îa b a b
58. (a) The slope of the line tangent to y f x  is given by f x . Consider the triangle whose hypotenuse is the 30 ft rope,œ a b a bw

 the length of the base is x and the height h 900 x  The slope of the tangent line is also , thusœ � Þ �È 2 900 x
x

È � 2

 f x .w �a b œ �
È900 x

x

2

 (b) f x dx    x 30 sin , 0 , dx 30 cos  d , 900 x 30 cos a b ’ “Èœ � œ � Ÿ œ � œ' È900 x
x

2�
#

2
) ) ) ) )

1

 30 cos  d 30 d 30 d 30 csc d 30 sin dœ � œ � œ � œ � �' ' ' ' '30 cos cos  
30 sin sin sin

1 sin  ) )

) ) )

)
) ) ) ) ) ) ) )

2 2ˆ ‰�

 30 ln csc cot 30 cos C 30 ln 900 x C; f 30 0œ l � l � � œ � � � � œ) ) ) º º È a b30
x x

900 x 2È � 2

 0 30 ln 900 30 C C f x 30 ln 900 xÊ œ � � � � œ Ê œ � � �º º º ºÈ Èa b30 30
30 30 x x

900 30 900 x2 2È È� �2 2

8.4  INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS

 1.   5x 13 A(x 2) B(x 3) (A B)x (2A 3B)5x  13 A B
(x  3)(x  2) x  3 x  2

�
� � � �œ � Ê � œ � � � œ � � �

   B (10 13)  B 3  A 2; thus, 
A B 5

2A 3B 13
Ê Ê � œ � Ê œ Ê œ œ �

� œ
� œ � 5x  13 2 3

(x  3)(x  2) x  3 x  
�

� � � � #

 2.   5x 7 A(x 1) B(x 2) (A B)x (A 2B)5x  7 5x  7 A B
x   3x  2 (x  2)(x  1) x  2 x  1

� �
� � � � � �# œ œ � Ê � œ � � � œ � � �

   B 2  A 3; thus, 
A B 5
A 2B 7

Ê Ê œ Ê œ œ �
� œ
� œ � 5x  7 3 2

x   3x  2 x  2 x  1
�

� � � �#
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 3.   x 4 A(x 1) B Ax (A B)   A 1 and B 3;
A 1

A B 4
x  4 A B

(x  1) x  1 (x  1)
�
� � �# #œ � Ê � œ � � œ � � Ê Ê œ œ

œ
� œ �

 thus, x  4 1 3
(x  1) x  1 (x  1)

�
� � �# #œ �

 4.   2x 2 A(x 1) B Ax ( A B) 
A 2

A B 2
2x  2 2x  2 A B

x   2x  1 (x  1) x  1 (x  1)
� �

� � � � �# # #œ œ � Ê � œ � � œ � � � Ê
œ

� � œ �
  A 2 and B 4; thus, Ê œ œ œ �2x  2 2 4

x   2x  1 x  1 (x  1)
�

� � � �# #

 5.   z 1 Az(z 1) B(z 1) Cz   z 1 (A C)z ( A B)z Bz  1 A B C
z (z  1) z z z  1

�
� �

# #
# #œ � � Ê � œ � � � � Ê � œ � � � � �

    B 1  A 2  C 2; thus, 
A C 0
A B 1

B 1
Ê Ê œ � Ê œ � Ê œ œ � �

� œ
� � œ
� œ

Þ
ßà

z  2 2
z (z  1) z z z  1

� " � �"
� �# #

6.   1 A(z 2) B(z 3) (A B)z (2A 3B)z A B
z   z   6z z   z  6 (z  3)(z  2) z  3 z  $ # #� � � � � � � � #

" "œ œ œ � Ê œ � � � œ � � �

    5B 1  B   A ; thus, 
A B 0

2A 3B 1
Ê Ê � œ Ê œ � Ê œ œ �

� œ
� œ � " "

� � � �

�

5 5 z   z   6z z  3 z  2
z

$ #

" "

5 5

 7. 1  (after long division); t   8 5t  2 5t  2 5t  2 A B
t   5t  6 t   5t  6 t   5t  6 (t  3)(t  2) t  3 t  2

#

# # #

� � � �
� � � � � � � � � �œ � œ œ �

  5t 2 A(t 2) B(t 3) (A B)t ( 2A 3B)    B (10 2) 12
A B 5
2A 3B 2

Ê � œ � � � œ � � � � Ê Ê � œ � œ
� œ

� � œ �
  B 12  A 17; thus, 1Ê œ � Ê œ œ � �t   8 17 12

t   5t  6 t  3 t  2

#

#

� �
� � � �

 8. 1 1  (after long division); t   9 9t   9 9t   9 9t   9 A B Ct D
t   9t t   9t t t   9 t t   9 t t t   9

% # # #

% # % # # # # # # #

� � � � � � � �
� � � � �œ � œ � œ � �a b a b

  9t 9 At t 9 B t 9 (Ct D)t (A C)t (B D)t 9At 9BÊ � � œ � � � � � œ � � � � �# # # # $ #a b a b
    A 0  C 0; B 1  D 10; thus, 1

A C 0
B D 9

9A 0
9B 9

Ê Ê œ Ê œ œ Ê œ � œ � �

� œ
� œ �

œ
œ

Þááßááà
t   9 10

t   9t t t   9

%

% # # #

� " �
� �

 9.   1 A(1 x) B(1 x); x 1  A ; x 1  B ;" " "
� � � # #1  x 1  x 1  x

A B
# œ � Ê œ � � � œ Ê œ œ � Ê œ

 ln 1 x ln 1 x C' ' 'dx dx dx
1  x 1  x 1  x� # � # � #

" " "
# œ � œ � � � �c dk k k k

10.   1 A(x 2) Bx; x 0  A ; x 2  B ;" " "
� � # #x   2x x x  2

A B
# œ � Ê œ � � œ Ê œ œ � Ê œ �

 ln x ln x 2 C' ' 'dx dx dx
x   2x x x  2# � # # � #

" " "œ � œ � � �c dk k k k
11.   x 4 A(x 1) B(x 6); x 1  B ; x 6  A ;x  4 A B 5 2 2

x   5x  6 x  6 x  1 7 7 7
� �

� � � � �# œ � Ê � œ � � � œ Ê œ œ � Ê œ œ

  dx  ln x 6  ln x 1 C  ln (x 6) (x 1) C' ' 'x  4 2 dx 5 dx 2 5
x   5x  6 7 x  6 7 x  1 7 7 7

� "
� � � �

# &
# œ � œ � � � � œ � � �k k k k k k

12.   2x 1 A(x 3) B(x 4); x 3  B 7 ; x 4  A 9;2x  1 A B 7 9
x   7x  12 x  4 x  3 1 1

�
� � � � �# œ � Ê � œ � � � œ Ê œ œ � œ Ê œ œ

  dx 9 7 9 ln x 4 7 ln x 3 C ln C' ' '2x  1 dx dx
x   7x  12 x  4 x  3

(x  4)
(x  3)

�
� � � �

�
�#

*

(œ � œ � � � � œ �k k k k ¹ ¹
13.   y A(y 1) B(y 3); y 1  B ; y 3  A ;y

y   2y  3 y  3 y  1 4 4 4
A B 1 3

# � � � � �
� "œ � Ê œ � � � œ � Ê œ œ œ Ê œ

  ln y 3  ln y 1  ln 5  ln 9  ln 1  ln 5' ' '
4 4 4

8 8 8
y dy dy dy

y   2y  3 4 y  3 4 y  1 4 4 4 4 4 4
3 3 3 3

# � � � �
" " " ")

%
œ � œ � � � œ � � �� ‘ ˆ ‰ ˆ ‰k k k k

  ln 5  ln 3œ � œ" "
# # #

ln 15
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14.   y 4 A(y 1) By; y 0  A 4; y 1  B 3 ;y  4
y   y y y  1 1

A B 3�
� � �# œ � Ê � œ � � œ Ê œ œ � Ê œ œ �

   dy 4  3  4 ln y 3 ln y 1 (4 ln 1 3 ln 2) 4 ln 3 ln ' ' '
1 2 1 2 1 2

1 1 1

Î Î Î

y  4 dy dy
y   y y y  1

3�
� � # #

"
"Î#

"
# œ � œ � � œ � � �c dk k k k ˆ ‰

 ln ln ln ln 16 ln œ � � œ œ" " "
8 16 8 8 8 4

27 27 27ˆ ‰
† †

15.   1 A(t 2)(t 1) Bt(t 1) Ct(t 2); t 0  A ; t 2" "
� � � � #t t 2t t t 2 t 1

A B C
$ # œ � � Ê œ � � � � � � œ Ê œ � œ �

  B ; t 1  C ; Ê œ œ Ê œ œ � � �1 dt dt dt dt
6 3 t t 2t t 6 t 2 3 t 1

" " " "
� � # � �

' ' ' '
$ #

  ln t  ln t 2  ln t 1 Cœ � � � � � �" " "
# k k k k k k6 3

16.   (x 3) A(x 2)(x 2) Bx(x 2) Cx(x 2); x 0  A ; x 2x  3 A B C 3
2x   8x x x  2 x  8

� "
� � � # # �$ œ � � Ê � œ � � � � � � œ Ê œ œ �

  B ; x 2  C ;  dxÊ œ œ Ê œ œ � � �" � "
� � �16 16 2x   8x 8 x 16 x  2 16 x  2

5 x  3 3 dx dx 5 dx' ' ' '
$

  ln x  ln x 2  ln x 2 C  ln Cœ � � � � � � œ �3 5
8 16 16 16 x

(x  2) (x  2)k k k k k k ¹ ¹" " � �&

'

17. (x 2)  (after long division);   3x 2 A(x 1) Bx 3x  2 3x  2 A B
x   2x  1 (x  1) (x  1) x  1 (x  1)

$

# # # #� � � � � �
� �œ � � œ � Ê � œ � �

 Ax (A B)  A 3, A B 2  A 3, B 1; œ � � Ê œ � œ Ê œ œ � '
0

1
x  dx

x   2x  1

$

# � �

 (x 2) dx 3 2x 3 ln x 1œ � � � œ � � � �' ' '
0 0 0

1 1 1
dx dx x

x  1 (x  1) x  1� � # �
"

"

!
#

#’ “k k
 2 3 ln 2 (1) 3 ln 2 2œ � � � � œ �ˆ ‰" "

# #

18. (x 2)  (after long division);   3x 2 A(x 1) Bx 3x  2 3x  2 A B
x   2x  1 (x  1) (x  1) x  1 (x  1)

$

# # # #� � � � � �
� �œ � � œ � Ê � œ � �

 Ax ( A B)  A 3, A B 2  A 3, B 1;  œ � � � Ê œ � � œ � Ê œ œ '
�1

0
x  dx

x   2x  1

$

# � �

 (x 2) dx 3 2x 3 ln x 1œ � � � œ � � � �' ' '
� � �1 1 1

0 0 0
dx dx x

x  1 (x  1) x  1� � # �
"

!

�"
#

#’ “k k
 0 0 3 ln 1 2 3 ln 2 2 3 ln 2œ � � � � � � � œ �Š ‹ Š ‹" " "

� # �#( 1) ( )

19. 1 A(x 1)(x 1) B(x 1)(x 1) C(x 1) D(x 1) ;"
� � � � �

# # # #
a bx   1

A B C D
x  1 x  1 (x  1) (x  1)# # # #œ � � � Ê œ � � � � � � � � �

 x 1  C ; x 1  D ; coefficient of x A B  A B 0; constant A B C Dœ � Ê œ œ Ê œ œ � Ê � œ œ � � �" " $
4 4

  A B C D 1  A B ; thus, A   B ; Ê � � � œ Ê � œ œ Ê œ �" " "
# �4 4

dx
x   1

' a b# #

  ln Cœ � � � œ � �" " " " " �
� � � � � �4 x  1 4 x  1 4 (x  1) 4 (x  1) 4 x  1 2 x   1
dx dx dx dx x  1 x' ' ' '

# # #
¸ ¸ a b

20.   x A(x 1) B(x 1)(x 1) C(x 1); x 1x A B C
(x  1) x   2x  1 x  1 x  1 (x  1)

#

# #� � � � � �
# #a b œ � � Ê œ � � � � � � œ �

  C ; x 1  A ; coefficient of x A B  A B 1  B ; Ê œ � œ Ê œ œ � Ê � œ Ê œ" " #
� � �2 4 4 (x  1) x   2x  1

3 x  dx' #

#a b
  ln x 1  ln x 1 C Cœ � � œ � � � � � œ � �" " " " "

� � � # � �
� �

4 x  1 4 x  1 2 (x  1) 4 4 (x  1) 4 2(x  1)
dx 3 dx dx 3 ln (x  1)(x  1)' ' '

#

$k k k k k k

21.   1 A x 1 (Bx C)(x 1); x 1  A ; coefficient of x1 A Bx  C
(x  1) x   1 x  1 x   1� � � � #

� "# #a b# #œ � Ê œ � � � � œ � Ê œa b
 A B  A B 0  B ; constant A C  A C 1  C ; œ � Ê � œ Ê œ � œ � Ê � œ Ê œ1 dx

2 (x  1) x   1
"
# � �
'

0

1

a b#

   dx  ln x 1  ln x 1  tan xœ � œ � � � �" " " " "
� # � # #

� � # �" "

!2 x  1 x   1 4
dx ( x  1)' '

0 0

1 1

#
� ‘k k a b

  ln 2  ln 2  tan 1  ln 1  ln 1  tan 0  ln 2œ � � � � � œ � œˆ ‰ ˆ ‰ ˆ ‰" " " " " " " "
# # # # #

�" �" �
4 4 4 4 8

(   2 ln 2)1 1

22.   3t t 4 A t 1 (Bt C)t; t 0  A 4; coefficient of t3t   t  4 A Bt  C
t   t t t   1

#

$ #

� � �
� �

# # #œ � Ê � � œ � � � œ Ê œa b
 A B  A B 3  B 1; coefficient of t C  C 1;   dtœ � Ê � œ Ê œ � œ Ê œ '

1

3È
3t   t  4

t   1

#

$

� �
�
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 4   dt 4 ln t  ln t 1 tan tœ � œ � � �' '
1 1

3 3È È
dt
t t   1 2

( t  1)� �
�

" # �" $

"#
� ‘k k a b È

 4 ln 3  ln 4 tan 3 4 ln 1  ln 2 tan 1 2 ln 3 ln 2  ln 2œ � � � � � œ � � � �Š ‹È È ˆ ‰" " "
# # #

�" �" 1 1

3 4

 2 ln 3  ln 2 lnœ � � œ �"
# # #

1 1

1 1
9

2
Š ‹È

23.   y 2y 1 (Ay B) y 1 Cy Dy   2y  1 Ay  B Cy  D
y   1 y   1y   1

#

# ## ##

� � � �

� ��
# #

a b a bœ � Ê � � œ � � � �a b
 Ay By (A C)y (B D)  A 0, B 1; A C 2  C 2; B D 1  D 0;œ � � � � � Ê œ œ � œ Ê œ � œ Ê œ$ #

  dy  dy 2  dy tan y C' ' 'y   2y  1 y
y   1 y   1y   1 y   1

#

# ## ## #

� �

� �
" "
� �

�"
a b a bœ � œ � �

24.   8x 8x 2 (Ax B) 4x 1 Cx D8x   8x  2 Ax  B Cx  D
4x   1 4x   14x   1

#

# ## ##

� � � �
� ��

# #
a b a bœ � Ê � � œ � � � �a b

 4Ax 4Bx (A C)x (B D); A 0, B 2; A C 8  C 8; B D 2  D 0;œ � � � � � œ œ � œ Ê œ � œ Ê œ$ #

  dx 2 8 tan 2x C' ' '8x   8x  2 dx x dx
4x   1 4x   14x   1 4x   1

#

# ## ## #

� � "
� �� �

�"
a b a bœ � œ � �

25.   2s 22s  2 As  B C D E
s   1 (s  1) s   1 s  1 (s  1) (s  1)

� �
� � � � � �a b# $ # # $œ � � � Ê �

 (As B)(s 1) C s 1 (s 1) D s 1 (s 1) E s 1œ � � � � � � � � � �$ # # # #a b a b a b
 As ( 3A B)s (3A 3B)s ( A 3B)s B C s 2s 2s 2s 1 D s s s 1œ � � � � � � � � � � � � � � � � � �c d a b a b% $ # % $ # $ #

 E s 1� �a b#

 (A C)s ( 3A B 2C D)s (3A 3B 2C D E)s ( A 3B 2C D)s ( B C D E)œ � � � � � � � � � � � � � � � � � � � � �% $ #

   summing all eq

   A        C            0
3A  B 2C D      0

  3A 3B 2C D E 0
 A 3B 2C D     2
       B  C D E 2

Ê

� œ
� � � � œ

� � � � œ
� � � � œ

� � � � œ

Þááááßááááà
uations  2E 4  E 2;Ê œ Ê œ

 summing eqs (2) and (3)  2B 2 0  B 1; summing eqs (3) and (4)  2A 2 2  A 0; C 0Ê � � œ Ê œ Ê � œ Ê œ œ

 from eq (1); then 1 0 D 2 2 from eq (5)  D 1;� � � � œ Ê œ �

  ds 2 (s 1) (s 1) tan s C' ' ' '2s  2 ds ds ds
s   1 (s  1) s   1 (s  1) (s  1)

�
� � � � �

�# �" �"a b# $ # # $œ � � œ � � � � � �

26.   s 81 A s 9 (Bs C)s s 9 (Ds E)ss   81 A Bs  C Ds  E
s s   9 s   9s s   9

%

# ## ##

� � �
� ��

% # ##

a b a bœ � � Ê � œ � � � � � �a b a b
 A s 18s 81 Bs Cs 9Bs 9Cs Ds Esœ � � � � � � � �a b a b% # % $ # #

 (A B)s Cs (18A 9B D)s (9C E)s 81A  81A 81 or A 1; A B 1  B 0;œ � � � � � � � � Ê œ œ � œ Ê œ% $ #

 C 0; 9C E 0  E 0; 18A 9B D 0  D 18;  ds 18œ � œ Ê œ � � œ Ê œ � œ �' ' 's 81 ds s ds
s s   9 s   9s

%

# ## #

�
� �a b a b

 ln s Cœ � �k k 9
s   9a b# �

27. x x 2 A x x 1 Bx C x 1 A B x A B C x A Cx x 2 A Bx C
x 1 x 1 x x 1

2 2 22

3 2
� � �
� � � �œ � Ê � � œ � � � � � œ � � � � � �a b a ba b a b a b a b

 A B 1 A B C 1, A C 2 adding eq(2) and eq(3) 2A B 1, add this equation to eq(1)Ê � œ ß � � œ � � œ Ê Ê � œ

 3A 2 A B 1 A C 1 A B ; dx dxÊ œ Ê œ Ê œ � œ Ê œ � � � œ � œ �2 1 4 x x 2
3 3 3 x 1 x 1 x x 1

2 3 1 3 x 4 3' '2

3 2
� �
� � � �

Î Î � ÎŠ ‹a b

 dx dx  u x u x du dxœ � œ � Ê � œ Ê œ2 1 1 x 4
3 x 1 3 x
' '

� # #
� " "

� �ˆ ‰"
#

2 3
4

’ “
 dx du dx du duœ � œ � �2 1 1 2 1 1 u 3 1

3 x 1 3 3 x 1 3 2
u
u u u

' ' ' ' '
� �

�

� � �

9
2

2 2 23 3 3
4 4 4

 ln x 1 ln x tan C ln x 1 ln x x 1 3tan Cœ l � l � � � � � œ l � l � l � � l � �2 1 3 3 2 1 2x 1
3 6 4 3 6

2

3 3 2 3
1 2 1x¹ ¹ˆ ‰ Š ‹ Š ‹È" �

#
� ��

ÎÈ È È
"

#
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28. 1 A x 1 x x 1 B x x x 1 C x D x x 11 A B Cx D
x x x x 1 x x 1

2 2
4 2� � � �

�œ � � Ê œ � � � � � � � � �a ba b a b a b a b
 A B C x B C D x B D x A A 1, B D 0 D B, B C D 0œ � � � � � � � � � Ê œ � œ Ê œ � � � � œa b a b a b3 2

 2B C 0 C 2B, A B C 0 1 B 2B 0 B C D ;Ê � � œ Ê œ � � œ Ê � � œ Ê œ � Ê œ � Ê œ1 2 1
3 3 3

 dx dx dx dx dx' ' ' ' 'a b1 1 1 1 1 1 2x 1
x x x x 1 x x 1 x 3 x 1 3 x x 1

1 3 2 3 x 1 3
4 2 2� � � � � � �

Î � Î � Î �œ � � œ � �a b

 ln x ln x 1 ln x x 1 Cœ l l � l � l � l � � l �1 1
3 3

2

29. x A x 1 x 1 B x 1 x 1 + Cx D x 1 x 1x A B Cx D
x 1 x 1 x 1 x 1

2 2 22

4 2� � � �
�œ � � Ê œ � � � � � � � �a ba b a ba b a ba ba b

 A B C x A B D x A B C x A B D A B C 0, A B D 1,œ � � � � � � � � � � � � Ê � � œ � � � œa b a b a b3 2

 A B C 0, A B D 0 adding eq(1) to eq (3) gives 2A 2B 0, adding eq(2) to eq(4) gives� � œ � � � œ Ê � œ

 2A 2B 1, adding these two equations gives 4B 1 B , using 2A 2B 0 A , using� � œ œ Ê œ � œ Ê œ �1 1
4 4

 A B D 0 D , and using A B C 0 C 0; dx dx� � � œ Ê œ � � œ Ê œ œ � �1 x
2 x 1 x 1 x 1 x 1

1 4 1 4 1 2' ' a b2

4 2� � � �
� Î Î Î

 dx dx dx ln x 1 ln x 1 tan x C ln tan x Cœ � � � œ � l � l � l � l � � œ � �1 1 1 1 1 1 1 1 1 1 x 1 1
4 x 1 4 x 1 2 x 1 4 4 2 4 x 1 2

1 1' ' '
� � � �

� ��
2 ¹ ¹

30. x x A x 2 x 1 B x 2 x 1 + Cx D x 2 x 2x x A B Cx D
x  3x 4 x 2 x 2 x 1

2 2 22

4 2 2
� �

� � � � �œ � � Ê � œ � � � � � � � �a ba b a ba b a ba ba b
 A B C x 2A 2B D x A B 4C x 2A 2B 4D A B C 0, 2A 2B D 1,œ � � � � � � � � � � � Ê � � œ � � œa b a b a b3 2

 A B 4C 1, 2A 2B 4D 0 subtractin eq(1) from eq (3) gives 5C 1 C , subtacting eq(2) from� � œ � � œ Ê � œ Ê œ � 1
5

 eq(4) gives 5D 1 D , substituting for C in eq(1) gives A B , and substituting for D in eq(4) gives� œ � Ê œ � œ1 1
5 5

  2A 2B A B , adding this equation to the previous equatin gives 2A A B ;� œ Ê � œ œ Ê œ Ê œ �4 2 3 3 1
5 5 5 10 10

  dx dx dx dx dx dx' ' ' ' ' 'x x 3 1 1 1 1 x 1 1
x  3x 4 x 2 x 2 x 1 10 x 2 10 x 2 5 x 1 5 x 1

3 10 1 10 1 5 x 1 52

4 2 2 2 2
�

� � � � � � � � �
Î Î � Î � Îœ � � œ � � �Š ‹a b

 ln x 2 ln x 2 ln x 1 tan x C3 1 1 1
10 10 10 5

2 1l � l � l � l � l � l � ��

31.   2 5 8 4 (A B) 2 2 C D2   5   8   4 A   B C   D
  2   2   2   2    2

) ) ) ) )

) ) ) )) )

$ #

# ## ##

� � � � �
� � � �� # �

$ # #
a b a bœ � Ê � � � œ � � � � �) ) ) ) ) ) )a b

 A (2A B) (2A 2B C) (2B D)  A 2; 2A B 5  B 1; 2A 2B C 8  C 2;œ � � � � � � � Ê œ � œ Ê œ � � œ Ê œ) ) )
$ #

 2B D 4  D 2;  d  d  d� œ Ê œ œ �' ' '2   5   8   4 2   1 2   2
  2   2   2   2  2   2

) ) ) ) )

) ) ) )) )

$ #

# ## ##

� � � � �
� � � �� �a b a ba b) ) )

  dœ � � œ � �' ' ' ' '2   2 d d
  2   2   2     2   (   1)   1   2   

d   2   2 d   2   2
  2   2

) ) )

) ) ) ) ) ) ) ) )

) ) ) )

) )

� "
� � � � # � � # � � � � #

� � � �

� �# # # # #

# #

# #)
a b a b

a b
 ln 2 2 tan ( 1) Cœ � � � � � ��"

� � #
# �"

) )#  2   a b) ) )

32.    4 2 3 1) ) ) ) ) ) )

) ) ))

% $ #

# # #$ # $#

  4   2   3   1 A   B C   D E   F
  1   1   1  1

� � � � � � �
� � ��

% $ #
a b a b a bœ � � Ê � � � �) ) ) )

 (A B) 1 (C D) 1 E F (A B) 2 1 C D C D E Fœ � � � � � � � œ � � � � � � � � �) ) ) ) ) ) ) ) ) ) ) )a b a b a b a b# # % # $ ##

 A B 2A 2B A B C D C D E Fœ � � � � � � � � � � �a b a b) ) ) ) ) ) ) ) )
& % $ # $ #

 A B (2A C) (2B D) (A C E) (B D F)  A 0; B 1; 2A C 4œ � � � � � � � � � � � Ê œ œ � œ �) ) ) ) )
& % $ #

  C 4; 2B D 2  D 0; A C E 3  E 1; B D F 1  F 0;Ê œ � � œ Ê œ � � œ � Ê œ � � œ Ê œ

  d 4 tan 2 1 1 C' ' ' ') ) ) ) ) ) ) ) )

) ) ))

% $ #

# # #$ # $#

  4   2   3   1 d  d  d
  1   1   1  1 4

� � � � "
� � ��

�" # #�" �#

a b a b a b) ) ) )œ � � œ � � � � �a b a b
33. 2x 2x ;   1 A(x 1) Bx; x 0  A 1;2x   2x   1 A B

x   x x   x x(x  1) x(x  1) x x  1

$ #

# #

� � " " "
� � � � �œ � œ � œ � Ê œ � � œ Ê œ �

 x 1  B 1; 2x dx x ln x ln x 1 C x ln Cœ Ê œ œ � � œ � � � � œ � �' ' ' '2x   2x   1 dx dx x  1
x   x x x  1 x

$ #

#

� � �
� �

# #k k k k ¸ ¸
34. x 1 x 1 ;   1 A(x 1) B(x 1);x A B

x   1 x   1 (x  1)(x  1) (x  1)(x  1) x  1 x  1

%

# #� � � � � � � �
# #" " "œ � � œ � � œ � Ê œ � � �a b a b

 x 1  A ; x 1  B ;  dx x 1  dxœ � Ê œ � œ Ê œ œ � � �" " " "
# # � # � # �

#' ' ' 'x dx dx
x   1 x  1 x  1

%

# a b
 x x  ln x 1  ln x 1 C x  ln Cœ � � � � � � œ � � �" " " " �$

# # # �3 3 x  1
x x  1k k k k ¸ ¸$
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35. 9  (after long division); 9x   3x  1 9x   3x  9x   3x  1 A B C
x   x x (x  1) x (x  1) x x x  1

$ # #

$ # # # #

� � � � " � �
� � � �œ � œ � �

  9x 3x 1 Ax(x 1) B(x 1) Cx ; x 1  C 7; x 0  B 1; A C 9  A 2;Ê � � œ � � � � œ Ê œ œ Ê œ � � œ Ê œ# #

  dx 9 dx 2 7 9x 2 ln x 7 ln x 1 C' ' ' ' '9x   3x  1 dx dx dx
x   x x x x 1 x

$

$ # #

� � "
� �œ � � � œ � � � � �k k k k

36. (4x 4) ;   12x 4 A(2x 1) B16x 12x  4 12x  4 A B
4x   4x  1 4x   4x  1 (2x  1) 2x  1 (2x  1)

$

# # # #� � � � � � �
� �œ � � œ � Ê � œ � �

  A 6; A B 4  B 2;  dx 4 (x 1) dx 6 2Ê œ � � œ � Ê œ œ � � �' ' ' '16x dx dx
4x   4x  1 2x  1 (2x  1)

$

# #� � � �

 2(x 1) 3 ln 2x 1 C 2x 4x 3 ln 2x 1 (2x 1) C, where C 2 Cœ � � � � � œ � � � � � � œ �# # �""
� " "k k k k2x  1

37. y ;   1 A y 1 (By C)y (A B)y Cy Ay   y   1 By  C
y   y y y   1 y y   1 y y   1

A% #

$ # # #

� � �
� � � �

" " # #œ � œ � Ê œ � � � œ � � �a b a b a b
 7  A 1; A B 0  B 1; C 0;  dy y dyÊ œ � œ Ê œ � œ œ � �' ' ' 'y   y   1 dy y dy

y   y y y   1

% #

$ #

� �
� �

 ln y  ln 1 y Cœ � � � �y#

# #
" #k k a b

38. 2y 2 ; 2y By  C
y   y   y  1 y   y   y  1 y   y   y  1 y   1 (y  1) y  1 y   1

2 2 2 A%

$ # $ # $ # # #� � � � � � � � � � � � �
�œ � � œ œ �a b

  2 A y 1 (By C)(y 1) Ay A By Cy By C (A B)y ( B C)y (A C)Ê œ � � � � œ � � � � � œ � � � � � �a b a b a b# # # #

  A B 0, B C 0 or C B, A C A B 2  A 1, B 1, C 1;Ê � œ � � œ œ � œ � œ Ê œ œ � œ �

  dy 2 (y 1) dy  dy' ' ' ' '2y dy y dy
y   y   y  1 y  1 y   1 y   1

%

$ # # #� � � � � �œ � � � �

 (y 1) ln y 1  ln y 1 tan y C y 2y ln y 1  ln y 1 tan y C,œ � � � � � � � œ � � � � � � �# # �" # # �"" "
# #"k k a b k k a b

 where C C 1œ �"

39. e y  ln C ln C' ' ' 'e  dt e   1
e   3e   2 y   3y  2 y  1 y  2 y  2 e   

dy dy dy y  1t t

2t t t� � � � � � � � #
� �œ œ œ � œ � œ �c d ¹ ¹ Š ‹t

#

40.  dt e dt;   dy y  dy
y e

dy e  dt
' ' ' ' 'e   2e   e e   2e   1

e   1 e   1 y   1 y   1 2 y   1
y   2y  1 y  1 y y4t 2t t 3t t

2t 2t

3 2� � � �
� � � � �

� � �œ Ä œ � œ �
œ
œ

t
t

t” • Š ‹# # #  dy � ' dy
y   1# �

  ln y 1 tan y C e  ln e 1 tan e Cœ � � � � œ � � � �y
2 2

2t 2t t2 " " "
# #

# �" �"a b a b a b
41. ; [sin y t, cos y dy dt]   dt  ln C' ' 'cos y dy dy

sin y  sin y  6 t   t  6 5 t  2 t  3 5 t  3
t  2

# #� � � � � � �
" " " " �œ œ Ä œ � œ �ˆ ‰ ¸ ¸

  ln Cœ �" �
�5 sin y  3

sin y  2¹ ¹
42. ; cos y   ln C  ln ' ' ' 'sin  d cos   2

cos   cos   2 y   y  2 3 y  2 3 y  1 3 y  1 3 cos   1
dy dy dy y  2) ) )

) ) )# #� � � � � � � �
" " " " ��c d ¹ ¹ ¸ ¸) œ Ä � œ � œ � œ � C

  ln C  ln Cœ � œ � �" � " �
� �3 1  cos 3 cos   2

2  cos cos   1¸ ¸ ¸ ¸) )

) )

43.  dx  dx 3  dx' ' '(x  2)  tan (2x)  12x   3x tan (2x)
4x   1 (x  2) 4x   1 (x  2)

x� � �
� � � �

# �" $ �"

# # # #a b œ �

 tan (2x) d tan (2x) 3 6 3 ln x 2 Cœ � � œ � � � �"
# � � �

�" �"' ' 'a b k kdx dx 6
x  2 (x  2) 4 x  2

tan 2x
#

�" #a b

44.  dx  dx  dx' ' '(x  1)  tan (3x)  9x   x tan (3x)
9x   1 (x  1) 9x   1 (x  1)

x� � �
� � � �

# �" $ �"

# # # #a b œ �

 tan (3x) d tan (3x) ln x 1 Cœ � � œ � � � �" �" �"
� � �3 x  1 (x  1) 6 x  1
dx dx 1tan 3x' ' 'a b k k#

�" #a b

45. dx dx Let u x du dx 2 du dx du;' ' '1 1 1 1 2
x x x x 1 2 x x u 13 2 2Î � � �È È È Èa bœ œ Ê œ Ê œ Ä’ “È

 2 A u 1 B u 1 A B u A B A B 0, A B 22 A B
u 1 u 1 u 12 � � �œ � Ê œ � � � œ � � � Ê � œ � � œa b a b a b
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 B 1 A 1; du du du du ln u 1 ln u 1 CÊ œ Ê œ � œ � œ � � œ � l � l � l � l �' ' ' 'a b2 1 1 1 1
u 1 u 1 u 1 u 1 u 12 � � � � �

�

 ln Cœ �º ºÈ
È

x 1
x 1
�

�

46. dx Let x u dx 6u du 6u du du 6 du' ' ' ' a b1 1 6u 6
x 1 x

6 5 5
u 1 u u 1 u 1a bÈ a b1 3 2 3 2 2

2

Î � � � �’ “œ Ê œ Ä œ œ �

 6 du du; 6 A u 1 B u 1 A B u A B A B 0,œ � œ � Ê œ � � � œ � � � Ê � œ' ' 6 6 A B
u 1 u 1 u 1 u 12 2� � � � a b a b a b

  A B 6 B 3 A 3; 6 du du 6u du 6u 3 du 3 du� � œ Ê œ Ê œ � � œ � � œ � �' ' ' ' 'a b6 3 3 1 1
u 1 u 1 u 1 u 1 u 12 � � � � �

�

 6u 3 ln u 1 3 ln u 1 C 6x 3 ln Cœ � l � l � l � l � œ � �1 6 x 1
x 1

Î �
�º º1 6

1 6

Î

Î

47. dx Let x 1 u dx 2u du 2u du du 2 du' ' ' ' a bÈx 1
x u 1 u 1 u 1

2 u 2u 2�
� � �’ “� œ Ê œ Ä œ œ �2 2 2

2

 2 du du; 2 A u 1 B u 1 A B u A B A B 0,œ � œ � Ê œ � � � œ � � � Ê � œ' ' 2 2 A B
u 1 u 1 u 1 u 12 2� � � � a b a b a b

  A B 2 B 1 A 1; 2 du du 2u du 2u du du� � œ Ê œ Ê œ � � œ � � œ � �' ' ' ' 'a b2 1 1
u 1 u 1 u 1 u 1 u 12 � � � � �

�" "

 2u ln u 1 ln u 1 C 2 x 1 ln Cœ � l � l � l � l � œ � � �È º ºÈ
Èx 1 1

x 1 1
� �

� �

48. dx Let x 9 u dx 2u du 2u du du;  ' ' '1 1 2 2 A B
x x 9

2
u 9 u u 9 u 9 u 3 u 3È a b� � � � � �’ “� œ Ê œ Ä œ œ �2 2 2

 2 A u 3 B u 3 A B u 3A 3B A B 0, 3A 3B 2 A B ;Ê œ � � � œ � � � Ê � œ � œ Ê œ Ê œ �a b a b a b 1 1
3 3

 du du du du ln u 3 ln u 3 C ln C' ' ' 'a b2 1 1 1 1 1 1 1
u 9 u 3 u 3 3 u 3 3 u 3 3 3 3

1 3 1 3 x 9 3
x 9 32 � � � � �

Î Î � �

� �
œ � œ � œ l � l � l � l � œ �º ºÈ

È

49. dx dx Let u x du 4x dx du; ' ' '1 x 1 1 1 A B
x x 1 x x 1 4 u u 1 u u 1 u u 1

4 3a b a b a b a b4 4 4

3

� � � � �œ œ Ê œ Ä œ �’ “
 1 A u 1 Bu A B u A A 1 B 1; du duÊ œ � � œ � � Ê œ Ê œ � œ �a b a b 1 1 1 1

4 u u 1 4 u u 1
' ' a ba b� �

"

 du du ln u ln u 1 C ln Cœ � œ l l � l � l � œ �1 1 1 1 1 1 1 x
4 u 4 u 1 4 4 4 x 1
' '

� �Š ‹4

4

50. dx dx Let u x du 5x dx du; ' ' '1 x 1 1 1 A B C
x x 4 x x 4 5 u u 4 u u 4 u u u 4

5 4
6 5 10 5 2 2 2

4

a b a b a b a b� � � � �œ œ œ Ê œ Ä œ � �’ “
 1 Au u 4 B u 4 Cu A C u 4A B u 4B A C 0, 4A B 0, 4B 1 BÊ œ � � � � œ � � � � Ê � œ � œ œ Ê œa b a b a b a b2 2 1

4

 A C ; du du du du duÊ œ � Ê œ œ � � � œ � � �1 1 1 1 1 1 1 1 1 1 1
16 16 5 u u 4 5 u u u 4 80 u 20 u 80 u 4

1 16 1 4 1 16' ' ' ' '
2 2 2a b� � �

Î Î ÎŠ ‹
 ln u ln u 4 C ln x ln x 4 C ln Cœ � l l � � l � l � œ � l l � � l � l � œ � �1 1 1 1 1 1 1 x 4 1

80 20u 80 80 20x 80 80 x 20x
5 5

5 5 5

5¹ ¹�

51. t 3t 2  1; x ln C; Ce ; t 3 and x 0a b ¸ ¸#
� � � � � �

� �� � œ œ œ � œ � œ œ œdx dt dt dt t  2 t  2
dt t   3t  2 t  2 t  1 t  1 t  1

x' ' '
#

  C  e   x ln 2 ln t 2 ln t 1 ln 2Ê œ Ê œ Ê œ œ � � � �" � " �
# � # �

t  2 t  2
t  1 t  1

x ¸ ¸ˆ ‰ k k k k
52. 3t 4t 1  2 3; x 2 3 3 3a b È È È È% #

� � � �� � œ œ œ �dx dt dt dt
dt t   13t   4t  1 t   

' ' '
% # # " # 

3

 3 tan 3t 3 tan t C; t 1 and x   C  Cœ � � œ œ Ê � œ � � Ê œ ��" �" �Š ‹È È 1 1È È È3 3 3
4 4 41 1 1

  x 3 tan 3t 3 tan tÊ œ � ��" �"Š ‹È È 1
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53. t 2t  2x 2;    ln x 1     ln x 1 ln C;a b k k k k' ' ¸ ¸# " " " "
# � � # # # � � #� œ � œ Ê � œ � Ê � œ �dx dx dt dt dt t

dt x  1 t   2t t t 2 t  
' '

#

 t 1 and x 1  ln 2 ln C  C ln 2 ln 3 ln 6  ln x 1 ln 6   x 1œ œ Ê œ � Ê œ � œ Ê � œ Ê � œ"
� � #3 t  2 t  
t 6tk k ¸ ¸

  x 1, t 0Ê œ � �6t
t  � #

54. (t 1) x 1    tan x ln t 1 C; t 0 and x 0  tan  0 ln 1 C� œ � Ê œ Ê œ � � œ œ Ê œ �dx dx dt
dt x   1 t  1

# �" �"
� �

' '
# k k k k

  C tan  0 0  tan x ln t 1  x tan (ln (t 1)), t 1Ê œ œ Ê œ � Ê œ � � ��" �" k k
55. V  y  dx   dx 3  dx 3  ln 3  ln 25œ œ œ � � œ œ1 1 1 1 1' ' '

0 5 0 5 0 5Þ Þ Þ

#Þ& #Þ& #Þ&

#
� � �

" " #Þ&

!Þ&
9 x

3x  x x  3 x x  3# Š ‹ˆ ‰ � ‘¸ ¸

56. V 2  xy dx 2  dx 4  dxœ œ œ � �1 1 1' ' '
0 0 0

1 1 1
2x 2

(x  1)(2  x) 3 x  1 3 2  x� � � �
" " "ˆ ‰ˆ ‰ ˆ ‰

 ln x 1 2 ln 2 x (ln 2)œ � � � � œ� ‘a bk k k k4 4
3 3
1 1"

!

57. A tan x dx x tan x  dxœ œ �' '
0 0

3 33

0

È ÈÈ�" �"
�c d x

1  x#

  ln x 1 ln 2;œ � � œ �1 1È È3 3
3 3

� ‘a b"
#

#
È3

0

 x  x tan x dxœ " �"
A
'

0

3È

 x  tan x   dxœ �" " "
# # �

# �"
A 1  x

xŒ �� ‘È È
3

0 0

3' #

#

 x tan xœ � �" "
# #

�"
A ’ “� ‘a b1

È3

0

 1.10œ � � œ � œµ" "
# # #A 6 A 3

3 32Š ‹ Š ‹1 1 1
È È

 

58. A  dx 3 2 3 ln x ln x 3 2 ln x 1 ln ;œ œ � � œ � � � � œ' ' ' '
3 3 3 3

5 5 5 5
4x   13x  9 dx dx dx 125
x   2x   3x x x  3 x  1 9

#

$ #

� �
� � � �

&
$c dk k k k k k

 x   dx 4x 3 2 (8 11 ln 2 3 ln 6) 3.90œ œ � � œ � � œµ" " "� � &
� � � �$A x   2x   3x A x  3 x  1 A

x 4x   13x  9 dx dx' ' '
3 3 3

5 5 5a b#

$ # Š ‹c d
59. (a) kx(N x) k dt  k dt   ln kt C;dx dx dx dx x

dt x(N x) N x N N x N N xœ � Ê œ Ê � œ Ê œ �' ' ' ' '
� � �

" " " ¸ ¸
 k , N 1000, t 0 and x 2   ln C   ln  lnœ œ œ œ Ê œ Ê œ �" " " " "

�250 1000 998 1000 1000 x 250 1000 499
2 x t¸ ¸ ¸ ¸ ˆ ‰

  ln 4t  e   499x e (1000 x)  499 e x 1000e   xÊ œ Ê œ Ê œ � Ê � œ Ê œ¸ ¸ a b499x 499x 1000e
1000 x 1000 x 499 e

4t 4t 4t 4t
� � �

4t

4t

 (b) x N 500  500   500 499 500e 1000e   e 499  t  ln 499 1.55 daysœ œ Ê œ Ê � œ Ê œ Ê œ ¸" "
# �

1000e
499 e 4

4t 4t 4t4t

4t †

60. k(a x)(b x)  k dtdx dx
dt (a x)(b x)œ � � Ê œ� �

 (a) a b:  k dt  kt C; t 0 and x 0  C  ktœ œ Ê œ � œ œ Ê œ Ê œ �' 'dx
(a x) a x a a x a� � �

" " " "
#

    a x   x aÊ œ Ê � œ Ê œ � œ" �"
� � � �a x a akt 1 akt 1 akt 1

akt a a a kt#

 (b) a b:  k dt  k dt   ln kt C;Á œ Ê � œ Ê œ �' ' ' ' 'dx dx dx b x
(a x)(b x) b a a x b a b x b a a x� � � � � � � �

" " " �¸ ¸
 t 0 and x 0   ln C  ln (b a)kt ln   eœ œ Ê œ Ê œ � � Ê œ" � �

� � �
Ð � Ñ

b a a a x a a x a
b b x b b x b b a kt¸ ¸ ˆ ‰

  xÊ œ
ab 1 e

a be

� ‘�

�

Ð � Ñ

Ð � Ñ

b a kt

b a kt

8.5  INTEGRAL TABLES AND COMPUTER ALGEBRA SYSTEMS

 1.  tan  C' dx 2 x 3
x x 3 3 3È È�

�" �œ �É
      (We used FORMULA 13(a) with a 1, b 3)œ œ
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 2.  ln C  ln C' dx
x x 4 x 4 24 x 4 4

x 4 4 x 4 2È È È È
È ÈÈ
È� � �

" "� � � �

� � #œ � œ �¹ ¹ ¹ ¹
      (We used FORMULA 13(b) with a 1, b 4)œ œ

 3. 2 x 2  dx 2 x 2  dx' ' ' ' 'x dx dx
x 2 x 2 x 2

(x 2) dxÈ È È� � �

�
" �"

œ � œ � � �Š ‹ Š ‹È È
  2  x 2 4 Cœ � œ � � �ˆ ‰ ˆ ‰ È ’ “2 2

1 3 1 1 3

x 2 x 2 2(x 2)Š ‹ Š ‹È È� � �

$ "

      (We used FORMULA 11 with a 1, b 2, n 1 and a 1, b 2, n 1)œ œ � œ œ œ � œ �

 4. ' ' ' ' 'x dx 3 dx dx 3 dx
(2x 3) (2x 3) (2x 3)

(2x 3) dx
2x 3 2x 3� � �

" "
# # # #

�

� �
$Î# $Î# $Î# $œ � œ �È ˆ ‰È

 2x 3  dx 2x 3  dx   Cœ � � � œ � �" "
# # # # # # �

�" �$ � �' 'Š ‹ Š ‹È È ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰3 2 3 22x 3 2x 3
1 ( 1)

ˆ ‰ ˆ ‰È È" �"

 (2x 3 3) C Cœ � � � œ �"
# � �

�È È2x 3 2x 3
(x 3)

      (We used FORMULA 11 with a 2, b 3, n 1 and a 2, b 3, n 3)œ œ œ � œ œ œ �

 5. x 2x 3 dx (2x 3) 2x 3 dx 2x 3 dx 2x 3  dx 2x 3  dx' ' ' ' 'È È È È ÈŠ ‹ Š ‹� œ � � � � œ � � �" "
# # # #

$ "
3 3

   C 1 C Cœ � � œ � � œ �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ � ‘" �
# # # # #

� � � � �2 3 2 2x 32x 3 2x 3

5 3 5 5
(2x 3) (2x 3) (x 1)Š ‹ Š ‹È È& $

$Î# $Î#

      (We used FORMULA 11 with a 2, b 3, n 3 and a 2, b 3, n 1)œ œ � œ œ œ � œ

 6. x(7x 5)  dx (7x 5)(7x 5)  dx (7x 5)  dx 7x 5  dx 7x 5  dx' ' ' ' '� œ � � � � œ � � �$Î# $Î# $Î#" " & $

7 7 7 7
5 5ˆ ‰ ˆ ‰È È

   C 2 Cœ � � œ � �ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ’ “ ’ “" � � � �
7 7 7 7 7 5 49 7

2 5 27x 5 7x 5 (7x 5) 2(7x 5)ˆ ‰ ˆ ‰È È( &
&Î#

 Cœ �’ “ ˆ ‰(7x 5)
49 7

14x 4� �&Î#

      (We used FORMULA 11 with a 7, b 5, n 5 and a 7, b 5, n 3)œ œ œ œ œ œ

 7.  dx C' 'È È
È9 4x 9 4x

x x
( 4) dx

x 9 4x
� � �

# �
# œ � � �

      (We used FORMULA 14 with a 4, b 9)œ � œ

 2  ln Cœ � � �
È È È

È È È9 4x 9 4x 9
x 9 9 4x 9
� � �"

� �
Š ‹ ¹ ¹

      (We used FORMULA 13(b) with a 4, b 9)œ � œ

  ln Cœ � �� � � �

� �

È È
È9 4x 9 4x 3

x 3
2

9 4x 3
¹ ¹

 8. C' 'dx 4 dx
x 4x 9 x 4x 9

4x 9
( 9)x 18#È È

È
� �

�
�œ � � �

      (We used FORMULA 15 with a 4, b 9)œ œ �

  tan  Cœ � �
È

È4x 9
9x 9 9

2 2 4x 9
9

� �" �ˆ ‰ Š ‹ É
      (We used FORMULA 13(a) with a 4, b 9)œ œ

  tan  Cœ � �
È4x 9

9x 27 9
4 4x 9� �" �É

 9. x 4x x  dx x 2 2x x  dx  sin C' 'È È ˆ ‰� œ � œ � �# # � � �
# #

�" �
†

(x 2)(2x 3 2) 2 2 x x
6

2 x 2† † †

È # $

 4 sin C 4 sin Cœ � � œ � �(x 2)(2x 6) 4x x (x 2)(x 3) 4x x
6 3

x 2 x 2� � � � � ��" �"� �
# #

È È# #ˆ ‰ ˆ ‰
      (We used FORMULA 51 with a 2)œ
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10.  dx  dx 2 x x  sin C x x  sin (2x 1) C' 'È Éx x
x x

2 x x x� � " " "
# # #

# #�" �"�#
"

#

# "

#

"

#

œ œ � � � œ � � � �
† É Š ‹ È

†

      We used FORMULA 52 with aˆ ‰œ "
#

11.   ln C  ln C' 'dx dx
x 7 x

x 7 x
7 7

7 7 x

x x
7 7 xÈ È ÈÊŠ ‹È

È ÈÊŠ ‹ È È
�

�

" "
� �

� �
# #

#

#
#

#

œ œ � � œ � �

â ââ ââ ââ ââ ââ â ¹ ¹
      We used FORMULA 26 with a 7Š ‹Èœ

12.  ln C  ln C' 'dx dx
x 7 x

x 7 x
7 7

7 7 x

x x
7 7 xÈ È ÈÊŠ ‹È

È ÈÊŠ ‹ È È
�

�

" "
� �

� �
# #

#

#
#

#

œ œ � � œ � �

â ââ ââ ââ ââ ââ â ¹ ¹
      We used FORMULA 34 with a 7Š ‹Èœ

13.  dx  dx 2 x 2 ln C 4 x 2 ln C' 'È È È È4 x 2 x 2 2 x 2 4 x
x x x x
� � � � � �# # ## # # # # #

œ œ � � � œ � � �È È¹ ¹ ¹ ¹
      (We used FORMULA 31 with a )œ #

14.  dx  dx x 2 2 sec  C x 4 2 sec  C' 'È Èx 4 x 2
x x

x x# # #� � # # #�" �"
# #œ œ � � � œ � � �È È¸ ¸ ¸ ¸

      (We used FORMULA 42 with a )œ #

15. e  cos 3t dt (2 cos 3t 3 sin 3t) C (2 cos 3t 3 sin 3t) C' 2t œ � � œ � �e e
2 3 13

2t 2t

# #�

      (We used FORMULA 108 with a 2, b 3)œ œ

16. e  sin 4t dt ( 3 sin 4t 4 cos 4t) C (  sin 4t 4 cos 4t) C' �3t œ � � � œ �$ � �e e
( 3) 4 25

� �

# #

3t 3t

� �

      (We used FORMULA 107 with a 3, b 4)œ � œ

17. x cos x dx x  cos x dx  cos x  cos x' ' ' '�" " �" �" �"
� � # #

" "

� �
œ œ � œ �x x  dx x x  dx

1 1 1 1 1 x 1 x

1 1 1 1� �

È È# #

# #

      (We used FORMULA 100 with a 1, n 1)œ œ

  cos x  sin x x 1 x C  cos x  sin x x 1 x Cœ � � � � œ � � � �x x
4 4

# #

# # # # # #
�" �" �" �"" " " " " "# #ˆ ‰ Š ‹È È

      (We used FORMULA 33 with a 1)œ

18. x tan x dx x  tan x  dx  tan x  tan x' ' ' '�" " �" �" �"
� � # # �

" "
� "

œ " œ " � œ �a b a bx x  dx x x  dx
1 1 1 1 1 x1 x

1 1 1 1� �

a b# #

# #

#

      (We used FORMULA 101 with a 1, n 1)œ œ

  tan x dx  (after long division)œ � " �x  
1 x

#

## # �
�" " "' ˆ ‰

  tan x dx dx  tan x x  tan x C x tan x x Cœ � � œ � � � œ � " � �x  x
1 x

# #

## # # � # # # #
�" �" �" # �"" " " " " "' ' a ba b

19. x  tan x dx  tan x  dx  tan x  dx' ' '# �" �" �"
� � � �

" "œ � œ �x x x x
2  1 2  1 1  x 3 3 1  x

2 1 2 1� � $ $

# #

      (We used FORMULA 101 with a 1, n 2);œ œ

  dx x dx  ln 1 x C  x  tan x dx' ' ' 'x x dx x
1  x 1  x

$ #

# #� � # #
" # # �"œ � œ � � � Êa b

  tan x  ln 1 x Cœ � � � �x x
3 6 6

$ #�" #" a b
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20.   dx x  tan x dx  tan x  dx  tan x  dx' ' ' 'tan x x x x x
x ( 2  1) ( 2  1) 1  x ( 1) 1  x

�" �" �"

# # #œ œ � œ ��# �" �" �"
� � � � � � �

"Ð� � Ñ Ð� � Ñ2 1 2 1

a b
      (We used FORMULA 101 with a 1, n 2);œ œ �

 ln x  ln 1 x C' ' ' 'x  dx dx dx x dx
1 x x 1  x x 1 x

�"

# # #� � � #
" #œ œ � œ � � �a b k k a b

  dx  tan x ln x  ln 1 x CÊ œ � � � � �' tan x
x x

�"

#

" "�" #
#k k a b

21. sin 3x cos 2x dx C' œ � � �cos 5x cos x
10 #

      (We used FORMULA 62(a) with a 3, b 2)œ œ

22. sin 2x cos 3x dx C' œ � � �cos 5x cos x
10 #

      (We used FORMULA 62(a) with a 2, b 3)œ œ

23. 8 sin 4t sin  dx  sin  sin C 8 C' t 8 7t 8 9t
7 9 7 9

sin sin

# # #œ � � œ � �ˆ ‰ ˆ ‰ – —Š ‹ Š ‹7t 9t
# #

      (We used FORMULA 62(b) with a 4, b )œ œ "
#

24. sin  sin  dt 3 sin sin C' t t t t
3 6 6œ � �ˆ ‰ ˆ ‰

#

       (We used FORMULA 62(b) with a , b )œ œ" "
3 6

25. cos  cos  d 6 sin  sin C' ) ) ) )

3 4 12 7 1
6 7

) œ � �ˆ ‰ ˆ ‰
#

       (We used FORMULA 62(c) with a , b )œ œ" "
3 4

26. cos  cos 7  d  sin  sin C C' ) ) )

2 13 2 15 13 15
13 1 15 sin sin

) ) œ � � œ � �"
#

ˆ ‰ ˆ ‰ Š ‹ Š ‹13 15) )

# #

       (We used FORMULA 62(c) with a , b 7)œ œ"
2

27.  dx' ' ' ' 'x   x  1 x dx dx dx
x   1 x   1 x   1x   1 x   1

d x   1$

# # ## # ## #

#� � "
� � �� # �

�

a b a b a b
a bœ � œ �

  ln x 1  tan x Cœ � � � �" "
# � #

# �"a b x
2 1  xa b#

      (For the second integral we used FORMULA 17 with a 1)œ

28.  dx 3  3' ' ' ' ' ' 'x   6x dx 6x dx 3 dx dx dx
x   3 x   3 x   3 x   3x   3

x   3

d x   3

x   3

#

# # # ## # # # # ##
#

#

#
#

�
� � � ��

�

�

�
a b a b a b a bŠ ‹È

a b
” •Š ‹Èœ � � œ � �

  tan 3  tan Cœ � � � �" "�" �"
�

�
È È Èa b Š ‹ Š ‹È ÈŒ � Š ‹È3 3 3

x 3 x x
x   3

2 3 3   x 2 3
Š ‹ Š ‹Î Ñ

Ï Ò# # #
#

$

      For the first integral we used FORMULA 16 with a 3; for the third integral we used FORMULA 17 withŠ Èœ

       a 3‹Èœ

  tan Cœ � � �" �"
� �2 3 3

x 3 x
x   3 2 x   3È È a bŠ ‹ # #

29. sin x dx;    2 u  sin u du 2  sin u  du
u x
x u

dx 2u du

' ' '�" " �" �"#
� �

"

�
È Ô ×

Õ Ø
È Š ‹œ

œ
œ

Ä œ �u u
1 1 1 1 1  u

1 1 1 1� �

È #
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 u  sin uœ �# �"

�
' u  du

1  u

#

#È
      (We used FORMULA 99 with a 1, n 1)œ œ

 u  sin u  sin u u 1 u C u  sin u u 1 u Cœ � � � � œ � � � �# �" �" # �"" " " "
# # # #

# #Š ‹È Èˆ ‰
      (We used FORMULA 33 with a 1)œ

 x  sin x x x Cœ � � � �ˆ ‰ È È" "
# #

�" #

30.  dx;   2u du 2 cos u du 2 u cos u 1 u C
u x
x u

dx 2u du

' ' 'cos x
x

cos u
u 1

�" �"È
È

Ô ×
Õ Ø

È Š ‹Èœ

œ
œ

Ä œ œ � � �# �" �" " #
†

      (We used FORMULA 97 with a 1)œ

 2 x cos x 1 x Cœ � � �Š ‹È È È�"

31.  dx;    du 2  du 2  sin u u 1 u C
u x
x u

dx 2u du

' ' 'È
È È È

x

1  x
u 2u u
1  u 1  u�

#
� �

" "
# #

�" #
Ô ×
Õ Ø

È Š ‹Èœ

œ
œ

Ä œ œ � � �†

# #

#

 sin u u 1 u Cœ � � ��" #È
      (We used FORMULA 33 with a 1)œ

 sin x x 1 x C sin x x x Cœ � � � œ � � ��" �" #È È ÈÈ È

32.  dx;   2u du 2 2 u  du
u x
x u

dx 2u du

' ' 'È È
È2  x

x
2  u

u
� # �

#
#

Ô ×
Õ Ø

È ÊŠ ‹Èœ

œ
œ

Ä œ �
#

†

 2 2 u  sin C u 2 u 2 sin Cœ � � � œ � � �– —ÊŠ ‹ Š ‹ Š ‹È Èu u u2

2 2# #

#
# #�" �"

Š ‹È
È È

#

      We used FORMULA 29 with a 2Š ‹Èœ

 2x x 2 sin Cœ � � �È È# �"
#
x

33. (cot t) 1 sin t dt ;   
u sin t

du cos t dt
' ' 'È ” •� œ Ä

œ
œ

# � �È È1  sin t (cos t) dt
sin t u

1  u  du# #

 1 u ln Cœ � � �È ¹ ¹# � �1  1  u
u

È #

      (We used FORMULA 31 with a 1)œ

 1 sin t ln Cœ � � �È ¹ ¹# � �1  1  sin t
sin t

È #

34. ;   ln C
u sin t

du cos t dt
' ' 'dt cos t dt du

(tan t) 4  sin t (sin t) 4  sin t u 4  u
2  4  u

uÈ È È
È

� � �

"
#

� �
# # #

#

œ Ä œ � �
œ
œ” • ¹ ¹

      (We used FORMULA 34 with a 2)œ

  ln Cœ � �"
#

� �¹ ¹2  4  sin t
sin t

È #

35. ;   ln u 3 u C
u ln y
y e

dy e  du

' ' 'dy
y 3  (ln y)

e  du du
e 3  u 3  uÈ È È� � �

#
# # #

Ô ×
Õ Ø ¹ ¹Èœ

œ
œ

Ä œ œ � � �u

u

u

u

 ln ln y 3 (ln y) Cœ � � �¸ ¸È #

      We used FORMULA 20 with a 3Š ‹Èœ
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36. tan y dy;   2 t tan t dt 2  tan t  dt t  tan t  dt
t y

y t
dy 2t dt

' ' ' '�" �" �" # �"#
# # � �

"È Ô ×
Õ Ø

È ’ “œ

œ
œ

Ä œ � œ �t t t
1  t 1  t

# # #

# #

      (We used FORMULA 101 with n 1, a 1)œ œ

 t  tan t  dt t  tan t t tan t C y tan y tan y y Cœ � � œ � � � œ � � �# �" # �" �" �" �"�
� �

' 't   1 dt
t   1 1  t

#

# #
È È È

37. dx dx;  dt
t x 1
dt dx

' ' '1 1 1
x 2x 5 t 4x 1 4

È ÈÉa b2 22� � �� �
œ Ä

œ �
œ” •

      (We used FORMULA 20 with a 2)œ

 ln t t 4 C ln x 1 x 1 4 C ln x 1 x 2x 5 Cœ � � � œ � � � � � œ � � � � �¹ ¹ ¹ ¹ ¹È Èa b a b a bÉ2 22

38. dx dx;  dt dt dt dt dt
t x 2
dt dx

' ' ' ' ' ' 'x x t 4t 2 t 4t 4
x 4x 5 x 2 + 1

t 2

t + 1 t + 1 t + 1 t + 1 t + 1

2 2 2 2

2 2

2

2 2 2 2 2È È È È È ÈÉa b
a b

� � �

� � �œ Ä œ œ � �
œ �
œ” •

      (We used FORMULA 25 with a 1)                   (We used FORMULA 20 with a 1)œ œ

 ln t t 1 4 t 1 4 ln t t 1 Cœ � � � � � � � � � �– —¹ ¹ ¹ ¹È È È” •1
2 2

2 2 2t t 1È 2�

 ln x 2 x 2 1 4 x 2 1 4 ln x 2 x 2 1 Cœ � � � � � � � � � � � � � � �1
2 2

2 2 2x 2 x 2 1¹ ¹ ¹ ¹a b a b a b a b a bÉ É Éa b a bÉ� � �2

 ln x 2 x 4x 5 Cœ � � � � � �7
2 2

2 x 6 x 4x 5¹ ¹a b È a bÈ� � �2

39. 5 4x x dx 9 x 2 dx;  9 t dt;
t x 2
dt dx

' ' 'È ÈÉ a b ” •� � œ � � Ä �
œ �
œ

2 22

      (We used FORMULA 29 with a 3)œ

 9 t sin C 9 x 2 sin C 5 4x x sin Cœ � � � œ � � � � œ � � � �t 3 t x 2 9 x 2 x 2 9 x 2
2 2 3 2 2 3 2 2 3

2 21 1 12È Èˆ ‰ ˆ ‰ ˆ ‰É a b2 � � �� � � �

40. x 2x x dx x 1 x 1 dx;   t 1 1 t dt t 2t 1 1 t dt
t x 1
dt dx

' ' ' 'a b a b2 2 22 2 22 2È É a b ” • È È� œ � � Ä � � œ � � �
œ �
œ

 t 1 t dt 2t 1 t dt 1 t dtœ � � � � �' ' '2 2 2 2È È È
            (We used FORMULA 30 with a 1)                   (We used FORMULA 29 with a 1)œ œ

 sin t 1 t 1 2t 1 t 1 t sin Cœ � � � � � � � � �” • ” •ˆ ‰ ˆ ‰È Èa b a b1 t 1 2 t 1 t
8 1 8 3 2 2 1

1 2 2 2 12 23 24 2� �Î

 sin x 1 x 1 1 x 1 1 2 x 1 1 x 1 1 x 1œ � � � � � � � � � � � � �" ��
Î

8 8 3 2
1 21 2 x 12 2 2 2

3 2a b a b a b a b a b a bÉ ÉŠ ‹ Š ‹
 sin x 1 C sin x 1 2x x 2x x 2x 4x 5 C� � � œ � � � � � � � �1 5 2 x 1

2 8 3 8
1 1 2 23 2 2� � Î �a b a b a b a bÈ

41. sin 2x dx sin 2x dx sin 2x dx' ' '& $
# #

� �œ � � œ � � � �sin 2x cos 2x 5  1 sin 2x cos 2x 4 sin 2x cos 2x 3  1
5 5 10 5 3 3

% % #

† †

’ “
      (We used FORMULA 60 with a 2, n 5 and a 2, n 3)œ œ œ œ

  sin 2x cos 2x  cos 2x C Cœ � � � � � œ � � � �sin 2x cos 2x 2 8 sin 2x cos 2x 2 sin 2x cos 2x 4 cos 2x
10 15 15 10 15 15

% % ## "
#

ˆ ‰
42. 8 cos 2 t dt 8 cos 2 t dt' '% #�

1 1œ �Š ‹cos 2 t sin 2 t 4  1
4 2 4

$
1 1

1†

      (We used FORMULA 61 with a 2 , n 4)œ œ1

 6 Cœ � � �cos 2 t sin 2 t t sin (2 2 t)
4 2

$
1 1

1 1

1’ “#
† †

†

      (We used FORMULA 59 with a 2 )œ 1

 3t C 3t Cœ � � � œ � � �cos 2 t sin 2 t 3 sin 4 t cos 2 t sin 2 t 3 cos 2 t sin 2 t
4 2

$ $
1 1 1 1 1 1 1

1 1 1 1
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43. sin 2  cos 2  d sin 2  cos 2  d' '# $ #
# � � #

�
) ) ) ) ) )œ �sin 2  cos 2 3  1

(2 3) 3  

$ #
) )

      (We used FORMULA 69 with a 2, m 3, n 2)œ œ œ

 sin 2  cos 2  d sin 2  d(sin 2 ) Cœ � œ � œ � �sin 2  cos 2 2 sin 2  cos 2 2 sin 2  cos 2 sin 2
10 5 10 5 10 15

$ # $ # $ # $
) ) ) ) ) ) )' '# #"

#) ) ) ) )’ “
44. 2 sin t sec t dt 2 sin t cos t dt 2 cos t dt' ' '# % # �% �%

� �
�œ œ � �Š ‹sin t cos t 2  1

2  4 2  4

�$

      (We used FORMULA 68 with a 1, n 2, m 4)œ œ œ �

 sin t cos t cos t dt sin t cos t sec t dt sin t cos t sec t dtœ � œ � œ � ��$ �% �$ % �$ #
� �

�' ' 'Š ‹sec t tan t 4  2
4  1 4  1

#

      (We used FORMULA 92 with a 1, n 4)œ œ

 sin t cos t  tan t C  sec t tan t  tan t C  tan t sec t 1 Cœ � � � œ � � œ � ��$ # #Š ‹ a bsec t tan t 2 2 2 2
3 3 3 3 3

#

  tan t Cœ �2
3

$

 An easy way to find the integral using substitution:

 2 sin t cos t dt 2 tan t sec t dt 2 tan t d(tan t)  tan t C' ' '# �% # # # $œ œ œ �2
3

45. 4 tan 2x dx 4 tan 2x dx tan 2x 4 tan 2x dx' ' '$ #
#œ � œ �Š ‹tan 2x

2

#

†

      (We used FORMULA 86 with n 3, a 2)œ œ

  tan 2x  ln sec 2x C tan 2x 2 ln sec 2x Cœ � � œ � �# #
#
4 k k k k

46. 8 cot t dt 8 cot t dt' '% #œ � �Š ‹cot t
3

$

      (We used FORMULA 87 with a 1, n 4)œ œ

 8  cot t cot t t Cœ � � � �ˆ ‰" $
3

      (We used FORMULA 85 with a 1)œ

47. 2 sec x dx 2 sec x dx ' '$
� �

�
1 1œ �’ “sec x tan x 3  2

(3 1) 3  1
1 1

1

      (We used FORMULA 92 with n 3, a )œ œ 1

  sec x tan x  ln sec x tan x Cœ � � �" "
1 1

1 1 1 1k k
      (We used FORMULA 88 with a )œ 1

48. 3 sec 3x dx 3 sec 3x dx' '% #
� �

�œ �’ “sec 3x tan 3x 4  2
3(4  1) 4  1

#

      (We used FORMULA 92 with n 4, a 3)œ œ

  tan 3x Cœ � �sec 3x tan 3x 2
3 3

#

      (We used FORMULA 90 with a 3)œ

49. csc x dx  csc x dx csc x dx' ' '& $
� � � �

� �œ � � œ � � � �csc x cot x 5  2 csc x cot x 3 csc x cot x 3  2
5  1 5  1 4 4 3  1 3  1

$ $ Š ‹
      (We used FORMULA 93 with n 5, a 1 and n 3, a 1)œ œ œ œ

  csc x cot x  csc x cot x  ln csc x cot x Cœ � � � � �" $
4 8 8

3 3 k k
      (We used FORMULA 89 with a 1)œ

50. 16x (ln x)  dx 16 x  ln x dx 16 x  dx' ' '$ # $ $" "
#œ � œ � �’ “ ’ “’ “x (ln x) x (ln x) x (ln x)

4 4 4 4 4
2% # % # %

      (We used FORMULA 110 with a 1, n 3, m 2 and a 1, n 3, m 1)œ œ œ œ œ œ

 16 C 4x (ln x) 2x  ln x Cœ � � � œ � � �Š ‹x (ln x) x (ln x)
4 8 3

x x% # % % %

# #
% # %
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51. e  sec e  dt;   sec x dx sec x dx
x e
dx e  dt

' ' 't t
t

t
sec x tan x 3 2

3 1 3 1
$ $

� �
�a b ” •� " Ä œ �

œ � "
œ

      (We used FORMULA 92 with a 1, n 3)œ œ

  ln sec x tan x C sec e 1  tan e 1 ln sec e 1 tan e 1 Cœ � � � œ � � � � � � �sec x tan x t t t t
# # #

" "k k c da b a b k ka b a b

52.  d ;   2 csc t dt 2 csc t dt
t

t
d 2t dt

' ' 'csc csc t cot t 3 2
3 1 3 1

$ È
È )

)
)

)

)

)

Ô ×
Õ Ø

È ’ “œ

œ
œ

Ä œ � �# $
� �

�

      (We used FORMULA 93 with a 1, n 3)œ œ

 2  ln csc t cot t C csc  cot ln csc cot Cœ � � � � œ � � � �� ‘k k È È È È¹ ¹csc t cot t
# #

"
) ) ) )

53. 2 x 1 dx; x tan t   2 sec t sec t dt 2 sec t dt 2  sec t dt' ' ' '
0 0 0 0

1 4 4 4È c d ” •� ‘# # $
� �

Î%

!
�� œ Ä œ œ �

1 1 1Î Î Î

†

sec t tan t 3 2
3 1 3 1
†

1

      (We used FORMULA 92 with n 3, a 1)œ œ

 sec t tan t ln sec t tan t 2 ln 2 1œ � � œ � �c dk k È ÈŠ ‹†

1Î%
!

54.  ; y sin x    sec x dx  sec x dx' ' ' '
0 0 0 0

3 2 3 3 3È Î Î Î Î
dy

1 y
cos x dx sec x tan x 4 2
cos x 4 1 4 1a b�

% #
� �

Î$

!

�
# &Î# &

#c d ’ “œ Ä œ œ �
1 1 11

      (We used FORMULA 92 with a 1, n 4)œ œ

  tan x 3 3 2 3œ � œ � œ’ “ ˆ ‰ ˆ ‰È È Èsec x tan x 2 4 2
3 3 3 3

#
1Î$

!

55.  dr; r sec   (sec  tan ) d tan  d tan  d' ' ' '
1 0 0 0

2 3 3 3a br 1
r sec 4 1

tan tan# $Î# $ $� % #
�

Î$

!
c d ’ “œ Ä œ œ �) ) ) ) ) ) ) )

1 1 1Î Î Î
) )

)

1

 tan 3œ � � œ � � œ’ “ Ètan
3 3 3 3

3 3$
) 1 1

1

) )
Î$

!

È

      (We used FORMULA 86 with a 1, n 4 and FORMULA 84 with a 1)œ œ œ

56.  ; t tan    cos  d   cos  d' ' ' '
0 0 0 0

1 3 6 6 6Î Î Î ÎÈ
dt sec  d cos  sin 5 1

t 1 sec 5 5a b# (Î#

# %

(
�

& $
Î'

!

�c d ’ “ ˆ ‰œ Ä œ œ �) ) ) ) )
1 1 1

) ) ) )

)

1

  cos  d  cos  sin  sin œ � � œ � �’ “ ’ “ ’ “” •ˆ ‰cos  sin 4 cos  sin 3 1 cos  sin 4 8
5 5 3 3 5 15 15

% # %
) ) ) ) ) )

1 1 1Î' Î' Î'

! ! !

� #'
0

61Î

) ) ) ) )

     (We used FORMULA 61 with a 1, n 5 and a 1, n 3)œ œ œ œ

 œ � � œ � � œ œ
Š ‹ ˆ ‰ ÈÈ3

# #

%
"

5 15 15 160 10 15 480 480
4 8 9 4 3 9 48 32 4 2033ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹# # #

#
" " " � �† †

57. S 2 y 1 (y )  dxœ �'
0

2È

1 È w #

 2  x 2 1  dxœ � �1 '
0

2È È É#
�

x
x 2

#

#

 2 2  x 1 dxœ �È È1 '
0

2È
#

 2 2  ln x x 1œ � � �È È’ “¹ ¹1
x x 1È # �

# #
" #

 2

 0

È

 
      (We used FORMULA 21 with a 1)œ

 2 6 ln 2 3 2 3 2 ln 2 3œ � � œ � �È È È È’ “ Š ‹È È È ÈŠ ‹1 1 1

58. L 1 (2x)  dx 2 x  dx 2 x  ln x xœ � œ � œ � � � �' '
0 0

3 2 3 2 3 2

0

È È ÈÎ Î ÎÈ É É É’ “ˆ ‰ ˆ ‰ Š ‹# # # #" " " " "
# #4 4 4 4
x

      We used FORMULA 2 with aˆ ‰œ "
#
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 1 4x  ln x 1 4x 1 4  ln 1 4  ln œ � � � � œ � � � � �’ “ Š ‹È ÈŠ ‹ É Éˆ ‰ ˆ ‰x 3 3
4 4 4 4 4 4

3 3
# # # # #

# #" " " " " "
È3 2

0

Î È È

 (2)  ln 1  ln 2  ln 3 2œ � � � œ � �
È È È3 3 3

4 4 4 4
" " "

# #Š ‹ Š ‹È

59. A  2 x 1 2; x  œ œ � œ œ' '
0 0

3 3
dx x dx
x 1 x 1AÈ È� �

$

!

"’ “È
  x 1 dxœ � �" "

�A A
dx
x 1

' '
0 0

3 3È È
 (x 1) 1 ;œ � � œ"

#
$Î# $

!
†

2 4
3 3
� ‘

      (We used FORMULA 11 with a 1, b 1, n 1 andœ œ œ

 a 1, b 1, n 1)œ œ œ �

 y  ln (x 1)  ln 4  ln 2 ln 2œ œ � œ œ œ" " " "
# � #

$
!A x 1 4 4

dx'
0

3 c d È 

60. M x  dx 18  dx 54  18x 27 ln 2x 3y 0 0 0

3 3 3

œ œ � œ � �' ' 'ˆ ‰ c dk k36 2x 3 dx
2x 3 2x 3 2x 3� � �

� $
!

 18 3 27 ln 9 ( 27 ln 3) 54 27 2 ln 3 27 ln 3 54 27 ln 3œ � � � œ � � œ �† †

61. S 2  x 1 4x  dx;œ �1 '
�1

1
# #È

    u 1 u  du
u 2x

du 2 dx” • Èœ
œ

Ä �1

4
'
�2

2
# #

 1 2u 1 u  ln u 1 uœ � � � � �1

4 8 8
u’ “a bÈ ÈŠ ‹# # #"

#

�#

      (We used FORMULA 22 with a 1)œ

 (1 2 4) 1 4  ln 2 1 4œ � � � � �1

4 8 8
2’ Š ‹È È

†

"

 (1 2 4) 1 4  ln 2 1 4 “È ÈŠ ‹� � � � � � �2
8 8†

"

 5  ln 7.62œ � ¸1

4 8
9 2 5

2 5
’ “È Š ‹#

" �

� �

È
È

 

62. (a) The volume of the filled part equals the length of the
 tank times the area of the shaded region shown in the
 accompanying figure.  Consider a layer of gasoline
 of thickness dy located at height y where
 r y r d.  The width of this layer is� � � � �

 2 r y .  Therefore, A 2 r y  dyÈ È# # # #� œ �'
�

� �

r

r d

 and V L A 2L r y  dyœ œ �†

'
�

� �

r

r dÈ # #

 

 (b) 2L r y  dy 2L  sin  '
�

� � � �

�
r

r d r d

r

È ’ “# # �
# #

�"� œ �
y r y r y

r

È # # #

      (We used FORMULA 29 with a r)œ

 2L 2rd d  sin 2L 2rd d sinœ � � � œ � � �’ “ ’ “È Èˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹ ˆ ‰(d r) r d r r d-r r d r
r r

�
# # # # # # #

# #�" �"� �# # #
1 1

63. The integrand f(x) x x  is nonnegative, so the integral is maximized by integrating over the function'sœ �È #

 entire domain, which runs from x 0 to x 1œ œ
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500 Chapter 8 Techniques of Integration

  x x  dx 2 x x  dx 2 x x  sinÊ � œ � œ � �' '
0 0

1 1È É É” •Š ‹# # #" "
# # # #

� ��"
"

!

† †

ˆ ‰ ˆ ‰x x" " "

# # #

#

"

#

      We used FORMULA 48 with aˆ ‰œ "
#

 x x  sin (2x 1)œ � � � œ � � œ’ “È ˆ ‰ˆ ‰x
8 8 8 8

�

# # #
# " " "�"

"

!

"

#
†

1 1 1

64. The integrand is maximized by integrating g(x) x 2x x  over the largest domain on which g isœ �È #

 nonnegative, namely [ 2]!ß

  x 2x x  dx  sin (x 1)Ê � œ � �'
0

2 È ’ “# � � � "
#

�"
#

!

(x 1)(2x 3) 2x x
6

È #

      (We used FORMULA 51 with a )œ "

 œ � � œ" "
# # # # #†

1 1 1ˆ ‰
CAS EXPLORATIONS

65. Example CAS commands:
 :Maple
 q1 := Int( x*ln(x), x );                                                 # (a)
 q1 = value( q1 );
 q2 := Int( x^2*ln(x), x );                                             # (b)
 q2 = value( q2 );
 q3 := Int( x^3*ln(x), x );                                             # (c)
 q3 = value( q3 );
 q4 := Int( x^4*ln(x), x );                                             # (d)
 q4 = value( q4 );
 q5 := Int( x^n*ln(x), x );                                             # (e)
 q6 := value( q5 );
 q7 := simplify(q6) assuming n::integer;
 q5 = collect( factor(q7), ln(x) );

66. Example CAS commands:
 :Maple
 q1 := Int( ln(x)/x, x );                                                       # (a)
 q1 = value( q1 );
 q2 := Int( ln(x)/x^2, x );                                                   # (b)
 q2 = value( q2 );
 q3 := Int( ln(x)/x^3, x );                                                   # (c)
 q3 = value( q3 );
 q4 := Int( ln(x)/x^4, x );                                                   # (d)
 q4 = value( q4 );
 q5 := Int( ln(x)/x^n, x );                                                   # (e)
 q6 := value( q5 );
 q7 := simplify(q6) assuming n::integer;
 q5 = collect( factor(q7), ln(x) );
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67. Example CAS commands:
 :Maple
 q := Int( sin(x)^n/(sin(x)^n+cos(x)^n), x=0..Pi/2 );       # (a)
 q = value( q );
 q1 := eval( q, n=1 ):                                                          # (b)
 q1 = value( q1 );
 for N in [1,2,3,5,7] do
   q1 := eval( q, n=N );
   print( q1 = evalf(q1) );
 end do:
 qq1 := PDEtools[dchange]( x=Pi/2-u, q, [u] );              # (c)
 qq2 := subs( u=x, qq1 );
 qq3 := q + q = q + qq2;
 qq4 := combine( qq3 );
 qq5 := value( qq4 );
 simplify( qq5/2 );

65-67. Example CAS commands:
 : (functions may vary)Mathematica
 In Mathematica, the natural log is denoted by Log rather than Ln, Log base 10 is Log[x,10]
 Mathematica does not include an arbitrary constant when computing an indefinite integral,
 Clear[x, f, n]
 f[x_]:=Log[x] / xn

 Integrate[f[x], x]
 For exercise 67, Mathematica cannot evaluate the integral with arbitrary n. It does evaluate the integral (value is /4 in1

 each case) for small values of n, but for large values of n, it identifies this integral as Indeterminate

65. (e) x  ln x dx x  dx, n 1' 'n nx  ln x
n 1 n 1œ � Á �

n 1�

� �
"

      (We used FORMULA 110 with a 1, m 1)œ œ

 C ln x Cœ � � œ � �x  ln x x x
n 1 (n 1) n 1 n 1

n 1 n 1 n 1� � �

#� � � �
"ˆ ‰

66. (e) x  ln x dx x  dx, n 1' '� �
� � � �

"n nx  ln x
n 1 ( n) 1œ � Á

� �n 1

      (We used FORMULA 110 with a 1, m 1, n n)œ œ œ �

 C ln x Cœ � � œ � �x  ln x x x
1 n 1 n 1 n 1 n 1 n

1 n 1 n 1 n� � �

� � � � �
" "Š ‹ ˆ ‰

67. (a) Neither MAPLE nor MATHEMATICA can find this integral for arbitrary n.
 (b) MAPLE and MATHEMATICA get stuck at about n 5.œ

 (c) Let x u  dx du; x 0  u , x   u 0;œ � Ê œ � œ Ê œ œ Ê œ1 1 1

# # #

 I    œ œ œ œ' ' ' '
0 2 0 0

2 0 2 21 1 1

1

Î Î Î

Î

sin x dx cos u du cos x dx
sin x cos x cos u sin u cos x sin x

sin u  du
sin u cos u

n n n

n n n n n n

n

n n� � �

� �

� � �

ˆ ‰
ˆ ‰ ˆ ‰

1

1 1

#

# #

  I I  dx dx   IÊ � œ œ œ Ê œ' '
0 0

2 21 1Î Îˆ ‰sin x cos x
sin x cos x 4

n n

n n
�
� #

1 1
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8.6  NUMERICAL INTEGRATION

 1. x dx'
1

2

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 2 1 x

n 4 4 8
� � " "

#
?

  mf(x ) 12  T (12) ;!
i œ Ê œ œ"

#8
3

 f(x) x  f (x) 1  f 0  M 0œ Ê œ Ê œ Ê œw ww

  E 0Ê œk kT

    x     f(x )    m   mf(x )
x 1 1 1 1
x 5/4 5/4 2 5/2
x 3/2 3/2 2 3
x 7/4 7/4 2 7/2
x 2 2 1 2

i i i

!

"

#

$

%

 (b) x dx 2   E x dx T 0' '
1 1

2 2

Tœ œ � œ Ê œ � œ’ “ k kx 3
2

#
#

"

"
# #

 (c) 100 0%k kE
True Value

T ‚ œ

 II. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 2 1 x

n 4 4 3 12
� � " "?

  mf(x ) 18  S (18) ;!
i œ Ê œ œ"

#12
3

 f (x) 0  M 0  E 0Ð%Ñ œ Ê œ Ê œk kS

 (b) x dx   E x dx S 0' '
1 1

2 2

Sœ Ê œ � œ � œ3 3 3
# # #k k

 (c) 100 0%k kE
True Value

S ‚ œ

    x     f(x )    m   mf(x )
x 1 1 1 1
x 5/4 5/4 4 5
x 3/2 3/2 2 3
x 7/4 7/4 4 7
x 2 2 1 2

i i i

!

"

#

$

%

 2. (2x 1) dx'
1

3

�

 I. (a) For n 4, x   ;œ œ œ œ œ Ê œ?
b a 3 1 2 x

n 4 4 2 4
� � " "

#
?

  mf(x ) 24  T (24) 6 ;!
i œ Ê œ œ"

4

 f(x) 2x 1  f (x) 2  f 0  M 0œ � Ê œ Ê œ Ê œw ww

  E 0Ê œk kT

    x     f(x )    m   mf(x )
x 1 1 1 1
x 3/2 2 2 4
x 2 3 2 6
x 5/2 4 2 8
x 3 5 1 5

i i i

!

"

#

$

%

 (b) (2x 1) dx x x (9 3) (1 1) 6  E  (2x 1) dx T 6 6 0' '
1 1

3 3

T� œ � œ � � � œ Ê œ � � œ � œc d k k# $
"

 (c) 100 0%k kE
True Value

T ‚ œ

 II. (a) For n 4, x   ;œ œ œ œ œ Ê œ?
b a 3 1 2 x

n 4 4 2 3 6
� � " "?

  mf(x ) 36  S (36) 6 ;!
i œ Ê œ œ"

6

 f (x) 0  M 0  E 0Ð%Ñ œ Ê œ Ê œk kS

 (b) (2x 1) dx 6  E (2x 1) dx S' '
1 1

3 3

S� œ Ê œ � �k k
 6 6 0œ � œ

 (c) 100 0%k kE
True Value

S ‚ œ

    x     f(x )    m   mf(x )
x 1 1 1 1
x 3/2 2 4 8
x 2 3 2 6
x 5/2 4 4 16
x 3 5 1 5

i i i

!

"

#

$

%

 3. x 1  dx'
�

#
1

1 a b�

 I. (a) For n 4, x   œ œ œ œ œ Ê œ à?
b a 2 x

n 4 4 4
1 ( 1)� " "� �

# #
?

  mf(x ) 11  T (11) 2.75!
i œ Ê œ œ à"

4

 f(x) x 1  f (x) 2x  f (x) 2  M 2œ � Ê œ Ê œ Ê œ# w ww

  E (2)  or 0.08333Ê Ÿ œk k ˆ ‰T
1 ( 1)

1 1
� �

# # #
" "#

    x     f(x )    m   mf(x )
x 1 2 1 2
x 1/2 5/4 2 5/2
x 0 1 2 2
x 1/2 5/4 2 5/2
x 1 2 1 2

i i i

!

"

#

$

%

�
�

 (b) x 1  dx x 1 1   E x 1  dx T' '
� �

# #
"

�"

"
#1 1

1 1

Ta b a b’ “ ˆ ‰ ˆ ‰� œ � œ � � � � œ Ê œ � � œ � œ �x 1 1 8 8 11
3 3 3 3 3 4 1

$

  E 0.08333Ê œ � ¸k k ¸ ¸T
"
#1

 (c) 100 100 3%k kE
True Value

T ‚ œ ‚ ¸Š ‹"

#1
8
3
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 II. (a) For n 4, x   œ œ œ œ œ Ê œ à?
b a 2 x

n 4 4 3 6
1 ( 1)� " "� �

#
?

  mf(x ) 16  S (16) 2.66667 ;!
i œ Ê œ œ œ"

6 3
8

 f (x) 0  f (x) 0  M 0  E 0Ð$Ñ Ð%Ñœ Ê œ Ê œ Ê œk kS

 (b) x 1  dx x'
�

#
"

�"1

1 a b ’ “� œ � œx 8
3 3

$

  E x 1  dx S 0Ê œ � � œ � œk k a bS 1

1'
�

# 8 8
3 3

 (c) 100 0%k kE
True Value

S ‚ œ

    x     f(x )    m   mf(x )
x 1 2 1 2
x 1/2 5/4 4 5
x 0 1 2 2
x 1/2 5/4 4 5
x 1 2 1 2

i i i

!

"

#

$

%

�
�

 4. x 1  dx'
�

#
2

0 a b�

 I. (a) For n 4, x   œ œ œ œ œ Ê œ?
b a 2 x

n 4 4 4
0 ( 2)� " "� �

# #
?

  mf(x ) 3  T (3) ;!
i œ Ê œ œ"

4 4
3

 f(x) x 1  f (x) 2x  f (x) 2œ � Ê œ Ê œ# w ww

   M 2  E (2) 0.08333Ê œ Ê Ÿ œ œk k ˆ ‰T
0 ( 2)

1 1
� �

# # #
" "#

    x     f(x )    m   mf(x )
x 2 3 1 3
x 3/2 5/4 2 5/2
x 1 0 2 0
x 1/2 3/4 2 3/2
x 0 1 1 1

i i i

!

"

#

$

%

�
�
�
� � �

� �

 (b) x 1  dx x 0 2   E x 1  dx T' '
� �

# #
!

�#

"
2 2

0 0

Ta b a b’ “ ˆ ‰� œ � œ � � � œ Ê œ � � œ � œ �x 8 2 2 3
3 3 3 3 4 12

$

  EÊ œk kT
"

12

 (c) 100 100 13%k kE
True Value

T ‚ œ ‚ ¸Š ‹"

12
2
3

 II. (a) For n 4, xœ œ œ œ œ?
b a 2

n 4 4
0 ( 2)� "� �

#

  ;   mf(x ) 4  S (4) ;Ê œ œ Ê œ œ?x 2
3 6 6 3

" "!
i

 f (x) 0  f (x) 0  M 0  E 0Ð$Ñ Ð%Ñœ Ê œ Ê œ Ê œk kS

 (b) x 1  dx   E x 1  dx S' '
� �

# #
2 2

0 0

Sa b k k a b� œ Ê œ � �2
3

 0œ � œ2 2
3 3

 (c) 100 0%k kE
True Value

S ‚ œ

    x     f(x )    m   mf(x )
x 2 3 1 3
x 3/2 5/4 4 5
x 1 0 2 0
x 1/2 3/4 4 3
x 0 1 1 1

i i i

!

"

#

$

%

�
�
�
� � �

� �

 5. t t  dt'
0

2a b$ �

 I. (a) For n 4, xœ œ œ œ œ?
b a 2 0 2

n 4 4 2
� � "

  ;  mf(t ) 25  T (25) ;Ê œ œ Ê œ œ?x 25
4 4 4#
" "!

i

 f(t) t t  f (t) 3t 1  f (t) 6tœ � Ê œ � Ê œ$ w # ww

  M 12 f (2)  E (12)Ê œ œ Ê Ÿ œww � " "
# #

#k k ˆ ‰T
2 0
12

    t     f(t )    m   mf(t )
t 0 0 1 0
t 1/2 5/8 2 5/4
t 1 2 2 4
t 3/2 39/8 2 39/4
t 2 10 1 10

i i i

!

"

#

$

%

 (b) t t  dt 0 6  E t t  dt T 6   E' '
0 0

2 2

T Ta b k k a b k k’ “ Š ‹$ $
# #

#

!

" "� œ � œ � � œ Ê œ � � œ � œ � Ê œt t 2 2 25
4 4 4 4 4

% # % #

 (c) 100 100 4%k k ¸ ¸E
True Value 6

T ‚ œ ‚ ¸
� "

4

 II. (a) For n 4, x ;œ œ œ œ œ Ê œ?
b a 2 0 2 x

n 4 4 2 3 6
� � " "?

  mf(t ) 36  S (36) 6 ;!
i œ Ê œ œ"

6

 f (t) 6  f (t) 0  M 0  E 0Ð$Ñ Ð%Ñœ Ê œ Ê œ Ê œk kS

 (b) t t  dt 6  E t t  dt S' '
0 0

2 2

Sa b k k a b$ $� œ Ê œ � �

 6 6 0œ � œ

 (c) 100 0%k kE
True Value

S ‚ œ

    t     f(t )    m   mf(t )
t 0 0 1 0
t 1/2 5/8 4 5/2
t 1 2 2 4
t 3/2 39/8 4 39/2
t 2 10 1 10

i i i

!

"

#

$

%
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504 Chapter 8 Techniques of Integration

 6. t 1  dt'
�

$
1

1 a b�

 I. (a) For n 4, xœ œ œ œ œ?
b a 2

n 4 4
1 ( 1)� "� �

#

  ;   mf(t ) 8  T (8) 2 ;Ê œ œ Ê œ œ?x
4 4#
" "!

i

 f(t) t 1  f (t) 3t   f (t) 6tœ � Ê œ Ê œ$ w # ww

  M 6 f (1)  E (6)Ê œ œ Ê Ÿ œww � �
# #

" "#k k ˆ ‰T
1 ( 1)

1 4

    t     f(t )    m   mf(t )
t 1 0 1 0
t 1/2 7/8 2 7/4
t 0 1 2 2
t 1/2 9/8 2 9/4
t 1 2 1 2

i i i

!

"

#

$

%

�
�

 (b) t 1  dt t 1 ( 1) 2  E t 1  dt T 2 2 0' '
� �

$ $
"

�"

�

1 1

1 1

Ta b k k a b’ “ Š ‹ Š ‹� œ � œ � � � � œ Ê œ � � œ � œt 1
4 4 4

( 1)% % %

 (c) 100 0%k kE
True Value

T ‚ œ

 II. (a) For n 4, xœ œ œ œ œ?
b a 2

n 4 4
1 ( 1)� "� �

#

  ;   mf(t ) 12  S (12) 2 ;Ê œ œ Ê œ œ?x
3 6 6

" "!
i

 f (t) 6  f (t) 0  M 0  E 0Ð$Ñ Ð%Ñœ Ê œ Ê œ Ê œk kS

 (b) t 1  dt 2  E t 1  dt S' '
� �

$ $
1 1

1 1

Sa b k k a b� œ Ê œ � �

 2 2 0œ � œ

 (c) 100 0%k kE
True Value

S ‚ œ

    t     f(t )    m   mf(t )
t 1 0 1 0
t 1/2 7/8 4 7/2
t 0 1 2 2
t 1/2  9/8 4 9/2
t 1 2 1 2

i i i

!

"

#

$

%

�
�

 7.  ds'
1

2
"
s#

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 2 1 x

n 4 4 8
� � " "

#
?

  mf(s )   T! Š ‹i œ Ê œ œ179,573 179,573 179,573
44,100 8 44,100 352,800

"

 0.50899; f(s)   f (s)¸ œ Ê œ �" w
s s

2
# $

  f (s)   M 6 f (1)Ê œ Ê œ œww ww6
s%

  E (6) 0.03125Ê Ÿ œ œk k ˆ ‰T
2

1 4 3
�" " "
# #

#

    s     f(s )    m   mf(s )
s 1 1 1 1
s 5/4 16/25 2 32/25
s 3/2 4/9 2 8/9
s 7/4 16/49 2 32/49
s 2 1/4 1 1/4

i i i

!

"

#

$

%

 (b)  ds s  ds   E  ds T 0.50899 0.00899' ' '
1 1 1

2 2 2

T
" " " " "�# #

" # # #s s 1 s
1 1

# #œ œ � œ � � � œ Ê œ � œ � œ �� ‘ ˆ ‰
  E 0.00899Ê œk kT

 (c) 100 100 2%k kE
True Value 0.5

0.00899T ‚ œ ‚ ¸

 II. (a) For n 4, x ;œ œ œ œ Ê œ?
b a 2 1 x

n 4 4 3 12
� � " "?

  mf(s )   S! Š ‹i œ Ê œ œ264,821 264,821 264,821
44,100 12 44,100 529,200

"

 0.50042; f (s)   f (s)¸ œ � Ê œÐ$Ñ Ð%Ñ24 120
s s& '

   M 120  E (120)Ê œ Ê Ÿk k ¸ ¸ ˆ ‰S
2
180 4
�" " %

 0.00260œ ¸"
384

    s     f(s )    m   mf(s )
s 1 1 1 1
s 5/4 16/25 4 64/25
s 3/2 4/9 2 8/9
s 7/4 16/49 4 64/49
s 2 1/4 1 1/4

i i i

!

"

#

$

%

 (b)  ds   E  ds S 0.50042 0.00042  E 0.00042' '
1 1

2 2

S S
" " "

# #s s
1

# #œ Ê œ � œ � œ � Ê œk k
 (c) 100 100 0.08%k kE

True Value 0.5
0.0004S ‚ œ ‚ ¸

 8.  ds'
2

4
"
�(s 1)#

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 4 2 x

n 4 2 4
� � " "

#
?

  mf(s )!
i œ 1269

450

  T 0.70500;Ê œ œ œ"
4 450 1800

1269 1269ˆ ‰
 f(s) (s 1)   f (s)œ � Ê œ ��# w

�
2

(s 1)$

  f (s)   M 6Ê œ Ê œww
�
6

(s 1)%

  E (6) 0.25Ê Ÿ œ œk k ˆ ‰T
4 2

1 4
� " "
# #

#

    s     f(s )    m   mf(s )
s 2 1 1 1
s 5/2 4/9 2 8/9
s 3 1/4 2 1/2
s 7/2 4/25 2 8/25
s 4 1/9 1 1/9

i i i

!

"

#

$

%
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 (b)  ds   E  ds T 0.705 0.03833' '
2 2

4 4

T
" �" �" �" "
� � � #� �

%

#(s 1) (s 1) 4 1 1 3 (s 1) 3
2 2

# #œ œ � œ Ê œ � œ � ¸ �’ “ ˆ ‰ ˆ ‰
  E 0.03833Ê ¸k kT

 (c) 100 100 6%k k ˆ ‰E
True Value

0.03833T ‚ œ ‚ ¸2
3

 II. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 4 2 x

n 4 2 3 6
� � " "?

  mf(s )!
i œ 1813

450

  S 0.67148;Ê œ œ ¸"
6 450 2700

1813 1813ˆ ‰
 f (s)   f (s)   M 120Ð$Ñ Ð%Ñ�

� �œ Ê œ Ê œ24 120
(s 1) (s 1)& '

  E (120) 0.08333Ê Ÿ œ ¸k k ˆ ‰S
4 2
180 12
� " "

#

%

    s     f(s )    m   mf(s )
s 2 1 1 1
s 5/2 4/9 4 16/9
s 3 1/4 2 1/2
s 7/2 4/25 4 16/25
s 4 1/9 1 1/9

i i i

!

"

#

$

%

 (b)  ds   E  ds S 0.67148 0.00481  E 0.00481' '
2 2

4 4

S S
" "
� �(s 1) 3 (s 1) 3

2 2
# #œ Ê œ � ¸ � œ � Ê ¸k k

 (c) 100 100 1%k k ˆ ‰E
True Value

0.00481S ‚ œ ‚ ¸2
3

 9.  sin t dt'
0

1

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 0 x

n 4 4 8
� �

#
1 1 ? 1

  mf(t ) 2 2 2 4.8284! È
i œ � ¸

  T 2 2 2 1.89612;Ê œ � ¸1

8 Š ‹È
 f(t) sin t  f (t) cos t  f (t) sin tœ Ê œ Ê œ �w ww

   M 1  E (1)Ê œ Ê Ÿ œk k ˆ ‰T
1 1 1�

# #

#0
1 4 19

$

 0.16149¸

    t     f(t )    m   mf(t )
t 0 0 1 0

t /4 2/2 2 2
t /2 1 2 2

t 3 /4 2/2 2 2
t 0 1 0

i i i

!

"

#

$

%

1

1

1

1

È È
È È

 (b)  sin t dt [ cos t] ( cos ) ( cos 0) 2  E  sin t dt T 2 1.89612 0.10388' '
0 0T

1 1

œ � œ � � � œ Ê œ � ¸ � œ1
! 1 k k

 (c) 100 100 5%k kE
True Value 2

0.10388T ‚ œ ‚ ¸

 II. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 0 x

n 4 4 3 12
� �1 1 ? 1

  mf(t ) 2 4 2 7.6569! È
i œ � ¸

  S 2 4 2 2.00456;Ê œ � ¸1

12 Š ‹È
 f (t) cos t  f (t) sin tÐ$Ñ Ð%Ñœ � Ê œ

   M 1  E (1) 0.00664Ê œ Ê Ÿ ¸k k ˆ ‰S
1 1� %0
180 4

    t     f(t )    m   mf(t )
t 0 0 1 0

t /4 2/2 4 2 2
t /2 1 2 2

t 3 /4 2/2 4 2 2
t 0 1 0

i i i

!

"

#

$

%

1

1

1

1

È È
È È

 (b)  sin t dt 2  E  sin t dt S 2 2.00456 0.00456  E 0.00456' '
0 0S S

1 1

œ Ê œ � ¸ � œ � Ê ¸k k
 (c) 100 100 0%k kE

True Value 2
0.00456S ‚ œ ‚ ¸

10.  sin t dt'
0

1

1

 I. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 1 0 1 x 1

n 4 4 8
� �

#
?

  mf(t ) 2 2 2 4.828! È
i œ � ¸

  T 2 2 2 0.60355; f(t) sin tÊ œ � ¸ œ1
8 Š ‹È 1

  f (t)  cos tÊ œw
1 1

   f (t)  sin t  MÊ œ � Ê œww # #
1 1 1

  E 0.05140Ê Ÿ ¸k k a bˆ ‰T
1 0 1

1 4
�
#

# #
1

    t     f(t )    m   mf(t )
t 0 0 1 0

t 1/4 2/2 2 2
t 1/2 1 2 2

t 3/4 2/2 2 2
t 1 0 1 0

i i i

!

"

#

$

%

È È
È È

 (b) sin t dt [  cos t]  cos  cos 0 0.63662  E sin t dt T' '
0 0

1 1

T1 1 1 1œ � œ � � � œ ¸ Ê œ �" " ""
!1 1 1 1

ˆ ‰ ˆ ‰ k k2

  0.60355 0.03307¸ � œ2
1

 (c) 100 100 5%k k ˆ ‰E
True Value

0.03307T ‚ œ ‚ ¸2
1
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506 Chapter 8 Techniques of Integration

 II. (a) For n 4, x   ;œ œ œ œ Ê œ?
b a 1 0 1 x 1

n 4 4 3 12
� � ?

  mf(t ) 2 4 2 7.65685! È
i œ � ¸

  S 2 4 2 0.63807;Ê œ � ¸1
12 Š ‹È

 f (t)  cos t  f (t)  sin tÐ$Ñ $ Ð%Ñ %œ � Ê œ1 1 1 1

   M   E 0.00211Ê œ Ê Ÿ ¸1 1
% %� %k k a bˆ ‰S

1 0 1
180 4

    t     f(t )    m   mf(t )
t 0 0 1 0

t 1/4 2/2 4 2 2
t 1/2 1 2 2

t 3/4 2/2 4 2 2
t 1 0 1 0

i i i

!

"

#

$

%

È È
È È

 (b) sin t dt 0.63662  E sin t dt S 0.63807 0.00145  E 0.00145' '
0 0

1 1

S S1 1œ ¸ Ê œ � ¸ � œ � Ê ¸2 2
1 1

k k
 (c) 100 100 0%k k ˆ ‰E

True Value
0.00145S ‚ œ ‚ ¸2

1

11. (a) M 0 (see Exercise 1):  Then n 1  x 1  E (1) (0) 0 10œ œ Ê œ Ê œ œ �? k kT
"
#

# �%
1

 (b) M 0 (see Exercise 1):  Then n 2 (n must be even)  x   E (0) 0 10œ œ Ê œ Ê œ œ �?
" " "
# #

% �%k k ˆ ‰S 180

12. (a) M 0 (see Exercise 2):  Then n 1  x 2  E (2) (0) 0 10œ œ Ê œ Ê œ œ �? k kT
2

1#
# �%

 (b) M 0 (see Exercise 2):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

13. (a) M 2 (see Exercise 3):  Then x   E (2) 10   n 10   n 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 4 4 4
n 12 n 3n 3 3k k a b a bˆ ‰ ÉT

# �% # % %
#

  n 115.4, so let n 116Ê � œ

 (b) M 0 (see Exercise 3):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

14. (a) M 2 (see Exercise 4):  Then x   E (2) 10   n 10   n 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 4 4 4
n 12 n 3n 3 3k k a b a bˆ ‰ ÉT

# �% # % %
#

  n 115.4, so let n 116Ê � œ

 (b) M 0 (see Exercise 4):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

15. (a) M 12 (see Exercise 5):  Then x   E (12) 10   n 8 10   n 8 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 8
n 12 n nk k a b a bˆ ‰ È

T
# �% # % %

#

  n 282.8, so let n 283Ê � œ

 (b) M 0 (see Exercise 5):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

16. (a) M 6 (see Exercise 6):  Then x   E (6) 10   n 4 10   n 4 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 4
n 12 n nk k a b a bˆ ‰ È

T
# �% # % %

#

 200, so let n 201œ œ

 (b) M 0 (see Exercise 6):  Then n 2 (n must be even)  x   E (1) (0) 0 10œ œ Ê œ " Ê œ œ �? k kS
2

180
% �%

17. (a) M 6 (see Exercise 7):  Then x   E (6) 10   n 10   n 10œ œ Ê Ÿ œ � Ê � Ê �?
1 1 1 1
n 12 n 2nk k a b a bˆ ‰ ÉT

# �% # %" "
# #

%
#

  n 70.7, so let n 71Ê � œ

 (b) M 120 (see Exercise 7):  Then x   E (120) 10   n 10œ œ Ê œ œ � Ê �?
" " % �% % %
n 180 n 3

1 2 2
3nk k a bˆ ‰S %

  n  10  n 9.04, so let n 10 (n must be even)Ê � Ê � œÉ a b4 2
3

%

18. (a) M 6 (see Exercise 8):  Then x   E (6) 10   n 4 10   n 4 10œ œ Ê Ÿ œ � Ê � Ê �?
2 2 2 4
n 12 n nk k a b a bˆ ‰ È

T
# �% # % %

#

  n 200, so let n 201Ê � œ

 (b) M 120 (see Exercise 8):  Then x   E (120) 10   n 10œ œ Ê Ÿ œ � Ê �?
2 2 2 64 64
n 180 n 33nk k a bˆ ‰S

% �% % %
%

  n  10  n 21.5, so let n 22 (n must be even)Ê � Ê � œÉ a b4 64
3

%
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19. (a) f(x) x 1  f (x) (x 1)   f (x) (x 1)   M .œ � Ê œ � Ê œ � � œ � Ê œ œÈ w �"Î ww � Î" "

�2 4 4
2 3 2 1 1 1

4 x 1 4 1ˆ ‰È Š ‹È3 3

 Then x   E 10   n 10   n 10   n 75,? œ Ê Ÿ œ � Ê � Ê � Ê �3 3 3 1 9 9 9
n 12 n 4 16n 16 16

2 4 2 4 4k k a b a bˆ ‰ ˆ ‰ ÉT 2
�

 so let n 76œ

 (b) f (x) (x 1)   f (x) (x 1)   M .  Then xÐ$Ñ �&Î# Ð%Ñ �(Î#

�
œ � Ê œ � � œ � Ê œ œ œ3 15 15 15 15 3

8 16 16 n16 x 1 16 1ˆ ‰È Š ‹È( ( ?

  E 10   n   n   n 10.6, so letÊ Ÿ œ � Ê � Ê � Ê �k k ˆ ‰ ˆ ‰ ÉS
3 3 15

180 n 16 16(180) 16(180)
3 (15)

16(180)n
3 (15) 10 3 (15) 10% �% %

5 5 5

%

% % %ˆ ‰ a b

 n 12 (n must be even)œ

20. (a) f(x)   f (x) (x 1)   f (x) (x 1)   M .œ Ê œ � � Ê œ � œ Ê œ œ" "
�

w �$Î# w �&Î#
#

w

�È ˆ ‰È Š ‹Èx 1
3 3 3 3
4 44 x 1 4 1

& &

 Then x E 10 n n   n 129.9, so let n 130? œ Ê Ÿ œ � Ê � Ê � Ê � œ3 3 3 3 3
n 12 n 4 48n 48 48

3 10 3 10k k ˆ ‰ ˆ ‰ ÉT
# �% #%

#

% % % %ˆ ‰ a b

 (b) f (x) (x 1)   f (x) (x 1)   M .  Then xÐ$Ñ �(Î# Ð%Ñ �*Î#

�
œ � � Ê œ � œ Ê œ œ œ15 105 105 105 105 3

8 16 16 n16 x 1 16 1ˆ ‰È Š ‹È* * ?

  E 10   n   n   n 17.25, soÊ Ÿ œ � Ê � Ê � Ê �k k ˆ ‰ ˆ ‰ ÉS
3 3 105

180 n 16 16(180) 16(180)
3 (105)

16(180)n
3 (105) 10 3 (105) 10% �% %

&

%

& % % & %ˆ ‰ a b

 let n 18 (n must be even)œ

21. (a) f(x) sin (x 1)  f (x) cos (x 1)  f (x) sin (x 1)  M 1.  Then x   E (1)œ � Ê œ � Ê œ � � Ê œ œ Ê Ÿw ww #
?

2 2 2
n 12 nk k ˆ ‰T

 10   n   n   n 81.6, so let n 82œ � Ê � Ê � Ê � œ8
12n 12 1

8 10 8 10
#

% %�% #
#

ˆ ‰ a bÉ
 (b) f (x) cos (x 1)  f (x) sin (x 1)  M 1.  Then x   E (1) 10Ð$Ñ Ð%Ñ �%%

œ � � Ê œ � Ê œ œ Ê Ÿ œ �?
2 2 2 32
n 180 n 180nk k ˆ ‰S %

  n   n   n 6.49, so let n 8 (n must be even)Ê � Ê � Ê � œ% 32 10
180 180

32 10ˆ ‰ a b% % %É
22. (a) f(x) cos (x )  f (x) sin (x )  f (x) cos (x )  M 1.  Then xœ � Ê œ � � Ê œ � � Ê œ œ1 1 1 ?

w ww 2
n

  E (1) 10   n   n   n 81.6, so let n 82Ê Ÿ œ � Ê � Ê � Ê � œk k ˆ ‰ ÉT
2 2 8

12 n 12n 12 1
8 10 8 10# �% #

##

% %ˆ ‰ a b

 (b) f (x) sin (x )  f (x) cos (x )  M 1.  Then x   E (1) 10Ð$Ñ Ð%Ñ �%%
œ � Ê œ � Ê œ œ Ê Ÿ œ �1 1 ?

2 2 2 32
n 180 n 180nk k ˆ ‰S %

  n   n   n 6.49, so let n 8 (n must be even)Ê � Ê � Ê � œ% 32 10
180 180

32 10ˆ ‰ a b% % %É
23. 6.0 2 8.2 2 9.1 2 12.7 13.0 30 15,990 ft .5

2
3a ba ba b a b a b� � Þ Þ Þ � � œ

24. Use the conversion 30 mph 44 fps (ft perœ

 sec) since time is measured in seconds.  The
 distance traveled as the car accelerates from,
 say, 40 mph 58.67 fps to 50 mph 73.33 fpsœ œ

 in (4.5 3.2) 1.3 sec is the area of the� œ

 trapezoid (see figure) associated with that time

 interval:  (58.67 73.33)(1.3) 85.8 ft.  The"
# � œ

 total distance traveled by the Ford Mustang
 Cobra is the sum of all these eleven trapezoids

 (using  and the table below):?t
#

 

  v (mph)    0     30     40      50      60        70         80        90      100     110    120 130
v (fps) 0 44 58.67 73.33 88 102.67 117.33 132 146.67 161.33 176 190.67
t (sec) 0 2.2 3.2 4.5 5.9 7.8 10.2 12.7 16 20.6 26.2 37.1

t/2 0 1.1 0.5 0.65 0.7 0.95 1.2 1.25 1.65 2.3 2.8 5.45?
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508 Chapter 8 Techniques of Integration

 s (44)(1.1) (102.67)(0.5) (132)(0.65) (161.33)(0.7) (190.67)(0.95) (220)(1.2) (249.33)(1.25)œ � � � � � �

 (278.67)(1.65) (308)(2.3) (337.33)(2.8) (366.67)(5.45) 5166.346 ft 0.9785 mi� � � � œ ¸

25. Using Simpson's Rule, x 1  ;? œ Ê œ?x
3 3

"

  my 33.6  Cross Section Area (33.6)!
i œ Ê ¸ "

3

 11.2 ft . Let x be the length of the tank.  Then theœ #

 Volume V (Cross Sectional Area) x 11.2x.œ œ

 Now 5000 lb of gasoline at 42 lb/ft$

  V 119.05 ftÊ œ œ5000
42

$

  119.05 11.2x  x 10.63 ftÊ œ Ê ¸

     x          y          m        my   
 x  0 1.5 1 1.5
 x 1 1.6 4 6.4
 x 2 1.8 2 3.6
 x 3 1.9 4 7.6
 x 4 2.0 2 4.0
 x 5 2.1 4 8.4
 x 6 2.1 1 2.1

i i i   

5

!

"

#

$

%

'

26. 4.2 L0.019 2 0.020 2 0.021 2 0.031 0.03524
2 c da b a b a b� � � Þ Þ Þ � � œ

27. (a) E x M; n 4 x ; f 1  M 1  E (1) 0.00021k k a b k k¸ ¸ ˆ ‰S SŸ œ Ê œ œ Ÿ Ê œ Ê Ÿ ¸b a
180 4 8 180 8

0 0� % Ð%Ñ� � %
? ?

1 1

# #1 1
ˆ ‰

 (b) x   ;? œ Ê œ1 ? 1

8 3 4
x

#

  mf(x ) 10.47208705!
i œ

  S (10.47208705) 1.37079Ê œ ¸1

#4

 x f(x ) m mf(x )
x 0 1 1 1
x /8 0.974495358 4 3.897981432
x /4 0.900316316 2 1.800632632
x 3 /8 0.784213303 4 3.136853212
x /2 0.636619772 1 0.63

i i i1

!

"

#

$

%

1

1

1

1 6619772

 (c) 100 0.015%¸ ‚ ¸ˆ ‰0.00021
1.37079

28. (a) x 0.1 erf 1 y 4y 2y 4y 4y y? œ œ œ Ê œ � � � � Þ Þ Þ � �b a 1 0 2 0.1
n 10 33 0 1 2 3 9 10
� � a b a bˆ ‰È

 e 4e 2e 4e 4e e 0.8432
30

0 0.01 0.04 0.09 0.81 1È1
a b� � � � Þ Þ Þ � � ¸� � � � �

 (b) E 0.1 12 6.7 10k k a b a bS Ÿ ¸ ‚1 0
180

4 6� �

29. T y 2y 2y 2y 2y y  where x  and f is continuous on [a, b]. Soœ � � � � Þ Þ Þ � � œ?x b a
2 n0 1 2 3 n 1 na b�

�
?

 T .œ œ � � Þ Þ Þ �b a b a
n 2 n 2 2 2

y y y y y y y y f x f x f x f x f x f x� �� � � � � Þ Þ Þ � � � � � �a b a b a b a b a b a b a b0 1 1 2 2 n 1 n 1 n 0 1 1 2 n 1 n� � �Š ‹
 Since f is continuous on each interval [x , x ], and  is always between f x  and f x , there is a point c  k 1 k k 1 k k

f x f x
� �

�
#

a b a bk 1 k� a b a b in

 [x , x ] with f c ; this is a consequence of the Intermediate Value Theorem. Thus our sum isk 1 k k
f x f x

�
�
#a b œ a b a bk 1 k�

  f c  which has the form  x f c  with x  for all k. This is a Riemann Sum for f on [a, b].! !ˆ ‰ a b a b
k 1 k 1

n n
b a b a

n nk k k k
œ œ

� �
? ? œ

30. S y 4y 2y 4y 2y 4y y  where n is even,  x  and f is continuous on [a, b]. Soœ � � � � Þ Þ Þ � � � œ?x b a
3 n0 1 2 3 n 2 n 1 na b� �

�
?

 S œ � � � Þ Þ Þ �b a
n 3 3 3 3

y 4y y y 4y y y 4y y y 4y y� � � � � � � � �ˆ ‰0 1 2 2 3 4 4 5 6 n 2 n 1 n� �

 œ � � � Þ Þ Þ �b a f x 4f x f x f x 4f x f x f x 4f x f x f x 4f x f x
6 6 6 6

� � � � � � � � �
n
2

0 1 2 2 3 4 4 5 6 n 2 n 1 nŠ ‹a b a b a b a b a b a b a b a b a b a b a b a b
� �

  is the average of the six values of the continuous function on the interval [x , x ], so it is bf x 4f x f x
6 2k 2k 2

a b a b a b2k 2k 1 2k 2� �
�

� � etween

 the minimum and maximum of f on this interval. By the Extreme Value Theorem for continuous functions, f takes on its
 maximum and minimum in this interval, so there are x  and x  with x x , x x  anda b 2k a b 2k 2Ÿ Ÿ �

 f x f x . By the Intermediate Value Theorem, there is c  in [x , x ]  witha b a ba b k 2k 2k 2
f x 4f x f x

6Ÿ Ÿa b a b a b2k 2k 1 2k 2� �
�

� �

 f c . So our sum has the form  x f c  with x  a Riemann sum for f on [a, b].a b a b!k k k k
f x 4f x f x

6 n/2
k 1

n/2
b aœ œ ßa b a b a b a b2k 2k 1 2k 2� �

œ

�� �
? ?
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31. (a) a 1, e   Length 4 1  cos t dtœ œ Ê œ �" "
#

#'
0

21Î É 4

 2 4 cos t dt f(t) dt; use theœ � œ' '
0 0

2 21 1Î ÎÈ #

 Trapezoid  Rule with n 10  tœ Ê œ œ?
b a

n 10
0� �ˆ ‰1

#

 .  4 cos t dt  mf(x ) 37.3686183œ � ¸ œ1

#
#

0
'

0

2 10

n 0
n

1Î

œ

È !
  T (37.3686183) (37.3686183)Ê œ œ? 1t

40#

 2.934924419  Length 2(2.934924419)œ Ê œ

 5.870¸

 (b) f (t) 1  M 1k kww � Ê œ

  E t M 1 0.0032Ê Ÿ Ÿ Ÿk k a b ˆ ‰T
b a

1 1 0
0�

# # #
# � #

?
ˆ ‰1
# 1

     x           f(x )        m          mf(x )  
 x  0 1.732050808 1 1.732050808
 x /20 1.739100843 2 3.478201686
 x /10 1.759400893 2 3.

i i i

!

"

#

1

1 518801786
 x 3 /20 1.790560631 2 3.581121262
 x /5 1.82906848 1 3.658136959
 x /4 1.870828693 1 3.741657387
 x 3 /10 1.911676881 2 3.823353762

$

%

'

1

1

1

1

5

 x 7 /20 1.947791731 2 3.895583461
 x 2 /5 1.975982919 2 3.951965839
 x 9 /20 1.993872679 2 3.987745357
 x /2 2 1 2

(

)

*

"!

1

1

1

1

32. x ;  mf(x ) 29.184807792? œ œ Ê œ œ1 1 ? 1� 0 x
8 8 3 24

!
i

 S 29.18480779 3.82028Ê œ ¸1

24 a b
     x        f(x )        m       mf(x )  

 x  0 1.414213562 1 1.414213562
 x /8 1.361452677 4 5.445810706
 x /4 1.224744871 2 2.44948974

i i i

!

"

#

1

1 3
 x 3 /8 1.070722471 4 4.282889883
 x /2 1 2 2
 x 5 /8 1.070722471 4 4.282889883
 x 3 /4 1.224744871 2 2.449489743
 x 7 /8 1.361452677 4 5.4458107

$

%

'

(

1

1

1

1

1

5

06
 x 1.414213562 1 1.414213562) 1

33. The length of the curve y sin x  from 0 to 20 is:  L  1  dx;  cos x   œ œ � œ Êˆ ‰ ˆ ‰Ê Š ‹ Š ‹3 3 3
0 dx dx 0 0 dx

dy dy dy1 1 1

# # #

# #'
0

20

  cos x   L 1  cos x  dx. Using numerical integration we find L 21.07 inœ Ê œ � ¸9 3 9 3
400 0 400 0
1 1 1 1
# ##

# #
#ˆ ‰ ˆ ‰É'

0

20

34. First, we'll find the length of the cosine curve:  L 1  dx;  sinœ � œ �'
�25

25 Ê Š ‹ ˆ ‰dy dy
dx dx 50 50

25 x
#

1 1

   sin   L  1  sin  dx.  Using a numerical integrator we findÊ œ Ê œ �Š ‹ ˆ ‰ ˆ ‰Édy
dx 4 50 4 50

x x
#

# #1 1 1 1
# #'

�25

25

 L 73.1848 ft.  Surface area is:  A length width (73.1848)(300) 21,955.44 ft.¸ œ ¸ œ†

 Cost 1.75A (1.75)(21,955.44) $38,422.02.  Answers may vary slightly, depending on the numericalœ œ œ

 integration used.

35. y sin x  cos x  cos x  S 2 (sin x) 1 cos x dx; a numerical integration givesœ Ê œ Ê œ Ê œ �dy dy
dx dxŠ ‹ È#

# #'
0

1

1

 S 14.4¸

36. y       S 2 1  dx; a numerical integration gives S 5.28œ Ê œ Ê œ Ê œ � ¸x x x x x
4 dx dx 4 4 4

dy dy# # # #

#

#Š ‹ Š ‹É'
0

2

1

37. A calculator or computer numerical integrator yields sin 0.6 0.643501109.�" ¸

38. A calculator or computer numerical integrator yields 3.1415929.1 ¸

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.Uploaded By: osaid zyoudSTUDENTS-HUB.com



510 Chapter 8 Techniques of Integration

8.7  IMPROPER INTEGRALS

 1.  lim   lim  tan x  lim  tan b tan 0 0' '
0 0

b b

0

_

dx dx
x   1 x   1# #� � # #

�" �" �"œ œ œ � œ � œ
b b bÄ _ Ä _ Ä _

c d a b 1 1

 2.  lim   lim  1000x  lim  1000 1000' '
1 1

b
0 001 b

_

� Þ

"

dx dx 1000
x x b1 001 1 001 0 001Þ Þ Þ

œ œ � œ � œ
b b bÄ _ Ä _ Ä _

c d ˆ ‰�

 3.  lim   x  dx  lim  2x  lim  2 2 b 2 0 2' '
0 b

1 1
1 2

b
dx

xÈ œ œ œ � œ � œ
b b 0 b 0Ä ! Ä Ä

� � �

Î "�"Î# c d Š ‹È

 4.  lim   4 x dx  lim  2 4 b 2 4 0 4 4' '
0 0

4 b
dx
4  xÈ �

�"Î#œ � œ � � � � œ � œ
b 4 b 4Ä Ä

� �

a b ’ “È Š ‹È

 5.      lim  3x  lim  3x' ' '
� �

�
� �1 1 0

1 0 1 b

1 c
dx dx dx

x x x#Î$ #Î$ #Î$œ � œ �
b cÄ ! Ä !

� ‘ � ‘"Î$ "Î$ "

  lim  3b 3( 1)  lim  3(1) 3c (0 3) (3 0) 6œ � � � � œ � � � œ
b cÄ ! Ä !

� �

� ‘ � ‘"Î$ "Î$ "Î$ "Î$

 6.  lim  x  lim  x' ' '
� � � �) �8 8 0

1 0 1 b

c
dx dx dx 3 3

x x x"Î$ "Î$ "Î$œ � œ �
b cÄ ! Ä !

� ‘ � ‘
# #

#Î$ #Î$ "

  lim  b ( 8)  lim  (1) c 0 (4) 0œ � � � � œ � � � œ �
b cÄ ! Ä !

� �

� ‘ � ‘ � ‘ ˆ ‰3 3 3 3 3 3 9
# # # # # # #

#Î$ #Î$ #Î$ #Î$

 7.  lim  sin x  lim  sin b sin 0 0'
0

1 b

0
dx

1  xÈ �

�" �" �"
# ##

œ œ � œ � œ
b 1 b 1Ä Ä

� �

c d a b 1 1

 8.  lim  1000r  lim  1000 1000b 1000 0 1000'
0

1
0 001 0 0011

b
dr

r0 999Þ

œ œ � œ � œ
b bÄ ! Ä !

� �

Þ Þc d a b
 9.   lim  ln x 1  lim  ln x 1  lim  ln ' ' '

�_ �_ �_

� � �
� � �#

2 2 2
2 2

b b b

2 dx dx dx x  1
x   1 x  1 x  1 x  1# � � � �

�œ � œ � � � œ
b b bÄ �_ Ä �_ Ä �_

c d c dk k k k � ‘¸ ¸
  lim  ln ln ln 3 ln  lim   ln 3 ln 1 ln 3œ � œ � œ � œ

b bÄ �_ Ä �_

ˆ ‰¸ ¸ ¸ ¸ Š ‹� � � "
� � �

3 b  1 b  
1 b  1 b  1

10.  lim  tan   lim  tan 1 tan'
�_

2 2

b
2 dx x b 3

x   4 2 4 4# � # #
�" �" �"œ œ � œ � � œ

b bÄ �_ Ä �_

� ‘ ˆ ‰ ˆ ‰1 1 1

11.   lim  2 ln  lim  2 ln 2 ln 2 ln (1) 2 ln 0 2 ln 2 ln 4'
2

b_

#

2 dv v  b  2  
v   v v b# � # #

� " � " � " "œ œ � œ � œ � œ
b bÄ _ Ä _

� ‘ ˆ ‰ ˆ ‰¸ ¸ ¸ ¸ ¸ ¸
12.   lim  ln  lim  ln ln ln (1) ln 0 ln 3 ln 3'

2

b_

#

2 dt t  b  2  
t   1 t  1 b  1   1 3# � � � # �

� " � " � " "œ œ � œ � œ � œ
b bÄ _ Ä _

� ‘ ˆ ‰ ˆ ‰¸ ¸ ¸ ¸ ¸ ¸

13.  ;    lim   lim  
u x 1
du 2x dx

' ' ' ' '
�_ �_ _

_ _ _

2x dx 2x dx 2x dx du du
x   1 x   1 x   1 u u u ua b a b a b# # ## # # # #� � �

#
" "œ � Ä � œ � � �

œ �
œ

0 1

0 1

1 c

b 1” • � ‘ � ‘
b cÄ _ Ä _

  lim  1  lim  ( 1) ( 1 0) (0 1) 0œ � � � � � � œ � � � � œ
b cÄ _ Ä _

ˆ ‰ � ‘" "
b c

14.   ;     
u x 4
du 2x dx

' ' ' ' '
�_ �_ _

_ _ _

x dx x dx x dx du du
x   4 x   4 x   4 2u 2ua b a b a b# # #$Î# $Î# $Î# $Î# $Î#� � �

#

œ � Ä �
œ �
œ

0 4

0 4” •
  lim   lim   lim   lim  0 0 0œ � � � œ � � � � � œ � � � � œ

b bc cÄ _ Ä _Ä _ Ä _
’ “ ’ “ Š ‹ Š ‹ ˆ ‰ ˆ ‰" " " " " " " "

# # # #È È È Èu u cb

%

%b

c
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15.  d ;    lim   lim  u  lim  3 b 3 0
u 2

du 2( ) d
' ' '

0 0 b

1 3 3 3

b
)

) )

  du du
  2 2 u 2 u
� "

�

#

È È È#
)

) )

) )
” • � ‘È Š ‹È ÈÈœ �

œ � "
Ä œ œ œ � œ �

b b bÄ ! Ä ! Ä !
� � �

 3œ È
16.  ds   ;    lim  

u 4 s
du 2s ds

' ' ' ' '
0 0 0 4 0

2 2 2 0 c
s  2s ds ds du ds
4  s 4  s 4  s 4  su
� " " "

� � � �# #

#

È È È È È# # # #
œ � Ä � �

œ �
œ �” •

c 2Ä
�

  lim  lim   lim  u  lim  sin  œ � œ �
b bc 2 c 2Ä ! Ä !Ä Ä� �� �

' '
b 0

4 c 4

b

cdu ds s
2 u 4  sÈ È �

�"
# !#

� ‘ � ‘È
  lim  2 b  lim  sin  sin 0 (2 0) 0œ � � � œ � � � œ

b c 2Ä ! Ä� �
Š ‹È ˆ ‰ ˆ ‰�" �"

# # #
�c 4  1 1

17. ;     lim   lim  2 tan u
u x

du
' ' '

0 0 0

b b

0

_ _

dx 2 du 2 du
(1  x) x dx

2 x
u   1 u   1� � �

�"È È– —È c dœ

œ
Ä œ œ# #

b bÄ _ Ä _

  lim  2 tan b 2 tan 0 2 2(0)œ � œ � œ
b Ä _

a b ˆ ‰�" �"
#
1

1

18.   lim   lim  ' ' ' ' '
1 1 2 b 2

2 2 c_ _

�

dx dx dx dx dx
x x   1 x x   1 x x   1 x x   1 x x   1È È È È È# # # # #� � � � �

œ � œ �
b 1 cÄ Ä _

  lim  sec  x  lim  sec  x  lim  sec 2 sec b  lim  sec c sec 2œ � œ � � �
b 1 b 1c cÄ ÄÄ _ Ä _� �

c d c d a b a bk k k k�" �" �" �" �" �"2 c

b 2

 0œ � � � œˆ ‰ ˆ ‰1 1 1 1

3 3# #

19.  lim  ln 1 tan v  lim  ln 1 tan b ln 1 tan 0'
0

b

0

_

dv
1  v 1  tan va b a b� �

�" �" �"
# �" œ � œ � � �

b bÄ _ Ä _
c d c d k kk k k k

 ln 1 ln (1 0) ln 1œ � � � œ �ˆ ‰ ˆ ‰1 1

# #

20.  dx  lim  8 tan x  lim  8 tan b 8 tan 0 8 8(0) 2'
0

b

0

_

16 tan x
1  x

�"

#� #
�" �" �" ## # # #

œ œ � œ � œ
b bÄ _ Ä _

’ “ ’ “a b a b a b ˆ ‰1 1

21. e  d  lim  e e 0 e e  lim  be e 1  lim  '
�_

0 0

b
b b

) ) )
) ) )œ � œ � � � œ � �

b b bÄ �_ Ä �_ Ä �_

� ‘ ˆ ‰a b c d†

! ! � "b  
e�b

 1  lim       (l'Hopital's rule for  form)^œ � �
b Ä �_

ˆ ‰" _
� _e�b

 1 0 1œ � � œ �

22. 2e  sin  d  lim  2e  sin  d' '
0 0

b_

� �) )
) ) ) )œ

b Ä _

  lim  2  ( sin cos )      (FORMULA 107 with a 1, b 1)œ � � œ � œ
b Ä _

’ “e
1  1

�)

� ) )
b

0

  lim   0 1œ � œ � œ
b Ä _

� � � �2(sin b  cos b) 2(sin 0  cos 0) 2(0  1)
2e 2e 2b !

23. e  dx e  dx  lim   e  lim  1 e (1 0) 1' '
�_ �_

�

0 0
x x x b

b
k k œ œ œ � œ � œ

b bÄ �_ Ä �_
c d a b!

24. 2xe  dx 2xe  dx 2xe  dx  lim  e  lim  e' ' '
�_ �_

_ _

� � � � �x x x x x
0

0

0 c

b 0

# # # # #

œ � œ � � �
b cÄ �_ Ä _

c d c d
  lim  1 e  lim  e ( 1) ( 1 0) (0 1) 0œ � � � � � � � œ � � � � œ

b cÄ �_ Ä _
c d c da b� �b c# #

25. x ln x dx  lim   ln x  ln 1  lim   ln b  lim   0'
0

1 1

b
œ � œ � � � œ � � �

b b bÄ ! Ä ! Ä !
� � �
’ “ Š ‹ˆ ‰x x b b ln b

4 4 4 4

# # # #

#

# # #
" " "

Š ‹2
b

  lim    lim  0œ � � œ � � œ � � œ �" " " "

�4 4 4 4 4
b

b bÄ ! Ä !
� �

Š ‹
Š ‹

"

$

b

4
b

Š ‹#
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26. ( ln x) dx  lim  x x ln x 1 1 ln 1  lim  b b ln b 1 0  lim   1  lim   '
0

1

b� œ � œ � � � œ � � œ �
b b b bÄ ! Ä ! Ä ! Ä !

� � � �
c d c d c d"

�

ln b

Š ‹ Š ‹
Š ‹

" "

"

#b

b

b

 1  lim  b 1 0 1œ � œ � œ
b Ä !

�

27.  lim  sin   lim  sin  sin 0 0'
0

2 b

0
ds s b

4  sÈ �

�" �" �"
# # # ##

œ œ � œ � œ
b 2 b 2Ä Ä

� �

� ‘ ˆ ‰ 1 1

28.  lim  2 sin r  lim  2 sin b 2 sin 0 2 0'
0

1 b

0
4r dr
1  rÈ �

�" # �" # �"
#%

œ œ � œ � œ
b 1 b 1Ä Ä

� �

c d c da b a b †

1
1

29.  lim  sec s sec 2  lim  sec b 0'
1

2

b
ds

s s   1 3 3È # �

�" �" �"œ œ � œ � œ
b 1 b 1Ä Ä

� �

#c d 1 1

30.  lim   sec   lim   sec   sec 0'
2

4

b
dt t 4 b

t t   4 3 6È # �

" " " " "
# # # # # # # #

�" �" �"œ œ � œ � œ
b 2 b 2Ä Ä

� �

%� ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰ 1 1
†

31.  lim   lim   lim  2 x  lim  2 x' ' '
� � �1 1 c

4 b 4 b 4

1 c
dx dx dx

x x xÈ È Èk k œ � œ � � �
b bc cÄ ! Ä !Ä ! Ä !

� �� ��

� ‘ � ‘È È
  lim  2 b 2 ( 1) 2 4  lim  2 c 0 2 2 2 0 6œ � � � � � � � � œ � � � œ

b cÄ ! Ä !
� �
Š ‹È ˆ ‰È È È

†

32.  lim  2 1 x  lim  2 x 1' ' '
0 0 1

2 1 2 b

c

dx dx dx
x  1 1  x x  1È È Èk k� � �

œ � œ � � � �
b 1 c 1Ä Ä

�

!
�

#’ “ ’ “È È
  lim  2 1 b 2 1 0 2 2 1  lim  2 c 1 0 2 2 0 4œ � � � � � � � � � œ � � � œ

b 1 c 1Ä Ä
� �
Š ‹ Š ‹ Š ‹È È ÈÈ

33.   lim  ln  lim  ln ln 0 ln ln 2'
�

_

�1

b

1

d   2 b  2   2
  5   6   3 b  3 1  3

) )

) ) )# � � � � � � #
� � �" � "œ œ � œ � œ

b bÄ _ Ä _

� ‘ � ‘ ¸ ¸ ˆ ‰¸ ¸ ¸ ¸

34.  lim   ln x 1  ln x 1  tan x  lim   ln  tan x'
0

b

0

b

0

_

dx x  1
(x  1) x   1 4 x   1� � # # # #

" " " " � "# �" �"
�a b È# #

œ � � � � œ �
b bÄ _ Ä _

� ‘k k a b ’ “Š ‹
  lim   ln  tan b  ln  tan 0  ln 1  ln 1 0œ � � � œ � � � œ

b Ä _
’ “ ’ “Š ‹" � " " " " " " " " "
# # # # # # # # #�

�" �"b  
b   1 1 4È È#

† †

1 1

35. tan  d  lim  ln cos  lim  ln cos b ln 1  lim  ln cos b , the integral diverges'
0

2

2 2 2

b
0

1

1 1 1

Î

� � �
) ) )œ � œ � � œ � œ �_

b b bÄ Ä Ä
c d c d c dk k k k k k

36. cot  d  lim  ln sin ln 1  lim  ln sin b  lim  ln sin b , the integral diverges'
0

2

b

1

1

Î

� � �

Î#
) ) )œ œ � œ � œ �_

b 0 b 0 b 0Ä Ä Ä

c d c d c dk k k k k k
37. ; x    .  Since 0  for all 0 x  and  converges, then' ' ' '

0 0 0

01 1 1

1

sin  d sin x dx sin x dx sin x dx
  x x x x x
) )

1 )È È È È È È�

"c d1 ) 1� œ Ä � œ Ÿ Ÿ Ÿ Ÿ

   dx converges by the Direct Comparison Test.'
0

1

sin x
xÈ

38.  ;    .  Since 0
x 2

d

' ' '
� Î

Î

1 1

1 1

2 2 0

2 0 2
cos  d

( 2 ) 2x x 2x 2
x

dx

cos  dx sin  dx sin ) )

1 )

1

� ## #

#

� "
"Î$ "Î$ "Î$ "Î$

Ô ×
Õ Ø

œ �
œ �

œ �

Ä œ Ÿ Ÿ

1 )

)

)

ˆ ‰ ˆ ‰1

# # # #
�

x x x

x"Î$  for all 0 x 2  andŸ Ÿ 1

    converges, then  converges by the Direct Comparison Test.' '
0 0

2 21 1

dx
2x x

sin  dx
"Î$ "Î$

x
#

#

39. x e  dx; y   e  dy  lim  e  lim  e e' ' '
0 1 ln 2

ln 2 1 ln 2
1 x y y b 1 ln 2b

1 ln 2
�# "

�
� Î � � � � Î

_ Î

Î _

Î
� ‘ c d c d c dx y

y e  dyœ Ä œ œ � œ � � �
# �

#

y

b bÄ _ Ä _

 0 e e , so the integral converges.œ � œ� Î � Î1 ln 2 1 ln 2
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40.  dx; y x   2 e  dy 2 , so the integral converges.' '
0 0

1 1
ye 2

x e

�

Èx

È � ‘Èœ Ä œ ��

41. .  Since for 0 t , 0  and  converges, then the original integral converges as well by' '
0 0

1 1

dt dt
t sin t t sin t t tÈ È È È� �

" "Ÿ Ÿ Ÿ Ÿ1

 the Direct Comparison Test.

42. ; let f(t)  and g(t) , then  lim    lim    lim    lim   '
0

1
dt t 3t 6t

t sin t t sin t t g(t) t sin t 1 cos t sin t
f(t)

� � � �
" "œ œ œ œ œ$

$ #

t 0 t 0 t 0 t 0Ä Ä Ä Ä

  lim   6.  Now,   lim   lim  , which diverges   divergesœ œ œ � œ � � � œ �_ Ê
t 0 b bÄ Ä ! Ä !

6 dt dt
cos t t t b t sin t

' '
0 0

1 11

b$ # #
� �

� ‘ � ‘" " "
# # # �

 by the Limit Comparison Test.

43.  and   lim   ln  lim   ln 0 , which' ' ' '
0 0 1 0

2 1 2 1 b

0
dx dx dx dx 1 x b

1 x 1 x 1 x 1 x 1 x 1 b� � � � # � # �
" � " "�

# # # #œ � œ œ � œ _
b 1 b 1Ä Ä

� �

� ‘ � ‘¸ ¸ ¸ ¸
 diverges   diverges as well.Ê '

0

2
dx

1 x� #

44.   and  lim  ln (1 x)  lim  ln (1 b) 0 , which diverges' ' ' '
0 0 1 0

2 1 2 1
b
0

dx dx dx dx
1 x 1 x 1 x 1 x� � � �œ � œ � � œ � � � œ _

b 1 b 1Ä Ä
� �

c d c d
    diverges as well.Ê '

0

2
dx

1 x�

45. ln x  dx ln ( x) dx ln x dx; ln x dx  lim  x ln x x [1 0 1]  lim  [b ln b b]' ' ' '
� �

� �1 1 0 0

1 0 1 1
1
bk k c dœ � � œ � œ � � �

b bÄ ! Ä !

†

 1 0 1; ln ( x) dx 1  ln x  dx 2 converges.œ � � œ � � œ � Ê œ �' '
� �1 1

0 1 k k
46. x ln x   dx x ln ( x)  dx ( x ln x) dx  lim   ln x  lim   ln x' ' '

� �

� �1 1 0

1 0 1 1 1

b c
a b c dk k ’ “ ’ “� œ � � � � œ � � �

b cÄ ! Ä !

x x x x
4 4

# # # #

# #

  ln 1  lim   ln b  ln 1 -  lim   ln c 0 0 0  the integralœ � � � � � � � œ � � � � œ Ê� ‘ � ‘’ “ ’ “" " " " " "
# # # #4 4 4 4 4 4

b b c c

b cÄ ! Ä !
� �

# # # #

 converges (see Exercise 25 for the limit calculations).

47.  ; 0  for 1 x  and  converges   converges by the Direct Comparison Test.' ' '
1 1 1

_ _ _

dx dx dx
1 x x 1 x x 1 x� � �

" "
$ $ $ $ $Ÿ Ÿ Ÿ � _ Ê

48. ;  lim    lim    lim   1 and  lim  2 x ,' '
4 4

b

4

_ _

dx dx
x 1 x 1 x

x

1 1 0È È È
Š ‹
Š ‹

È
� �

" "
� �x x x bÄ _ Ä _ Ä _ Ä _

1
x 1

x x

È

È È

�

" "œ œ œ œ œ œ _� ‘È
 which diverges   diverges by the Limit Comparison Test.Ê '

4

_

dx
x 1È �

49. ;  lim    lim    lim   1 and   lim  2 v ,' '
2 2

b_ _

#

dv dv
v 1 v 1 1 0

v

1 vÈ È È È
Š ‹
Š ‹

È
É� � �

" "

�v v v bÄ _ Ä _ Ä _ Ä _

1
v 1

v

È

È

�

"
œ œ œ œ œ œ _

"

v

� ‘È
 which diverges  diverges by the Limit Comparison Test.Ê '

2

_

dv
v 1È �

50. ; 0  for 0  and  lim  e  lim  e 1 1  converges' ' '
0 0 0

b
0

b
_ _ _

� �d d d
1 e 1 e e e e

) ) )

� �
" "

) ) ) ) )Ÿ Ÿ Ÿ � _ œ � œ � � œ Ê)
b bÄ _ Ä _

c d a b)

  converges by the Direct Comparison Test.Ê '
0

_

d
1 e

)

� )

51.  and  lim  ' ' ' ' ' '
0 0 1 0 1 1

1 1 b

1

_ _ _ _

dx dx dx dx dx dx
x 1 x 1 x 1 x 1 x x 2xÈ È È È' ' ' ' $ $ #

� � � �

"œ � � � œ �
b Ä _

� ‘
  lim     converges by the Direct Comparison Test.œ � � œ Ê

b Ä _

ˆ ‰" " "
# # # �b

dx
x 1# '

'
0

_

È

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.Uploaded By: osaid zyoudSTUDENTS-HUB.com



514 Chapter 8 Techniques of Integration

52. ;  lim    lim    lim   1;  dx  lim  ln b ,' '
2 2

b
2

_ _

dx x
x 1 x 1 1 xÈ È

Š ‹
Š ‹ É# #� �

" "

�x x x bÄ _ Ä _ Ä _ Ä _

"

# �

" "

#

Èx 1

x x

œ œ œ œ œ _c d
 which diverges   diverges by the Limit Comparison Test.Ê '

2

_

dx
x 1È # �

53.  dx;  lim    lim    lim   1;  dx' ' '
1 1 1

_ _ _È È ÈŒ �
Œ � È É

x 1
x x

x x

x 1 1

dx
x

�

�
"

�
# # $Î#x x xÄ _ Ä _ Ä _

È

È

x

x

x 1
x x

#

�

#

"
œ œ œ œ

  lim  2x  lim  2 2  dx converges by the Limit Comparison Test.œ � œ � œ Ê
b bÄ _ Ä _

� ‘ Š ‹�"Î# � �b

1 1

2
b

x 1
xÈ

È' _

#

54. ;  lim    lim    lim   1;  lim  ln x ,' ' '
2 2 2

b
2

_ _ _

x dx x dx dx
x 1 x 1 x

x

1 xÈ È È
Š ‹
Š ‹

È
É% % %

%

� �

"

�x x x bÄ _ Ä _ Ä _ Ä _

x

x 1
x

x x

È

È

% �

%

"

%

œ œ œ œ œ œ _c d
 which diverges   diverges by the Limit Comparison Test.Ê '

2

_

x dx
x 1È % �

55.   dx; 0  for x  and  lim  ln x , which diverges' '
1 1

1

_ _

2 cos x 2 cos x dx
x x x x

� " �� Ÿ   œ œ _1
b Ä _

c d b

  dx diverges by the Direct Comparison Test.Ê '
1

_

2 cos x
x

�

56.  dx; 0  for x  and   dx  lim   lim  ' '
1 1 1

_ _

1 sin x sin x 2 2 2 2 2 2
x x x x x b

� "�
# # # #Ÿ Ÿ   œ � œ � � œ1

b bÄ _ Ä _

� ‘ ˆ ‰b

1 1

   converges   dx converges by the Direct Comparison Test.Ê Ê' '
1 1

_ _

2 dx 1 sin x
x x# #

�

57. ;  lim   1 and  lim  4t  lim  2 2   converges' ' '
4 4 4

b

4

_ _ _

2 dt t 2 dt 4 2 dt
t 1 t 1 t tb$Î# $Î# $Î# $Î#

$Î#

� �
�"Î# �

t b bÄ _ Ä _ Ä _
œ œ � œ � œ Ê� ‘ Š ‹È

  converges by the Limit Comparison Test.Ê '
4

_

2 dt
t 1$Î# �

58. ; 0  for x 2 and  diverges  diverges by the Direct Comparison Test.' ' '
2 2 2

_ _ _

dx dx dx
ln x x ln x x ln x� � � Ê" "

59.  dx; 0  for x 1 and  diverges   diverges by the Direct Comparison Test.' ' '
1 1 1

_ _ _

e e dx e  dx
x x x x x

x x x

� � � Ê"

60. ln (ln x) dx; x e   (ln y) e  dy; 0 ln y (ln y) e  for y e and ln y dy  lim  y ln y y ,' ' '
e e e

y y y b
ee

_ _ _c d c dœ Ä � �   œ � œ _
b Ä _

 which diverges ln e  dy diverges  ln (ln x) dx diverges by the Direct Comparison Test.Ê Ê' '
e e

y
_ _

e

61. ;  lim    lim    lim   1; e  dx' ' '
1 1 1

x 2
_ _ _

� Îdx dx
e x e x

e

1 1 0È È È È
Š ‹
Š ‹

È
Éx x

x

� �
" "

� �x x xÄ _ Ä _ Ä _

"

�

"

È

È

e x

e
x
e

x

x x
xœ œ œ œ œ

e

  lim  2e  2e 2e   e  dx converges   convergesœ � � � œ Ê Ê
b

 lim
bÄ _

œ
Ä _

c d a b� Î � Î � Î � Î
"

_ _
x 2 b 2 1 2 x 2b

1 1

2 dx
e e xÈ È' '

x �

 by the Limit Comparison Test.

62. ;  lim    lim    lim   1 and  lim  e' '
1 1

x b
1

_ _

�dx e dx
e 2 e 2 1 0 e1

x xx x� � �
" "

�x x x bÄ _ Ä _ Ä _ Ä _

ˆ ‰
ˆ ‰

"

�

"

e 2

e
2
e

x x

x
œ œ œ œ œ �

x

x x Š ‹ c d
  lim  e e    converges    converges by the Limit Comparison Test.œ � � œ Ê Ê

b Ä _
a b�

_ _

b

1 1

�" "
�e e e 2

dx dx' '
x x x

63. 2  ;   and' ' ' ' ' ' '
�_

_ _ _ _ _

dx dx dx dx dx dx dx
x 1 x 1 x 1 x 1 x 1 x 1 xÈ È È È È È% % % % % % #

� � � � � �
œ œ � � �

0 0 0 1 0 1

1 1

  lim   lim  1 1   converges by the Direct Comparison Test.' '
1

b

1

_ _

�_

dx dx
x x b x 1# %

œ � œ � � œ Ê
b bÄ _ Ä _

� ‘ ˆ ‰" "

�È
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64. 2  ; 0  for x 0;   converges  2  converges by the' ' ' '
�_

_ _ _ _

dx dx dx dx
e e e e e e e e e ex x x x xx x x x� � � �

" "
� � � �

œ � � � Ê
0 0 0

x

 Direct Comparison Test.

65. (a) ; t ln x   lim  t  lim   (ln 2)' '
1 0

2 ln 2
1 p 1 p

ln 2

b

dx dt b
x(ln x) t p 1 p 1 1 pp p

1 pc d ’ “œ Ä œ œ �
b bÄ ! Ä !

� �

� �" "
� � � �

�

  the integral converges for p 1 and diverges for p 1Ê �  

 (b)  ; t ln x    and this integral is essentially the same as in Exercise 65(a):  it converges' '
2 ln 2

_ _

dx dt
x(ln x) tp pc dœ Ä

 for p 1 and diverges for p 1� Ÿ

66.   lim  ln x 1  lim  ln b 1 0  lim  ln b 1   the integral    dx' '
0

b

0

_ _

�_

2x dx 2x
x 1 x 1# #� �

# # #œ � œ � � œ � œ _ Ê
b b bÄ _ Ä _ Ä _

c d c d a ba b a b
 diverges.  But  lim   lim  ln x 1  lim  ln b 1 ln b 1  lim  ln

b b b bÄ _ Ä _ Ä _ Ä _

'
�_

�

b b

b
2x dx b
x 1 b 1# #

#

� �
# # # �"œ � œ � � � œc d c da b a b a b Š ‹

  lim  (ln 1) 0œ œ
b Ä _

67. A e  dx  lim  e  lim  e eœ œ � œ � � �'
0

x x b 0b
0

_

� � � �

b bÄ _ Ä _
c d a b a b

 0 1 1œ � œ

 

68. x  xe  dx  lim  xe e  lim  be e 0 e e 0 1 1;œ œ � � œ � � � � � œ � œ"
A
'

0

x x x b b 0 0b
0

_

� � � � � � �

b bÄ _ Ä _
c d a b a b†

 y  e  dx  e  dx  lim   e  lim   e e 0œ œ œ � œ � � � œ � œ" " " " " " " " " "#
# # # # # # #2A 4 4

' '
0 0

x 2x 2x 2b 2 0b

0

_ _

� � � � �a b � ‘ ˆ ‰ ˆ ‰
b bÄ _ Ä _

†

69. V 2 xe  dx 2  xe  dx 2   lim  xe e 2  lim  be e 1 2œ œ œ � � œ � � � œ' '
0 0

x x x x b bb
0

_ _

� � � � � �

1 1 1 1 1
b bÄ _ Ä _

c d a b’ “
70. V e  dx  e  dx   lim  e   lim  eœ œ œ � œ � � œ' '

0 0

x 2x 2x 2bb

0

_ _

� � � �

1 1 1 1a b � ‘ ˆ ‰# " " "
# # # #b bÄ _ Ä _

1

71. A (sec x tan x) dx  lim  ln sec x tan x ln sec x  lim  ln 1 ln 1 0œ � œ � � œ � � �'
0

2

2 2

b
0

1

1 1

Î

� �b bÄ Ä
c d k kk k k k ˆ ‰¸ ¸tan b

sec b

  lim  ln 1 sin b ln 2œ � œ
b Ä

1

2
�

k k

72. (a) V  sec x dx  tan x dx  sec x tan x  dx sec x sec x 1  dxœ � œ � œ � �' ' ' '
0 0 0 0

2 2 2 21 1 1 1Î Î Î Î

1 1 1 1
# # # # # #a b c da b

  dxœ œ1 '
0

21Î
1
#

#

 (b) S 2  sec x 1 sec x tan x dx 2  sec x(sec x tan x) dx   lim  tan xouter 0 0

2 2

2

b

0œ �   œ' '1 1

1

Î Î

�
1 1 1È c d# # #

b Ä

  lim  tan b 0   lim  tan b   S  diverges; S 2  tan x 1 sec x dxœ � œ œ _ Ê œ �1 1 1” •c d a b È
b bÄ Ä

1 1

1

2 2
outer inner 0

2

� �

Î
# # %'

 2  tan x sec x dx   lim  tan x  lim  tan b 0   lim  tan b  œ œ � œ œ _'
0

2

2 2 2

b

0

1

1 1 1

Î

� � �
1 1 1 1

# # # #

b b bÄ Ä Ä
c d c d a b” •

  S  divergesÊ inner
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73. (a) e  dx  lim  e  lim  e e 0 e e'
3

3x 3x 3b 3 3 9 9b

3

_

� � � � � �œ � œ � � � œ � œ
b bÄ _ Ä _

� ‘ ˆ ‰ ˆ ‰" " " " "
3 3 3 3 3

†

†

 0.0000411 0.000042.  Since e e  for x 3, then e  dx 0.000042 and therefore¸ � Ÿ � �� � �

_

x 3x x

3

# #'

 e  dx can be replaced by e  dx without introducing an error greater than 0.000042.' '
0 0

3_

� �x x# #

 (b) e  dx = 0.88621'
0

3
�x# µ

74. (a) V  dx   lim   lim  (0 1)œ œ � œ � � � œ � œ'
1

b

1

_

1 1 1 1 1ˆ ‰ � ‘ ˆ ‰ ˆ ‰’ “" " " "#

x x b 1b bÄ _ Ä _

 (b) When you take the limit to , you are no longer modeling the real world which is finite.  The comparison_

 step in the modeling process discussed in Section 4.2 relating the mathematical world to the real world fails to hold.

75. (a) 

 (b) > int((sin(t))/t, t=0..infinity);  answer is ˆ ‰1
#

 

76. (a)  (b) > f:= 2*exp( t^2)/sqrt(Pi);�

 > int(f, t=0..infinity);  (answer is 1)

77. (a) f x ea b œ 1
2

x /2È 1

� 2

 f is increasing on ( , 0]. f is decreasing on [0, ).�_ _

 f has a local maximum at 0, f 0a ba b Š ‹œ !ß 1
2È 1
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 (b) Maple commands:
 >f: exp( x^2/2)(sqrt(2*pi);œ �

 >int(f, x 1..1);  0.683œ � ¸

 >int(f, x 2..2);  0.954œ � ¸

 >int(f, x 3..3);  0.997œ � ¸

 (c) Part (b) suggests that as n increases, the integral approaches 1. We can take f(x) dx as close to 1 as we want by'
�n

n

 choosing n 1 large enough. Also, we can make f(x) dx and f(x) dx as small as we want by choosing n large� ' '
n

n_ �

�_

 enough. This is because 0 f x e  for x 1. (Likewise, 0 f x e  for x 1.)� � � � � � �a b a b�x/2 x/2

 Thus, f(x) dx e dx.' '
n n

_ _

� �x/2

 e dx e dx 2e2e 2e 2e' '
n n

_

� � �

Ä_ Ä_ Ä_

� � �x/2 x/2 n/2
c c c

c
x/2 c/2 n/2c

nœ œ œ œ� � �lim lim limc d c d
 As n , 2e 0, for large enough n, f(x) dx is as small as we want. Likewise for large enough n,Ä _ Ä�n/2 '

n

_

 f(x) dx is as small as we want.'
�_

�n

78. (a) The statement is true since f(x) dx f(x) dx f(x) dx, f(x) dx f(x) dx f(x) dx' ' ' ' ' '
�_ �_

_ _b a b b

a b a a
œ � œ �

 and f(x) dx exists since f(x) is integrable on every interval [a b].'
a

b

ß

 (b) f(x) dx f(x) dx f(x) dx f(x) dx f(x) dx f(x) dx' ' ' ' ' '
�_ �_

_ _a a b b

a a a a
� œ � � �

 f(x) dx f(x) dx f(x) dx f(x) dx f(x) dxœ � � œ �' ' ' ' '
�_ �_

_ _b a b

b a b

79. Example CAS commands:
 :Maple
 f := (x,p) -> x^p*ln(x);
 domain := 0..exp(1);
 fn_list := [seq( f(x,p), p=-2..2 )];
 plot( fn_list, x=domain, y=-50..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0],
           legend=["p= -2","p = -1","p = 0","p = 1","p = 2"], title="#79 (Section 8.7)" );
 q1 := Int( f(x,p), x=domain );
 q2 := value( q1 );
 q3 := simplify( q2 ) assuming p>-1;
 q4 := simplify( q2 ) assuming p<-1;
 q5 := value( eval( q1, p=-1 ) );
 i1 := q1 = piecewise( p<-1, q4, p=-1, q5, p>-1, q3 );

80. Example CAS commands:
 :Maple
 f := (x,p) -> x^p*ln(x);
 domain := exp(1)..infinity;
 fn_list := [seq( f(x,p), p=-2..2 )];
 plot( fn_list, x=exp(1)..10, y=0..100, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0],
           legend=["p = -2","p = -1","p = 0","p = 1","p = 2"], title="#80 (Section 8.7)" );
 q6 := Int( f(x,p), x=domain );
 q7 := value( q6 );
 q8 := simplify( q7 ) assuming p>-1;
 q9 := simplify( q7 ) assuming p<-1;
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 q10 := value( eval( q6, p=-1 ) );
 i2 := q6 = piecewise( p<-1, q9, p=-1, q10, p>-1, q8 );

81. Example CAS commands:
 :Maple
 f := (x,p) -> x^p*ln(x);
 domain := 0..infinity;
 fn_list := [seq( f(x,p), p=-2..2 )];
 plot( fn_list, x=0..10, y=-50..50, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0],
           legend=["p = -2","p = -1","p = 0","p = 1","p = 2"], title="#81 (Section 8.7)" );
 q11 := Int( f(x,p), x=domain ):
 q11 = lhs(i1+i2);
 `` = rhs(i1+i2);
 `` = piecewise( p<-1, q4+q9, p=-1, q5+q10, p>-1, q3+q8 );
 `` = piecewise( p<-1, -infinity, p=-1, undefined, p>-1, infinity );

82. Example CAS commands:
 :Maple
 f := (x,p) -> x^p*ln(abs(x));
 domain := -infinity..infinity;
 fn_list := [seq( f(x,p), p=-2..2 )];
 plot( fn_list, x=-4..4, y=-20..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9],
           legend=["p = -2","p = -1","p = 0","p = 1","p = 2"], title="#82 (Section 8.7)" );
 q12 := Int( f(x,p), x=domain );
 q12p := Int( f(x,p), x=0..infinity );
 q12n := Int( f(x,p), x=-infinity..0 );
 q12 = q12p + q12n;
 `` = simplify( q12p+q12n );

79-82. Example CAS commands:
 : (functions and domains may vary)Mathematica
 Clear[x, f, p]
 f[x_]:= x  Log[Abs[x]]p

 int = Integrate[f[x], {x, e, 100)]
 int /. p  2.5Ä

 In order to plot the function, a value for p must be selected.
 p = 3;
 Plot[f[x], {x, 2.72, 10}]

CHAPTER 8 PRACTICE EXERCISES

 1. u ln (x 1), du ; dv dx, v x;œ � œ œ œdx
x 1�

 ln (x 1) dx x ln (x 1)  dx x ln (x 1) dx x ln (x 1) x ln (x 1) C' ' ' '� œ � � œ � � � œ � � � � �x dx
x 1 x 1� � "

 (x 1) ln (x 1) x C (x 1) ln (x 1) (x 1) C, where C C 1œ � � � � œ � � � � � œ �" "

2. u ln x, du ; dv x  dx, v x ;œ œ œ œdx
x 3

# $"

 x  ln x dx x  ln x x  dx  ln x C' '# $ $" " "œ � œ � �3 3 x 3 9
x xˆ ‰ $ $
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 3. u tan 3x, du ; dv dx, v x;œ œ œ œ�"
�
3 dx

1 9x#

 tan 3x dx x tan 3x ;   x tan 3x
y 1 9x
dy 18x dx

' ' '�" �" �"
�

#
"œ � Ä �

œ �
œ

3x dx
1 9x 6 y

dy
# ” •

 x tan (3x)  ln 1 9x Cœ � � ��" #"
6 a b

 4. u cos , du ; dv dx, v x;œ œ œ œ�"
#

�

�
ˆ ‰x dx

4 xÈ #

 cos  dx x cos ;   x cos
y 4 x

dy 2x dx
' ' '�" �" �"

# # # #�

#
"ˆ ‰ ˆ ‰ ˆ ‰” •x x x dx x

4 x

dy
yœ � Ä �

œ �
œ �È È#

 x cos 4 x C x cos 2 1 Cœ � � � œ � � ��" �"
# # #

# #ˆ ‰ ˆ ‰ ˆ ‰È Éx x x

 5.  ex

 (x 1) e� ïïïïî
Ð�Ñ

# x

 2(x 1)  e� ïïïïî
Ð�Ñ

x

 2            eïïïïî
Ð�Ñ

x

 0  (x 1) e  dx (x 1) 2(x 1) 2 e CÊ � œ � � � � �' # #x xc d
 6.  sin (1 x)�

 x cos (1 x)# ïïïïî �
Ð�Ñ

 2x  sin (1 x)ïïïïî � �
Ð�Ñ

 2  cos (1 x)ïïïïî � �
Ð�Ñ

 0  x  sin (1 x) dx x  cos (1 x) 2x sin (1 x) 2 cos (1 x) CÊ � œ � � � � � �' # #

 7. u cos 2x, du 2 sin 2x dx; dv e  dx, v e ;œ œ � œ œx x

 I e  cos 2x dx e  cos 2x 2 e  sin 2x dx;œ œ �' 'x x x

 u sin 2x, du 2 cos 2x dx; dv e  dx, v e ;œ œ œ œx x

 I e  cos 2x 2 e  sin 2x 2 e  cos 2x dx e  cos 2x 2e  sin 2x 4I  I Cœ � � œ � � Ê œ � �x x x x x’ “' e  cos 2x 2e  sin 2x
5 5

x x

 8. u sin 3x, du 3 cos 3x dx; dv e  dx, v e ;œ œ œ œ �� �2x 2x"
#

 I e  sin 3x dx e  sin 3x e  cos 3x dx;œ œ � �' '� � �2x 2x 2x"
#

3
2

 u cos 3x, du 3 sin 3x dx; dv e  dx, v e ;œ œ � œ œ �� �2x 2x"
#

 I e  sin 3x e  cos 3x e  sin 3x dx e  sin 3x e  cos 3x Iœ � � � � œ � � �" " "
# # # # #

� � � � �2x 2x 2x 2x 2x3 3 3 9
4 4’ “'

  I e  sin 3x e  cos 3x C e  sin 3x e  cos 3x CÊ œ � � � œ � � �4 3 2 3
13 4 13 13
ˆ ‰"

#
� � � �2x 2x 2x 2x

 9. 2 ln x 2 ln x 1 C' ' 'x dx 2 dx dx
x 3x 2 x 2 x 1# � � � �œ � œ � � � �k k k k

10.  ln x 3  ln x 1 C' ' 'x dx 3 dx dx 3
x 4x 3 x 3 x 1# � � # � # � # #

" "œ � œ � � � �k k k k
11.  dx ln x ln x 1 C' 'dx 1 1

x(x 1) x x 1 (x 1) x 1� � � �
" � "

# #œ � � œ � � � �Š ‹ k k k k
12.  dx  dx 2 ln C 2 ln x 2 ln x 1 C' 'x 1 2 2 x

x (x 1) x 1 x x x x x
� " �" " "
� �# #œ � � œ � � œ � � � � �ˆ ‰ ¸ ¸ k k k k
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13. ; cos y     ln C' ' ' 'sin  d
cos cos 2 y y 2 3 y 1 3 y 3 y 1

dy dy dy y 2) )

) )# #� � � � � �# �
" " " �c d ¹ ¹) œ Ä � œ � � œ �

  ln C  ln Cœ � œ � �" � " �
� �3 cos 1 3 cos 2

cos 2 cos 1¸ ¸ ¸ ¸) )

) )

14. ; sin x     ln C' ' ' 'cos  d dx dx dx sin 2
sin sin 6 x x 6 5 x 2 5 x 3 5 sin 3

) ) )

) ) )# #� � � � � � �
" " " �c d ¸ ¸) œ Ä œ � œ �

15.  dx   dx  dx 4 ln x  ln x 1 4 tan x C' ' '3x 4x 4 4 x 4
x x x x 1

#

$ #

� � � "
� � #

# �"œ � œ � � � �k k a b
16. 2 tan C' '4x dx 4 dx x

x 4x x 4$ #� � #
�"œ œ �ˆ ‰

17.  dv  ln v  ln v 2  ln v 2 C' '(v 3) dv
2v 8v 4v 8(v 2) 8(v ) 8 16 16

3 5 3 5�
� # � �#

" " "
$ œ � � � œ � � � � � �Š ‹ k k k k k k

  ln Cœ �" � �
16 v

(v 2) (v 2)¹ ¹&

'

18.  ln C' ' ' '(3v 7) dv ( 2) dv (v 2)(v 3)
(v 1)(v 2)(v 3) v 1 v 2 v 3 (v 1)

dv dv� � � �
� � � � � � �œ � � œ �¹ ¹#

19.  tan t  tan C  tan t  tan  C' ' 'dt dt dt t t
t 4t 3 t 1 t 3 63 3 3

3
% # # #� �

" " " " "
# � # � # #

�" �" �" �"
#

œ � œ � � œ � �È È È
ÈŠ ‹

20.  ln t 2  ln t 1 C' ' 't dt t dt t dt
t t 2 3 t 2 3 t 1 6 6% # # #� �

" " " "
� �

# #œ � œ � � � �k k a b
21.  dx x  dx x dx  ln x 2  ln x 1 C' ' ' ' 'x x 2x 2 dx 4 dx x 4 2

x x 2 x x 2 3 x 1 3 x 2 3 3

$ # #

# #

�
� � � � � � #œ � œ � � œ � � � � �ˆ ‰ k k k k

22.  dx 1  dx 1  dx dx x ln x 1 ln x C' ' ' ' ' 'x 1 x dx dx
x x x x x(x 1) x 1 x

$

$ $

� �" "
� � � �œ � œ � œ � � œ � � � �ˆ ‰ ’ “ k k k k

23.  dx x  dx x dx  ln x 3  ln x 1 C' ' ' ' 'x 4x 3x 3 dx 9 dx x 9 3
x 4x 3 x 4x 3 x 1 x 3

$ # #

# #

�
� � � � # � # � # # #œ � œ � � œ � � � � �ˆ ‰ k k k k

24.   dx (2x 3)  dx (2x 3) dx' ' ' ' '2x x 21x 24 x dx 2 dx
x 2x 8 x 2x 8 3 x 3 x 4

$ #

# #

� � � "
� � � � �# �œ � � œ � � �� ‘

 x 3x  ln x 4  ln x 2 Cœ � � � � � �# "2
3 3k k k k

25. ;    ln u 1  ln u 1 C
u x 1
du

dx 2u du

' ' ' 'dx 2 u du du du
x 3 x 1

dx
2 x 1 3 u 1 u 3 u 1 3 u 1 3 3ˆ ‰È È a b� � � � �

" " " "
Ô ×Ö Ù
Õ Ø

È
k k k kœ �

œ

œ

Ä œ � œ � � � �#

  ln Cœ �" � �"

� �3
x 1
x 1 1

¹ ¹È
È

26. ;  3 3 ln C 3 ln C
u x

du

dx 3u  du

' ' 'dx 3u  du du u
x 1 x 1 x

dx
3x u (1  u) u(1  u) u  1

x
ˆ ‰È È

È
� �

#
� � �3 3

3

3
Ô ×Ö Ù
Õ Ø

È ¸ ¸ ¹ ¹œ

œ

œ

Ä œ œ � œ �
#Î$

#

$

27. ;   ln C ln C ln 1 e C
u e 1
du e  ds
ds

' ' ' 'ds du du du u e   
e   1 u(u  1) u 1 u u  1 e

s

s

du
u  1

s s

s

� � � �

�

� "
Ô ×
Õ Ø ¸ ¸ ¸ ¸ k kœ �

œ

œ
Ä œ � � œ � œ � œ � ��s
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28. ;   2 ln 

u e 1
du

ds

' ' ' ' 'ds 2u du du du du u  
e   1

s

e  ds
2 e 1

2u du
u   1

u u   1 (u  1)(u  1) u  1 u  1 u  1È È a bs

s

� �

�

� � � � � �
� "

Ô ×Ö Ù
Õ Ø

È
¸ ¸œ �

œ

œ

Ä œ œ � œs

#

# � C

 ln Cœ �¹ ¹È
Èe   1  

e   1  1

s

s

� � "

� �

29. (a) 16 y C' 'y dy
16  y 16  y

d 16  yÈ Èa b
� �

"
#

� #
# #

#

œ � œ � � �È
 (b) ; y 4 sin x   4 4 cos x C C 16 y C' 'y dy

16  y
sin x cos x dx

cos x 4
4 16  yÈ
È

�

� #
#

#c d Èœ Ä œ � � œ � � œ � � �

30. (a) 4 x C' 'x dx
4  x 4  x

d 4  xÈ Èa b
� �

"
#

� #
# #

#

œ œ � �È
 (b) ; x 2 tan y   2 sec y tan y dy 2 sec y C 4 x C' ' 'x dx

4  x
2 tan y 2 sec y dy

2 sec yÈ �
#

#

#c d Èœ Ä œ œ � œ � �†

31. (a)  ln 4 x C' 'x dx
4  x 4  x

d 4  x
� # � #

" "� #
# #

#

œ � œ � � �a b k k
 (b) ; x 2 sin   tan  d ln cos C ln C' ' 'x dx 2 sin 2 cos  d

4  x 4 cos 2
4  x

�
�

# #

#c d k k Š ‹œ Ä œ œ � � œ � �) ) ) )
) ) )

)

†

È

  ln 4 x Cœ � � �"
#

#k k
32. (a) 4t 1 C' 't dt

4t   1 4t   18 4
d 4t   1È Èa b

# #

#

� �

" "� #œ œ � �È
 (b) ; t  sec   sec  d C C' ' 't dt tan 

4t   1

 sec  tan  sec  d
tan 4 4 4

4t   1È
È

#

" "

# #
#

�

" "
#

# �� ‘œ Ä œ œ � œ �) ) )
) ) ) )

)

)†

33. ;    ln u C ln C ln C
u 9 x

du 2x dx
' 'x dx du

9  x u u 9  x� # #

#
" " " "

�
#

#” • k kœ �
œ �

Ä � œ � � œ � œ �È È

34.  ln x  ln 3 x  ln 3 x C' ' ' 'dx dx dx dx
x 9  x 9 x 18 3  x 18 3  x 9 18 18a b� � �

" " " " " "
# œ � � œ � � � � �k k k k k k

  ln x  ln 9 x Cœ � � �" " #
9 18k k k k

35.  ln 3 x  ln 3 x C  ln C' ' 'dx dx dx x  3
9  x 6 3  x 6 3 x 6 6 6 x  3� � � �

" " " " " �
# œ � œ � � � � � œ �k k k k ¸ ¸

36. ;    d d C sin  C
x 3 sin 

dx 3 cos  d
' 'dx 3 cos x

9  x 3 cos 3È �

�"
# ” • 'œ

œ
Ä œ œ � œ �

)

) )
) ) )

)

)

37. sin x cos x dx cos x 1 cos x sin x dx cos x sin x dx cos x sin x dx C' ' ' '3 4 4 2 4 6 cos x cos x
5 7œ � œ � œ � � �a b 5 7

38. cos x sin x dx sin x cos x cos x dx sin x 1 sin x cos x dx' ' '5 5 5 4 5 2 2
œ œ �a b

 sin x cos x dx 2 sin x cos x dx sin x cos x dx Cœ � � œ � � �' ' '5 7 9 sin x 2sin x sin x
6 8 10

6 8 10

39. tan x sec x dx C' 4 2 tan x
5œ �

5

40. tan x sec x dx sec x 1  sec x sec x tan x dx sec x sec x tan x dx sec x sec x tan x dx' ' ' '3 3 2 2 4 2œ � † † œ † † � † †a b
 Cœ � �sec x sec x

5 3

5 3
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41. sin 5  cos 6  d sin sin 11 d sin d sin 11 d cos cos 11 C' ' ' ') ) ) ) ) ) ) ) ) ) ) )œ � � œ � � œ � � �" " " " "
# # # # ##a b a b a b a ba b a b

 cos cos 11 Cœ � �" "
# ##) )

42. cos 3  cos 3  d cos 0 cos 6 d d cos 6 d sin 6 C' ' ' ') ) ) ) ) ) ) ) ) )œ � œ � œ � �" " " "
# # # #a b 1

12

43. 1 cos  dt 2  dt 4 2 Ccos sin ' 'É ˆ ‰ ¸ ¸ ¸ ¸È È� œ œ �t t t
2 4 4

44. e tan e 1 dt  e  dt ln Csec e sec e tan e' 't t2 t t t tÈ k k k k� œ œ ��

45. E ( x) M where x ; f(x) x   f (x) x   f (x) 2x   f'''(x) 6xk ks Ÿ ˜ ˜ œ œ œ œ Ê œ � Ê œ Ê œ �3  3  2
180 n n x
� " � " "% �" w �# ww �$ �%

  f (x) 24x  which is decreasing on [1 3]  maximum of f (x) on [1 3] is f (1) 24  M 24.  ThenÊ œ ß Ê ß œ Ê œÐ%Ñ �& Ð%Ñ Ð%Ñ

 E 0.0001  (24) 0.0001  0.0001  (0.0001)   n 10,000k k ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰s Ÿ Ê Ÿ Ê Ÿ Ê Ÿ Ê  3  2 768 180 768
180 n 180 768 180n n
� " " "% %

% %

  n 14.37  n 16 (n must be even)Ê   Ê  

46. E ( x) M where x ; 0 f (x) 8  M 8.  Then E 10   (8) 10k k k k ˆ ‰T TŸ ˜ ˜ œ œ Ÿ Ÿ Ê œ Ÿ Ê Ÿ1  0 1  0
12 n n 12 n
� � " " "# ww �$ �$#

  10   1000  n   n 25.82  n 26Ê Ÿ Ê   Ê   Ê   Ê  2 3n 2000
3n 3#

#�$ #
#

47. x   ;˜ œ œ œ Ê œb  a   0 x
n 6 6 1
� � ˜

# #
1 1 1

  mf(x ) 12  T (12) ;! ˆ ‰
i 0

6

i
œ

œ Ê œ œ1

12 1

            x         f(x )       m      mf(x )  
x 0 0 1 0
x /6 1/2 2 1
x /3 3/2 2 3
x /2 2 2 4
x 2 /3 3/2 2 3
x 5 /6 1/2 2 1
x 0 1 0

i i i

!

"

#

$

%

&

'

1

1

1

1

1

1

  mf(x ) 18 and  !
i 0

6

i
œ

œ œ Ê˜x
3 18

1

 S (18) .œ œˆ ‰1

18 1

            x         f(x )       m      mf(x )  
x 0 0 1 0
x /6 1/2 4 2
x /3 3/2 2 3
x /2 2 4 8
x 2 /3 3/2 2 3
x 5 /6 1/2 4 2
x 0 1 0

i i i

!

"

#

$

%

&

'

1

1

1

1

1

1

48. f (x) 3 M 3; x .  Hence E 10 (3) 10 10 n¸ ¸ ˆ ‰ ˆ ‰k kÐ%Ñ �& �& �& %�" " �" " "%
Ÿ Ê œ ˜ œ œ Ÿ Ê Ÿ Ê Ÿ Ê  2 2 10

n n 180 n 6060ns %

&

 n 6.38 n 8 (n must be even)Ê   Ê  

49. y  37 sin (x 101) 25  dx 37  cos (x 101) 25xav 0

365

œ � � œ � � �" "
�

$'&

!365 0 365 365 2 365
2 365 2' � ‘ � ‘ˆ ‰ ˆ ‰ˆ ‰1 1

1

 37  cos (365 101) 25(365) 37  cos (0 101) 25(0)œ � � � � � � �"
365 2 365 2 365

365 2 365 2� ‘ˆ ‰ ˆ ‰ˆ ‰ � ‘ ˆ ‰ � ‘
1 1

1 1

  cos (264) 25  cos ( 101) cos (264) cos ( 101) 25œ � � � � œ � � � �37 2 37 2 37 2 2
2 365 2 365 2 365 3651 1 1

1 1 1 1ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ ˆ ‰
 (0.16705 0.16705) 25 25° F¸ � � � œ37

#1

50. av(C )  8.27 10 26T 1.87T  dT 8.27T T Tv 20

675

œ � � œ � �" " "
�

�& # # $ '(&

#!675 20 655 10 10
3 0.62333' c da b � ‘
& &

 [(5582.25 59.23125 1917.03194) (165.4 0.052 0.04987)] 5.434;¸ � � � � � ¸"
655

 8.27 10 26T 1.87T 5.434  1.87T 26T 283,600 0  T 396.45° C� � œ Ê � � œ Ê ¸ ¸�& # # � �

#a b 26 676 4(1.87)(283,600)
(1.87)

È
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51. (a) Each interval is 5 min  hour.œ 1
12

 2.42 gal2.5 2 2.4 2 2.3 2 2.4 2.31 29
24 12c da b a b a b� � � Þ Þ Þ � � œ ¸

 (b) 60 mph  hours/gal 24.83 mi/gala bˆ ‰12
29 ¸

52. Using the Simpson's rule, x 15 5;˜ œ Ê œ˜x
3

  mf(x ) 1211.8 Area 1211.8 5 6059 ft ;! a ba bi œ Ê ¸ œ 2

 The cost is Area $2.10/ft 6059 ft $2.10/ft† ¸a b a ba b2 2 2

 $12,723.90 the job cannot be done for $11,000.œ Ê

     x           f(x )        m       mf(x )  
 x  0 0 1 0
 x 15 36 4 144
 x 30 54 2 108
 x 45 51 4 204
 x 60 49.5 2 99
 x 75 54 4 216
 x 90 64.4 2 128.8
 x

i i i

!

"

#

$

%

'

(

5

105 67.5 4 270
 x 120 42 1 42)

53.  lim   lim  sin  lim  sin sin 0' '
0 0

3 b b

0
dx dx x b 0

9 x 9 x 3 3 3È È� �

�" �" �"
# ## #

œ œ œ � œ � œ
b 3 b 3 b 3Ä Ä Ä

� � �

� ‘ ˆ ‰ ˆ ‰ˆ ‰ 1 1

54. ln x dx  lim  x ln x x (1 ln 1 1)  lim  b ln b b 1  lim   1  lim   '
0

1
1
bœ � œ � � � œ � � œ � �

b b b bÄ ! Ä ! Ä ! Ä !
� � � �
c d c d†

ln b

Š ‹ Š ‹
Š ‹

" "

"

#b

b

b
�

 1 0 1œ � � œ �

55. 2 2 3  lim  y 6 1  lim  b 6' ' ' '
� �

� �1 1 0 0

1 0 1 1 1

b

dy dy dy dy
y y y y#Î$ #Î$ #Î$ #Î$œ � œ œ œ � œ†

b bÄ ! Ä !

� ‘ Š ‹"Î$ "Î$

56.   converges if each integral converges, but' ' ' '
� � �

_ � _

2 2 1 2

1 2
d d d d

( 1) ( 1) ( 1) ( 1)
) ) ) )

) ) ) )� � � �$Î& $Î& $Î& $Î&œ � �

  lim   1 and  diverges   diverges
) Ä _

) ) )

) ) )

$Î&

$Î& $Î& $Î&( 1) ( 1)
d d

� �
œ Ê' '

2 2

_ _

�

57.     lim  ln  lim  ln ln 0 ln ln 3' ' '
3 3 3

b

3

_ _ _

2 du du du u 2 b 2 3 2
u 2u u 2 u u b 3 3# � �

� � � "œ � œ œ � œ � œ
b bÄ _ Ä _

� ‘ � ‘ ¸ ¸ ˆ ‰¸ ¸ ¸ ¸
58.   dv  dv  lim  ln v ln (4v 1)' '

1 1

b

1

_ _

3v 1 4
4v v v v 4v 1 v

� " " "
� �$ # #œ � � œ � � �ˆ ‰ � ‘

b Ä _

  lim  ln (ln 1 1 ln 3) ln 1 ln 3 1 ln œ � � � � œ � � œ �
b Ä _

� ‘ˆ ‰b 3
4b 1 b 4 4�

" "

59. x e  dx  lim  x e 2xe 2e  lim  b e 2be 2e ( 2) 0 2 2'
0

x x x x b b bb

0

_

� � � � � � �# # #œ � � � œ � � � � � œ � œ
b bÄ _ Ä _

c d a b
60. xe  dx  lim  e e  lim  e e 0'

�_

0
3x 3x 3x 3b 3b0

b
œ � œ � � � œ � � œ �

b bÄ �_ Ä �_

� ‘ ˆ ‰x b
3 9 9 3 9 9 9

" " " " "

61. 2    lim   tan   lim   tan  tan (0)' ' '
�_

_ _ _

dx dx dx 2 2x 2 2b
4x 9 4x 9 3 3 3 3 3x# # #� � # # #

" " " "
�

�" �" �"œ œ œ œ �
0 0

b

09
4 b bÄ _ Ä _

� ‘ � ‘ˆ ‰ ˆ ‰
 0œ � œ"

# #
ˆ ‰2

3 6†

1 1

62. 2 2  lim  tan 2  lim  tan tan (0) 2 0' '
�_

_ _

4 dx 4 dx x b
x 16 x 16 4 4# #� � #

�" �" �"œ œ œ � œ � œ
0

b

0b bÄ _ Ä _

� ‘ � ‘ ˆ ‰ˆ ‰ ˆ ‰Š ‹ 1
1

63.  lim   1 and  diverges  diverges
) Ä _

) ) )

) ))È È# #� �1 1
d dœ Ê' '

6 6

_ _
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64. I e  cos u du  lim  e  cos u e  sin u du 1  lim  e  sin u e  cos u duœ œ � � œ � �' ' '
0 0 0

u u u u ub b
0 0

_ _ _

� � � � �

b bÄ _ Ä _
c d c d a b

  I 1 0 I  2I 1  I  convergesÊ œ � � Ê œ Ê œ "
#

65.  dz  dz  dz  lim  0  lim  ' ' '
1 1 e

e e b

1 e

_ _

ln z ln z ln z 1
z z z 2 2 2

(ln z) (ln z) (ln b)œ � œ � œ � � � œ _’ “ ’ “ Š ‹ ’ “# # ##

b bÄ _ Ä _
# #

"

  divergesÊ

66. 0 e  for t 1 and e  dt converges    dt converges� Ÿ   Êe e
t t

� �t t

È È� �

_ _

t t

1 1
' '

67.  2   converges   converges' ' ' '
�_ �_

_ _ _ _

2 dx 2 dx 4 dx 2 dx
e e e e e e ex x x xx x x� � �� � �

œ � Ê
0 0

68.    ;' ' ' ' '
�_ �_ �

_ � _

dx dx dx dx dx
x 1 e x 1 e x 1 e x 1 e x 1 e# # # # #a b a b a b a b a b� � � � �x x x x xœ � � �

1 0 1

1 0 1

  lim    lim    lim  1 e 2 and  diverges   diverges
x 0 x 0 x 0Ä Ä Ä

Š ‹
’ “

a b a b
"

#
#

# # #

x

x
"

# �x 1 ea b

œ œ � œ Êx 1 e
x  x x 1 e

dx dx�
�

x

xa bx

0 0

1 1' '

   divergesÊ '
�_

_

dx
x 1 e# a b� x

69. ;   2u 2u 2  du u u 2u 2 ln 1 u C
u x

du
' ' 'x dx u 2u du 2 2

1 x dx
x

1 u 1 u 3�
#

� �
# $ #È È– —È ˆ ‰ k kœ

œ
Ä œ � � � œ � � � � �

#
†

 x 2 x 2 ln 1 x Cœ � � � � �2x
3

$Î# È Èˆ ‰
70.  dx x  dx x dx  ln x 2  ln x 2 C' ' ' ' 'x 2 4x 2 3 dx 5 dx x 3 5

4 x x 4 x 2 x 2

$ #

# #

� �
� � # � # � # # #œ � � œ � � � œ � � � � � �ˆ ‰ k k k k

71. ;   d(sin )
x tan 

dx sec  d
' ' ' 'dx sec  d cos  d 1 sin

x x 1 tan  sec sin sin a b# #

# $ #

%� #
�” • Š ‹œ

œ
Ä œ œ

)

) )
)

) ) ) ) )

) ) ) )

 ln sin  sin C ln Cœ � � œ � �k k ¹ ¹ Š ‹) )
" "
# #

#
� �

#
x x

x 1 x 1È È# #

72. sin (x 1) C' 'dx
2x x

d(x 1)
1 (x 1)È È� �

�

� �
�"

# #
œ œ � �

73.  dx 2 csc x dx csc x dx 2 cot x ln csc x cot x C' ' ' '2 cos x sin x cos x dx
sin x sin x sin x

� � "#
# #œ � � œ � � � � �k k

 2 cot x csc x ln csc x cot x Cœ � � � � �k k
74.  d  d sec  d d tan C' ' ' 'sin 1 cos

cos cos

# #

# #

) )

) )
) ) ) ) ) ) )œ œ � œ � �� #

75.  ln  tan  C' ' ' '9 dv dv dv dv 3 v v
81 v v 9 12 3 v 1 3 v 12 3 v 6 3�

" " " " � "
# � � # � �

�"
% #œ � � œ � �¸ ¸

76.  lim   lim  ( 1) 0 1 1'
2

b

2

_

dx
(x 1) 1 x 1 b� � �

" "
# œ œ � � œ � œ

b bÄ _ Ä _

� ‘ � ‘
77.  cos (2 1)) �

  sin (2 1)) )ïïïïî �
Ð�Ñ

"
#

 1   cos (2 1)ïïïïî � �
Ð�Ñ

"
4 )

 0  cos (2 1) d  sin (2 1)  cos (2 1) CÊ � œ � � � �' ) ) ) ) )
)

#
"
4
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78. x 2  dx (x 2) dx 3' ' ' ' 'x  dx 3x 2 dx dx
x 2x 1 x 2x 1 x 1 (x 1)

$

# # #� � � � � �
�œ � � œ � � �ˆ ‰

 2x 3 ln x 1 Cœ � � � � �x
x 1

#

# �
"k k

79. C  sec C' 'sin 2  d
(1 cos 2 ) (1 cos 2 ) (1 cos 2 ) 4

d(1 cos 2 )) )

) ) )

)

� # � # �
" " "� #

# #œ � œ � œ �)

80. 1 cos 4x dx 2 cos 2x dx  sin 2x' '
1 1

1 1 1

1
Î Î

Î Î Î

Î4 4

2 2 2

4

È È ’ “� œ � œ � œ
È È2 2
# #

81. ;   y 4y C (2 x) 4(2 x) C
y 2 x
dy dx

' 'x dx 2 2
2 x

(2 y) dy
y 3 3È È�

� $Î# "Î# $Î# "Î#” •œ �
œ �

Ä � œ � � œ � � � �

 2 2 2 x Cœ � � �– —ÈŠ ‹È2 x

3

�
$

82.  dv; v sin   csc  d d cot C' ' ' ' 'È a b1 v
v sin sin

cos cos  d 1 sin  d� � ##

# # #

#c dœ Ä œ œ � œ � �) ) ) ) ) )
) ) )

) )

) )
†

 sin v Cœ � � ��" �È1 v
v

#

83. tan (y 1) C' 'dy d(y 1)
y 2y 2 (y 1) 1# #� � � �

� �"œ œ � �

84.  sin C' 'x dx x 1
8 2x x

d x 1

9 x 1 3È a b
É a b� �

" " �
# #

�

� �

�"
# %

#

# #

#

œ œ �Š ‹

85.  dz  dz  ln z  ln z 4  tan  C' 'z 1 z 1 z
z z 4 4 z z z 4 4 4z 8 8

� " " " � " " " "
� � #

# �"
# # # #a b œ � � œ � � � � �ˆ ‰ k k a b

86. x e  dx x e  d x x e e C C' '$ # # #" "
# # #

�x x x x# # # #
#

œ œ � � œ �a b ˆ ‰ a bx 1 e# x

87. 9 4t C' 't dt
9 4t 9 4t8 4

d 9 4tÈ Èa b
� �

" "� #
# #

#

œ � œ � � �È
88. u tan x, du ; dv , v ;œ œ œ œ ��"

�
"dx dx

1 x x x# #

  tan x  tan x' ' ' 'tan x dx dx dx x dx
x x x 1 x x x 1 x

�"

# # #œ � � œ � � �" "�" �"
� �a b

  tan x ln x  ln 1 x C ln x ln 1 x Cœ � � � � � œ � � � � �" "�" #
#

#
x x

tan xk k a b k k È�"

89. ; e x    ln x 1 ln x 2 C ln C' ' ' 'e dt dx dx dx x
e 3e 2 (x 1)(x 2) x 1 x x

t

2t t
 

� � � � � �# �#
�"c d k k k k ¸ ¸t œ Ä œ � œ � � � � œ �

 ln Cœ �ˆ ‰e
e

t

t
�"
�#

90. tan t dt (tan t) sec t 1  dt tan t dt ln sec t C' ' '$ #
# #œ � œ � œ � �a b k ktan t tan t# #

91. ;     dx xe  dx  lim  e e

x ln y

dx

dy e  dx

' ' '
1 0 0

x

2x 2x 2x b

0

_ _ _

� � �ln y dy
y e 4

dy
y

x e x
$

Ô ×Ö Ù
Õ Ø � ‘œ

œ

œ

Ä œ œ � �†

x

3x
b Ä _

#
"

  lim  0œ � � � œ
b Ä _

ˆ ‰ ˆ ‰� " " "b
2e 4e 4 42b 2b

92. ;   ln u C ln ln (sin v) C
u ln (sin v)
du

' ' 'cot v dv cos v dv du
ln (sin v) (sin v) ln (sin v) ucos v dv

sin v
œ Ä œ � œ �

œ

œ” • k k k k
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93. e  dx x dx x C' 'ln xÈ œ œ �È 2
3

$Î#

94. e 3 4e  d ;   3 u du (3 u) C 3 4e C
u 4e

du 4e  d
' ') ))

)

)
È ” • È a b� Ä � œ � � œ � �

œ

œ
)

)

" " "$Î# $Î#

4 4 3 6
2

†

95. ;    tan u C  tan (cos 5t) C
u cos 5t

du 5 sin 5t dt
' 'sin 5t dt du

1 (cos 5t) 5 1 u 5 5� �
" " "�" �"

# #” •œ
œ �

Ä � œ � � œ � �

96. ;   sec x C sec e C
x e

dx e  dv
' 'dv dx

e 1 x x 1È È2v � �

�" �"” • a bœ
œ

Ä œ � œ �
v

v
v

#

97. ;   2  du 2u 2 ln 1 u C 2 r 2 ln 1 r C
u r

du
' ' 'dr 2u du 2

1 r dr
2 r

1 u 1 u� � �È È– —È ˆ ‰ ˆ ‰k k È Èœ

œ
Ä œ � œ � � � œ � � �

98.  dx ln x 10x 9 C' '4x 20x
x 10x 9 x 10x 9

d x 10x 9$

% # % #

% #
�

� � � �

� � % #œ œ � � �
ˆ ‰ k k

99. dx x dx x dx dx x ln 1 x C' ' ' 'a bx x 1 2x 1 1
1 x 1 x 2 1 x 2 2

2 23

2 2 2� � �œ � œ � œ � � �a b
100. dx 3 dx 3ln 1 x C' 'x 3x

1 x 1 x
32 2

3 3� �œ œ l � l �

101. dx; 1 x A 1 x x Bx C 1 x' 1 x 1 x A Bx C
1 x 1 x 1 x 1 x x

2 2� � �
� � � � �

2 2

3 3 2œ � Ê � œ � � � � �a b a ba b
 A B x A B C x A C A B 1 A B C 0, A C 1 A , B , C ;œ � � � � � � � Ê � œ ß � � � œ � œ Ê œ œ œa b a b a b2 2 1 1

3 3 3

 dx dx dx dx dx dx;' ' ' ' ' 'a b1 x 2 1 1 x 1 2 1 1 x 1
1 x 1 x 1 x x 3 1 x 3 1 x x 3 1 x 3

2 3 1 3 x 1 3

x
� � �
� � � � � � � �

Î Î � Î

� �

2

3 2 2 23
4

œ � œ � œ �a b
ˆ ‰"

#

  du du du ln u tan
u x
du dx” • ¹ ¹ Š ‹œ �

œ
Ä œ � œ � �

"
# �

� � �
�

Î

1 1 u 1 1 1 3 1 u
3 3 2 6 4

u
u u u

2 1
3 3 2

' ' '3
2

3 3 3
4 4 4

2 2 2 È È

 ln x tan ln 1 x x tanœ � � � œ l � � l �1 3 1 1 1 2x 1
6 4 6

2

3 3 2 3 3
1 2 1x¹ ¹ˆ ‰ Š ‹ Š ‹" �

#
� ��

ÎÈ È È È
"

#

 dx dx ln 1 x ln 1 x x tan CÊ � œ l � l � l � � l � �2 1 1 x 1 2 1 1 2x 1
3 1 x 3 1 x x 3 6

2 1
3 3

' '
� � �

� ��
2 È ÈŠ ‹

102. dx;  du du du du du ln u C
u 1 x
du dx

' ' ' ' ' '1 x 2u 2 1 2 2 2 1
1 x

1 u 1
u u u u u u u

� ? � �
�

� �2 2

3 3 3 2 3 2

2

a b
a b” •œ �

œ
Ä œ œ � � œ l l � � �

 ln 1 x Cœ l � l � � �2 1
1 x 1 x� �a b2

103. x 1 x dx;  2w 1 w dw
w x w x

2w dw dx
' 'È ÈÉ ” •È È� Ä �

œ Ê œ

œ

2
2

     1 wÈ �

 2w    1 w2 2
3

3 2ïïïïî �
Ð�Ñ a b Î

 4w   1 wïïïïî �
Ð�Ñ

4
15

5 2a b Î

 4      1 wïïïïî �
Ð�Ñ

8
105

7 2a b Î

 0 2w 1 w dw w 1 w w 1 w 1 w CÊ � œ � � � � � �' 2 24 16 32
3 15 105

3 2 5 2 7 2È a b a b a bÎ Î Î

 x 1 x x 1 x 1 x Cœ � � � � � �4 16 32
3 15 105

3 2 5 2 7 2ˆ ‰ ˆ ‰ ˆ ‰È È È ÈÎ Î Î
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104. 1 1 x dx; 2w 1 w dw;w 1 x w 1 x
2w dw dx

' 'É È È” •È
� � Ä �

œ � Ê œ �
œ

2

 u 2w, du 2 dw, dv 1 w dw, v 1 w’ “È a bœ œ œ � œ �2
3

3 2Î

 2w 1 w dw w 1 w 1 w dw w 1 w 1 w C' 'È a b a b a b a b� œ � � � œ � � � �4 4 4 8
3 3 3 15

3 2 3 2 3 2 5 2Î Î Î Î

 1 x 1 1 x 1 1 x Cœ � � � � � � �4 8
3 15

3 2 5 2È È ÈŠ ‹ Š ‹Î Î

105. dx; du; u tan , , du sec d , 1 u sec
u x u x

2u du dx
' '1 2

x 1 x

2

1 u 2 2
2 2È È È� �” •È ’ “Èœ Ê œ

œ
Ä œ � � � œ � œ

2
) ) ) ) )

1 1

 du d 2 sec d 2ln sec tan C 2 ln 1 u u C' ' '2 2sec
1 u sec

2È � 2

2
œ œ œ l � l � œ � � �)

)
) ) ) ) ) ¹ ¹È

 2 ln 1 x x Cœ � � �¹ ¹È È

106. 1 1 x dx;'
0

1 2
2

Î É È� �

 x sin , , dx cos d , 1 x cos , x 0 sin 0, x sin’ “Èœ � � � œ � œ œ œ Ê œ œ œ Ê œ) ) ) ) ) ) ) ) )
1 1 1

2 2 6
2 "

#

 1 cos cos d cos d d    d ;Ä � œ œ œ' ' ' '
0 0 0 c

6 6 6 61 cos
1 cos 1 cos 1 cos

sin cos sin cos

c 0

1 1 1 1
)

) ) )

) ) ) )
Î Î Î Î�

� � �Ä

È ) ) ) ) ) ) )
È
È È È

2
lim

�

 u cos , du sin d , dv d , v 2 1 cos’ “a bœ œ � œ œ �) ) ) ) )
sin

1 cos

1 2)

)È �

Î

    2 cos 1 cos 2 1 cos sin dœ � � �lim
c 0

1 2 1 2

c

6

c

6

Ä

Î ÎÎ Î

�
” •’ “a b a b) ) ) ) )

1 1'

    2 cos 1 cos 2 cos c 1 cos c 1 cosœ � � � � �lim
c 0 6 6 3

1 2 1 2 3 24

c

6

Ä

Î Î Î Î

�
” •Š ‹ˆ ‰ ˆ ‰ˆ ‰ a b a b’ “1 1

1

)

    3 1 2 cos c 1 cos c 1 cos 1 cos cœ � � � � � � �lim
c 0

3
2 3 6 3

1 2
1 2 3 24 43 2

Ä

Î
Î ÎÎ

�
” •È Š ‹ Š ‹a b a bˆ ‰ˆ ‰È

1

    3 1 2 cos c 1 cos c 1 1 cos cœ � � � � � � �lim
c 0

3 3
2 3 2 3

1 2 3 2
1 2 3 24 4

Ä

Î Î
Î Î

�
” •È Š ‹ Š ‹a b a bÈ È

 3 1 1 1œ � � � œ � œÈ Š ‹ Š ‹ Š ‹ Š ‹È È È È Š ‹È ÈÉ
È3 3 3 4 3

2 3 2 2 3

1 2 3 2 1 2
4 4 3 2 3

3 2

Î Î Î
� � �

107. dx dx; du du du u ln u C
u 1 ln x

du dx
' ' ' ' 'ln x ln x u 1 1

x x ln x x 1 ln x u u1
x

� �
�œ Ä œ � œ � l l �

œ �

œa b ” •
 1 ln x ln 1 ln x C ln x ln 1 ln x Cœ � � l � l � œ � l � l �a b
108. dx; du ln u C ln ln ln x C

u ln ln x
du dx

' '1 1
x ln x ln ln x u1

x ln x
† a b ” •a b a bœ

œ
Ä œ l l � œ l l �

109. dx; u x ln u ln x ln x du dx du dx dx du' 'x ln x 1 2 ln x 2u ln x 2x ln x
x u x x x

ln x ln x 2ln x ln x’ “a bœ Ê œ œ Ê œ Ê œ œ Ä "
#

 u C x Cœ � œ �" "
# #

ln x

110. ln x dx; u ln x ln u ln ln x ln x ln ln x du dx' a b a b a b a b a b’ “ ’ Š ‹ln x ln ln x ln x ln x ln x ln ln x1 1
x x u x ln x x� œ Ê œ œ Ê œ �a b a b a b

 du u dx ln x dx du u C ln x CÊ œ � œ � Ä œ � œ �’ “ ’ “ “a b a b1 1
x x x x

ln ln x ln x ln ln x ln xa b a b '
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111. dx dx; x sin , 0 , 2x dx cos d , 1 x cos d' ' '1 x 1 cos
x 1 x x 1 x

2
2 2 sin cos

4È È� �4 2 4
œ œ Ÿ � œ � œ Ä’ “È) ) ) ) ) )

1 )

) )

 csc d ln csc cot C ln C ln Cœ œ � l � l � œ � � � œ � �1 1 1 1 1
2 2 2 x x 2 x

1 x 1 1 x' ) ) ) ) » » » »2 2 2

4 4È È� � �

112. dx; u 1 x u 1 x 2u du dx du du 2 du;' ' ' 'È1 x
x 1 u u 1 u 1

2 2u 2u 2� �
� � �’ “È ˆ ‰œ � Ê œ � Ê œ � Ä œ œ �

2 2

2 2 2

  2 A u 1 B u 1 A B u A B A B 0, A B 22 A B
u 1 u 1 u 12 � � �œ � Ê œ � � � œ � � � Ê � œ � œa b a b a b

 A 1 B 1; 2 du 2 du duÊ œ Ê œ � � œ � �' ' ' a bˆ ‰2 1 1
u 1 u 1 u 12 � � �

 2u ln u 1 ln u 1 C 2 1 x ln Cœ � l � l � l � l � œ � � �È º º1
2

1 x 1
1 x 1

È
È � �

� �

113. (a) f a x dx; u a x du dx, x 0 u a, x a u 0 f u du f u du, which is' ' '
0 a 0

a 0 aa b a b a b’ “� œ � Ê œ � œ Ê œ œ Ê œ Ä � œ

 the same integral as f x dx.'
0

a a b
 (b) dx dx' ' '

0 0 0

2 2 2sin x
sin x cos x

sin x sin cos x cos sin x
sin x cos x sin cos x cos sin x cos cos x si

1 1 1Î Î Î

�

� �

� � � � � �
œ œ

ˆ ‰ ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

1 1 1

1 1 1 1 1

2 2 2

2 2 2 2 2 n sin xˆ ‰1
2

dx

 dx 2 dx dx dx dx dxœ Ê œ � œ œ' ' ' ' ' '
0 0 0 0 0 0

2 2 2 2 2 2cos x sin x sin x cos x sin x cos x
cos x sin x sin x cos x sin x cos x cos x sin x sin x cos x

1 1 1 1 1 1Î Î Î Î Î Î

� � � � �
�

 x 2 dx dxœ œ Ê œ Ê œ’ “
0

2

2 sin x cos x 2 sin x cos x 40 0

2 2sin x sin x1
1 1 1

1 1Î Î Î

� �
' '

114. dx dx dx dx dx' ' ' ' 'sin x sin x cos x cos x sin x sin x sin x cos x cos x sin x sin x
sin x cos x sin x cos x sin x cos x sin x cos x sin x cos x� � � � �

� � � � � � � �œ œ � �

 dx dx dx x ln sin x cos x dxœ � � œ � l � l �' ' ' 'cos x sin x sin x sin x
sin x cos x sin x cos x sin x cos x

�
� � �

 2 dx x ln sin x cos x dx ln sin x cos x CÊ œ � l � l Ê œ � l � l �' 'sin x sin x x 1
sin x cos x sin x cos x 2 2� �

115. dx dx dx dx d' ' ' ' 'sin x tan x tan x sec x sec x tan x sec x
1 sin x sec x tan x sec x tan x sec x tan x

2 2 2 2 2 2 2

2 2 2 2 2 2 2 2

sin x2

cos x2

1 sin x
cos x cos x2 2

� � � ��

� � �œ œ œ œ x dx� ' sec x
sec x tan x

2

2 2�

 dx dx x tan 2 tan x Cœ � œ � �' ' sec x 1
1 2tan x 2

12

2�
�È Š ‹È

116. dx dx dx dx dx dx' ' ' ' ' '1 cos x 1 2cos x cos x 1 2cos x cos x
1 cos x 1 cos x sin x sin x sin x sin x

1 cos x� � �
� �

�œ œ œ � �a b2

2 2 2 2 2

2 2

 csc x dx 2 csc x cot x dx cot x dx cot x 2csc x csc x 1 dx 2cot x 2csc x x Cœ � � œ � � � � œ œ � � � �' ' ' ' a b2 2 2

CHAPTER 8 ADDITIONAL AND ADVANCED EXERCISES

 1. u sin x , du ; dv dx, v x;œ œ œ œa b�" #

�

2 sin x dx
1 x

�"

#È
 sin x  dx x sin x  ;' 'a b a b�" �"# #

�
œ � 2x sin x dx

1 x

�"

#È
 u sin x, du ; dv , v 2 1 x ;œ œ œ � œ ��"

� �
#dx 2x dx

1 x 1 xÈ È# #

È
 2 sin x 1 x 2 dx 2 sin x 1 x 2x C; therefore� œ � � œ � � �' '2x sin x dx

1 x

�"

#È �

�" �"# #a b a bÈ È
 sin x  dx x sin x 2 sin x 1 x 2x C' a b a b a bÈ�" �" �"# # #œ � � � �

 2. ," "
x xœ

 ," " "
� �x(x 1) x x 1œ �

 ," " " "
� � � # �x(x 1)(x 2) 2x x 1 (x 2)œ � �
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 ," " " " "
� � � # � # � �x(x 1)(x 2)(x 3) 6x (x 1) (x 2) 6(x 3)œ � � �

   the following pattern:" " " " " "
� � � � # � �# � �x(x 1)(x 2)(x 3)(x 4) 4x 6(x 1) 4(x ) 6(x 3) 24(x 4)œ � � � � Ê

  ; therefore "
� � â � � � � � â �

�"
x(x 1)(x 2) (x m) (k!)(m k)!(x k) x(x 1)(x 2) (x m)

( ) dxœ !m

k 0œ

k '

   ln x k Cœ � �! ’ “k km

k 0œ

( )
(k!)(m k)!

�"
�

k

 3. u sin x, du ; dv x dx, v ;œ œ œ œ�"

� #
dx x

1 xÈ #

#

 x sin x dx  sin x  ;   x sin x dx  sin x
x sin 

dx cos  d
' ' ' '�" �" �" �"

# #�
œ � Ä œ �

œ
œ

x x  dx x sin  cos  d
2 1 x 2 cos 

# # # #

#È ” •)

) )

) ) )

)

  sin x sin  d  sin x C  sin x Cœ � œ � � � œ � �x x sin 2 x sin  cos 
4 4

# # #

# # # # # #
�" # �" �"" " �' ) ) ˆ ‰) ) ) ) )

  sin x Cœ � �x x 1 x sin x
4

# # �"

#
�" � �È

 4. sin y dy;   2z sin z dz; from Exercise 3, z sin z dz
z y

dz
' ' '�" �" �"È – —Èœ

œ
Ädy

2 yÈ
 C  sin y dy y sin y Cœ � � Ê œ � �z  sin z z 1 z sin z

4
y 1 y sin y# �" # �"

�"

# #
� � �" �" � �È È ÈÈ' È È

 y sin y Cœ � � ��" �
# #

È È Èy y sin y# �"

 5. ;   ;   
t sin 

dt cos  d

u tan 
du sec  d

d

' ' ' 'dt cos  d d du
t 1 t sin cos tan 1 (u 1) u 1

du
u 1

� � � � � �
#

�

È a b#

#

#” • Ô ×
Õ Ø

œ
œ

Ä œ Ä

œ

œ

œ

)

) )

)

) )

)

) ) )

) ) )

  ln  tan u C  ln Cœ � � œ � � œ � �" " " " � " " �" "
# � # � # � # # # #�

�"' ' 'du du u du u 1 tan 
u 1 u 1 u 1 sec u 1# # #

¹ ¹ ¸ ¸È )

)
)

  ln t 1 t  sin t Cœ � � � �" "
# #

# �"Š ‹È

 6.  dx  dx  dx' ' '" " "
� � � � � � �x 4 x 2 4x x 2x 2 x 2x 2% # ## # #œ œa b a b a b

  dxœ � � �" � �
� � � � � �# � �16 x 2x 2 (x 1) 1 x 2x (x 1) 1
2x 2 2 2x 2 2' ’ “# # # #

  ln tan (x 1) tan (x 1) Cœ � � � � �" � � "
� �#

�" �"
16 x 2x 8

x 2x 2¹ ¹ c d#

#

 7.  lim   sin t dt  lim  cos t  lim  cos x cos ( x)  lim  cos x cos x  lim  0 0x x x x xÄ _ Ä _ Ä _ Ä _ Ä _
'
�

�x

x
x
 xœ � œ � � � œ � � œ œc d c d a b

 8.  lim   dt;  lim    lim   1   lim   dt diverges since  diverges
x t t xÄ ! Ä ! Ä ! Ä !

� � � �

' ' '
x x 0

1 1 1
cos t cos t dt

t cos t t t# # #

Š ‹
Š ‹

"

#

#

t
cos t

t

œ œ Ê" ; thus

  lim  x  dt is an indeterminate 0  form and we apply l'Hopital's rule:^
x Ä !

�

'
x

1
cos t

t# †_

  lim  x  dt  lim    lim    lim  cos x 1
x x x xÄ ! Ä ! Ä ! Ä !

� � � �

'
x

1
cos t

t

  dt
# œ œ œ œ

� �

�

'
1

x cos t
t

x

cos x
x

x

#

"

#

"

#

Š ‹
Š ‹

 9.  lim    ln 1  lim   ln 1 k ln (1 x) dx; 
u 1 x, du dx

x 0  u 1, x 1  u 2n nÄ _ Ä _
! !É ˆ ‰ ˆ ‰ˆ ‰ ” •n n

k 1 k 1
0

1

œ œ

n

� œ � œ �
œ � œ

œ Ê œ œ Ê œ
k
n n n

" " '

  ln u du u ln u u (2 ln 2 2) (ln 1 1) 2 ln 2 1 ln 4 1Ä œ � œ � � � œ � œ �'
1

2 c d #"
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10.  lim      lim    lim    
n n nÄ _ Ä _ Ä _

! ! !Š ‹ˆ ‰ ˆ ‰Î Ñ
Ï Ò

n 1 n 1 n 1

k 0 k 0 k 0

� � �

œ œ œ

" " " "

� �
�

È È Ê ’ “Š ‹n k n k
n

n n
1 k

# # # # #
œ œ

"

n

  dx sin xœ œ œ'
0

1
"

�

�" "
! #È1 x#

c d 1

11. cos 2x  1 1 cos 2x 2 cos x; L 1 cos 2t  dt 2 cos t dtdy dy
dx dxœ Ê � œ � œ œ � œÈ ÈŠ ‹ Š ‹Ê È È# #

# #' '
0 0

4 41 1Î Î

 2 sin t 1œ œÈ c d 1Î%!

12.   1 ; L 1  dxdy dy dy
dx 1 x dx 1 x dx

2x 1 2x x 1 x1 x 4x
1 x 1 x

œ Ê � œ œ œ œ �� � � �
� �

# # #
� �

� �# #

# ##

# ## #

# % #Š ‹ Š ‹ Š ‹Êa b
a b a b '

0

1 2Î

  dx 1  dx 1  dx x ln œ œ � � œ � � � œ � �' ' '
0 0 0

1 2 1 2 1 2Î Î ÎŠ ‹ ˆ ‰ ˆ ‰ � ‘¸ ¸"� " " �
� � � � �

"Î#

!
x 2 1 x

1 x 1 x 1 x 1 x 1 x

#

# #

 ln 3 (0 ln 1) ln 3œ � � � � œ �ˆ ‰" "
# #

13. V 2  dx 2 xy dxœ œ' '
a 0

b 1

1 1ˆ ‰ Š ‹shell shell
radius height

 6  x 1 x dx; 
u 1 x
du dx

x (1 u)
œ �

œ �
œ �

œ �
1 '

0

1
#

# #

È Ô ×
Õ Ø

  6  (1 u) u duÄ � �1 '
1

0
#È

 6  u 2u u  duœ � � �1 '
1

0ˆ ‰"Î# $Î# &Î#

 6 u u u 6œ � � � œ � �1 1� ‘ ˆ ‰2 4 2 2 4 2
3 5 7 3 5 7

$Î# &Î# (Î# !

"

 6 6œ œ œ1 1ˆ ‰ ˆ ‰70 84 30 16 32
105 105 35

� � 1

 

14. V y  dx  œ œ' '
a 1

b 4

1 1
#

�
25 dx

x (5 x)#

  œ � �1 '
1

4ˆ ‰dx 5 dx dx
x x 5 x# �

 ln ln 4 ln 5œ � œ � � �1 1 1� ‘ ˆ ‰ ˆ ‰¸ ¸x 5 5
5 x x 4 4�

%

"
"

 2  ln 4œ �15
4
1

1

 

15. V 2  dx 2 xe  dxœ œ' '
a 0

b 1
x

1 1ˆ ‰ Š ‹shell shell
radius height

 2 xe e 2œ � œ1 1c dx x "
!
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16. V 2 (ln 2 x) e 1  dxœ � �'
0

ln 2
x

1 a b
 2  (ln 2) e ln 2 xe x  dxœ � � �1 '

0

ln 2
x xc d

 2 (ln 2) e (ln 2)x xe eœ � � � �1 ’ “x x x
ln 2

0

x#

#

 2 2 ln 2 (ln 2) 2 ln 2 2 2 (ln 2 1)œ � � � � � �1 1’ “#
#

(ln 2)#

 2 ln 2 1œ � � �1 ’ “(ln 2)#

#

 

17. (a) V 1 (ln x)  dxœ �'
1

e

1 c d#
 x x(ln x) 2 ln x dx œ � �1 1c d# e

1 1

e'
 (FORMULA 110)
 x x(ln x) 2(x ln x x)œ � � �1 c d# e

1

 x x(ln x) 2x ln xœ � � �1 c d# e

1

 e e 2e ( 1)œ � � � � � œ1 1c d  

 (b) V (1 ln x)  dx 1 2 ln x (ln x)  dxœ � œ � �' '
1 1

e e

1 1
# #c d

 x 2(x ln x x) x(ln x) 2 ln x dxœ � � � �1 1c d# e

1 1

e'
 x 2(x ln x x) x(ln x) 2(x ln x x)œ � � � � �1 c d# e

1

 5x 4x ln x x(ln x)œ � �1 c d# e

1

 (5e 4e e) (5) (2e 5)œ � � � œ �1 1c d
 

18. (a) V  e 1  dy e 1  dy y 1œ � œ � œ � œ � � œ1 1 1 1' '
0 0

1 1
y 2y� ‘ � ‘ ˆ ‰a b a b ’ “# �

# # # #

"

!
"e e e 32y # #

1 a b

 (b) V e 1  dy e 2e 1  dy 2e y 2e 1 2œ � œ � � œ � � œ � � � �1 1 1 1' '
0 0

1 1
y 2y y ya b a b � ‘ ˆ ‰’ “Š ‹#

# # #

"

!
"e e2y #

 2eœ � � œ1 Š ‹e 5 e 4e 5# #

# # #
� �1 a b

19. (a)  lim  x ln x 0   lim  f(x) 0 f(0)  f is continuous
x xÄ ! Ä !

� �
œ Ê œ œ Ê

 (b) V x (ln x)  dx;    lim  (ln x) (2 ln x) 

u (ln x)
du (2 ln x) 

dv x dx

v

œ Ä �

œ

œ

œ

œ

' '
0 0

2 2

b
1 1

# # #

#

#

#

Ô ×Ö ÙÖ ÙÖ Ù
Õ Ø

Œ �’ “ Š ‹dx
x

x
3

x x dx
3 3 x

$

$ $

b Ä !
�

 (ln 2)   lim   ln xœ � � œ � �1 1” •ˆ ‰ ˆ ‰ ’ “ ’ “8 2 x x 16
3 3 3 9 3 9 27

8(ln 2) 16(ln 2)#

b Ä !
�

$ $ #
2

b

20. V ( ln x)  dxœ �'
0

1

1
#

  lim  x(ln x) 2 ln x dxœ �1Œ �c d
b Ä !

�

# 1

b 0

1'

 2   lim  x ln x x 2œ � � œ1 1
b Ä !

�
c d 1

b
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21. M ln x dx x ln x x (e e) (0 1) 1;œ œ � œ � � � œ'
1

e
e
1c d

 M (ln x)  dx (ln x)  dxx 1 1

e e

œ œ' 'ˆ ‰ln x
# #

" #

 x(ln x) 2 ln x dx (e 2);œ � œ �" "
# #

#Š ‹c d e

1 1

e'

 M x ln x dx x dxy 1 1

e ee

1
œ œ �' '’ “x  ln x#

# #
"

 x  ln x e e 1 ;œ � œ � � œ �" " " "
# # # # #

# # #’ “ ’ “Š ‹ a bx e
4

# #
e

1

 therefore, x  and yœ œ œ œ
M
M 4 M

e 1 e 2My x
# � �

#

 

22. M 2 sin x ;œ œ œ'
0

1
2 dx
1 xÈ �

�" "
!#

c d 1

 M 2 1 x 2;y 0

1

œ œ � � œ' 2x dx
1 xÈ �

#
"

!
#

’ “È
 therefore, x  and y 0 by symmetryœ œ œ

M
M

2y

1

 

23. L 1  dx  dx;   L
x tan 

dx sec  d
œ � œ Ä œ

œ

œ
' ' '

1 1 4

e e tan eÉ ” •" �
#x x tan 

x 1 sec sec  d
#

# #È )

) ) 1Î

�"

) ) )

)

†

   d  (tan  sec csc ) d sec ln csc cot œ œ � œ � �' '
1 1

1Î Î Î4 4

tan e tan e
tan e

4

�" �"

�"(sec ) tan 1
tan 

) )

)

a b# �
) ) ) ) ) ) ) )c dk k

 1 e ln 2 ln 1 2 1 e ln 2 ln 1 2œ � � � � � � œ � � � � � �Š ‹ ’ “ Š ‹ Š ‹È È È È È È¹ ¹ Š ‹# #� �" "È È1 e 1 e
e e e e

# #

24. y ln x  1 1 x   S 2 x 1 x  dy  S 2 e 1 e  dy; 
u e

du e  dy
œ Ê � œ � Ê œ � Ê œ �

œ
œ

Š ‹ È È ” •dx
dy

#
# #1 1' '

c 0

d 1
y 2y

y

y

  S 2 1 u  du;   2   sec sec  d
u tan 

du sec  d
Ä œ � Ä

œ

œ
1 1 ) ) )

)

) )
' '

1 4

e tan eÈ ” •#
#

#
1Î

�"

†

 2 sec  tan ln sec tan 1 e e ln 1 e e 2 1 ln 2 1œ � � œ � � � � � � �1 ) ) ) ) 1 1ˆ ‰ c dk k ’ “ ’ “Š ‹ ¹ ¹ Š ‹È È È È"
#

# #tan e�"

1Î%
†

 e 1 e ln 2œ � � �1 ’ “È ÈŠ ‹# � �

�

È
È1 e e

2 1

#

25. S 2  f(x) 1 f (x)  dx; f(x) 1 x   f (x) 1   S 2  1 xœ � œ � Ê � œ Ê œ �1 1' '
� �1 1

1 1É c d c dˆ ‰ ˆ ‰w # #Î$ w #Î$$Î# $Î## "
x

dx
x#Î$ #Î$

† È

 4 1 x  dx;   4  (1 u)  du 6 (1 u) d(1 u)
u x

du
œ � Ä � œ � � �

œ

œ
1 1 1' ' '

0 0 0

1 1 1ˆ ‰ ˆ ‰ – —#Î$ $Î# $Î#$Î# "
#Î$

#x 2 dx
3 x

3
"Î$

"Î$

†

 6 (1 u)œ � � œ1 †

2 12
5 5
� ‘&Î# "

!
1

26. y t 1 dt x 1 L 1 x 1 dx 1 x 1 dxœ � Ê œ � Ê œ � � œ � �' ' '
1 1 1

x 16 16dy
dx

2ÉÈ É É ÉÈ È ÈÊ Š ‹
 x dx x 16 1œ œ œ � œ'

1

16 4 4 4 124
5 5 5 5

5 4

1

16 5 4 5 4È ’ “ a b a b4 Î Î Î

27.  dx  lim   dx  lim   ln x 1  ln x  lim   ln ' '
1 1

b b

1

b

1

_ˆ ‰ ˆ ‰ � ‘a b ’ “ax ax a
x 1 x x 1 x x

x 1
# #

#

� # � # # # #
" " " "# �� œ � œ � � œ

b b bÄ _ Ä _ Ä _

a ba

  lim   ln ln 2 ;  lim    lim    lim  b  if a   the improperœ � � œ œ _ � Ê
b b b bÄ _ Ä _ Ä _ Ä _

" "
# #

� �’ “a b a bb 1 b 1
b b b

b# #a a
2aa 2 aˆ ‰

�

1
2

 integral diverges if a ; for a :   lim    lim  1 1   lim   ln ln 2� œ œ � œ Ê �" " " "
# # #

� � "Î#

b b bÄ _ Ä _ Ä _

È a bb 1
b b b

b 1#

#

# "Î#É ” •
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 ln 1  ln 2 ; if a :  0  lim    lim    lim  (b 1) 0œ � œ � � Ÿ � œ � œ" " "
# # # �

� �ˆ ‰ ln 2
4 b b 1

b 1 (b 1)

b b bÄ _ Ä _ Ä _

a b# a 2a
2a 1�

   lim  ln   the improper integral diverges if a ; in summary, the improper integralÊ œ �_ Ê �
b Ä _

a bb 1
b

# � "
#

a

  dx converges only when a  and has the value '
1

_ˆ ‰ax ln 2
x 1 x 4# � # #

" "� œ �

28. G(x)  lim  e  dt  lim  e  lim   if x 0  xG(x) x 1 if x 0œ œ � œ œ œ � Ê œ œ �
b b bÄ _ Ä _ Ä _

'
0

b
xt xt b

0
� �� ‘ ˆ ‰Š ‹" � � " "

x x x x x
1 e 1 0�xb

29. A  converges if p 1 and diverges if p 1.  Thus, p 1 for infinite area. The volume of the solid of revolutionœ � Ÿ Ÿ'
1

_

dx
xp

 about the x-axis is V  dx   which converges if 2p 1 and diverges if 2p 1.  Thus we wantœ œ � Ÿ' '
1 1

_ _

1 1ˆ ‰" #

x x
dx

p 2p

 p  for finite volume.  In conclusion, the curve y x  gives infinite area and finite volume for values of p satisfying� œ"
#

�p

 p 1."
# � Ÿ

30. The area is given by the integral A ;œ '
0

1
dx
xp

 p 1:  A  lim  ln x  lim  ln b , diverges;œ œ œ � œ _
b bÄ ! Ä !

� �
c d 1

b

 p 1:  A  lim  x 1  lim  b , diverges;� œ œ � œ �_
b bÄ ! Ä !

� �

� �c d1 p 1 p1
b

 p 1:  A  lim  x  lim  b 1 0, converges; thus, p 1 for infinite area.� œ œ " � œ �  
b bÄ ! Ä !

� �

� �c d1 p 1 p1
b

      The volume of the solid of revolution about the x-axis is V   which converges if  2p 1 orx 0

1

œ �1' dx
x2p

      p , and diverges if p .  Thus, V  is infinite whenever the area is infinite (p 1).�    " "
# # x

      The volume of the solid of revolution about the y-axis is V  R(y)  dy   whichy 1 1
œ œ1 1' '_ _c d# dy

y2 pÎ

      converges if 1  p 2 (see Exercise 29).  In conclusion, the curve y x  gives infinite area and finite2
p � Í � œ �p

      volume for values of p satisfying 1 p 2, as described above.Ÿ �

31. (a) (1) e  dt  lim  e  dt  lim  e  lim  ( 1) 0 1 1> œ œ œ � œ � � � œ � œ' '
0 0

t t t
b

b
0

_

� � �

b b bÄ _ Ä _ Ä _
c d � ‘"

eb

 (b) u t , du xt  dt; dv e  dt, v e ; x fixed positive realœ œ œ œ � œx x 1 t t� � �

  (x 1) t e  dt  lim  t e x t e  dt  lim  0 e x (x) x (x)Ê � œ œ � � œ � � � œ> > >' '
0 0

x t x t x 1 tb
0

_ _

� � � �

b bÄ _ Ä _
c d ˆ ‰b

e
xx

b
!

 (c) (n 1) n (n) n!:> >� œ œ

 n 0:  (0 1) (1) 0!;œ � œ œ> >

 n k:  Assume (k 1) k! for some k 0;œ � œ �>

 n k 1:  (k 1 1) (k 1) (k 1) from part (b)œ � � � œ � �> >

 (k 1)k! induction hypothesisœ �

 (k 1)! definition of factorialœ �

 Thus, (n 1) n (n) n! for every positive integer n.> >� œ œ

32. (a) (x)  and n (n) n!  n! n 2n> > 1¸ œ Ê ¸ œˆ ‰ ˆ ‰ ˆ ‰É É Èx 2 n 2 n
e x e n e

x n n1 1

 (b)  n                  2n                         calculator            
10 3598695.619 3628800
20 2.4227868 10 2.432902 10

ˆ ‰ Èn
e

n
1

‚ ‚") ")

$# $#

%( %(

'% '%

)" )"

30 2.6451710 10 2.652528 10
40 8.1421726 10 8.1591528 10
50 3.0363446 10 3.0414093 10
60 8.3094383 10 8.3209871 10

‚ ‚

‚ ‚

‚ ‚

‚ ‚
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 (c) n                   2n                   2n e        calculator       
10 3598695.619 3628810.051 3628800

ˆ ‰ ˆ ‰È Èn n
e e

n n 1 12n      
1 1

Î

33. e   cos 3x2x Ð�Ñ

 2e    sin 3x2 1
3

x Ð�Ñ

 4e   cos 3x
 

2 1
9

x Ð�Ñ �

 I  sin 3x  cos 3x I  I (3 sin 3x 2 cos 3x)  I (3 sin 3x 2 cos 3x) Cœ � � Ê œ � Ê œ � �e 2e 4 13 e e
3 9 9 9 9 13

2x 2x 2x 2x

34. e   sin 4x3x Ð�Ñ

 3e     cos 4x3
4

x Ð�Ñ � "

 9e    sin 4x
 

3
16

x Ð�Ñ � "

 I  cos 4x  sin 4x I  I (3 sin 4x 4 cos 4x)  I (3 sin 4x 4 cos 4x) Cœ � � � Ê œ � Ê œ � �e 3e 9 25 e e
4 16 16 16 16 25

3x 3x 3x 3x

35.    sin 3x  sin xÐ�Ñ

 3 cos 3x  cos xÐ�Ñ �

 9 sin 3x  sin x
   

� Ð�Ñ �

 I sin 3x cos x 3 cos 3x sin x 9I  8I sin 3x cos x 3 cos 3x sin xœ � � � Ê � œ � �

  I CÊ œ �sin 3x cos x 3 cos 3x sin x
8

�

36.    cos 5x  sin 4xÐ�Ñ

  sin 5x     cos 4x� Ð�Ñ � "
4

 25cos 5x   sin 4
      

� Ð�Ñ � "
16

 I  cos 5x cos 4x  sin 5x sin 4x I  I  cos 5x cos 4x  sin 5x sin 4xœ � � � Ê � œ � �" "
4 16 16 16 4 16

5 25 9 5

  I (4 cos 5x cos 4x 5 sin 5x sin 4x) CÊ œ � �"
9

37. e   sin bxax Ð�Ñ

 ae       cos bxax Ð�Ñ � "
b

 a e    sin bx
   

# "ax Ð�Ñ � b#

 I  cos bx  sin bx I  I (a sin bx b cos bx)œ � � � Ê œ �e ae a a b e
b b b b b

ax ax ax

# # # #

# # #Š ‹�

  I (a sin bx b cos bx) CÊ œ � �e
a b

ax

# #�
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38. e   cos bxax Ð�Ñ

 ae       sin bxax Ð�Ñ "
b

 a e    cos bx
   

# "ax Ð�Ñ � b#

 I  sin bx  cos bx I  I (a cos bx b sin bx)œ � � Ê œ �e ae a a b e
b b b b b

ax ax ax

# # # #

# # #Š ‹�

  I (a cos bx b sin bx) CÊ œ � �e
a b

ax

# #�

39. ln (ax)     1Ð�Ñ

            x
     

"
x Ð � Ñ

 I x ln (ax) x dx x ln (ax) x Cœ � œ � �' ˆ ‰"
x

40. ln (ax)       xÐ�Ñ #

            x
     

" " $
x 3Ð � Ñ

 I x  ln (ax)  dx x  ln (ax) x Cœ � œ � �" " " "$ $ $
3 x 3 3 9

x' ˆ ‰ Š ‹$

41. C C' ' 'dx 2 dz 2 2
1 sin x (1 z) 1 z1 1 tan� � �� �

œ œ œ � œ �
Š ‹
Š ‹ ˆ ‰
2 dz

1 z
2z

1 z

� #

� #

#

#

x

42. ln 1 z C' ' ' 'dx 2 dz dz
1 sin x cos x 1 z 2z 1 z 1 z1� � � � � � �� �

œ œ œ œ � �
Š ‹

Š ‹
2 dz

1 z
2z 1 z

1 z 1 z

� #

� �# #

� # # # k k
 ln tan 1 Cœ � �¸ ¸ˆ ‰x

#

43. (1 2) 1' ' '
0 0 0

2 1 11Î
dx 2 dz 2

1 sin x (1 z) 1 z1� � ��

"

!
œ œ œ � œ � � œ

Š ‹
Š ‹
2 dz

1 z
2z

1 z

� #

� #

#
� ‘

44.    3 1' ' '
1

1

Î Î Î

Î

3 1 3 1 3

2 1 1
dx dz 1

1 cos x z z1� �

"

"Î $
œ œ œ � œ �È È

Š ‹
Š ‹ È
2 dz

1 z
1 z
1 z

� #

� #

� #

#
� ‘ È

45. tan   tan  ' ' ' '
0 0 0 0

2 1 1 11Î
d 2 dz 2 dz 2 z 2

2 cos 2 2z 1 z z 32 3 3 3 3
)

)� � � � ��

�" �"
"

!

"œ œ œ œ œ
Š ‹
Š ‹ È È È È
2 dz

1 z
1 z
1 z

� #

� #

� #

# # # ’ “
 œ œ1 1

3 3
3
9È

È

46.    ' ' ' '
1

1

Î

Î

2 1 1 1

2 3 3 3 3
cos  d 1

sin  cos sin 2z 2z 2z 2z
2 1 z  dz) )

) ) )� � � �

�

� �œ œ œ
È È ÈŠ ‹Š ‹

Ô ×
Õ ØŠ ‹

a b1 z 2 dz
1 z 1 z

2z 1 z

1 z

2z
1 z

� #

� �# #

� #

� #
# #�

Š ‹
Š ‹

#

$ $

z
2z

#

 dz

  ln z   ln 3 0 (ln 3 2) ln 3 1œ � œ � � � œ � œ � œ �’ “ Š ‹ Š ‹È Èˆ ‰" " " " " "
# # # #

$

"

z 3 ln 3
4 4 4 4 4

#
È

47.  ln C' ' ' 'dt 2 dz 2 dz
sin t cos t 2z 1 z (z 1) 2 2 z 1 2

z 1 2
� � � � ��

" � �

� �
œ œ œ œ �

Š ‹
Š ‹ È È

È2 dz
1 z

2z 1 z
1 z 1 z

� #

� �# #

� # # # ¹ ¹
  ln Cœ �" � �

� �È È
ˆ ‰ È
ˆ ‰2 tan 1 2

tan 1 2º ºt

t
#

#
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48. ' ' ' 'cos t dt
1 cos t 1 z 1 z 1 z1

2 1 z  dz 2 1 z  dz
1 z 1 z 1 z� � � � ��

� �

� � � �
œ œ œ

Š ‹Š ‹
Š ‹

a b a b
a b a b a b a b a b

1 z 2 dz
1 z 1 z

1 z
1 z

� #

� �# #

� #

� #

# #

# # ## # # #

 2 2 tan z C cot t Cœ œ � œ � œ � � � œ � � �' ' ' ' 'a ba b a b1 z  dz
1 z z z 1 z 1 z z z 1 z

dz dz dz dz t�
� � � � #

" �"
#

# # # # # # #
ˆ ‰

49. sec  d' ' ' ' ' ' ') ) œ œ œ œ œ �d 2 dz 2 dz dz dz
cos 1 z (1 z)(1 z) 1 z 1 z

)

)

Š ‹
Š ‹

2 dz
1 z
1 z
1 z

� #

� #

� #
� � � � �#

 ln 1 z ln 1 z C ln Cœ � � � � œ �k k k k » »1 tan

1 tan

�

�

Š ‹
Š ‹
)

)

#

#

50. csc  d ln z C ln tan C' ' ' ') ) œ œ œ œ � œ �d dz
sin z
) )

)

Š ‹
Š ‹

2 dz
1 z

2z
1 z

� #

� #

k k ¸ ¸
#
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