CHAPTER 6 APPLICATIONS OF DEFINITE INTEGRALS

6.1 VOLUMES USING CROSS-SECTIONS

. 2
1. AX)= (dlaggnal)2 _ (Vx- (2—\/;)) =2x;a=0,b=4;

b 4
V=£A(x)dx=j;2xdx:[x2]g:16

2

. 9 2 2 . _e2y12
2. A®X) = ‘Ir(dlﬂl’:e[el‘)' _ 77[(27)(4)7)(] _ ,.[2(14 b)) (1 _ 252 —|—x4);a: “1,b=1;

b 1 71
v=[Tamdx= [ 7r(172x2+x4)dx:7r[xf%)(3+"5i}

—

3. A(x) = (edge)’ = {\/1 —x2— <_,/1 _XQ)F _ (zm)Q 4 -%) a1 b= 1;
V:ﬁbA(x)dx:fjA(l_x2)dx:4{x—X;}l_l:8(1_%):13_6
Viee-(-viee)|'  (/i-e)

: 2
4. A(X) — (dlag(Q)nal) — s _ -

V:j;"A(x)dx:zf‘la—X?)dx:Z[x—%};:4( - =3

5. (@ STEP1) A=} (side) - (side) - (sin §) = } - (2v/sinx) - (2V/sinx) (sin 5) = /3 sinx
STEP2) a=0,b=r1

STEP 3) V:LbA(x)dx:\/gj:sinxdx: [—ﬁcosxr:ﬁ(wl):zﬁ

0
(b) STEP 1) A(x) = (side)? = (2 sin x) (2 sin x) = 4sinx
STEP2) a=0,b=r
b T
STEP3) V= [A dx= [ 4sinxdx=[-4cosx]] =8
6. (a) STEP1) A(x)= dameer” _ 1 (s x — tan x)2 =
=T [sec?x + (sec?x — 1) — 2 Sinx]
STEP2) a=—I,b=1

% (sec? x + tan? x — 2 sec X tan X)

/3
—m/3

STEP 3) V:j;bA(X)dXZ‘f;/;%(Zsec2x—1_2Sinx) dXz%[Ztanx—x+2(— 1 )]

cos? x €OSs X

—ivEi-s+2(-d) - (-2vB3+1+2(- )] =5 (4v3-%)
(b) STEP 1) A(x) = (edge)? = (sec x — tan x)* = (2 sec®x — 1 —2 i)
STEP2) a=—1,b=1

STEP 3) V:fabA(x)dx:fZ;@sec?x—l—M) ix=2(2/3-F) =4/3-%

cos? x

7. (a) STEP1) A(x) = (length) - (height) = (6 — 3x) - (10) = 60 — 30x
STEP2) a=0,b=2

b 2
STEP3) V= [Adx= [ (60 —30x)dx = [60x — 15x’]; = (120 — 60) — 0 = 60
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328  Chapter 6 Applications of Definite Integrals

(b) STEP1) A(x) = (length) - (height) = (6 — 3x) - (%6*3)) = (6 — 3x)(4 + 3x) = 24 + 6x — 9x>
STEP2) a=0,b=2
b 2
STEP3) V= [A® dx= [ (24 +6x —9x2)dx = [24x +3x* — 3x’] = (48 + 12— 24) — 0 = 36

8. (a) STEP1) A(x) = }(base) - (height) = (\/x — %) - (6) = 6,/x — 3x
STEP2) a=0,b=4
° f e 12 3/2 _ 3,214
STEP3) V= ['A®dx= [ (6x'2 —3x) dx = [4x¥/2 — 3x2]; = (32 -24) —0=38

. _x\2 _x3241
(0) STEP 1) A() = §-m(fimen)’ = §or(WArd)" = 20200 = f(x = 02 4 40)
STEP2) a=0,b=4
STEP 3 V—fbA d_nf4 32 4 1,2 gx — [Lx2 — 245/2 4 1,314 _x(g_ 64 L 16) _ 1) = &
) V= J A de =g | (x = %7 4 g3 dx = [3x7 = 302 4 X = §8-F 4+ ) - §50) =5

9. A(y) = § (diameter)* = % (\/§y2 _ 0)2 = STyt ,
c:o,dzz;vzfch(y)dy:j:s%yzxdy 7
=[5 ()], =5 -0 =8 N y=2
! diameter of circle
0.5
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10. A(y) = & (leg)(leg) = 5 [v/1 —y2 — (=1 — 2)]2

v=[amay = a0 -ay=2ly-x]] =0 =

11. The slices perpendicular to the edge labeled 5 are triangles, and by similar triangles we have 2=z :> h= 3b The
equation of the line through (5, 0) and (0, 4) is y = —2x + 4, thus the length of the base = —%x —|— 4 and the
height = 3 (—3x +4) = —3x 4 3.Thus A(x) = £ (base) - (height) = 1 (—%x +4) - (—3x+ 3) Sx2—2x+6

andV = [TAR) dx = [0 (£x2 = 2x+6) dx = [2x — & 1 6x]3 = (10—30+30) — 0= 10

12. The slices parallel to the base are squares. The cross section of the pyramid is a triangle, and by similar triangles we have

b3 b= Ih Thus A(y) = (base)’ = (3y) = 2v* = V= [ A dy = [ Sy?dy= [3y)]S=15-0=15

13. (a) It follows from Cavalieri's Principle that the volume of a column is the same as the volume of a right
prism with a square base of side length s and altitude h. Thus, STEP 1) A(x) = (side length)? = s?;

b h
STEP2) a=0,b=h;STEP3) V= [ A dx = [ s?dx = s’h

(b) From Cavalieri's Principle we conclude that the volume of the column is the same as the volume of the prism
described above, regardless of the number of turns = V = s’h
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Section 6.1 Volumes Using Cross-Sections 329

14. 1) The solid and the cone have the same altitude of 12.

y
2) The cross sections of the solid are disks of diameter 3
x — (3) = 3. If we place the vertex of the cone at the i y=z/4
origin of the coordinate system and make its axis of
symmetry coincide with the x-axis then the cone's cross 1

sections will be circular disks of diameter

i (f %) = 3 (see accompanying figure).

3) The solid and the cone have equal altitudes and identical

parallel cross sections. From Cavalieri's Principle we e -2/
conclude that the solid and the cone have the same 3
volume. NOT TO SCALE

2

15 R0 =y=1-% = V= [rRPd =7 (1—%)2dX:7rj:<1—x—|—"£)dX:ﬂ'[x—%—F’l‘—:}

—r-+ )= %

-8 =67

B [SN)

2 2 2
16. Ry)=x=% = V= [ sRyPdy==[ () dy=n 3y’ dy=n[3y*]) =n-

17. R(y)ztan(%y);uz%y = du=7dy = 4du=7mdy;y=0 = u=0,y=1= u=7;

V= j;l 7[R(y)]* dy = wj;l [tan (% y)]2 dy = 4j;ﬂ/4tan2u du = 4f(:/4(—1 +sec?u) du = 4[—u + tan u]g/4

=4(-2+1-0)=4—-7

/2
18. R(x) = sin x cos x; R(x) =0 = a = 0andb = 7 are the limits of integration; V = fo m[R(x)]? dx
/2 w2 . 5
:7rf0 (sinxcosx)zdx:wﬂ) %dx;[u:Zxédu:deé%:%";x:Oéu:O,

x=%=u=n - V=rf Lsinfudu=72[4Llsin2]]=2[(Z-0)-0]=1

19. Rx)=x> = V= foz TR dx = 7 foz()(?)2 dx

2 572
=7TfX4dX:7T[%} :32%
0 0

&

20. R =x* = V= fozw[R(x)F dx =7 f:(x?’)2 dx y

> 12
=7 f xSdx =7 {"7} = 1%
0 0
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330  Chapter 6 Applications of Definite Integrals

2. Rx) =9 - x2 = V:f;w[R(x)]z dx:ﬂfj3(9fx2) dx
:w{9x—§’}::2w[9(3)—§] —2.7-18=36n

1 1
2. R@ =x-x* = V= [ RO dx =7 (x —x?) dx
! X3 x4 X5 1
:Wﬁ(x2—2x3+x4)dx:7r[?—27-1-?}0
=r(i-1+1)=Z10-15+6) =%

/2 /2
23. R(x) = /cosx = V = j; 7[RX)]? dx = 7Tj; cos x dx y

=rlsinx]]?=x(1-0)=7

Z "//‘i////% 2
, ”’;(/%%%g{//%

/4 /4
24. R(x) =secx = V = fimﬂ[R(x)]z dx = fimsecQ x dx

= 7 [tan x] ”/;*/4 — 7l — (=D)] =27

/4
25. R = /2 —secxtanx = V= [ xR dx y

T fm(\/i—secxtanx)de 72

0
/4
™
0

T (2 — 24/2 sec x tan x + sec? x tan? x) dx

s

0
(f /42 dx — 2\/5 j:msec X tan x dx + j;m(tan x)?sec? x dX)

([2)(]g/4 —24/2[sec x]g/4 + [@} Z/4>
w[(g—o) —2\/5(\/5—1) +§(13—0)} :W(%+2\/§—13—1}

Yy =secrtanx

™
X

0.6

oAt
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Section 6.1 Volumes Using Cross-Sections 331

26. Rx) =2~ 2sinx =2(1 —sinx) = V= [ m[REOJ? dx
=7 j:/24(1 —sin x)? dx = 47 j:/z(l + sin? x — 2 sin x) dx
:471:/2[1—1— %(1 —cos2x)—2sinx] dx
:4#](‘)”/2(% — cos2x 72sinx)

2
3 sin 2x /2
=4z [§x— v +200sx]0

=47 [(3F —0+0) = (0—0+2)] = 737 — 8)

2. Ry = V5y* = V= [ alRe)Pdy = [ 5y dy
=y’ =7l — (=Dl =2n

2 2
8. Ry =y = V= [ sRpPdy=x[ y*dy

:77{%1]2:4#

/2
29. R(y) = /2sin2y = V= [ #[Ry)dy
T2 w/2
= rfo 2 sin 2y dy = 7 [— cos 2y],

=7n[l-(-1D] =27

30. R(y) = y/cos 5 = V= fiﬂ[R(}’)]2 dy

- fozcos (H)dy =4[sin )", =40 (-] =4
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332 Chapter 6 Applications of Definite Integrals

) ! : -2
2. Ry =2 = V= [ aR@Pdy=x[ 2y(y>+1) " dy; y
u=y"+1 = du=2ydy;y=0 = u=1y=1 = u=2]

~vVernfutdi=r[-1 =r[-L—(-1)] =3

z=2y/(y* +1)

b
33. For the sketch given,a = — 5,b = 7; R(x) = 1, 1(x) = y/cos x; V = fa 7 ([RX)]? — [r(x)]?) dx

_fﬁ/z 1 dx =2 fﬂ-/zl dx =2 . 7T/2_2 s 1) = 2 2
= 4/27( —cosx)dx =2 | = (1 —cosx)dx =2n[x —sinx],’” = m(Z-1)=n*-2r

34. For the sketch given, ¢ = 0,d = T; R(y) = 1, 1(y) = tan y; V = f (IR — [x(y)1?) dy

2

—7Tf (1 —tan’y) d y—7rf 2 — sec’y) dy = m[2y — tan y]7/ Zﬂ(g—l):%—ﬂ'

35. 10 =xand R®) = 1 = V=[x (RGP - [r0]?) dx

= [lr - ax=n[x -] =r[(-1 -0 =%

36. 1(x) = 2¢/xand R(x) =2 = V = fol 7 (RGP — [r(012) dx

1 x21 1
=xf (474X)dX:47T{X77}0:47r(175):27r

37. i(x) = x>+ land Rx) = x + 3
= V= [ 7 (ROP = [r0P) dx
—xf [0+37 = (x4 1)7] ax
=7 fj [(x2+6x +9) — (x* +2x2 +1)] dx

_ fz 42
=x | (—x*—x*+6x+8)dx
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Section 6.1 Volumes Using Cross-Sections 333
38. r(x) =2 — x and R(x) = 4 — x?
= V= [ 7 (ROPE = [r0P) dx
—xf [(4 )2 x)ﬂ dx

=7 [ 1016 = 8x2 + xt) — (4 — dx +x?)] dx

)

m) (124 4x = 9x* +x*) dx

(24+8-24+32) — (-12+42+43-1)] =n(

w{12x+2x2—3x3+"5—5}2
[

39. r(x) = sec x and R(x) = \/5
= V= fj;w([R(x)]Q — [r(0)12) dx
=7 fZZ(Z — sec?x) dx = 7[2x — tan x]

(G- 1)~ (54 1)] =r-2)

/4
—/4

X
40. R(x) = sec x and r(x) = tan x
- V= fol T (RGP — [r(0]2) dx
:wj: (sec’ x — tan® x) dXZTI‘j;lldX:TI'[X](l):ﬂ'
X
41. r(y) =landR(y) = 1+y Y
= V= [ (ROP - 1)) dy . 0@
. . %/;/;Z’/,Z”/y
:Wfo [(1+y)2—1]dy:7rf0(1+2y+y2—1)dy %/{////’%K//
] 2 2 yv]! 1\ _ 4n y=x-1
:Wfo(Zy—i—y)dy:W{y +7}0=7T(1—|—§)=?’ /
' X
| (1,0) )
42. R(y) = landr(y) = 1~y = V= [ 7 (RGP — [x(y)]?) dy y
1 1 (1,1)
_ (1 — )2 _ 1 2 1+
wfol[l (1-y?dy=n, [11(1 2y +y2)] dy D
_ 2 _ 2 _ ¥y _ _1y_ 2z C—“
=rf (2 y)dy—ﬁ[y g}()_ﬂ(l 3) =3 yel-x%,
X
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334  Chapter 6 Applications of Definite Integrals

43. R(y) =2andr(y) =  /y
= V= [ ® (RO - [r)P) dy 4!

y
274
=, @4-ydy=nlay =] =168 =8 y=x2

////%

44. R(y) = v/3and r(y) = /3 — y2

y
= v = [ R (ROP - )P dy 3 g
:wfo 3-(3-y? ]dy:7rf0\/§y2dy x2+y2=
V3
=r[x], =3 .
' 3

45. R(y) =2andr(y) =1+ ,/y
= V= [ 7 (ROPE - [K)I) dy
N [4—(1+\/§)2] dy

ZW(3—§—%) =7 (82) =&
46. R(y) =2 -y andr(y) = 1

= V= [ 7 (ROPE — [rI) dy

=, (2= v = 1] dy

= f) (4= 4y 4y~ 1) dy

= fol (3 —4y!/3 +y2/3) dy

1
= [y -3y 2] (3343 =%

47. (a) 1(x) = \/xand R(x) =2
- V= f (RGP — [r(x)]?) dx

f:?’//f 7
—xf (4—x)dx:7r[4x—Xﬂj:w(m—g):g7r . ;/Z%/

-
(b) r(y) = 0and R(y) = y? // y=vx

= V= [T7 (RO - [ry)P) dy
2
e [i)
© 100 =0andR) =2~ /X = V= [ n(ROF - 0P dx =7 (2= V/x

57 4
:”fo (4 —4y/x+x) X=W[4X—8"3 +§}0=w(16—%+§):%
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(d)

48. (a)

(b)

49. (a)

(b)

(©)

50. (a)

(b)

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Addisou\ﬁls&éd ed By
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) =4y andRy) =4 = V= [T (ROP - P dy == [ [16- (4 -] ay
2 2 57 2
:wfo (16—16+8y2—y4)dy:7TJ; (8y2—y4)dy:7r{§y3—yg]
r(y) =0andR(y) =13
= V= [ 2RO - [r»)P) dy
—ﬂ'f (1-3) dy—Trf ( —y—|—y72>dy
2
=rly-§ ) =re-te ) =%
r(y)=1landR(y) =2—1%

:>V:j;27r([R(y)]2 [r(y)1?) y—ﬂ'f{ -3) —1}dy:7rj:(4—2y+y4—2—1)dy

:ﬂj;z (3—2y+y72)dy=7r[3y y2 4+ ]0:77(6_4+%):7r(2+%)z%w

r(x) =0and R(x) = 1 — x>

= V= [ 7 (ROP - [r0P) dx

:7‘(]:1 (1 —x?%) dXZ?TfJ](l—ZXQ—FXZL)dX
:W{x—%’é+x§5}i1:2ﬂ(l—%+é)

=2m (B59) = &

rx)=landRx) =2 —x2 = V = f (RGP — [f(0)]?) dx = 7 fll { x2)? - 1} dx

;11
:ﬂ'fil(4—4x2+x4—l)dx:ﬂf7|(3—4x2—|—x4)dx:7r{3x—%x3+"5—0}_1:27r(3—%+%)
=3 45-20+3) =3~

fx)=1+4+x2andR(x) =2 = V = f (RGI? — [r(x)1) dx—wfll{ —I—X)]dx

51
_wf 4—1-2x%—x% dx:wfil(3—2x2—x4)dx:7r{3 _%XS_%},1:2W(3_%_%)
= 2(45-10-3)= %=

r(x) =0andR(x) = — Ex +h

= V= [T7(ROP - [P dx
—wf —Bx+h ? dx

—wf (h—2 %X%—h?)dx

h? [W———i—x] = 7h? (2 — b+ b) = ™

ry) =0andRy) =b (1 %) = V= [ =(RWE - )
=2 [ (12 + y—z)dy—wa[y——-i—W] = 7b? (h—h 4 1) = =

osaid zyoud



336  Chapter 6 Applications of Definite Integrals
51. R(y) =b+ /a2 —y2andr(y) = b — /a2 — y? Y

= V= f (R — [x(y)]?) dy r(y
= [" [+ Ve~ (b V)] ay S
—r [ v/ i ay = abr [ mdy

= 4b7 - area of semicircle of radius a = 4br - = 2a’br?

52. (a) A cross section has radius r = /2y and area 7rr> = 27y. The volume is fd 2rydy = T [y? ]8 = 29m.

dV _ __dv  dh dh dh __ _1 dv
(b) V(h) = [A(h)dh, 50 & = A(h). Therefore &¥ = &V . dh — A(h) . &b 50 &b — L. 4V,
For h = 4, the area is 27r(4) =8m,so = L guss _ 3 unit?

h—a h—a
53. (a) R(y) = aQ—y2:>V:7rfia (a2 —y?) dy = [ay——} ) 7r[a2h—a3—@—(—a3+a3—3>]

= [a?h — 4 (¥ — 3h%a+3ha® - a¥) — §] =7 (ah— 1§ + ha— hat) = =D

W

(b) Given § = 0.2 m%sec anda =5 m, find §| . From part (a), V(h) = w 57h? — ”h3

_ 2 dV _ dV _dn dh __ 02 _ _1
= E = 10mh — 7h G = @ " a — (10— h) At lhet = F2(10-3) — QOm©) 1207 m/sec.
54. Suppose the solid is produced by revolving y = 2 — x about ¥
the y-axis. Cast a shadow of the solid on a plane parallel to 2
the xy-plane.
Use an approximation such as the Trapezoid Rule, to
b 1
estimate fa T[R(y)]* dy ~ Zﬂ'( ) Ay.
1 2 *

55. The cross section of a solid right circular cylinder with a cone removed is a disk with radius R from which a disk of radius
h has been removed. Thus its area is A; = 7R? — th? = 7 (R? — h?) . The cross section of the hemisphere is a disk of

2
radius v/R? — h2. Therefore its area is Ay = 7 <\/ RZ — h2) = 7 (R? — h?). We can see that A| = A,. The altitudes of

both solids are R. Applying Cavalieri's Principle we find
Volume of Hemisphere = (Volume of Cylinder) — (Volume of Cone) = (7R*)R — 37 (R?)R = 3 7R®.

6 6
56. R0 = 51/36 —x2 = V= [ 7[ROP dx =7 [ 2 (36— x2) dx = f (36x2 — x*) dx
6 . ] _
= |12 = %] = (12-6 = §) = 5 (12— %) = (%) (25%) = 2 em®. The plumb bob will

weigh about W = (8.5) (3 ) /2 192 gm, to the nearest gram.

=7

7 7 3
57. R(y) = /256 —y? = V= [ alRpPdy=n[ (256 -y)dy=n {25631 - y?] 1
=7 [@56)-7+ 5 — (256)-16) + 1) | = 7 (T +256(16 - 7) — 1) = 10537 cm’ ~ 3308 o’
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Section 6.2 Volume Using Cylindrical Shells 337

58. (2) R(x) = | = [ [RePdc=n (c—sinx?dx=m[ (¢~ 2¢sinx+sin?x) dx

:wj;ﬁ(CZ—chinx—i—lfgﬂ) dx:”]:(cz-F%—chinx—%) i
:W[(c2+%)x+2ccosxf%]g:F[(c%Jrngch) —(0+2c - 0)] —r (P4 T —4c). Let
V(c) = 7 (¢*1 + § — 4c) . We find the extreme Values of Vo) L' =mQRer—4)=0 = c=2 is a critical

point,and V (2) =7 (£ 4+ 2 — &) =7 (2 — %) = T — 4; Evaluate V at the endpoints: V(0) = and

T 2 7r

Vi) =m(3r—4) = %2 — (4 — m)m. Now we see that the function's absolute minimum value is 7 — 4,
taken on at the critical point ¢ = 2. (See also the accompanying graph.)

(b) From the discussion in part (a) we conclude that the function's absolute maximum value is % taken on at
the endpoint ¢ = 0.

(c) The graph of the solid's volume as a function of c for
0 < c¢ < 1isgiven at the right. As ¢ moves away from
[0, 1] the volume of the solid increases without bound.
If we approximate the solid as a set of solid disks, we

can see that the radius of a typical disk increases without

bounds as ¢ moves away from [0, 1]. U 1

59. Volume of the solid generated by rotating the region bounded by the x-axis and y = f(x) from x = a to x = b about the

b
x-axisis V = j; 7[f(x)]*> dx = 4, and the volume of the solid generated by rotating the same region about the line
b b .
y = —1isV = I 7T[f(X) + 1]2 dx = 8. Thus j; TI'[f(X) + 1]2 dx — j; 7T[f(X)]2 dx — 87 — 47
b ’ N ) i
= Tl'j; (FO)1? 4 2f(x) + 1 — [f(x)]?) dx = 47 = f 2fx) +1) dx = 4 = 2fa f(x) dx + f dx — 4
b b
= [Tt dx+ Sb—a) =2 = [ fex) dx = 4=t

60. Volume of the solid generated by rotating the region bounded by the x-axis and y = f(x) from x = a to x = b about the

b
x-axisis V = j; 7[f(x)]> dx = 6, and the volume of the solid generated by rotating the same region about the line
b b b
y=-2isV= [ mlf(x)+ 2] dx = 10m. Thus [ =[f(x) + 212 dx — [ wlf)® dx = 107 — 67
b b b b
= 7 [ ([0 + 460 + 4 — [f012) dx = dr = [ (40 +4)dx=4 =4[ T dx+4 dx=4
b b
= [t dx+(b-a)=1= [fdx=1-b+a

6.2 VOLUME USING CYLINDRICAL SHELLS

1. For the sketch given,a = 0,b = 2;

2 2
V= [Tor (e (wen ) ax = [lomx (14%) ax=2r [ (x+ ) ax=2r |5

=2m-3 =067

%,
_|_
.—|><’;
—
N
Il
[\)
3
~—
IR
_|_
s
SN—r

2. For the sketch given,a =0,b = 2;
shell shell 2 <2 2 X3 ]2
V= [T (et ) (i) ax= Jo2mx (2= %) dx =2n [ (2x = ) ax = 2r [x* = %] =24 -1 =6r

3. For the sketch given,c =0,d = \/5;

V2 V2 "
V= f 27r rzg?lllls (hsehi;it) dy = j; 27y - (y3)dy = 27rj(‘) y3dy =27 [yz} =27

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Addisocj\ﬁs(lj:éded By Osaid ZyOUd



338  Chapter 6 Applications of Definite Integrals

4. For the sketch given,c = 0,d = \/g;

V= [an () () ay=[omy-3-G-y)dy=2n [y dy=2r (5] =%

5. For the sketch given,a =0,b = \ﬁ;
b hell hell V3 .
V= [or (i) () ax= [ 2w (V) ax:
[u:x2+1 = du=2xdx;x=0 = uzl,x:\/§ = u:4]

Ve[ uldu= g [2u) = T @2 1) = (2) 8- 1=

6. For the sketch given,a = 0,b = 3;
b hell hell : X .
V= j; 2m (rid?us) (hseith) dx = j:) 2mx (\/xg;j) dX’
u=x+9 = du=3x*dx = 3du=9x>dx;x=0 = u=9,x=3 = u=36
36
= V=2r [3u2du=6r [2012] 3 = 127 (v/36 - /) = 36r

7. a=0,b=2;
b 2
V= [lom () (e ) = [ 2mx [x = (< 3)] dx

2 2
:j; 27rx2~%dx:7rf0 3x2dx:7r[x3]§:87r

8. a=0,b=1;
V= [lar () () ax = [ 2nx (2x - 3) dx

1 1
Iﬂ'j; 2(37"2)dx:7r6f3x2dx:7r[x3](1):7r

9. a=0,b=1;

b hell hell !
V= j; 27 (adius) (hseith) dx = fo 2mx [(2 = x) — x*] dx

3 4 1

:27Tf1(2X—X2—X3)dX:27T x2 % _x
0

37 4],
—am(1-3-) = (2= = g - %
10. a=0,b=1;

b 1
V= [Tor(nn) () dx= [ 2mx (2 - %) — ¢ dx

1
:27rf0 x(2—2x2)dX:47rj:(x—x3)dx

|
N
3
—
Slie®
\
S
—
o —
Il
N
3
—~
N

~} =
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Section 6.2 Volume Using Cylindrical Shells 339

11. a=0,b=1;
V= [Ton () () ax= [ 2ex [V - @x - 1) dx
:27rf0 3/2*2X2+X)dXZZﬂ'[%Xs/27%X3+%X2]1

0
=am(5-34y) = (B ) =

12. a=1,b=4;
v= [lar () () dx = [T2mx (3x7177) dx
= 37Tf1 x1/2dx = 37 [% x3/2] L, =2m (432 - 1)
— 278 — 1) = 141

sinx, 0 <x<7m . .
= xf(x) :{ — © ;since sin 0 = 0 we have

. sinx <
13. (a) xf(x):{X xo 0<x<m o

X, x=0

= xf(x) =sinx,0<x <7

sinx, 0 <x<m
xf(x)—{ sinx, x=0

(b) V= f 2 r?:ﬁ:]lg (;;;:J dx = j;ﬁ27rx - f(x) dx and x - f(x) = sin x, 0 < x < 7 by part (a)

= V= 27rf0 sin x dx = 27[— cos x]j = 2m(—cos ™ + cos 0) =

tan’x, 0 < x < 7/4

_tanx s
O<x=j :>xg(x)—{ 0 x—O_ ; since tan 0 = 0 we have

14. (a) xg(x)—{x 0 o

2 <
Xg(x) = {tf;ngx); Oxixo— /4 = xg(x) = tan’x,0 < x < /4

/4
(b) V= f 2 ;ﬁt (H?i;:t) dx = j; 27x - g(x) dx and x - g(x) = tan®x, 0 < x < 7/4 by part (a)

2

/4 )
éVzZWfO tanzxdx:27rj; (secQX—l)dx:27r[tanx—x]g/4:27r(1fg):4”%
15. ¢=0,d =2;
2
V= f 27 (s ) (hseha?ﬁt) dy = [ 2my [y — (~)] dy
—27rf 3/2+y)dy_2ﬂ_[2y5/2 _'_y}o
5
—hr[%(\/i) +2§3}—27r(85ﬁ+§> t6m (4 +1)
=1 (3v2+5)
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340  Chapter 6 Applications of Definite Integrals

16. c=0,d=2;
d , 2
V= [am () () dy = [, 2ny Iy = (~y)ldy
" (y3 42 v y]? 2,1
=2 [, (P +y)dy=2m[§ +5] =167 (3 +1

)
= t6r (3) =

X
17. ¢=0,d=2;
d he she 2
V= [Tor (i) (i) dy = [, 27y 2y~ y¥)dy
2 3 172
=on [, Oy -y ay=2n [F - %] = (f - )
-y - %%
X

18. c=0,d=1;

d hell hell !
V= j: 2 (r;d?us) (hseiZhl) dy = L 27Ty (2y -y

y
y* —y)dy ol
1 1 4
o[ y(y—y)dy=2n (> —y*)dy x=y /
3 4 1 g
—on[f - 5] =am (- 1) = x=2y-y?
+ X
1
19. ¢c=0,d=1; y
d 1
V= [Cog (el (hshelﬁ,)dy:%f yly — (—y)ldy 1
¢ radius eight 0 %, .
2 4r 13711 47 //f/
=2 [ 2y’ dy =4 [y))) = & '

20. C:O,dzz;

d 2
V= [lom (S () ay = [ 2my(y - By

2 9 x 2 -
= [, ey =510 = %

21. ¢=0,d=2;

d shell shell 2
V= f; 2 (radius) (height) dy = j; 271'y [(2 + Y) - y2] dy

: 2 3 5 ¥ y'?
:27rf0 2y +y —y)dY=27r[y +g—7]0

=2r(4+58-18) =748 +32-48) =1
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Section 6.2 Volume Using Cylindrical Shells 341
22. ¢=0,d=1;
V= f 27 (s ) (hse}izlﬁt) dy= [ 2my[@—y) —y2dy

1
=27 2y—y2—y3)dy=2ﬁ[2—f—y4—4}0

:27r(1————) —I(12-4-3)=

23. (@) V= [ 27 () ( hse*;;‘h‘t)dx =/ 27 x (3x)dx = 67 I "X dx = 21 [x))2 = 167
(b) V= f 2 () (e x = [2m (4= %) (3x)dx = 67 [ (4x — x)dx = 67 [2¢ — 1] 2 = 6m(8 — £) = 32r
© V= f 27 (s (hﬁé&)dx = f227r x+1) (3x)dx = 67Tf2 x* 4 x)dx = 67 [1x> + %xz]i =6m(3 +2) =28
@ V= [Tor () (ot )y = [fory 2= Ly)dy =2n [ (2y — 1y?)dy = 27 [y? — 1y*] § = 2n(36 — 24) = 24
@ V= [lom () (e Yay = [T (7 —y) (2 - by)dy =2 [ (14— By + Ly?)dy = 2 [14y - Ry + y]

= 27 (84 — 78 4 24) = 60r

M V= [2r (S (e )ay = [(2m(y+2) (2 dy)dy =2n [ (44 4y — by?)dy = 2m [ay + 3y~ 0y
= 27(24 + 24 — 24) = 487

2 2
24. (@) V= fz (Jhell ) <hse}fgl}1n>dx:f027rx(8—x3)dx:27rj; (8x — x*)dx = 27 [4x2 — 1x°] ) = 27 (16 — 2) = %=

(b) V= [(or (e (s}?e">dx:f227r (3—x) (8 —x")dx = 2 [ (24— 8x — 3x> + x*)dx

radlus height

= 2 [24x — 4% = 3x* 41X ) = 2m(48 — 16 — 12+ ) = 204x

2
© V= f 2m r;l:iil;ls <hse}z]}1t>dx = j; 21 (x +2) (8 = x)dx = 27TJ; (16 + 8x — 2x> — x*)dx
=2m [16x + 4x* — Ix* — 1x° ]2:27(32—1—16—8—%) = 336n
d v= f 27 (pudius) (hsek;;l}it)dy* f 2my - Yl/adY*ZWf y¥3dy = & [y 7/’] 6n(128) = 68n
; 8
(@ V= f 27 (s hﬁ?}ir)dy = j; 2m (8 —y)y'dy = 27Tf0 (8y'/3 —y*3)dy = 27 [6y*/* — 3y7/3] |

=2 (96 384 ) 57677

8

() V:fczﬂ Shell ) <hseg;]}1t>dy:j;27r(y+ )y '/3dx—27rf Y3 4 y13)dy = 27 [3y73 4 2 4/3]
o (384 _ 936
=2 (5 +12) = =57

25. (a

~

radlus height
=27(8—8+44) —2n(—4+1+1) =

2 2
(b) V= f 2 Sheu ( Shen)dx: f7127r(x+ 1)(x+27x2)dx:27rf7|(2+3x7x3)dx:27r [2x + 2x% — %x“]z

radlus height —1

=2r(4+6—-4)—2n(-2+3-1) =2

! 4
v=[lar () (2 )ay = [ 2wy (T - (— )y + [ 2my (3~ (v - 2)dy
4
:47Tj; y3/2dy+27rj; (y¥2 = y? +2y)dy = 5 [y 5/2] +2m [2y5/2 = Ly3 +y2]‘1‘

=8N +or(@ -2 +16)—2r((-1+1)=1F

V= f shell (shell)dx_f 27 (2 —x) (x +2 — x2)dx = 27Tf —3x2 4 x3)dx = 27 [4x X3+%X4]2,1

(c

~
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342 Chapter 6 Applications of Definite Integrals

@ V= [ () (e )y = [ 24— y) (5~ (—yB)ay + [ 2w (4 y) (5~ (v~ 2)dy

4
:47rf 4\/_—y3/2)dy—1—271'f1 (y* —y/* —6y+4,/y +8)dy
_47T[8y3/2 2 5/2]1+27r[1y3— 2,5/2 _ 3y2_|_8y3/2+8y]4
_47r(§f%)+2(————48+64+32)727T(%7% 348 48) =10

1 1
26. @ V= [ 2m (") ( shell )dx = [ 2m(1—x)(4-3x2 —x*)dx = 2 [ (xF —x* +3x° — 3x2 — 4x + 4)dx

radlus height

R S SR T S R ORI L € S S R R ((FE R

() V= f2 () (et Yay = [ 2my(¢f5 — (— )y + [ zﬂy[ﬁ (W)}dv

4) =%

4
:47rj; ys/“dy—l—%f1 yw/4—ydy[u:4—y:>y=4—u:du:—dy;y:1:>u:3,y=4:>u:O]

9 0 3

_167r _ 167 | 887 _ 872¢
(8\[ 5 3)‘94'5_45

V3do

3

she. she ! ! 4 5 1
27. (a) V= fz (el ) (hgggt) dy = [ 2my-12(y2 —y¥) dy = 247 [ (y* —y') dy = 24 [YT—Y?]

(- =M
() V= [Tom () () dy = [ 2n(1 -y 120~ y¥)] dy
= 24n [ (v~ 2" +y") dy = 24m [§ — § + %]
) )

shell shell
(C) V= f 2 radlus (height

0

I
)
~
3
< —
—_
N
|
«
N
—
(&)
[
|
«
w
N—
o
<

0
= [ - [ i = 25 4 5 7 (48 0= 2 [ 2]

8
5
11
=24z [ (B —153y3+y4)dy—247r[%y3—%y4+yg}0:24w(%—§—3+%) (3339 4 12)

24#72
shll y (shell ! ! 2\ (2 o3
(d) V= fz radlus (height) dy 0 27T 12(}’ -y )] dy:247rf0 (y+§) (y -y )dy
11
=2ur [, (0 -yt 3y - )dy—247rf By +1y'—y)dy=24n [2y'+ 5y - %]

:24w(ﬁ+%—§)_247(8+9712)_2ﬂ_2w

2 2 4 2 2 1 2 5
28. (a) V= f 27 rzlltlifl:lllls (hsek;?}:t) dy = f 21y [y? — <yz — %)} dy = j; 27y (y2 — yz) dy = 27rf0 (y3 - yj) dy

—on[§- 4], =2 (3- 26)*327r(%f%):327r(%f%):327r(%):%“
® V= [ () () ay = [ 2me -y [ -
=27Tf0 (2y2—y§—y3+y¢)dyzzw[i_{_o_§+24
© V:fchW(rZZ?Bs) (hfi?ﬁt) dy:f 215 — y) {% (y{—% ]dy f 21(5 — ) (y2 yz) dy
—on [l (s gy -y ) dy=2m [§ - - Y+ 3]
@ V= [ar (2 () dy = [ om (v +

2 5
:27rj; (y3f%+%y2*3

v I‘%
N
IS |‘<>
k<lo
~—
(3]
o
«
Il
N
3
—~
N
'~<
=
N
<«
)
4>|“1
~—
o
«

<
«

N
N—
o

<«

Il
[\)

3

—

A<

\
1\3“<
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Section 6.2 Volume Using Cylindrical Shells 343

29. (a) About x-axis: V = f dz riléfﬂs (hﬁZﬂt)
_f2ﬂ'y dy_zﬁf (y¥?
=2l w]—h@—azl
About y-axis: V = f 2 (el (hﬁzﬂt)
= J, 2mx(x - xax 27rf] x? —x3)dx

x? x4 _
nfs-4])-

(b) About x-axis: R(x) = xand r(x) = x> = V = j;bw[R(x)Q

1

—o[5 -5, =nl-H =%

About y-axis: R(y) = /yandr(y) =y = V = fcdw [R(y)

1
=[5 -5, =r-1=¢

DO =

30. (a) V=
:Wf x2+2x—|—4)dx:7r{—xz3+x2+4x]

=m(—16 + 16 4 16) = 167
(b) V= f27r shell (She”)dx:f:%rx(%—i-Q—x)dx

radlus height

= [Tamx(2-2)d x:27rf4(2x—§)dx

- 27{;8 . g] = 2m(16 — &) = &=

4 4
(©) VzﬁbZW(IZE?ES) (h‘j’izgt)dx:f;27r(4—x)(§+2—x)dx:ﬁ2w(4—x)(2—

4
— o 8x—2x2+%3} :%(32_32+@):647w

@ V= [r[Rx?r dx:ﬂf[

7 [ (3x2 = 10x + 28)dx =

d 2
31 @ V= [2m () (k) @y = [ 2myy = D ay

2 3 972
=2 f (y2—y)dy:2ﬁ[%—%]l
=2 [(5-3) - (-3
=2r(;-2+3)=504—-12+3) =

0 V= [Tom () () ax=
=2 [(4-9) - (1-1)] = WZ%

© V= [ ;‘;?3;) (;;:;‘h)dx

w{% —5x2 284 =m[16—(5)(16) +

[T2mx@ = dx =27 [*(2x = x?) dx = 2n [x2 . ;}

(5] = 2n (

——x)(2—x)dx—27rf 2?—?(’X—I—xQ)dx

4 2) 4

_ r(x)Q]dx = J:W[xz — x4)dx

1

P —x(y)’ldy = | wly —y*ldy

%)dx: 271'];1(8—4)(—!— %)dx

(6 3)"Jax = [} (64~ 16x +x) (36 — 6x+ ) |ax

(7)(16)] = m(3)(16) = 487

3 3

“an[Bx- bt b 2 [0 F e )~ (B34 ] 2 (}) =20

3

d V= fz r;‘;f}js (hf;;{t) dy*f27r(y—1)(y—1)dy_27rf (y— 1)? =2r [W ”L x
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2. @ V= [2m () ) () dy = [ amy(y* — 0) dy
2
—orf y3dy:27r[y74}0:277(2£) — 8
0 V= [2m () (;;;&) dx
— — 3 2
= fo 27rx dx = 271'f /
=2 [x2 - 2 o/2] 2 (16 - —)
=27 (16 — %) = £ (80 — 64) = 3¢
4
© V= [2m(el) ) ( ;;;;{t) dx = [ 2m4—x) (2= /x) dx = 2m [ (8 — 4x1/2 — 2x + x3/2) dx
=2 [8x — Ex32 —x2 4 2x%2) =27 (32— & — 16+ %) = 20 (240 — 320+ 192) = 2 (112) = 2=
2 2 112
@ V= [Tor () ) (e ) dy = f 202 = y) () dy =27 [ (2y* — ) dy =27 3y - YT} i

—or(§- ) = F6-n-

1
3. @ V= [2m () ) () dy = [ amy(y —y) dy
3 571
= [l ey =on 5 - %] = (- Y)
— 47r
shell shell

(b) V= f 2 radlus (height) dy

=f0 2m(1 —y)(y—y3) dy

: 2 : 5
o [ly-y -y vy =an[F 5o g 4y

-15+12)=1

34, (a

~

shell shell
V= f 2 radlus (height)dy
= fo 2my [1 = (y — y*)ldy
! 2 3 571
=on [L(y =y by dy =2n [y - % + ]
=2r(3-3+3%) =%0U5-10+6)

— Uz
15

0

(b) Use the washer method:
d 1 3 7 1
V= [rRy) - 2)dy = [, Tr[12 (y-y° } y—ﬂf -y —y +2y4)dy=7r{y—%—y7+2%}
=r(l-1-142)= 12 (105-35-15+42) =3
(¢) Use the washer method:

V= waQ(y)—r%y) Jdy = |, [ - }dy:w O] {1—2(y—y3)+(y—y3)2] dy
— [ 14y yS =2y 42y —2y)dy_7r[y+§+y77—y2+§—%ﬂi a4+l -141-2)
= 7#5(70+304 105 —2-42) = Zx
@ V= [T2m () ) () dy:f0 2l =y 1= (y =y dy=2r [ (1 =y) (1 —y+y") dy
:27Tf0 (1—y+y3—y+y2’—y‘*)dy:%f1 1—2y+y2+y3—y4)dy:27r{y—y2+y3—3+%—yﬂl
=2r(1-1+3+;-1)=F@Q0+15-12)=3%F

0
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35.

36.

37.

38.

39.
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@ V= [l () (e )ay = [ 2my (VB

zzﬂj; (2\/§y3/2_y3) y—27r{ \/—y5/2_

—2“<Wi'>_zw(4g3y>

Section 6.2 Volume Using Cylindrical Shells

2
v
4

=2r-4(3-1)=%@8-5=24 x
(b) V f27r r;l:i?llxls (hﬁ;it) dXijZﬂ'X (\/;—’%) dx:27rj;4 (x %}0
= (Z-g) =2 (3-3) =55 02-20) = :
@ V= [2m () () de y
= [l2mx[(2x - x%) = x] dx 11 y=2x-x2
—27rf x—lx XZZWJ; (x? — x?) dx =X
X X1 s
:27{?—7]022“%—%):6 —
1
(b) V= [T2m () ) () ax = [ 2m(1 —x)[2x —x%) —x] dx = 27 [ (1 = %) (x — x?) dx
) 1
=or [lx—2@ e dx=2n [ -3+ ¥] =ar(i-24+) =% 6-8+3)=3
@ V= [r[R0) - Poldc=n [ (x12 1) dx y
:7r[2x1/2—x]1/16:7r[(2—1)—( 71— 1)
15 _
—r(1-3)=%
b
0 V= [T () (e ) ay = [ 2my (f - ) @y | —-—
2, 4 012
:27rf (y3—%)dy =2n {—zy Y—ZL =
SEd OERE G RV G LN
ZO+1) =1
2
@ V= [rRe -l = [ (5 %) y
_ 2
=m[=5y7 —l]lﬂ[(—%—% —(=3- %] 2
= 2(2-6+16+3)="42
(shell ) ( stet : 1 4
(b) V= f radlus (heighl) dx = |/427TX <—x_1) dx
1 1 X
=27 1/4(x1/2—x) dx =2m [2 - %2} 1/4 .25 1
R R R S e (R B R R U R S RS

(a) Disk: V= V1 — V2

Vi = fablw[R1(x)]2 dx and Vy = ﬁbzﬂ[Rz(X)]Q with Ry (x) = ﬁ

- /X,

a; =—2,b; =1;a,=0,by =1 = two integrals are required

345

. osaid zyoud
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(b) Washer: V=V;+V,
Vi= fablw (IRi(x)]* — [r1(x)]?) dx with Ry(x) = ,/xgz andr(x) = 0;a; = —2 and b; = 0;
Vo= 7% (RO — [201?) dx with Rax) = /25

= two integrals are required
d d
© Shell: V= [“om () (e ) dy = [Ty (20, ) dy where shell height = y* — (3y* — 2) =2 ~ 2%

¢ =0and d = 1. Only one integral is required. It is, therefore preferable to use the shell method.

ﬁ;aQ:Oandbgzl

However, whichever method you use, you will get V = 7.

40. (a) Disk: V=V; —Vy—V;
d;
V., = j; 7T[Ri(y)]2 dy,i=1,2,3withRi(y) =1landc; = —1,d; = 1; Ra(y) = \/§and ¢, =0anddy = 1;
Rs(y) = (—y)l/4 and c3 = —1,d; = 0 = three integrals are required
(b) Washer: V=V +V,y
d
Vo= [Cr(ROP ~ [)P) dy.i = L2 with Ri(y) = Lri(y) = /y.¢; = Oand d; = I
Ro(y) = 1, 12(y) = (—y)"/*, ¢y = —l and dy = 0 = two integrals are required
b shell \ [ shell b shell . 2 4 2 .4
(¢) Shell: V= fl 27 (radius) (height>dx = fd 27rx<height>dx, where shell height = x* — (—x*) = x* 4+ x*,
a=0andb =1 = only one integral is required. It is, therefore preferable to use the shell method.
However, whichever method you use, you will get V = %T.

4. @ V= [ 7R -] dx= [ [(\/25 - x2)2 - (3)2] ax=r[ 25— —9dc=n[ (16— x)dx

=6 - ) — (64 4 ) = 2

50071'

—w[16x— X7

(b) Volume of sphere = %w 5) 256m __ 244

_ 500m _
= Volume of portion removed = >37 — =% = =5
TR
42. V= [T (el ) (e ) ax= [ 2mxsine — 1) dxfu=x 1= du=2xdix = 1 5 u=0,
X = 1—|—7r:>u:7r]—>7rf0sinudu:—w[cosu}g:—w(—l—l):%r

43. V = f 27 r:}(‘ifgs (;:}Z%l) dx = j;rZﬂ'x (—%x —|—h)dx = 27rj: (—%x2 + hx)dx = 277[—%x3 + %xz];

_ h 2h | _ 1 2
=2r(-+ ) = Ireh

aa. v = [T (i) (hSSZﬂt)dy—];2WY[\/r2y2(\/rzyz)]dy_“”fo YV —yidy

0 2
[u:r2—y2:>du:—2ydy;y=O:>u:r2,y:r$u:O]—>—27Tj;2\/adu:27rf;J u'/2 du

=W = e
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6.3 ARC LENGTHS

L1312 x= /T2 -x Y 2
3 3 2
= L:f0 1+(x2+2)x2dx:fox/1+2x2+x4dx 01 gy X ;2
= [Jorerax= [ae)yax =[x+ 2]
=), V(1 +x3)"dx= | (1+x7) x—[erg]O
:3+§:12 —
3

2. g—i:%\/;: L:j:‘\/l—l—%xdx; [u:l—k%x

= du=3Fdx = jdu=dx;x=0 = u=1Lx=4
10
= u=10] — L:fl u1/2(4du):4[2u3/2]10

9 L3 1
10\/E71)

/

-2

2
dx _ Lo (d&x) —y4_ 1 1
3oy =Y map (dy) =Y — 3t g

— L= \/l+y4—%+#y4dy

K

3 113 27 1 1 1 9 1 1 9 (=1-
{}; y4 ] 1 (? 12) (? 4) 12 3 41& 12 6
A dx 11/2 1 1/2 s dx 2 1 2 1 Y
dy 3 3 ( Y) 4 (E }')

:%f] (y 1/2+y*1/2) :%[2 3/2+2y1/2]
= [F ey = (543) -G+ =n-i=3

2
dx _ 3 1 d _ 1 1
S E=y-g o (§) =y -t .
: 21 X" 4 gy2 -
:>L:f\/1+y6_%+ﬁdy /
1-

(16 1 Y\ _(1_1y_4_ 1 1, 1_ 128-1-8+44 _ 123
—< ) G- =4-m—3+s="5" =%
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) 2
i = (@) s 2

—2+y*)dy

3 _ X
%f\/ery dy =1 [, (P +y ) dy oy 3
2 8 26 8 13
=1[5-y ] =3[(F-3)-G-3)]l=2(F-3+2)=306+3)=7%
2 .
¢ — M3 32
= L= [ 148 L7 dx 5] Y=T TS
fl x2/3 41 4 0 dx 10
8 5
:f \/ x1/3+ix*1/3) dx:f1 (x1/3 + 1x71/3) ax
= [3x8 4 2x23)5 = 3 x84 x23) 8 : 4 6 8
32242 Q4 1] =2(32+4-3) =
dy _ 4
ﬁ—x2+2x+1*(4x+4)2 X+ 2x+1 - 4(1+x)° y _x3 .
Y= 3 XX x4
=4+ = gy = (g_i) =1+ = 5+ ey
SL= L 1rae -1 Ut a at
2 y 2t
= [t G g : — X

:f()z\/[(1+x)2+%]2dx

2 )2
:j;[(1+x)2+(+TX)} dx;u=14x = du=dx;x=0 = u=1,x=2 = u=23]
3

3 3 o 11—
L=l bt [ b = 0- B - (- 1) = e 3
dx 4 dx2 4 y
E:\/SGC y—l = (@) = SeC y—l / Js—e:;t——1dt
n /41

= L= f/4\/1+ secty — 1 dy—f; sec?y dy

[tany]”/‘*/4 —1—(-1)=2

%ZMﬁ(j—y)Z:M‘—l y
= L= f 1+ 3x4—1dx—f V3 x2 dx
= V3[5] =B -2y =

X
y=[J3t4-1dt
73 =

3

VB (—148) =
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dx

= L= f,/1+ dx .

= [ VT4 dx

(c) L=6.13

1. (@ & =2 = (dY) - ®) y

B e Saa AN X SISy RRRS I RENS S

dx dx

= L= ffm vV 1+ sect x dx

(¢) L~2.06

2
12. (a) D — gec?x = (d—y) =sec’x (b)

2
13. (a) g—; =cosy = (g—’y‘) = cos’y (®) y

éL:j:\/lecoszydy .

(c) L~3.82 2

0.5 T =siny

o704 0% o8 1 X

2 2
14 @ &=- s = (d) = ®

= L= fm,/u 5 dy = 1/2,/ , dy
ek _1/2
=/, dy

(¢) L~1.05

NOT TO SCALE

2
15 @ y+2=2% = (&) =g+ ®) y

3
= L=[ VItG+Didy
(©) L~929
y’+2y=2z+1
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2
16. (a) %:cosx cos X + X sinx = (j—i) =x2sin’x (b) y
. 3
_ 2 in2
= L*\/; 1 4 x? sin x dx 25} y=sinz—zcosz
(© L~ 470 :
15
1
05
o T I Iy X
2
17. (a) ji =tanx = (g—i) = tan® x (b) y

/6 P 2 g
_ / +
= L= f vV 1+tan?x dx = f sin Z‘OS_CO‘ X dx o2
X
0.1 P
_ _ y _/ tan tdt
—j; oux f sec x dx o

(¢c) L=~0.55 - = —In cos(x)

2
18. (a) g—;:\/se@y—l = (g—;) =sec’y — 1 (®) v

A y
/4 =| sec’t—1dt
T oo

/4 /4
= fim |sec y| dy = fiﬂ/ssec y dy

(¢) L~220 -1 / 1
-1 1

19. (a) (%) corresponds to 4 here, so take dy as 3 \/— Theny = \/_ + C and since (1, 1) lies on the curve, C = 0.

Soy = /x from (1,1) to (4,2).
(b) Only one. We know the derivative of the function and the value of the function at one value of x.

2
20. (a) (3—;) corresponds to 4 here, so take dy as % Thenx = — < —|— C and, since (0, 1) lies on the curve, C = 1

Soy =t

(b) Only one. We know the derivative of the function and the value of the function at one value of x.

2. y= f v/ cos2tdt = dy = cos2x = L= j;:r/A\/ 1+ [\/ costrdx = j;)ﬂ/4\/1 + cos2xdx = j:/“\/ 2c0s2x dx
= j;)ﬁ/4\/§cosxdx = \/_ 2[sinx] \/7s1n( ) — \/Esin(O) =1

FUE

1 1
1-x23 1 _ 1 _ 1 _ “1/33, _ 3 742/3]1
ff/4\/1+ dx_fﬁ/4,/1+—xz,/3 —ldx—fﬁ/4 —Xz,gdx—f\/;/“—xl/gdx—f\/imx Pax=13 [P,

2/3
=31 - ;(@) =3 -3(1) =23 = total length = 8(3) = 6

, 2 2
2. y= (11— L cxc1s Y= 3(1-x8) P (2 1) = LT Ly ffﬂ\/ljt[ U=x® ] dx
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y=3-2%0<x<2=¥=_2= L:L2\/1+(—2)2dx:ﬁ)2\/§dx: [ﬁxr
d= /202 + (B (-1 =25

23.

2./5.

24. Consider the circle x“ 4+ y~ = r”, we will find the length of the portion in the first quadrant, and multiply our result by 4

=/r —x20<x<r:>dy—\/r2—x2:>L 4f 1+[ ]dx4f1/l+ dxf4f T dx

T T
T _ dx
4 0 TF 3 dx74rﬁ) o

25. o =y(y—-3)7 =& [9;@} -1 [y(y - 3)2} = 18x$ =2y(y —3)

+(y =37 =3y -3)y— 1) = § = 03l
2

= dx = 7@ 0 =D qy: ds? = dx? + dy? = {7y 3giy71)dy] +dy? = (=3P -1 336}(2 Ldy? + dy? = =3y -1 7;()y(_y3)721) dy? + dy?

_ {(ylyl)z }dy _ Y —2y4+l+4ydy (y+y) dy?

26. 42 —y? =64 = L [4x —y} 5{64};»sx_zydy:o;»dy_‘*—*:»dy:‘*?xdx;dé:dx%dy

_ dX2+ |:47xdx:| :dX2+ ls—é‘zdxz _ < 16x )d 2 _ ¥ er.léx dx 2 __ 4x2_6;12+]6x2dX2 — 20X2y—2_64dX2 — %(SX _ 16)(1
X 2
27. \/Ex:fo,/w(‘ji—{) d,x 0= /2= (_) =% = 1= y=f(x)= +x+Cwhere Cis any real
number.

28. (a) From the accompanying figure and definition of the

differential (change along the tangent line) we see that

=f(x)
dy = f'(x,;) A x, = length of kth tangent fin is
VA XD+ [y = /(A x)? + /() A x?.
- Tangent fin
(xk- l’f(xk-l)) with slope
— Axk f'(xk_])
>x
Xg-1 X

(b) Length of curve = Ime é (length of kth tangent fin) = lim 3 \/ (A x)2 + [ (X)) A xi ]2

= lim 3 VT 0 0P Ax = [ /TT PP de

29. > +y’=1=y=V1-x3P={0,11, 3,

EV(E N It \/(25)2 (£-£) +/u-+(0- ) =

+

30. Let (x1,y1) and (X2,y2), with X, > Xy, lieony = mx + b, wherem—iz y‘ , then dy—m:L f v/ 1+ m2dx
=V1+m?[x]2 =V1+mi(xp —x)) = /1 + (222 (XZ_XI): Co=x1)"+ (2 =)’

(x2 —x1)*
(xa=x1)*+ (y2=y1)°

WL (s —x) = - )+ (02— )
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3Ly =2x32 5 & = 3xV2 L) = [C\/14 302 dt= [T \/T+0tdt [u=1+9=du=9dt=0=u=1,

t:x;»u:mxwéf. " fadu= B[0P = 214907 - L) = 210 - 4 = (007
32.y=§—|—x2+x—|—4xl+4:>g—§:x2—|—2x+l—ﬁ (x+1)? —
_fox\/1+ (t+1)2t+11} dt = f [”‘ ] t_f gtl“
- ot [ [ —“ﬂt&i;ﬂzm
_fo 4t(+tl+ 1= { t+l)]dt u=t+1l=du=d,t=0=u=1t=x=>u=x+1]
= s —Z]du—[,% T = (S ) = ) - (- D) = S D il -

_ 8 1 1 _ 59
L)=5-§5-15=%

33-38. Example CAS commands:
Maple:
with( plots );
with( Student[Calculus1] );
with( student );
f:=x->sqrt(1-x"2);a :=-1;
b:=1;
N:=[2,4,81;
for nin N do
= [seq( a+i*(b-a)/n, i=0..n )];
pts := [seq([x,f(x)],x=xx)];

L := simplify(add( distance(pts[i+1],pts[i]), i=1..n)); # (b)

T := sprintf("#33(a) (Section 6.3)\nn=%3d L=%8.5f\n", n, L );

P[n] := plot( [f(x),pts], x=a..b, title=T ): # (a)
end do:

display( [seq(P[n],n=N)], insequence=true, scaling=constrained );
L := ArcLength( f(x), x=a..b, output=integral ):
L=evalf(L); #(c)

33-38. Example CAS commands:
Mathematica: (assigned function and values for a, b, and n may vary)

Clear[x, f]
{a,b} ={—1, 1}; f[x_] = Sqrt[1 — x2]
pl = Plot[f[x], {X, a, b}]
n==_§;
pts = Table[{xn, f[xn]}, {xn, a, b, (b —a)/n}])//N
Show[{p1,Graphics[{Line[pts]}]}]
Sum[ Sqrt[ (pts[[i 4 1, 111 — pts[[i, 111)* + (pts[[i + 1, 211 — pts[[i, 2]1)*], {i, 1, n}]
Nintegrate[ Sqrt[ 1 + f[x]*],{x, a, b}]
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2
1. (a) %:seCQX = (%) =sec’x

/4
= S= 27Tf0 (tan x) v/ 1 + sec? x dx

(c) S~3.84

dy dy 2 2
2 (@) =2 = (T) — 4x

= S:27rf02x2\/1—|—4x2dx

(c) S~ 5323

2
_ _ 1 dx _ 1 dx )" _ 1
3. (a) Xy—léx_§ = ﬁ_ = (ﬁ) =&
2
= s=2r[ 1 /T+yTdy

() S=~5.02

2
4. (a) j—;:cosy = (g—;) = cos’y

= S:27rf0ﬂ(siny)\/1+cos2y dy

(c) S=14.42

5. (@) xX24+y2=3 = y=(3-x2)’
= $=2(3-x) (- 1x 1)
- (3) -0y
= S= 27rf14(3 — x!/2)? \/1 + (1 - 3x1/2)* dx
() S~ 63.37

Section 6.4 Areas of Surfaces of Revolution 353

(b)
y
1 -
0.8
0.6 -
0.4+
y=tanx
02
1 1 1 1 X
0 0.2 0.4 0.6 0.8
(b)
y
4 -
3r y= ¥?
2 -
1 -
1 1 I L X
0 0.5 1 15 2
(b)
¥y
X
(b)
y
3
2.5+
2+
1.5+
I x=siny
0.5+
1 1 1 1 1 x
0 02 04 06 08 1
(b)
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10.

11.

12.

2
(a) % =14y 2= (g—;) =(1 erfw)2 ®) v

= S:27Tf12(y+2\/§)\/1+(1+y*1/2)2dx T

(c) S~51.33
V\'+2\/)_r=x

3 34 38 42 4648

2
() j—; =tany = (g—;) =tan’y (®) ’

= S:27Tj:/3(f0ytantdt) VTt an?y dy i

0.8

/3 y
= 27rj; (j; tantdt) secy dy 0.6

(c) S=~~2.08 04 / andr

0.2

1 I ! 1 1 1 1
0 01 02 03 04 05 06 0.7

X

@ &=V (%) =x-1 L
- S:27rfl\/§(f1X\/Hdt) VT = 1) dx I e
:27rflﬁ(f]x\/t2—1dt)xdx 0,:;:

0.6
) S~ 8.55 i
02F

0

1 I L 1 1 1
1 12 14 16 18 2 22

y=3% = g—zzg;s:fzwy,/w(g—z)%x = 5= [an(3) 1+ =28 [ xax

,14
= ”Tﬁ {%} = 47+/5; Geometry formula: base circumference = 27(2), slant height = /42 + 22 = 2,/5
0

= Lateral surface area = % (4m) (2 \/5) = 474/5 in agreement with the integral value

d 2 2 2
y=35% = x=2y = g—§ :2;S:j;27rx,/1+ (g—;) dy:LZTr-Zy\/l+22dy=47r\/§j;ydy:27r\/§[y2]§
= 27\/3 -4 = 87\/5; Geometry formula: base circumference = 27(4), slant height = /42 4 22 = 2\/3
= Lateral surface area = % (8m) (2 \/5) = 877\/5 in agreement with the integral value

b 2 3 3 3
b= s = [y 14 () ax= [2r 00 i ()7 ax= 25 [l nax = 2[5 4]

:%5[(3—1—3)—(%—1—1)] :#(4—1—2):377\/§;Geometryf0rmula: n=1i+l=1Ln=3+1i=2

slant height = \/(2 -1D2+3B-1)2= \/g = Frustum surface area = 7(r; + r2) X slant height = 7(1 + 2)\/5
= 37r\/§ in agreement with the integral value

d 2 2 2
y=3+i=>x=2y-1= &=2s= [om 1+(§—§) dy = [ 2r@2y - Dy/T+4dy=2m/5 [ @y D dy

=2m/5[y? —y]} = 2m/51(4 —2) — (1 — 1)] = 47\/5; Geometry formula: r; = 1,1, = 3,
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slant height = \/ Q-1)2+@3-1)2= \/5 = Frustum surface area = 7(1 + 3)\/7 = 47r\/§ in agreement with
the integral value

2
dy _ 2 dy \" _
3. =% = (%) =

[SIFEN=1Io N
5]
Il
< v
Y
B
o
S
+
ofL
o
el
<

_ x! _ 3 1 _x?
[u—lJrgédu— x*dx = 7du= 7% dx; «3
x=0=>u=1,x=2 = u:%] y:3_9--
25/9
— S:27Tf1 u1/2-%du:g %u3/2]?5/9 -
_ 7 (125 _om (125-27\ __ 98« 2
_3(7_ )_§(T)__1
14, 9 = Lx-1/2 )’ 1
) dx_§ = Yy
15/4
= S—f 2my/x (/1 + £ dx 194+ y=yx
15/4 3/2 15/4
_ 14y 2 1 874
=2r 3/4 X+de_27r{§(x+1) }3/4 0.87
_4m (15 | 1\3/2 3, 1N\3/2] _ 4r [(4\3 -+— +
=3 [(7*1) -(3+3) } =3 [(z) *1} 0.75 3.75
__ 4m _ 28w
=3 @-D=5%
2
dy _ 1 2-2x) _ _1-x d _ (1=x)?
15, d_i T2 - Vx-x (ﬁ) T —x? y
1.5
= s= [ 2mv/2x —x2 /1 4+ 120 dx 11 e
15 =,/2x—-x2
_ 2 V22— 24K y
—27rj;.5 V2X — X BV o dx
1.5
=on [ dx =2n[x]}? = 2r ' .
.S 1 1.5

16. & L

d
=i = (8) =t y
= S:‘ﬁzﬂ\/)(‘f'—l\/mdx 2-4J" ,,y;@"/
zzﬂ‘ﬁS\/mdx:Zﬂ"ﬁS X_i_%dx 14 4+
5
—2n[3x+ %f”“] =% {<5 + - (149"

G0 ¥ (3
-3 3\ 23 23

=1(125-27) = 98—ﬂ:4977f

x

2 1oy
17.3—;:y2:>(g—§) :y4:>S=L27ymdy; y
u=1+y" = du=4y’dy = Ldu=y3dy;y=0
:>u—1y—1:>u—2]—>S—f2ﬂ' ) ul/2 (1 du)

S g [ (V)

wi= 4
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18. x = (% y3/2 — y1/2) < 0,when 1 <y < 3. To get positive

area, we take x = — (1 y3/2 — y1/2) x=(%y3/2_y1/2) y,3

- g_; _ _%(yl/z_y—1/2) N (%)2 —ly—24y)

= s=— [y - 1/2)\/1+}1(yf2+y4)dy 11

- *Zﬁf 1 3/2 1/2 %(y+2+y*1)dy o:g7 X

= —on [ 3y -y ) Wy - [y Gy — 1) (2 ) dy = -7 f) Gy - 1) o+ D dy

N 3
=[Gy iy ey = w5 E ] = (T3 (S0 = (B gt )

—T(—18—143)= 16z

2
9. 8= o (&) = > 5= [ wayiy it L dy=an ) V@ pTidy
4 j;lﬁ/4 ,—5 —ydy: . I:% (5_y)3/2] (1)5/4 _ 8?7T |:(5_ %)3/2 _53/2] _ _ STW |:(%)3/2 _53/2:|
=5 (5v5- ) = i (05500 = s

2 1 1 1
dx 1 dx 1 1
20. d—y:mj(@) = = s= [ oy =T\ i+ 5 dy=2nf JOy— D+ Tdy=2r] 2y dy

—2m/2 [2y3?]] e = = 42 {13/2 (%)3/2] = 42 (1 - %) = 42 (%) =1 (16\[ ﬁ)

21. S =2 li\/Zy——l 1+(¢—) dy = 27 l/\/2y—f\/@dy*27r I/ZJF 2
~2n [} Ay =2 [ty =2Van [y, =2 [ () - (30 )]:%(%—ﬁ)
=227 (2\[ 1):2{(2\&—1)

V2

22, y=1(2 42" = dy=xV/+2dx = ds= T+ (22 tx)dx = S=2r[" x/1+ 2+ x* dx
No

_27Tf xy/ (x2 + dx—27rf (x2+1) dx—27rf x—l—x)dx—27r{ —|—"2—2]0 :271'(%—1—%):4%

2
23, ds = /A +dy? =/ (y0 - k) +1dy_\/(y6§+161y6 ) ldy =/ (y0 5+ ke ) dy

2 2 2
(24 ) dy= (v + ) ayis = [amyas =2 [Ty (v + i) dy =2n [ (v + 1y ) ay

s 2
—a (-] = [(F-D- (- Dl D =Fe -5

0=

(=9

2 /2
24, y=cosx = F = —sinx = (%) =sin?x = S:27Tf7 /Z(Cosx)\/1+sin2xdx

2
5. y=va—x* = %:%(327 %) 1/2( 2x) = a2 — xz = (%) :(aZX—sz)

= S= 27rfja\/ a2 —x2,/1+ ﬁ dx = 27rf7a (a2 = x2) +x2dx = 27rf:a dx = 2ma[x]*,

= 2maa — (—a)] = (2ma)(2a) = 4ma?
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2 2, 2
6. y=fx= $=t= (%) =5 = s=or [ex 1+ Gdax=2r £x /25 ax
5 h
h“Qf x dx = 32 \/h? + 12 [%] =2 \/h? +12 (%):ﬂr\/h2+r2
27. The area of the surface of one wok is S = f 2rx 4/ 1+ ( ) dy. Now, x> +y2 =162 = x = /162 — y2
X - X 2 B 2 -7
= Sli_y - 162},—y2 = (fi_)') - 162y 70 = f71627rv 16° —y? \V 1+ 162y—y2 dy = 27rf716 V(167 —y?) +y? dy
7
=27 f e 16 dy = 327 - 9 = 2887 =2 904.78 cm?. The enamel needed to cover one surface of one wok is
V=S-0.5mm=S-0.05cm = (904.78)(0.05) cm® = 45.24 cm®. For 5000 woks, we need
5000 - V = 5000 - 45.24 cm® = (5)(45.24)L = 226.2L = 226.2 liters of each color are needed.
2 a+h
d X —X X XX .Q / x2
. y=vrr-x* = ¢ _% \/r22,x2:\/r2,x2 = (g_Y) :rz—xQ’S_zwfa 1 —x? Vl+r2*"2 dx
a+h
=27 f —x2)+x2dx = 27rr ’ dx = 2xrh, which is independent of a.
2 a+h
2oy=VR-¥ s f= ) =2 = (§) metws=am)) VRSl gt d
a+h at+h
=2 [ /RE )+ dx=2rR | dx=2rRh
X - X 2 2
0. (@) X4y =45 > x= AP -Y = = o2 o (%) = g
45 > 45 45
s= [ o /ATy le o dy=2n [ @Sy tyPdy=2r-45  dy
= (2m)(45)(67.5) = 60757 square feet
(b) 19,085 square feet
31. (a) Anequation of the tangent line segment is
(see figure) y = f(m,) + f'(m,)(x — m,). /)' = f(x)
When x = x,_, we have
r; = f(my) + f'(m)(x;_; — my)
= f(m,) + f'(m) (— &%) = f(m,) — f'(m,) & ;
when x = X, we have i ! r
ry = f(my) + f'(m)(x, — my) n i
= f(my) +'(my) 5 ! -
(b) L = (A + (1 — 11)? P, *
9 ke Xy —
= (Ax)” + [f'(my) 5 — (—f'(m) 5+)]
= (Ax)? + [f'(m)Ax, > = Ly = /(Ax)? + [f'(my) Ax, ]2, as claimed
(c) From geometry it is a fact that the lateral surface area of the frustum obtained by revolving the tangent
line segment about the x-axis is given by AS, = 7(r; + )Ly = w[2f(m,)] \/ (Axk)2 + [’ (my) Ax, ]2
using parts (a) and (b) above. Thus, AS, = 27f(m) /1 + [f'(my)]? Ax,.
n n b
(d) S=_lim_ g ASy = lim k; 2rf(my) /1 + [f'(m)]? Ax, = ﬂ 27f(x) v/ 1 + [f'(x)]? dx
3/2 1/2 —x2/3)M? 2 Y
32,y = (1= 5 8= 3 (1) (22 = U (@) o
1
= s=2f 2r (1=x2)"" 14 (s — 1) dx = 4m [ (1= x23) /X275 ax
ight © 2010 P Education, Inc. Publishi Addisop- . ;
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358  Chapter 6 Applications of Definite Integrals

_47rf 2/3 x /3 dx; [u:leZ/3 = du= 7%)(71/3 dx = f—du*x’l/3 dx;

x=0=u=Lx=1=u=0] — S:47rflou3/2(—%du):—67r[2 w?]] = —6m (0 2) = 12r
6.5 WORK AND FLUID FORCES

1. The force required to stretch the spring from its natural length of 2 m to a length of 5 m is F(x) = kx. The work done
3 3
byFisW= | Foodx=k [ xdx=%[x2]} = %. Thisworkis equal to 1800J = Jk = 1800 = k = 400 N/m

2. (a) We find the force constant from Hooke's Law: F =kx = k= ; = k= = 200 Ib/in.

2
(b) The work done to stretch the spring 2 inches beyond its natural length is W = f kx dx = 200 f x dx = 200 {"7]

=2002 —0)=400in-1b =333 ft-Ib
(c) We substitute F = 1600 into the equation F = 200x to find 1600 = 200x = x = 8 in.

0

3. We find the force constant from Hooke's law: F = kx. A force of 2 N stretches the spring to 0.02 m = 2 = k - (0.02)
= k = 100 X. The force of 4 N will stretch the rubber band y m, where F=ky =y = =y = 16‘% =y=0.04m

0.04 0.04
= 4 cm. The work done to stretch the rubber band 0.04 m is W = . kx dx = 100 f x dx = 100 { } .
_ (100)(20.04)2 —0.08]
F 90

4. We find the force constant from Hooke's law: F =kx = k= = k= T = k=90 rlj] The work done to stretch the

5 5 ,15
spring 5 m beyond its natural length is W = fo kx dx =90 j; xdx =90 {%} 0= (90) (%) =1125]
21,714 _ 21,714

5. (a) We find the spring's constant from Hooke's law: F =kx = k= g =55 =5 = k=7238 %

0.5 0.5 0.5
(b) The work done to compress the assembly the first half inch is W = j; kx dx = 7238 j; x dx = 7238 [%2]
0

= (7238) @ = (7238;& ~ 905 in - Ib. The work done to compress the assembly the second half inch is:

1.0 1.0 ,7 1.0
W= [l cdx=7238 [ Cxdx = 7238 [5] = 28 [1 - 057] = P20 ~2714in - Ib

6. First, we find the force constant from Hooke's law: F =kx = k= = ﬁ =16-150 = 2,400 : "’ If someone
compresses the scale x = % in, he/she must weigh F = kx = 2,400 (%) 300 Ib. The work done to compress the scale
1/8 1/8
this faris W = [ kx dx = 2400 %] = 28 = 1875 Ib-in. = 3 fi-Ib

7. The force required to haul up the rope is equal to the rope's weight, which varies steadily and is proportional to X, the
50 50 57 50
length of the rope still hanging: F(x) = 0.624x. The work done is: W = fo F(x)dx = fO 0.624x dx = 0.624 ["7] .
=7801J

8. The weight of sand decreases steadily by 72 b over the 18 ft, at 4 1b/ft. So the weight of sand when the bag is x ft off the
b 18
ground is F(x) = 144 — 4x. The work done is: W = f F(x) dx = fo (144 — 4x)dx = [144x — 2x?] (1)8 = 1944 ft - Ib

9. The force required to lift the cable is equal to the weight of the cable paid out: F(x) = (4.5)(180 — x) where x
180 180
is the position of the car off the first floor. The work done is: W = j; F(x)dx = 4.5 fo (180 — x) dx
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Section 6.5 Work and Fluid Forces 359

,7 180 , ,
=45 [180x — %] © =45 (180° - 1) = 4250 — 72,000 ft- 1o

10. Since the force is acting toward the origin, it acts opposite to the positive x-direction. Thus F(x) = — X% The work done

W= [l e =k [ a= k=K ) =

11. Letr = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate,
the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of
the water is 0.8 1b/ft raised and the weight of the water in the bucket is F = 0.8(20 — x). So:

2 2720
W= [08(20—x) dx =038 {20x - 7] =160 ft-Ib.

12. Letr = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate,
the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of
the water is 2 1b/ft raised and the weight of the water in the bucket is F = 2(20 — x). So:

2 2120
w= [ 2(207x)dx:2[20x75]0 = 400 ft - Ib.

Note that since the force in Exercise 12 is 2.5 times the force in Exercise 11 at each elevation, the total work is also 2.5
times as great.

13. We will use the coordinate system given.

(a) The typical slab between the planes at y and y + Ay has
a volume of AV = (10)(12) Ay = 120 Ay ft?. The force
F required to lift the slab is equal to its weight:
F =624 AV = 62.4 - 120 Ay Ib. The distance through
which F must act is about y ft, so the work done lifting
the slab is about AW = force x distance
=62.4-120-y- Ay ft - Ib. The work it takes to lift all

20
the water is approximately W ~ > AW
0

20

=3 62.4-120y - Ay ft - Ib. This is a Riemann sum for
0
the function 62.4 - 120y over the interval 0 <y < 20. The work of pumping the tank empty is the limit of these sums:
20 20
W= j; 62.4 - 120y dy = (62.4)(120) [y;] . = (62.4)(120) (@) = (62.4)(120)(200) = 1,497,600 ft - 1b

(b) The time t it takes to empty the full tank with (f—l)—hp motor is t = 25(‘)Nﬂ = 1’49275’5(35”'3 = 5990.4 sec = 1.664 hr

sec

= t &~ 1 hr and 40 min
(c) Following all the steps of part (a), we find that the work it takes to lower the water level 10 ft is

10 10
W= fo 62.4 - 120y dy = (62.4)(120) H , = (62.4)(120) (190) = 374,400 ft - Ib and the time is t =

= 1497.6 sec = 0.416 hr ~ 25 min
(d) In alocation where water weighs 62.26 }T'?}:
a) W = (62.26)(24,000) = 1,494,240 ft - 1b.

b) t = L8220 — 5976.96 sec &~ 1.660 hr = t ~ 1 hr and 40 min
Ib

In a location where water weighs 62.59 3
a) W = (62.59)(24,000) = 1,502,160 ft - Ib

b) t = L3210 — 6008.64 sec ~ 1.669 hr => t ~ 1 hr and 40.1 min

_W__
250 b

sec
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360  Chapter 6 Applications of Definite Integrals

14. We will use the coordinate system given. Ground level
(a) The typical slab between the planes at y and y + Ay has
a volume of AV = (20)(12) Ay = 240 Ay ft3. The force
F required to lift the slab is equal to its weight:
F =624 AV = 62.4 - 240 Ay 1b. The distance through
which F must act is about y ft, so the work done lifting

the slab is about AW = force x distance

20
= 62.4-240 -y - Ay ft - Ib. The work it takes to lift all the water is approximately W ~ > AW
10

20
=3 62.4-240y - Ay ft - Ib. This is a Riemann sum for the function 62.4 - 240y over the interval
10

20
10 <y < 20. The work it takes to empty the cistern is the limit of these sums: W = fl o 62.4 - 240y dy
5720
= (62.4)(240) [y—] = (62.4)(240)(200 — 50) = (62.4)(240)(150) = 2,246,400 ft - b

(b) t= 50 = 22080 i ~ 8168.73 sec ~ 2.27 hours ~ 2 hr and 16.1 min

(c) Following all the steps of part (a), we find that the work it takes to empty the tank halfway is
15 15
W= fl , 62.4 - 240y dy = (62.4)(240) H = (62.4)(240) (3> — 190) = (62.4)(240) (122) = 936,000 ft.

Then the time is t = 27;Vﬂ_lb = 2000 ~ 3403.64 sec ~ 56.7 min

(d) In alocation where water weighs 62.26 }g

a) W = (62.26)(240)(150) = 2,241,360 ft - Ib.

b) t = 22139 — 8150.40 sec = 2.264 hours ~ 2 hr and 15.8 min

©) W = (62.26)(240) (12) = 933,900 ft - Ib; t = 2220 = 3396 sec ~ 0.94 hours ~ 56.6 min

275
In a location where water weighs 62.59 1 ©

a) W = (62.59)(240)(150) = 2,253,240 ft - 1b.

b) t = 223280 — 8193.60 sec = 2.276 hours ~ 2 hr and 16.56 min

©) W = (62.59)(240) (12) = 938,850 ft - Ib; t = 2380 ~ 3414 sec ~ 0.95 hours ~ 56.9 min

15. The slab is a disk of area x> = TF(%)Q thickness Ay, and height below the top of the tank (10 — y). So the work to pump

the oil in this slab, AW, is 57(10 — y)m ( ) The work to pump all the oil to the top of the tank is

W= [ (10y? - y)dy = 3 [19° yﬂ = 118757t 1b ~ 37,306 ft - Io.

16. Each slab of oil is to be pumped to a height of 14 ft. So the work to pump a slab is (14 — y) () (%)2 and since the tank is

half full and the volume of the original cone is V = mr’h = $7(5?)(10) = 2% ft*, half the volume = %% ft*, and

with half the volume the cone is filled to a height y, 2“0” = —7r 1 y =y = /500 ft. So W = f 57” (14y? — y3) dy

&/500
= Iz {% - yz} o~ 60,042 i,

17. The typical slab between the planes at y and and y + Ay has a volume of AV = 7(radius)?(thickness) = 7 ( ) Ay
= 7-100 Ay ft3. The force F required to lift the slab is equal to its weight: F = 51.2 AV = 51.2 - 1007 Ay Ib
= F = 51207 Ay Ib. The distance through which F must act is about (30 —y) ft. The work it takes to lift all the

30 30
kerosene is approximately W =~ >~ AW = > 51207(30 — y) Ay ft - Ib which is a Riemann sum. The work to pump the
0 0

30 30
tank dry is the limit of these sums: W = ‘/; 51207m(30 — y) dy = 51207 {30y - y;} . = 51207 (22) = (5120)(450m)
~~ 7,238,229.48 ft - 1b
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Section 6.5 Work and Fluid Forces 361

18. (a) Follow all the steps of Example 5 but make the substitution of 64.5 £ for 57 1. Then,

118 y
W= J a0 -yt ay = o [ - ] et (10 %) = (4 () (4 -2)
= 43T8 — 91.57 - 8% ~ 34,582.65 ft - Ib
(b) Exactly as done in Example 5 but change the distance through which F acts to distance ~ (13 — y) ft. Then

_ 577r 577r 13y? 18 _ 57x (1388 8\ _ (5ix _ 57x-837
W= (13 —y)y* dy = {3Y_YTL)*T(T_T)*( ) (8%) (5 —2) =557

= (197r) (82) (7)(2) = 53,482.5ft-1b

19. The typical slab between the planes at y and y-+Ay has a volume of about AV = r(radius)?(thickness) = 7 (\/§)2 Ay ft3.

The force F(y) required to lift this slab is equal to its weight: F(y) = 73 - AV = 737 (\/§)2 Ay = 731y Ay Ib. The

distance through which F(y) must act to lift the slab to the top of the reservoir is about (4 — y) ft, so the work done is
approximately AW = 737y (4 —y)Ay ft-1b. The work done lifting all the slabs fromy = 0fttoy =4 ftis

approximately W =~ > 737 yi (4 — yx)Ay ft - Ib. Taking the limit of these Riemann sums as n — co, we get

4 4
W= [ T3ry@—y)dy=T3n [, (4y —y2)dy =737 [2y> — 1y3]; = 73m(32 — &) = 237 fi. b,

20. The typical slab between the planes at y and y+Ay has a volume of about AV = (length)(width)(thickness)
= (2 25 — yz) (10) Ay ft®. The force F(y) required to lift this slab is equal to its weight: F(y) = 53 - AV
=53 (2 25 — y2) (10) Ay = 1060\/ﬂAy Ib. The distance through which F(y) must act to lift the slab to the
level of 15 m above the top of the reservoir is about (20 — y) ft, so the work done is approximately
AW =~ 1060,/25 — y2(20 — y)Ay ft-Ib. The work done lifting all the slabs fromy = —5 fttoy = 5 ft is

approximately W ~ Y~ 10604/25 — yi (20 — yx)Ay ft - Ib. Taking the limit of these Riemann sums as n — oo, we get
k=0

5 5 5 5
W = [1060,/25 — y2(20 — y)dy = 1060 | (20 — y)3/25 — y?dy = 1060 [fszo V25 —yidy - [y /25— y2dy]
5
To evaluate the first integral, we use we can interpret f . \/25 — y2dy as the area of the semicircle whose radius is 5, thus

5 5
[ 20/25 —y2ay =20 [ \/25 — y2dy = 20[1n(5)*] = 250 To evaluate the second integral let u = 25 — y?
5 0
=du=-2ydy;y=-5=u=0,y=5=u=0, thus fisy\/ZS—yzdy: —%fo ﬁdu:O.Thus,

1060 [ f 20/25 — y2dy — f y\/25 = dy} 1060(2507 — 0) = 2650007 ~ 832522 ft - Ib.

21. The typical slab between the planes at y and y-+Ay has a volume of about AV = m(radius)?(thickness)
=7 (/25— y2)2 Ay m®. The force F(y) required to lift this slab is equal to its weight: F(y) = 9800 - AV
= 98007 (/25 — yQ)ZAy = 98007 (25 — y?) Ay N. The distance through which F(y) must act to lift the

slab to the level of 4 m above the top of the reservoir is about (4 — y) m, so the work done is approximately
AW = 98007 (25 — y?) (4 — y) Ay N - m. The work done lifting all the slabs fromy = —5mtoy = 0 mis

0
approximately W ~ >~ 98007 (25 — y?) (4 — y) Ay N - m. Taking the limit of these Riemann sums, we get
-5

0 0 0
W = [ 98007 (25 — y?) (4 — y) dy = 98007 | (100 — 25y — 4y? + y*) dy = 98007 [100y By gy

= —98007 (—500 — 22 + 5 - 125 4 ©3) ~ 15,073,099.75

-5

22. The typical slab between the planes at y and y-+Ay has a volume of about AV = m(radius)?(thickness)
=7 (/100 — y2)2 Ay = m (100 — y*) Ay ft®. The force is F(y) = 2%® - AV = 567 (100 — y?) Ay Ib. The
distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about
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(12 — y) ft, so the work done is AW ~ 567 (100 — y?) (12 — y) Ay Ib - ft. The work done lifting all the slabs

10
fromy = 0 ft to y = 10 ft is approximately W ~ 3 567 (100 — y?) (12 — y) Ay Ib - ft. Taking the limit of these
0

10 10
Riemann sums, we get W = [ 567 (100 — y?) (12 — y) dy = 567 [ (100 — y?) (12— y) dy

10
_567rf 1200 — 100y — 12y% + y*) dy = 567 {IZOOyf looy® _ %+ ﬂo
= 567 (12,000 — 199% _ 4. 1000 + 120%) = (56m) (12 — 5 — 4 + 3) (1000) ~ 967,611 ft - Ib.

It would cost (0.5)(967,61 1) = 483,805¢ = $4838.05. Yes, you can afford to hire the firm.

23. F= m——mv— by the chain rule = W = f mv g dx—mf dx_ [ V2(X)]:
= 1m[v’(xo) — v¥(x1)] = : mv} — 1 mv?, as claimed.

24. weight =2 o0z = % Ib; mass = % = 3% = 256 slugs; W = (%) (256 slugs) (160 ft/sec)® =~ 50 ft - 1b

_90mi . Ihr _ Imin _ 5280ft _ 031251b _ 03125
25. 90 mph = 5 - Gm * G0sec ~ Tmi — 132 fUsec; m = S50 = 255 slugs;

W = (1) ($121) (132 fi/sec)® ~ 85.1 ft - Ib

26. weight = 1.60z =0.11b = m = 32410 = Lo slugs; W = (1) (555 slugs) (280 ft/sec)” = 122.5ft - b

27. vi =0mph = 0L, v, = 153 mph = 2244 1:202=0.1251b = m = $25 = -1 slugs;

W= f F(x) dx = ;mv} — L mv} = 1(54)(224.4)* — 1(5%)(0)* = 98.35 ft-1b.

sec’

28. weight = 6.5 0z = % Ib = m= slugs; W = (%) ((16)(32) slugs) (132 ft/sec)® ~ 110.6 ft - Ib

(16)(32)

29. We imagine the milkshake divided into thin slabs by planes perpendicular to the y-axis at the points of a partition of the
interval [0, 7]. The typical slab between the planes at y and y + Ay has a volume of aboutAV = ﬂ(radius)Q(thickness)

= (L2 ) Ay in®. The force F(y) required to lift this slab is equal to its weight: F(y) = § AV = 47 (X173 ) Ay oz.
The distance through which F(y) must act to lift this slab to the level of 1 inch above the top is about (8 —y) in. The work

done lifting the slab is about AW = ( )%(8 — y)Ay in - oz. The work done lifting all the slabs from y = 0 to

y = 7 is approximately W = Z ey + 17.5)%(8 — y) Ay in - oz which is a Riemann sum. The work is the limit of these

sums as the norm of the partition goes to zero: W = f ey + 17.5)*(8 — y)dy
7
— g [ (2450 — 2625y — 27y* — yh)dy = 542 [— Y _gyd_ 2625 2 —|—2450y] i

4m 7 2625 ~
=m[—;—9-73 -7 42450 - 7} 91.321in- oz

35,780,000 35,780,000

30. Work = 100GMS gr = 1000 MG 4 = 1000MG [ 1]

6,370,000 12 6,370,000

35,780,000
6,370,000

= (1000) (5.975 - 10*) (6672 - 101) (75 — s57mm00 ) = 5144 x 10101

31. To find the width of the plate at a typical depth y, we first find an equation for the line of the plate's
right-hand edge: y = x — 5. If we let x denote the width of the right-hand half of the triangle at depth y, then
X = 5 + y and the total width is L(y) = 2x = 2(5 4+ y). The depth of the strip is (—y). The force exerted by the

2 -2
water against one side of the plate is therefore F = fis w(—y)-L(y)dy = fis 624 -(—y)-2(5+y)dy
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_1248f( ) dy =1248 [~ 3y’ — 1y9] 2= 1248[(~3-4+1.8) - (- 3-25+1.125)]
= (124.8) (12 — Lj) = (124.8) (35:24) = 1684.8 b

32. An equation for the line of the plate's right-hand edge isy = x —3 = x = y + 3. Thus the total width is
L(y) = 2x = 2(y + 3). The depth of the strip is (2 — y). The force exerted by the water is

0 0 0 5 310
F= [ w@—yLydy= [ 624-Q—y)- 23 +y)dy=1248] (6 —y —y?) dy = 12438 [6y—§—§} y
=(—124.8) (—18 — 2 +9) = (—124.8) (— %) = 1684.8 Ib

b .
33. (a) The width of the strip is L(y) = 4, the depth of the strip is (10 —y) = F = j; w - (;;ggl)F(y)dy

3 3 273
= [.'62.4(10 — y)(4)dy = 249.6 [, (10 — y)dy = 249.6 [10y - %} | =249.6(30 — 3) = 6364.81b

b ‘
(b) The width of the strip is L(y) = 3, the depth of the strip is (10 —y) = F = f; w - (;;;&)F(y)dy

4 4 274
= [, 62.4(10 — y)(3)dy = 187.2 [} (10 — y)dy = 187.2 [IOy - Yﬂ L= 187.2(40 — 8) = 59904 Ib

b .
34. The width of the strip is L(y) = 2,/25 — yZ, the depth of the strip is (6 —y) = F = [ w- ( ;;E&)F(y)dy

5 5 5 5
= [.'62.4(6 — y)(2/25 — y?)dy = 124.8 [, (6 — y)1/25 — y2dy = 124.8 [fo 625 —yidy — [ y\/25 - y2dy]
5
To evaluate the first integral, we use we can interpret f v/25 — y2dy as the area of a quarter circle whose radius is 5, thus

f 61/25 — ydy—6f V25 — y3dy = 6[1n(5)*] = Z. To evaluate the second integral let u = 25 — y?
:>du:—2ydy;y:0:>u:25,y:5:>u:0,thusj;) y\/25—y2dy:—%f25 Judu = %fo u'/2 du

— L[w/?]$ = 125 Thus, 124.8 [j;56 V5 —yidy— [Ty - y2dy] 124.8(Z7 — 125) ~ 9502.7 Ib.

35. Using the coordinate system of Exercise 32, we find the equation for the line of the plate's right-hand edge to be
y=2x—4 = x= Y+4 and L(y) = 2x = y + 4. The depth of the strip is (1 —y).

0 2 3y _y
@ F= [ wil—yLdy= [ 624-(1 —y)Ny+4)dy =624 [ (4—3y—y?)dy = 624 [4y -y .z
= (—62.4) {(74)(4) — 809 4 %} = (—62.4) (—16 — 24 + §) = E2DCINE — 1164 8 1b

(b) F=(—64.0) [(_4)(4) _ Qa4 %] — COOCI06D & 11947 Ib

36. Using the coordinate system given, we find an equation for
the line of the plate's right-hand edge tobe y = —2x 4+ 4
= X = 4% and L(y) = 2x = 4 —y. The depth of the

1
stripis (1 —y) = FIJ;W(I—y)(4—y)dy
! 1
=624 [, (2 =Sy +4) dy =624 [5 - ¥+ ay]
= (624) (§ — 3 +4) = (624) (213+2) = G0 — 11441b
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37. Using the coordinate system given in the accompanying y (in)
figure, we see that the total width is L(y) = 63 and the depth
33
of the strip is (33.5 —y) = F= [ w(33.5— y)L(y) dy
— [T 335y -63dy = (%) 63) ). (335-y)dy

(1) (63) [33 5y — f] 23 = (%) [(33.5)(33) - 7]

(64)(63)(33)(67 —33) __
CUGENTT=3) — 1309 Ib

33.0

4-%4:-'/? ‘/er/

. x (in)

-31.5 31.5

38. Using the coordinate system given in the accompanying
figure, we see that the right-hand edge is x = ﬂ
so the total width is L(y) = 2x = 24/1 — y2 and the depth
of the strip is (—y). The force exerted by the water is

0
therefore F = f,]w -(=y)-2y/1 —y2dy

—624f I—y2d(l—y )—624[%( —y)?’/z} = (62.4)(2) (1 - 0) = 41.61b

39. (a) F= (6242

&l

) (8 ft)(25 ft?) = 12480 Ib

b ,
(b) The width of the strip is L(y) = 5, the depth of the stripis (8 —y) = F = [ w- ( ;;ggl)F(y)dy
5 5 )
= [, 62.4(8 —y)(5)dy =312 [ (8 — y)dy = 312[8y - y?] =312(40 — £) = 858011b
(c) The width of the strip is L(y) = 5, the depth of the strip is (8 — y), the height of the strip is v/2 dy

= F= f (523&) )dY—fOS/f6Z48— fdy—312\/_f 8—y dy—312f[8y—_]
_312J—(———)—97223

/2

0

40. The width of the strip is L(y) = % (2 3-— y), the depth of the strip is (6 — y), the height of the strip is %dy
2v/3
SF= W (e VE(y)dy = [ 62.4(67y)'%(2 3-y) Zrdy = 6f0 (12\/776y 29V/3+y)dy
936[12yf—3y —y \/+Y] 3;9(72—36 12\/§+8ﬁ)z1571.041b

41. The coordinate system is given in the text. The right-hand edge is x = \/§ and the total width is L(y) = 2x = 2\/§.
(a) The depth of the strip is (2 — y) so the force exerted by the liquid on the gate is F = j; lw(2 — y)L(y) dy
- f150(2 —y)-2,/3 dy = 100 fl(z — /5 dy = 100 [ (2y1/2 — y3/2) dy = 100 [4 2 — 2y9/2) |
=100(3—3%) = (1) (20— 6) =93.331b
(b) We need to solve 160 = f w(H —y) - 2, /y dy for h. 160 = 100 (F-2)=>H=31L

42. Suppose that h is the maximum height. Using the coordinate system given in the text, we find an equation for

the line of the end plate's right-hand edge is y = % X = X= % y. The total width is L(y) = 2x = % y and the

h
depth of the typical horizontal strip at level y is (h — y). Then the force is F = fo w(h — y)L(y) dy = Fpax,

h h
where F, = 6667 Ib. Hence, Fux = w [, (h—y)- 2y dy = (62.4) (£) [ (hy — y?) dy

2 3

@) [F-5] e () (5-5) =@ () () =104 ()1 = n= /() ()
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Section 6.6 Moments and Centers of Mass 365

=9 (%) (%) =~ 9.288 ft. The volume of water which the tank can holdis V = % (Base)(Height) - 30, where

Height = hand 1 (Base) = 2h = V = (£h?) (30) = 12h? ~ 12(9.288)* ~ 1035 ft>.

43. The pressure at level y is p(y) = w -y = the average aj2

vy /

77 7
%/,/ 7
b

pressurelsp:%j; P(Y)dy:%j; w-ydyz%W[%}o

=(¥) (%2) = ¥ This is the pressure at level 2 , which

is the pressure at the middle of the plate. y

b b b 27 b
44. The force exerted by the fluid is F = f w(depth)(length) dy = f w-y-ady=(w-a) f ydy =(w-a) {%}
0 0 0 0

=w (%) = (‘%b) (ab) = p - Area, where p is the average value of the pressure.

0
45. When the water reaches the top of the tank the force on the movable side is f . (62.4) (2 4 — y2) (—y) dy

=624 [ 4y 2 dy = @) [2(4 -] = 624)(2) (#77) = 3328 i Tb. The force

compressing the spring is F = 100x, so when the tank is full we have 332.8 = 100x = x ~ 3.33 ft. Therefore the
movable end does not reach the required 5 ft to allow drainage = the tank will overflow.

46. (a) Using the given coordinate system we see that the total
width is L(y) = 3 and the depth of the strip is (3 — y).

Thus, F = j: w(3 —y)L(y)dy = f:(62,4)(3 —vy)-3dy
3 573
= @40) [, G-y dy = 62493 [y~ 5]

=(624)(3) (9—3) = (62.4)(3) (3) = 842.41b
(b) Find a new water level Y such that Fy = (0.75)(842.4 Ib) = 631.8 Ib. The new depth of the stripis (Y —y) and Y is

Y Y
the new upper limit of integration. Thus, Fy = [’ w(Y — y)L(y)dy = 62.4 ] (Y —y) -3 dy

= @243 [ (v —y) dy = (@43 [Yy - 5] : = 6240) (Y - %) = @43) (%) Therefore,

_ 26y _ /12636 _ ~ — ~ ~ ~ i
Y = \/(62'4)(3) = \/ 5y = V6.75~ 2598 ft. So, AY =3 —Y ~3—2.598 ~ 0402 ft ~ 4.8 in

6.6 MOMENTS AND CENTERS OF MASS

1. Since the plate is symmetric about the y-axis and its density is
constant, the distribution of mass is symmetric about the y-axis
and the center of mass lies on the y-axis. This means that
X = 0. It remains to find y = Mﬁ We model the distribution of

mass with vertical strips. The typical strip has center of mass:

X,y)= (x, "2;4) , length: 4 — x2, width: dx, area:

-2 2
dA = (4 — x?) dx, mass: dm = § dA = 6 (4 — x?) dx. The moment of the strip about the x-axis is
Y dm = ("QTH) 5(4—x¥)dx = g (16 — x*) dx. The moment of the plate about the x-axis is M, = f Y dm

:f,22§(16—x4) dx =4 {167{—’(5—5]2 =4 [(16' —Zg) - (—16-24-%5)} = %2(32—%) = '25—8‘5. The mass of the
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366  Chapter 6 Applications of Definite Integrals

3

2 128
plateisM = [ §(4—x?*) dx =6 [4x - ";} L= 26 (8 — §) = 2. Thereforey = 3 = ( 5;> = 12, The plate's center of

|
)
wfig
g
S~—|
|

- - 12
mass is the point (X,y) = (0, 2).

2. Applying the symmetry argument analogous to the one in
Exercise 1, we find X = 0. To findy = X , we use the
vertical strips technique. The typical stnp has center of
mass: (X ,y )= ( , Bx ) length: 25 — x?, width: dx,
area: dA = (25 — x?)dx, mass: dm = § dA = § (25 — x?) dx.
The moment of the strip about the x-axis is

Y dm = (2577{) (25 — x?) dx 3(257)(2)2 dx. The moment of the plate about the x-axis is M, = [y dm

5
= [L505 - de= 5[ (625 50+ xt) dx = § [625x — 250 4 %] 5:2~g<625-5—53—°~53+%5)
=6-625(5—-2+1)=6-625-(3). ThemassoftheplateisM:fdm:f5 (5(25—x2)dx:6[25x—";}i5

55% (%)
55 (0)

[SIEN SN

= —x=2x—x}=0

= X(2—-x) =0 = x =0orx =2. The typical vertical

(x=x)+ H))
2

3. Intersection points: X — X

strip has center of mass: (X, ) = (x,
= (x, — X;) ,length: (x — x?) — (—x) = 2x — x?, width: dx,

area: dA = (2x — x?) dx, mass: dm = § dA = § (2x — x?) dx.
The moment of the strip about the x-axis is

Y dm = (f ";) 8 (2x — x?) dx; about the y-axis itis X dm = x - § (2x — x?) dx. Thus, M, = f’)? dm

2 4
:ff Ex?)(2x —x)dx =13 0(2)(37744)dx:f%{%1 ]

1S9}

0 3 4

2
M= dm:foé(foxZ)dx:&f (2xfx2)dx:5[x27£}026(47§):%.Therefore,i:My

3 3 M

=) () =tandy=%=(-%) (%) =-2 = &,y = (1, 2) is the center of mass.

4. Intersection points: x> —3 = —2x> = 3x> -3 =0
= 3x—1Dx+1)=0 = x=—1lorx=1. Applying the
symmetry argument analogous to the one in Exercise 1, we
find X = 0. The typical vertical strip has center of mass:

X = (x 2550 = (2.

length: —2x? — (x? — 3) = 3 (1 — x?), width: dx,

area: dA = 3 (1 —x?) dx, mass: dm = § dA = 36 (1 — x2) dx.
The moment of the strip about the x-axis is
Ydm=36(-x>-3)(1-x)dx =36 (x* +3> = x> = 3)dx = 36 (x* +2x> = 3) dx; M, = [ ¥ dm

1
=36 e - ax =3 [T+ B -] =3s2(bedo3) =30 () = -
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2 2 ) 2 4
(3 5) 27 3(1 5
x!

=—-%:M, = fxdm fx& foQ)dx—éfOz(2x27x3):6[%){374]2:6<2.27372):5i

(0, 10).
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Section 6.6 Moments and Centers of Mass 367

1 371 ‘
M= [dm=36] (1-x%)dx=36 {x—%} | =38-2(1—14) = 46. Therefore, 7 = 3 = — £32 =
= (X,5) = (0, — %) is the center of mass.
5. The typical horizontal strip has center of mass:
X,¥)= ( ,y) length: y — y3, width: dy,
=y-y3
area: dA = (y —y?) dy, mass: dm = §dA = 6 (y — y®) dy. y-y
The moment of the strip about the y-axis is
2
de—é( )(y y)dy=35(y -y’ dy
= % (y? — 2y* +y%) dy; the moment about the x-axis is X
1 3 571
Ydm=6y(y—y*)dy=6(y2 —y')dy. Thus,M, = [Ydm=6] (> —y")dy =6 [% - %}0:5(%* =%

P X 5 11 )
M, fxdm-—f(y—2y+y>dy=%[y3—3—%+%]o=%(%—%+%):%<%ZIOS,M J am

4 _ —
y%) dy [%_%}0 5(%—1):%Therefore,x:%:(%)(%):%andy=%=(¥)(%)
,Y)

_ (16 8
= (T 1) is the center of mass.

6. Intersection points: y =y? —y = y> —2y =0
= y(y—2)=0 = y=0ory = 2. The typical
horizontal strip has center of mass:
&)= (U2y) = (50y)
length: y — (y? —y) = 2y — y?, width: dy,
area: dA = (2y — y?) dy, mass: dm = § dA = 6 (2y — y?) dy.
The moment about the y-axis is'X dm = % -y2 (2y — y?) dy

= £ (2y® — y*) dy; the moment about the x-axis is ¥ dm = 8y (2y — y?) dy = 6 (2y*> — y*) dy. Thus,
~ 2 112 ~
M o= [Vam= [[o@y —y)dy=6[% -%] =o(f-4%) ='ga-3=%:M=[Ydm
2 . 512 2
=Jrer ey =y o] =t = () = M= fam= 5oy -y ey

—o[y ] =6 8) = % Therefore.x = 3 = (4) (%) = Jandy = Y = (¥) (3) = 1

0
= (X,y) = (%, 1) is the center of mass.

7. Applying the symmetry argument analogous to the one used
in Exercise 1, we find X = 0. The typical vertical strip has

center of mass: (X ,¥ ) = (x, °3*), length: cos x, width: dx,

area: dA = cos x dx, mass: dm = 6 dA = 6 cos x dx. The

COS X

moment of the strip about the x-axis is'y dm = 6 - - cos x dx

=% cos?xdx = & (1228 dx = 2 (1 + cos 2x) dx, thus,

T2 ) . p w/
MX:f?/dm:fiﬂ/zzg(l—{—cost)dx:%[x+5‘“22"]_/:/2 %[(%+0)—(—g)] :%”;M:fdmzéfiﬂ;cosxdx

= 4[sin x]i/:/Q = 26. Therefore,y = % = 4‘% =3 = Xy= (O, "—g) is the center of mass.
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368  Chapter 6 Applications of Definite Integrals

8. Applying the symmetry argument analogous to the one used
in Exercise 1, we find X = 0. The typical vertical strip has

center of mass: (X, ) = (x, Se‘;") , length: sec? x, width: dx,

area: dA = sec? x dx, mass: dm = 6 dA = § sec? x dx. The

moment about the x-axis isy dm = (%) (6 sec? x) dx

/4 ~

/4
= Ssectxdx. M, = f y dm = g f—~/4 sec’ x dx

2 —7/4

/4 /4 m/4 3 Tr/4
_ 4 2 2 _ 4 2 2 8 2 _ 6 |tanx s /4
= 5fim(tan x+ 1) (secx) dx = 5 f—w/4 (tan x)* (sec® x) dx + ifimsec xdx =3 [ 3 } s + ¢ [tan x]_ﬂ/4

/4 pa
==Y+ -D=t+6=% M= [dmn=46 fwsec?xdx = 5[tanx]jj/4 = 6[1 — (—1)] = 26.

o _ M, _ (4 _2 == — (0 2);

Therefore, y = 3+ = (?5) (%) =5 => Xy= (0, 5) is the center of mass.

9. Since the plate is symmetric about the line x = 1 and its
density is constant, the distribution of mass is symmetric
about this line and the center of mass lies on it. This means
that X = 1. The typical vertical strip has center of mass:

(r)\(.: 73\/ ) = (X, (2x7x2)+2(2x274x)) _ (X, xz—TZx) ,
length: (2x — x?) — (2x? — 4x) = —3x? 4+ 6x = 3 (2x — x?),
width: dx, area: dA = 3 (2x — x?) dx, mass: dm = § dA
= 36 (2x — x?) dx. The moment about the x-axis is
Y dm = 36 (x> — 2x) (2x — x?) dx = —%6(x2—2x)2dx

y=2r2—4z

2 2
=— 36 (x" — 4x® +4x%) dx. Thus,MXZf?dm :—j;%6(x4—4x3+4x2)dx:—§6{";—x‘ﬂ—%x‘“’]o

S 3 (3o ) 32 (o1 4D =30 2 (S < %M fam

3

2
:j;236(2xfx2)dx:36 {x2f%]oz36(4f§) = 45. Therefore,y = Y = (— &) (L) = -2

= (X,y) = (1, — %) is the center of mass.

10. (a) Since the plate is symmetric about the line X = y and
its density is constant, the distribution of mass is
symmetric about this line. This means that X =y. The
typical vertical strip has center of mass:

X,y)= (x, v 92_"2) ,length: /9 — x2, width: dx,

area: dA = /9 — x2 dx,
mass: dm = § dA = 6/ 9 — x2 dx.

The moment about the x-axis is

3 3
Vam =06 (L52) Voo x dx = § (9 — x¥) dx. Thus, M, = [T dm = [ (9~ x*) dx = § [ox — ¥]

=2027-9)=95M= fdm = fédA =6 fdA = 6(Area of a quarter of a circle of radius 3) = 6 (%) = 22

Therefore,y = N = (90) (5%) = 2 = (X,y) = (2, %) is the center of mass.
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Section 6.6 Moments and Centers of Mass 369

(b) Applying the symmetry argument analogous to the one
used in Exercise 1, we find that X = 0. The typical
vertical strip has the same parameters as in part (a).

Thus, M, = [¥ dm = [ (9—x?) dx
=272 (9—x?) dx = 2(96) = 185;
M= [dn= [§dA =6 [dA
_om

= 6(Area of a semi-circle of radius 3) = § (977) ==

asinpart (a) = (X,y) = (0, 2) is the center of mass.

11. Since the plate is symmetric about the line x = y and its y
density is constant, the distribution of mass is symmetric
about this line. This means that X = y. The typical vertical
strip has

center of mass: (X ,¥) = (x, EEVAAS V297"2> ,

length: 3 — /9 — x2, width: dx,
area: dA = (3 — /9 — x2) dx,

mass: dmzédA:6(3—\/9—x2) dx. 3

The moment about the x-axis is

N 3+v9—x2) (3—v/9—x2 . » 3, . .
ydm:zﬁ(+ X)Q( X)dx:%[9—(9—x2)]dx:‘%dx. Thus,Mx:fU%dX:%[X:‘]g:%.Thearea
equals the area of a square with side length 3 minus one quarter the area of a disk with radius 3 = A = 3? — ”79

=3%@4—m = M=06A=2%(4—mn). Therefore,y = }* = (%) {m] == = XY= (3%, 7%)isthe

center of mass.

12. Applying the symmetry argument analogous to the one used
in Exercise 1, we find that y = 0. The typical vertical strip

1 _ 1
has center of mass: (X, ) = (x, = “) = (x,0),

length: & — (— %) = 2, width: dx, area: dA = 3 dx,

x3 x3

mass: dm = 6 dA = i—? dx. The moment about the y-axis is

?’dm:x‘i—gd){:i—fdx. Thus,My:f?dm:La% dx

=28 [~ 11=26(-L+1) =200 M= fdm= [ Bdx=5[- 5] =6(- 5 +1) = "€ Therefore,
2

s
x= = [P0 [ = 23 = @9 = (2,0). Ao, lim_ x=2.

a

)

13. szf?dmsz(f) :
(

1 )
=2f=x=2{(-3) -~ =2(3) = &
M, = [Xdm= [x-8-(2)dx
= IZX(XQ)(XZ—Z)dx:Z ‘xdx = [%}j
—202-1) =4-1=3 M= fdn=[6(2)dx= [ x(2)dx=2 dx=2[x]? =22~ 1) =2. So
X = % =3andy=1% =1 = (x,9) = (2,1) is the center of mass.
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14. We use the vertical strip approach:
1 y
M, = f’}\/dm: fo —(ngz) (x —x2) -6 dx

1
:%L(XQ—X4)-12xdx
1

R -

M, = [Xdm= [x(x—x)-6dx = [[(2 = x) - 12xdx =12 (6 x) dx = 12 ~ %];=12(%—%)
1

=Botim= fam= [[x-)sa=n2f (o) ax=12[5-%] —2(-h)=E=1 s

x="r=3andy=2% =1 = (2,1)is the center of mass

15. (a) We use the shell method: V = fb 21 (;‘:ﬁl‘}q) (}fgg}lﬁ) dx = f 21X [7 — (— i)] dx = l67rfl4i dx

— 167 [ xV/2 dx = 167 [2x3/2] 1 = 167 (28— 2) = 3= (8 — ):%
(b) Since the plate is symmetric about the x-axis and its density 6(x) = < 1s a function of x alone, the distribution of its

mass is symmetric about the x-axis. This means that y = 0. We use the vertical strip approach to find X:
4
Myzf?dmzfl X - [%— (—7)} 6dx_f T 1dx_8f —1/2dx—8[2x1/2} =82-2-2)=16;
4
M= [dm= [ [f ( )] sax=8f" ( ) x_sf X732 dx = 8 [~2x V2] = §[—1 — (~2)] =

SoxX = % = ﬁ =2 = (X,y) = (2,0) is the center of mass.

16. (a) We use the disk method: V = [ 7R dx = [ 7 (%) dx = 4r [ x2 dx = 4 [= 1]} = 4n [5- — (=1)]
=7[—-1+4] =37

4 4
(b) We model the distribution of mass with vertical strips: M, = f ¥V dm = f] @ - (%) -6dx = fl X% . ﬁdx
4 4 4 4 1 4
:2flx’3/2dx:2{\_/—2;}1:2[—1—(—2)]:2;My:f?(dm:flx~%~6dx:2flx1/2dx:2{2"332]1:
4 4 4
2[ -2 =M= [dm=[2-6dx=2f Lax=2[ x2dx=2[x1?]] =204 -2) = 4. So
)

= gandy =5 =

1

X =1 = (X,y) = (4, 3) is the center of mass.

I
==

EN[ SN[
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(©)

17. The mass of a horizontal strip is dm = § dA = §L dy, where L is the width of the triangle at a distance of y above

its base on the x-axis as shown in the figure in the text. Also, by similar triangles we have % = h%y
h 2 37h
= L="t(h—y). Thus, M, = [Tdm= [ oy (%) -y dy =2 [ (hy —y?) dy = & [%—%}0
h 57 h
:%(h;_hi),ébh%f%): M= [dm=["6())h—ydy=2[ (h—y)dy:i—b{hy—%]o

= (h2 hz) &’h . S0y = M* = (%) (ﬁ) = % = the center of mass lies above the base of the
triangle one-third of the way toward the opposite vertex. Similarly the other two sides of the triangle can be
placed on the x-axis and the same results will occur. Therefore the centroid does lie at the intersection of the

medians, as claimed.

18. From the symmetry about the y-axis it follows that X = 0. (0,3)

It also follows that the line through the points (0, 0) and |

(0,3) is a median = ?:%(3—0):1 = (X,y) =(0,1). +

(-1,0) : (+1,0)

19. From the symmetry about the line x =y it follows that (0,1)

X =Y. It also follows that the line through the points (0, 0) h

and(2,2)1samed1an:>y—x—% (1-0)=1 (0, 0)

- 4

= &9 =(53)- (1,0)

20. From the symmetry about the line x = y it follows that (0,a)

X =Y. It also follows that the line through the point (0, 0)
and (3,%) isamedian = y=x=3(3-0)=1a (0, 0)
= &N =(31). 0
21. The point of intersection of the median from the vertex (0, b) (0,b)
to the opposite side has coordinates (0, 2)

=y=0b-0-1=2andx=(4-0)-3=1

7

= &y = (315 (0,0) o)
22. From the symmetry about the line x = 5 it follows that ( ,b)
X = §. Italso follows that the line through the points
g )and (g b) isamedian = y=1(b—-0)=2
(a,0)

(0,0)
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23. y=x? = dy=1x"12dx
= ds = /(dx)2 + (dy)? = /1 + & dx;
2
M, =6 \/xy/1+ & d
2 2
6f x—l—ldx:%‘s[(x—l—%)g/z}

=2 [+ - (")

24, y =x% = dy =3x>dx

Y 3
= dx = 4/(dx)? + (3x2 dx)* = /1 + 9x* dx; i
1
széj; x3 /1 + 9x4 dx;
[u=1+9x* = du=36x3dx = 3—6du—x3dx

x=0=u=1,x=1 = u=10]
M =6 Ludu= £ [2u2]) = & (10¥2 1) '

25. From Example 4 we have M, = j: a(a sin )(k sin ) df = a2kj: sin? 6 df = a%k‘/:(l —cos 20) df = 2‘27" (6 — sin2f] g

:agé‘”;My:fow a(acos@)(ksin@)d@:a2kf0qsin9c059d0:a%“[sinzﬁ]g:0;M:fonaksinﬁdﬁzak[fcosﬂ]g

= 2ak. Therefore,X = 37 =0andy = 3 = (*%) () =% = (0,2) is the center of mass.

26. szff}\/dm:j:(asinﬁyﬁadﬁ
= j:(a2 sin 0) (1 +k|cos 6]) d§

/2
= aZJ; (sin 8)(1 + k cos 8) df

+af ,(sin )(1 — k cos ) df
/2 /2 7F ™
=a?| sinfdf + a’k | sinfcosfdf + a?>| sinfdd — a’k | sin 6 cos O df
0 0 /2 /2
o m/2 L s
= [ eos 017* @k [952] b - cos 017, — otk [ "2
=220 — (— D]+ 2%k (L —0) +a?[—(—1) — 0] —a%k (0 — 1) = 2% + ¥k 2% 4 ok — 252 4 2%k = 222 + k);
M, = f?( dm = j:(aCOSQ)-&-adH = j:(aQ cos 6) (1 +k|cos 0]) do
/2 ™
= a2f0 (cos 8)(1 +kcos 0) df + azfm (cos B)(1 —k cos #) df
/2 /2 -
= a’ fo cos 0 df + a2k0f (1e=26) df + a L cos §df — anf (120 dg

= a?[sin 6’]77/2 + a;—k [6’ + Si“229] /2 + a2[sin 4]"

w2 T Sk [0+ 2] /2
:a2(1f0)+%k[(gfo)f(0+0)]+a2(0f1)f%[(7r+0)—(§+o)]:a2+af¥—a2fa"%:0;
M:j:é-ad9:aj:(l+k\cos€|)d9:af(:/2(1+kcos€)d9—|—af;2(1—kcosH)dO

= alf +ksin 01)/* +al0 — k sin 0)7,, = a [(5 +k) — ]+a[(7r+0)—(ﬂ—k)]

=% fak+a(Z+k) =ar+2ak = a(m +2k). SoX = 3 = Oandy = Y = QY _ 220

(0 2a+ka

P ) is the center of mass.
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27. f(x) =x+6, g(x) = x, f(x) = g(x) = x + 6 = x*
=>x2—x—-6=0=>x=3,x=-2;6=1
3
M= fiz[(x +6) — x*dx = [§x* 4 6x — 1x°]
(3+18-9)—(2—12+8) =15
3 3
X = ﬁfizx[(x +6) — x*]dx = %fz[xz + 6x — x*]dx

= S 4+3e — W]

3
-2

2

_ 3 2 2 3
= 50427 - %) = (-3 12-4) = 55 5 = kg [+ 6)° = () ax = 5 1,1 + 124 36 - x¥d
= B x4 36x — 1) = 2 (94544108 - 23) — 3 (-8 104724 2) =4

= (4, 4) is the center of mass.

28. f(x) =2,g(x) =x*(x + 1), f(x) = g(x) = 2 =x*(x + 1)
=x34+x2-2=0=>x=1;6=1

M:ﬁl[Z—xz(x+l)]dx:j;l[Z—x3—x2]dx

=[x - - %X3](1) =(2-1-5-0=143 g(x)=x"(x+1)
X= %ﬁ) X2 —=x*(x+ D]dx = 2 | [2x — x* — xdx .
— Bl b - i) 1

= %(1 - é —3) —0= %’y: 17}121;1%[22 — (x*(x+ 1))2}‘1?( = 1—671;1[4—)(6 —2x° — x*dx
= {5 [4x = x7 = 3x - %XS](I) =L(@-1-1-1)-0=5 = (3, %) is the center of mass.

29. f(x) =x%, g(x) = x> (x — 1), f(x) = g(x) = x> =x*(x — 1)
=x-2=0=>x=0,x=26=1

M= 1;2[)(2 —x*(x — 1)]dx = 1;2[2);2 — x%]dx

~ [ = (4 0=
X = ﬁf(‘)zx[xz —x2(x — 1)]dx = %L2[2X3 —x*]dx

2
Sl =1 0=
< A 2 2 3 5 6 37146 _ 1,712 _ 3 (64 _ 128 8
7=/, 5[0‘) - (x (X—l))]dngf 26 —xdx = 3 [3x° — 3] = 3(§ - F) —0=7
= (£, 8) is the center of mass.

30. f(x) =2 +sinx,g(x) =0,x=0,x=2m; 6 = 1;

f(x)=2+sinx

2m

M= j; [2 + sinx]dx = [2x — cos X"
2m o

ﬁrﬁ) X[2 +sinx — 0]dx = ﬁj; [2x + x sin x]dx

X =

27 27
zﬁfo 2xdx+ﬁf0 x sin xdx R

2
= ﬁ [X2](2)7T + ﬁ [sinx — x cos x](z)7r
2 2 o 5 2 _ .

= 7-(47%) =04 7-(0-27) -0 =1,y = ﬁj; %{(2+smx) - (0) ]dxz & 0 [4 + 4sinx + sin?x]dx

2 o0 o -
=& . [44—4sinx]dx—i—§f0 [sin’x]dx = &= . [4+4sinx]dx + %j; [L=cos2x) 4y

. o | 27 | 27
25[4x—4cosx+]0+mf0 dx—mﬁ cos2xdx[u=2x=du=2dx,x=0=u=0,x =27 = u = 4n]
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4m
— g=[4x — 4cosx|gT + e lx Jor — é—ﬁj; cosudu = g-[4x — 4cos x| + 16%T[x]27r — ﬁ[smu]éﬂ

=+@Br—4)—L£0-4)+;-02m) —0-0=3 = (¥, 2) is the center of mass.

31. Consider the curve as an infinite number of line segments joined together. From the derivation of arc length we have that
the length of a particular segment is ds = 1/ (dx)* + (dy)?. This implies that M, = f by ds, M, = f 6x ds and

M= féds. If 6 is constant, then X = ﬁy = ffxd(:g = £§gf1: ndy = 3* ffydi* = ﬁnyg?;.

32. Applying the symmetry argument analogous to the one used in Exercise 1, we find that X = 0. The typical vertical strip
<2

“p) , length: a — 2—2, width: dx, area: dA = (a — —) dx, mass: dm = 6 dA

a+
has center of mass: (X ,y )= (x, 5

=6 (a— %) dx. Thus, M, = ¥ dm = fMQ( —p)(a——)éd—ﬁfw( i) dx

5 2 2‘)
:%[a2x—8ép2}72\/a:2.g[2 SOP} —§<2a2\/_— Pgé(l)p 3)72326\/7( __)_2a26\/7(80 16)
a2, /pa 2/ 2/pa 2\/pa
= 20ypa (§) = M= fam=a [ (- 5) dn=efox 5] =2 oo ]

=26 (2a,/pa — 50 = das /pa (1 — ) = das Jpa (B5) = Y2 soy =3 = (M) (20

3

=3a,as claimed.

33. The centroid of the square is located at (2,2). The volume is V = (27) (¥) (A) = (2m)(2)(8) = 327 and the surface area is
S =) L) =20Q2) (4[ ) — 32,/27 (where /8 is the length of a side).

34. The midpoint of the hypotenuse of the triangle is (2, 3)
= y = 2x is an equation of the median = the line
y = 2x contains the centroid. The point (3, 3) is

3\[ units from the origin = the x-coordinate of the

centroid solves the equation \/ (x — —) + (2x — 3)?

= é = (x*=3x+2)+(4x*—12x+9) =2
= 5% - 15x+9=—1
= x> -3x+2=(x—-2)(x—1)=0 = X =1 since the centroid must lie inside the triangle = y = 2. By the

Theorem of Pappus, the volume is V = (distance traveled by the centroid)(area of the region) = 27 (5 — X) [% (3)(6)]
= 2m)(4)9) = 72w

35. The centroid is located at (2,0) = V = 27) (X) (A) = 2m)(2)(w) =

36. We create the cone by revolving the triangle with vertices y N
(0,0), (h,r) and (h, 0) about the x-axis (see the accompanying (h.r)
figure). Thus, the cone has height h and base radius r. By y= %ﬁx

Theorem of Pappus, the lateral surface area swept out by the L .
hypotenuse L is given by S = 2ayL = 27 (%) v/h? + 12 (hz)

= 7ry/12 4+ h2. To calculate the volume we need the position (x,y) ! "

of the centroid of the triangle. From the diagram we see that

2
the centroid lies on the line y = 5- x. The x-coordinate of the centroid solves the equation \/ (x—h)2+ (2L X — %)
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= 1\/h2+£ = (4hil:;r2)x2— (4h2+r) + 5 —1—2“2;4h 0= x=2or® = x=2 since the centroid must lie

inside the triangle = y = 5. X = 3. By the Theorem of Pappus, V = [27r (;)] (§ hr) = % mr’h.

L
37. S=27yL = 4ra’ = (27y)(ra) = y = £, and by symmetry X = 0
38. S=2mpL = [2m (a— 2)] (ra) = 2ma’(7 — 2)

39. V=27yA = %mab’ = (27y) () = y = 2 and by symmetry X = 0

40. V=2mpA = V = [om (a+ )] (%) = =0

41. V =27p A = (2m)(area of the region) - (distance from the centroid to the line y = x — a). We must find the distance from

(O, ;1:) toy = x — a. The line containing the centroid and perpendicular to y = x — a has slope —1 and contains the point

(0,22). Thislineisy = —x + $2. The intersection of y = x —aand y = —x + 22 is the point (#£37 $=31) ~Thys,

4a+3a7r)2+(4a 4a +36Lﬂf-r) — \/—(4a+3a7r)

6m 3r ~ 6r (%

the distance from the centroid to the liney = x — a is \/ ( il

V = (2m) (W) (%) = V2mid+sm

42. The line perpendicular to y = x — a and passing through the centroid (0, %) has equationy = —x + % The intersection

of the two perpendicular lines occurs when x —a = —x —1— 2 = x= 23;’ T = y= 22‘2_—‘” Thus the distance from the

centroid to the liney = x — a is \/ (2247 — 0)2 + (B3 - %) = a(\z/i:) Therefore, by the Theorem of Pappus the

surface areais S = 27 {a(z\/f”)] (ma) = \/Ewa2(2 + ).

43. If we revolve the region about the y-axis:r =a,h=b = A = %ab V= %7’1‘ a’b, and p = X. By the Theorem of Pappus:
ima’d = 2rX (ab) = X = %; If we revolve the region about the x-axis:r =b,h =a = A = Jab, V = imb’a, and

p = ¥. By the Theorem of Pappus imb*a=2ry (sab) =y =2 = (&, ) is the center of mass.

44. Let O(0, 0), P(a, ¢), and Q(a, b) be the vertices of the given triangle. If we revolve the region about the x-axis: Let R be
the point R(a, 0). The volume is given by the volume of the outer cone, radius = RP = ¢, minus the volume of the inner
cone, radius = RQ = b, thus V = —7r c’a — 7rb2a = %w a(c? — b?), the area is given by the area of triangle OPR minus

area of triangle OQR, A = lac — fab = l1a (c —b), and p = y. By the Theorem of Pappus: {7 a(c* — b?)

=21y [ia(c - b)} =y = <2 If we revolve the region about the y-axis: Let S and T be the points S(0, c¢) and T(0, b),

respectively. Then the volume is the volume of the cylinder with radius OR = a and height RP = ¢, minus the sum of the
volumes of the cone with radius = SP = a and height = OS = c and the portion of the cylinder with height = OT = b and
radius = TQ = a with a cone of height = OT = b and radius = TQ = a removed. Thus

V = rma’c — [%w a’c+ (ma?b — im azb)} = 2ra’c — 3ma’b = 3ma?(a— b). The area of the triangle is the same as

before, A = Jac — 1ab = fa(c —b), and p = X. By the Theorem of Pappus: 3w a’(a — b) = 27X { a(c — b)}

Sx— 23a((ca 1:))) = (233((::15)’ C;b) is the center of mass.
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CHAPTER 6 PRACTICE EXERCISES

1. AR) = % (diameter)? = % (/x — x2)° 1Y
4()(72 x-x2+x*):;a=0b=1 y=vx

- V:j;A(x)dx:gﬁl(x—2x5/2+x4) dx y=x?

1
7|2 4,72 —_rm(l_4 1
*4{2 7X +50*4(2 7+5)

=75035-40+14) = 280

2. A®X) = L (side)? (sin ) = Y2 (2,/x — x)*
:f(4X—4xf+x) a=0,b=4
- V= fA(x)dx_‘/_f (4x — 4x%/2 4 x2) dx

4
8 X 32 6
|:2X2—§X5/2+?j| \/—(32 T+

\&

N

)

>

0
3

7
=28 (-84 2) =85 (15244 10) =

\a

3. A(x) = % (diameter)® = 7 (2 sin x — 2 cos x)*
= 2 -4(sin?x — 2 sin X cos X + cos” x)

:W(l—sin2x);a:§,b:%

b 5n/4
- V:fA(x)dx:wﬁ/4 (1 — sin 2x) dx

=1 [ + cos2x] 75:;14

(5= - -] -
4, A(x)—(edge)2—((ﬁ—\/i)z—o)Q—(f—\/g)4—36—24ﬁ\/§+36x—4 6x%/2 4 x2;

a=0,b=6 = V:f:A(x)dx:foﬁ(36—24\/6\/§+36x—4 6X3/2+X2) dx

= [36;;—24%-§x3/2+18x2—4\/6-§x5/2+§}3=216—16-ﬁ\/8-6+18-62—§¢6¢6-62+6;

=216 — 576 + 648 — 1128 72 = 360 — 128 — 18001138 _ 72

2 b
5. A(X)zg(diameter)2:§(2 xf";) :§(4xfx5/2+’l‘—;);azo,b:4éV:faA(x)dx

m ¢ x! m 2 x° 4 T 8 2
=3, (4X_x5/2 _) =3 {2"2_"‘7/Q+W}0:1(32—32'7+§'32)
=2 (1-84+2)=8(35-40+14) =12

6. A(X) = 1 (edge)? sin (1) = 2 [2/x — (-2/%)]°
=3 (4%) =4/3xa=0,b=1
= V= [TAw dx = [ 4y/3xdx = [2ﬁx2};
=23
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disk method: y
b 1 1
V= [mRmdx= [ r(3x) dx=n [ 9x°dx
=[xl = 2r
shell method:
1 1 1
V= f 2 (Shell ) (hishi;it) dx = j; 27x (3x1) dx = 27 - 3]; x> dx =27 -3 {x—;} =T

Note: The lower limit of integration is O rather than —1.
shell method:

she ! x° x6 1 T
V= f 2 (Shell ) (hﬁgﬂt) dx=2r [ (1-x (3x}) dx =21 [3? - 7] =G - (5= F
washer method:
b 1
Rx)=3,1x) =3-3x*=3(1 —x%) = V:LW[RQ(x)—rz(x)} dx:fﬁ[9—9(1—x ) ] dx
2

9

1 1 5 1
=or [1-(1—2x+x)de=or [ xt —x)ax =0 [X - %] —1sr[F-j] =R -2

washer method:
RO = %.100=1 = V= [7Rx - 2w dx= [« ()" = ()] ax = [ 2x = 3]]
(- - (D =k S ) =B 21069 =
shell method:
2

Veorfx(E - a=ar [ 5] =on[(-3- ) - (4= D] =w () =%

shell method
2 2
v=an [Ty () dx=2n T2 -0 (& - B ax=2m [ (5~ 1+ 3) ax
2

—2r {—%+§—x+*ﬂ1:2w[(—1+272+1)7 (—4+4—-1+1)] =2
washer method:

V= fbﬂ R2(x) — 2(x)] dx

—wf[ 4——)}dx

=1 _ 167rf] (1 —2x7% +x79) dx

2
=97 16m {x—i—x_?—"?}

— 5 t6m (241 - ghy) - (11~ )]
— 5~ 16 (} - il + )

497T 16w 497 71w __ 103w
=% "0 W0 1432) = — 55 = 5

disk method:

_wf( x— ) dx:wﬂs(xfl)dx:ﬂ{’gfx}j
=m[(3-5-(G-1)]=n(F—-4)=8r

washer method:
2 ¢ 2 2 ? 2 2
R =510 =y’ +1 = V= [ xRy -mldy == [ [25- >+ 1)] ay

2 2 5 9
= Wf,2(25 -y =2y = dy=n f72(24—y4 —2y})dy =7 [24y— L %y3:|
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=32r(3-3-31)=3F@5-6
(¢c) disk method

_ 5) _ 10]858ﬂ'
Ry)=5—-(y*+1)=4-y

y
2

= V= [ mRydy= [ m(4—y)dy
2
= [ (1682 +yhd
=iy - 5] —am(2-%+ )
=64r(1-3+41)=%F(15-10+3) =
10. (a) shell method:

h 11 hell 4
V= f ritd?us (hseizhl) dy = L 27Ty (y -
=27 f ( _¥

S12m
15

(b) shell method:

h 11 hell
V= f 2 r;d?us (hseith
_ 4 _ 128«
—on(- 2o )=
(¢c) shell method:

)dx—f27rx 2 x—x)dx:27rj;4(2x3/2—x)dx—Zﬂ{
15
V= f27r shell

5/2 x_3:|4
31o
4
() (en ) dx = [ 274 =30 (2/x = x) dx =2 [/ (8x1/2 — 4x — 2x3/2 4 x) d
14
x-}
—2#{16 32 _2x —‘5—‘X5/2+§}0:27r(13—6-8—32—— 2+ %) =64r (2 —1-%+32)
~ 6 (1) = &
(d) shell method:
s 4 2 4 3
v= [l () (e ) dy= [lona -y (y- %) dy=2n [ (4y -y -y + ¥ ) dy
f ¥ _ 2 5, v'? 2 _ 8 _ 3
=or [ (4y—2 4+ §)dy=2m [~ 3yP 4 | =2m(32-F-64+16) =32r (2§ +1) =
11. disk method:
3v3—m
R(x):tanx,a:O,b:§:>V—7rf tan xdx—wf (sec x—l)dx-w[tanx—x]ﬂ3 <{ )
12. disk method:
_’R'f (2 — sin x)? X_7Tf 4 — 4 sin x + sin®x) X:’]Tf 4—4sinx+ 1 COS2X)dx
=7 [4x+4cosx+ 35— W] = 7 [(41—44+2-0) —(0+44+0-0)] =7 (% —8) =2 (97— 16)
13. (a) disk method:
2 ; 2
—wf X —2x)2dx:7rf0(x4—4x3—|—4x)dx:ﬂ["g X +4x3}0=7r(%—16+%)
=6 —-15+10) =1
(b) washer method:
57 2
V= { -2 1]d— dx — _1 _2_[("*1)}:2_ 2 _ 8
f x X + X fﬂ X fﬂ x dx T 5 o T—T"
(¢c) shell method:
hll hell
V= f 2 r;dfus (hseith

5=%
)dx_27rf 2-x) —(x2—2x)]dx:27rf2(2—x)(2x—x)dx
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2 2 2
:27rj;(4x72x272x2+x3)dx:27rf0(x374x2+4x)dx:27r[’%f%X3+2x2} —2m (4 — 2 4+38)

0
_ 2 _ 8
=306-3)="5

(d) washer method:
—ﬂ'f (x? — 2x)] dX—Tf‘f 22dx:7rf {4 4(x% —2x) + (x2—2x)2} dx — 87
:ﬂ'j;(4—4x2—|—8x—|—x4—4x3—|—4x2)dx—87r:7rf (x* —4x3 +8x +4) dx — 87

:W{%s—x4+4x2+4x] —8m =7 (2~ 16+ 16+8) — 87 = T (324 40) — 87 = 12 _ 40r _ 32

14. disk method:
m/4

/4 /4
V= 27rf0 4 tan® x dx = 87rj; (sec?x — 1) dx = 8rftan x — x]y'~ = 27(4 — m)

15. The material removed from the sphere consists of a cylinder ¥
and two "caps." From the diagram, the height of the cylinder

2
is 2h, where h? + (\/5) — 92 ie h=1.Thus

2
Ve = (2h)m (\/g) = 6 ft3. To get the volume of a cap,

-2 -1 1 2

2
use the disk method and x? + y? = 2% Vg, = f1 mx2d

2 2
= flﬂ(4—y2)dy = W[4y— %L
= 7r[(8 — g) — (4 — %)] % 3. Therefore,
Viemoved = Veyl + 2Veqp = 67 + IOTW = QSTT ft3.

16. We rotate the region enclosed by the curve y = /12 ( ‘1‘;1 ) and the x-axis around the x-axis. To find the

b 11/2 5 l1/2
volume we use the disk method: V = fa mR2(x) dx = f T ( 12 (1 - i ) dx =7 f (

11/2 11/2
11/2 57 11/2 3 )
4x 1 4 1 4 1
—rf (1-4) de=tam [x—d5] =2an [Y - (5) (4)°] = 132n 1= (k) ()]

11/2
=132 (1 — }) = %" = 887 ~ 276 in®

|-l>
(S5

57 ax

/ 2 4
17 y=x/2 -2 5 d_gzgx—w_lxw = (g_y) =l(l-24x) = L:fl\/l—l—%(%—Z—l—x)dx

X

_1/2+X1/2 dx—f L (x~1/2 4 x1/?) dx = [2x1/2 2 3/2]

1
2

2 —2/3 8 2 8
18.x:y2/3:>g—§:%y’1/3:>(3—;) =2 s L= [ 14 (&) = [T+ 5k
= [ gy = L O () dys [u= 9yt 4= du=6y i dyy = 1 S u =13,

40 40
y=8=u=40] - L= f13 w2 du= L [2u32] ) = L [40%/2 — 133/2] ~ 7.634

l
4

2
_ 5 46/5 _ 5 ,4/5 dy _ 1,1/5 1 ,-1/5 dy \© _ 1 (¢2/5 _ —2/5
19. y=3x 3X = o =3X 5 X = o —4(x 24X )

= L= f \/1 1 (x25 —24x2/5)dx = L= f \/ (x2/5 4+ 2 4 x2/9) dx—f (x5 4 x- 1/5)% ¢
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= [TL (x5 4 x ) dx = L [3x05 4 3 x4] P = L[(3 428

1
_ 1 _ 1710 _ 285
5 (1260 + 450) = 110 = 285

+
IS
[\

=~
SN—
\
—
N
+
I
SN—
P
Il
DO =
—~
(9%}
ol
Wi
+
ISh
SN—

2 2
0. x=fy+ls 8=yt o (&) =dy -tad s L= [ i (Gy -t d)d

21, s = [ 2my 1+(j—§)2dx; Y= i = (%)2:%11 = S= [amy/2x+ 1, /1 + 51 dx
=27Tj:\/2x+1w%iﬁdx:2\/§7rj::\/x—|—ldx:2\/§7r[%(x+1)3/2]z:2\/§71—.%(8_1):287T3ﬁ

b 2 2 1 1
22. S:j;27rywl+<g—i) d; ¥ =x2 = (%) =x! = S:j;27r-"§3 1+x4dx:gf0 V14 xt (4x3) dx

m ! m 321 m
VR [ -

d 2 1) 4 _ < 2 24 2
3. S:j:27rxw/l+(g—;) dy; (%: (i}fy‘_?) — \/iy—yy2 = 1+(g—y) _ 4y y4Jyriy24y+y — 4yfy2
2 2
= 8= [onay—y? [t dy=dn [ dx=4n

d 2 2 6
_ dx Ddx 1 dx _ 1 _ 4y+1 _ Vay+1
24'S—ﬁ2”\/‘+(®) dy =g = 1+ (§) =1 =t = s = Loy ey

6 - 6 .
:wfz,/4y+1dy:g¢[%(4y+1)3/2]2:g(125—27):g(98):4_%

25. The equipment alone: the force required to lift the equipment is equal to its weight = F;(x) = 100 N.
The work done is W = f\ bFl(x) dx = j; 40100 dx = [100x]f§0 = 4000 J; the rope alone: the force required
to lift the rope is equal to the weight of the rope paid out at elevation x = Fy(x) = 0.8(40 — x). The work
doneis Wy = [Fa(x) dx = [} 0.8(40 — x) dx = 0.8 [40x — ¥ ] 20 = 0.8 (40 — 49°) = O8O0 _ 64 J;
the total work is W = W; + W5 = 4000 + 640 = 4640 J

26. The force required to lift the water is equal to the water's weight, which varies steadily from 8 - 800 1b to
8 - 400 1b over the 4750 ft elevation. When the truck is x ft off the base of Mt. Washington, the water weight is

b
F(x) = 8- 800 - (3529-%) = (6400) (1 — 525) Ib. The work done is W = f F(x) dx

4750 X
= [ 6400 (1 - 5355) dx = 6400 [x
— 22,800,000 ft - Ib

, 74750 ,
— o], = 6400 (4750 — F5) = (3) (6400)4750)

27. Force constant: F=kx = 20=k-1 = k = 20 Ib/ft; the work to stretch the spring 1 ft is
1 1 1
W= [Tlcdx =k [[xdx = |20

2

"5} = 10 ft - 1b; the work to stretch the spring an additional foot is
0

W= [lan =i [lxan=20[5] =20t - =20() =001
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28.

29.

30.

31.

32.
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Force constant: F =kx = 200 = k(0.8) = k = 250 N/m; the 300 N force stretches the spring x = E

= % = 1.2 m; the work required to stretch the spring that far is then W = f Fx)dx = f 250x dx
= [125x ]12 125(1.2)2 = 1807

We imagine the water divided into thin slabs by planes
perpendicular to the y-axis at the points of a partition of the

interval [0, 8]. The typical slab between the planes at y and
y + Ay has a volume of about AV = m(radius)?(thickness)
=7 (3 y)2Ay = BT y2 Ay ft*. The force F(y) required to . l
lift this slab is equal to its weight: F(y) = 62.4 AV -10 10

= 2535 4)(25 ) ry2 Ay Ib. The distance through which F(y) Reservoir's Cross Section
must act to lift this slab to the level 6 ft above the top is
about (6 + 8 — y) ft, so the work done lifting the slab is about AW = @23 7v2(14 — y) Ay ft - Ib. The work done
lifting all the slabs from y = 0 to y = 8§ to the level 6 ft above the top is approximately

8
Wa % 7y? (14 — y) Ay ft - Ib so the work to pump the water is the limit of these Riemann sums as the norm of

118

8 8
the partition goes to zero: W = . % 7wy} (14 —y) dy = W j; (14y% — y3) dy = (62.4) (_6") [14 y3 — Y_} ;

= (62.4) (2) (14 83 — —‘) ~ 418,208.81 ft - Ib

The same as in Exercise 29, but change the distance through which F(y) must act to (8 — y) rather than (6 + 8 — y). Also

(62. 4)(25)7 2(8

change the upper limit of integration from 8 to 5. The integral is:W = f y) dy

= (624) (37) [ (8y* — ') dy = 62.4) (3) [3y° - Yﬂ = (62.4) (22) ( 50— 3 ) ~ 5424156 ft - Ib

The tank's cross section looks like the figure in Exercise 29 with right edge given by x = % y = 3. A typical horizontal

slab has volume AV = 7(radius)?(thickness) = 7 ( ) Ay=12 y2 Ay. The force required to lift thisslab is its weight:
F(y) =60- % Ty2 Ay. The distance through which F(y) must act is (2 + 10 — y) ft, so the work to pump the liquid is

4

¥ y Y . i i
W= 60f (12 —y) (7>dy =157 {T — T} . = 22,5007 ft - 1b; the time needed to empty the tank is

22,5007 fi-lb .
375 fulbsec > 297 sec

A typical horizontal slab has volume about AV = (20)(2x)Ay = (20) (2\/ 16 — y2) Ay and the force required to lift this
slab is its weight F(y) = (57)(20) (2 16 — y2) Ay. The distance through which F(y) must act is (6 + 4 — y) ft, so the

0
work to pump the olive oil from the half-full tank is W = 57 f (10 =y)(20) (2/16 —y2) dy
0 0 1/2
=2880 | 10,/16 —yZdy + 1140 [ (16 — y*)"/*(~2y) dy
— 22,800 - (area of a quarter circle having radius 4) + 2 (1140) [(16 y2)¥ 2} — (22,800)(47) + 48,640
— 335,153.25 ft - Ib
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33. Intersection points: 3 — x> =2x> = 3x> -3 =0
= 3x—Dxx+1)=0 = x=—1lorx = 1. Symmetry
suggests that X = 0. The typical vertical strip has
center of mass: (X ,¥ )= (x, M) = (x, "ZTH) ,
length: (3 —x?) — 2x* = 3 (1 — x?), width: dx,
area: dA = 3 (1 — x?) dx, and mass: dm = ¢ - dA

=36 (1 —x%) dx = the moment about the x-axis is

1
Fdm=38(2+3)(1-x)dx=36(—x'— 22 +3)dx = M, = [Ydm=36] (—x'—2x2+3) dx

s 1 1
3o =3 1-3an) = B30 =2 M= fam=3 [0 -0

[\1[O8)
=

3

1
=36 {x - "?} LT 66 (1—1) =46 = y="1% =32 =% Therefore, the centroid is (X,y) = (0, ¥).
34. Symmetry suggests that X = 0. The typical vertical
strip has center of mass: (X ,y )= (x, "2—9) , length: x2,
width: dx, area: dA = x2 dx, mass: dm = § - dA = 6x2 dx

= the moment about the x-axis is ¥ dm = £ x? - x* dx

~ 2 512
=ixtdx = M, = [§ dm:%fizx‘*dx:%[x]f2

35. The typical vertical strip has: center of mass: (X ,y )

= <x, #) , length: 4 — "72, width: dx,

area: dA = (4 - XTz)dx, mass: dm = § - dA

=6 (4 - ’;—2) dx = the moment about the x-axis is

52 (4+§) x? 6 x! .
ydm=5-0 (4- %) de=35 (16— 5) dx the
2 3

Y X X ~ (4 o
moment about the y-axis isX dm = ¢ (4 — 7) -xdx =46 (4x — T) dx. Thus, M, = fy dm = %fo (16 — E) dx

Ji=tloe— %] = 2w = [Xam=s [ (4x— %) ox = [ - 5]

_ ¢ _ X
=2 [16’( 5-16

2

:6(32716):166;M:fdm:6f04<47%) dx:é[4x—%}j:6(l6—%):%§

M. _ 128463 _ 12
. 5

- _ M _ 1663 _ 3 = _
= X=3 =35 =3 andy =

™M 5

TR ; = Therefore, the centroid is (X,y) = (%, %) .
36. A typical horizontal strip has:

center of mass: (X ,V )= y2+2y, ,length: 2y — y2,
y 5 Y g Y=Yy

width: dy, area: dA = (2y — y?) dy, mass: dm = ¢ - dA
= 6 (2y — y?) dy; the moment about the x-axis is

Ydm=6-y-(2y —y?) dy = 6 (2y? — y?®) ; the moment
about the y-axis isX dm = 6 - %—2” - (2y — y?) dy

2
4y* —y')dy = Mx:f?dm=5f0(2y2—y3)dy

472 . ~ 57 2

by ] s (s 1) =g () = e = ¥ M = [Yam= 4 [ 4yt y)dy=§ [4y - ¥]
2

8

5

3
2 3
6 (48 _ 32 _ 326 . np _ 2 _ _ 8) _ 40 M, _ 5323 _
=1 7—;)—F,M—fdmf6‘/;(2y—y)dy76[y2—%}0f6(4—§)f? = X=3 = 553 = 5 and
y =Y = 22 — 1. Therefore, the centroid is (X,y) = (£, 1)
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37. A typical horizontal strip has: center of mass: (X ,V ) y
= (szrsz, y) ,length: 2y — y?, width: dy, 27
area: dA = (2y — y?) dy, mass: dm = § - dA
=(+y)(2y —y?)dy = the moment about the
x-axis is ¥ dm = y(1 +y) (2y — y?) dy : — X
=2y +2y° =y’ —y') dy 4
= (2y? +y? — y*) dy; the moment about the y-axis is

X dm = (y +2y)(1+y)(2y yHdy =5 (4y2 —yH (A +y)dy = 5 (4y* +4y> —y* —y°) dy

~ 4 57 2
= Mx:fydm:fo(2y2+y3*y4)dy: §y3+%*%}0:

|

~~
[\®)
(e}
+
—
(9]

\
[\]
~

N
u.\4>
/-\
>—
N

Il

oS
=

Il

—
(a4
o
8
Il

e N

DO =

—
N

«
+
N

«

«

<«

<

S~—
o

<
\
ol
La—

[NFN

<«
w

+

<«
N

\

ul<

\

o<

[
[v]

:%(%24*%“*%):4(%%*%*%): e =%m=fan= [[atyey-y)ay

2 2
:ﬁ<ZY+y2—y3>dy: [y2+y§—%}0:(4+§—%):§ =x=5=(%) () =3 ady =15

), length: ;”/2 , width: dx, area: dA = % dx,

57 - 6537 dx = 3% dx; the moment about

38. A typical vertical strip has: center of mass: (X ,¥ ) = (x, 2X3/2

mass: dm=6-dA =96 - % dx = the moment about the x-axis is Y dm =

the y-axis isX dm = x - ‘ng)ﬁ dx = % dx.

@ Mo=5 5 (2) de= 2 [-57] =20, =5 [ () dx = 36 [2x1/2] = 125;

2 2 1
2

—
\D‘O
5]
N
w

9
M:éf%dx:—@[x’w]?:% S ox=M 1% _3gy— M

M 46 46 9
O M= [73(2) ax=3 =17 =aM = [ () ax= 0] ] = suM = [ x(5) ax
=6 [x 1/2]51’—12 = X=3=2ady=1=1

b 2 2 572
3. F= [ 'W- (;;;51) Ly)dy = F=2 [ (6242 — y)2y) dy = 249.6 |, (2y — y?) dy = 249.6 {yz _ %} i
= (249.6) (4 — 3) = (249.6) (£) = 332.8 b

b » 5/6
40. F= [[w- () - Lopdy = F=[75(3 - y) @y +4dy=75[" (3y+ 10— 2y 4y) dy

5/6
=75 [, (R-Iy-2)ay=75[Ly -1y -3y} =9 () - D) (2) - }) (B)]

=(75) (2 — 15— B0 = () (25-216 — 175 -9 — 250 - 3) = B0 ~ 118.63 Ib.

4. F= [ (o)L dy = F=624 Oy (2- %) dy = 624 [ (9y!/2 — 3y%2) dy
= 62.4 [6y%/2 — 2y72] | = (62.4) (6-8 — 2-32) = (24) (48 -5 — 64) = U0 _ 219648 b

h .
42. Place the origin at the bottom of the tank. Then F = j; W - (;;251) - L(y) dy, h = the height of the mercury column,
h h 51h
strip depth =h — y, L(y) = 1 = F= [ 849(h — y) L dy = (849) [ (h — y) dy = 849 [hy ’ } =849 (h ! )

= 39h2. Now solve #2h* = 40000 to get h & 9.707 ft. The volume of the mercury is s?h = 12 - 9.707 = 9.707 f¢>.
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CHAPTER 6 ADDITIONAL AND ADVANCED EXERCISES

b X
1. V:Wfa[f(x)]de:bQ—ab = wfa [f(H)]® dt = x> —ax forallx >a = w[f(x)]2 =2x —a = f(x) = /&=2

™

2. V=r [P dx=a?+a = = [ [fOPdt=x2+xforallx >a = 7[f)2 =2x+ 1 = f(x) = /2!

3. 50=Cx= [ I+ FOPd=Cx= 1+ 0P =C=f'(x)=/C— LforC 1

:>f(x):f0X\/C2—1dt+k. Thenf(0) =a = a=0+k = f = [V~ Ldt+a = f(x) =x/C? -
where C 1.

4. (a) The graph of f(x) = sin X traces out a path from (0, 0) to («, sin &) whose length is L = j;n v/ 1+ cos26 dd.

The line segment from (0, 0) to («, sin &) has length \/(a —0)2 + (sina — 0)2 = \/042 + sin? av. Since the
shortest distance between two points is the length of the straight line segment joining them, we have

immediately that j;n\/ 1 +cos?0df > v/a? +sin?aif 0 < a < 7.
(b) In general, if y = f(x) is continuously differentiable and f(0) = 0, then j:) ’ \/ 1+ [f7(1)]% dt > \/ a? +12 ()
for a > 0.

5. We can find the centroid and then use Pappus' Theorem to calculate the volume. f(x) = x, g(x) = x2, f(x) = g(x)
1

:>X:x2:>x2_x:():>x:0,x: 1;6 = ];M:J; [X—Xz]dxz [%Xz % 3]1 _ (%_%) _0:%
1 1

X = 1}_6‘/; X[X—Xz]dX=6j; [XZ—X3]dX=6[%X3—%X4] :6(%—%)—0:%
1 1

y= l}ﬁf : {xz - (x z)z}dx = 3f [x* — x*dx = 3[3x° — %Xs]l =3(3 — 1) — 0= 2 = The centroid is (3, 2).

12

p is the distance from (5, —) to the axis of rotation, y = x. To calculate this distance we must find the pomt ony = x that

also lies on the line perpendicular to y = x that passes through (— —). The equation of this line is y — 5 =—1 (x — l)

i8]

= x +y = 75. The point of intersection of the lines x +y = 5 and y = x is (55, 7). Thus,

10
p= (-1 + (35— = oy Thus v =275 () = 525

6. Since the slice is made at an angle of 45°, the volume of the wedge is half the volume of the cylinder of radius % and

height 1. Thus, V = %[ (%)2(1)] =1

7. y=2yXx = ds= /14 1dx = A= fz\/./1+1dx—;-‘ (10220 =28

8. This surface is a triangle having a base of 27a and a height of 27ak. Therefore the surface area is
% (2ma)(2rak) = 2mw?a’k.

2 2 3
9. F:ma:t2é%:a:‘aév:%* +Cv=0whent=0 = C=0 = &=L = x=,14+Cy;

x=0whent=0 = C; =0 = x= Thenx =h = t—(12mh)1/4 The work done is

1/4

12m
} (12mh)!/4

(12mh)!/* (12mh)
W= [Fdx= | F(t)-ﬁdt:f Sa=L s
0

_(12mh)*2 __ 12mh-/12 2h /3mh /
={ o = Tem = 2 3mh

= (1&) (12mh)®/*
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. 12
10. Converting to pounds and feet, 2 Ib/in = 212 . 120 — 24 [b/ft. Thus, F = 24x = W = f 24x dx

1in

— [12x%]}/* = 3 ft- Ib. Since W = L mv2 — 1 mv2, where W = 3 fit - Ib, m = (35 1b) (557hez)

= 515 slugs, and v; = 0 ft/sec, we have 3 = (3 (L vZ) = v =3-640. For the projectile height,

320
s = —16t% + vot (sinces = O att = 0) = % = v = —32t 4 vy. At the top of the ball's path,v=0 = t— 22
TS vo)2 Yo _v§_3-640_
and the heightis s = —16 (33)” + vo (33) = & = 25° =30 ft.
11. From the symmetry of y = 1 — x", n even, about the y-axis for —1 < x < 1, we have X = 0. Tofindy = 3, we

use the vertical strips technique. The typical strip has center of mass: (X ,¥ ) = ( X, ) , length: 1 —x",
width: dx, area: dA = (1 —x") dx, mass: dm = 1 - dA = (1 — x") dx. The moment of the strip about the

ny2 1 n 1 n+1 2041
x-axis is Y dm = —“_2") dx = Mx:fi]—“_;)2 dx:ZfO1 (1 —2x"+x)dx = [x — &2 4 X ](1)

n+1 2n+1
—1--2_ 4 — +DHE@n+DH-2@n+DH+@+1) _ 20 43n4+1-4n—2+n+1 _ 2n?
PES IR CESICIES) EESIOTESY CESIOTES IR
1 1 1 o1
— _ n _ n _ X" _ 1 _
AlsoM= [ da= [ (1-x)dx=2 [ (1-x)dx=2[x~ %] =2(1— ;1) = 2. Therefore,
y=%= (n+1§?22n+1) SOED = o0 = (0, 5% is the location of the centroid. Asn — 00,y — 150

the limiting position of the centroid is (0, 1) .
12. Align the telephone pole along the x-axis as shown in the
accompanying figure. The slope of the top length of pole is 14.5

Goos) — 1. 1. (145-9)= Thus, (0-'9-) \ %

55
40 87 8m-40 8n 8()

Y= & + k5 X = o= (9 + # x) is an equation of the j\u X
T T 9
. . (o' -—)

line representing the top of the pole. Then, Bn \( 40, <14 5)
' 8m
MY:faX 7Ty2dX—7Tf 8Tr 9—1—:3(') )]de
:# . x(9+%x) dx;M:f 7Ty2dx
—n [T 0+ X)) o= 2 [0+ 1x) dx. Thus, X = ¥ ~ 1279 93,06 (using a caleul
=7 ), [&( + U0 de= 2 [ (94 Bx)*dx. Thus,x = 2 ~ oo ~ 23.06 (using a calculator to compute

the integrals). By symmetry about the x-axis, y = 0 so the center of mass is about 23 ft from the top of the pole.

13. (a) Consider a single vertical strip with center of mass (X ,V ). If the plate lies to the right of the line, then
the moment of this strip about the line x = bis X —b)dm = (X —b)6§ dA = the plate's first moment
about x = b is the integral [ (x —b)§ dA = [ §x dA — [§bdA = M, — bSA.

(b) If the plate lies to the left of the line, the moment of a vertical strip about the line x = b is

(b—X)dm=(b—%X )6 dA = the plate's first moment about x = b is f (b—x)6 dA = fbé dA — f 6x dA
=bdA — M,.

14. (a) By symmetry of the plate about the x-axis, y = 0. A typical vertical strip has center of mass:
(X,Y) = (x,0), length: 4\/a7, width: dx, area: 4\/a_x dx, mass: dm = § dA = kx - 4\/a7x dx, for some

proportionality constant k. The moment of the strip about the y-axis is M, = f X dm = fo ' 4kx?/ax dx

= dky/a [ X2 dx = 4k\/a [2x7?]" = 4kal/2 - 272 = 890 Ao, M= [dm = [ 4kx\/ax dx
5

:4k\/_fa 3/2dx:4k\/5[2x5/2]a:4ka1/2~%a5/2:Sk"‘ Thus, x—%:%&-%:7a

= (X,¥) = (2,0) is the center of mass.

(b) A typical horizontal strip has center of mass: (X ,y ( > = (2 §a4a2 ) y) ,length: a — E,

width: dy, area: (a— —) dy, mass: dm = 6 dA = |y| ( Z—) dy. Thus, M, = fy dm

LW (8= L o [ 2
STUDENTS-HU B.COCE?Pyright © 2010 Pearson Education, Inc. Publishing as AddisoU\ﬁs&éded By Osaid ZyOUd



386  Chapter 6 Applications of Definite Integrals

2a a.3 yG 0 y5 2a
= Lot g o [V (- 8) o= [3y ]+ [ty -],
5 4 5 ~ b 4
:—%—F%-}-%—%:O;My:fxdmszza(y+a)M(a__)dy

2a
= & LI ) () dy = o [ Iyl (16af v dy
—2a

67 2a

1 0 4 5 1 = 4 5 1 A y
:Wfizﬂ(fl6ay+y)der@f0 (16ay7y)dyzw[78ay +g]_23 32a2 {Say —g}
3232 [83. a2 642{5} |:821 _4a276467aﬁj|7 (323 32a):@.%(32a6):%a4;

M= [am= [yl (525) ay = & [yl (422 —y?) dy
1 2, v']° L [h202 v
=4 78( 4ay+y)dy+4af 4ay y)dy——[2ay +7] —l—E[Zay 7]0

=2-1k ( 47 — o ) = 1 (8a' —4a?) = 2a%. Therefore, X = 3 = (£a?) (5k) = & and

0

%Za2

—2a

3 2a3

y= — = 0 is the center of mass.

15. (a) On [0, a] a typical vertical strip has center of mass: (X ,¥ ) = ( b X2+ L ”‘2) ,

length: Vb2 — x2 — /a2 — x2, width: dx, area: dA = (\/b2 —x2— /a2 — x2) dx, mass: dm = ¢ dA

=6 (\/b2 —x2— /a2 — x2) dx. On [a,b] a typical vertical strip has center of mass:
(X,Y) =[x, Vb?—x? , length: \/b? — x2, width: dx, area: dA = /b? — x2 dx,
2

mass: dm = § dA = §v/b? — x? dx. Thus, M, = [¥ dm

a b
:j;%(\/b2—x2+\/a2—x2)6<\/b2—x2—\/32—)(2) dx—i—j; %\/bQ—x26\/b2—x2dx

a b a b
=5 102 —x) — @ - dx+ & [0 - x)dx =2 (02 —a2)dx+ & [ (b2
b

= S1P—a) Xy + 5 [ox = 5] = 51— atyal+ 5 [ (b - ) — (vPa- §)]
:%(abz—a:‘)%—%(%b:;—abz—i-%)zg—%g:é(bs’“s) M, = [X dm

a b
:ﬁxé(x/bQ—)@—\/a?—xQ) dx+fx5\/b2—x2dx

=5 [x (b2 —x) P ax =5 [x (a2 —x)" P ax+6 [ x (02 —x2)" dx

s 2(b27x2)3/2 s |2@—x >3/2 a s |22 x2 )3,2 b
- 2 3 +3 3 0 2 3
0 a

3/2 3/2 3/2 3/2 3 —ad
== 5[0 ) - @] § o @] - § o e = A g = S o

3

We calculate the mass geometrically: M = 6A = 6 (”sz> -6 (”T“Z) = 9 (b2 — a?). Thus,X = %

1
5 —a%) 4 4 (3% _ 4 (b—a)(a®+ab+b?) _ 4(a®+ab+b?) . . .
=T 3 Tmo—) i\ =) T 3 (-abia 3n@ib) ; likewise
< _ M, _ 4(a’+ab+tb?)
Y= M = " 3n@atv
: 4 (a’+abtb®) _ (4 a?4+a’+a’) _ (4 322\ _ 2a < o\ _ (2a 2a)\ : el
(b) bhina 1= (721“) ) = (g) ( Tra ) = (g) (ﬁ) =2 = Xy = (W, W) is the limiting

position of the centroid asb — a. This is the centroid of a circle of radius a (and we note the two circles
coincide when b = a).
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16. Since the area of the traingle is 36, the diagram may be
12

labeled as shown at the right. The centroid of the triangle is
(4, 2'). The shaded portion is 144 — 36 = 108. Write

(x, y) for the centroid of the remaining region. The centroid 12 (xy)
of the whole square is obviously (6, 6). Think of the square
as a sheet of uniform density, so that the centroid of the
square is the average of the centroids of the two regions,
weighted by area:

36(%) +108(x)
144

2) 4 108(y)

6 = and 6 = 36(?144

12

which we solve to getx =8 — § andy = @. Set

x = 7 in. (Given). It follows that a = 9, whence y = %
= 7% in. The distances of the centroid (x, y) from the other sides are easily computed. (Note that if we set y = 7 in.

above, we will find x = 75.)

17. The submerged triangular plate is depicted in the figure Y
at the right. The hypotenuse of the triangle has slope —1
= y—(—2)=—-x—-0) = x= —(y+2)is an equation X
of the hypotenuse. Using a typical horizontal strip, the fluid

pressure is F = f(62.4) . (;;E&) - (1::;)11) dy -2
-2 -2
= [ @24 -yI-(y+ 21 dy =624 [ (v* +2y)dy

— 624 [YT + yﬂ :Z = (624) [(— & +4) — (— 26 4 36)]

x=-(y+2)

-6 (4,-6)
= (62.4) (%8 —32) = @402 ~2329.6 1b
18. Consider a rectangular plate of length £ and width w. y
The length is parallel with the surface of the fluid of ;
weight density w. The force on one side of the plate is 2
0 210 )
F=w[ (-y0dy=-wl H = b The one
- . -y side
average force on one side of the plate is F,, = % f Y (—y)dy -

2

270 2
=« X = 9% Therefore the force 242~
w 2| 2 2

= (%) (fw) = (the average pressure up and down) - (the area of the plate).
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NOTES:
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CHAPTER 7 TRANSCENDENTAL FUNCTIONS

7.1 INVERSE FUNCTIONS AND THEIR DERIVATIVES

1. Yes one-to-one, the graph passes the horizontal line test.

2. Not one-to-one, the graph fails the horizontal line test.

3. Not one-to-one since (for example) the horizontal line y = 2 intersects the graph twice.
4. Not one-to-one, the graph fails the horizontal line test.

5. Yes one-to-one, the graph passes the horizontal line test

6. Yes one-to-one, the graph passes the horizontal line test

7. Not one-to-one since the horizontal line y = 3 intersects the graph an infinite number of times.
8. Yes one-to-one, the graph passes the horizontal line test

9. Yes one-to-one, the graph passes the horizontal line test

10. Not one-to-one since (for example) the horizontal line y = 1 intersects the graph twice.

11. Domain: 0 < x < 1, Range: 0 <y 12. Domain: x < 1, Range: y > 0

L ad »”—
-1 -0 /1

13. Domain: —1 <x < 1,Range: — % <y < 14. Domain: —oo < X < 00, Range: fg <y<

S E
S E

s
2

v

.\'=f7'<x>,
sy=x
4
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15. Domain: 0 < x < 6,Range: 0 <y <3 16. Domain: —2 < x < 1,Range: —1 <y <3

¥

B y=vV1-x2=y=1-x2=2x2=1-y2 =2 x=4/1-y2 = y=vV1I-x2=f"1x)

18. The graph is symmetric about y = x.

y=5=f"(

19. Step 1: y:x2—|—1 = x2:y—1 = x=./y—1

Step2: y=+/x—1=Ff"1(x)

20. Stepl: y=x> = x:—\/_,sincexgo.
Step2: y=—/x=f"1(x)

21. Step1l: y=x*-1=x*=y+1 = x=(y+ D3

Step2: y=3/x+1=1f1x)

22. Stepl: y=x*=2x+1 = y=x—-1? = |[y=x—1sincex 1= x=1+,/y
Step2: y=1+/x=f"1(x)

23. Stepl: y=(x+10 = \/y=x+1,sincex —1 = x=,/y—1
Step2: y=/x—1=f"1(x)

24. Step 1: y=x2/3 = x=y3/?
Step2: y =x%2 =f1(x)
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25.

26.

27.

28.

29.

30.

31.

32.
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Stepl: y=x" = x=y!/5

Step2: y = /x = f71(x);

Domain and Range of f~!: all reals;

f(F71(x) = (x1/9)” = x and f=1(f(x)) = (x*)"/° = x

Stepl: y=x* = x=y/4

Step2: y=*4/x=f"1(x);

Domain of f~': x  0,Rangeof f~': y 0;
f(F1(x)) = (x1/4)" = x and f1(f(x)) = (x})/* =

Stepl: y=x*4+1=x*=y—-1 = x=(@y- D

Step2: y=%/x—1=f"1(x);

Domain and Range of f —1. all reals;
FEL(0) = (k= D3’ 41 =(x = 1)+ 1 = xand f1(f(x)) = (X + 1) — 1)"? = (x)/* =x

Step 1: y:%xf% = %x:er% = x=2y+7

Step2: y =2x +7 = f1(x);
Domain and Range of f~!: all reals;
f(f~1(x)) = %(2x—|—7)— % = (x—|—%) — % :xandf_l(f(x)):2(%x— %) +7=x-7+7=x

1

2 _ -
=y = X=37

Stepl: y=2% = x

<=

Step2: y = ﬁ =f1(x)
Domain of f~}: x > 0, Range of f~: y > 0;

f(f~1(x)) = (L)Q :U_xandf 1(f(x))_\/—zzz @) =xsincex >0
v X I
Stepl: y=5 = xX*={ = x:ﬁ

Step 2: y———f—f 1(x);

Domain of f~!: x # 0, Range of f~!: y # 0;
FE1(x) = — = L =xand 71 (f(x)) = ()P = (1) " =x

()"

. +3 _ _ _ _ 2y+3
Step 1: y = :>y(x—2)—x—|—3:>xy—2y—x—|—3:>xy—x—2y—i-3:>x_ny1

Step2: y = ZE =f~!(x);
Domain of f~!: x # 1, Range of f~1: y # 2;

- )3 x43)43(x-1) _ sx _ _ 2343 2(x+3)+3(x—2) _ 5x _
() = E{—”;—z 22x+3;—25x—1; =3 =xand f(f(x)) = ((x+32))_| - Ex+3§—()5—2)> =5 =X

iR

2
Step 1: Y= "5i- 3:>y(\/g_3):\/§:>Y\/;_3y:\/;:>Y\/—\/§:3y:>x:(y3%l)

Step 2: y:(x71) =f~1(x);
Domain of f~!: (—o0, 0] U (1, 00), Range of f~: [0,9) U (9, 0);

-1 ( - )2 (x?:xl)z x3f| 3x 3x
FE () = 0= = s =33 = ooy — 3 - xand
—1 - -
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33. Step 1: y:x2—2x,x§1:>y—|—1:(x—1)2,x§1#—«/y+l:x—l,x§1:>x:1—«/y+l

Step2: y=1—+/x+1=1f"1(x);

Domain of f~!: [—1, c0), Range of 1 (—o0, 1];

f ) = (1= VAT 1) —2(1 - VAT 1) = 1= 2K F T x4+ 1-242/5 5 1= xand

ffx) =1-—/(x2-2x)+ 1,x<1=1-

x—1)%x<l=1-|x—1]=1—-(1-x)=x

34. Step I: y:(2x3—|—1)l/5:>y5:2)<3—|—1:>y5—1:2x3:>—y5;1 :)(3:>x:\3/y—5271

Step2: y= /X571 =f!(x);

35. @) y=2x+3 = 2x=y—-3

—Yy_3 -1 —x_3

= x=5-—53 =>1"X=5-3
df __» df! 1
(C) dx x:71_2’ dx x:l_2

36. (a) y:%x—|—7 = %x:y—7
= x=5y-35 = fl(x)=5x-35

df 1 df!
© ], =L%] =5

— — 3
x=—1 5 dx x=34/5

37. () y=5—4x = 4x=5—-y
> x=3-¥=flx=3-12

4 4
(c) &

_ g df!
dx 4

dt— _1
x=1/2 Podx |, 4

38. (@) y=2x> = x2:%y
= XZﬁ\ﬁ = f‘l(x):\/g

df _ _

(C) ax | xes = 4-X|X:5 = 20,
dr! 1 o-1/2 _ 1
df— =_1_x _ 1
x| 5 22 x=50 20
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(b)

(b)

(b)

(b)

y

S y=f0=2x+3
= l=2_3
y=f (X)_y

=372 0 /3 x
-3/2

y:f(x):§+7

0.5+ v=rw= \/g
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39. (a) f(g(x) = (VX)" = x, gfx) = V/x* = x (b)
(©) f'x)=3x? = f'(1) =3,f'(-1) = 3; eI S
g =3x = g =4.d-H =4} i
(d) The line y = 0 is tangent to f(x) = x° at (0, 0); o
the line x = 0 is tangent to g(x) = /X at 0,0) 2 -l 1 2"
1+
2k
40. (@) h(k(x) = (<4x>1/3) X, (b) ;o
k(h(x)) = (43 ) S
© N =2 = NQ)=3,1(-2)=3; o et
K0 =307 = K@) =L K(-2) = e
: i
(d) The line y = 0 is tangent to h(x) = X; at (0,0); Ll
the line x = 0 is tangent to k(x) = (4x)1/ 3 at
0,0
df _ 2.2 df ! _ 1 _1 df _ df! _ 1 _1
41. &—3){ 6X:>d_xx7f(3>7¥x:37§ 42 d—x—ZX—4:>FX7f(5)—gX:5—g
-t _ it — il 1 _ g™t gt 10 _1
43. L & |2 % oo (3) 3 a4 dx | & | o % =0 2
45. (@) y=mx = x = %y = flx)=
(b) The graph of y = f~1(x) is a line through the origin with slope %
46. y=mx+b = x=% -2 = f71(x) = L x — 2 the graph of f~!(x) is a line with slope % and y-intercept — 2
47. () y=x+1 = x=y—-1 = flx)=x-1
b)) y=x+b = x=y—-b = flx)=x—->b
(c) Their graphs will be parallel to one another and lie on
opposite sides of the line y = x equidistant from that
line.
48. @) y=—x+1 = x=-y+1 = flx)=1-x; ;
the lines intersect at a right angle y:_”\
b)) y=-x+b = x=-y+b = fl(x)=b—x; ) (.
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the lines intersect at a right angle
(¢) Such a function is its own inverse.
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394  Chapter 7 Transcendental Functions

49. Let x1 # X9 be two numbers in the domain of an increasing function f. Then, either x; < x5 or
X1 > Xo which implies f(x;) < f(x2) or f(x1) > f(x9), since f(x) is increasing. In either case,
f(x1) # f(x2) and f is one-to-one. Similar arguments hold if f is decreasing.

50. f(x) is increasing since X9 > X; = %Xng% > %xl +%;% = % = %: = é =3

51. f(x)is increasing since x; > x; = 27x3 > 27x};y =27x* = x=1y!/? = fl(x) = ix!/%

df _ 142 d! _ 1 _ 1 _1,-2/3
o = 81" = T =gl = gam = 9 X

52. f(x) is decreasing since X, > x; = 1 —8x3 <1—-8x};y=1-8x* = x=1(1— B3 = fix) = 51— x)1/3;

df _ _ Hpe2 a1 -1 1] )2/
x 24x° = dx —24x2 ‘ La—x)1s 6(1—x)23 — 6 (1 X)

53. f(x) is decreasing since xo > x; = (1 —x)° < (1 —x)y=(0-%x° = x=1—-y/? = f1(x)=1-x"3

df a1 o2 a1 _ -1 1.-2/3
x = 1 =x)7 = S5 = Sp—p A A R
. L 5/3 _ _5/3 _
54. f(x) is increasing since xo > X; = XQ/ > x‘l)/ y=x"3 = x=y% = fl(x) =x7
daf _ 5 ,2/3 af ' 1 _ 3 __3,-2/5
dx — 3 X = dx — §X2'3 s — 5x2/5 T 5 X

55. The function g(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if x; # X then f(x;) # f(x2), so
—f(x1) # —f(x2) and therefore g(x;) # g(xs). Therefore g(x) is one-to-one as well.

56. The function h(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if x; # X then f(x;) # f(x2), so
5 7 fy - and therefore h(x;) # h(xa).

57. The composite is one-to-one also. The reasoning: If X; # Xo then g(x;) # g(Xo) because g is one-to-one. Since
g(x1) # g(xo), we also have f(g(x1)) # f(g(x2)) because f is one-to-one. Thus, f o g is one-to-one because

X1 # xg = f(g(x1) # f(g(x2)).

58. Yes, g must be one-to-one. If g were not one-to-one, there would exist numbers x; # X in the domain of g with
g(x1) = g(x2). For these numbers we would also have f(g(x;)) = f(g(x2)), contradicting the assumption that
f o g is one-to-one.

59. (goHx) =x = gf(x) =x = E)I'x) =1

60. W(a) = [ o [(f*l(y))2 - a2] dy = 0= [ 2mx[f(a) — f(x)] dx = S(a); W(1) = 7r[(f*1(f(t)))2 _ aQ] £(t)

f(a)
= 7 (€ — a?) £'(0; also S = 2760 | x dx — 27 [ xf(x) dx = [ — wf(va?) — 2 [ xf(x) dx = S'(0)
— 7CF(0) + 2mti(t) — ma’f'() — 2mti(t) = 7 (2 — a?) £/(t) = W'(t) = S'(1). Therefore, W(t) = S(t) for all t € [a, b].

61-68. Example CAS commands:
Maple:
with( plots );#63
f:=x -> sqrt(3*x-2);
domain :=2/3 .. 4;
x0 :=3;
Df := D(f); # (a)
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plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"],
title="#61(a) (Section 7.1)" );

ql :=solve( y=f(x), x ); # (b)

g :=unapply(ql, y);

ml := Df(x0); #(c)

tl := f(x0)+m1*(x-x0);

y=tl;

m?2 := 1/Df(x0); #(d)

t2 := g(f(x0)) + m2*(x-f(x0));

y=t2;

domaing := map(f,domain); # (e)

pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ):

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ):

p3 := plot( t1, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ):

p4 = plot( t2, x=f(x0)-1..f(x0)+1, color=blue, linestyle=7, thickness=1 ):

p5 = plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ):

display( [p1,p2,p3,p4,p5], scaling=constrained, title="#63(e) (Section 7.1)" );
Mathematica: (assigned function and values for a, b, and x0 may vary)
If a function requires the odd root of a negative number, begin by loading the RealOnly package that allows Mathematica
to do this. See section 2.5 for details.

<<Miscellaneous “RealOnly”

Clear[x, y]

{ab}={-2,1};x0=1/2;

flx_ 1=0Bx+2)/(2x —11)

Plot[{f[x], f'[x]}, {x, a, b}]

solx = Solvely == f[x], x]

gly_l=x/.solx[[1]]

y0 = f[x0]

ftan[x_] = y0 + f'[x0] (x-x0)

gtan[y_] = x0 + 1/ f[x0] (y — y0)

Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b},

Epilog — Line[{{x0, y0},{y0, x0} }], PlotRange — {{a,b},{a,b}}, AspectRatio — Automatic]

69-70. Example CAS commands:
Maple:
with( plots );
eq := cos(y) = x(1/5);
domain :=0.. 1;

x0:=1/2;
f := unapply( solve(eq, y ), x); #(a)
Df :=D(f);

plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"],
title="#70(a) (Section 7.1)" );

ql :=solve(eq, x ); # (b)
g :=unapply(ql, y);

ml := Df(x0); #(c)
tl := f(x0)+m1*(x-x0);

y=tl;

m?2 := 1/Df(x0); #(d)
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t2 := g(f(x0)) + m2*(x-f(x0));

y=t2;

domaing := map(f,domain); # (e)

pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ):

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4):

p3 := plot( t1, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ):

p4 = plot( t2, x=f(x0)-1..f(x0)+1, color=blue, linestyle=7, thickness=1 ):

p5 = plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ):

display( [p1l,p2,p3,p4,p5], scaling=constrained, title="#70(e) (Section 7.1)" );
Mathematica: (assigned function and values for a, b, and x0 may vary)
For problems 69 and 70, the code is just slightly altered. At times, different "parts" of solutions need to be used, as in the
definitions of f[x] and g[y]

Clear[x, y]

{a,b} ={0,1};x0=1/2;

eqn = Cos[y] == x'”

soly = Solve[eqn, y]

flx_] =y /. soly[[2]]

Plot[{f[x], f'[x]}, {x, a, b}]

solx = Solve[eqn, x]

gly_] =x /. solx[[1]]

y0 = f[x0]

ftan[x_] = y0 + f'[x0] (x — x0)

gtan[y_] = x0 + 1/ f[x0] (y — y0)

Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{X, a, b},

Epilog — Line[{{x0, y0},{y0, x0}}], PlotRange — {{a, b}, {a, b}}, AspectRatio — Automatic]

7.2 NATURAL LOGARITHMS

1. (a) 1n0.75:1n%:1n3—1n4:1n3—ln22:ln3—21n2
(b) Inj=In4—-In9=In2>-1In3*=2In2—-2In3
(c) ln%:lnl—an:—an (d) 1n€/§:%1n9:%1n32:%1n3
(€) n3y2=I3+m2/2=In3+1n2
() n\/135=4In135=4{Im% =1 (In3*-n2)=13In3-1n2)

2. (@ Ingz=In1-3In5=-31In5 (b) n98=InL=mIn7"-In5=2In7—In5
© In7y7=l7?=3m7 (d) In1225=1n352=2In35=2In5+2In7
(© 0056 =In-L =In7—In5*=In7—3In5 () 2Ils _msemi—h7_ 1
3. (a) Insin@ —In (¥2%) —1n<(i?‘%§>> =In5 (b) In(3x* — 9x) +In (%) :1n(3X"’3—;9X) =1In(x —3)

© @) —m2=In 4 —In2=I22 —In2=1In (%) — In ()

4. (a) InsecO+1Incosf =1In[(secB)(cosA)] =In1=0
(b) In(8x+4) —In2> =In(8x+4) —In4 =In (24) =In@2x+ 1)

© 3mVe—T-ln@t+)=3mE -1 e+ =31)In@E@-1)—Int+1)=1n (%)
—In(t—1)
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5. y=In3x = y=(5)3=1 6. y=Inkx = y = (&) =1

7. y=h() = L= (L)@ey="2 8. y=In(?) = ¢ =(L) (3 =3

10 y=n L =mn10x"! = § = () (-10x2) =-1

10x—1
1. y=ln@+1) = £ = () 0= 12.y=InQ20+2) = $ = (555) @ =7
13.y=lhx} = ¥=()3x) =2 14 y=(nx)?® = ¥ =3(nx?- & (nx) = 30x°

15, y=tnt)? = L=’ +2tnt)- $(Int)=(nt)* + 2 =(Int)> +21Int

16. y=ty/Int=tn 92 = & = (In9"/2 + LeAn =2 & (Int) = (In /2 4 WO

_ 1/2 1
=(nt)/°+ im0

_xt _x dy _ 3 S B> R
7. y=%5Inx— % = g=xInx+ 7% - —J=x"Inx

18. y=(x*Inx)" = = 4(x2In x)’ (x2- L+ 2xInx) = 4x°(In x)* (x + 2xIn x) = 4x7 (In x)*+8x” (In x)*

19, y=lnt o & _ t(%)—élnt)(l) Y

20. y= % = % = t(%)*(1t2+1nt)(1) _ 1—lt2—lnt _ _%

2 y=fix =y = (1+1nx()1(+§)ln:)(;nx)(%) - lz:n;)L_ = X

2. y= s Ly (1+1n %) (1nx(;r+);i))2— iy (1) _ (1lelr_1‘_xlf;)zlnx =1

23. y=In(nx) = y = (&) (}) = 2
1

24. y= In (ln (ln X)) = y/ = ln(lln X) ) % (ln (ln X)) = ln(lln X) "Inx d&x (ln X) = X (In x) In (In x)

25. y =0[sin(In0) + cos(In )] = & = [sin(In ) + cos (In )] + 0 [cos (In §) - 1 — sin(In §) - 1]
= sin(In #) + cos (In 8) 4+ cos (In 8) — sin (In #) = 2 cos (In 6)

26. y =In(sec f +tan f) = & — seclunbisecy _ seeblanfisech) _ go0 g

do — sec 6 + tan 6 tan 0 + sec 6
_ 1 _ 1 sy 1 1 1 __ 2x+D4x . 3x+2
27. y=In - rorr iy Inx—7Inx+1) = y=-1-3 (x+l) = T TRG+D T T G +D

28 y=4n = +0-In(1—v] = ¥ =1 [ - (75) D] =} [125504] =
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29.

30.

3l. y

32.

33.

34.

35.

36.

37.

39.

41.

42.

43.

44.

Chapter 7 Transcendental Functions

_olehne oy ody _ (-l (f) —A+lmo(F)  -"+{+% 5
Y= 1ot i = T—noe A~ = =

y=/In/i= (nd/2) o 8 L nd2) T (nd/2) = 4 (n0) T L g ()

— Ll VAL e

2 ( ) t/2 2 4t /ln\/E
_ dy _ 1 d _ sec(In @) tan (In 0) d _ tan(In 6)
= In(sec(In 0)) = W= s W (sec(In 0)) = @ b (In6) = 5

S

y=1In 7vlsi+nz91<;0;9 =1 (nsinf+1Incos) —In(1+2In6) = & — 1(exb_ sinb) _

_ 1 4
=35 [Cote—tane—m}

1+2In6

e ° -2X X
y:ln(ﬁ) SIn(+1) =5 (=% =y =32 -3 (75) D = 235 + a7

w
[ ]
[=)

y=In /85 = 1[5In(x+ 1) - 20In(x+2)] = y =1 (3

_ 5| __3x+4+2
= T2 |G+ DE+2)

) _ 5 | x+2)—4x+1D)
x+2/ 7 2 x+Dx+2)

2

y:fxz/zln\/fdt = g—i:(ln\/ﬂ)-%(xz)—(ln %)-di(";)—2xln|x|—x1n\‘;|E

:fflntdt = @ = (/) - & (Vx) = (In /%) - & (Vx) = (Iny/x) (5x73) = (In /%) (5x7177)
_ In{/x In /X

= e T A

fj%dx:[ln\x|]:§:ln2—ln3:1n% 38. fﬂx —[ln3x—2)]°, =n2—In5=1In2
J 25 dy=nnl|y> 25/ +C 40. [ 8 dr=1nl4r2 =5/ +C

j: St dt=In|2 —cost|]; =In3—In1=1In3;orletu=2—cost = du=sintdtwitht=0

2—cos t

3
S u=landt=7 = u=3 = [ 2 dt= [ Tdu =[nfu} =3 -In1=1In3

0 2—cost u

" 4sing /3 _ 1 -
j; a4 =[In |1 —4cosf]])" =In|l =2| = —In3 =1In5;0rletu=1—4cos = du=4sin6df

-1
With9 =0 = u=—3and9=2 = u=—1 = [ 40 g9~ [ "lau —[nfu]f=-In3=1In1

Letu=Inx = du=1dx;x=1 = u=0andx=2 = u=1In2;

[Fmx gy = [ 2udu = 2] = (n 2)?
1 X —Jo - -

Letu=Inx = du=2dx;x=2 = u=In2andx =4 = In4

1
4 dx ln41 _ In4 4 o ]n22 _
sims = Jus s du=[lnu],; =In(In4) —In(In2) = —2 =

i) =In2
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45. Letu=Inx = du=1dx;x=2 = u=In2andx=4 = u=1In4;

4 In4
dx -2 1o, 1 1 1 1 1 1 _ 1
j;x(lnx)z_flnzu du_[ u]lnz_ mi T hme = w2 th2= " 2m2 T2 3m2— W4

46. Letu=1Inx = du:%dx;x:Z = u=In2andx =16 = u=1n16;

f;shyﬁ 1 [ ez au = W) = Vin 16— Vin2 = V42— Vin2 = 2/In2 - v/In2 = /in2

n2

47. Letu=6+3tant = du = 3 sec2tdt;
3 sec’t dtff%:ln\u|—|—C:1n|6+3tant\+C

6+3tant

48. Letu=2+secy = du =secy tany dy;
fsecy‘a“ydy:f%:1n|u|—|—C:1n 2 +secy|+C

2+ secy
49. Letu=cos 3} = du=—1sin3dx = —2du=sin3dx;x=0 = u=1landx=73 = u:ﬁ;
[Tanyaxc= [ L dx :—2f/f =2 [ul)"* = —2In J5 =2In /2 =In2
50. Letu=sint = du=costd;t=75 = u:%andt:g = u=1;
frxzcottdt:f;fCsf—nst‘dt:fl;ﬁ%:[ln|u|]}/\/§:fln%:1n\/§
51. Letu:sing = du:lcosgdé’ = 6du:2cost9;0:g = u:%and@:w = u:?,
L;ZcotgdH:szzjzs’dﬂ 1f/z%“:6[ln|u|]1‘£/2—6< ﬁ—ln%):6ln\/§:ln27
52. Letu =cos3x = du= —3sin3xdx = —2du=6sin3xdx;x=0 = u=landx= {5 = u:%;
otansxdx = [ oma gy~ 2 fll/ﬁ%: 20In uf]** = —2In d5 —In1=21In /2= 1n2

53. fz\/g’;zxzfzﬁ(‘f:ﬁ);letuzljtﬁ:> du:ﬁdx;fizﬁ(chﬁ):de“:ln|u\—|—C
=In|l1+/x|+C=In(1+x)+C

54. Letu=secx +tanx = du = (sec x tan x + sec? x) dx = (sec x)(tan x + sec x) dx = sec x dx = %;

gt = [ = [anw 2 L du =200 w2 4 € = 2y/Insec x + @nx) + C

55. y:\/X(X-i‘l):(X(X—F]))l/? = ll’ly:%]n(x(x—}—])) = 2]ny:]n(x)+]n(x+1) = 273',:%_1_%
_ VXD Ex+D . ax41
=y = (’)\/X(X+ )( +XT1) = X+ 1) - 2\/X(I+l)

56. y=+v/ X+ 1)x—12 = Iny=1[n (2+1)+21n(x—1)] = L=1(Er+)

o X 1 - Xox+x24+1] _ 2% —x+1)|x—1]
= ¥V = V&) =D (P + ) = VEE+ -2 [ x2+J(X—+1):| TV D)

1/2
oy =it = (@) 5 my=jime- e = S F =3 (G- )

dy _ 1 1 1)y_1 t 1 _ 1
= @ =3y G- =3y [t(1+1)} = 2iar e
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58. y= /i =+ DI"? = Iny = {[Int+In(t+ 1] = 5%{:—%(%”%1)

jﬂf,l 1 2e+1 | 2t+41
d = 2\ D [WtHD | T 2@

59. y=0+3(sin0) = (@ +3)"2sinf = lny=1In(0+3)+InGsing) = I P = 5ls+f
= %:\/9+3(sin0) {m—kcow}

60. y =(tan 0) /20 + 1 = (tan )20 + D'/? = Iny=In(tan ) + 1 n (20 + 1) = 5% ==y (1) (757)
= § = @ 0) V201 (357 + ) = (sec?0) V20 + 1+l

_ _ 1dy 1 1 1
6l. y=tt+1)(t+2) = Iny=Int+In(t+ 1) +In(t+2) = yd—f_ptw—ljtw—2

dy _ 1 1 1 _ C+DE+2)+tt+2)+et+ D |
= d—); = t(t+ 1)(t+2) (Y—’_t+_l+t+_2) =t(t+ D(t+2) {[ t(t+l)([t+2) } =3t + 6t +2

— 1 — 1dy _ 1 1 1
- by 1 [_l_L_L] _ -1 4+ DE+2)+tt+2)+tt+1)
dt T ot(t+ D(t+2) t t+1 t+21 T tt+ D(t+2) tt+ D(t+2)
_ 32 46t+2

(88 + 32 421)°

63. y=22 = Iny=In(0+5) —In¢ — In(cos 0) =

64. y = L = Iny=In0+In(sin6) — L In(sec §) = 1§ = [+ s — CsOumn]
dy _ 6sinf (1 1
= F= Lsec@ (§+cot0—§tan9)
2 !
65. y="2000 = my=Inx+ i+ ) -Fhx+D) = L=y 2o

_oxyvx2+1 1 X 2
= y, — x+D28 |x + X2+1 ~ 3x+1D)
66. y = /S = my =100+ 1D -5hQex+ D] = L =35 2

r_ x4+ Dt 5 5
= Y =\ axrip (x+1 - 2x+1)

67. y=y¢/ %72 = my=1[lnx+Inx-2)-Inx>+1)] = L=1(14 L - 2

x2+1 y X Xx—2 x2+1
11 3/x(x=2)(1 1 2
=Y =3 x2+1 (x+x72 x2+1)

68. y = ,3/% = Iny=1[nx+Inx+1D+In(x—2)—In(x*+ 1) — In(2x + 3)]
_ 13/ xx+Dhx=2) (1 1 1 2x 2
=y = 5\3/ I x13) (i tim Tt o 2x+3)

69. (a) f(x)=1In(cosx) = f/(x) = — X = _tanx =0 = x = 0; f'(x) > 0 for — 7 < x < 0andf'(x) <0 for

COS X

0<x<Z = thereis arelative maximum at x = 0 with f(0) = In(cos 0) =In 1 = 0; f (— §) = In (cos (- §))

=1In (%) =—1In2andf(§) =1In(cos (5)) =In 3 = —In 2. Therefore, the absolute minimum occurs at
x = § with f (%) = —In 2 and the absolute maximum occurs at x = 0 with f(0) = 0.
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(b) f(x) =cos(Inx) = f'(x)= =180 = = x=1;f'(x) >0for i <x < landf'(x)<Oforl <x<2
= there is a relative maximum at X = 1 with f(1) = cos(In1) = cos 0 = 1; f (%) = cos (ln (%))
= cos (—In 2) = cos (In 2) and f(2) = cos (In 2). Therefore, the absolute minimum occurs at X = % and
X = 2 with f (%) = f(2) = cos (In 2), and the absolute maximum occurs at x = 1 with f(1) = 1.

70. (@) f(x)=x—Inx = f'x)=1— % ;if x > 1, then f'(x) > 0 which means that f(x) is increasing
) f()=1-Inl=1= fx)=x—Inx>0,ifx > 1 by part (a) = x > Inxifx > I

5 5 5
71 [n2x—lxdx= [ (~Inx+l2+mx)dx=(n2) [ dx=(02G - 1) =2 =In16

0 /3
72. A= —tan x dx + tan x dx = —sinX gy — —sinx gy — [In |cos x In |cos x|] 7/
—n/4 0 7r/4 0

—m/4 COSX COS X

:(lnl—lnﬁ)—(1n%—1n1):1nf—|—1n2:%1n2

3 2
3. V=r[ (27) dy=4r [, by dy=anlinly+ 1]} =4r(n4 —In1) = 4rin4

74. V —7rf COthX_’]Tf gos X dx—ﬂ[ln(smx)]ﬂ/e,—W(lnl—ln 3)=mn2

/6 sinx

2 2
75.V=2rf x(%) dx:27rfl/2% dx =27 [In[x[]3, =27 (In2—In}) =272In2) =7 In2' =7 In 16

76. V _wf( )dx—277rf dx = 277 [In (x3 + 9)]; = 277(In 36 — In9) = 27x(In 4 +1n 9 — In 9)
—277r1n4—547rln2

2 8
77 @ y=%-Inx = 1+(y)’ =1+ (1) —1+(X2_4) = (%) = L=V

= [(ax= (34 ax= [X§+1n\x|]4 B+In8) —Q2+In4)=6+1In2
X 2 2 2 16 2 2 16 2
b x=() -2m(}) = E=3-2 = 1+(%) =1+ (3-2) =1+ (55"°) = (%)
12 2 2 12 12
L= 1+(g_;) ay = [ Hy‘ﬁdyzﬁ (§+§)dy:[{—z+2lny]4 —(94+2In12)— (14 21n4)
—8+2In3=8+1In9

2
78 L=[\l+hdc=s ¥=1 5 y=Inx+C=Inx+Csincex>0 = 0=In1+C = C=0 = y=Inx
2 2 2 ?
@ M= [xa=nm= [ a=b [T as [ 4T = b= o= )i =mo
:i:%:Lleandy—MM:@%o-%

in2
(b)

y

1

1+ Y=x
[ ]
(1.44,0.36)

0 1 2
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80. @) M,= [ ( )dx_fl xV/2 dx = 3

=l x| =4 M= fl\[dxf[le/Q] =6 = x= =

0 M, =[x () (&) de=4f"ac=60m = [ (53) (%)

:—4[x*1/2]16:3,M: 116(%) (\/—)dx—4f161d = [41n|x]]}

[SSI1S)
)
L
N
—_
=Y
|
S
ul\)
>
|
N
]

—
=
N—

S
N——
o
bl
Il
o=
- S
>
> =
o
>

M

=4In16 = X= 3 = 3¢ and

81. f(x) = In(x> — 1), domain of f: (1, 00) = f'(x) = 1 f'(x) = 0 = 3x> = 0 = x = 0, not in the domain;
f’(x) = undefined = x> — 1 = 0 = x = 1, not in domain. On (1, ), f/(x) > 0 = fiis increasing on (1, 00)
= fis one-to-one

82. g(x) = v/x2 + Inx, domain of g: x > 0.652919 = g'(x) = 2;’;;%“ = 2x%;>2<2++inx; g'(x) =0 = 2x>41 =0 = noreal

solutions; g’(x) = undefined = 2xv/x> + Inx = 0 = x = 0 or x = 0.652919, neither in domain. On x > 0.652919,
g’'(x) > 0 = g is increasing for x > 0.652919 = g is one-to-one

83. dy*14— cat(1,3) = y=x+Inx[+Cy=3atx=1 = C=2 = y=x+In[x[+2

84. &Y —gec?x = g—i:tanx—i—Candl:tanO—i—C = g—i:tanx—i—l = y:f(tanx—i—l)dx

dxz T

=In|secx|+x+Ciand0=1Insec0|+0+C; = C; =0 = y=In|secx|+x

85. (a) L(x) = f(0) + f'(0) - x, and f(x) = In(1 + x) = f'(X)| _, = 1= =1=Lx=hl+1-x = LKx) =x

1+x
(b) Letf(x) = In(x + 1). Since f”(x) = ——L— < 0 on [0, 0.1], the graph of f is concave down on this interval and the

(x+1)
largest error in the linear approximation will occur when x = 0.1. This error is 0.1 — In(1.1) & 0.00469 to five
decimal places.

(c) The approximation y = x for In (1 + x) is best for smaller y
positive values of x; in particular for 0 < x < 0.1 in the
graph. As x increases, so does the error x — In (1 + x). 04

From the graph an upper bound for the error is
0.5 —1In(1 4+ 0.5) =~ 0.095; i.e.,
0 < x < 0.5. Note from the graph that 0.1 — In(1 + 0.1) g
~ 0.00469 estimates the error in replacing In (1 4 x) by ol

03 T oy=Tn(x+1)

x over 0 < x < 0.1. This is consistent with the estimate

given in part (b) above.

86. For all positive values of x, 1 [In2] = 3. -4 = —land {[lna—Inx]=0—-1=—1 Since In} and Ina — Inx have

x\=|—

the same derivative, then In 2 o= Ina — In x + C for some constant C. Since this equation holds for all positve values of x,
it must be true forx = 1 = ln% =Inl-Inx+C=0-Inx+C= ln% = —In x 4 C. By part 3 we know that
ln% =-Inx=C=0=1In{=Ima—-Inx
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87. (a) ) (b) ¥y = ;25 Since |sin x| and [cos x| are less than
or equal to 1 we have fora > 1
=L <y < L forallx.

Thus lim y' = Ofor all x = the graph of y looks

a—>oo

more and more horizontal as a — —+ oo.

88. (a) The graphof y = \/E — In x appears to be concave
upward for all x > 0.

—_———— N

o — RN RS

j==]

5

) y=yx—Inx = y=7--% = y”:—ﬁ+x%:x%(f
Thus, y” > 0if 0 < x < 16 and y” < 0if x > 16 so a point of inflection exists at x = 16. The graph of
y = \/§ — In x closely resembles a straight line for x 10 and it is impossible to discuss the point of

+1):0$ x=4 = x=16.

inflection visually from the graph.
7.3 EXPONENTIAL FUNCTIONS

1. (@ ¢e%=27 = Ine " =n3% = (-03)lne=3In3 = —03t=3In3 = t=-101n3
1

() =1 = Ine"=m2"!=ktlne=-In2 = t=-12

(©) eV =04 = (e"0?)' =04 = 02'=04 = n02'=In04 = th02=1n04 = t= 1004

2. (@ e *M=1000 = Ine "' =1n1000 = (—0.01t)Ine=1In1000 = —0.01t =In 1000 = t= —100 In 1000
(b) =% = Ine=In10""=ktlne=—-In10 = ki=—1n10 = t=— 10

k
© elM=1 o (M) =21 = 2=2"1 = =1

3. eVi=x2 = neVi=Inx? = /i=2Inx = t=4(Inx)>

4. ¥ et =l = P2l — gt = neV X —ne' = t=x+2x+1
5 yze S oy e (50 5y = -5

6. y=en? = y =3 L () oy 2623

7. y=eT oy =N L5 _Tx) = y = 75

8. y=el ) oy —eVx) 4 (4 x4 x%) =y = (% +2x> e(4v/xix?)

9. y=xe*—¢* = y = (e* +xe*) — e* = xe*
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10 y=(1+2x)e™ = y =22+ (1+2x)e > & (-2x) = y =2 —2(1 +2x)e™ > = —4xe™ >
1. y=(x>=2x+2)e* = y =(2x —2)e* + (x> = 2x +2) e* = x%e*
12. y = (9x% — 6x +2) e =y = (18x — 6)e™ + (9x% — 6x +2) &> L (3x) = y/ = (18x — 6)e™ + 3 (9x> — 6x + 2) e

— 27)(2 3x
13. y=¢e%sin @ 4 cos §) = y' = e’(sin @ + cos 0) + e’(cos § — sin §) = 2¢’ cos
14. y=In(30e”’) =In3+mf+he’=m3+m—0 = L =1-1
15. y = cos (e’ﬁz) = & = —sin (e’gz) & <e’02) = (— sin (e’ez)) (6’62) 4 (—6%) = 20e~" sin (e"’z)
16. y = 0% ¥ cos 50 = & = (36) (7% cos 50) + (6% cos 50) e 2 & (—20) — 5(sin 50) (§%e~*)

= 0%2e27 (3 cos 50 — 20 cos 50 — 56 sin 56)
17.y=In(3te™) =In3+Int+ne'=m3+ht—t = L=1-1=1=
18. y=In(2e'sint) =In2+Ine '+ Insint=In2—t+Insint = %_y =—1+4 (%) dsing) = —1 4 <!

— cost—sint

sin t
19. y:ln% :1nee—ln(1+e‘9) ze—ln(1+e‘9) = jz =1- (ﬁ) %(14—69) :1—%069 = lj—eg
b d

20, y=t = o-m(1+v0) = &= (L) & (Vo) - () & (1+V9)

- () () () () = St = g = o

Vo) \2v6 1+6) \2v/8 260 (1+V0) 20 (14+/0) 20040
21. y = e(costHn t) ecost alnt _ ¢acost = ?Ty eoost | gecost %(COS )=(—t sin t) ecost
22. y=et(ln2+1) = % =eiM(cos ) (Int? + 1) + 2 et = e [(In £ + 1) (cos t) + 2]
In x
23. j;)n sine'dt = y = (sin eh”‘) .4 —(Inx) = sinx
2x

M y=[Lpmntdt =y = (e &) - (neF) - £ (eV5) = @0 2e7) - (4y/%) (V) - £ (4V5)

= 4xeX — 4, /xe*Vx (l> = 4xe2* — VX

NG

25. Iny=¢sinx = ( )y = (y'¢¥)(sinx)+e¥cosx = ¥y (— —eY smx) =¢eY cos X

oy (23) oo v - 2
26. Inxy=¢e""Y = Inx+Iny ="V = +( )y =(1+y)e? = y’(%—e"*y) =ey -1

7 1—ye _oxe¥ty—1 r_ y(xerty—1)
jy( y >_ o T Y T e

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Addisou\ﬁs&éded By Osaid ZyOUd



Section 7.3 Exponential Functions 405

27. ¥ =sin(x +3y) = 2% = (1 +3y) cos(x +3y) = 1 +3y' = 20 - = 3y = 28 | oy = 2ty
28. tany =e* +Inx = (sec’y)y =e*+1 = y = M
29. [(e™ +5e) dx =& —5e* 4 C 30. [(2e* —3e ) dx = 2" + Je 2 4 C

In3 0
31. ﬁnZ dx =[e¥] ) =ed e =3 -2 = 32. f_mze"‘ dx =[—e",,, =€ +ef?=—-14+2=1
33. [8el+) dx = 8e*+D) 4+ C 34. [2e@Ddx = eV 4 C

35. ‘/;:1496)(/2 dx = [ZGX/z] 122 =2 [e(ln9)/2 — e(1n4)/2] =2 (eln3 ln 2) _ 2(3 _ 2) -2

36, foln 16 x/4 dx — [4 x/4] In16 4(6(1,116)/4 760) :4(61"2 _ 1) =42-1)=4

37. Letu=1/%2 = du= %r‘l/Q dr = 2du=r"12dr

Sidr= [ rifdr=2 ferdu=2e +C= 2" 4 C=2eVT 4 C

38. Letu= —r1Y/2 = du= —%r’l/Q dr = —2du=r12dr;

-Vr _ /2 —1/2 _ _ —rl/2 _ —\/r
f%dr—fe -T /dr——2fe“du——2e +C=-2eVi4C

39. Letu= —t> = du= —2tdt = —du = 2tdt;
‘/‘2te_t2 dt:—fe“ du=—e"+C=—-e"+C

40. Letu=t! = du=43dt = {du=1¢*dg

ft?’e‘ dt = fe du—4e +C

41. Letu—%:> u:——dx:> du—lzdx
f”x f u=—e"+C=—e/*4+C

42. letu=—x2 = du=2x3dx = l du = x3 dx;

fﬁm dx —f"‘fz-x“"’dx——fe du=3e'+C=14e" +C:%e—l/x2+c

43. Letu=tanf = du=sec’0df;0 =0 = u=0,0=7 = u=1;

foﬂ/4(1 + ') sec? § df = foﬁ/“se(:2 6 do + ﬁ)le“ du = [tan 0]3/* + [e"]} = [tan (Z) — tan (0)] + (¢! —¢?)

=(1-0)+E-D=e

44, Letu =cotl = du:—05629d0;0:§ = uzl,@z% = u=0;
/2 /2 0
fﬂ/i (1+et?) csc? 6 df = j;r/i cs029d9—f] e du = [—cotﬁ]:ﬁ— ] = [—cot (5) +cot (§)] — (e —e')

—O0+Dh-(1-e)=e
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45. Letu = sec mt = du = 7 sec 7t tan 7t dt = d—“ = sec 7rt tan 7t dt;

[emsecmpytan(rydi= 1 [erdu=¢ 4= 4 C
46. Letu=csc(mr+t) = du= —csc(m +t) cot(m + t) dt;
fec“ (mt¢sc (7 + t) cot (7 + t) dt = —fe” du= —¢"+C = —essc(mt) 4 C

™

47. Letu=¢"' = du=¢e'dv = 2du=2"dv;v=Ing = u=¢,v=In§ = u=7;

Sy 2 coser o =2 [ Jcoswau = sinulZE =2 fsin(5) —sin (5)] =21 1) = 1

48. Letu=¢" = du=2xe* dx;x=0 = u=L,x=+Inm = u=¢e"" =,

Vinm 2 2 a . pu . . .
fo 2xeX” cos (e" ) dx = fl cos udu = [sinu]] = sin(m) — sin (1) = —sin(1) ~ —0.84147

49. Letu=1+¢" = du=e'drn
f1+erdr_f du=Inju+C=In(1+e)+C

50. [l dx= [0 dx

letu=e*+1 = du=—-e*dx = —du=e*dx;
[ dx=— [ldu=-Infu/+C=-In(e*+1)+C
51 %:e‘sin(e‘—Z) = y:fe‘sin(e‘—Z)dt;
letu=e'—2 = du=e'dt = y:fsinudu:—cosu—l—C:—cos(e‘—2)+C;y(ln2):0
= —Cos (61“2—2)+C:0 = —cos(2—2)+C=0 = C=cos0=1;thus,y =1—cos(e' —2)

52, W —etsec? (met) = y= fe" sec? (me™") dt;

letu=me™ = du=—me'dt = —ldu=e'dt = y——lfsec udu=—Lltanu+C
:—ltan(ﬁe_‘)+C,y(ln4)—% = —lwan(re™)+C=2 = —Llwan(r-§)+C=2
= -1 +C=2 = C=3;thus,y =2 — Ltan(ne™)

53 8y —2e = ¥ o 2e 4 Cix=0and ¥ =0 = 0=-2"+C = C=2;thus & = —2e 42

= y=2*+2x+C;;x=0andy=1 = 1=2"4+C; = C;=-1 = y=2e +2x—1=2(*+x)—1

54 9y e o ¥l Ci=1and¥ =0 = 0=1-1e?+C = C=1le?—1;thus
¥ -t 12‘+ —1:>y:§t2 et (e —1)t+C1,t:landy:—1:_1:%_%e2+%e2_1+cl
L L RIS P

55.y=2" =y =2In2 56. y=3" =y’ =3"(n3)(-1)=-3"1In3

7.y =54 = ¢ =545 (3s?) = (4

g =

<E

N———
(9}
Y

= (In 4)s2%’

58. y=2% = & =2 (In2)2s = (In2?) (sZS

\/
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59. y=x" = y' =mx" 60. y=t"* = ¥ =(1-eprt*
61. y = (cos 0)V2 = g—z = \/ 2 (cos 9) (sm 0)
62. y=(ngy = % =n(no)= (1) = "o

63. y=7*In7 = % = (7 In 7)(In 7)(sec 6 tan 0) = 7°’(In 7)* (sec 6 tan )

64. y=3"1n3 = g—g = (3“ In 3)(In 3) sec® = 3“**(In 3)? sec? §

65. y = 2% = & — (23 I 2)(cos 30)(3) = (3 cos 3t) (27*) (In 2)

66. y =5 = ¥ — (572 n 5)(sin 20)(2) = (2 sin 20) (5-*) (In 5)

67. y =log, 50 = 15 = ¢ = (53) (55) ®) = 73
68. y=log; (1+6In3) = w = (di% = (ﬁ) (1+91n3)(1n3) 1+91n3

69. y=x e _Inx g plnx 3y oy 3

__ xlIne Inx __  x Inx __ 1 1 1y _ x—1
70. Y = 1395 ~ 35 = 35 ~ 25 — (21n5) x—Inx) = y'= (2ln5) (1- E) = %5

71. y = x’logjpx = x3(11;‘1"0) =5 10 X*Inx =y == (x3 - %—|—3x21n x) = mx +3x211;‘1’;) = mx + 3x%log)o X

_ _ (Inr Inr\ _ In%r dy __ 1 1\ _ 2Inr
72.y = logs1-logy r = (ﬁ) (ﬁ) = @maan9 — @ — {(1113)(1:19)} (2Inr) (F) = n 3)(n9)

X In3 n n x+1
73. y = log, ((x+1)ln3) _ ()T I (1) =) =Inx+1)—Inx—1)

x—1 In3 In3
dy 1 1 -2
= &= x+1  x—1_ Gx+Dhx-1)
X (In5)/2
_ 7x_\IS _ 7% \ms)2 _ In(505) _ sy [In(GES) | 1 7x
74. y = log; (3x+2) = log; (3x+2) = ns = (T) In5 = iln(3x+2)
_ 1 1 dy _ 7 3 _ (Bx+2)—-3x __ 1
=;ITx=5InGx+2) = T =357 ~ 3573 = 2o D — 1D

75. y = 0 sin(log, ) = @ sin (2£) = g—g = sin (I2£) + ¢ [cos (I2£)] (725) = sin(log, 6) + = cos (log; )

_ sinfcosf) __ In (sin 8) + In (cos 6) — In e? — In 27 _ In(sin@)+1In(cos @) —0—61In2
76. y= 10g7 ( ef20 ) - In7 - In7
dy cos 6 _ sin 6 _ 1 2 _
= 3= GnOnT  ©oshHinT) W7 7 — (1n7) (cot 6 —

tanf — 1 —In2)

77, y=loge' =15 =mnw = Y = hio

-39 (0-5'In 5 +5°(1)) = (0:5°) (~gz5) _ 5'ms5(2— —logs)(9In 5 +1) +5°
2

(2-kt) In 5(2 —logs 6)°

_ 65 45 r_
78. y = T logs0 — 3717 =y =
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y = 310th — 3(]n()/(]n2) = i]j_}l’ — [3(lnt)/(ln2)(ln 3)] (tliz) — % (10g2 3) 3logat

_ _ 3n(ogrt _ 3In(}) dy _ (3 1 _ 3 _ _1
80. y = 3logs (log, t) =~ ms . 7 d (W) In 0/(In 2) (tln ) = o8 — Wnon2)
In8 1 In2
81. y = log, (8tr) = MEHI() _ Shm24Mdmo _ 34 pnp o & 1
tln ( (eM3 sint sint .
82. y= <(ln3) ) = ‘1“1533 ) — ‘(S‘"h?g“” =tsint = % =sint+tcost

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

[5rax =5 +C

Letu—3—3":>du——3"ln3dx:>—idu:3xd)<'
In|3 — 3¢
f3 3xdx— ln3f du = ln31n|u|+c_ ‘13 +C

1 1 1)’ ! 1 1
fo 27d0 = fo (%)0 do = LE()}))] = lné) - m(l;) =~ lné) = NnTowy = T

0 _
fOS"dG:fO (1)9d0: (é)g =1 - G)z (1-25)= =24 __ 24
-2 —2\5 ln(%) i ln(é) ln(%) (%) Inl—1In5 InS5
Letu=x? = du=2xdx = %du:xdx;x:l = uzl,x:ﬁ = u=2;
V2 2 ;
Joa= [L@) 2 a= 1] = () 2= 2) = 5

Letu =x!/? = du—— x~12dx = 2du—d7x— x=1=u=1,x=4 = u=2;

4 5 4 12 _ u+ 2
D= [l ta=n [Trde= 3] = () 002 =

Letu:cost:>du:—sintdt:>—du:sintdt;t:0:>u:1,t:%:>u:0,
/2 . 0 u
[ rsintdi=— [ du=[- 2] = (55) (10— 7) = &
Letu=tant = du = sec? tdtt—0:>u—0t—§§u:1;

el
/4 tant 1 u 1
[ et [y an= [ G5 - [0 - 0] = s

0

E=2mInx+@2x) () = £ =2ulnx+1) = 1du=x*1+Inx) dx;
x=2=>u=2'=16,x=4 = u=4%=65536;

65,536
f2><2*(1+1nx)dx:5f1 du—%[u}“” 165,536 — 16) = 20 = 32,760

6

Letu=x* = lnu=2xlnx = %
u

du = 2¢x dx

Letu=1+2% = du=2"(2x)In2dx = 5.5

x2 In(1+2%
S22 ax = b [du = ;i +C = % +C

V3 3x(V3) _
[ 3x ax x=24C o4, [xV1)ax = =7 +c
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V2 V2 ¢ n2)— Cpxmie  emz_gqm2 oy
95. f(\[+ )xfdx [( +1)} — 3(van) 96. ﬁx(IZ)ldX_[m]|_%_%_ﬁ

0

97. fmdxif(lhnlo)( ) dx; Ju=Inx = du=dx]

2
) dx = lnl() fudu— nlO) () +C= éhllnxl)()—’_c

98. f4“’g—”dx:fl4(}g—;)( Jdx;[u=Inx = du=Ldx;x=1 = u=0,x=4 = u=1In4]

In4 n n 4)2 n4)?2
- fl Lr:; dx—fo (fag)udu= (53) [%‘P]H: (m3) [3 (ln4)]_g1§)2 :(llnt) =4

X

99, ['m2omx gy — ["(m2) (m3) ax =[x gx = [Lanx?] ! = L[ 42 — (n 2] = L (n 4 = L @21n2)? = 2(n 2)?
S l s 1 1=} ;

100, [ 210000y gy — [TWI0@N (1) gx — [(Inx)?]; = (Ine)? — (In 1) = |

1

Jog, (x +2) _ mnx+22]?
01, [Tt ax = b [T+ 2)] (1) de = () [2020] =

0
_ (1) |42’ @2 | _ 3
= (73) { 2 2 ] =3n2

(L) [(1;14)2 _ (1n2)2j|
In2 2 2

10 10 10
log;, (10x) 10 1 _ (10 (In (10x))* _ (10 (In 100)? (In 1)®
102. f./m S X =50 mo[ln(le)] (10:) dx = (710) [ 20 } 0 (1) { 0 2 }

= (gt [“542] = 2m10

20

9
103. j:) 2]0g>(m+(x1+]) dx =g 10f In(x + 1)( 1) dx = (57) {(ln(x;l)q =

0

2 (In 10)? (n1)?*| _
(10) {—2 i }—1“10

104, [2070 0= 2 [Mines = 1) (L) ox = () [2202)

(2 (In 2)? (In1)?| _
2‘(@){ 7 T 2 }—ln2

105. [ &= dx=n10) [ () (1) dsu=Inx = du="!d

(1n10)f IL (H)dx=an10) [} du—(ln10)ln|u|—|—C—(ln10)1n|1nx|+C

X

dx _ dx _ (Inx)~2 _ (Inx)~! o (In 8)?
106. fx(logsx)2 _fx(:%)z—(ln&?f —dx=(n8)? -4+ C= -T2 +C
Inx
107. [ tdi=[n ] =Inflnx| ~In1=In(nx),x > I

108. fle%dt: ] =lne*—Inl=xlne=x

1/x
109. [ tdi=[m()* =In |} ~Inl=(nl-Infx)~In1=—Inx,x>0

110. & [Tlat= L] =02 bl —jog x,x>0

1 Ina Ina

1. y=x+D)* = hy=hx+1)=xhnix+1) = yylzln(x+1)+x-

=y =x+1]

(x«lu) X+1+ln(x+1)]
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112.

113.

114.

115.

116.

117.

118.

119.

120.

121.

122.

Chapter 7 Transcendental Functions

y=x>+x¥=y—x>=x>=In(y — x?) = Inx* =2xInx =

1 (y —2x) =2x- 1 +2-Inx =2+ 2Inx
=y —2x=(y — x)(2+2Inx) =y = (x> +x*) — x )(2+21nx) +2x = 2(x—|—x2x—|—x2xlnx)

y=(V) =) =" =y == (5 Int=§ § = (5) o+ (3) (1) =5 +3

%= (' (3 D)

y=tV"=t") = Iny =Int"") = (¢/?) (Inv) = % &= Gy +e2 (L) = 11;3{2 =¥ = (1‘”*2) Vi

=In(sin x) + x (COS X) =y’ = (sin x)* [In (sin x) + X cot X]

sin X

y = (sinx)* = Iny=In(sinx)* =xIn(sinx) =

< |‘<\

y=x" = Iny=Inx™" = (sin x)(In x) = y;/ = (cos x)(In x) + (sinx) () = sin x +x (In x)(os x)

X

_ osinx | sin x 4 x(In x)(cos x)
=y = [ |

y =sinx* =y’ —cosxxdi( *);ifu=x*=Ilnu=Inx* —xlnxé——x +1~lnx:1+lnx

=u =x*(1+ Inx) =y’ =cosx* - x*(1 + Inx) = x*cosx*(1 + Inx)

y=(nx)"=1Iny=@nxhlnx) =% =(})n0nx+onx () &dnx) =200 4 1
= y/ — (ln(ln;)+1) (ln X)lnx

fx) =e*—2x=1'(x) =e* - 2;f'(x) = 0 = &* = 2 = x = In 2; f(0) = 1, the absolute maximum; f(In2) =2 —21n2
~ 0.613706, the absolute minimum; f(1) = e — 2 ~ 0.71828, a relative or local maximum since f”(x) = e* is always
positive.

The function f(x) = 2" &/ 2) has a maximum whenever sin % = 1 and a minimum whenever sin % = —1. Therefore the

maximums occur at X = 7 + 2k(27) and the minimums occur at x = 37 + 2k(27), where k is any integer. The maximum
is 2e &~ 5.43656 and the minimum is % ~ (0.73576.

f(x) =xe*=f(x) =xe *(—-1)+e*=e*—xe*=>f"(x) = —e*— (xe *(—1)+e ™) =xe ¥ —2e*

@@ f'(x)=0=>e*—xe*=e*(1-x)=0=e*=00r1—x=0=x=11f(1)=(1)e”! = 1; using second
derivative test, f(1) = (1)e™! —2e™! = —1 < 0 = absolute maximum at (1, !)

) f"(x)=0=>xe*—2e*=e*x—-2)=0=e*=00rx—2=0=x=2,f(2) = (2)e"? = ; since
/(1) < 0and f"(3) = e3(3 — 2) = & > 0 = point of inflection at (2, 3)

f(x) =

er = f’( ) _ (14e¥)er—eX(2eP)  ex e = f”( ) - (1+e2x)z(e‘73e3‘)7(e"7e3x)2(1+e2‘)(2e2")

1+ (1+e>)? T (14eX) [(1 +62x)2:|2

(1 —6e> +e¥)
T (14ex)

@ ffx)=0=e —e*=0=e"(1-e¥)=0=e*=1=x=0;f0) = %22@) =1
f’(x) = undefined = (1 + ez")2 = 0 = e = —1 = no real solutions. Using the second derivative test,
£7(0) = %)@)em = ' < 0 = absolute maximum at (0, 1)
®) f7(x) =0=e*(1 — 66 + &) = e* =0orl — 6e> + e™ =0 = > = 9EVI2 _ 349,/
B 1n(3+2ﬁ) B ln(372\/§) 1n(3+2\/§) B W ln(372\/§) _ \/m
=>X=——F—~-0rx= 5 .f( 5 >42\[ df( 5 )4_2\/5,
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in(3+2v2) /
since f”(—1) >0, £”(0) < 0, and f”(1) > 0 = points of inflection at ( o 3+2\/_> and

2 > 4422
(111(32\/5) ,/32\/§>

2 > 4-22
x) = x° n e L= f(x)=2xIn1 +x T)(—x77)=2XxIn>: —x=—=Xx@Ihx+1);I'xX)=0=x=0o0rlnx=—3.
123, f(x) = x21 F(x) = 2x 1 1 2) = 2x In L Qlnx+ 1) f'(x) =0 Oorl L
Slncex:Olsnotmthedomamoff,x:e‘l/2 7 Also, f'(x) > 0for0 < x < \/—andf’(x)<0f0rx> 1e
Therefore,f(ﬁ):%ln\/E:%lnemz21—elne:%istheabsolutemaximumvalueoffassumedatx:Le.

124. f(x) = (x —3)%e* = f'(x) =2(x —3)e* + (x — 3)?¢&*

=x-3)e"2+x—-3)=x—-Dx—3)e* thus
f/(x) > 0 forx < 1 orx > 3, and f'(x) < 0 for ny
1 <x <3 = f(1) = 4e ~ 10.87 is a local maximum and ﬂ%_\ \J .
f(3) = 0 is a local minimum. Since f(x) 0 for all x, | V [
f(3) = 0 is also an absolute minimum. 1ok

£ = (k= Dx-3e

In3 X In3 n
125 [ @ —eax =[5 -] = (F o) - (§-) = (3-3) - (1-1)=5-2=2
126, [ (@2 =) dx = 2682 42620 = (2602 426 12) — (20 4260) = (44 )= 2 +2) =5 —4 =

1 </
127. L= [\ J1+9dx = =9 5 y=e21Cy(0) =0 5 0=¢"+C = C=—1 = y=e" |

128 s =2 [ (24) 14 (252) dy =2 [ (24 )1+ EE —2re ) dy

_ 27Tf01n2 (W) (eY+e Y) dy = fln2 (M) dy = fln (ezy _|_2_|_e—2y)dy

b b2y~ et = £ [(1eT 4 22— he ) — (440 )]

[
(f-442m2-3-H=202-1+2m2)=7(2+mn2)

1
129, y = je e = & = de —e L= [+ (e —e) o= [ Te g - f

1 1 2
f\/ezx—k + &7 dx —f (3(ex +e7)) zdx:\f;%(ex—l—e"‘)dx:%[ex—e"‘]é:%(e—é)—O:6'2;‘

In3 In3
— X _ _ X dy _ e* et 2e* .y 2¢x )2 _ f 4e2x
130. y=In(e*—1)—In(e* + 1) = § = 55 — 57 = oo L = 1+(32x71) dx= | 14-(e2x71>2 dx
1 3 1 3 In3 ¢2x
et —2eM 4 1 pde gy " e4‘+2e2"+1 dx — " er+1 _dx Mg dx — fn i dx
(e —1)? - ln2 (e — 1n2 (e2x — T Jm2 e -1 m2 -1

In2 e*—e™*

Su=e e =3 L= o [au = nful) 3 =In(3) ~ In(3) =In(%)

In3 x
= ete  dx; {letu =ef—e*=>du=(e"+eN)dx,x=In2=u=e"?—e M2 =2

131. yzlncosx:>d—y— =SX — _tanx; L = fﬂM\/ —tanx) dx—j‘ﬁé‘\/l—l—tan2 dx—f v sec2x dx

— f secx dx = [In[sec x + tanx|]5/* = (In |sec(§) +tan (5)]) — (0) = 1n(\/§+ 1)
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/4 /4 /4
132. y =Incscx = g—i = el — —cotx; L = j;/ﬁ \/ 1+ (—cotx)* dx = j;/6 1 + cot’x dx = L/G v ese?x dx

= 1:6/4050)( dx = [~In|csex + cotx|]:76‘ = (~Infesc(§) +cot (3)]) + (Infesc(%) + cot (7))

(3 1)+ ) -n()

133. (a) %(xlnx—x—I—C):x-%—I—lnx—l—i—O:lnx

(b) averagevalue:ﬁflelnxdx:ﬁ[xlnx—xﬁ:ﬁ[(elne—e)—(l Inl-D]=2A(—e+1)=-

2
134. average value = 517 | 1 dx = [In x]?=m2—In1=1In2

135. (a) fx)=¢" = f'x) =5 LX) =f0)+f'0)(x—-0) = LE)=1+x
(b) f(0) = 1andL(0) = 1 = error = 0: f(0.2) — &% ~ 1.22140 and L(0.2) = 1.2 = error ~ 0.02140
(c) Sincey” =e* > 0, the tangent line

y y= &

approximation always lies below the curve y = e*.
Thus L(x) = x + 1 never overestimates e*.

136. (a) y=¢e* = y’ =e* > 0forallx = the graph of y = e is always concave upward
Inb
(b) area of the trapezoid ABCD < j; L e dx < area of the trapezoid AEFD = % (AB+CD)(Inb —1n a)

Inb

<J..c dx < (M> (Inb — In a). Now % (AB + CD) is the height of the midpoint
M = e(lna+nb)/2 gince the curve containing the points B and C is linear = e™*"®/2(In b — In a)

Inb na n
< [Tedx < (e'gie“) (Inb — In a)

Ina

ellnathb)/2(Inp —lna)<b—a< (—l"“rel"b) (Inb—1Ina) = elnatinb)/2 o ]ng:fna < a;b

Inb
() j;na e dx = [e"]!"" = e"* —e"* = b — a, so part (b) implies that

= elna/2_elnb/2 < b—a a+b = elna \/elnb ~

a+b
lnb—]na 2 <

<a+b ab < S

]nb lna 2 lnb lna

137. A= [ 2 dc =2 B dxu=14+x% = du=2xdxix=0 = u=1,x=2 = u=}3|
—~ A=2f tdu=2[mn[u]}=20n5—In1)=21In5

T
1 1 %
R Y I R R [ R
11
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139. From zooming in on the graph at the right, we estimate
the third root to be x ~ —0.76666

X =~ 0.76666
-4
140. The functions f(x) = x™* and g(x) = 2"* appear to y
have identical graphs for x > 0. This is no accident, B
because X1n2 — eln2-1nx — (ean)]"" — 21nx' y'xlﬂz y-2‘nx
1
1 2 3 X

141. (@) f{(x)=2* = f/x)=2In2;L(x) = (2°In2)x+2° =xIn2 + 1 ~ 0.69x + 1

(b)
y=2 14 7
3 / 12 /
/ y=(n2)z+1

y=(n2)z+1

By T3 (4] T— X

142. (@) f(x)=log;x = f'(x) = 5,andf3) =13 = LX) = x -3+ 22 =2 — L 4+ 1~030x+0.09

xIn3°?

b
(b) " 1
Yoyt k-3l
1 ) - y= 1093 X
o ) ) 3 g X
4
2
73 3 33 —X
143. (a) The point of tangency is (p, In p) and Mungent = % since g—i = L. The tangent line passes through (0, 0) = the

equation of the tangent line isy = %x. The tangent line also passes through(p, Inp) = Inp = ll)p =1=p=e,and
the tangent line equation is y = %x.

(b) gix{ = —x—lz for x # 0 = y = In x is concave downward over its domain. Therefore, y = In x lies below the graph of
y = %xforallx >0,x#e,andInx < { forx > 0,x #e.

(c) Multiplying by e, e In x < x or In x® < x.

(d) Exponentiating both sides of In x® < x, we have "X < e*, or x® < e for all positive x # e.

(e) Letx = 7 to see that m° < e". Therefore, e” is bigger.
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414  Chapter 7 Transcendental Functions

144. Using Newton's Method: f(x) = In(x) — 1 = f'(x) = £ = x,41 = x, — % = Xp+1 = Xn {2 - ln(xn)].

Xxn

Then, x| = 2, x, = 2.61370564, x3 = 2.71624393, and x5 = 2.71828183. Many other methods may be used. For
example, graph y = In x — 1 and determine the zero of y.

7.4 EXPONENTIAL CHANGE AND SEPARABLE DIFFERENTIAL EQUATIONS
L (@ y=e* =y =-e" = 2y+3y=2(-e")+3"=e"

(b) y = e 4 e X2 = y/ = —e X — § e 2 = Zy’ + 3y ) ( e X — ; efsx/z) +3 (e—x + e—3x/2) — e
© y=e*+Ce™? = y/ = —e*—3Ce™? = 2y' 43y =2 (e — 3Ce™?) +3 (™ + Ce™™?) =™

2
_ 1 1 _ 1 _
b) y=- x13 y' = &3 T [7 (x+3)} —y2

_ 1 _ _ 172 _ 2
© y=17c :y/—m—[_uc] =Y

oy=tflsasy -3 ffar () (@) sy =-[tare=x(![fa)re=xyte
= X’y +xy =¢

4 oy= 1+x4f V1+t4dt:>y__%[Lﬁlflxvl+t4dt+ﬁ(\/1+x4)

:>Y':(1+x4)(\/1+—x4f‘/1+t4dt)+l =y’ —(1H4)y+1 =y’ +1+x4 y=1

5. y=e*tan! (2¢*) = y' = —e*tan"! (2¢*) +e* [IHT)} (2¢*) = —e* tan~! (2e*) + 1+2W

=y =-y+ l+4er =y +y= 1+4e2x’Y( In2) = e " tan~! (2e7"?) :2tan’11:2(§) =3

6. y=(x-2e™ =y =eX+(-2eV)(x-2) =y =¥ - 2AyyQ)=2-2e ¥ =0

S —X i X — COS si 1 S si : — : .
7. y:cozx:y/: xsm)):z CquZ}y,:—¥—;(CO:X):>y/:—%—%ixy,:—SlI]X—y:>Xy/+y——SII]X,
T\ __ cos(m/2) __
y(?)_ @) =0
In x x(l) 2 2
X !/ ;1 1 2,/ X X _
8. Y= =Y =~ 7Y Tmx o = XY T hx (lnx)2:>Xy_xy v y(e) = e =6

9. 2 ydy—1:>2xl/2 12 dy = dx = 2y'/2 dy = x1/2 dx:>f2y1/2dy—fx’l/de:>2(%y3/2):2x1/2—|—C1
ég y3? —x /:C,WhereC:%Cl

10. %:xg\/§2>dy:x2y1/2dxﬁy_1/2dy:x2dxéfy_1/2dy:fx2dx:>2y1/2 +C :>2y1/2—% =C
11. %:e*’y = dy=¢eVdx = &dy=¢"dx = feydy:fe*dx > e&=e¢+C = e —-e=C

12 & = 3e™ = dy =3xe”dx = e dy=3¢dx= [edy= [3dx=e =x+C= ¢ —x =C
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Section 7.4 Exponential Change and Separable Differential Equations 415

13. dy =/ cosQ\/_ = dy = (\/§ cos? f) dx = Sei[\[dy dx = fgec \[d = fdx. In the integral on the left-hand

side, substitute u = \/§ =du= 2\_ﬁdy =2du= Wdy, and we have fsec udu = fdx = 2tanu=x+C
= —x+2tan ,/y=C

14. \/2xydy—1:>dy— dx:>f\/_dy— dx:>fy1/2dy—x Uzdxﬁ\/»fymdy—fx 12 dx
2y' :T Cléfy3/2*3f+ C1:>\/_(\/_) x = C, where C = 3C,
2

15. \/; g_i =tV g_i = ei;%; =dy = ey\;—fdx =eYdy = % dx = fe’y dy = \/— Y* dx. In the integral on the right-

hand side, substitute u = /X = du = ;1 dx = 2du = S dx, and we have [edy =2 [ du= —e = 2e'+C,
= —e = 2eV* + C, where C = —C,

16. (secx) L = et = & = eHinx cog x = dy = (¢ e cos x)dx = e ¥ dy = e""* cos x dx

= fe’y dy = fe““x cosxdx = —e¥ ="+ C; = eV e =C, where C = —C,

17. %:2x\/17y2:>dy:2x 1—y2dx = f2xdx:> sin~ty = x2 + C since |y| < 1

=y =sin(x? + C)

dy _ ex-v ey ey X ) B 2 B 2y
18. ¥ =% =dy=Sadx=dy = 55 dx—:Tydxéeydy—exdxéfeydy—fe"dxi%—e"—i—Cl

= e¥ — 2e* = C where C = 2C;
19. yzdy = 3x%y? — 6x% = y2dy = 3x*(y? — 2)dx = —y;yiz dy = 3x%dx = f—y3yi2 dy = f3x2dx = 3ln)y’ —2|=x*+C

20, % =xy+3x -2y —6=(y+3)(x—2) = ;lydy = (x— 2dx = [;Lidy = [ (x — 2)dx
= Inly +3| = x> = 2x+ C

21. %g—i:ye"2+2\/§e"2:exz(y+2\/§) dey:xexzdxédey:fxexzdx
= [ Sy = [xetde s 2l 2] = fe¥ £ C = 4inl y+2] = ¢ + C=4In(\/y+2) =" +C

22 WY pe eV 1= (e + 1)+ 1) = qdy = (€ + Ddx = [ Sqdy = [(e* + 1)dx
:>f1+eydy—f *+1dx=Inl+e|=e*+x+C=In(l+¢e)=e"+x+C

23. (a) y = yoek‘ = 099)’(] = y()CIUOOk = k= 1180%9 ~ —0.00001
(b) 0.9 = e 0% = (—0.00001)t = In(0.9) = t= —202 ~ 10,536 years
(€) y = yoe®k ~ ype ? = y((0.82) = 82%

24. (@) £ =kp = p = poe" where py = 1013; 90 = 1013e** = k = 20wl ~ _0.12]
(b) p = 1013e %% =~ 2.389 millibars

(c) 900 = 10132 = —0.121h = In (%) = h= 200 ~ 0977 km

25. F=-0.6y = y=ype "y, =100 = y =100e " = y = 100e° ~ 54.88 grams whent = 1 hr
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Chapter 7 Transcendental Functions

A = Ape® = 800 = 1000e'™ = k = W = A = 1000e™©¥/1% 'where A represents the amount of sugar that

remains after time t. Thus after another 14 hrs, A = 1000e"*®/1924 ~ 585 35 kg

L(x) =Loe™ = L =Lee™ = Inl=—18k = k="2~00385 = L(x) = Loe*"*%; when the intensity is
one-tenth of the surface value, Il‘(‘; =L, e’0 0385% = 1n 10 = O O385x = X~ 59.8ft

V(1) = Vee™/* = 0.1V = Ve /* when the voltage is 10% of its original value = t = —401In(0.1) ~ 92.1 sec

y=yoeandyg=1 = y=¢" = aty =2andt=05wehave2 =¢"* = In2=0.5k = k=192 =In4.
Therefore, y = e = y = e**I* = 4% = 2.81474978 x 10" at the end of 24 hrs

y = yoe* and y(3) = 10,000 = 10,000 = yqe*; also y(5) = 40,000 = yye’*. Therefore yge™ = 4yge™
= e* =4e* = e*=4 = k=1In2. Thus,y = ye™? = 10,000 = ype*"? = ype™* = 10,000 = 8y,

(a) 10,000e4" = 7500 = e*=0.75 = k =1n0.75 and y = 10,000e"°7". Now 1000 = 10,000e"*7*

= In0.1=(>0Un0.75t = t= % ~ 8.00 years (to the nearest hundredth of a year)

(b) 1 =10,000e™°7" = 1n 0.0001 = (In 0.75)t = t = 1r;n0£(7)21 ~ 32.02 years (to the nearest hundredth of a year)

(a) There are (60)(60)(24)(365) = 31,536,000 seconds in a year. Thus, assuming exponential growth,
t _ 31,536, 257,313,432\ _ 14k ~
P = 257,313,431¢" and 257,313,432 = 257,313,431¢14/31:536.000) —, [p (257 5 4z1> = 3336000 = k =~ 0.0087542

(b) P =257,313,431¢(00087542 115) ~~ 293,420,847 (to the nearest integer). Answers will vary considerably with the
number of decimal places retained.

0.9Py = Pye* = k = In 0.9; when the well's output falls to one-fifth of its present value P = 0.2P

= 0.2P; = Ppe™*" = 0.2 =¢""" = In(0.2) =(n0.9)t = t= 233 ~ 1528 yr

(a) % ——mp = dpp:—mdx = Inp=— 100X+C = p = 000 = gCe 00 — (e 00,

p(100) = 20.09 = 20.09 = C;e0M10 — C; = 20.09¢ ~ 54.61 = p(x) = 54.61e~*°™* (in dollars)
(b) p(10) = 54.61e!-9909 — §49 41, and p(90) = 54.61e-290C) — $22.20
(©) 1(x) =xp(x) = r'(x)=px) + xp'(x); 20001
p'(x) = —.5461e " = r'(x)

1800
— (54.61 — 5461x)e "™, Thus, r'(x) = 0 s oo
= 5461 = .5461x = x = 100. Since ' > 0 O ) = 4.8z

for any x < 100 and ' < 0 for x > 100, then 1400

r(x) must be a maximum at x = 100.

50 100 150 200 X

A=Ape"and Ag = 10 = A = 10", 5 = 10?90 = k = 103 ~ _0.000028454 = A = 100000028454

—0. t In0.2 ~
then 0.2(10) = 10~ 00000282% — ¢ — 2o & 56563 years

A= Ageand L Ag = Age™ = § = e = k = B0 ~ —0.00499; then 0.05A¢ = Age "

139
=t= —13(())691599 ~ 600 days

y = yoe ™ = yoe WM = ype = % < I = (0.05)(yo) = after three mean lifetimes less than 5% remains
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Section 7.4 Exponential Change and Separable Differential Equations 417

2 %0262

38. (a) A=Ape™ = %2672.64&( - k=
(b) 1~ 3.816 years

(©) (0.05A =Aexp(—52%t) = —In20= (—22)t = t= 2081020 ~ 11 43] years

39. T—T, = (Tg — Ty)e™, To = 90°C, T, = 20°C, T = 60°C = 60 — 20 = 70e~'* = % =e "= k= # ~ 0.05596
(a) 35 —20 = 70e %" = t  27.5 min is the total time = it will take 27.5 — 10 = 17.5 minutes longer to reach 35°C
(b) T—T,=(Ty —Tye™, Ty =90°C, T, = —15°C = 35+ 15 = 10579 = = 13.26 min

40. T — 65° = (Tp — 65°) e ™ = 35° — 65° = (Ty — 65°) e '™ and 50° — 65° = (Ty — 65°)e **. Solving
—30° = (Tg — 65°) e and —15° = (Ty — 65°) e™** simultaneously = (Ty — 65°)e'% = 2(Ty — 65°) e~ **
= e% =2 = k="22and —30° = T=5% = —30°[e(i) ] =Ty - 65° = Ty =65 —30°(e"?) = 65° — 60° = 5°

4. T-T,=(To—Tye™ = 39T, =46 —T,)e ™ and33 — T, = (46 — T)e™* = 2-I =c'™and

2
Tp=eM=(e™) = P = (igj:) = (33 -T)46 —T,) = (39 —T,)> = 1518 — 79T, + T?

— 1521—78T§+T\2 = —TS:3 = TS:_3OC

42. Let x represent how far above room temperature the silver will be 15 min from now, y how far above room temperature the
silver will be 120 min from now, and t, the time the silver will be 10°C above room temperature. We then have the
following time-temperature table:

time in min. 0 20 (Now) | 35 140 to

temperature T,+70° | T,+60° | T,+x | T,+y | T,+ 10°

T-T,=(Ty—Tye™ = (60+T,)—T,=[70+T,) — TJe ™ = 60="70e""* = k= (— %) In (g) ~ 0.00771

(@ T—T,=(Ty—Ty)e ™ = (T, +x)— T, = [(70 + T,) — T, e OV = x = T0e 02 ~ 53.44°C

(b) T—T,=(Typ—Ty)e ™ = (T, +y)— T, = [(70 + T,) — T, e~ @07V — vy = 70e 197 ~ 23.79°C

() T—T,=(Typ—T,)e " = (T, +10) — T, = [(70 + T,) — T, e @07 = 10 = 70e 07w

= In(3) = —0.00771ty = ty = (— gga77) In (3) =252.39 = 252.39 — 20 ~ 232 minutes from now the
silver will be 10°C above room temperature

43. From Example 4, the half-life of carbon-14 is 5700 yr = £ ¢y = coe ™ = k = 82 ~ 0.0001216 => ¢ = coe "1

5700
= (0.445)c) = coe M0 = = B~ 6659 years
44. From Exercise 43, k ~ 0.0001216 for carbon-14.

(a) ¢ =cpe % = (0.17)cq = coe " = t ~ 14,571.44 years = 12,571 BC

(b) (0.18)cy = coe 001 = t ~ 14,101.41 years = 12,101 BC

(©) (0.16)cy = coe ™01 — t ~ 15,069.98 years = 13,070 BC

45. From Exercise 43, k ~ 0.0001216 for carbon-14 = y = yoe 001216t ‘When t = 5000
= y = ype 20001216(5000) ~ 0 5444y, = % ~ 0.5444 = approximately 54.44% remains

46. From Exercise 43, k ~ 0.0001216 for carbon-14. Thus, ¢ = coe %121 = (0.995)cy = coe 001216

In (0.995)

=>t= ~0.0001216 ~ 41 yearsold
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418  Chapter 7 Transcendental Functions

7.5 INDETERMINATE FORMS AND L'HOPITAL'S RULE

1 : x—2 : x—2 : 1 1
sor lim 42=—= = lim —3-5— = lim_ —(— = ;
4 X —2 X2—4 X — 2 (x=2)(x+2) X —2 X+2 4

1. 1'HOpital: L

x=2

2. I'HOpital: lim sinox — ScosSx

=5or 1im0 snSX — 5 iy X —5.1=35
X —

x—0 X 1 x=0 X 5%x >0 X
3
AT 1 5x2=3x __ 1 10x=3 _ 1 10 _ 5 . 5x2=3x __ 1 S-% _s
3. THopital: lim 5577 = lim o= = lim gy = 5or lim 5525 = lim S
X
A Al TG -1 _ 1 3} 3 : B=1  _ 71 (x—1)(x>+x+1)
4. 1'Hopital: X11_r>n1 Tt x11_r>n1 Ge-1 =i of xlin1 W3 = Xlg}nl =D @ +ax+3)
EET (x*+x+1) _ 3
= lim oy =

A - . _ . ; . . _ . 1—
5. IHOpital: lim 1=S5% — Jim X — jjp cosx — Lop [jp  Imoosx — iy | Q=g (Licosx)
X — 0 X 0 2 X — 0 X X — 0 X 1+cosx

:xlil)n() xz(%zczsx) :xlil)llo (Si%)(ﬁ%)(lJriosx) :%
6. IHOpital: lim 2943  Jim &3 g 4 _gor jm 25X _it2 0
. X500 xX34x+1 X =00 3x2+1 X — 00 6x X =00 X34+x+1 X — 00 1+XL2+%3 1
7. xh_I.nz i :xh—1>nz % =4 8 xlinls Xi:rgs _x£n15 T=-10
9. lim G = lim 3= = 3 - -3
10. tli_r)nl 413}3—11—3 :tlgnl % =1
L lim ) 33 = lim ) B552 = lim 38 = lim =3
12 lim gt = lim 5t = limg S = -3
13. lim S0t = Jim (9 _ 14. lim SoSt — Jjp 3cosst — 3
t—0 ! t—0 1 o 2t t50 2 2
15. x]ii}no 0058;(271 = XIEHO 7ls6ir)§x = xlil}no 701(?sx = l_61 =16
16. lim S0X=X — Jjm €SX=1 — iy =0 — iy —eosx 1
x—0 X x—0 3 x—0 0x x—0 O 6
17 9En73/2 %:9212/2 o = @ =2

~ 0tr 3 _
18. 9_1,12171./3 sin (04 3) 6_1}1{1’171'/3 cos (6+ %) 3

_ — 1 _sinf 1 _ 1
611»1;1/2 I+cos20 — ell)r;_l/z —2sin20 91131-1/2 —4cos20 T (=41 T 4

19 . 1—sinf . —cos @
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: x—1 _ 1 _ 1
20. Xll_I')Ill Inx —sin(mx) Xh_I>nl I_mceos(mx) — 147
x2 _ 2x _ 2X 14 _ 2 _
21 XILO In (sec x) xh—I>no () T Xlgno tanx xh—l>no oy — 17 = 2
_ CSC X cot X 2 2
22, dim een gy CCSE) o gy s gy eds 2L
X — /2 (X*(%))2 X — /2 Z(X_(i)) X —m/2 Z(X_(E)) X —m/2 2 2 2
. t(l—cost) __ (1 —cost)4t(sint) __ q: sint+ (sint+tcost) _ cost+cost4+cost—tsint __ 14+14+1—-0 __
23. tlgno t—sint tlgno 1—cost - tlgno sin t th_I)nO cos t - 1 =3
24 11m tsint lim sint+tcost __ lim cost+(cost—tsint) _ 1+(1-0) -2
Tt l-cost T 0 sin t T t5o0 cos t - 1 -
25, lim_ (x—Z)seex= lim_ %3 jim L )=l =_1
X*?(Tr/z)f( 2) X*)(ﬂ'/z)i COS X X*?(Tr/z)f (*Slnx) —1
26. lim (5 —x)tanx=  lim (lizx) = lim_ (=)= 1lim__ sin®’x=1
x — (7/2)” X = (m/2)7 X X = (m/2)7 T x—(m/2)”
27 lim o _ lim 359(1p 3)(cos 6) _ (3%) (In 3)(1) —In3
"g—o0 7 6—0 ! !
L) L () (3 1
28. lim 2 — = lim 22l =In(3)=Inl1-In2=-In2
0—0 0—0 2
. X2 g A +an2)(2) _ 12°40 _ 1
29. Xh_I}lO >_1 Xlgno n2) (2%) = WP = W2
. F—1 3*m3 _ 3%In3 _ In3
30. lim o=y = Hm 55 = 902 = 2
. InGcrl) _ In (x+1) (=) X _ . 1_
31. XleOO Togs X XleOO () _(ln2) hm 6) —(ln2) hm o —(ln2)xll>mOO =In2
32, lim oer oo gim (o 3y gy e 3y gy () (3 gy e
X =00 logzs(x+3) T x =00 (ln<1X§3)) 2/ x =S ln(x+3) 2/ x =00 (xi3) — \In X — 00 X
__ (In3 : 1 In3
= (m3) Jim_ =133
33 li In (x>42x) li (%) li 2x% 4 2x li AX+2 _ 1; 2
- fim TR = lim St = dim Seny = lim s = lim s =1
34, lim =D gim (E“c;‘) = lim 2 = lim €4 = 150
x — 0" Inx x—=o0t () x — 0t 1 x — 0 et 1
35. lim YREBS o Gv29os gy QOO gy 5 1
.y—>0 y y—0 y y—0 1 y—0 24/5y+25 2
. 3 _ . Nn1/2 . 1 2\—1/2
36. lim YOFEod oy @l Toa py Qed) e =1a>0
y—0 y y—0 y y—0 1 y—>0 2«/ay+a2 2
. T 2x ) _ 2x _ : 2\
37. lim_ [In2x —In(x+ D] = lim_In(2;) =In (Xll)moo Hl) —1In (Xlgnoo T) —1n2
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420  Chapter 7 Transcendental Functions

38. lim, (Inx —lInsinx) = 1im+1n(L):1n(1im X):ln(lim 1):1n1:0

X — 0 X — sin x x — O+ Sinx X — F C€osX

. Inx)? . 2(Inx) () . 2(Inx)(sin x) . 2(Inx)  sinx
39. lim AW = i 2006 o fjy 200600 gy SR = -0l = -
x—0+ In(sinx) X0t smx X0+  XCOSX X0+ L Cosx X
: 3x+1 1 _ : Bx+DGinx)—x | _ . 3sinx+ (3x+ 1)(cos x) — 1
40. XEH%)+ ( X sinx) - xlif%‘*' ( X sin X ) - XEH(I)*' sin X + X €oS X

— 1im 3cosx+3cosx+(B3x+D(=sinx) ) _ 3+34+MO) _ 6 _ 3
_x~>0+ €OS X + €08 X — X sin X - 1+1-0 T 2

- 1 1Y 1 Inx—x=DY) _ i1 — 1-x
AL lim (L - 55) = lim (m)— lim (m)— lim ((Xlnx)+x—l)

x— 17 x— 17 x— 17 x— 17
o -1 -1 1
= lim ((lnx+l)+l) ORI RS B

(L __ cosXx 4 cos X) — lim ((I*COSX)+(SiHX)(COSX))

42, 11rn+ (cscx —cotx+cosx) = lim (55— G m X

x—0 x — 0%

_ 1 sinx+cos’x—sin?x \ _ 0+1-0 __
- Xll)nf(lﬁ ( COS X ) - 1 =1

43. lim S0-b — lim —f — fim =<0 — |
0—0 ¢ 0= 6—0 ¢~ 6—0 ¢
. h_ . h_ . h
44. lim S0 = lim &L= lim & =1
h—0 h—0 h—0
. t 2 . t . t . t
45. lim ¢t = lim <2 = |im X2 = lim % =1
t—oo -1 t—oo € t—oo ¢ t—oo ¢

. _ . 2 . .
46. lim x%¢*= lim £ = lim Z= lim 2=0
X — 00 X —00 € X =00 ¢© X — 00 €
s X—sinx . 1; l—cosx  __ 71; sinx _ 0 _
47. )%TO xtanx li_>0 xsec2x +tanx I;Ijlo 2x sec?x tanx + 2sec2x 2 0
. X1 2 . 2(eX —1)e* . 2X _ DX . 2X __ 9aX
48. lim & — g %:1 o2 _ i —det 2 _ 2
x—( Xsinx X—s() XCOSX +sinXx X—() XCOSX +sinx x—0 —Xxsinx + 2cos x 2

. 0 —sinfcosf __ 1: 1+ sin®0— cos*d __ 12 2sin%0 _ 1: 20
49. lim =gy = Um “omi T = Im Srg = lim 2cos™0 = 2
oo osin3x=3x4+x2 _ q: 3cos3x —3 +2x . 3cos3x—3+2x  __ 1; —9sin3x +2 _ 2 _1
50 limo sin x sin 2x - 1){_)0 2sinx cos 2X + cos x sin2x 1;_>0 sin X cos 2x 4 sin3x liI_I}O —2sin X sin 2X 4+ cos X cos 2x 4 3cos 3x 4 = 2
51. The limit leads to the indeterminate form 1. Let f(x) = x'/™ = In f(x) = In (x"/!7) = {2X . Now
L . . .
lim Inf(x) = lim_ {** = lim % = —1. Therefore lim x"0% = lim f(x) = lim "W =¢ 1 =1
x — 17 x— 1t T xS0t T x — 17 x — 1t x — 17 ¢
52. The limit leads to the indeterminate form 1*. Let f(x) = x"/®") = In f(x) = In (x/*"V) = 12X Now
1 . . .
lim Inf(x) = lim % = lim (T) = 1. Therefore lim x"/ = lim f(x)= lim e =el =¢
x— 1" x — 17 X~ x— 1F x—1 x— 1" x—1

53. The limit leads to the indeterminate form oo®. Let f(x) = (In x)'* = In f(x) = In(In x)"* = w Now

In(nx) _ (cirz)

lim In f(x) 0 1
X X — 00 1

= =

lim_ Inf(x) = _lim = 0. Therefore lim_ (Inx)"* = _lim_f(x) = lim_e
X — 00 X — 00 X — 00 X — 0 X — 00
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54. The limit leads to the indeterminate form 1. Let f(x) = (Inx)"/*~ = In f(x) = 200 = lim 1In f(x)

X

X—¢
1 .
= lim 20Y — gy (“i‘*) . Therefore (In x)"/*¥ = lim f(x) = lim enflx) = gl/e
x—et *7° x — e’ x — e’ x — e’
55. The limit leads to the indeterminate form 0°. Let f(x) = x™'/"* = Inf(x) = — {2* = —1. Therefore
lim x /"= lim f(x)= lim "™ =¢!1=1
x—0 x — 0" x — 0" ¢

56. The limit leads to the indeterminate form oc”. Let f(x) = x'/™* = In f(x) = MX = [. Therefore Jimx!m

In x
= lim_f(x) = lim_e™f® =¢l =¢
X — 0 X — 0

57. The limit leads to the indeterminate form oo®. Let f(x) = (1 +2x)"/?"™) = Inf(x) = %
= lim_Inf(x) = lim % = lm_ 75 = lim i=1 Therefore lim (1 + 2x)V/@mnx)
= lim_f(x) = lim_ e =el/?
X — 00 X — 00
58. The limit leads to the indeterminate form 1°. Let f(x) = (e* 4+ x)'/* = Inf(x) = M

E@+%) — Jim €41 =2 Therefore lim (e +x)”* = lim f(x) = lim e = ¢2
X x—0 ¢FX x—0 x—0 x—0

= lim_Inf(x) = lim
x—0 x—0

59. The limit leads to the indeterminate form 0. Letf(x) = x* = Inf(x) =xIlnx = Inf(x) = '(“l’)‘

1
= li{% In f(x) = ) lin(l) 1(“5 = EH%)+ 7(7(;2) = Xli}r%+ (—x) = 0. Therefore . ILH(I) Xt = xlingﬁ f(x)
= lim_ "™ =¢0 =1
x — 0"

In (14+x71)
1

60. The limit leads to the indeterminate form oo”. Let f(x) = (1+1)" = Inf(x) = = lim Inf(x)

X —
= xlin(lﬁ (ljx—:;) = xlin}ﬁ = Xlin}ﬁ o7 = 0. Therefore Xlin})+ (1+1) = xlin})+ f(x)
= lim e"f® =¢0 =1
x — 0F
61. The limit leads to the indeterminate form 1. Let f(x) = (2£2)" = Inf(x) = In (2:2)" = xIn (2£2) = limIn f(x)
+2 -3
= fimxln (33) = fim (205)) = fim (02O i ( z ) lim (—“““?”)
X—00 X—00 X X—00 ; X—00 X2 X—00 -2
= xlij?o (W"&_l)) = xllrglc (2)(6—)&(-1) = )}Lrlolo (%) = 3. Therefore, X11Hn010 (2 1) = xlggo f(x) = xlggo elnf(x) — 3

1/x 2 1/x
62. The limit leads to the indeterminate form oo”. Let f(x) = (’f ++21) = Inf(x) =1In (’; izl) =1ln (%)
2
In (21 ) x 1
. - +1\ _ 1 (x+2) oo I (P41 —In(x+2) . 7 Tk x2+4x — 1
= xlLrglOln f(x) = XILIEO ln( +2> = xlirgoix = Xlirglo—x = XILITOloil = XIIHHOIO‘(F N(x+2)
1/x

_ X2dx—1 1 2x+4 ; X+l — 1 — Tlimenf(x) — o0 —
= 11m N o X2 XILTom = XILm ex72 = 0. Therefore, xllglo( X+2) = XILTCf(x) = XILTOC ) =0 =1

W

. . . 1 . 3 . 2
63. limx’lnx= lim (2 )= lim [ =y ] = lim (—’2‘—) = lim (—%) =0
x—0+ x—0+ 2 x—0+ \ 73 x—0+ X x—0+

64. limx(Inx)>= lim <<1“f‘>2) = lim <2“1>') = lim (21'11*) = lim (f) = lim (272) = lim (2x) =0
x—0+ x—0+ X x—0+ -2 x—0+ X x—0+ \ 2 x—0+ x—0+
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422 Chapter 7 Transcendental Functions

. m . . _ . 1 _ 1 _
65 Jimxtan(5 = x) = lin (=) = Jim (o) = 4 =1

66. limsinx - Inx = lim ( lnx) — lim ( X ) — lim (_smxtdnx) — lim (_smxsec xTcosxtdnx) — % =0
x—0+ x—(+ \CSCX Xx—0+ —CscXcotx X0+ X X—0+
. 9 1 . .
67. lim_ Y2l = gim =t — im0 = /9=3
X — 00 x+1 x =00 x+1 X =00 1
. X
68. lim L — [_L__ [l
X — 0 Vsinx XILIBL X

69. lim X = fim (L) (@)= im =1

sin X

x~>7r/2’ tan x X*>7T/27 Cos X x~>7r/2’ sin x
70. lim @ — fim ) — fim cosx =1
x—0t ocx T ot (e x—=0
X
: 2o G -1 _
71. Xleoo S 7)(1l>mOC e =0
x
72 lim_ 2%2 = m HGD o gm la2 w0
Tx— o0 =22 x=>-00 (3)'-1 x—=oc0 (3)' -1 -1
2 2 —
. X . X2 —x . x(x—1) . x(x=1)(2x — 1
73. lim & = lim $— = lim ¢ — lim =D
X =00 X¢€ X = 00 X X = 00 X X = 00 1
1/x 1
. . 1/x . € -2 .
74. lim - = lim % = lim (1 ): lim e'/* =0
x — 0t ¢ x— 0" X x — 0F 2 x — 0F

75. Part (b) is correct because part (a) is neither in the % nor > form and so 1'Hopital's rule may not be used.

2x—2

5 is not an
X —COS X

76. Part (b) is correct; the step lim0 22— lim 52— in part (a) is false because limo
X — X —

2X — COS X X — 0 2+ sin x

indeterminate quotient form.

77. Part (d) is correct, the other parts are indeterminate forms and cannot be calculated by the incorrect arithmetic

78. (a) Weseek cin (—2, 0) so that % = % = 0+2 = — 1. Since f'(c) = 1 and g'(c) = 2c we have that 5 = —3
=c=-1
(b) We seek c in (a, b) so that % = % = =% = ;1. Since f’(c) = 1 and g(c) = 2c we have that ;- = bia
_b
=c =2
: flc) _ f(3)—f(0) _ —3— -
(c) We seek cin (0, 3) so that % = w = 3% = —1. Since f'(c) = ¢ — 4 and g/(c) = 2¢ we have that
02224 _ _% o= —1i3\/§ = o= —1+3\/§.
79. If f(x) is to be continuous at x = 0, then lim_ f(x) = f(0) = ¢ = f(0) = lim 2&=3sin3x — |y 2=2cos3x
x—0 x—0 Sx x—0 15x

- 1 8lcos3x _ 27
= lim 0 = -
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Section 7.5 Indeterminate Forms and L'HOpital's Rule 423

2 . 2 2 : . . .
(tan2x+a§3+x smbx) — hm(2sec 2x+a+nggosbx+2xsmbx)WIH be in % form if

80. hm(taan + L4+ smbx) — lim
X—)

x—0 x—0

lim ( 2sec? 2x — 2 4 bx® cos bx + 2x sin bx )
.

lir%(2sec2 2x + a + bx%cosbx + 2xsinbx) =a+2=0=a= —2; s

X— X

— lim ( 8sec? 2x tan 2x — b?x? sin bx 4 4bx cos bx -+ 2sin bx ) — lim ( 32sec? 2x tan” 2x + 16sec* 2x — b>x? cos bx — 6bx sin bx 4 6b cos bx )
x—0 6x x—0 6

=100 — 0= 164+ 6b=0=b=—}

81. (a)

20 40 60 80 100

-

-0.5

y=x—-vx’+x

-1
(b) The limit leads to the indeterminate form co — oo:

i _ \/x2 S H ) x+VXIx ) X2 —(x*+x)
x I (X x +X) x (X X +X)(X+\/m x 21, x v/ x = lim,, x+m
= lim -1 = =_1

X=00 14 1+% 1++/1+0 2

s (557 ) = () = (T ) -

X—00

82. )}Lno'g(\/x2+ _\/;):

83. The graph indicates a limit near —1. The limit leads to the
2 = (B3x+ 1) /x+2

g2 Z_(ax+1)Vx+2

indeterminate form g: lim ] :

X — X— s

T Py L S T it S i Z

x— 1 x=1 X — 1 1 : ]
4*%*% _ 4-5 —

- (1-1)

84. (a) The limit leads to the indeterminate form 1°°. Let f(x) = (1 + %)X = Inf(x) =x1n (1 + %) = XILmOO In f(x)

-2
g MmOeD o me _o (Ben) L1
_x1l>moc 1) _xli{noo ?_thoo I—4‘)(7’2_)(1l>1’noo m_m_l
S lim (1+1)" = im0 = lim &) < ¢! = ¢
(b) X (1417

10 2.5937424601

100 2.70481382942

1000 2.71692393224

10,000 2.71814592683

100,000 2.71826823717

Both functions have limits as x approaches
infinity. The function f has a maximum but

no minimum while g has no extrema. The limit
of f(x) leads to the indeterminate form 1°°.
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424  Chapter 7 Transcendental Functions

© Letfx)=(1+%)" = Infx)=xIn(l +x72)

—2x—3
. T In(14+x72) . (]+x —) 1 AT X 1 4 _
= th In f(x) = th T = th = thn W = th Ge = th & = 0.

Therefore lim (1+ X12)X = lim_f(x)= lim_ enf®) — 0 — 1

—rk—2
85. Letf(k) = (1+£)" = Inf(ky = mUEE D o jjyy WO D iy Q — lim

k=t k — oo k=t k — oo k= k — oo ]+rrk71
= i ko r— i nk_ 1 Inf(k) _ ar
klgnOO T klgnOO [ =T ThereforeklgnOC (l + k) kli>moo f(k) lemoo e e'.
86. (a) y=x"* = Iny=1* = y;/ = —(%)(’2;1“ =y = (1=%) (x'/*). The sign pattern is
y=|++++ + | — — — — which indicates a maximum value of y = €'/ when x = ¢
0 €
! 1 — 2 . .
b) y=x'/ = Iny="1x = = () () 2 2xinx (x2>x4 xhx oy = (1=3n%) (x/). The sign pattern is
y =]+ + + | — — — — which indicates a maximum of y = e'/* whenx = /e
€
© y=x"/¥" = Iny="10x= ()6 = I (o) (Xn)ffﬁx) ) y = 7"“71(1)(;“ InX) . x!/%". The sign pattern is
y=|++ + | — — — — which indicates a maximum of y = !/ when x = y/e
0 e
(d) Xlew /X — Xli)moo (elnx)l/x“ _ Xli)moo e(lnx)/x“ =exp (xll>moo 1;‘(_“") = exp (X 1l>moc (mlg")) =l =1

1

87. (a) y:xtan(i), lim(xtan(i)) = lim(tan(%)) = lim <M> = limsecz(l) =1; lim (xtan(%))

T =
X—ro0 X—ro0 X X—00 (_ iz) X
X

21y (1
= lim (M) = lim (W) = lim sec?(1) = 1 = the horizontal asymptote is y = 1 as x — oo and as
X——00 X——00 2 X——00

X — —00.
_ 3x+e* . 3x+e* ) _ . 342e*\ . 4e>\ _ . 4\ _n 1 3x 4 e*
b) y =t }Lrglc(zx+esx)— }ggo(z+3esx)— xlgg(m)— lim (55) = 0; Xlgr_r;(mesx)
= lim (;igzii) = % => the horizontal asymptotes arey = 0asx — ocoandy = % as X — —o0.
X——0oc
0) = Qim0 =fO) _ e =0 el — (L)* im( ——2 | = 1 ( ; )
A T e A
= 11m(%e’1/h) 0
89. (a) We should assign the value 1 to f(x) = (sin x)* to
y
make it continuous at x = 0.
1
0.8
0.6 y = (sinx)*
04t
0.2
05 1 15 é 25 3 .
. . 1
b) Inf(x) = xIn(sinx) = 609 Jim Infx) = lLim 260 gy Gx)esn
by Infeg =xin@inn == =l o= 1n. 707 =M Ty
. x> _ 1 —2x  __ : a0
—Xlgn0 oy = Xhino wox =0 = xlgno fx)y=¢"=1

(c) The maximum value of f(x) is close to 1 near the point x = 1.55 (see the graph in part (a)).
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Section 7.6 Inverse Trigonometric Functions 425

(d) The root in question is near 1.57.

y‘
—
0.5 1 1.~_2 2.5 x
-1
"2y =(in(sin x) - x cot x)(sin x)*
-3
-4

90. (a) When sin x < 0 there are gaps in the sketch. The width
of each gap is 7.

-

1.4
12 y = (sinx)'™*
1 1 1 L c

(b) Let f(x) = (sin x)™* = In f(x) = (tan X) In (sin Xx)

= lim_ Inf(x)= lim_ 2009
X — m/27 x — /2" OotX 14
_ : (i) (cos ) _ ; cosx 12
o X —1>H711'1/27 —csc?x - X —l>lgl/27 (=esex) 1 1 L 1 1 1 .
. 0 L. 05 1 /5 2 25 3
= 11m/ 5 f(x) =e” = 1. Similarly, 038
X —=m/2"
lim f(x) = e’ = 1. Therefore, lim f(x) = 1.
x — /2" X —m/2

(¢) From the graph in part (b) we have a minimum of about 0.665 at x ~ 0.47 and the maximum is about 1.491 at
X =~ 2.66.

7.6 INVERSE TRIGONOMETRIC FUNCTIONS

L (a § b -3 () % 2. (@) —7 (b) Z © -1
3. (@ —% b) % © -3 4 @ 3 (b) —% © 3
5. (@ 5 (b) 3¢ © 6. () T (b -1 © I
7 @ ¥ ) 2 © ¥ 8. (@ ¥ ) 2 © F
9. sin (COS_I \/TE) =sin (3) = ﬁ 10. sec (cos™' 1) =sec (%) =2
1. tan (sin™! (= })) =tan (= §) = - 2= 12. cot (sin”! (= %)) =cot (- §) = - &
13. lim sin"'x=7T 14. lim cos'x=n
x—1 2 X — —1F
15. lim tan~'x =73 16. lim tan'x=—7
X =0 X — —00
17. lim_sec™'x = 5 18. _lim_sec'x=_lim_ cos™! (l) =3
X =00 X — —00 X — —00 X
19. lim_csc™'x= lim_sin™!' (1) =0 20. lim_csc™lx=_lim_sin™! (1) =0
X — o0 X — 0 X X — —00 X — —00 X
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21.

23.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Chapter 7 Transcendental Functions

— -1 (2 dy _ 2x — =
y=cos ' (x°) = & \/1_(X2)2 V1—xt

— ain— dy _ V2 2
y=sm lﬁt = d_)tl* \/1_(\/51)2 V-2

-1 dy 2 2 1
=secT 2s+1) = 2 = = =
y (@s+ 1D s T s+ V@s+ DI T s+ 1| VA2 45 25+ 1]V +s
y:sec’15s:>d—y: > = L
ds 7 [Ss| /(552 —1  |s| V2552 — 1
2x —2x

— oce—l (%2 dy _ _ =
y=osen (D) = g |x2+1|\/(x2+1)2—1 (1) Vxt 4252

2t
— an—1(3) — -1 (¢ dy _ (3) 2t _ -6
= sin =) =csc T = ==
y (12) (3) t §\/(§)2_1 2 149—9 tytt—9

1 —1/2
e

-1
+(02)7 T 2y/1l 4

— cot—1 — oot—1+1/2 dy _ (
y = cot \/E—cot t'/ éa—fl

22, y=cos! (1) =sec”

24, y=sin"'(1—-t) =

D-lQ
>

1 1
X = = ——
[x| VX2 =1

dy _ -1 _ -1
d = /1-1-92 T Va-e

-1

1) a-ne
y=cot ' yt—1=cot ' (t— D2 = by — 1() ‘

dt

1
— -1 dy _ (1 x2) — 1
y=In (tan X) = &= lar:rlx T (tan 'x) (14+x?)

o _ ()
dx 1+ (In x)?

y = tan~! (In x) = = X0 +%ln X7

dy _ _ e — -1
dt le!| \/(e‘)2 _1 \/eZL 1

y=csc!(e') =

dl:7 et _ et
6 ey e

y=cosl(e™) =

y=s ds
_ 2 s 1 — 2 s241 1=t . —2¢?
AR e Y v e O Y e AV BV

d;

_ ~1 _
+e=D2 T 2V/i—1d+t=1) 2

=2 4costs=s(1—s) +cosls = & =(1-s)" 45 (3)(1— s2)7 2 (—2s) —

Vi-t

_1
V1—s2

$2—1—sec ts=(s?— 1)1/2 —secls = d—z =)= 1)71/2(25) -

1 _ s _ 1
lsf V=1 V/s2—1 Is| Vs2—1

STUDENTS-HUB. CoCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as AddisoU\?fﬂs&:éded By Osaid ZyOUd



39.

40.

41.

42.

43.

44.

45.

46.

47.

J

48.

(o]

49.

50.

51.

—
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-1 ex
y=tan"! v/x2 — 1 +cscix =tan~! (x% — 1)1/2 +eselx = g_y = (3)¢-b - —
1+[(x2—l)12] x| Vx2—1

_ 1 . 1 _
= T e 0, forx > 1

y=cot™! (}) —tan'x =% —tan™! (x!) —tan"'x = %:O—ﬁ—ﬁ:ﬁ—ﬁzo
y =xsin"1x + 1—x2:xsin’lx—I—(l—XQ)l/2 = ¥ =sin- X+X< 1£x2)+(%)(1— )1/2( 2x)

-1

ia—1 X X :
= S1n X —F—— — —/—— = SIn X
+\/l—x2 V1—x2

1
y =In(+4) —xwn™ (3) = gl = ?214 —tan! (3) —x [1522)2] B x2214 —tan”" (3) — 4ixx2 — tan
[t st ) 4
1 _1 2 __ B B
f\/mdx_2fmdx \/—,,,Whereu—Zxanddu_zdx
=lsinlu+C=Lsin! @20 +C
= | —L_  dx=-L tan"! =%
fl7+x2 dx = f(\/ﬁ)2+x2d = 17tan m+c
. L -1 _ 3.
[ s = s () v o (3) ¢
fx\/25x2—2 fu\/z 2’ , where u = 5x and du = 5 dx
— 1 gee! | et | s
_\/_ eC \/— +C= \/_ ec
fx\/5x2 4_fu\/o , where u = \/5x and du = /5 dx
:isec_l|§’+C=%sec‘1‘@ +C
fl 4 ds o - 1s 1 11 1 - \
0 4_52—[4Sm 5]024(sm 3 — sin 0):4(5_0):,7
3ﬁ/4 3ﬁ/4
j; \/ﬁz%ﬁ rd_uz, where u = 2s and du = 2 ds; S_O:u—os_¥:u:%ﬁ
:I:% Sin_l %]Zﬁ/zz%(Sin_l%—Sin_lo):%(%_ ):_
2y e .
f‘)ﬁ:%f” g8 whereu = \/2tand du = /2dt;t =0 = u=0,t=2 = u=2y2
2v/2
_ 1 1 -1 u 1 _ 2\/5 _ 1 _ B B _ .
_|:_2'_8tan1%:|0 _Z(tanlw—tan 10>—z(tan11—tan 10)_%(1_0)_E

. osaid zyoud



428  Chapter 7 Transcendental Functions

52. f24+3t2:\[fz\[4+u2,whereu:\/gtanddu:\/gdt;t:fzé —2y/3,t=2 = u=23

= [ b 3] = et V- (V)] = 25 5 - ()=

wIx

33
-V2/2 -2
s3. [ o [ u\/gg—_l,whereu=2yanddu:2dy;y:—1:>u=—2,y:—§:>u:—\/§

y/4y2 —1 -2
= [sec™? |u|]:§/5 = sec™! ‘—\/5‘ —sect|-2[=1-I=—1T
Vi s
54. f72/3 y\/9dyy2771:f72 u\/?%,whereu::iyanddu:?)dy;y:7% = UZ*Z,y:fQ = u:—\/i
= [sec™! |ul] 5/5 sec™! ‘—\/_‘ —secH|=2|=F-F=—-5
_ 3dr
35. l—4(r—l)2

—%sm u+C —sm‘12(r—1)+C

6 dr d

56. f\/ﬁ:6f \/i_]ﬂ,whereu:r+1anddu:dr
=6sin"! § +C=6sin! () +C

57. fﬁ:f%,whereu:x—landdu:dx

1

— 1 -1 u_ _ 1 -1 x=1
—ﬁtan \/5+C—\/5tan (ﬁ)+c

dx
38. fm— 1 fHuz,whereu—3x+1anddu—3dx

=ltantu+C=1tan ' Gx+1)+C

du

dx _ 1 _ _
f—m_l) e 5fu —u2_4,whereu =2x—land du =2 dx

=1.1sec! |4 +C=1sec™ |2 +C

59.

d _ d _ _
60. f(x+3)\/(xx+ 5 = fu\/uzu ,where u = x 4+ 3 and du = dx

f—sec’1 |5|—|—C Lsec™ X2+ C

/2 1
2cosfdf __ du o _ - T _ _ T _
61. f,ﬂ/zw(sme)? —2f71 1+uz,whelreu—sm@anddu-cos@d@,&—75:>u—71,0—§éu—1
1.1 _ _ :
=[Rtan v, =2(tan' I —tan 1 (-)) =2[F - (- F)] =7
/4 csc? x dx ' 2 T s
62. f/6 m:—fﬁm,whereu:cotxanddu:—csc xdx;x = ¢ = u:\/g,x:z = u=1

:[—tan’lu]i/g:—tan’l1+tan’1 3=-1+5=5

V3 V3
63.]; ed":fl %,whereu:e"anddu:e‘dx;x:o:>u:l,x:ln\/§:>u:\/§

14ex

= [tan~! u] I/g =tan~! /3 — tan?

|2

_ T _ T _
3

s
4 1

[}
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w/4

T4 g 1 s
64.fI m:4f T”uz,whereuzlntanddu:;dt;t:1:>u:O,t:e“/ :>u:§

= [4tan"! u] Ty (tan - tan~! 0) — 4 tan—! z

63. f \/yl d_yy4 = % f \/1diu2 , where u = y2 and du = 2y dy

11 112
=g3sinTu+C=35sin"y*+C

66. \/Sicifa‘zy = f \/ldi = . where u = tan y and du = sec’y dy

=sin"'u4+ C =sin"! (tany) +C

dx oai—1
67. f\/—x2+4x 3 f\/l x2 4x +4) f\/]_(x_2)2 =sinT" (x—-2)+C

68. f\/2x 2 f\/lf;@ ZT R \/l_ii_l)zzsin‘l(x—1)+c

0 0 0 . 0
0. |, i =6 | it =6 | i = 6 s ()
=6 [sin’1 (%) —sin~! 0] =6 (% 70) =7

! ! ! 1 /2—1y11
70. fl/z \/3+6ft[—4t2 = 3‘/\1/2 47(42t?di4t+1) =3 fl/zm =3 [Sm ! (%)] 1/2
=3[sin (3) ~sin0] =3 (5 - 0) = 5

_ _ dy _ 1 -1 (y=1
1. fy -2y+5 f4+y2—2y+l f22+(y—1)2 =3 tan ( 2 )JFC

d _ d _ d _ -1
72. fy2+6§+1o =) e = f1+<yy+3>2 =t~ (y+3)+C

2 2
73. f. oo =8, Wde 8 m =8[tan! (x — 1)]} = 8 (tan"! I — tan~10) =8(X—-0)=2rm

4 2 dx dx -1 4 -1 -1 T T
74. j; 610 — 2 ) 1+(x —6x19) =2 ) 1+(x 3)z =2[tan™" (x = 3)], =2[tan"" | — tan (_1)]:2[1_(_ Z)] =7
75. f"+4dxff%“dx+fﬁdx;f _dx = f%duwhereu:x2+4édu:2xdxé%du:xdx

x2+4 xX2+4

éfxziidx— In(x*+4) +2tan~'(3) + C

76 [titpdi= [ iadtleaw =t-3 5 wi3=t=dw=d] - [hdw = [rdw+ [Glrdw

f Y —dw = fduwhereu—w —|—1:>du—2wdw:>1du—wdw:>fw_+1dw+fwd+1W

w2 +1

= ln(w? + 1) + tan"(w) + C = IIn((t—3)* + 1) + tan"'(t — 3) + C = LIn( — 6t + 10) + tan~'(t — 3) +C

77.

\1

fx Hf_ldx—f(l xzjrlgo dx—fdx+f zzing—lofﬁdX;fﬂwdx_f du where u = x* + 9

= du=2xdx = [dx+ [Rgdx—10 [ Fsdx = x +In(x? +9) — Lean~! (3) + C

78, [e=2idcdgi— [(1—2422)di= [(t1-2)de+ [2dt—2f 7qdt [22dt= [Lduwhereu=¢ +1
;»du:tht;»f t—2)dt+f 2odt — 2le+1 dt=1¢ = 2t+1In(® + 1) — 2tan'(t) + C

2+1
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430  Chapter 7 Transcendental Functions

_ dx _ dx _ du _ _
79. f (x+1)\/x2+2x - f(x+1)\/x2+2x+1—1 - f(x+1)\/(x+1)271 B fu\/uzfl’Whereu7X+ 1 and du = dx
=sec ! Jul +C=sec7! [x+1|+C

dx _ dx _ dx _ 1 v _
80. f(x—Z)\/x2—4x+3 = f(x—Z)\/x2—4x+4—l = f(x72)\/(x72)271 = fu\/utl du, where u = x — 2 and du = dx
=sec ! Jul +C=sec![x —2|+C

esin " x

dx

_ . o1 _
1. \/?dx fe du, where u = sin™* x and du = e
— et +C:esin’1x+c

1

= e+ C= —g® X4 C

83. f(:}'i—’;)z dx—fu du, where u = sin™! xanddu:m

fivtfmjx dx = ful/z du, where u = tan~! x and du = &

1+x?

8

>

3/2

=202 +C=2(tan'x)"" +C=2y/(tan"1x)* + C

_1
85. fm dy = f (lzil:—*yl_y) dy = f% du, where u = tan*l y and du = liyyZ
=Infu/+C=Intan"ly|+C

86. f%dy:f(‘/li>

(sin"ly)/1+y? sin~ly
=Infu/+C=In|sin"'y|+C

dy—f du, where u = sin™! yanddu—\/_—y2

87 * sec(sec 1) dxffﬁ/SseCQudu whereu = sec 'xanddu= —&—:;x=+/2 > u=2,x=2 => u=1=
“JVve o xvxeod “ Jan > - Toxvxe-177 T 4> 7 S
/3

= [tanu] ), =tan § —tan § = V3-1

( X) /3 B » B 0 -, . B o
88. ‘/’Z/WC?{SS:TCI dx —L/6cosudu,whereu—sec xanddu—m,x_%:u_g,x_z:>u_§
z[smu}ﬂégzsmg—singz%
89. f 1 dx:ZI%duwhereu:tan_lﬁédu: L L dx = 2du = L dx
v L (VR 2R Vs

VX(x+1) [([an"\/;)2+9]
= 2tan~! (mn;ﬁ) +C

90. "‘\/Sm—e‘;‘x dx = fu du where u = sin"leX = du = \/ﬁe"dx
= L(sin~ e")2 +C

-1
91. lim 805X — |jm
x—0 X x—0

(=) s
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Section 7.6 Inverse Trigonometric Functions 431

1 2 1/2
. N -0 . (j) -1 e -
92. XILH{+ secIx Xlifr}+ sec—! x XE{%+ 1 - Xli{r%+ X |X| =1
x| Vx2 -1
1 (51 (772’(72 )
. _ . tan—! (2x~ . =) .
93. lim_xtan~' () = lim an 20 i A iy 2 =2
X — 00 X X — 00 X X — 00 —X X =00 I+4x
L ( 12)(4)
: 2tan"'3x° __ 13 1+9x _ 1 6 _ 6
94. lim === = lim ~5pet = lim srism =3
72(3%‘71)
2x 2 —2(0-1)
s otan'x® g 1axd _ T (1+4) iz 2 _
95. lim Xsin Tx — lim (m = lim ) - 02 — 3 T 1
x—0 x—0 Viex2 x—0 ( 7X2)3/2 (1-03/2
2x 2x X (3 43)
M eX [an—lex+e_ 2e eX tan—lex+
06, lim Sanle _ g SEUCrE G D R =5
B e
. e (e +3) . tan~! &~ (143e)
= lim | ®2_¢ = lim | 22_¢ =0+0=0
X 00 4eX + 4(ezx+1)2 X 00 4ex + 4(ex+e*")2 +
2 -1
-1 -1 1 tan”! (/) 1
. [tan (\/;)} . tan (ﬁ) L0191 NIRRT 2tan~! (\/;) T NED)
97. lim *—F—— = lim ———— = lim 55 = lim (——F>7—) = lim | ¥ 35
x—0+  Xvx+1 x—0+ m+vx+1 x—0t 2 /x+1 x—0+ \ (3x+2) /xv/x+1 x—0+ AT
= lim(—5—2-—F——)=2=1
x—0+ \ (12x24+13x+2)y/x+1 2
. sin™! (x2) . \/12)(74 . X . 1
9. lim ——— = lim | ;=% )= lim (—"F+— ) = lim - - ; =
x—0+ (sin~!x) x—0+ \ 2(sin™!x) o x—0+ \sin~!x /1+x2 X—0+ sm*lx-\/H_—x2 + l7}(2\/1 +x2

lim ( V1+x2/1-x2 )_
x—0+ \1+x2+xy/1—x2sin~Tx

1

X o) —tan~!x
99. Ify =Inx — 1 In(1 4+ x?) — ¥ 4 C, then dy = ll—L—M] dx

X 1+x2 x2

— (1 _ _x _ 1
— \x 1+x2 x(1+x2)

which verifies the formula

tan~! x _ x(14x%) = x® —x+ (tan~ ' x) (1 +x?) _ tan~!x
+ x2 ) dx = x2 (14 x2) dx = x2 dx,

100 1y = 3 cos™ 55+ 3 [ g anthendy =[x eos™ S+ () (775) + 3 ()| o

= (x® cos™! 5x) dx, which verifies the formula

101. Ify = x (sin"' x)* — 2x +2/1 — x? sin"! x + C, then

dy = [(sin’1 x)2 + % -2+ \/% sin~!x + 21 — x2 (\/1177)@)] dx = (sin™! x)2 dx, which verifies

the formula

4  (
a

%
[CIe

102. Ify = xIn(a* + x?) — 2x + 2atan™! (%) + C, then dy = [ln(a2—|—x2)+ 2 24 2)] dx

= {ln (> +x%) +2 (Zji::) - 2} dx = In (a® + x?) dx, which verifies the formula

103. £ =~ :>dy=\/%:>yzsin_lx—i—C;x:Oandy:O:>O:sin‘10—|—C=>C:0:>y:sin‘1x

1 —x2
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432 Chapter 7 Transcendental Functions

104, L= —I=dy= (s -)d&x=>y=tan!®)—x+C;x=0andy=1=1=tan"'0—-0+C

= C=1= y=tan" Tx)—x+1

105, & =1 :dy—%:>y:sec‘1|x|+C;x:2andy:7r:>7r:sec‘12—|—C:>C:7r—sec‘12

dx xVx2—1

=r—1=% > y=sec ')+ F,x>1

106. d_y:;__ﬁ = dy:(L—ﬁ> dx = y=tan"'x —2sin"'x+C;x=0andy = 2

dx 1+x2 1+x?
= 2=tan"'0—-2sin"!0+C = C=2 = y=tan"!x —2sin"'x+2

107. (a) The angle « is the large angle between the wall and the right end of the blackboard minus the small angle between
the left end of the blackboard and the wall = o = cot™! (%) —cot™ ().

1

do _ i P 15 3 540-12 da _ 2 _ _
(b) E*_HI(S%)- 1+3(%) = —myre tore = (225+x2>(9x+x2)’3 0=540— 122 =0=x= +£3\/5

Since x > 0, consider only x = 3[ 5= a<3f) = cot™! (3\[) —cot™! (%‘[> ~ 0.729728 ~ 41.8103°. Using

_ 13 da 132
> 0and G 7085

= = < 0 = local maximum of 41.8103° when

the first derivative test, E

x = 3/5 ~ 6.7082 ft.

108. V = 71'\]:/3[22 — (secy)?] dy = 7 [4y — tan y]; R (47” — \/5)

109. V = (3) 7r’h = (3) 7(3 sin 6)*(3 cos 6) = 97 (cos  — cos® §), where 0 < 6 < 5
= % = —9m(sin ) (1 — 3 cos?f) =0 = sinf =0orcos ) = =+ % = the critical points are: 0, cos™! (%) , and
-1

—1(_ 1. -1(_ 1 1
cos ( \/5) ; but cos ( \/5) is not in the domain. When 6 = 0, we have a minimum and when 6 = cos ( \/5)

~ 54.7°, we have a maximum volume.
110. 65° 4 (90° — B) 4+ (90° — a) = 180° = o = 65° — 3 = 65° — tan™* (%) ~ 65° —22.78° ~ 42.22°

111. Take each square as a unit square. From the diagram we have the following: the smallest angle o has a
tangent of | = « = tan™! 1; the middle angle 3 has a tangent of 2 = 3 = tan~' 2; and the largest angle
has a tangent of 3 = ~ = tan!' 3. The sum of these three anglesism = a+ B8+ =7

= tan"!1+tan~!2 +tan"13 =T

1

112. (a) From the symmetry of the diagram, we see that T — sec ™! x is the vertical distance from the graph of y = sec™! x to

1

the line y = 7 and this distance is the same as the height of y = sec™ x above the x-axis at —X;

ie,m—sec ! x =sec™! (—x).
'x,where =1 <x <1 = cos™! (—=1) =7 —cos™! (1), wherex lorx<—1

= sec ! (—x) =7 —sec”!x

(b) cos™!(—x) =1 —cos™

113, sin ' (1) +cos ' (1) =5 +0=7F:sin' (0)+cos™ ' (0)=0+F =J:;andsin! (=) +cos ' (=) = —F +7=1.
If x € (—1,0) and x = —a, then sin~! (x) + cos ! (x) = sin™! (—a) + cos™! (—a) = —sin"ta + (7 — cos™' a)

=7 — (sin"'a+cos™'a) =7 — § = J from Equations (3) and (4) in the text.

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Addisou\fﬂs&éded By Osaid ZyOUd



Section 7.6 Inverse Trigonometric Functions 433

B
114. x = tano=xandtan =1 = I =a+f=tan 'x+tan! 1.
o
1
1 1 d 1 d du du
T _ v 4y B B
115. csclu=7 —sec™'u = & (cscu) =L (F —sec'u) =0— = Iu\\/2 = Jul > 1

116. y=tan"!x = tany =x = i (tany) = i (x)

= (se’y) P=1= $=_1L- = L

dx sec?y m

= ﬁ , as indicated by the triangle

117. f(x) =secx = f'(X) =secxtanx = %:1 1 T -

= sec(sec~! b)tan(sec—! b) = b(i b2 — 1) :

o
x=b &

x=f=1(b)
. dean—l o 1
Since the slope of sec™! x is always positive, we the right sign by writing 4 dgec! x AT

du du
-1, _ 7 _ -1 d — _d (m _ -1 — () _d&x _ — _ _dx
118. cot'u=7 —tan"'u = {(cot™tu) =& (7 —tan'u) =0 — 795 = — &5

119. The functions f and g have the same derivative (for x  0), namely m . The functions therefore differ

by a constant. To identify the constant we can set x equal to O in the equation f(x) = g(x) + C, obtaining

nl(-)=2tan'(0)+C = -7=0+C = C=—73. Forx 0,wehavesin’1("“)—2tan1\/_—%.

120. The functions f and g have the same derivative for x > 0, namely ; +x2 . The functions therefore differ by a

constant for x > 0. To identify the constant we can set x equal to 1 in the equation f(x) = g(x) + C, obtaining

sin? (%) =tan'14+C = F=%+C = C=0. Forx > 0, we have sin™* \/X;T =tan! 1,

X

)

2 V3
dx =7 fiﬁﬂ Tz dx = m[tan "' x] {\3/;/2 =7 {tan‘1 3 —tan~! (—

I,

J3
121. V:wffm —
_ (_

T 7

=T

aln N
—
N———

=
Il
N

)

w3

. onsidaer y = " — X = = = — ;v1nce == 18 undefined at X = r and X = —r, we will find the length from x =
122. Considery = /12 —x? = @& = —=%=: Since § is undefined d ill find the length f 0

L . ) _ t/\/2 Vo r/\/2 =
tox = 7 (in other words, the length of ¢ of a circle) = L = j; 1+ (ﬁ) dx = j; 1+ 25odx
e 1/V2 . r i .
= J; SCodx = j:) Taadx = [rsm‘l(%)]o/ﬁ:rsm‘l(%ﬁ) —rsin~1(0)

=rsin! (T) —0=r(%) = Z'. The total circumference of the circle is C = 8L = 8(%f) = 2rr.

123. (a) A(x) = T (diameter)® = [ 1 - (— ¢11+—)r -, = V= f: A®X) dx = ffl zd,
= rltan'x]', = (@@ () =T
(b) A) = (edge)® = [t — (- ¢11+x2)r = s v A= [ A
—4ftan x]' | = 4ftan! (1) — tan! (—=1)] = 4 [T — (= T)] =2
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434 Chapter 7 Transcendental Functions

2 b
124, (a) A(x) = T (diameter)? = T ( i ,0) 1 ( L ) = Es = V= [ A dx
V22 fis so— V2/2 so— 2 [ 2 T T 2
=J mdx:ﬂ'[sm 1)(]7\/5/2:71'[8111 1(7) — sin 1(—‘/7—)} =r[Z-(-3)]=%
__ (diagonal)> __ 1 2 . 2 _ 2 _ b _ Vi 2
(b) A(x) = @i _2(4 k. o) - == v=[Axdx = T d
s— V2/2 s
=2[sin"'x]V 5, =2(F-2) =7
125. (a) sec™' 1.5 =cos™! & ~ 0.84107 (b) csc™(—1.5) =sin”! (— &) =~ —0.72973
(c) cot™!2 = 5— tan~! 2 ~ 0.46365
126. (a) sec™!(—3) =cos™! (— 1) ~ 1.91063 (b) csc™! 1.7 =sin"! (&) ~ 0.62887
(¢) cot™(—=2) =% —tan"!(-2) ~ 2.67795
127. (a) Domain: all real numbers except those having R
the form g + k7 where k is an integer. y=tan”(tan x)
Range: — 5 <y <3 /7_ /
AR
2
(b) Domain: —oo < x < oo; Range: —oo <y < 00 ,
The graph of y = tan~! (tan x) is periodic, the y=tan(tan™ )
graph of y = tan (tan™! x) = x for —oco < x < 0. r
e [ - g
=37
128. (a) Domain: —oo < x < oo;Range: — 5 <y < 7 .
y= sin’l(sin X)
T 3w
NN
—27_3m-7 sl Mﬂ' *
2 2
(b) Domain: —1 <x < 1;Range: -1 <y<1 R
The graph of y = sin~! (sin x) is periodic; the
graph of y = sin (sin"! x) = x for =1 < x < 1. T J < sinGsin™ 1)
E— o F
—1+
2k
129. (a) Domain: —oo < x < oo;Range: 0 <y <7

y

‘/\Rﬁcos ’
I 1

-2 -7 | T 2

X
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Section 7.6 Inverse Trigonometric Functions 435

(b) Domain: —1 <x < 1;Range: —1 <y <1
The graph of y = cos™! (cos x) is periodic; the
graph of y = cos (cos™!x) = x for =1 < x < 1. r

y= cos(ct)f] x)

130. Since the domain of sec™! x is (—o0, —1] U [1, 00), we

'x) = xfor [x| 1. The graph of

have sec (sec™

y = sec (sec™! x) is the line y = x with the open | /
y=sec(sec x) 1|

line segment from (—1, —1) to (1, 1) removed. Yo sectsee )

131. The graphs are identical for y = 2 sin (2 tan™! x) ,

= 4 [Sin (tanfl X)] [COS (tan71 X)] - 4 ( x;+ 1) ( \4 x21+ 1) 2 2sin(2 -1 )
y=12sin(2tan ~ x
S o
= 2 from the triangle x o P——
-1~ A
1 71 | = 2+l

132. The graphs are identical for y = cos (2 sec™! x)

'
LX) — sin? (sec ™' x) = & — 251

= cos? (sec™ e =

S0
X

40fF
= —2_2"2 from the triangle xZ -1
X

30f

20 22

y===5

1 y= cos(2sec ' x) 1 2
1 1 1 1

133. The values of f increase over the interval [—1, 1] because
f’ > 0, and the graph of f steepens as the values of f’

increase towards the ends of the interval. The graph of f
is concave down to the left of the origin where f” < 0, .
and concave up to the right of the origin where f” > 0. e ——— e
I—x°
There is an inflection point at x = 0 where f” = 0 and
f’ has a local minimum value.
yE
| " ( 1 *"Zj

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Addisocj\ﬁs(lj:éded By Osaid ZyOUd



436  Chapter 7 Transcendental Functions

134. The values of f increase throughout the interval (—oo, c0)
because f’ > 0, and they increase most rapidly near the

origin where the values of f’ are relatively large. The Tl
graph of f is concave up to the left of the origin where

f” > 0, and concave down to the right of the origin

where f” < 0. There is an inflection point at x = 0 y:(*z_—*]z
y= tan~'x 1+ x2

where " = 0 and f’ has a local maximum value.

7.7 HYPERBOLIC FUNCTIONS

3
_3 \/ I — ./ _§ 1 / _5 _sinnx _ (=3 _ _ 3
1. sinhx = 1= cosh x = 4/1 + sinh 1—|— 4 =7, tanhx—coshx— 0 =5
cothx—t1 =—32 sechx = =% andcschx =
anh x 3 coshx 5° sin X
2. sinhx=% = coshx =+/1 +sinhi®2x=,/1+ 16 = =5 tanhx=sx = () _ 4 ohx= 1 —
. -3 - 9 - 3 _coshx_(%)_S’ " tanhx ~ 4°
13 _ 1
sech x = coshx — 5° and csch X = sinhx 4
3. coshx=L2 x>0 = sinhx = y/cosh?x — 17 28 _ 1=,/ ﬁ tanh x = Smhx — Gs)
. - 5 - 15 225 225 15° coshx (%_7)
_ 8 _ 17 1 _ 15
17> coth x tdnhx - 8> sech x = coshx 17 ’ and csch x = smhx - 8

12
_ 13 _ 2. 1 [160 [1a4 _ 12 _ simmx _ (8) _ 12
4. coshx = 2, X > 0 = sinh x = y/cosh? x 2% = 75 ,tanh x = coshx = (B) = 137

1 _ 13 1 _ 5 1
cothx = tanhx ~ 12° sech x = coshx — 13° and csch x = sinhx 12
lnx —lnx
5. 2005h(lnx)—2< ) elnx el}”‘ =x+1
P 2 1
. _elx_e-2lx elnx2 _elnx72 _ (X - )Tz) _oxt

6. sinh(21lnx) = 5 = 3 = 5 5

. 5x —5x 5X _ a—5x . 3x —3x 3x _ a—3x _
7. cosh 5x 4 sinh 5x = &E¢— 4 &= — ¥ 8. cosh3x —sinh3x = &4~ — &=~ —e™*

9. (sinh x 4 cosh x)* = (e —e @ te X)4 = (e*)! = ¥
10. In(cosh x + sinh x) + In (cosh x — sinh x) = In (cosh? x — sinh?x) =In 1 = 0

11. (a) sinh 2x = sinh (x + x) = sinh x cosh X + cosh x sinh x = 2 sinh x cosh x
(b) cosh 2x = cosh (x + x) = cosh x cosh x + sinh x sin x = cosh? x + sinh? x

12. cosh?x — sinh?x = (£ *264)2 — (& ’264)2 =il +e™) + (e —eM)][(e"+e7¥) — (ef —e )] = § (2¢) (27)
=) =i@=1

13. y=6sinh§ = £ =6(cosh}) (}) =2cosh}
14. y=3sinh@x+ 1) = £ = L{cosh(2x + 1)](2) = cosh (2x + 1)

dx

15. y = 24/ttanh \/t = 2t'/? tanh t'/2 = & = [sech? (t'/2)] (1 t71/?) (2t'/?) + (tanh t/2) (t71/?) = sech?® \/t + “"h‘/
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Section 7.7 Hyperbolic Functions 437

16. y =t tanh = tanh t7! = & = [sech? (t7")] (—t72) (%) + (20) (tanh t*!) = — sech? 1 + 2t tanh
17. y=In(sinhz) = § = <0z = cothz 18. y =1In(coshz) = § = Sz — anh 7

19. y = (sech 8)(1 — In sech 6) = % = (— %ﬁ%mhe) (sech 6) 4 (— sech 6 tanh 8)(1 — In sech )

= sech 6 tanh 6 — (sech 0 tanh 6)(1 — In sech 8) = (sech 6 tanh 8)[1 — (1 — In sech #)] = (sech 6 tanh 8)(In sech 6)

20. y = (csch 0)(1 — In csch ) = dy = (csch 0) (— %‘i?‘hg) 4+ (1 — In csch #)(— csch 8 coth 0)

=csch f coth# — (1 —In csch 9)(csch 0 coth ) = (csch @ coth #)(1 — 1 + In csch ) = (csch 6 coth #)(In csch )

21. y =Incoshv — 1 tanh’ v = fl—z = SmY¥ _ (1) (2 tanh v) (sech? v) = tanh v — (tanh v) (sech? v)

cosh v

= (tanh v) (1 — sech2 v) = (tanh v) (tanh? v) = tanh? v

22. y =Insinhv — § coth® v = % = v (1) (2 coth v) (— esch? v) = coth v + (coth v) (csch? v)

sinh v

= (coth v) (1 + csch? v) = (coth v) (coth? v) = coth® v

23, y=(x*+1)sech(nx) = (x> + 1) (znem) = P+ D) () = P+ D () =2x = £ =

24,y = (4x® = 1) eseh(In 2% = (4% — 1) (grZmmm) = (4 = 1) (5= ) = (4 = 1) (5) = 4x = § =4

1 —l /2
25. y =sinh™! /x = sinh ! (x!/?) = dy \/(1) 72)? = 2\/i\1/m - 2\/x(11+x)

@ (3 )(x+1>”

_ -1 _ -1 1/2 dy 1
26. y = cosh™ 24/x + 1 = cosh (2(x +1) ) = &= \/[2(X+1)1 s oo \/4X+3 VT
27. y=(1 -0 tanh™10 = $ =(1-0)(L5) +(—Dtanh™1 0 = 1, — tanh 1 ¢

28y = (62 +20) anh™! 9+ 1) = & = (62 +26) |
=20+2tanh 1 @+1)—1

ﬁ} +(20+2) tanh~ 0+ 1) = L2 1 29+ 2)tanh~! (0 + 1)

1 1/2
29. y=(1—tycoth™'y/t= (1 —coth™ (V?) = F =1 -1 [‘(i><;f2)2

+ (—=1)coth™! (¢/?) = QL\/E — coth™14/t

30. y=(1-)coth 't = & =(1-¢) (2

@ =) + (=20 coth ™t t = 1 — 2t coth ™! t

-1

31. y=cos!x —xsech™'x = %:ﬁ_ {x (Xh)—i—(l)sech‘lx} = e T e sech T x lx = —sech™!x

32. y=Inx+/1—x2sech ' x =Inx+ (1 —x2)"/* sech!
=¥ =1401- x2)!/? (x Il_ ) +(3) (1 - x2)/2(~2x) sech~! x = 1_1_ 2 sech™!x = e sech™! x

x2

9
33. y = csch! (%)0 = dy _ [ln % ] (%) _ _In@-m®@ __ In2

Vr®" e’
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

)}

47.

J

Chapter 7 Transcendental Functions

_ —1n0 dy _ _ (22" 2
y=csch™2" = & " \/1+(29)2 V1427

_ ainh—1 dy _ sec x _ sec’x  __ sec’x __ |[secx|[secx| __
y =sinh™ (tanx) = 3 = TG = Ve = feex] = Tsecal = |sec x|

_ -1 dy (sec x)(tan x) __ (sec x)(tanx) _ (iec x)(tan x) _ T
y = cosh™" (sec X) = = Jatx1 = i Tanx] = S€C X, 0<x< 3
(a) Ify = tan~! (sinh x) + C, then % = lizsi':lﬁ‘zx = ccgfl?z’; = sech x, which verifies the formula
(b) Ify = sin~! (tanh x) + C, then g—i = \/lse_d::n’;zx = ‘S‘chf: = sech x, which verifies the formula

1 2 dy _ -1 x? -1 2x — -1 : o

Ify = sech 5 v 1 —x?+ C, then o =X sech™ x + 5 (X\/l—xz) + Vo x sech™ x, which verifies the
formula
Ify= =1 coth™1x + % + C, then g—i =xcoth ' x + (%) (1—71x2) + % = x coth™! x, which verifies the formula
Ify=xtanh'x+ 1 In(1 —x?) + C, then & = tanh~'x + x (=) + 3 (2) = tanh~! x, which verifies the formula

fsinh 2x dx = %f sinh u du, where u = 2x and du = 2 dx
— cos2hu +C= 0051212)( —|—C

fsinh%dx:stinhudu,whereu:%anddu:%dx
=5coshu+C=5cosh 3 +C

f6cosh(§—ln3) dx = 12fcoshudu,whereu:%—ln3anddu:%dx
:12sinhu+C:125inh(§—ln3)+C

f4cosh(3x—1n2)dx: ;—‘fcoshudu,whereu:3x—ln2anddu:3dx
= 3sinhu+C=%sinh(3x —In2)+C

ftanhidx:7f silhu gy where u = 2 3 anddu:%dx

cosh u
/1

=71In |coshu| + C; =7 In |cosh 3| + C; =7 In +C =7h|e"+e*|-7In2+C

=T7Inle”" +e"|+C

fcoth do = \[fii’rfﬁ'ﬁ du, where u = \[ and du = d—\/’i

:fln\51nhu|+C1:\/_ln‘smhﬁ‘%-Cl:fIn
:\/gln’ee/\/g—efe/\/g‘—\/§1n2+C1:\/gln‘e‘g/\/g—efe/\/g‘_kc

V3 e

f sech? (x — 1) dx = fsech2udu whereu = (x — 1) and du = dx
=tanhu+ C = tanh(xf—)+C
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48. fcsch2 (5—x)dx = —fcsch2udu, where u = (5 — x) and du = —dx
= —(—cothu)+ C=cothu+C=coth(5—x)+C

49, fWdt:2fsechutanhudu,whereu:\/f:tmanddu:2‘1—\}E

= 2(—sechu) + C = —2 sech \/i—i—C

50. fwdt:fcschucothudu,whereu:lntanddu:%
= —cschu+C = —csch(Int)+C

In4 In4 15/8
51 flnzcothxdx: flnz COshX j;/4 Ldu=n |u|];’%8 =1In |185| ln’ |=In|¥-3|=mn3,
1
where u = sinh x, du = cosh x dx, the lower limit is sinh (In 2) = 2 <Z> =3 3 and the upper
4_—hnd 4—(%) _ 15

. o, - . Ind4 __
limit is sinh (In 4) = ~—; =~ =3

cosh 2x 2

In2 In2 17/8
52. [ tanhoxdx = [ g2y =1 [T lqu=Lnfuf]}" =1 [In () ~n1] = 1n ¥, where
u = cosh 2x, du = 2 sinh (2x) dx, the lower limit is cosh 0 = 1 and the upper limit is cosh (2 In 2) = cosh (In 4)

g4 e 4 4+<%) _ 17

2 2 - 8

—In2

—In2 —1In2 —1In2 2
3. [, 2" coshodo = [ 26t (S5 ) a0 = [ (e + 1) a0 = [ +6]
= (57 -m2) - (5 -m4) = (1 -n2) — (h-M4) =% -IN2+2I2= 3 +1In2

—1In4

In2 In2 -~ In2 o2 In2
s4. e sinhodo = [Tde (55 ) a0 =2 [T (1—edo =20+ ]

0

=2[(m2+52) - (0+ §)[ =2(m2+ i -4y =22+ L~ 1 =4}

-1

/4 1
55. f mcosh (tan ) sec? 6 df = f cosh u du = [sinh u]i =sinh (1) — sinh(=1) = (el_e

N———

1

_ fet=¢!
2
el—elie

=5 =e—e 1, where u = tan 6, du = sec® § d, the lower limit is tan (— }) = —1 and the upper

limit is tan (§) = 1

/2 1 _
56. j; 2 sinh (sin 0) cos 0 df = 2f sinhudu = 2[cosh u](l) = 2(cosh 1 — cosh 0) = 2 (ﬂ - l)

=e+e " — 2, where u = sin 4, du = cos 8 df, the lower limit is sin 0 = 0 and the upper limit is sin (%) =1

o2 2-1

2 In2
57. fl w dt = j; cosh u du = [sinh u], "2 — sinh (In 2) — sinh (0) =

u=Int,du= % dt, the lower limit is In 1 = 0 and the upper limit is In 2

2 2 _
58. f. 8°°S“fd 16 ] coshudu:l6[sinhu]f:16(sinh2fsinh 1):16[(%) - (e*e )}
=38 (e —e?—e+el), whereu=/x =x"% du=L1x"12dx = \;; , the lower limit is \/1 = 1 and the upper

limit is /4 = 2
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0 0
59. fimcoshQ (3) dx = filnz% dx = f S(coshx+ 1) dx = J [sinhx +x]°,,

= L[(sinh 0+ 0) — (sinh (—In 2) — In 2)] = } [(0+0)— (quz)} =1 [ (5) +1n2

=l(1-14+m2)=3+1m2=3+m2

60. f) 4s1nh2( )dx—fln 4(°°5h2"’1) X—Zf (coshxfl)dx_Z[smhx ]1"10

= 2[(sinh (In 10) — In 10) — (sinh 0 — 0)] = " — ™™ — 21N 10=10— £ —2In 10=9.9 —21n 10
61. sinh™! (33) =In (= 5+ /& +1) =1 (3) 62. cosh™! (3) =1n (g +y/E-1)=m3
63 tanh ™! (— 1) = L In (|53 ) = - 12 64. coth ™ (§) = 11n () = 4109 =1n3
65. sech™! (3) = In (MY ) = 1n3 66. csch™! (~ 1) =In (— V3+ d“%) =In(-/3+2)

2/3
67. @ [, & = [sinh" 3];7" = sinh~! /3~ sinh 0 = sinh~! /3

(b) sinh~' /3 =In (\/§+ M) —In (\/§+2)

3
1 6 dx

. m f\/ﬁ,whereufSXdu—3dxa—l
= [2sinh ' u], = 2 (sinh~' 1 — sinh 1 0) = 2 sinh~ 1

(b) 2sinh—11=21n(1+ 12+1):21n(1+\/§)

68. (a)

2
69. @ |, it dx = [coth ' x]3, = coth™ 2 — coth™! }

(b) coth™'2 — coth™! % = [1n3 —ln(9/4)] =1l

1
1/4 203

12
70. (a) fo = ix2 dx = [tanh~! x] (1)/2 — tanh-! % ~ tanh-10 — tanh-1 %
(b) tanh™' 1 =11n (if“n)) — 13

(172)

3/13 12/13
dx du
71. (a) f]/s ST f4/5 e aziuz,whereu_4x, du=4dx,a=1

= —sech™! Q + sech™! 4

— _In (1+\/17(12/13)2> +1n <1+\/17(4/5)2)

-1 12 -1
(b) —sech 5+ sech ) s

4
5
= —In (BRAP) G (SVESI0) 0 (352) —1n (B342) =2~ 1n 3 =1 (2-

1 ]12/13

= [—sech a5

WIN
~—
I
—
=
[SSIE

- 2

2
2w [ = e 3= -

: —csch™ 1)
(b) 3 (csch™ 3 —csch™'1) =4 {1 (2+ }{/527)) In (1 + \/5)} =1 ln(

)

T 0
3. @ R dx = J. = du = [sinh " u]{ = sinh~" 0 — sinh~' 0 = 0, where u = sin x, du = cos x dx
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(b) sinh~10 — sinh~10 = In (o+ NG 1) —In (0 +/0+ 1) —0

e 1
74. (a) 1ﬁ:fo\/%,Whereuzmx,du:%dx,a:1

— [sinh ' u], = sinh ™' 1 — sinh~1 0 = sinh~! 1

(b) sinh~! 1 = sinh™ 0 = In (14 V/I2+1) ~In (04 /07 + 1) =In (1+/2)

75. Let E(x) = 8 and O(x) = W20, Then E(x) 4 O(x) = B0 4 010 — 2 — f(x). Also,
E(—X) — f(—X)+£(—(—X)) — f(x) +2f(—X) — E(X) = E(X) iS even, and O(—X) — f(—X)—g(—(—X)) — fx) —2f(—X) — O(X)
= O(x) is odd. Consequently, f(x) can be written as a sum of an even and an odd function.
f(x) = WX +2f(_x) because =) _Qf(_x) = 0if fis even and f(x) = W= _Zf(_x) because WX +2f(_x) = 0if fis odd.

Thus, if f is even f(x) = 2% 4 0 and if £ is odd, f(x) = 0 + 22

76. y =sinh™'x = x =sinhy = x:% = 2)(:&33’75y = 2xe'=e¥—1 = e¥—-2xe' —1=0

= ¥ = XEVICH V24x2+4 = e =x+Vx2+1 = sinh’lx:yzln(x—l— x2—|—1). Since e¥ > 0, we cannot

choose ¢ = x — v/x2 + 1 because x — v/x2 + 1 < 0.

77. (a) v = \/mTigtanh<\/g;k t) = &= ﬁ[secW(\/% t)] (\/g_;k) = gsech2<\/g;k t).

Thus m% = mg sech? <\/ & t) = mg (1 - tanh2( gk t)) = mg — kv2. Also, since tanh x = 0 when x = 0, v =0

m

when t = 0.

i - 1 / mg [ke ) — /me g [ke ) —  /me - /me
(b) tlimOC v—tlimOO T tanh( - t> = T tgmw tanh( - t> = (D= T
© /asss = /9 = 4 =801/5 = 178.89 fusec

78. (a) s(t) =acoskt+bsinkt = % = —ak sin kt + bk cos kt = % = —ak? cos kt — bk? sin kt
= —k?(acos kt + b sin kt) = —k? s(t) = acceleration is proportional to s. The negative constant —k?

implies that the acceleration is directed toward the origin.
(b) s(t) =acoshkt + bsinhkt = & = ak sinh kt + bk cosh kt = ﬂ—ii = ak? cosh kt + bk? sinh kt
= k2 (a cosh kt + b sinh kt) = k? s(t) = acceleration is proportional to s. The positive constant k? implies

that the acceleration is directed away from the origin.
2 2
79. V= [ (cosh?x —sinh?x) dx = [ 1dx =21

In\/3 \/5_(”\/5)
. 2 o lnﬁ o N\ " 7 —
80. V=21 [ sech?x dx = 2r [tanh x]"V* = 27 [ﬁ+(1/ﬁ)] -

ln\/g ]n\/g n
81. y=1cosh2x = y =sinh2x = L:j; 1 + (sinh 2x)? dx:j; cosh 2x dx = [3 sinhZX]I)ﬁ

2
1 2x —2x In \/? 1 1 6
— | = ( ¢ © ) — = (5 — _) —

0
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x _ 1 x_ 1 1 1—--L
. B T e R (e O BT T -0 _
82. (a)  lim tanhx = hrnOO T = L lim ot = Jlim CEEa flemoo el B0 =1
1 X 1
. _ . eX_e X . e"—e—x_ . (e_e_x)_e_"_ . ez"—l_O—l__
(b) xgnlootanhx_xl}nfloo eXt+e* _xl!moc ex+eix _xl!moc (e" eix) ex _xl!moo eX+1 — 0+1 — 1
()  lim_sinhx = lim_ £ e = lim_ ex;%‘ = lim_ (5 — 55)=00—-0=00
(@  lim_sinhx=_lim €5 = 1lim_ (Y — &) =0—-00=—00
X — —00 X — —00 2 X — —00 \2 2
1 2
. _ . 2 _ . 2 X _ . X _ 0 _
(@ lim sechx = lim o = lm -5 =, 1m0 =5 =0
eX ¢ e2X
. . X 4 a—X . e+ L . e+ L ns . 1+ -1
() _lim cothx = _lim &£+ = lim < — lim M =< = lim X — 140 —
X = 00 X —00 e —e x—o00 ef—%  x—oo (e —%) X 00 1-x 1-
. eX e ¥ . eX+LX e . e2)(_‘_1
(2) hn%) cothx = hnz)Jr e = hn})+ T e = hrr(l)+ o7 = to
X — X — X — & X —
. X —X . e+ L X . 2x
(h) 111%7 cothx = hn%r gre = hn%)f 5= hn%r S = -0
X = X — X — - & X —
: : _ 2 2 e 7 2 _ 0 _
(l) xgmmCSChxixl}nfloo eX—e™¥ xl%moo ex— L e 7xl}nfloo ex—1 " 0-1 " 0

w

(b) The tension at P is givenby Tcos p =H = T = Hsec ¢ = Hy/1 +tan? ¢ = Hy/ 1 s1nh & x

=Hcosh (3§ x) = w (&) cosh (§§ x) = wy

83. (@) y= H cosh (ﬂx) = tan ¢ = Q = (ﬂ) [% sinh (ﬂx)] = sinh (E x)

84. s = % sinhax = sinhax =as = ax =sinh~las = x =1 smh Las; y=7 L cosh ax = l\/cosh2 ax
=1 inh2 =1 242 - 24 1
—a\/smhax—i—l—a\/as +1=4/s"+ 5

b
85. To find the length of the curve: y = % coshax = y =sinhax = L= j; 1 + (sinh ax)? dx

b b
= L= fo cosh ax dx = [% sinh ax] Z = % sinh ab. The area under the curve is A = j; % cosh ax dx

= [ sinh ax] z = L sinhab = (1) (1 sinh ab) which is the area of the rectangle of height < and length L
as claimed, and which is illustrated below.

Y
0 /y=lcoshax
a

/

TR

X
b s

86. (a) Let the point located at (cosh u, 0) be called T. Then A(u) = area of the triangle AOTP minus the area
coshu
under the curve y = v/x2 — [ fromAto T = A(u) = % cosh u sinhu — fl Vx2 — 1dx.

coshu
(b) A(u) = = cosh usinhu — f VxZ—1dx = Al(u) = % (cosh?u + sinh? u) — (\/ cosh?u — l) (sinh u)
=3 cosh2 u+ & sinh*u — sinh*u = 1 (cosh?u — sinh?u) = (3) (1) = 3

©) A’(u):% = A(u) = 5 + C, and from part (a) we have A(0) =0 = C=0 = A(n) =35 = u=2A
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7.8 RELATIVE RATES OF GROWTH

1. (@) slower, lim *3= Iim L1=0
X —=o00 ¢ X — 00 ©
. 3 02 . 2 H . . — 1
(b) SlOWGI‘, lim X +i1n X lim 3x +251ancosx _ lim 6x+2xcos 2x lim 6 4§1n 2x Oby the
X — 00 e X — 00 E X — 00 E X — 00 e
Sandwich Theorem because 2 < &=4sin2x « 10 foraf realsand _ lim 2 =0=_lim 1
€ € € X —> 00 ¢© X — 00 €
1 —1/2
. . 1/2 . 2)X .
(¢) slower, lim Y- = 1lim_*- = _lim % = lim L —
X =00 ¢ X — 00 ¢© X — 00 e X — 00 2y/xe
. X . X .
(d) faster, lim % = lim (é) = oo since ¥ > 1
X — 00 © X — 00 \e e
(e) slower, _ lim (3) =_lim_ (£)" =0since & < 1
X S o0 €f X — 00 \2 2e
. x/2 .
() slower, lim € = lim -5 =0
X —00 ¢ X — 00 e
(5)
i 2) — i 1_ 1
(g) same, X gmm o = gmm 5= 3
1
: logiox __ : Inx __ . X _ . 1 _
(h) slower, X lgnoo e T x 1_1>moo 10  x 1_1>moo ni0)e — x li,moo @ Topes — 0
. 4 . 3 . . .
2. (a) slower, lim 10430+l 5y 800430 —  pyy 1200 oy 2480 oy 240
X — 00 e X — 00 e X—o00 ¢ X —00 ¢ X — 00 ¢
. . _ Inx—1+x(1 _ .
(b) slower, lim  *bx=x — [y xx=D 7(") = lim lnx-l4l _— jjy  Inx
X — 00 e X — 00 e X — 00 e X — 00 e X — 00 ¢
1
= _lim (g) = lim =0
X — 00 X — 00 Xe
. Vigxt . 1+xt : 4x3 : 12x2 - 24x : 24
(©) slower, lim 5= =,/ lim =3 o im 5 o im gy o lim g M o

=/0=0

(d) slower, lim
X =00

(3

) = lim_ (i)X:Osince%<1

ex 2e
(e) slower, lim & = lim L =0
X — 00 ¢ X — 00 ©
faster, lim * = lim_ x=o00
b X
X — 00 ¢ X — 00
. _ -1 cosx 1
(g) slower, since for all reals we have —1 < cosx <1 = e L <eoosx <l = eex < eex < 2— and also
. -1 . 1 . . COS X
lim_ & =0=_lim__ %, soby the Sandwich Theorem we conclude that _ lim_ £~ =0
X — 00 © X — 00 © X —o00 ¢©
. ex—1 _ . 1 _ . l _ l
(h) same,Xl_lgnoo e—‘_xll{noo W_Xl—lgnoo e e

. 2 . .
3. () same, lim % — |jm 4 — |im 2 =]
X —00 X X —o00 2 X — 00 2
. 5 _ 2 .
(b) faster, lim_ *3* = lim_ (x*-1)=o0
X =00 X X — 00
. VxiExd . xt4x3 . 1\ o
(©) same,xl_lgnoox—z— xl—lglooT_ xli>moo (1+;)—\/T_1
. 2 . .
(d) same, lim_ *5 = lim P = lim %=1
X —00 X X — 00 X X — 00 2
: X In x : In x . (%)
(e) slower, _ lim = =_lim_ =X =_lim =0
X — 00 X X —00 X X —o00 |
p x . In 2) 2* . In 2)? 2%
(f) faster, lim_ % = lim 1022 — [y 022 _
X — 00 X X —o00 X X — 00 2
. 3a—X . .
(g) slower, lim X" = lim_ X = lim_ 1 =0
X =00 X X =00 & X500 ©
. 2 .
(h) same, lim % = 1lim 8=38
X =00 X X = 00
. x244/X . 1
4. (a) same, lim =37~ = lim__ (14+47) =1
. 2 .
(b) same, lim 1% = 1lim_ 10=10
X =00 X X = 00
. 2p—X .
(c) slower, lim *¢~ = 1lim 1 =0
X =00 X X =00 ©
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i logix® _ 2Inx _ _2 1 _
(d) SlOWer, X li>moo x2 X 1_1>moo x2 In10 x li)moo x2 7 Inl0 x lim 2x In10 x 1_1>moo x2 T 0
. 3_ .2
(e) faster, lim *=2* = 1lim (x—1)=o00
X =00 X X = 00
(f) slower, _ lim GO) = lim ;=0
X — o0 X X — o0 100%
. X . X . 2 X
(¢) faster, lim  9D' — im (nLDLD* _ i OnLDPOLDY
X — 00 X X — 00 2x X — 00 2
. 2 .
(h) same, lim = *50% — lim (14 1%) =1
X = 00 X = 00
1 (1)
- omXx _ s ) 11
5. (a) same, X 1i>moo Inx — x 1_1)1’1100 Inx ~— x ll}Hloo In3 = In3
2
(b) same, lim 12 — lim (2;) =1
X =00 Ihx T x =00 (§)
1
. In \/x 3)Inx .
(c) same, _ lim VX _ lim ) = lim_ i=1
X =00 Inx X = 00 In x X =00 2 2
1Y -1/2
. X . 1/2 . (5)" . . X
(d) faster, lim VX gim 22 gim B hm x— im Y — o
X — 00 Inx T x =00 Inx T X S0 (l> X—00 2V/x  X>So00 2
X
(e) faster, lim X = lim_ < lim  x =00
X =00 Inx 7 x =00 %) X = 00
() same, lim 21X = lim 5=35
X —=o00 Ihx 7 x =00
() slower, _ lim @ = _lim L
g X — oo Inx X — 00 XInx
(h) faster, _lim le— = _lim ~=_lim xe*=o0
X —o00 Inx T x =00 (1) X — 00
1 (lnxz) )
. log, x* 2 ) _ In x 1 2Inx _ _1 — 2
6' (a) same, X ll)moo In x x E}moo In x In2 x 1_) o0 Inx In2 x ll>moo In x In2 x li>moo 2= In2
1 10 (ln le) (170
: logip 10x nio /) 1 In 10x 1 : 0x) 1 : _ 1
(b) same, lim = === = lim = 557 = 55 | im0 = g lim (1) =mo 1M 1= 5
X
()
(¢) slower, lim_ ~22 = lim —L— =0
X =00 In X — 00 (vx)(nx)

(d) slower, lim
X — 00

(@) faster, lim 3212 = fim (% —2) = ( Jim %) 2= ( lim ﬁ —2=(lim_ x) —2=00

In X — 00 X — o0 Inx — 00 (1 X — 00
X
. —X
(f) slower, lim = lim 1 _—9
X =00 Inx  x =S pp e'lnx
" (1)
. 1 .
(2) slower, _ lim "f"x) lim = _lim =0
X =00 Inx X = 00 (%) X = 00 Inx
: In@2x+5) _ (ins) . 2x . 2 .
(h) same, _lim : lim = _lim = lim 2= _1lm 1=1
X =00 hx T xS0 (%) X—=>00 25 T X500 2 X — 00
. X . . X
7. X li)rnOO ei,z =4 li)mOO e¥? = 50 = & grows faster than e*/2; since for x > e we have In x > e and 1—1>moo (lne—f)

_ : Inx\X* _ X X. of . _ : X
= lim (%) =00 = (Inx)* grows faster than e*; since x > In x for all x > Oand  lim W = lim__ ()

= 00 = x* grows faster than (In x)*. Therefore, slowest to fastest are: ex/2 ex (In x)*, x* so the orderis d, a, c, b

X X 2 X
8. lim  ©P = |im @D fjy  Ge(e2rder _ (el 27 im (2 =
X — 00 X X — 00 2x X — 00 2
X 2 x2 _ 22X X.
= (In 2)* grows slower than x hmOO X = li) o o — x 1—>moo 0 2)22x =0 = x? grows slower than 2%;
lim Z = lim (2)X =0 = 2% grows slower than e*. Therefore, the slowest to the fastest is: (In 2)¥, x2, 2*
X =00 & X-—00 \e

and e* so the orderisc, b, a, d
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11.

12.

13.

14.

15.

16.
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Section 7.8 Relative Rates of Growth

(a) false; lim %2 =1
X = 00

. : x 1 _
(b) false; hmoo as=1=1
(¢) true;x <x+5 = J5 < 1lifx > 1 (orsufficiently large)
(d) true; x < 2x = Z < 1 if x > 1 (or sufficiently large)
(e) true; X imoo :T = hm0 =0

(f) true; w =1+ ln" <1+ \/— =1+ \[ < 21if x > 1 (or sufficiently large)

1
(g) false; X imoo 1lr?2xx = imoo ((;x)) = li>moo 1=1

(h) true; —VXi” < —V(x:S)Q < 3 =142 <6ifx > 1 (or sufficiently large)

(a) true (1 =5 +3 < 1if x > 1 (or sufficiently large)
()
(b) true; X(l)*' =1+ % < 2if x > 1 (or sufficiently large)
(-3
(c) false; lim =34 = lim_(1-1)=1
X = 00 (i) X — 00 X

(d) true;24cosx <3 = 2+C°” <3 5 if X is sufficiently large

(e) true; & 2 =1+%and L — Oasx — oo = 1+ & < 2ifxis sufficiently large
1

(f) true; _ lim X — |j;m DX —  |jy Q =0

X =00 X X—00 X  X— 00
(g) true; 1n1(;nxx) < X — 1 if x is sufficiently large

1

. : In x _ (Z) _ X24+1 : 1 1 _ 1

(h) false; | Iim  goeny = x limy =)~ g lim e = lim (54 5e) = 3
x2+1

. fix) _ . x) _ 1
If f(x) and g(x) grow at the same rate, then X li>mOo =< =L#0 = X lim §5 =1 #0. Then

gx) oo fx)
% — L’ < 1if x is sufficiently large = L —1 < é((’:()) <L+1 = gf((’;)) < |L| + 1if x is sufficiently large

= f=0(g). Similarly, %((;‘)) <|i+1 = g=0().

When the degree of f is less than the degree of g since in that case _ lim o — o,
X — 00 £gx)
fx)

When the degree of f is less than or equal to the degree of g since E}m

oo gx)
. 0 _
than the degree of g, and X l_n)nOO 2

= 0 when the degree of f is smaller

b 2 (the ratio of the leading coefficients) when the degrees are the same.

Polynomials of a greater degree grow at a greater rate than polynomials of a lesser degree. Polynomials of the
same degree grow at the same rate.

(‘L)— lim =X = lim

: 1 . . 1 .

lim w = lim 1 —1and Ilim w = lim
X =00 Inx X — 00 (%) X =00 T xS0 | X — 00 nx X — 00 (%)
= lm s =1

g 5 - o ) .

lim ; lim = _ lim -2 = _Ilim = 1. Therefore, the relative rates are the same.
X —o00 Inx T x =00 (i) X — 00 xta T X — o0 I

445
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446  Chapter 7 Transcendental Functions

17, Jdim S = [ lim B = /10and  Jim Y5 =/ lim S = /1= 1. Since the growth rate
is transitive, we conclude that 1/10x + 1 and /X + 1 have the same growth rate (that of \/§) .
18.  lim__ ‘/X:;“X =4/ lim 7 =1land lim # =/ lim X4xj"3 = 1. Since the growth rate is
transitive, we conclude that v/x* + x and v/x* — x3 have the same growth rate (that of x2) .
19. lim_ %= lim_ ™" = = lim %2=0= x"=o0 (e*) for any non-negative integer n
X—00 & X—o00 ¢ X —00 ¢
_ n n—1 : px) _ : x" : x"!
20. If p(x) = apx™ + ap—1x"7 ' + ... +a1x+a0,thenx gmm e = gm & tan- X lgnOO ~— t..
+a; _lim_ X +4a; _ lim 4 where each limit is zero (from Exercise 19). Therefore, lim p(f) =0
X — 00 ¢ X — 00 ¢ X —00 ¢
= ¢* grows faster than any polynomial.
. x!/m . x(I-m/m g . 1/n o 1/n o .
21 @ | lim o= lim e (1) Jlim_ x /" =00 = Inx = o (x'/") for any positive integer n
1/10°
(b) In (e!7:000000) — 17,000,000 < (emwﬁ) — el ~ 24,154,952.75
(c) x =~ 3.430631121 x 10¥°
(d) Inthe interval [3.41 x 10%°,3.45 x 10'%] we have 0.00
y = In x = 10 In(In x)
In x = 10 In(In x). The graphs cross at about gLog /
ll'
3.4306311 x 10*°. o 002l 3+41 s 3.45 1037
~0.004
-0.006
lim (]"—“) lim [ L/x }
In x _ x—00 \ X! _ x=>oo |mn—T| H 1 —
22. li>moo a X" +a,_ x" 4. +ax+ay lim (al,+a"*1+.“+ 31]+E‘_g) - ap X1—1>m00 (an) (nx") =0
X—00 X xn= x
= In x grows slower than any non-constant polynomial (n 1)
nlogopn _
23. (@  lim Sloeny = n I lim__ log - =0 = nlog, n growd) y
(IHJ) y=n(log, 71)2
slower than n (log> n)%; _ lim_ ™€ — |jm = 2500
n—oo n n—oo n 2000
1
_ L . (n) _ L . L _ 1500 _=713/2
=z n A a7 = e p M, iz =0 ook ’
= nlog, n grows slower than n®2. Therefore, nlog, n 5001 Y= nlogy n
grows at the slowest rate = the algorithm that takes % 40 60 80 10 "
O(n log, n) steps is the most efficient in the long run.
Inn 2
2. (a) lim_ %20 _ i (B) _ oy o ® y
: n—oo 0 n—oo n  n—oo nn2y y=n
. 2(In n)(%) ) . Inn 100
n li)moo 22— n2¢ p li)moo “n ol = logy n
s O 2
=@ g li>mOO = 0 = (logy n)~ grows slower ok T
. : (logy n)> logy n 20
than ; n li>moo ﬁlogg n 1’1 li>moo \/ﬁ L L L I | n
(lnn) 20 40 60 80 100
: in2 1 Inn
" n li)moo nl2. — In2 n li>moo ni/2

—_

— 1 5 (3)_2

=03 5 ll>moo O 7 = Wi p E}moo nl s =0 = (log, n)? grows slower than \/_ n log, n. Therefore (log, n)? grows

at the slowest rate = the algorithm that takes O ((log, n)?) steps is the most efficient in the long run.
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25. Tt could take one million steps for a sequential search, but at most 20 steps for a binary search because
19 = 524,288 < 1,000,000 < 1,048,576 = 2%,

26. It could take 450,000 steps for a sequential search, but at most 19 steps for a binary search because
218 = 262,144 < 450,000 < 524,288 = 219,

CHAPTER 7 PRACTICE EXERCISES
1y =10e = & = (10) (= L) e = —2e/ 2. y=1\2eV = & - (ﬁ) (ﬁ) V2 = 2eV

3. y=gixeh —Le = &y — T [x (4e™) + e (D] —

4x 1 aax 1 ax 4x
© (4e™) =xe™ + ;e e" =xe

L
16

4. y=x2e =x% " = ¥ _x2[2x e+ 2" 2x) = 2+ 2x)e > =2e X1 +x)

_ ) dy _ 2(sinf)(cos ) __ 2cosf
5. y=In(sin®0) = § = Tamg— = S5y = 2cotf

6. y=In(sec?f) = % = Asechechmb) _ 5y ¢

dg — sec2 )
In 2
_ 2\ _ (2 dy _ 1 X 2
7. y=log, <7>— ma = d_x—m<(§)> = mox
o In(3x-7) dy 1 3 _ 3
8. y=logs Ox=7)= =5~ = & (E) (3x—7) = 56—

9. y=8" = ¥ =8 (In8)(—1)=—8"(In8) 10. y=9" = ¥ = 9%(In9)(2) = 9*(21n 9)
dt

1l y=5x* = ¥ =5@3.6)x*" = 18x*¢
12, y=v2x " = & = (V2) (-v2) <) = k()

3. y=4+2)? = Iny=Inx+2)?=x+2)In(x+2) = y?/ x+2) (X+2)+(1)ln(x+2)
= @ =x+2"[In(x+2)+1]

14,y =2(nx)" = Iny =200} =@+ (§) In(nx) = ¥ =0+ (3) [f)] +(In(in x) (2)

=y =355 + () Indn )] 2(n x)*> = (In x)** [In(In x) + ]

il /T 2 w1y _ 2\l/2 dy _ 30-w)wm) I
15. y =sm 1 u® =sim (1 Ll) = u \/17[(17 ] \/1—u2\/1 (1—u?) o \U‘\/l—u2

1 _-3/2
o=l () il y—1/2 dy _ _—5v? -1 -1 \/_ -1
16. y=sm ( v) s v = dv \/1_(\,71/2)2 2v3/2/1—y-1 oy3/2, /y=1 = ooy 2V\/V7
17. y=In(cos7'x) = y' = (V‘ilxz) = -
Sy = V' 7 Teostx T V1—=x2 cos~1 x
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448  Chapter 7 Transcendental Functions

18. y=zcoslz—1—22 =zcoslz— (1 —22)"* = %:cos’lz—\/li—ﬂ—(%) (1-22)*(~22)

1 z z — -1

= COS Z—ﬁ+ﬁ—008 Z

19.y=ttanlt— () Int = F=tantt+t(;Ls) - (3) }) =tanti+ 15— &

20. y=(1+)cot™ 2t = & =2tcot™ 2t + (1 + ) (525)

[
—
N
—
v
,_.
~
v
~
[\
N
N

21. y:zsec’lz—\/ZZ—lzzsec’lz—(ZZ—l)l/2 = %:z( L )—I—(sec z)(1) —

-1

— z z _ l—z
T AVEo1 Veoi TS 2= pTy hsec

-1

z,z > 1

22, y=2y/x—lsec™! {/x =2(x — DY/Z sec™t (x1/?)

- =2 |- v s e (D) | <2 (5 o 4) -

_ -1 dy _ _ —secftanf __ _ tanf __ _ T
23. y=csc(sec) = G = el a2t 1~ and] = LO<O <3
— — etan 1x — —
24. y:(l—i—xQ)em“ 'x = y’:2xe‘a"1x+(l+x)( +x2):2xe”‘“ 1X+elan 'x
_2(x%+1 _ Z+1D\ _ 1 o 1\ (—2sin2x)
25. y = ﬁ = Iny = ln(m) —ln(2)—|—ln(x2—|—1)—iln(COSZX) = y;—O (5) o

= y/ = (X2+1 +tan2x)yf %(X2+] —l—tan2x)

26, y={/2E = Iny=In {2 = FInGx+4H-ln@2x—4)] = ¥ =5 (525 - 553)

= y' = % (3Xi4 - 5)y=%{ ;ifi (1) (3x14 =)

27, y = [%} = Iny=5@+D+Int—1)—Int—2)—Int+3)] = (;) (%)

_ 1 1 1 1 dy _ t+he=1 o1 1
=5 (t+_l toT T 1+_3) = =5 |:(t72)(t+3)i| (t+1 + i t—2 t+3)

28. y = \/21]“22% = Iny=In2+Ihu+uln2—1In@w +1) = (%) (%) =itm2-1(2)
d u
T S
29. y = (sin 9)‘/5 = Iny= \/éln(sinG) = (%) (%) = \/E(M) —|—%9’1/2 In (sin 6)

sin 0
= ¥ = (sin f)V? (\/5 cot 0 + '“(5\7—6))

30,y =0/ = Iy = () Indnx) = ¥ = (%) () (1) +Inano [k] (1)

X

x(In x)2

= y/ = (In x)l/lnx |:1—1ﬂ(1ﬂx):|

31. fe" sin (e*) dx = fsinudu, where u = e* and du = e* dx
=—cosu+C=—cos(e*)+C
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32. fe‘ cos (3e' —2)dt =1 fcosudu, where u = 3e' — 2 and du = 3e' dt
=1lsinu+C=jsin(3e'—2)+C

33. [e¥sec? (¢* —7) dx = [ sec’u du, where u = ¢* — 7 and du = e* dx
=tanu+C=tan(e*—7)+C

34. fey csc(e¥ + 1) cot(e? +1)dy = fcscucotudu, where u = e¥ + 1 and du = ¥ dy
=—cscu+C=—csc(e¥+1)+C

35. f (sec? x) e X dx = f e" du, where u = tan x and du = sec? x dx

:eu+C:elanX+C

36. [ (csc?x)e* dx = — [ e' du, where u = cot x and du = — csc? x dx

= '+ C= —gcotx +C

1 —1
37‘ f13X 4dX_—f77%duWhereu=3x—4du:3dx'x:_]:>u:_7’x:1:>u:_1
=Sl =50n|=1=In|-7]] = 5[0 -In7] = — &

e 1
38. fl mdx:](; u1/2du,whereu:lnx,du:%dx;x:l =>u=0x=e =u=1
= = 30 =

39. foﬁtan(g) dx:foﬁsm(%) dx:73fll/2ﬁ du, whereu =cos (), du=—1sin(3)dx;x=0 = u=1L,x=n

cos (3)

= u=1
= 3]}’ =-3[n [} -] =-3Ii=m2"=In8
1/4 1/4 1/v/2
40. fl/é 2cotrx dx =2 e e dx:%f]/2 %du,whereu:sinﬂx,du:ﬂcoswxdx;X:% = u:%,x:%
— 1
= u=
= 2l ful]}y* = 2 [in| L[ ~m |3 = 2[m1-fm2—mm1+mn2] = 2 [Jn2) =22
4 -9
al. [ g2sdi= [ lduwhereu=¢-25du=2tdtt=0 = u=-25(=4 = u=—9
= [In|u] =3, =In|-9] — In|[—25| =1In9 —In25 =In 5
/6 1/2
42, fi/zlc_";.:]tdt:fj; ldu,whereu:lfsint,du:fcostdt;t:fg > u=2t=% = u:%

—[In |u|]1/2 —[M|i-m2[]=-In1+I2+In2=2In2=1In4

43, fwdv:ftanudu:f Sint gy, where u = In v and du = 1 dv

cosu

—In|cosu|+C=—In|cos(Inv)| +C

44, fvlnvdv—f du, whereu—lnvanddu——dv
=lhnfu+C=h|nv|+C
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450  Chapter 7 Transcendental Functions

45 f@dx:fu’s’du where u = In x and du = ¢ dx
= +C=—3nx)?2+C
46. fln(x 3) dxffudu,whereuzln(fo)anddu:%dx
—“—+C— [1n(x—5)]2+c
) = 2
47 f c502(1+1nr)dr:fcchudu,Whereu:1+1nranddu——d
—cotu+C=—cot(l+Inr)+C

48 fMdV:—fcosudu,whereu:l—lnvanddu——;dv
= —sinu +C=—sin(l —Inv)+C

49 fx3"2 dx = lf3“ du, where u = x% and du = 2x dx
= 73 3) +C =533 (3x)+c

50 f 2tanx gac2 ¥ dx = f 2" du, where u = tan x and du = sec” x dx

u zlunx
ln2(2)+C 1n2+C

=3(In7—In1)=3In7

7 7
s J tax=3f Ldx=30nx]]
1(n32—In1)=1m32=In (\5/32) —1n2

s2. [Thax=1 ["Lax=Ln x|}
P L[S 4 md)—(L+m1)] =54 14

Shax— e ]| -

(- 120 ae= 3+ 1201} = 3
+3-12)=2(In8-3%)=3(n8 —-7=In(8/3) -7=In4-7

$[(n8+ %) —(n1+12)]

0
("“)dx——f e'du,whereu=—(x+1),du=—-dx;x=-2 = u=1,x=-1=u=0

—el)y=e—1

- e =@
e" du, whereu =2w,du =2dw;w=—-In2 == u=In3,w=0 = u=0

3

0 L
56.f szdW:—f
In2 In(1/4)

0 _ aln(1/4)] 1 1y _ 3

€ /]—2(1 4)_8

7%[ ]ln(l/4 :%[e

3/2 qu, whereu=3e"+ 1, du = 3e’dr;t1=0 = u=4,r=In5 = u=16
1) =L

=6

9DGE-2) =031

s7. [Me@e 1) ra=1
_ 16 _ —_
Pl =5 (6T —at) =

I,du=¢€’d0;0 =0 = u=0,0=1n9 = u=28

58 f el — I/Qdo—f u'/? du, whereu = ¢’ — 1,
T oy 3o
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e 8
59. fl %(1+7lnx)’1/3dx:%fl u’1/3du,whereu:1+7lnx,du:%dx,x:1 > u=1,x=e => u=238

= 3 )} = (0 1) = () G- D =

e? e? 2
60. . x\/lln—xdx:f (lnx)’l/Q%dx:flu’l/Qdu,whereuzlnx,du:%dx;x:e = u=1lx=¢ = u=2

=2 [u?)? 2(&—1):2&—2

61.

—

v P 3 In4
I“ni%l)]dvffl [In(v+ DJ? T dv:fl‘nzu2du,whereu:ln(v+1),du:ﬁdv;

v=1=u=In2,v=3 = u=In4;
— L)t = L [n4)* — (n2)% = 1[2In2)} — (In2)}] = W22 8 — 1) = I (In 2}

4 4 4In4
62 [ (1+mothydi= [ ¢nod +hod=

In2

udu, whereu =tlnt, du = ((t) (%) + (In t)(l)) dt

=l+4+ht)d;t=2 = u=2mn2,t=4

= u=41In4
=L = 1@ 42 - 2In2)% = L [81In2)?2 — 21n2)% = 12 (16 — 1) = 30 (In 2)2

D=

8 In8
63. [ mlag— 1 [Tano)(3)ab= & [ udu, whereu=Inf,du=1d0,0=1 = u=0,0=8 = u=Ing
[

(In8)2 — 0% = 2% _ 9mn2

7w U0 = Wie Finz 4
64. f,e W(w:fl 8(125)(%“9) d9_8f (In6) (3) d@szoludu,whereuzlnﬁ, du = § do;
f=1=u=0,0=e = u=1
=4[y =4(12 - 0%
3/4
65 [ =3 [ ot =3 [ L du whereu = 2x, du = 2 dx;
x=-2=u=-3x=2=u=13
. 1 run3/2 . L _ i h
=3 [sin! (3)] %}, =3[sin (§) —sin” (- )] =3[~ (- D] =3(5) ==
66 fl/S td —Gfl/s > d —6fl L__ du, where u = 5x, du = 5 dx;
A e =35 ) ey ¥ =3) 7z du. whereu = 5x, du =5 dx;
1 1
X=—§=>u=—l,x:§:>u:1
=$[sint (§)] =8 [sint (3) —sint (- )] =[5 -(-8)]=2(5) =%
67.f24+3t2dt*\/_f7 > dt = \/_f2f22+u2duWhereu_ftdu_fdt
t=-2 = u=-2\3,t=2 = u=23

= V3 [han (§)]70 = 2 [an! (V3) —nt (-V3)] = 4
5. Justw = L = [ o ()] s = o (on Vet ) = G5 () = o

1 _ 2 _ 1 _ —
69. fy\/ﬁdyffWdyffmdu,whereuf2yandduf2dy

=sec”!|ul +C =sec™! |2y|+C
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452  Chapter 7 Transcendental Functions

70, [ 2dy=24 [ —rdy=24(}sec ! [§]) +C=6sec! [§[ +C

—

2/3 2/3
T s \/9y - f V33 Byl \/<3y>2 dy = f \f\u\\/_u — du, where u = 3y, du = 3 dy;

y:Tz :>u:\/§,y:% = u=2

:[sec‘lu]z\ﬁ: {sec 12 —sec™! \/_} I-z=1=
~V6/+/5 ~V6/V/5 —V6
72. 1 dy= V5 dy=["— 1 qu
S =L Ve (Vay) - (v3)’ L. e (v3)
whereu:\/gy,du:\/gdy;y:—% = u:—2,y:—£ = u:—\/g
-V6
_ 1 — | - -1 2 _ =1 (x T\ _ —1 [3m 27r_77r_7\/§7T
=gt ] L =Rl Vaee K= A G- = A BBl =Gn =%
1 _ 1 _ 1 _ 1 _
73. f V—2x — x2 dx = f\/lf(x2+2x+1) dx = f\/l—(x+1)2 dx = f\/l—u2 du, where u = x + 1 and
du = dx
=sintu4+C=sin"'(x+1)+C
M [ —dx= [ k= [ — 1 dx= [ —du
V—xItdx—1 V3— (X —4x+4) W \/72
—(x—2)2 (ﬁ) —u?
where u = x — 2 and du = dx
_ an—l(_u —oain—1 [ x=2
= sin ( 3)JrC—sm (\/5)+C
1
2 _
75. fz vZ4H4v+Ss dv_2f2 T+(V2+4av+4) v—+4v+4 Zfz 1+(v+2>2 dv=2 0 1+u2 du,
whereu=v+2,du=dv;v=-2 =2 u=0,v=—-1 = u=1
—2[tan'u], =2 (tan"! 1 — tan~1 0) =2 (2-0)=1%
1 3 3 1 1 3 1 1 3 3/2 1
6 [ eime=i Loy =il (e Loy ()
Whereuzv+%,du:dv;v:71 = u:f%,v:l = u:%
3/2
_ 3 2 — 2 _ \/g — — 1 _ \/§ T T _ \/§ 27 Ty _ V3 7«
—z[ﬁtan 1(7‘%)}71/2—7[&‘“ V3 —tan 1(_%)} =5 E-C=5F+35=%"3
_
=7
1 _ 1 _ 1 _ 1
7 f (t+ 1DV +2t—8 dt_f t+1D)y/(@+2t+1)-9 dt_f (t+DV/(t+1)2 -3 dt_fu\/u2—32 du
where u =t + 1 and du = dt
=1lsec! [+ C=1sec”! [H]+C
1 _ 1 _ 1 1 1
78. f (Bt+ 1)/9¢2 + 6t dt = f(3l+l)\/(9t2+6t+l)—l dt = f (Bt+1)/3t+1)2 — 12 dt = 3 f uu? —1 du

where u = 3t + 1 and du = 3 dt

=1sec! ul +C=Lsec™ Bt+1|+C

[

79. 3 =21 = In3¥ =2 = yn3)=(y+1)In2 = (In3—-In2)y=h2 = (ln%)y:an = y=

In
In (

rolw

)
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Chapter 7 Practice Exercises

47 =32 =47 =n3"?= —ylnd=(y+2)In3=-2In3=(In3+In4)y= (In12)y=—21In
_ In9
Y= Thi

2

S = Ine¥ =In (%2) = 2y(lne) =1n (%) =y

9% =x = =5

In3Inx) __
In3 -

In 3+ In (In x)
In3

3¥=3Inx = In3¥=InBIlnx) = yln3=In@Blnx) = y=

In(y— 1D =x+Iny =0 =elthy) —etely =y | =ye¥=y-—ye¥=1=y(l-e")=1=y

x/2

In(10lny) =In5x = 0y — e — J0lny =5x = Iny=35 = ey =¢2 = y=e

a—1

2 a 2
lim *E3=d — |jm 253 =5 86. lim %=1 = lim & =2
x—1 x—1 x—1 Xx—1 X1 7 x5 bt b
- tanx __ tanw __ . tanx __ 13 sec?x 1 _ 1
xlgnw x T or 0 88. Xlgn() X +sin x _xlgn() l4+cosx — 141~ 2
: sin?x . 1: 2sin X-cosX __ s sin(2x) s 2c0s(2x) 2
XIE,nO tan(x?) — Xlgno 2x sec?(x?) Xlgno 2x sec?(x?) Xlgno 2x (2sec?(x?)tan(x2)-2x) + 2sec?(x?) — 0+2-1 — 1
. sin(mx) __ 1. mcos(mx) _ m
Xh_r,no sin(nx) Xlgno ncos(nx) ~ n
. . 5(3x) . —3sin(3x) 3
lim sec(7x)cos(3x) = lim Cos(3X) i A =3
X = 1/9- ( ) ( ) X — 71/2" cos(7x) X — 7/2" —7sin(7x) 7
lim /xsecx= lim \/; =0=9
X — 0F X — 0F COS X 1
lim (cscx —cotx) = lim 1=¢%X — Jjm six -0
X — 0 X — 0 sin x X — (0 COsX 1
. . —x2 . . .
lim (4 - %)= lim (1 4X):llm 1-x*)-L=1lm (1-x*)=1lim L =1-00=o00
x—0 X X x — 0 X X — X X — x—0 X

VX x4+ VX —x

VX x+1+Vx2—x

Jim <\/x2—|—x—|—1—\/x2—x)

= lim i+l
X—=00 /xX24+x+1+Vx2—x

Notice that x = v/x2 for x > 0 so this is equivalent to

Jim (\/x2—|—x+1—\/x2—x)

2x+1 94+ 1
= lim ———=2—F— = lim x - _2 _1
X — 00 /’(QJ:(—;H+/><2X_EX X — 00 \/1_‘_%_,'_)(17_’_\/1_% \/TJr\/T
lim (g - i) = lim SEEU SO iy 20 i 00— i 2
x—=o00 \xX)-1 x2+1) 7 x50 X -1)(x2+1) x =00 xXI-17 x5S0 4 7 xS0 12¢2
T 12 1 1 _
x1l>moc 24x x1l>moo 2x O
The limit leads to the indeterminate form g: lim0 -1 —  |im (I“I]& =In10
X — X —
s : : 0. 1 -1 _ 1 (In3)3
The limit leads to the indeterminate form ik ehmo = = ghm =~ =In3
— —
The limit leads to the indeterminate form 2: lim0 =1 = lim0 M =1In2
X — X —
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454  Chapter 7 Transcendental Functions

100. The limit leads to the indeterminate form 3: lim 251 = lim 2020 — _1pp
x—0 ¢~ X — 0 e
101. The limit leads to the indeterminate form g: lim 5’_57“151" = hm Sf‘fi‘ = lim_ 3%%x _35
x>0 X -0 © X — 0 e
. . . . . H 2 . 2 2 3 2 . 2 2 B 2
102. The limit leads to the indeterminate form J: lim XS0X — iy ZCCOSXAGNX _ iy  2CCoSX fsinx
X — 0 tan’x X — 0 3tanZx sec2x X — 0 3tan*x + 3tan’x
_ 1 6xcosx> —4x3sinx? _ __ 6xcosx? —4x>sinx? (6 — 8x*)cos x> — 24x? sin x* 6
- Xll_I)l’lo 12tan3x sec2x + 6tan x sec2x Xll_l’)llo 12tan3x + 18tan3x + 6tanx Xlgllo 60tan?x sec2x + 54tan?x sec2x + 6sec’x 6 1
2
.. . . . _ . 1- 2
103. The limit leads to the indeterminate form 3:  lim A0 — iy (=) =—00
+ t + 2t
t—0 t—0
2 . o .
104. The limit leads to the indeterminate form - lim4 % = hm4 w
X — ° X —
. in (2 . 2 2
= lim —’T:xli(_’r]x ) — Jjm  2reos@m) _ Cefsi ™ — 272
x—4 x—4
105. The limit leads to the indeterminate form g lim ( e% — %) = lim (elt’l) = lim %‘ =1
t— 0t t— 0t t— 0t
.. . . . . -1
106. The limit leads to the indeterminate form 2: lim e !/¥ In y= lim ln—,l = lim —L—
00" Ty + —ey 1072
y —0*F y—0 y—0

= lm (=) =0
y—>0+ ey

107. Letf(x) = (& +})mx = Inf(x) = InxIn () = Jim Inf(x) = lim _ InxIn (£11); this is limit is currently of

the form O - oco. Before we put in one of the indeterminate forms, we rewrite 2 e “ = % = coth( ) the limit is
. . In coth (2 . . . . In coth(2
lim  InxIn coth(ﬁ) = lim M the limit leads to the indeterminate form 2: lim M
X = 00 2 X = 00 hx 0" x—="00 e

Inx

o . colh(%) T x(lnx)z _ . x(In x)2 T 2x(In x)(%) + (In x)2
- x1l>moc - - x1l>moo (2sinh(§) cosh(3) ) — x1l>moo sinhx | = x1l>moo coshx

lim (ZIH);(;S:X)Z): lim (2(i)+'2(1m<)(i)): lim  (2£20%) = i ( L )

X = 00 sinh x x sinh x

X — 00 X — 00 X = 00 x cosh x + sinh x
o 2 _ : e1ynx o Inflx) _ 20 _
- x1l>moc (choshx+xsinhx) =0 = Xll,moc (ex_l) - x1i>moo € =e' =1

108. Letf(x) = (1+3)" = Infx) =xIn(1+3) = 111%+ Infx) = lim 203D the limit leads to the
X —

x — 0" x!
()
. . . — . X . e
indeterminate form 2: lim 3/ — [|jm X ;=0 = lim (1+§) = lim e"™ =¢l =1
© x —0F -* x — 0t X+ x — 0F X X —0
n x
Comx o (B3) n3 _ I3
109. (a) XlgmOo Togs x —XILmOO (}"_X) —X1Lm00 s = 5 = same rate
n 3

. X _ . x2 . : 2_X — 1 —

(b) XlgmOQ x+(l) —xlgnOO oy —XILmC>O o —xlgnOO 1 =1 = same rate
X
© _tim 98— Jim 2 fim € — oo = faster
X =00 xe* X — 00 100x — x =00 100

. <

(d) xllﬁmOo ooty = 00 = faster
(=)

. 1 . sin~! (x~! . —(x= .

() _lim ©=* = [im 00 — fim YV iy 1 =1 = same rate
X — 00 (%) X = 00 X X — 00 —X x=oo [ (1
2
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li silhx 5 (e*—e™) li 1—e* _ 1
) _lim — = _lim = im = = = same rate
X =00 € X — 00 2e T X= 00 2 2

110. (a) lim_ 3= = lim_ (3)"=0 = slower

X =00 27X X = 00 3
. ln2x_ . 1n2+lnx_ In2 1y 1
(b) x1i>moo In x2 X 1l>moo 2 (In x) X 1—)rrloo (2 Inx + 2) 2 = same rate
. 34 0y2 .
(¢) lim 108428 iy 30X Ay 60H iy 80— 0 = glower
X — 00 e X — 00 e X—00 € X =500 €
-2
. tan~! (1 . 11 ) =2 )
(d _lim (") = lim @ &) — iy w = lim —+ =1 = same rate
X = 00 (l) X — 00 X X —o00 —X X =00 1+
N 2
x—2
; sin”! (1;) ; sin”' (x71) ; ( 1*(*’1)2) : X
(e) _lim = _lim —~— = _lim  ~— 5% = _lim =00 = faster
X = 00 (L{)) X = 00 X X = 00 —2x x =00 2. /1-1
X< X
. sechx _ 13 (eere—x) 1 2 I 2 —
® xll>moo e T xll>moo ex xlgmoo e X (eX+eX) T lemoo (1+e’2") =2 = samerate

111. (a) ( - ) =143 = < 2 for x sufficiently large = true
1 1
(2td) _ PR
(b) ( : =x" 4 1 > M for any positive integer M whenever x > VM = false
i
(©) XliﬁmOo X+X1nx = xlgmOo 1+§ =1 = the same growth rate = false
[
(d  lim lnlﬂnxx) = lim_ o= Jim L =0 = growsslower = true

(e) @ < Zforallx = true
() <X =1(Q4e)<iA+1D)=1ifx>0 = true

€

112. (a) <1+1) = QH <1lifx>0 = true
)
(b) lemm(LiL> = lim (#35) =0 = true
2Td
1
(©)  lim x“:‘l = Jim_ Q =0 = true
(d) B2 =02 4] <1+1=2ifx 2 = true
(e) —S“;lx =2 < 1< ) < G) _ Zifx>1 = true

ST
© 2 (1me) < bifx>0 + e

3. E=e 1 = (4 =i = (%) = — =y =1
dx dx x—f(In2) (gl)x N, dx X=f(In2) (4 1), 12 2+1 3

4 y=fx) = y=1+; = (=y-1 = x=1 = f‘l(x)zﬁ;f_l(f(x)):ﬁ%:é:xand
fE X)) =14+t~ =14x—1)=x; 4’ = -1 = L = x%
( ()) (xil) ( ) dx ) (x—1)? ) [(1+%)71]2
fo=-% = %] =

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Addiso%s&éded By Osaid ZyOUd



456  Chapter 7 Transcendental Functions

115. y—xln2x—x:>y—x( L) +1n(2x) — 1 =1n2x; y
solvingy’ =0 = x = §;y > 0 forx > iandy < 0 for 0'10_2 04 06 08 1 12
x < 1 = relative minimum of — Jatx = 1;f(%) = -1 _0.:’ (lex 0)
andf ($) =0 = absolute minimum is — § atx = 1 and £
0.2
the absolute maximum is 0 at x =
0.3
04 y=xln2x-x
05
(0.5, -0.5)
— _ I _ _ 1 y
116. y=10x2 —Inx) = vy 102 — In x) IOX(X) (e, 106)
=20—10Inx — 10 = 10(1 — In x); solvingy’ =0 25
= x=¢;y <0forx >eandy’ >0forx <e 20 y=10x(2—In x)
= relative maximum at x = e of 10e; y 0 on (0, €?] and 15
y (e )* 10e’(2 —21lne) = 0 = absolute minimum is 0 10
at x = e and the absolute maximum is 10e at x = e :
0 2 .} 13 X
-5 (e » 0)
117. A= f lnx dx—f 2udu=[u ]0—1 whereu =Inxanddu=ldx;x=1 = u=0,x=¢ = u=1

20 2
18. @) A= [ ldx=[nlx \ﬁg:lnzo—lnlo:ln@:lnz andAy = [ ldx=[n[x]?=I2~In1=1n2

0 X
kb
) Ar= [ Ldx=[n[x|] =Inkb—Inka=In2 =In®=Inb—Inaand A, = [ Ldx=[in[x]’ =Inb—Ina
_ dy _ 1.dy _ dyd d 1 _ 1 d 1
9. y=hnx = g=09=ag% = a=0G)Vx=7 = &, =cmbsec
—x/3 dy _ —x/3. dx (dy/dt) dx (7 %)ngy -3
120}’:98 é& —3e ’dt_(dy/dx):a:T;X29:>y:96

ngf( %( '}) e_3:%\/gx/ei"—IQSft/sec
3

121, A=xy=xe™ = L =™ 4 x)(-2x) e =e (1 -2x%). Solving 2 =0 = 1 -2x>=0

1 dA i 1 e-1/2 1
= x—\/—,d < Oforx > \/—and >0f0r0<x<ﬁ = absolutemax1mumofﬁe \/—

dt

—1/2

= % units long by y = e = W units high.

122. A—xy—x(l ):l“—x = @:i—m—x——l_xl;”‘. Solving‘é—‘i:O = 1—-Inx=0 = x=c¢;

X dx x2 x2

a < Oforx > eand % > (0 for x < e = absolute maximum of “‘Te = % atx = e units longand y = é units high.

=y =-3x22-Inx) - 1x??=x%2(3nx-2); I A
0.5
solvingy’ =0 =1Inx =2 = x=¢e%y’ <0forx > e’ and Fg T

andy’ > 0forx < e? = amaximumof 2;y” =0

8/3. the curve is concave down on -15

8/3
)

=Inx = % =Xx=e
(0,€%?) and concave up on (e®/3, 00); so there is an

inflection point at (e®/3, %)
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(b) y= e ™ = y' = —2xe X = y" = —2e X +4x2%e %
= (4x2 —2)e;s0lvingy’ =0 = x = 0; y’ < 0 for
x>0andy’ > 0forx <0 = amaximum atx = 0 of

e’ = 1; there are points of inflection at x = + \}— the

curve is concave down for — \[ <X < f and concave

up otherwise.

© y=(+x)e* =y =e*—(1+x)e*=—xe*
=y ' =—e*+xe*=x-—1)e*;solvingy’ =0
= —xe*=0=x=0;y <0forx >0andy’ >0 e
for x < 0 = amaximumatx = 0 of (1 + 0)e’ = I; ’
there is a point of inflection at x = 1 and the curve is

concave up for x > 1 and concave down for x < 1.

y=xlnx = y'=Inx+x (%) =Inx+ I;solvingy’ =0 Y
=Inx+1=0 = Inx=-1=x=e¢t;y' >0for

-1 / 1 .. 1 1 8 fx)=xlnx
x>e andy’ < Oforx <e ™ = aminimumofe " Ine

= — % at x = e~!. This minimum is an absolute minimum 6
since y” = 1 is positive for all x > 0. 4
2

&= yeostfy = ol —dx = 2tany/y =x + C =y = (tan! (*59))°

2

y' =20l o bollgy = 3(x+ 1)%dx =y —Iny = (x + 1)’ +C

yy’ = sec(y?)sec’x = L = sec’x dx = * () = tan x + C = sin(y?) = 2tan x + C;

sec( 2y —

NI‘%
|

ycos?(x)dy +sinxdx =0 = ydy = — s"";dx +Cy

cos?

_cosl(x) +C:>y: +

cos(x)

Y = e 2 o e¥dy = e (H2dx = e¥ = —e (**2) 4 C. We have y(0) = —2,s0e > = —e 2+ C = C = 2¢ 2 and

e = —e (D 422 = y = In(—e~ 2 4 2¢72)

tan~! (0)+C

an~ ! (x)+C
Y= yny o y‘fr};y =& = hn(ny) =tan'(x) + C=>y = Y We have y(0) = ¢? = ¢ = ¢

tan~! (x)+In 2

= € =2 = tan ' (0) +C=2=0+C=In2=C=In2=y=c¢"

xdy — (y+,/y)dx=0= y+f) & = 2In(,/y+1) =1nx+c.Wehavey(1):1:»21n(\ﬂ+1) =Inl1+C
=2In2=C=1In2>=1n4.S02In(\/y +1) =Inx+In4 =In(4x) = In(\/y + 1) = }In(4x) = In(4x)"?

= en(V¥H) = (@)™ Vyt1= 2(/x=>y=(2/x— 1)2

—2dx _ _e Xyl d P - _ W _ 0 .0 _ 1
y ﬁ_ezle:}eex dx—y—,y2=>y7—ex—eX+C.Wehavey(0)_1:>T—e —e+C=C=3

So}g:e"fe’x+%$y3:3(exfe”‘)+1éy:[3(e"fe”‘)+l]1/3
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458  Chapter 7 Transcendental Functions

133. Since the half life is 5700 years and A(t) = Age* we have % = Age”"* = % =e’% = In(0.5) = 5700k

= k= 12(7%‘3) With 10% of the original carbon-14 remaining we have 0.1A = Age’smt = 0.1 = e ¢

= In(0.1) = 11;_;(())3)t = t= % ~ 18,935 years (rounded to the nearest year).

134, T—T, = (T, - T)e™ = 180 — 40 = (220 — 40) e™*/*, time in hours, = k = —41n (}) =41In (3) = 70 — 40

= (220 — 40) e *nOMNt = = 411;‘(6 7~ 1.78 hr =~ 107 min, the total time => the time it took to cool from 180° F to

70° F was 107 — 15 = 92 min

|

135. =m—cot™! (&) —cot ! (3 - %),0<x<50 = %= Eso) n (-%)

=30 [602”2 — 302“%0_)02} solving 9 — 0 = x2—-200x +3200=0 = x = 100 & 20+/17, but
100 + 20+/17 is not in the domain; ¥ x>0 for x < 20 (5 — 4/ 17) and g—z < 0 for 20 (5 — 4/ 17) <x <50

= x=20 (5 — 4/ 17) ~ 17.54 m maximizes 0

136. v=x*In({)=x>(nl1-Inx)=—x*Inx = §=-2xInx—x* (1) = —x2Inx+ 1); solving § =0
= 2hx+1=0 = lnx——% = x=e ' g d" <0forx>e"/2and ¥ >0forx <e'” = arelative
max1mumatx:eVz;%zxandr:l = h=¢e!? f\/_~1.650m

CHAPTER 7 ADDITIONAL AND ADVANCED EXERCISES

Ix]p = , Jim (sin™tb —sin~10) = lim (sin!'b—0)= lim sin'b=712

- — 17 b— 1~ 2

L. blimrfmdx— 11m [sin~

2. lim f tan~ltdt = Jim f[an L (% form)

X — 00 X

— hm tan— x:
X — 00

B

3. y= (Cos \/;)l/x = Iny = 1 In (cos \/§) and lim Incos %) _ lim _sinVX_ 1 lim tan y/x

x — 0* X x o 0F 2V/xeosx T2 Thge VX
1 1 2
— 1 gy pselVx g VS i L
—od i By (o e
_ X\ 2/x _ 2In(x+eY) . T 2(1+¢€*) _ Qe 2e*
4 y=@x+e)" = hhy="—— = lim hy= lim ="+ = lim 5= lm =2

= Jdim (x+e)” = lim e =

+...+ ()

S lemoo (ﬁ+ n41r2 +.. Jr%) :Xllmoo ((111) [1+1(i)‘| + (%) [1+;(i)

which can be interpreted as a Riemann sum with partitioning Ax = % = lim ( L+ L+ + 2—111)

1
= dx = [In(1 +x)]; =In2

01+

6. lim Ll +e+. .. +el= lim_ [(;)e"” + (5) e +... + (3)e" /] which can be interpreted as a

X — 00

1
. . oy . _ 1 . 1 1/n 2/n _ f X _ x11 _
Riemann sum with partitioning Ax = - = lim_ ;[e""+e/"+... +ef= | e*dx=[e"];=e—1
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7. A0 = [ erdx =[] =1 -, V(t)—wf e dx=[-Te>] = I(1—e)

t
0
(@ lim A= lim (1—¢e")=
t— 00 t— o0
i YO _ g =™ _ &
(b) lim 7@ = lim S =3
. VO _ 1 T(l—e?) T(l—eY)(I4e") T L
@ Jim =t = i S = i 5 (e =
8. (a) alirr(lﬁ log.‘l2_alir%+ e =0 (b) ,
al—lﬂ’ 10ga27all>n}’ Ina o0 or y=log,2
. _ . In2 _ . 20
alfr}+ 1Og"‘27alin}+ i~ %% 10F \
. . In2 L . , a
Jim log, 2= lim e = N
_20_
-30}

e e 27 € e e
9. Alzj: 210ngde:L lmedX: [(lnx):| 1 AQ:L 2logx g0 2 lh‘—xdx
1

In2 In2

_ [anx?]® _ 1 AL
- {21n2:|l_21n2 = A1iAy =211

X

1
10y =anxran (1) = = o <( i>> y
72 y=T
= 1+1x— o 1+1xz =0 = tan"!x +tan™ (l) isa y:um—lx_'_la:,][L)

1 L >y

constant and the constant is Z for x > 0; itis — Z for

2

x < O since tan~' x + tan~! (1) is odd. Next the
lim [tan"'x+tan~! (})] =0+2 =12

X —

and iy (tan ) x+an! (1) =0+ () =~ §

2

1. Inx®) =x*Inxand In (x*)* = xInx* = x> Inx; then, x** Inx = x> Inx = (x** —=x*)lnx=0= x* =x? orlnx = 0.

Inx=0=x=1; x*=x>= xIlnx=2Inx= x = 2. Therefore, xX*") = (x*)" whenx =2 or x = 1.

12. In the interval m < x < 27 the function sin x < 0

= (sin x)*"* is not defined for all values in that - sinx
()= (sin x)

interval or its translation by 2.

0.6 L

13. f(x) = e2® = f'(x) = et™ g/(x), where g'(x) = e = fe=¢ (1+2|6) =2

1
14. (a) & =2 .0 =2 (b) f(O)ZfI%dtzo
© £=2x = fx)=x*+C;f(0)=0 = C=0 = f(x) =x* = the graph of f(x) is a parabola

15. (@) gx)+hx)=0 = g(x)=—h(x);alsog(x) +h(x) =0 = g(—x)+h(—x) =0 = gx)—hx)=0
= g(x) = h(x); therefore —h(x) =h(x) = h(x) =0 = g(x) =0
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17.

18.

19.

20.

Chapter 7 Transcendental Functions

e (x) + fo(x) + fe(x) — fo(x)

(b) f(x) +2f(—X) — [fE(X) + fo(x)] + [;E(*X) + fo(=x)] — s — fE(X)»
f(x) — f(=x) _ [fe(x) + fo(x)] = [fe(—x) + fo(—x)] _ fe(x) + fo(x) — fo(x) + fo(x) __ f
2 - 2 - 2 - O(X)

(c) Partb = such a decomposition is unique.

@ g0+0) = £OTEE = [1 —2%(0)]g(0) = 2g(0) = g(0) - £°(0) = 2g(0) = £°(0) +2(0) =0
= g0)[g°0)+1]=0 = g0)=0

b) o (x) = Ii grth —g®) _ [lggz;)géx)] LN Ii g0 + g(h) — g(x) + () g(h)

® gt =, lim; b T h i h[1— 200 2(h)]

— lim [%‘”] [%} =1-[1+2®)] =1+ g2® = 1 + [gx)]

h—0
© F=1+y* = liyyqzdx:tan y=x+C = tan"!(gx)) =x+C;2(0) =0 = tan"'0=0+C
:>C:O:>tan1(g(x)):x:>g(x):tanx
M — ! d 1 g _ 1 - M,
= 01+X2 x=2tan"'x]; = § and M, = 01+X2dx_[ln(l Nyg=h2 = 3x=3
= 1(“1§ 1“4 ; ¥ = 0 by symmetry
4 1 2 [t 4 i 1 s s 4
@ V=r [ (55) ax=5 [ Lax=Fm x|} =F(nd4-ni)=FMn16=Fm2)=rn2

) M, =[x () dx=4 [ xa=[1x]], = (8- 4) =% = &
()

4
Mx:f““% 2y (2\1/;)(1)(:1]:/4>1<dx_[ In [x |]1/4 gin16=51n2;
4 4
M:Lfl/“\l/;dx:‘fl/éx—l/?dx— [x 1/2]1/4 2—5:%;theref0re,i:%:(%) (3)=2 =Iand
s=Y=(iny ()=

(a) L =k(2=heott 4 beeb) — dL— (—bcﬁﬁz‘g - ; solving §5 =0
= 1lbesc?0 — bR escfcot § =0 = (besc ) (r! csc § — R* cot §) = 0; but b csc § # 0 since

0#% = rfescd —Ricot§ =0 = cosf = ];—44 = 0 =cos™? (%),thecriticalvalueof&

besc f cot §
)

(b) §=cos™ (2)" ~ cos™! (0.48225) ~ 61°

In order to maximize the amount of sunlight, we need to maximize the angle 6 formed by extending the two red line
segments to their vertex. The angle between the two lines is given by § = 7 — (6 + (7 — 62)). From trig we have

tanf; = ;222 = 6; = tan" ' (;22% ) and tan (1 — 65) = 22 = (7 — 65) = tan~' (22)
= 0=7m— (0 + (7 —0)) =7 —tan~' (2>) — tan~ (2%0)
dg __ 1 350 1 200\ __ —350 200
== T (EN)? T @0—x)7 14 () (%) = @50 —x) + 122500 T X2+ 40000
— —350 200 _ 2 _ 2
Y= 0= o e = 0= 200( (450 — x)? + 122500) = 350(x* + 40000)
= 3x? + 3600x — 1020000 = 0 = x = —600 % 100+/70. Since x > 0, consider only x = —600 + 100+/70.

d€
100 3500 >0 and

x = —600 4 100+/70 ~ 236.67 ft.

Using the first derivative test = % < 0 = local max when

’dx

=400
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CHAPTER 8 TECHNIQUES OF INTEGRATION

8.1 INTEGRATION BY PARTS

1. u:x,du:dx;dV:singdx,v:—2005%;

fXSin%dXzfz)(COS%*f(*ZCOS %) dx:72xcos(%)+4sin(%) +C

2. u=0,du=df;dv=cosnbdf,v=1sinnb;
f@cowr@dﬁzgsinﬂH—f}T sin 70 d§ = £ sin 76 + % cos 70 4+ C

3. cost

, () .
{2 ———  sint

2t =——— —cost
2 i» —sin t
0 ft2costdt:t2sint+2tcost—25int+C
4, sin X
, (+)

X mm—)  —COS X
DX ——)  —SI0 X

2 =—)  COS X

0 fx2sinxdx:—x2005x+2xsinx—|—2cosx+C

b

5. u=lnx,du=&;dv=xdx,v=1%;
X

2 2 2, 2
Jixmxax=[$mx] =[5 & =2m2- 5] =2m2-F=m4-

7. u=x,du=dx;dv =¢e*dx, v=2¢*;

fxe"dx:xe" — fe"dx:xe" —e*+C

8. u=x,du=dx;dv=e¥dx,v=1e¥;

fxe3"dx =¥ — %feb‘dx =Ze™ — 1™+ C
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462  Chapter 8 Techniques of Integration

_|_
NI

0 fx2e_xdx_—X2e_"—2xe‘x—2e‘x+c
10. er

_l’_
x2—2x+1 L» le™
2X—2 (;)Q iezx
+
2 (_)’éeZX
0 f(xz _2X—|—1)62X dx = %(XQ—ZX-F 1)62)( %(zx_z)eh_'_ %eZX_,r_C
= (3¥* = 3x+3)e +C

1. u=tan"'y, du= %yyz;dv:dy,VZY;

Jrnydy=ytny— [ 2% —yanty-Lhn(1+y)+C=yuanly—In\/T+y?+C

12. u=sin"ly,du = \/ldi—yz;dv:dy,V:y;

fsinflydy:ysinfly—f yl‘iyyz =ysinly+/1—-y2+C

13. u =x, du = dx; dv = sec? x dx, v = tan x;

fxsecQde:xtanx—ftande:xtanx—Hn |cos x| + C

14. f4xsec22xdx;[y:2x] — fysechdy:ytany—ftanydy:ytany—ln\secy|+C
= 2x tan 2x — In |sec 2x| + C

15. e

s (0

X} — e

3x2i» e
(+)

0 [ xPer dx = xPer — 3x2er 4 6x¢" — 66" + C = (x* — 3 + 6x — 6) & + C
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12p? =——— —¢F

0 f pe? dp = —ple® —dple® — 12p%e® — 24pe® — 24e? + C
= (—p* —4p® —12p> —24p —24)e? +C

17. e*

_l’_
x? — 5x L»e*

2X — 5 — et

(+)

0 f(x2 —5x)e*dx = (x? — 5x)e* — (2x — 5)e* + 2e* + C = x%e* — Txe* + 7e* + C
=x*2-7x+7)e+C

18. e
) (+)

r‘+r4+ 1 =——— '

2r+1 —) "

0 f(r2+r+1)e’dr:(r2+r+1)e'7(2r+1)e‘+2€’+C
=[FP4+r+1)—Qr+DH+2le+C=(*-r+2)e+C

(-)

5%t ——— e

(+)

20%x% ——— ¢*
60x2 ) e*
(+)

120X  ———m— c*

0 — e

0 fx5ex dx = x%e* — 5x%e* + 20x3e* — 60x2e* + 120xe* — 120e* + C
= (x® — 5x* +20x3 — 60x2 + 120x — 120) e* + C
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20. e
t2 (+) N iem
2t (_) 1 L4t
— 16 €
+
,
0 ft2e4‘dt:%e‘“—ﬁe“‘—i—me‘“—i—c tZ §e4l+%e4l+c

21. I:fe"sin@d@; [u:sin@,du:cos@dﬁ;dv:e"dﬂ,v:e”]éI:e"siné’ffe"cosﬁdH;
[u=cosf,du=—sinfdf;dv=e’df,v=e’] = I=¢"sinf — (e"cos@—l—fe"sin@d@)

=e¢'sinf —e’cos —1+C = 2I=(e'sinf —e’cos ) +C' = I=4 (e’ sinf — ¢’ cos ) + C, where C = §

another arbitrary constant

22. 1= fe’y cosydy; [u=cosy,du=—sinydy;dv=e?dy,v=—e?]
= I=—-eYcosy— f ¥)(—siny) dy = —e Y cosy — feysmydy [u=siny, du = cosy dy;
dv=e?vdy,v=—¢?] = I=—-eYcosy— (—e’y siny — f(—ey) cos'y dy) =—eYcosy+eVsiny—I+C

= 2l=e7(siny—cosy)+C = I= (e Ysiny —e ¥ cosy) + C, where C = 7 is another arbitrary constant

23. 1= f e® cos 3x dx; [u = cos 3x; du = —3 sin 3x dx, dv = e* dx; v = § e*]
= 1= %ezx cos 3x + % fez" sin 3x dx; [u =sin 3x,du = 3 cos 3x,dv = e* dx; v = %ez"]

I+

= 1= %ezxcos3x—|—§ (%ez" sin3x—%fezxcos3xdx> = %ezxcos3x+3 * sin 3x

_9
4
= I 1 2*cos3x+3e2‘sm3x+C’ = —(3sm3x—|—2cos3x)—|—C whereC—%C

24. f 2 sin 2x dx; [y = 2x] — —fe’y sinydy =L [u=siny,du=cosydy;dv=e>dy,v=—e?
= I:§<—e’y siny—i—fe’y cosydy) [u=cosy,du=—siny;dv=e?dy,v=—e?]
= I:—%efysiny—i-%( e cosy— f —smy)dy) —Le(siny+cosy) —I1+C
= 21:—%e’y(siny+cosy)+C’ = I:—Ze’y(siny—kcosy)—l—C:—eTZX(sinZX—i—cost)—i—C,whereC:%

3s+9 =x>2
25. fC”SJ'QdS;[dSSt zxgx] — fe"-%xdx:%fxe*dx;[u:x,du:dx;dv:e"dx,v:e"];
=2 3

%fxe*dxz%(xe*—fexdx):%(xex—ex)+C:%(\/mem em)—l—C

26.u:xdu:dX'dV:\/l—xdxv:—%\/(l—x)3
[xv/T=xdx=[-2/T—0x] s+ 2 [ VTP de =2 [~ 20 -2 ) = &

27. u:x,du:dx;dv:tan2xdx,v:ftan2xdx:fSlnx fl‘“’”dx fcosz _fdx

cos? cos?
7/3 7 /3
= tanx—x;j; x tan? x dx = [X(tanx—x)]g/s — j; (tanx — x) dx = § (\/_— —) + [ln |cos x| + %2]
0

m s 712 V3 ’r
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28. uzln(x+x2),du:%;dv:dxw:x; fln(x+x2)dx:xln(x+x2)—j‘%.xdx

=xIn(x +x%) — %:xln(x+x2)—f%dx:xln(x+x2)—2x—|—1n|x+1|—|—C

u=Inx
29. [sin(lnx)dx; | du=1dx | — | (sinu)e* du. From Exercise 21, | (sinu)e® du = e* (Snu=cosu) 4 C
X 2
dx =e"du

= L [—xcos(Inx) + x sin(Inx)] + C

u=1Inz
30. fZ(an)ZdZ; du:%dz —>feu~u2-e“du:fezu~u2du;

dz=-¢€¢"du

eZu
_|_

u2 (_)’ %eZU
(_) 1 .2u
20— 7€
(+) 1 .2u
— o€

fHQeZudu:§62u_g plevrCc=9 20’ -2u+1]+C
=Z[2(nz)?-2mz+1]+C

31. fxsecx2 dx {Letu:x2,du:2xdx:> 1du :xdx] — fxse:cx2 dx = %fsecudu: Iln|secu + tanu| + C

= ln|sec x? + tanx?| + C

32. f%;dx {Letu: ﬁ,du: ﬁdxéZdu: ﬁdx] HI% dx :2fcosudu :2Sinu+C:25in\/§+C

u=Inx
33. fx(lnx)de; du:%dx — feu-u2-e“du:fezu-u2du;
dx =e"du
eZu
_|_
u2 (_)’ %eZU

Jr
, D
0 quez“du:%ez“—gez“—i—lez“—i—c %[ZU —2u+1]+C
=X 20nx? -2Inx+1]+C=%(nx)’ —XInx+ ¥ +C
34. [ i dx [Letu=Inx,du = Ldx| - =[faw=-Irc=-L+cC

35. UZII‘IX,du:%dX;dV:;—ZdX,VZ—l'

Jreac=ms fra ot

36. [ ax [Letu=Inx.du=Ltax] — [0 dx = [wdu = fut+C=fnx)*+C
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466  Chapter 8 Techniques of Integration

37. f)cze"4 dx [Letu =x* du=4x3dx = %du =x3 dx} — fx3e"4 dx = ife“ du = %e“ +C= %e’& +C
38. u=x3,du=3x2dx;dv = x2eX’ dx, v = %e"3 ;

3 3 3 3 3
e dx = [x3%eX x2dx = IxdeX — %fe" 3x%dx = 1x%e — 1e¥ 4+ C

39. u=x%du=2xdx;dv=+x2+ 1 xdx,v=1 (x —1-1)3/2
Je v iTa = e+ )" -4 [ ) = e+ )7 - e+ )7 4 C

40. fx2sinx3 dx [Letu =x3,du = 3x%dx = %du = x2 dx} — fxzsinx3 dx = %fsinu du = —%cosu—f—C
= —%cosx3—|—C

41. u = sin3x, du = 3cos 3xdx; dv = cos 2xdx, v = 1sin 2x ;
fsm 3xcos 2xdx = zsm 3xsin 2x — ifcos 3x sin 2x dx

u = cos 3x, du = —3sin 3xdx; dv = sin 2xdx, v = —icos 2X

fsin3x cos 2xdx = 1sin3xsin 2x — 3 [—%cos 3x cos 2x — %fsin3x cos 2x dx]

= %sin 3xsin 2X + %cos 3xcos 2x + %fsin 3xcos 2xdx = f%fsin 3xcos 2xdx = %Sin 3xsin 2X + %cos 3x cos 2x

= fsin3xcos 2xdx = —%sin3xsin 2X — %cos3xcos 2x +C

42. u = sin2x, du = 2cos 2x dx; dv = cos 4x dx, v = ysin 4x ;

fsin 2x cos 4xdx = %sin 2x sin 4x — %fcos 2x sin 4x dx

u = cos 2x, du = —2sin 2xdx; dv = sin 4xdx, v = —Zcos 4x

fsin 2x cos 4x dx = §sin2xsin4x — § {— 1cos2x cos 4x — 1 fsm 2x cos 4x dx]

= %sin 2x sin 4x + écos 2x cos 4x + %fsin 2x cos 4xdx = %fsin 2x cos 4xdx = %sin 2x sin 4x + %cos 2x cos 4x

= fsin 2xcos 4xdx = %sin 2x sin 4x + %cos 2xcos 4x + C

43. fexsine"dx [Letu:e",du:e"dx} —>fe"sine"dx :fsinudu = —cosu+ C = —cose*+C
eVt u _ u _ X
44, f—dx[Letuf\/_du— Lodv=2du= Jodx| - [Sode =2ferdu =20t 4 C=2eVr 4 C

y=/x
45. fcosﬁdx; dy:ﬁdx — fcosyZydy:nycosydy;
dx =2y dy
u=2y,du=2dy;dv=cosydy,v=siny;

f2ycosydy:2ysiny— f2sinydy: 2ysiny +2cosy + C = 2,/xsin \/E—I—ZCOS\/;—FC
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y=/x
46. f\/ge\/;dx; dyzzlﬁdx — fyey2ydy:f2yzeydy;
dx =2y dy
ey

+
2y2 L} ey

4y —

(+)
4 —
0 f2y2eydy:2y26y74yey+4ey+C:2xe\/;74 xeV* 4 4eV* 4 C
47. sin 26
(+)

92 —% cos 26

(—)

20 ——— —1sin26

(+)

2 ——— fcos20

/2 7T
0 fo 025in29d9:[—92—200520+gsin29+%00529}0

:[—%2-(—1)+§-0+i-(—1)]—[0+o+}¢-1]:%—§:”2;4

48. cos 2x
+
x3 L» 1 sin 2x
3x2 ) — 3 €08 2x
(+) L
OX —m— — g sin 2x
(-)

6 ——— & cos2x
3 Y 3x2 X o 3 /2
0 . X cos 2x dx = | % sin 2X + - cos 2x — 7 sin 2x — g €08 2X
0

_ = 32 3r 3 3 _ 323 _3¢4-m)
—{E'OJFE'(_U_?'O_E'(_D}_[0+0_0—§'1]—_W+Z—T

49. u=sec't,du = - ‘jjfl;dv:tdt,v:g;

f2 tsec ltdt = [ﬁ sec’lt}2 —f2 (ﬁ) dt (2-5—;-5)—1‘2 tdt

2/\V/3 2 2/v/3 2/V3\2) /-1 33 6 2/V3 2¢/12 -1
2

_ 5 1 5w 1 4 _sn 1 V3 _sr V3 _ 5133

—?—[5 tQ_I}Q/ﬁ_?_§<f_\/§_l)_7_5(\/5_7)_7_7_—9

50. u=sin"! (x?),du = 29 . dy = 2x dx, v = x%;

Vv 1—x%
e . 1/v/2 V2 . V2 (1 - xt
S axsint (62) dx o= [x2sint ()] V2 - [ 2 o (1) (2) 4 740

1/V2
_ =z / _ 3 _ m46y/3-12
—EJF[ 1*"4]0 —ﬁJr\ﬁ*l—T

51. (a) u=2x,du=dx;dv=sinxdx,v= —cCosX,

m m
Slzﬁ xsmxdx:[—xcosx]g—i—j;cosxdx:w—i—[smx]gzw
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2 2
(b) S, = —j: xsinx dx = — [[—x cos x]g7r + f_ CoS X dx} = —[-37 4+ [sin x]?f] =37

3T
(©) ngj;wxsinxdx:[—xcosx]2:+f cosxdx—SW—i—[smx] =57

(n+1)m
(d) Sn+1 = (71)n+lj:ﬂ+ X sin x dx — (71)n+l [[*X cos X]ﬂl;—%—l L [sin X]nl:—l)w]
= (— 1" [+ Dr(—= 1) + nm(— 1] + 0 = 2n + D

52. (a) u=x,du =dx;dv =cosxdx, v=sinx;

37/2 . 37)2 3n/2 3
S =— f x cos x dx = — |[x sin x].}) —f/2 sin x dx :—(__"__) [cosx]T/2 =2r

5m/2 . 5m/2 -
(b) S, = j; x cos X dx = [x sin x]iiﬁ - j; sinxdx = [ — (= )] — [cos XEZZ =4r

/2 /2 2 2
/2 /2 -
— _ : /2 . . (_ I _ 51\ _ )2
(c) S3= o XCOSX dx = [[x sin x];7) j;m sin x dx} =— (=% —3) —[cosx];; = 6m
d S | (2n+1)7/2 d Iy X (2n+1)7/2 N f(2n+l)7r/2 . d
(d) = (=1 noiym2 X cos x dx = (—1)" |[x sin b /2 sin x dx

— (1) {% (—1y — @o-r (—1)"71} [cos X&) = L 2n 4 7 + 27 — 7) = 207

In2

In2 In2
53. V= [ 2rn2-xe dx=2r2 [ e dx— 27 [ xe'dx

In2
= Qrin2)[e]" - 27 ([xqu"2 — [T dx>
=272 27 (2In2— []") = —27 In2 + 27 = 27(1 — In2)

54. (a) V= f27rxexdx27r< *] +fe dx)

=2 (=14 [-e]}) =2n (-1 L+ 1)
:2%—4?”

(b) V= f0127r(1 —x)e*dx;u=1-—x,du=—dx;dv =e>dx,
v=—e*; V=271 [[(1 —x) (—e™)]) — f;lefx dx]

. {[o— 1(—1)] + [e’x]é] —ar (1411 =2

e

/2 /2
55. (a) V= j; 27x cos x dx = 27 ([x sin x]g/2 - j; sin x dx)

=27 (5 +leosx]§/*) =27 (540~ 1) =(x —2)

/2
(b) szo 27 (5 —x) cos x dx;u = 7 — x, du = —dx; dv = cos x dx, v = sin X;

V:27r[( )smx] —|—27rfﬂ2smde—0—|—27r[ cosx] —27r(0—|—1):271'
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56. (a) V= j:27rx(x sin X) dx;
sin X

, (+)
X% =———  —COs X

(—)

2X =—)  —Sin X

(+)
2 =—— COosX
0 = V:ZWJZXQ sin x dx = 27 [—x? cos X + 2x sin X + 2 cos x| ; = 27 (72 — 4)

(b) V= j:27r(7r —x)x sinx dx = 2772f(:x sin x dx — 27 j: x? sin x dx = 272 [—x cos x + sin x]§ — (273 — 87)

=8n

57. (a) A:flelnxdx: [xlnx]e—fedx v

=(elne—1Inl) — [} =e—(e—1)=1

(b) V= fwlnx (l[x Inx) }?—flezlnxdx) ) y=Inx
:W_(e(lne —1(In1 2) ([ZXInX] —fdex)] /(

= :e - ((2elne —2(1)In1) - [2X] j>]

R —(2e—2))} — re—2)

© V= f27rx+2)1nxdx-27rf x+2) 1nxdx_27r<[ 2 4 2x) lnxK—ff(%x—i—Z)dx)
:2%((%e2—|—2e)lne—(%+2)1n1—[ —I—ZX] ) & 42¢) — (2 +20) = 9)) = 2(2 +9)

(@ M= ["Inxdx = 1 (from part (@)); X = ! [ xInxdx = [% lnx]l — [Tixdx = (%ezlne— %(1)21111) - [ixz]e

=t = (2= 1(1)°) = @+ 1y =1 [ 1 (nx)? ({ (Inx) } lenxdx> |

dx
:%<(e(1ne)2_1 (In1)’) - ([2X1nx} fzdx)> 2elne—2(1)1n1)—{2x]:))

=1e—2e+2—-2)=1(e-2)= (X,y) = (‘324“," 2) is the centroid.

1 1 1
58. (a) A:j;tan‘lxdx: [xtan‘lx] —j;ﬁdx y
0

1

Lk

= (tan~'1-0) -1 {m(l + xz)]O

)
|
e

27r

(b) V

(In2—In1) =2 — 1n2

T
4 4

1
2
27 xtan~! x dx —
1
[% o] - L )
! 1
! tan o__f (1—ﬁ)dx> :27r<g —%[x—tan_lx} >=27r(§ (1~ tan' 1 (0 0))

l\)\»—t

\

R E]
SN—
SN—

Il

3
=

3

el

2

s
8
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27
59. av(y) = % j; 2e~" cos tdt 2 .
— % I:e—[ (sinlgcosl)] 3” y y=2e
(see Exercise 22) = av(y) = % (1 —e™) av(y)t
2 n T X/ t
-2
2T
60. av(y) = %fo de ' (sint — cos t) dt y
27 27 - .
=2 [Tetsintdi— 2 [Tetcostdt y=4e™'(sint - cost)
— % e—t(—sintz—cost) _e—t(sint;cost)] 5“ 1:/4 ‘ &/4 27
2

'_'r—|

—e'sint] 2T =0

Vi

-4

6l. I = fx“cos x dx; [u = x®, du = nx"~! dx; dv = cos x dx, v = sin x]

=1=x"sinx — fnx“‘lsin x dx

62. 1= fx"sin x dx; [u = x", du = nx"~! dx; dv = sin x dx, v = —cos X]
= 1= —x"cos x + fnx“flcos x dx
63. I = fx“eax dx; [u =x", du=nx""1dx;dv=e®*dx, v = %eax]

ax

== Xex Efx“_leax dx,a#0

a

64. I:f(lnx)ndx; [u:(lnx) du—de dv = 1dx, V—X}

= I1=x(Inx)" - fn(ln x)" ! dx

65. fab(x—a)f(x)dx; {u:x—a, du = dx; dv:f(x)dx,v:fo(t)dt:—ﬂbf(t)dt}
X b b, rx b a b b
- [(x—a)jl; f(t)dt]a—j; (fb f(t)dt) dx = ((b—a)fb £t dt— (a—a) f(t)dt> - [ (-f f(t)dt) dx
=o+fab<f:f(t)dt)dx=j;b(fxbf(t)dt> dx

66. [V1—xdx; {u—mdu—\/zdx dV—dxv—x]
—xv/1—x2— —xvV1—-x— flx—ldx—XM—( 1= dx - fJ1 )
ZX\/I—XZ—f\/l—deX-l—fm X
= [Vimedo=xVT=x+ [Aoax- [VI—Rax=2[Vi-ed=xVT-x2+ [l ax
= [Vi—xax=3V1-x+}[dax+c

67. fsin_1 xdx = x sin™!x — fsin ydy = xsin"tx 4+ cos y + C = x sin"! x + cos (sin~* x) + C
68. ftan’1 xdx =xtan"!x — ftan ydy = xtan"!x +In|cos y| + C = x tan~! x + In |cos (tan~! x)| + C
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69. fsec’lxdx:xsec’lx— fsecydy:xsec’lx—ln|secy+tany| +C
= xsec”!x — In [sec (sec™! x) + tan (sec™! x)| + C = x sec™! x — In ‘x—i— VX2 — 1‘ +C

70. flogQde:xlog2x—f2ydy:xlog2x— %—I—C:xlong—ﬁ—l—C
71. Yes, cos™! x is the angle whose cosine is x which implies sin (cos ™' x) = /1 — x2.
72. Yes, tan~! x is the angle whose tangent is x which implies sec (tan™! x) = /1 + x2.

73. (a) fsinh‘1 x dx = x sinh~! x — fsinh y dy = x sinh™' x — cosh y + C = x sinh~! x — cosh (sinh™! x) + C;

check: d[x sinh™! x — cosh (sinh™!x) + C] = [sinh’1 X+ \/ﬁ — sinh (sinh™! x) \/ﬁ} dx
= sinh~! x dx
(b) fsinh’1 xdx = x sinh ™t x — fx (\/11+7x2) dx = x sinh ™' x — } f(l +x2) M ?2x dx

1/2

=xsinh'x— (14+x?)""+C

check: d |:X sinh='x — (1 + X2)1/2 + C] = { ;} dx = sinh~! x dx

: -1 X
sinh™ x + 22— —
+ V1+x2 1+x2

i

74. (a) ftanh’1 x dx = x tanh™! x — ftanh ydy = x tanh™! x — In |cosh y| + C = x tanh~! x — In |cosh (tanh~!x)| + C;

check: d[x tanh™! x — In |cosh (tanh~! x)| 4+ C] = [tanh’1 X+ 127 — sinh (tanh 7 3 _3 ] dx

cosh (tanh=1x) 1 —x?

= [tanh™'x + 25 — 23] dx = tanh ! x dx

1—x2

(b) ftanh’lxdx:xtanh’lx—f%dx:xtanh’lx—lf 2 dx=xtanh'x+1In[l-x*+C

x2 2 1—x2

check: d[xtanh™'x + £ In |1 —x*| + C] = [tanh ™' x + 25 — ;2] dx = tanh ™! x dx

I-xz

8.2 TRIGONOMETRIC INTEGRALS

1. fcostdx = %fcost -2dx = 1sin2x + C

[\
[N Ne]

. j:3 sin %dx:9j: sin % %dx:9[—cos§]z :9(—cos§ +COSO) = 9(—% + 1) =

3. fcos3x sinxdx = —fcos3x (—sinx)dx = —Jcos*x + C

&

fsin42x cos2xdx = %fsin42x cos2x -2dx = %sin52x +C

e

fsin3xdx = fsinzx sinxdx = f(l - cos2x) sinxdx = fsinxdx - fcoszx sinxdx = —cosx + 3cos’x + C

6. fcos34x dx = fcosz4x cosdxdx = %f(l - sin24x) cosdx - 4dx = %fcosélx - 4dx — %fsin24x cos4x - 4dx
= %sin4x — %sin34x +C

~

fsinsx dx = f(sin2x)2sin x dx = f(l — cos?x)’sin x dx = f(l — 2co0s?x + cos*x)sin x dx

= fsin x dx — f2cos2x sin x dx + fcos“x sin x dx = —cos x + Zcos’x — cos’x + C
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8. f sin’ dx (using Exercise 7) = j; sm( dx—f 2cos? )Sln(%)dx—i-j;ﬂc()s“(%)sin(%)dx
4QMGH%@@*%@®H4®%4+ra:%

9. fcos3x dx = f(COS2X)COS xdx = f(l — sin®x)cos x dx = fcos x dx — fsin2x cos x dx = sin x — 1sin’x + C

/6

(1 —sin?3x)’cos 3x - 3dx = [ (1 — 2sin®3x + sin*3x)cos 3x - 3dx

16 16 16
10. fﬂ 3cos’3x dx = fﬂ (cos23x)°cos 3x - 3dx = fﬂ o

0

76 3 /6
= f cos 3x - 3dx—2f sin?3x cos 3x - 3dx—|—f sin'3x cos 3x - 3dx = {sm 3x — Q83X sin’ "}
0
=(1-3+35) -0 =55
11. | sin*xcos®x dx = fsin3x cos?x cos xdx = fsm x (1 — sin’x)cos x dx = fsin3xcosxdx — fsinsx cos x dx

= %sin“x — %Sinﬁx +C

12. fcos32x sin"2x dx = %fcos32x sin°2x - 2dx = %fcos 2x cos?2x sin’2x - 2dx = %f(l — sin?2x) sin2x cos 2x - 2dx
= %f sin°2x cos 2x - 2dx — %f sin’2x cos 2x - 2dx = sin®2x — Lsin®2x + C

13. fcosZde:f%dx——f(l—l—cost fdx—i— fcostdx— fdx—i— fcost 2dx
:%x—l—%sian—i—C

/2 5 lel—cost 1 /2 1 /2 1 /2 1 /2 1 /2
14. j; s1nxdx:f0 de:iﬁ) (1—cost)dx—§ 0 dx—ij;) cos2xdx:§ﬁ) dx—zﬁ) cos 2x - 2dx

=[x Jsin2x] 7 = (3(5) ~ sin2(5) ~ (400) - Jsin2(0)) = (5-0) ~ 0-0) = §

/2 w2 w2 w2 /2
. j;) sin’y dy = f sin®y siny dy = fo (1-— coszy)3 siny dy = j; siny dy — Sﬁ) cos’y sin y dy

/2 /2 6<) o cos’y cos’y cos’y /2 3 1 16
+3f cosysmydy—f cosysmydy:[—cosy—l—?) Y 3y 4 =2 }0 =0)—(-1+1-34+1) =4

8]

1

W

16. f7cos7t dt (using Exercise 15) = 7 {fcos tdt— 3fsin2t cos t dt 4 3fsin4t cos t dt — fsin6t cos t dt}

:7(sint—35i‘3‘—3‘ —1—3“25t — sint ) + C = 7sint — Tsin3t + 2 5 Lsin®t — sin"t + C

17. ["ssin‘xdx =8 [ (1mee2)%dx = 2 (1 — 2c08 2x + cos?2x)dx = 2 [ dx — 2 [ "cos 2x - 2dx + 2 [ Lreost gy
:[2x—2sin2x]§+j; dx—i—j; cosdxdx = 27 + [x + sin4dx|| =27 + 7 =3n

18. f8cos427rx dx = 8](%)2&( = Qf(l + 2cos 47x + cos?4mx)dx = 2fdx+4fcos47rxdx+2fw dx
:3fdx+4fcos47rxdx+fcos87rxdx:3x+%sin47rx+ +sin87x + C

19. [16 sinxcos?x dx = 16 [ (1=e2x) (e gx — 4 (1 — cos?2x)dx = 4 [[dx — 4 [ (Led)dx
:4x72fdxf2fcos4xdx:4x72xf%sin4x+C:2xf%sin4x+C:2xfsin2x0052x+C

= 2x — 2sin xcos x (2cos®> x — 1) + C = 2x — 4sin x cos’ x + 2sin xcosx + C
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20. fOWSSin“ycoszdy:8]:(1%203”)2(1“;5”) dy:j;ﬂdy—j:cos2ydy—f:00822ydy+ﬁ)wcos32ydy
=[y- %SinZy]:—j;“ (L) dy+j;ﬂ(1 — sin2y)cos 2y dy = 7 — %j;ﬁdy— %fowcos4ydy—|—j;ﬂ0052ydy

™

2

m i3 m
— j; sin?2y cos 2y dy = 7 + [—%y - %sm 4y + %sm 2y — % : Sm32y} LT

ol

21. f 8cos26 sin 26 df = 8(—1) % +C = —cos*20 +C

w2 w2 w2 72
22. fo sin?26 cos*26 df = j; sin?26(1 — sin®26)cos 260 df = j; sin?26 cos 260 df — fo sin*26 cos 26 df

ﬁZﬂWdX:LZW
24, j:\/l—cos2xdx:Lﬂ\/i|sin2x|dx:ﬁ)ﬁﬂsin2xdx—[ \/—coszx} — 2+ /2=22

23.

W

,fohsingdx: [~2cos 3] =2+2=14

in X
SlIl2

m m /2
25. j; \/l—sin2tdt:j;|cost|dt:f0 costdt—flzcostdt—[smt] —[sint],=1-0—-0+1=2
26. Lﬂ\/l—coswd(‘):ﬁqsin6‘|d9:j:sin9d9:[—cos@]§:1+1:2

71'/2 in2 o 71'/2 in2 /14 cosx 7r/2 inZ x 1+ X _ 7/2 in2 X\/1+ X
27. fﬂ'/3 \/lsmc);sx dXifﬂ'/3 \/ISIEC)(()SX \/1+EZ:x f : V1 —cos2x cos:OS dx = j:r/3 : v/ sin x = dx
— fw/zsmx V/1+cosxdx = [—% 1+ cosx)m} j3 =-2(1 + cos(3))P + 2(1 + cos (3)) = -2+ 2(3)"
— 3_2
2 3

o f s = [ e [T e [ e e [ o
= [_2(1 — smx)l/z}z/6 =—2y/1 — sin (Z) +2/1 — sin0 = —2\/§+2\ﬁ: 2-2

29 fﬂ cos* x fﬂ cos? x \/1+smx f cos* x\/1+smx f cos* x\/1+s1nx dx
© J571/6 \/1—sinx 57/6 /1 —sinx \/1+smx 5m/6 V1 —sin?x 5m/6 Vcos? x

s m ™
= cos'x /1 +sinx vl+smxdx:—fswmcos X 1+smxdx——fjw/6cosx(1—sm x) v/ 1+ sinx dx

57/6 —CoS X
f’iT iy ) 2
= — X1 in x dx xsin“x /1 in x dx;
52/6COSX V1 dx + 57/ COSX S + sinx dx; u?y/udu

[Letu:1—|—sinx:>u—1:sinxédu:cosxdx,x:5—”:> uzl—l—sin(%”):§ X=m= uzl—i—sinwzl}

m 1
= {—%(l—i-sinx)S/z} W/6+f3/2 1)°y/udu = {——(1+smx) /2] Tr/6+f3/2( w2 — 2032 4+ | /u) du
_ (—%(l—i-simr)m (1+Sm(?ﬂ))3/2) 4 [2u7/2 4 w2 4 2113/2]3/2

= (30307) G-+ - (GO - %(%)5/2 ORI EHONEOKSE

f77/12 / — sin2xdx = f77r/12 v/ 1 —sin2x \/1+sm2x f77r/12 V1 —sin?2x 2x f7ﬂ/12 /cos? 2x

1 \/l+sm2x l+sm2x l+sm2x

Tn/12 Tn/12
:L/Z \/Tfiixhd":[*m]/ **\/1+Sln2 +\/1+s1n2§ \/7+1_1,7:
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31 [0 T—cos20d0 = [ 63 sin6 | do = /2 6sin6do = \/2[~bcos 6+ sin 6] = V/2(1) = /2

32. f — cos?t)®/? dt = f_: (sin20)*? dt = fﬁ | sin®t| dt = ff_ol sin®t dt + fﬂ sin’t dt = ff_o (1 — cos®t)sint dt

0 570
1 — cos?t)sint dt = — tdt 2tsint dt tdt — 2tsint dt = [ t—&“]
+ fo ( cost)sin f_ sint dt 4 f cos“tsint dt 4 f sin f cos“tsin cos el

+{—cost—k%}‘}?:Z(1—%-1—1—%)4_(1_%4_1_%):%

33. fseczx tanxdx = ftanxseczx dx = %tan2x +C

34, fsecxtan2x dx = fsecxtanxtan xdx; u = tan x, du = sec? x dx, dv = sec x tan x dx, v = sec x;

35.

36.

37.

38.

39.

40.

= sec X tanx — fsec3xdx = sec X tanx — fseczxsecxdx = sec X tanx — f(tanzx + l)secxdx
= sec X tanXx — (ftanzxsec xdx + fsecxdx) = sec x tanx — In|sec x + tan x| — ftanzxsecxdx
= fsecxtanzxdx = sec X tanx — In|secx + tan x| — ftanzxsecxdx

= 2ftan x sec xdx = sec X tanx — In|sec x + tan x| = ftan xsecxdx = isec x tanx — 1ln|secx + tanx| 4+ C
fsec3xtanxdx = fseczx secxtanx dx = {sec®x 4+ C

fsec3xtan3x dx = fseczxtanzx sec x tan x dx = fseczx(seczx — 1)sec x tan x dx

= fsec“x secxtanx dx — fseczx secxtanx dx = %secsx — %sec3x +C
fsec2xtan2x dx = ftan2x sec?’xdx = 1tan’x + C

fsec4x tan®x dx = fseczxtanzx sec’x dx = f(tanzx + l)tanzx sec2x dx = ftan4x sec2x dx + ftanzx sec?x dx
= %tansx + %tan3x +C

0
f . 2 sec®x dx; u = sec x, du = sec x tan x dx, dv = sec?x dx, v = tan x;

0 0 0
ffn/32 sec®x dx = [2 sec x tan x| (iﬂ/g — 2]; secxtan?x dx =2-1-0—2-2-/3 — 2f7ﬂ/3 sec x (sec’x — 1)dx

/3
0 0 0
= 4/3 - 2];/3 sec®x dx + 2f77ﬂ3 sec x dx; 2f7ﬂ/3 2 sec®x dx = 44/3 + [2In | sec x + tan x| (17(/3

2" 2 sectxdx = 44/3+2In| 1+0] — 2In| 2 ~V3|=4/3-2In (2 - V3)
fiBZsec?’x dx = 2v/3 —In (2 - \/5)

fe"sec3(ex)dx;u = sec(e¥), du = sec(e*)tan(e*)e*dx, dv = sec?(e*)e*dx, v = tan(e¥).
fe"sec3(e") dx = sec(e*)tan(e*) — fsec(e")tanz (e*)e*dx
= sec(e*)tan(e*) — fsec(ex)(secz( *) — 1)e*dx
= sec(e*)tan(e*) — fsec (e¥)e*dx + fsec *)e*dx
Zfe"sec?’(e") dx = sec(e*)tan(e*) + In|sec(e*) + tan(e*)| + C
fe"sec3(e") dx = 1 (sec(e*)tan(e*) + In|sec(e*) + tan(e*)|) + C
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41. fsec40 do = f(l + tan?0)sec’d df = f56029 dd + ftan20 sec?f df = tan 6 + {tan®d + C
= tan 6 + 3tan f(sec’d — 1) + C = 1tan fsec’d + 3tan § 4 C

42. f 3sec*(3x) dx = f(l + tan?(3x))sec?(3x)3dx = fsecz(3x)3dx + f tan®(3x) sec?(3x)3dx = tan (3x) + itan*(3x) + C

w2 w2 w2 /2 /2
43. fm csctf df = frr/4 (1 + cot?§)csc?0 df = fm csc?0 df + fm cot’f csc?0 df = {—cot@ — et »

SURCEDEE

44. fsecex dx = fsec“x sec’x dx = f(tanzx + l)zseczx dx = f(tan“x + 2tan’x + l)seczx dx

= ftan“x sec2x dx + 2ftan2x sec?x dx + fseczx dx = ttan®x + Ztan®x + tanx 4+ C

45. f4 tan®x dx = 4f (sec’x — 1)tan x dx :4fsec2xtanxdx—4ftanxdx = 4% —41Inlsec x|+ C
= 2tan’x — 41Insec x| + C = 2tan?x — 21In [sec® x| + C = 2tan®x — 21In (1 + tan? x) + C

/4 /4 /4 /4

46. f 6 tan*x dx = 6f (sec’x — 1)tan’x dx = 6f sec’x tan’x dx — 6f tan’x dx
—7/4 —7l/4 —7/4 —7l4

w/4 w4

/4
2
P 6f7ﬂ/4 sec”x dx —|—6f7ﬂ/4 dx

/4

/4
_ 2 2 _ 2, _ | ptan’x
= 6f7ﬂ/4 sec’x tan’xdx — 6 | = (sec’x — 1)dx = {6—3 } .

= 2(1— (~1)) = [6tan x] 71, + [6x] 7Y, = 4 = 6(1 — (=1)) + F + F =37 -8
2
47. ftan5x dx = ftan4x tanx dx = f(seczx - 1) tanx dx = f(sec“x — 2sec?x + l)tanx dx
= fsec“xtanx dx — 2fseczxtanx dx + ftanx dx = fsec3xsecxtanx dx — Zfsecxsecxtanx dx + ftanx dx

2
= lsec*x — sec’x + In[secx| + C = %(tanzx + 1) - (tanzx + 1) + Injsec x| 4+ C = Jtan*x — tan’x + In|secx| + C

48. fcot62x dx = fcot42x cot?2x dx = fcot42x (csc?2x — 1) dx = fcot42x csc?2x dx — fcot42x dx
= fcot42x csc?2x dx — fcot22x cot?2x dx = fcot42x csc?2x dx — fcot22x(csc22x — 1)dx
= fcot42x csc?2x dx — fcot22x cse?2x dx + fcot22x dx
= fc0t42x csc?2x dx — fc0t22x csc?2xdx + f(CSCZZX — 1)dx
= fcot42x csc?2x dx — fcot22x csc?2xdx + fcsc:22x dx — fdx = —%COtSZX + %C0t32X — %cot 2x —x+C

/3 /3

/3 3 /3 ’ /3 » 9
f cot’x dx = f (csc*x — 1 )cotx dx = f% csc*x cotx dx — f cotx dx = {—% + In | csc x| )
7 /6

/6 /6 w6

=-1(l-3)+ (m%—m) =13

49.

Nel

50. fS cot*t dt = 8f(csc2t — 1 )cot’tdt = Sfcscztcotzt dt — Sfcotzt dt = —3cot’t — 8f(csczt —1)dt
= —Scot’t + 8 cott+ 8t + C

51 fsin 3x cos 2x dx = %f(sinx—l—sin 5x) dx = —1cos x — {5cos 5x + C

52. fsin 2x cos 3x dx = f(sin(—x) + sin 5x) dx = %f(—sinx + sin 5x) dx = Lcosx — cos 5x + C

B[
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53. f:sin3xsin3xdx: %fj (cos 0 — cos 6x) d f dx — —f;cos6xdx: %[x— Esm6x] =5 t5-0=m
/2 m/2 /2

54. fo sinx cos x dx = %ﬁ) (sin 0 + sin 2x) dx = %fo sin 2x dx = —{[cos 2)(]7/2 —1(-1-1)=1

55. fcos 3x cos 4x dx = %f(cos(fx) + cos 7x) dx = f(cosx + cos 7x) dx = 1sinx 4+ 4sin 7x + C

[l

56.

[*))

fﬂ/z _1f"/2 _ 11l 1 T2 _
/2008 Tx cos x dx = 3 ﬁ/z(cos 6x + cos 8x) dx = 1 [%sin 6x+1sin 8x] Y =0

57. fsin20c0539d9: fl’cfosw cos 36 df = %fcosSGde %fcos2000530d0
= 2fcos 360 do — —fQ(cos( —3)0 +cos(2+3)0)do = lfcos 360 d6 — lf(c:os(—@) + cos 50) df
= §fcos 30 df — chos& do — —fcosS@d&— 6sm?aG— lgin g — 0sm59—i—C

58. fcos2 20 sin 6 df = f(Zcos2 9— 1) singdf = f(4cos4 6 — 4cos? @ + 1) sin 6 d9
*f4cos4951n9d07f40052051n0d0+fs1n0d0*f 00559+ 00530 cosf +C

59. fcos3 6 sin 26 df = fcos3 6 (2sin O cos 0) df = 2fcos4 0 sin 6 d§ = —2cos® § 4+ C

60. fsin3 6 cos 20 df = fsin2 6 cos 20 sin § df = f(l — cos? 9) (2cos? O — 1)sin 6 df
= f(—20084 6 + 3cos> @ — 1)sin 6 df = —2fcos4 6 sin 6 df + Eifcos2 6 sin 6 d — fsin 6 do
= %cos50700530+0059+c

61. fsm 6 cos B cos36 df = f2s1n 6 cos O cos 30 df = —fsm 26 cos 30 df = —f (sin(2 — 3)6 + sin(2 + 3)0) do
= Zf(sm(—&) + sin56) df = Zf(—sm@ + sin56) d = jcos# — 55c0s8 50 + C

62. fsm 6 sin 20 sin 30 df = f (cos(l —2) —cos(1 + 2)0) sin 30 df = %f(cos(fﬂ) — cos 30) sin 36 dé
= §fsin 36 cos§do — §fsin 360 cos36df = %f%(sin(S —1)0 +sin(3 + 1)6)do — %stin39 cos 36 dd

— 1 [(sin20 + sin46)d8 — ! ['sin66 a6 = 1 [ (sin20 + sin46)d6 — 1 ['sin 6 do
= —4€0820 — -cos 48 + 3cos 660 + C

sec’ x sec? X sec X tan’ X+1 secx tan? X sec X sec X
63. f—dx:f _f :fiderfde:ftanxsecxderfcscxdx

tan x tan x tan X tan X

= secx — In|cscx + cotx| + C

sin’ x sin” x sin x 1—cos® x ) sinx sin X cos” X sin X
64. f —f fgdx:f—dx—f—dx—fsec3xtanxdx—fsecxtanxdx

cos* x cos* x cos* x cos* x cos* x

:fsec xsecxtanxdxffsecxtanxdx: %sec3xfsecx+C

tan” x sin x . 1—cos’x) .
65. f dx:f ’ smxdx:fi( )smxdx:
COS“ X C X

cscx 0s?

COS .
fc xsmxdx—fsecxtanxdx—fsmxdx

=secx +cosx + C

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Addisocj\ﬁs(lj:éded By Osaid ZyOUd



Section 8.2 Trigonometric Integrals 477

66. fmtx fw . —f x:f‘z dx:fcchdex:—1n|cchx+cot2x|+C
cos? X sinx  cos?x 2sin x cos X sin 2x

67. fxsinzxdx: fx%dx: %fx dx — %fxcostdx {u: X, du = dx, dv = cos 2x dx, v = sin2x

x2 — %[%xsian — f%sian dx] = %XZ — szmZx — §cost—|— C

=

68. fxcos3xdx:fxcos2xcosde:fx(lfsinzx)cosxdx:fxcosxdx—fxsinzxcosxdx;
fxcosxdx :xsinx—fsinxdx:xsinx—i—cosx;
[u:x,du:dx,dv:cosxdx,V:sinx}
fxsinzxcosxdx = %xsin3xf f%sin3xdx;

2

[u =X, du = dx, dv = sin“xcos xdx, v = %sin3 x]

;xsm3x 3f 1 — cos? x) sinxdx = 3xsm3x— —fsmxdx—i— 3fcos xsinxdx = ;xsm X+ cosx— écos3x

:>fxcosxdx—fxs1n xcosxdx = (xsinx 4 cos x) — (5xsin* x + Jcosx — geos*x) + C

= xsinx — xsin®x + 2cosx + Scos’x + C

69. y = In(sec x); y' = 32X — ap x;( = tan’x; f V1+tan?x dx = f |sec x| dx = [In|sec x + tan x|]7T/4

sec X

ln(\/_—i-l) In(0 + 1) ln(\/_—f—l)

70. M = f /4secxdx—[ln|secx+tanx| ﬂ/4—ln(f+1>—ln|\/§—1|:ln£i

_ /4 2 4
— SECX qx — 1 tan T/ _ 1 1—(—=1 = 1
y=1 ﬁfi f-ﬂ/4 z YT o —gi[ X] 2y 9In %j( (=1) ! Vf—jfi

= &3 = (0 (w%) ")

71. V= fosmxdxfﬂf Locos I gy =1 de,,f cos 2x dx = Z[x]( — F[sin 2x]§ = (7 —0) = 5(0—0) =

72. A

1+ cosdxdx = \/_COSZde—\/_ costdx—f costdx+\/7 cos 2x dx
/4 3 /4
[smzx]”/‘* ‘/2—[sm2x]37r/4—|— f[smzx]w—f(1_o)_§(_1_1)+ 0+1)=/2+/2 =22

w/4

ﬁ\

2m 2m
73. M= f (X + cos x)dx = {%xz + sinx}O = (%(2702 + sin (27r)) - (%(0)2 + sin (0)) =272
2m 2 2 2m
X = Lf X(x +cos x)dx = 55 [ (x* +xcos x)dx = 57 [, x7dx + #‘/; X cos xdx
{u =X,du =dx,dv = cosxdx, v = sinx]

2m 2m 2m 2m
o= [xﬂ + #({xsinx]o - fo sin xdx> = (877 —0) + 21?<Z7TSin27r -0- j;) sin xdx>

2r 2T
— dm oy 1 — d4m oy 1 _ — 47 _dm.g L 1 2
3+ 5 {cosx]o =T+ 52(cos2m —cos0) = F +0=F;y= 27r2ﬁ) 3 (x + cos x)“dx

27

27 2T 2T
_ 1 2 2 1 2 1 1 2
= 4W2‘ﬁ) (x* 4+ 2x cos x + cos” x)dx = ), X dx + —Wfo X cos xdx + 4—W2f0 cos” x dx
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I\)‘,_.

2 2w 2T 2
{ ] %{xsmx+c0sx} 4—4—12 C"52"+1d)<_27+0+82 costdx+$f dx

0 P P 72 J0
L

ol

T 2w
1 _2r 1 _ 8743 7 8m*+3
+ 6 [st }0 +W[X}o = 5 + 0+ ;- = ¥5= = The centroid is (? e )

/3 . 2 /3 . 5 . )
74. V:ﬁ) m(sinx +secx)"dx =7 J  (sin°X + 2sinx secx + sec” x) dx

/3 /3 /3 /3 /3 /3
= 7rf0 sin?x dx+7rf0 2tanx dx + 7rf0 sec’ x dx = ﬂj;) Locosdx gx + 27r{1n|secx|}0 + W[taan|0

(SIE

/3 . /3 . .
j;) dx — 5‘/;) cos 2x dx + 27 (In|sec 5| — In[sec 0]) 4 (tan § — tan0)

(SIE

{X]Z/S g {sian]O/ +2rIn2+m/3 =2(2 —0) — Z(sin2(Z) — sin2(0)) + 27 In2 + /3

S}

= \[ 27r1n2+7r\/_— (4n+2|\/§—481n2)

6 24

8.3 TRIGONOMETRIC SUBSTITUTIONS

cos 0 cos f.
9+x* =9 (I +tan’0) =9sec’d = o = 5oy = lcosf] _ cost,

. x=3tanf, -5 <0< J,dx=

cosz [

(because cos 6 > 0 when — 5 <6 < /,) .
\/9dix2 =3 ) 5 = fcosg In |sec § 4 tan ] + C' = In ‘m + X

ln‘\/9+x2+x‘ +C

3 dx _ du _ T T __dt 2 _ .
2. \/1+92’[3X_u] - f nmsu=tant -5 <t< g, du= oo, V1 +u = [sect| = sect;

—fsectdt:1n|sect+tant|+C:1n‘ u2—|—1+u‘+C=1n‘\/1+9x2+3x‘+C

\/l+u2 = fcoszt sect)

2 X —1 x]2 — - T s s
3Lt = Ban )Y, = dan - e <D= (3) (5) - (3) (- ) =

INE

6. fo AL t=2x] — fo 142:[sin’1t]é = sin %fsin’lozsz:

7. t=5sin6, -5 <0< §,dt=5cosfdf, /25— t> =5 cos 0,

f\/25—t2dt:f(Scos@)(Scos@)dH:25fcos26’d9:25f”C—‘MdH:ZS(g—}-%)—}-C
=3 (@ +sinfcosh)+C=2 {sin‘1 (H+ (%) (— = tz)} +C=Bsin !t (H)+ VB 4 C

8. t=1sinf, -2 <O<Z dt=1%coshdb, \/1—92=cosb;
JVT=9Cdi=1 [ (cos B)(cos ) df = 4 [ cos*9df = L (8 +sin  cos ) + C = & [sin~! (30 + 31v/1— 92| + €

9. x=1sech,0<0<73, dx:zsecetanede,\/4x2—49:\/49sec29—49:7tan6;

%ec@tan(ﬂ % Vax2 —
\/4x2 = f 7 —%fsec@dez%1n|sec9—|—tan9|+C:1 n %—k#‘—i—C
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10. x:%sece 0<9<E,dx:%sec&tanGdQ,\/25x2—9:\/9se029—9:3tan9;

\/255;2"_9 f se;ti;dga 6:fsec@dezln|sec€+tan9|+C:1n 53—"+7Vz5’3‘2_9 +C

11. y=7sech,0< 0 < Z,dy="7sechtantdl, /y?2—49 =7 tan 6,

f—vy2_49 dy = | Qun@lsecbmb b _ 7 ftan?9 df =7 [(sec?d — 1) df = T(tan 6 — ) + C

=7 [@ —sec™! (%)} +C

12. y:55609,0<0<ﬁ dy =5secftan 6 df, \/y>? —25 = 5tan 0,
f—V y;—zs dy = f—<5 tan 6)(3 sec ftan ) dh _ ftan2600529d6 = %fsin29d9 =& f(l — cos 26) d

125 sec® 0

- -y o et () (452) ()] v = (S50 7

y

13. x =sec,0 <0 < 5,dx =secftanddf, \/x* — 1 =tan 0;
fx2\/x2_1 :fsecr‘)tanGdG:fi:sine_‘_C: \/xx— e

sec? 6 tan 6 sec

14. x =sec,0< 0 < g,dx:se09tan9d9, v/x2—1=tan9,

fxﬁj:?i = j‘;z‘:‘e‘éf;fgn%de = 2fcos2 6 do = 2f (LE228) 49 = 6 + sin 6 cos 6 + C

=0 +tan 6 cos?f +C =sec” ! x + \/xz—l(%)2+C:sec*1x+7”‘;[1 +C

15. u=9—x*= du = —2xdx = —1du = xdx;

soc — [ fdu=— i+ C=—/0-x+C

16. x=2tanf, — 5 <0 < 3 ,dx =2sec?6 df, 4 + x> = 4sec’d
[ :IW:f2tan20d0:2f(seczt9—1)d9:2f36020d0—2fd9:2tan9—20+C

44+x2 4sec? 0

=x—2tan"'(3) +C

— 7r __ 24df _
17. x=2tan 0, — 5 <0 < 5,dx = coqm"/ + m,
XBdx f 8tan39 (cos9)d9 _ 8fsm30d0 _ Sf (cos®—1) (= sm9)d9

Vx2+4 cos2 0 cost 0 cos4 0

t=cos 6] 8fnz‘dtzsf@—adws(—%%)+c:8(—sece+%)+c

) X 3/2
:8(—*7“%%)4& L2+ 4" 4/ 1 4+C=1x2-8)V/x2+4+C

18. x=tanf, — § < 0 < 5, dx =sec’ 0 df, /x> + 1 = sec 0;
f dx :f sec? 6 df :fco'sedezi 1 4c= 7\/x2+1+c

x2/x2+ 1 tan2 6 sec 6 sin2 0 sin

19. w=2sinf, -5 <0 < 5,dw =2cos 0 df, /4 — w? = 2 cos 0;

8 dw _ 8-2 cos 6 df o =2v/4-—w?
fw2\/4_w2 - f 4sin?0-2cos 6 2f5m2€ —2cotf+C= W +C
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20. w=3sinf, —§ <0 < §,dw =3 cos 0 df, /9 — w? = 3 cos 0;
f\/9w—2w2 dw — f3Los€3cosé’d6’ fcot29d9: f(l—'sin%’f) do — f(cscze— 1) df

9sin2 0 sin2 0

:fc0t979+sziv9W*W2fsinfl (¥) +C

2. u=5x=du=5dx,a=6

f36+0(2)5 zdx = 2Of

22. u:x2—4:>du:2xdx¢ldu:xdx

fx\/mdx——f\fdu——u3/2+c L2 —4)3/2+C

5dx_2of sdu=20- Ltan!(¢) + C = Lean1(2) +C

23. x =sinf,0 < 0 < 5, dx = cos 6 df, (1 —x2)*? = cos® ;

V3/2 /3 2 /3
ﬁ 4x dx _ f 4sm2C(9)80059d9 4 L (12005(5399) do =4 L (SCC20 _ 1) de
[tan 0—0]1° =43

24. x =25sin0,0 <0 < Z,dx =2cos 6 db, (4—X2)3/2=800539;

f‘ dx _f”/(’ 2cos¢9d6_lfﬁ/6 do —l[tanH]”/G V3
0 (4—x2)3'/2 — Jo 8cos’d — 4 Jo cos?f T 4 - 12 T

o~
QIH
%)

25. x =sec,0 <60 < 5, dx = sec 6 tan 0 df, (x* — 1)3/2 = tan® 6;
f(x2 iixl)&/z = fSCC fa;%nﬁe < f c(‘:isn2 29 = 91]1(9 +C= ,/x;(,l +C

26. x =sec 6,0 < § < 7, dx = sec 0 tan § df, (x* — 1)’ = tan% 9,

x? dx sec” f-sec 6 tan 6 d§ cos 6 _ B x*
f (x2—1)"? _f tan® 0 fsmw df = 351n30+C— 3(X2,1)3/2+C

27. x=sinf, - § <0< E,dx:COSGdG,(l—XQ)?'/2 = cos® 6;
f(l—x2)3r’2dx _ fco@@cosedﬁ fCOt4QCSC29d9: _@ +C= _% (\/1,x2)5+c

x6 sinf 0

28. x:sin@,—g<9<E,dx:cosedH,(l—XQ)l/Q:cosﬁ;
on1/2 3
f(l—xz) dX:fcosﬁcost‘}dt‘) fCOtQGCSCZHdQZ—COT#—FC:—%<Vl_x2) +C

xt sin @

29. x=gtanf, —§ <0< 7, dx = sec?ddf, (4x? +1)° = sec? 6;
f( Sd"lz—f %o’ dﬁ—4[00526’d9*2(6’+sm6’cos€)+C*Ztan’12x+(4)(2 @ +C

4x2 + sect 0

30. t=1tanf, — 5 <6 < I,dt= ] sec’0df, 9> + 1 = sec? 0
f 6‘“2_]6 mzede_2f00520d9—9+sm900s9+C tan‘13t+(

(o2 sectd

92+ 1) +C

31. u:xzflédu:2xdxéldu:xdx

[ o= o o= [

%x2+%fﬁdu: X4+ i+ C=1ix+in[x> - 1|+ C
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32. u:25+4X2:>du:8XdX:>%du:XdX
Js2max =1 [tdu=Linju|+ C = i (25 + 1)+ C

33. v=sinf, -5 <0< ,dv = cos 0.df, (1 —v2)** = cos 6;
3
f id"“—fsmzewsgde ftan2056020d0:@¥+C:%( = ) +C

cos® §

3. r=sinf, -5 <0< 3;
2\5/2 - 517
f(l—r) dr :f60s506089d9 fC0t69CSC29d9=—CO;—9+C:—%{ lfr} +C

IS sin® 0

35. Lete' =3tan 6, t =In(3tan §), tan"' (§) < 0 <tan"'(3),dt = 0 49, \/e* +9 = /9 tan2 6 + 9 = 3 sec 6;

tan 6
In4 tan~! (4/3) 2 tan~! (4/3)
etdt 3tanf-sec’0df __ _ tan~" (4/3)
55 = Sy ndises = j;mil(m sec 0 df = [In [sec 0 + tan 6‘|]w,,1(]/z

i (§+4) < (4 1) =9 - (14 VT0)

36. Lete' =tan 6, t =In(tan ), tan"*(3) < 0 < tan"!(%),dt = se®f 49 | 4 % = | + tan® @ = sec? 0,

3 tan 0
- sec? -
f1n<4/3> va [ qan 6)(1“,,)(19 _peran) cos 06 = [sin 6] 40 4 3 _1
mE/4) (1+e2)”?  Juan13/4) sec3 0 T Jan1(3/4) - tan-!(3/4) — 5 575

1/4 1
37.f 2dt ;{uzZﬁ,du:\i/dt} —>f 20 cu=tan6, 2 <0 <7 du=sec?6df, 1+u’=sec’b;

112 \/t+46/t V3 T+ul?
1 /4

2du  __ 2 sec® 6 df /4 _ o7
1/v3 1+ur 7 Jae sec? § [20]7/6 =2 (7 - 6) — 6

38. y=e"’,0<0 <2 dy=e"sec’df, \/1+ (Iny)? = V1 + tan? 0 = sec 6;
e fr/ 7/ -
fl y\/liinly)z = f < [,“Sifg do = f sec 0 df = [In [sec 6 + tan 6]] /= (1 + \/E)

39. x =sec 0,0 <6 < F,dx = secd tan 6 db, \/x2—1:\/sec29—1:tan0;
fx\/i;(71 :fsecﬁlanGdQ 70+C sec’lx—i—C

sec 0 tan 6

40. x =tan 6, dx = sec2 4 df, 1 + x2 = sec? 0;
fx2+1 _fsec28d6:9+cztan—1x+c

sec? 0

41. x = sec 0, dx = sec 0 tan 0 do, \/x2—1*\/56020—1*tan9'

\/);Zdi] :fsecﬁiecﬁtanf)dﬁ _ fsec29d9_tan9+c \/7+C

42. x =sinf,dx =cosdf, — 5 <0 < 3;
dx _ 6do
f\/l_xz—f““ =0+C=sin"lx+C

cos 6

43. Letx? =tan 6,0 < 0 < J,2xdx = sec? § df = xdx = jsec? 6 df; V1+x4=/1+tan? 6 = sec §
fs“z‘gdﬁ——fsecede—11n|sec€+tan6|+C n[y/1+x*+x*+C

sec

\/ler4
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44. Letlnx =sinf), —5 <6 <0or0 <6< %,%dx:cosedé, 1—(1nx)2:cos¢9

f Xlnx :ffiffd@-fl_s;‘gzede—fcsc@d&—fsin@dﬂz — In|csc @ + cotf| + cos @ + C
(Inx)? (Inx)?
lner ltn) lf(lnx)2+C:fln% 1 - (Inx)*+C

45 Letu= /x> x =’ = dx=2udu= [ /4= dx= [ (/42 2udu=2 V4~ o2 du;
u=2sinf,du =2cos0df,0 <0 §§,\/4—u2:20056’
2[Va—urdu=2[(2cos0) (2cos 0) 40 = 8 fcos? 0d0 = 8 [ 122 49 = 4 [ 40 + 4 [ cos 204

=40 +2sin20 +C = 49+4sm90050+C—4sm’1( )+4( )(—“;”2)+C:4sin’1<§)+\/§\/4—x+c

:4sin—1(§) FVAx—x24C

46. Letu=x?=x=u?? = dx = 2u='3du

f Zodx = f,/ “zu;z (2u™173) du—fm T u:%f\/ﬁdu:%Sin’1u+C:%sin’1(X3/2)+C
47. Letu:\/;:>x:u2:>dx:2udu:>f\/§ l—xdx:fu\/l—u22udu:2fu2\/l—u2du;

u =sin @, du = cos 6 dé, —E <40 <3 I m—cose

2f Mdu*2fsm29cos9cos@d0*2fsm2900529d9*—fsm 20d6 = f“m”de
fd&— —fcos49d9— 10 — {esin4f + C = 10 — 4sin26cos 20 + C = 16 — ysinfcosf (2cos*§ — 1) 4+ C

= 1Qf—sm@cos 0 +—s1n9<:0s9+C —sm 1uf%u(l 3/2 \/—112+C

= 1sin™!/x — 1/x( x)¥% - LxV/1-x+C

48. Letw=+y/x—1=>wr=x—1 :>2WdW:dX:>f—MdX:f—MZWdWZZ‘[\/Wz—ldW
vVx—1 w
w =secf,dx =secftanf df,0 <6 <7 ,vV/w?—1=tan6
2f w2—1dw:thanOSeCGtanQdQ;u:tane,du:se029d9,dv:se09tan9d9,v:sec@
2ftan0sec9tant9dt9:2sec0tan072fsec30dt9:2sec9tan072fsec20sec0d0
:2sec¢9tan9—2f(tan29+1)sec€d9:2sect9tan0—2(ftan20secc9d0—|—fse(:9d9)

= 2sec 6 tan § — 2In|sec 6 + tan 6| —2ftan29secﬁd0 = thanzﬁsecedﬁ =sec f tanf — In|secd + tan | + C

=wyvw—1l-Injw+vw?2—-1|+C=vx—-1vx—-2—-In|y/x—-1+x—-2|+C

x=2sech,0<0 <7

49, xg—i:w/x2—4;dy=w/x2—4d—f;y=f—”i_4dx; dx = 2 sec § tan 6 df

x2—4=2tan0

— y= —(2tan9)(§zzzzmne)do = 2ftan29d9 = 2f(se029 —1)df = 2(tanf — ) + C

zz[Lgfksec*l (%)] +Cx=2andy=0= 0=0+C = C=0 = y=2|Y~* —sec' £
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x=3sec,0<0 <73
50. \/x2—9g—i'—1dy \/— iy = \/:;‘779; dx = 3 sec 6 tan 0 dO ﬁy:fmgglal%‘“e
Vx2—-9=3tan0

14522 4 Cix=Sandy =In3 = n3=1n3+C = C=0

= fse09d9:1n|se09+tan9\—I—Czln
+ \/x;—9

= y=In|3

2+4 3y = 3f d 3tan’l"—I—C foandy—0§O—3tan’11+C

51 (x2+4) L =3,dy=3 S
x) _ 3z

= C=-f 5 y=junt(3) -}

3/2
2~ sec? 0

52, (x2+1 2dy—\/X2 dy— d">32 ;X = tan 0, dx = sec? 6 df, (x> + 1)

y:fw:fcosﬁd(;?:s1n9+C:tan00059+C anb 4 C= \/x;‘ﬁJrC;X:Oandy:I

sec? 6 sec 6

= 1:O+C§y:ﬁ;‘ﬁ+l

53. 27X dx;x =35sin 0,0 <0 < 5, dx=3cos0df, /9—x2=/9—9sin? = 3 cos 0;

/2 /2 .
:j; —3C0$9'3°039d9:3j; cos?6 df = 3 [0 + sin 6 cos 6] /2 = =3

4. S+f=t=oy=xb/i-a=afo/i-Sax=af\/1- %5

[x:asinﬂ,—ggﬂgg,dx:acosﬂd& 1—Z—i:COSH,X:O:asin9:>9:0,x:a:asin6’:>6’:g

a 7T/2 77/2 77/2
4bj; \/1—’;—§dx:4b‘f; cos@(acos@)d9:4abj; 00520d0:4abj; Licosdbgg

= 2abj:/2 do + 2abf07r/2 cos260df = 2ab[9] :/2 +ab {sin 29] :/2 = 2ab(% — 0) + ab(sin 7 — sin0) = 7ab

12
55. (a) A= fo sin~'x dx {u = sin~!x, du = ﬁdx, dv=dx,v= x}
1/2 1/2 1/2
:{xsm lx} — mdx: :(%sin_lé—O)—i-{\/l —xz} :%\é—u

0 0

1/2 1/2 1/2
_ - _mt6V3-12. 1 f 1 _ 12 f P
(b) M—j; sin” ' x dx = 5 ;X = HG\}/}IZ , Xsin de_ﬂ+6\/§712 , Xsin x dx
_ il _ 1 _ _ 12
[u— sin x,du—mdx,dv xdx, v ZX}
1/2 12,
— 12 1 X
_ﬂ'+6\[712 X sin” X 2Jo V1—-x2 dX)
[x:sin@,—% <0< F,dx=cosfdf, V1 —x2=cosf,x=0=sinf = 0=0, X———sm0:>0—%}

/6 in~ 6 T /6 .
—7T+6\]}—12( 3 % sin~ %)—0)—%f0 img 0050d9> ﬂ+6\[ (__%j; sm20d9>
7T /6
- w+6\l/2_—12( % Logn2t d9) 71'-‘—617\/25—12 (ﬁ - Zj; o+ 4 f cos 2¢ d6>
_ 12 71' [ _ 3\/5—7r L= 1 1/21 s 1on\2
= e/ (@4- _Z + sm29} ) = 4(7”6\/5712), y= Hé{zgflzj; 5(sin™'x)"dx

[u = (sin_'x)z, du = 20 Xdx dv=dx,v= x]

vV1=—x

&lﬂ
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1/2
= ﬁm([X(Sin—lxdx ] f i)}inlide)
[u_ Sln X du_ 2X
1/2 12
.« 2 L -
:ﬁM((%(sm 1(%)) —0)+[2 1 — x2sin 1X]0 fo 2\/\/]1__7d>

2 / . 1/2 2 T 2 T —
= —71—+6\?§_12 (77T—2 + (2 1 — (%)zsln 1(%) — O) — |:2X:|0 > = TF+6\/——12( + # — 1) — 12('7:_:—26}3_ 1722)

dde— dx,v=-2 l—xz}

i
56. V= f ( xtan—lx) dx:wj; xtan~! x dx [u: tan~!x, du = Tlxzdx, dv =xdx,v = %xz}

1 1 1 1
_W([%xztanlx]o_%fo 2 dx)—w((%tan11—0)—%ﬁ)(1—1+x )dx)—w@_%fo(l_ﬁ)dx)

. 1f1 1f11 . 1 VST L W 1 14,1 _ m(r=2)
=mlg—3),dx+3 ) edx| =7 §+[—§X+§tan x} 77T(§+(—§+§tan 1_‘_0_0))7 7

0

57. (a) Integration by parts: u = x2, du = 2x dx, dv=x/1—x2dx, v_—%(l —x2)3/2
fx 1—x2dx = —1x*(1 - 3/2+ f 3/22)(dx — X2 (1 - X2)3/271(1*X2)5/2+C
(b) Substitution: u = 1 —x> = x> :1—u:>du:—2xdxﬁ—§du:xdx
fx3 de:fx2Mde: —%f(l —u)/udu= _%f(\/a_us/z) du= 1324 L2+ C
= l1-)" 11 -0+ C
(¢) Trig substitution: x = sin 6, % <fg< g,dx = cos 6 db, m =cos
fx3 de:fsiﬁ& cos Gcosﬁdﬁzfsinzﬂ coszﬁsinﬁdﬁzf(lfcos2 6)cos? 6 sin 6 d§

:fcoszt‘)siné)dﬂ—fcos“é)sin@df):—%00539+%00550+C:—%(1—x2)3/2+%(1— )5/2+C

58. (a) The slope of the line tangent to y = f(x) is given by f’(x). Consider the triangle whose hypotenuse is the 30 ft rope,

the length of the base is x and the height h = 1/900 — x2. The slope of the tangent line is also —7”0(” , thus
f/(X) - _ \/9007)(2_
(b) f(x) = [~ ¥=Xdx [x=30sin6, 0 < 6 < F,dx = 30cos 0 df, /900 — x> = 30cos 0]
— [ 3e0030cos 9 do = 30 [0 do = —30 [ L= g9 — —30 [esc0.df + 30 [sin 0 do

sin 6 sin 6
— /900 — x>+ C; f(30) =0

— /900 — 302+ C=C = f(x) = 301n|3 4 ¥20=X| _ /900 _ x2

= 301In|csc 6 + cot§] — 30cosf + C = 301n| 20 4 V=X 900 x?

— 30 900 302
= 0=30In|2 +

8.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS

L 255 =25+:25 = x—1B3=AK—-2+Bx—3)=(A+B)x— (2A+3B)

A+B=5 B B . B i .

= 2A+3B—13} = —B=(10-13) = B=3 = A_2,thus,m 2o+ 3

2. x25:(3;12 = ("*53)(;7,1) = _A_ X§1 T=Ax—-1)+Bx—-2)=(A+B)x —(A+2B)
AtTB=5 -7 3 2
A+2B:7}=>B—2:>A—3thus T = vt
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A=1
A(x + 1)+ B = Ax + (A + B) :>A+B:4} = A=1landB = 3;

x+4 _
(xi_l)z_x+1+(x+1)2 = X+4=
Xx+4 _ 1 3
thus, I — x+1 T aiIp
Zx+2  _ =42 _ A x4+ 2= A DB =A A+B A=2
ot - G- x-1 T & 1)2 = X+ x—=D+ x+(-A+B) = —A+B=2
%2 2 4
oA T ta-

= A =2 and B = 4; thus, o o d
= z+1=A2z-1D)+Bz-1)+C2> = z+1=A+0Oz>+ (-A+B)z—

5 ZZ?ZJr—ll):%—’_z%—}_zgl
A+C=0
= —-A+B= = B=-1 = A=-2 = C=2thus, 25 = 2+ 7 + ;%
—B=1
6. =T e a3y — 5t = 1 =AZ+2) +B(z—-3)=(A+B)z+ (A - 3B)
A+B=0 1 1. , 1 _1
248 _ 5 +2 S5t+2 A B
7. 1;+6 1+ 5 ‘;Jrﬁ(afterlongdlwsmn), l——51+6 (175)*(172) A+ 5
A+B=5 } L B=(104+2) =12

= St+2=A(t-2)+B(t-3)=(A+Bt+(-2A-3B) = "7,
= B=-12 = A=17; thus,t2 5t+6 1+t1,73+_22
—9 +9 (after long division); tg_gltz 199) = é + ? + Stig

(B + D)t + 9At + 9B

1r9 9249 _
8. l}:—%z =1+ t4itg-tz _1+t3(tz+9
92 +9=At(>+9)+B (> +9) + (Ct+ D)2 = (A+ O)* +
A+C=0
B+D=-9 -
OA — 0 = A=0=C=0B=1= D=—10thus, ;5% = 1 + 3 + 7%
9B =9
9 i =5+ = 1=A0+0)+Bl—x)sx=1= A=§;x=—-1 = B=1;
flixﬁ: fl—x+ fl+x—%ln|1+x|—ln|1—x|]+c
:f2éB:—%;

10 o415 =245 = 1=Ax+2)+Bx;x=0 = A=
Jetm =i e i s =tk -2+ C

— _—2 2

= x+4=Ax-D+Bx+6;x=1 = B=2;x
=1n|x+6*x—-1D|+C

4 _ A B
11. xzi;rx—6ix+6+x—l
fidx:gfdx +§f & =Zhn|x+6/+3In|x—1/+C
x2+5x—6 7 x+6 7 —1 7 7
:—7;x:4:>A:%:9;

12, 2o = A+ B o Ox+1=AK—-3)+Bx—4);x=3 = B=F
n’—(x_4)9‘+C
(x=3)7

f 2x + 1 dx:9fxdf4

x2 —Tx + 12

—7[ & — 9 |x—4[—TIn|x—3|+C

s

EN[%)

=3 = A=
(3In1+§In5)

<

= y=Aly+D+By—-3sy=-1 = B===1;
=(3In5+ 1Y) -

y —
13. y272y73_y73+y+1
8 8 8
d 3 d 1 dy _ 13 1 8
T B 4y—yS 4},1]—[*ln|y73|+11n|y+1|]4—

4y -2y-3
1 1 In 15
= 2ln5—|—21n3_—2
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4. y”“ =44+ B S yH4=AG+ D+By;y=0 = A=4y=—-1 = B= 3 = -3;

+4 ] 3
fyy d—4f1/2y 3, =y =3y + 1]}, =@In1-3m2)— (4In}—31n3)

n%—l E‘i‘lﬂ%—lﬂ(@'g'lG):lnT

15 gz =2+ 5+ 5 = 1=At+)(t— D) +Btt— D+ Ct(t+2):t=0 = A=—1;t=-2

S _ 1. _ dt 1 [ at
:>B_6’t_1:>C_§’ft3+122t___f +5 fl+2 §fﬁ

—shnjf+imft+2[+5Injt—1]+C

6. A3 =44 B 4 C o %(x+3):A(x+2)(x—2)+Bx(x—2)+Cx(x+2);x:O = A=31x=-2
1

_ v _ 5. x+3 _ 3| d&x S
:>B_16’X_2:>C_16’f2x3 dx = >+ i6

(x—2)xﬁ(x+2)‘ LC

=—3mnx[+LIn|x+2/+ZIn|x- 2|—|—C—i6

17. x2+23x+1 (X—2)+ (ix++1?2 (after IOIlg lelSlOIl) (XX++1§2 = Xil + ﬁ = 3X+2:A(X—|— 1)+B
1
:AX+(A+B):>A:3 A+B:2:>A:3’B:_1;LX2:32C:(+1
1 1 1
dx _ x2 1
_f(X*Z)dX+3 0X+17 Om—{572x+3ln|x+l|+m]o

=(1-243m2+3%)-(1)=3m2-2

3 —
8. o7 =&x+2)+ (i"_ e (after long division); (x 1)2 = ﬁ +

P = x—2=Ax-1)+B

(x

=Ax+(-A+B) = A=3,-A+B=-2 = A:3,B:1;f1#@f‘+1

0
~ [ x4 dx+s [ +fl(x_1)2:{ +2x+3fx -1 - ]

=(040+3m1-45) = (§-243m2- &) =2-3In2

19. L )2=X+1+ Sty et = 1= AGH Dx = 1)? +Bx - Dx + 1)* + Cx — 1)? + D(x + 1)
x=—1=C=3;x=1 = D— ; coefficient of x> =A+B = A+B=0;constant=A —B+C+D

= A-B+C+D=1 = A—B:%;thus,A:i = B:—%;f(x;’_xwz

1 dx 1 dx 1 x+ 1 X
*fo+1 __fx—1+ f(x+1)2+1f(x—1)2 =7 |35 —se-p tC

x> _ A B
20. (x—l)(x2+2x+1)7x—l+x +(x+

;= XX = A+ D2 +Bx - DE+1D+Cx—1);x=—1
)

= C=-1lix=1= A=licoefficientof * =A+B = A+B=1= B=13: [ (oput

— 11 3 In|(x — D(x + 1)°
fx—l fx+177f(x+1)2_1 x—=1]+3 ln‘x+1|+2(x+l)+c " 2 ‘+2(x+1)+c
21. mzﬁ—l—z’;if = 1=AX+1D)+Bx+O)x+1);x=-1 = A:%;coefficientofx2
1
_ 1. dx
—A+B:>A+B—O$B—— ; constant = A+C:>A+C—1:>C—§,‘];m
1 1
:1f0X+1+ . Xfj‘i]l)dx—[%ln|x+1|flln(szr1)+ltan’1x]é

=(lm2-1im2+itan'1) - ({lml-Iml+ltan?0)=1m2+](F) =22

22. 3t20++tt+4 +l?2‘tif = 3 +t+4=AE+1)+Bt+Ot;t=0 = A = 4; coefficient of >

=A+B = A+B=3 = B= —1;coefficientoft=C = C=1; fl 3t2liﬁ*“dt
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V3 V3 . s
:4fl %Jrfl 12til)dt [4ln|t|*%ln(t2+l)+tan1t]1

- (4ln\/—%ln4—|—tan_l\/§) —(4ln1-1m24t@n'1)=23-n2+3+1m2—7T

—2m3-im2+ 5 =nn(%)+5

2
23 TR = P 4+ B = 2y + 1= (Ay +B) (Y + 1) +Cy +D

=Ay’ +By’+(A+Qy+B+D) = A=0B=1;A+C=2 = C=2;B+D=1= D=0;
Y 42y +1 _ 1 y U | 1
deY—deYJFZdeY—taH y— g +C

2. Sﬁxﬁx&z = {xtB 4 <4fo1]1)>2 = 8x*+8x+2=(Ax+B)4x*+1)+Cx+D

— 4AX3 + 4B+ (A+C)x+ (B+D):A=0B=2A+C=8 = C=8:B+D=2 = D=0;
8 8 2 _ _
f)((4x~2k x+ dx = 2f4x2+l+8f4x2 zftan 12X 4x2+l+C

2s +2 _ As+B C
25. E+DG—1@  £+1 +s—l + l)2+(s s = 2s+2

=(As+B)s— 1 +C(s> + )(s—1)2+D(s +1)(s—1)+E(s>+1)
= [As* + (—=3A +B)s* + BA —3B)s> + (—A +3B)s —B] + C(s* = 2s® + 252 — 25+ 1) + D(s* — s> +s— 1)

+E(s?+1)
=A+0s*+(-3A+B-2C+D)s>+ BA—-3B+2C—D+E)s*>’+ (-A+3B—-2C+D)s+(—-B+C—-D+E)
A + C =0
—-3A+ B-2C+D =0
= 3A-3B+2C—-D+E =0 p summing all equations = 2E=4 = E=2;
—-A+3B-2C+D =2

—-B+ C-D+E=2

summing eqs (2) and (3) = —2B+2=0 = B =1;summingeqs (3)and (4) = 2A+2=2 = A=0;C=0
fromeq (1);then —1+0—-D+2 =2fromeq(5) = D= —1;

f(sﬁfi)ﬁ *fsul f(s—1)2 +2f(< =—(-D7?+6E-D " +an s+ C

26. S‘(‘;J:ngl)z =44 Bl y (?;:;)2 = st 4+ 81 =A(s2+9)° + Bs+CO)s(s2+9) + (Ds + E)s
= A(s* + 18s? 4+ 81) + (Bs* + Cs® + 9Bs? + 9Cs) + Ds? + Es
= (A+B)s* + Cs®* + (184 + 9B + D)s? + (9C + E)s + 81A = 8l1A=8lorA=1;A+B=1 = B=0;
— 0 _ — 0 _ _ . 4181 d
C=09C+E=0 = E=0;18A+9B+D =0 = D=1 [ -8 as= [& 18 [ o
=1In|s| + 2+9)+C

27, X2 = AL PUC o 2 x4 2 = AP+ x+ 1)+ (Bx+ C)(x — 1) = (A +B)x*> + (A =B+ C)x + (A — C)
=A+B=1,A-B+C=—-1,A—C=2= adding eq(2) and eq(3) = 2A — B = 1, add this equation to eq(1)

:>3A:2:>A:Z:>B:1—A:%:>C:—1—A+B:—%;f%dx:f(%+%)dx

:—f —Lodx+ ] f —d {uzx+l:>u—%:x:>du:dx}

= f 2+3du7’f 213(111

+3
:%1n|x71|+éln’(x+ %) + 3 \[tan (\[/2)+C 21n|x71|+%1n|xz+x+1|f\/gtan’l(z’i/%l)JrC

u2 :f
1
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28, A=A+ B+ PR S I = AR+ D)(X —x+ 1) +Bx(x? —x+ 1) + (Cx+ D)x(x 4 1)
=(A+B+0O)xX*+(-B+C+D)x>+(B+D)x+A=>A=1,B+D=0=>D=-B,-B+C+D=0
= -2B4+C=0=C=2B,A+B+C=0=1+B+2B=0=>B=-1=C=-3=D=1

_ L3 2/3)x+ 1 % 2x—1
j‘x4+xdX f(;_x—{-l—’_ xz—x+l/ f dx — fx+l 3f x+1dX
=In|x| — }In[x + 1| — {In[x> = x+ 1|+ C

20 Xy = A+ B SD o 2 S A= 1) + 1) + B(x + 1)(x% + D+(Cx + D)(x — 1)(x + 1)
=A+B+0O)x*+(-A+B+D)xX*+(A+B-C)x—A+B-D=A+B+C=0,-A+B+D=1,
A+B-C=0,-A+B —D = 0= adding eq(1) to eq (3) gives 2A 4 2B = 0, adding eq(2) to eq(4) gives

—2A + 2B = 1, adding these two equations gives 4B—1:>B— , using 2A+2B—0:>A——— using
~A+B-D=0=D=1 andusmgA—|—B C=0=C= of = [(5 ‘/4+1/4+ 12 ) dx

x+1 x—1 x2+1
= 7fo+ldx+ fo—l

30. 25 = A+ B+ SR = b x = A +2)(x + 1) + B(x — 2)(x> + 1)+(Cx + D)(x — 2)(x + 2)
=(A+B+0O)x*+(2A—-2B+D)x>+ (A+B—-4C)x +2A—-2B—-4D=A+B+C=0,2A-2B+D =1,
A+B—-4C=1,2A — 2B — 4D = 0 = subtractin eq(1) from eq (3) gives —5C = 1= C = —é, subtacting eq(2) from

eq(4) gives =5D = -1 =D = substltutmg for Cineq(1) gives A + B = z, and substituting for D in eq(4) gives

1.
10°

dx = —iIn[x + 1| + {In|x — 1| + Jtan"'x + C =

m x+l‘+ Ltan='x + C

2A -2B = 5 =A-B= g, addmg this equation to the previous equatin gives 2A = % = A= 13—0 =B =-

2 4x 71‘ 3/10  1/10 | (=1/5)x+1/5 _ 3 (1 L[ 7;f x ;f 1
fx4—3x2—4dx_ =2 x+2 T %+ dx =55 | 72X = 15 ) 729X — 5 ) opdx 4+ 5 ) o

n|x — 2| — {In|x + 2| — {5In|x? + 1| + ttan~'x + C

31. 29?5?;183);4 = A (09392;132)2 = 20° +50° + 80 +4 = (A0+B) (6> +20+2)+CO+D

= AP+ (A +B)? +(2A+2B+C0+(2B+D) = A=22A+B=5 = B=1;2A+2B+C=8 = C=2;

93 6> 9 0 0

7‘]‘ do — f f 92+2a+2 7f (62 + 26 +2) f 1
02+20+2 92+29+2 (02 +20+2)° 02 + 20 + 2 (9+l)2+1 TP+ 20+2

=5+ m(?+20+2) —tan ' @+ D+ C

32. Al = SR ¢ SR+ B = 00— 40 120 30 4 1

= (A0+B)(02+1)°+(CO+D) (0 + 1) +EI+F = (A + B) (6* + 262 + 1) + (CO? + DI? + C+ D) + E§ + F
= (A0° + BO* + 2A0° + 2BO? + A + B) + (CO> + DO?> + CO + D) + E§ + F

=AP +BO+ A+ O+ 2B +D)? +(A+CH+EW+B+D+F) = A=0;B=1;2A+C=—4

= C=-42B+D=2 = D=0,A+C+E=-3 = E=1;B+D+F=1 = F=0;

4 3 2 1 -2
fﬁ 46(‘;3—61 30+ 1 d@_f@Z _ f(929d0 2+f 9263913 —tan~' 0 +2(6% +1)" _i(92+1) e
33, 224l =Xt ity =2+ = 1=AR-D+Bxx=0= A=—1;

x=1= B=1; fw f2xdx—fd"—|—fdx =x*—In[x|+Infx—1[+C=x*+In || +C

4

3. =+ D+ 5=+ D+ oo arneoD = o1 T e =Ax—1+Bx+1)

x=-1=A=-lix=1=B=1; [ ax=[(drna-] [ 41 [

=i +x—Ltlx+1+inx—1+C=%+x+in|*1+C
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35. 49"}(;3"“ —9+m¢(afterlongdwmon) w =448 4 C
= 0x2-3x+1=Axx—D+Bx—-1)+Cx*x=1 = C:7;x:0 = B=—-1LA+C=9 = A=2;
f9x 73x+1dx f9dx+2f f +7f - =9%+2Inx|+1+7n[x—-1/+C

36, i =D+ PR e = T ety & 12X 4=AQx-D+B

_ K. _ . 16x° _ X X
S A=6-A+B=—4 = B=2 [ 1% dax=4 [(x+Ddx+6 [ 12 [

=2x+ 1 +3In[2x — 1| - 55 +Cr =2x+4x+3In[2x — 1| = 2x — 1) + C, where C =2+ C;

4 271 + C
3 L sy - s s — e e 2 1A+ D+ By+O0y=(A+By +Cy+A

7= A=LA+B=0=B=-1:C=0; [Y X lay= [ydy— [& 4 [2%

yi+y 241

2
=L —Inly|+3ilm(1+y*)+C

T L S S S R R
A e Y-y +y—17y -y +y-—1 +Dy -1

= 2=A(’+1)+By+C)(y—1)=(Ay’+A) + (By’+Cy —By —C) =(A+B)y’ + (-B+ C)y + (A — C)
= A+B=0,-B+C=00rC=B,A-C=A-B=2= A=1,B=-1,C=—1;

IWdY—zf(Y‘Fl)dY‘f’f—— o dy - f2+1
=@+’ +Inly—1]—FIn(y’+1)—tan'y+Cy =y*+2y+Inly— 1| - $In(y’ + 1) —tan~'y + C,
where C=C; + 1

e'dt _ _ y+1 _ |
39. fe2‘+3e‘+2 l_y]fy~+3y+2 y?_ y+—2 ln‘y+2’—|—C—ln(:}+2)—|—C

1 2 d
y2+1)dy:y7+fy2%dy—fy2%

+ 262 S e ot g, | Y =€ Syl oo
w. [eetas [eaeten [ V70 |- [t e [

=Y 41ln y’4+1) —tanly+C=12e*+LIn(e*+1)—tan"' (') + C
2 T3 ly

a1 [t fsiny =teosydy=dtl — [ =1 [ (5 - ky) dt=1m |53+ C

71 siny — 2
- In s1ny+3‘+c

sin 6 d6 . _ _ dy _lf dy 1 dy _ 1 y+2 _1 cosf +2
42. fco%20+cost9 2,[C0$9—y] - f y2+y—-2 "3 y+2 3 y—1 —3111 y—1 +C_31n|cosﬁ |+C

=3I [FEG+C=— s[5 [+C

(x — 2% tan~! (2x) — 12x% — 3x f tan™! (2x) f
43. f @+ (x-22 dx = Az 1 dx -3 (x — 2)2

=1 [t @od (tan ! 20) —3 [ (&5 —6 [ 2, = <‘a“j2X —3Injx—2[+ L5 +C

(x

(x + 1)% tan— (3x)+9x +x tan—" (3x) f X
44. f O+ )+ 12 dx f w1 X+ ) g dx

ftan’1(3x)d(tan’1(3x) +fx+l_ (Xi"l)Z:M+ln|x+l|+—+C
45. fx” dx—f\/— [Letu:ﬁ:du—zx/—dx:>2du:ﬁdx}Hfﬁdu;
u2{1=u11+u71:>2: Alu—1)+Bu+1)=(A+Bu—A+B=A+B=0,-A+B=2
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=B=1=A=-1 [2du= [(&5 +)du=—[rdut [Adu=—Inju+ 1| +Infu—1]+C

Vx—1

Y| +C

=In

46. dex [Letx—u =dx = 6u5du] — fm6u5du= fufujldu: f(6—|— %)du

:6fdu+f%dl'u w1 ui

-A+B=6=B=3=A=

u+1 u—l u_6u_3fu+l

(u—1)+B( +1):(A—|—B)u—A—|—B:>A—|—B:0

—6u—31n|u+1|+31n|u—1|+c—6x'/6+31 16+1 +C

47. f—v’(}fldx {Letx+1:u2:>dx :2udu] —>fu2“_l 7‘/\”22“_21 7\[(24_ )du
:2fdu+fi du; 25 =25+ 2 =>2=A@u—-1)+B(u +1):(A+B)u—A+B:>A+B:0
“A+B=2=B=1=A=-12[du+ [2ydu=20+ [(F5 + 2y)du=2u— [
=2u—Inju+1/+Inju—1]+C=2yx+1+In J_Vijl;l +C

48. fx\/ﬁdx {Letx+9—u édx—Zudu} HfﬁZUdu:f%g du; ﬁ:uéSJruEB
=2=A+3)+Bu-3)=(A+Bu+3A-3B=A+B=03A-3B=2=A=1=B=-1;

2 _ 1/3 1/3 1 1 1 1 Xx+9-3

f—uz_9 du—f(u_3—u+3)du_§f qu du = 3Inju — 3| - ln|u+3|+C— In NCEE EE +C

49, [ tmdx = [ apirax [Letu = x* = du = 4 ax| — § [ s ooty = 4 + o

> 1=A@+1)+Bu=(A+Bu+tA=A=1=B=—1![lrd=1[(!- 2 )du

u u+1
= 4 [au—1 [ hydu = dinfu] = dnfju+ 1]+ C = §in( ) +C

50. fx6X5+4>dX—fde— [Letu—x :>du—5X4dx] —>;fu2(u+4>du u2(u+4>: A+ B +u+4

:>1:Au(u+4)+B(u+4)+Cu =(A+C® + (4A+B)u+4B:>A+C:O,4A—|—B:O,4B:1:>B:%

— _ 1.1 1 _ 1 1/16 1/4 1/16 __ 111 11 1 1
> A=—1=>C= 1 Efmdu— §f(_T +wt u+4>d“— —o [ au o [ hdut 5 [ oL
:—8'—01n|u|—ﬁ+;—oln|u+4|+c———ln|x | — 505 + goln|x® + 4| + C = gln Xg“‘—ﬁ—i—c

SL(2-3t+2) & = ix= [4 = [0 [ o |22 40 =2 = Cet=3andx = 0
=1=C= 2=l :>x—IHIZ(%)‘:ln|t—2|—1n|t—1|—|—1n2

52. Bt +424+1) =2 3x_2\ff3t+4t2+1—fft2+l ft2+1

=3tan! (\/gt)—\/gtan‘lt—l—C;t:1amdx:#E = —@:w—éw—i—c = C=-7

= x=3tan"! <\/§t) —V3tanlt—nx
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R R e T B e e Iy B Y S I R

t=landx=1= In2=In3+C = C=ml2+ml3=mI6 = In[x+1/=h6|5] = x+1=

:>X_t+_2_1t>0

S4 4+ DB =41 = [0 = [9 — anix—Inft+ 1|+ Ct=0andx =0 = tan"' 0=In [1] +C

= C—tan 10=0 = tan!x=In|t+ 1] = x=tan(n(t+ 1)), t > —1

0.5 3x

s5.Ven [y ax=n [ s tmax=3n ([~ 5+ 1)) dx = [rin | 25[] 50 = 3 1n 25

56. V= 7rf xydx—27rf (x+1)(2 47Tf (=5 ( x+1 %(zix))dx
_T(1n|x+1|+21n|2—x|)]0:%’r(ln2)

—

V3 V3
57. A= j; tan~! x dx = [x tan~! x]g/3 - fo = dx y=tan~'x
=S I 4+1)]" =8 oy

Il
>[=
ol

|
vl

(9%}
_|_
[Nk
N—
Il
>[=
N
wl¥
|
|
(98]
N——
11
—_
—
o

5 5 5 5
s8. A= [ aieino9 g3 X—ﬁxdf3+2f3 & :[31n|x\ In[x+ 3]+ 20 [x — 1] = In 125 ;

dx

X
- _ 1 x(4x* +13x —9) _ 1 5
X_Aj; Sl o X =3 [4x] 3 + 3

) ):X(8+llln273ln6)':“3.90

3 x+3

59. (a) f]f—kx(N—x) = [t = fra s oL@ —fkdt = Ll || =kt £ G

_ _ _ _ 1 1
k= 250’ =1000,t=0andx =2 = 1000 In |998| C = 1000 1n|10007x| = 555 t 1000 ln(m)
= In |25 | =4t = B = = 499x = ¥(1000 — x) = (499 +e*)x = 1000e* = x = 0%

(b) x= 1N =500 = 500 = 9% = 500-499 + 500e* = 1000e* = e =499 = t=11n499 ~ 1.55 days

60. & =ka—x)b—x) = g = kdt
_ 1 R _ 1 _ 1 1
@ a=b [o% = [kdt = L =k+Ct=0adx=0= 1 =C= 1 =k+!
1 _ akt+1 _ _a _ a  _ a’kt
= ix= "2 ja*X_akwl :>x_a7akl+l_akt+l

(b) a?éb f(a x)(b X) fkdtjbiafa%xibia _fkdtébiln
t=0andx=0 = ;- In2=C = lnyg%ﬂ:(b—a)kt—i—ln(;) = g—xzae@ akt

—X
ab [1 _ e(b—a)kl]
a — be(b—a)kt

= X =

8.5 INTEGRAL TABLES AND COMPUTER ALGEBRA SYSTEMS

" \/T \[ tan~ 3 4C
(We used FORMULA 13(a) witha=1,b =23)
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dx 1 X+4—+/4 1 x+472‘
2. fxm—\/zln‘i\/—m+ﬂ‘+c—2ln e B
(We used FORMULA 13(b) witha = 1, b = 4)

N f“ 2>dX+2f —f( x—2) dx—l—Zf(\/x—Z)_ldx
1
- () (—V‘;Mz(%) V) - a2 44 v
(We used FORMULA 11 witha=1,b=-2,n=1landa=1,b=-2,n=—1)
4 &:1 <2x+3)dx_§ — gf dx
. (2x + 3)3/2 (2x + 3)3/2 (2x+3)3/2 \/ﬁ 2 (\/ﬁf
— — 1 -1
=1 (vae) e f (v ) ax=(3) () - (3) () Mo e
= ;A= x+3+3)+C= 224 C
(We used FORMULA 11 witha=2,b=3,n=—landa=2,b=3,n= —-3)
5. fxx/2x—3dx:%f(Zx—3)\/2x—3dx—|—%f\/Zx—de:%f(de—S) ax+3 [ (vVax= )
O O R e
(We used FORMULA 11 witha=2,b=—-3,n=3anda=2,b=-3,n=1)
6. [x(7x+3)2 dx = %f(7x+5)(7x+5)3/2 a2 [ox+592ax =1 [(VTx+5) dx— 3 [(VTx+3)" dx
_ (%) (%) («/7x7+5) _ (%) (%) (\/7x+ ) +C= |:(7x1_95)5f'2:| [2(7)(7—0—5) _2] +C
_ {(7)(;95)"’"’2} (Mx=%) 4 C
(We used FORMULA 11 witha=7,b=5,n=5anda=7,b=5,n=3)
V9 —4x 9 4x
7. L ax= +S [ o T
(We used FORMULA 14 witha = —4,b =9)
_ V9-ax ( ) 9—4x
SAE 2\/—1n\/—v94x+\/—‘+c
(We used FORMULA 13(b) witha = —4,b =9)
_ —vV9—4x 2 V9—4x—3
X Vo X
8. fxz\/ix79 (=9)x + X\/A(lix—79+C

(We used FORMULA 15 witha =4,b = —9)
VTSI (2) (%) tan~! /%59 4 C

9x
(We used FORMULA 13(a) witha =4,b =9)

V4x —1— Ltan ! /222 4 C

fx 4x—x2dx:fx 2.2x — x2 dx = XH2@x- 32)‘22X X —sm 1(X_2)+C
— (x+2)(2x—66)\/4x—x2 —|—4Sll’l_1 (%) +C: (x+2)(x—33)\/4x—x —|—4Sll’l_ (x_2) +C

e

(We used FORMULA 51 with a = 2)
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x—x2 x—1
10, f—vxx_xzdx:fivzl’xdx:,/2-%x—x2—|—%sin_1( 15)+cz x—x2+ Lsinl@x— 1)+ C
2
(We used FORMULA 52 witha = 1)
11. f —f L | Y (V) + C=— Ln|[Y1evie2] | ¢
iEE ¢ — gl | H = o IR
(We used FORMULA 26 with a = \ﬁ)
Viey (Vi) -
dx _ dx _ 1 N
A _fx\/(ﬁ)2_xz - Lm - +C==n]
(We used FORMULA 34 with a = \ﬁ)
130 [V ax= [VE=2 ax = V2T o0 2 [BYEEE o= VAo -2 |20 c
(We used FORMULA 31 with a = 2)

14. f@dx:f@d)(:q/X?_zQ_zsec—l|%|+C: /X2 2SCC_1|2|+C
(We used FORMULA 42 with a = 2)

fez‘cos3tdt: %(20053t—|—3sin3t)+C °—3(Zcos3t+3sm3t)+C
(We used FORMULA 108 witha = 2, b = 3)

16. fe’“ sin 4t dt = = 3)2 7 (=3 sin4t —4 cos 4t) + C =

¢ (—3sin 4t — 4 cos 4t) + C
(We used FORMULA 107 witha = —3,b = 4)
17. fxcos‘lxdx:fxlcos‘lxdx:%cos‘lx—l—1%1 \/'% coslx+ f\/ff—"xz
(We used FORMULA 100 witha =1,n=1)

:x;cos’lx—k%(%sin’lx)—%(%X\/I—XQ)—FC

¥ cos x4 Isinlx—ixV1-x24C
(We used FORMULA 33 witha = 1)

18. fx tan~! x dx = fxl tan~!(1x) dx = 1";
(We used FORMULA 101 witha=1,n=1)

1 xldx  _ x? -1 _lfxzdx
(1X) 1+1 1+(1)2x2 - 9 tan™" x 2 1 +x2

tan~lx — 1 f(l — —xz)dx (after long division)

RS
2

_x -1 1
Sanix—1 fax+} [

- l+x2dX
19. fx2tan‘1xdx—2+1 X =g 1+X2dx— tan_lx—%f
(We used FORMULA 101 witha = 1, n = 2);
fﬁ:ixzdx:f}(dx—f&—"2 Lln

8 1 (14+x*)+C = fxztan‘lxdx
+tIn(1+x*+C

tan"'x — Ix+ S tan'x 4+ C = J((x* + Dtan"'x —x) + C

1+ x2 dx

X
7?tan x——
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494  Chapter 8 Techniques of Integration

20. f —tanx;lx dx = fx’Q tan~ ! x dx = —(f(;:)l) tan~' X — 7 S 3 flfxlz = {5 tan” Ix + f 1+X2
(We used FORMULA 101 witha = 1, n = —2);

= [t = o [3s =mN - tm+x)+C

:>f‘ar;—2x dx:—;tan’lx—i—ln x| =3 In(1+x?) +C

21, ['sin 3x cos 2x dx = — 83 _ x4 C
(We used FORMULA 62(a) with a = 3, b = 2)

22. fsiancos?)de: f% + 5> +C
(We used FORMULA 62(a) witha = 2, b = 3)

s

)

9

(1R

)

23.szin4tsin%dx:§sin(§)—%sm(%)—i—CZS Smg +C

(We used FORMULA 62(b) witha =4,b = %)

24, fsin%sin%dt:3sin(é) — sin (% )+C
(We used FORMULA 62(b) witha = 5,b = })

25. fcosgcos4 0—6sm( )—l—%sin(?—e)
(We used FORMULA 62(c) with a =

26. fcos g cos 70 df = % sin (5¢) + L sin (B¢) + C = Smg; ) + Smgsz ) +C
(We used FORMULA 62(c) with a = %, b="17)

x4+ x+1 _ x dx _ x% 4+ 1)
27. fi(xj++ dx = fx2+1+f x2+1 - f X2+ 1 Jrf x2+1
=3 In(* + 1) + gty + 3 tan ' x +C
(For the second integral we used FORMULA 17 witha = 1)

X%+ 6x f f 6x dx _f 3dx _f dx f (+3) f dx
f(x2+3)2 dx = X2+3+ (x2 +3)? (x2 +3)? 2+ (x2 +3)?

o ()]

28.

[o ]

X

= () o i e ()]

(For the first integral we used FORMULA 16 with a = \/5 ; for the third integral we used FORMULA 17 with
a—= \/5)
_ 1 -1 X 3 X
fmtan (—3)—m-m+€
u=/x

29. fSinfl\/gdx; x = u2 —>qu sin™ udu—Z(msmlu l—}rlf ‘;li‘uzdu>
dx = 2udu
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. 2
= u? sin 1u—f udu

V1 —u?
(We used FORMULA 99 witha=1,n=1)
=ulsin~lu— (% sin~lu— %u\/l—uQ) +C= (u2 — %) sin~lu+ %u\/l—uz—t—C
(We used FORMULA 33 witha = 1)

:(X—%) sin‘l\/;+%\/x—x2—|—C
v=

30. fcosz/l;\/;dx; x = u —>f%-2udu:chos’ludu:Z(ucos’lu—% 1—u2>+C
dx =2udu
(We used FORMULA 97 witha = 1)

:2(\/§cos‘1\/§—m)+C

u= 5

[ i | x=w | o [ow=2 [ de=2 (Lsintu- bu/Tow?) 4 C
dx = 2udu

=sintu—uy/1—-u2+C

(We used FORMULA 33 witha = 1)

= sin~ —/xy/1—-x+C=sin"ty/x—vVx—x2+C
LR RYT R+ C=sin R VR

u=yx 2
2 [L | ox=w | = [ udu=2[/(V2) —wde

dx =2udu
+C:u\/27u2+2sin*1( “)+C

=2 [2 (ﬁ)z —u? (\[TZ)Z sin™! (%)
(We used FORMULA 29 with a — \/E)

=V2x—x>+2sin! /3 +C

S

33, f(cott)mdt:fivl_sﬁtfcowdl;[ u=sint ] S ot

du = cos tdt
_ 14++vV1—u?
= \/lfUQfInIﬁ +C
(We used FORMULA 31 witha = 1)

:\/1—sin2t—1n‘”7 VIsin't) 4 o
sin t
dt _ cos tdt . u=sint du _ 1 ‘2+\/47u2
34. f(lanl)\/4fsin2l 7f(sinl)\/4fsin2l’ [du:costdt] _)fux/4fu2 2 In u +C
(We used FORMULA 34 with a = 2)
_ 1 2 + /4 —sin?t
u=Iny
dy . U eldu du _ / 9
35 fy T | fe“¢3+u2 *f\/3+u2 *ln’u’L 3t ’JFC
y =¢" du

=1In |lny+ 3+(lny)2| +C
(We used FORMULA 20 with a = \/5)
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t:ﬂ
2 2 2
36. ftan’lﬁdy; y =t — thtan’ltdt:2[% tan’ltf%fll+t2 dt] :tQtan’ltffﬁ dt
dy = 2t dt

(We used FORMULA 101 withn=1,a=1)
:tgtan‘lt—fgi}dH—flth2 =t?tan 't —t+tan 't 4+ C = ytan™ 1\/_+tan 1\/§—f+C

=x+1
Ll Bt iy IR

(We used FORMULA 20 with a = 2)

zln‘t—f— \/t2+4‘+C:In‘(X+1)+ (x+1)2+4+C:In‘(x+l)+\/x2 n 2x+5‘+C

t=x-2 (t+2 24442
38f\/m fm [ ]—»f\/—d—fmdt \/tz—dH—f dt+f\/t2—dt
(We used FORMULA 25 witha = 1) (We used FORMULA 20 witha = 1)

[—%ln‘u- \/t2+1‘+# 4/ 1+ [4ln‘t—|— \/t2—|—1” +C

X— x—2)?
(= 2) 4+ /(=27 + 1]+ BV g fx— 2 1 din| (- 2) + 4/ (x -2+ 1|+ C
zln‘(x—2)+\/x2—4x+5‘+L R e

39. [V5—ax—x2dx = [/9 - (x+2) [t_"+2] — [Vo—rta

(We used FORMULA 29 with a = 3)
=3 97t2+7s1n’1( )+ C=

9 — (x+2)° + Isin~! (242) + C = *£21/5 —dx — x2 + Jsin~ ' (*£2) + C

0. [x2V2x—xdx = [x2\/1 - (x— 1)? {tx—l] o [ Viced= [(e42+1)V/T- e
:ftzx/l—tzdt—Fth\/l—t2dt—|—f 1 —dt

(We used FORMULA 30 witha = 1) (We used FORMULA 29 witha = 1)
{%sin‘l (1) - %t V1-12(17 - 2t2)} — %(1 — t2)3/2 + [

3/2
= Lsinl(x— 1) = Lx = 1) /1= (x = 1)2(12 ~2(x — 1)2) - §(1 — (x— 1)2)
+ 3sin7!(x = 1) + C = 3sin ' (x — 1) — %(2x—x2)3/2+ e V2x = x2(2x2 —4x+5) + C

[S1E

-2+ —sm"( )} +C

1—(x—1)7°

. sind S _ . sind . sin S _ .
41. fs1n52xdx: __ sin 2x0052x+551fs1n32xdx: __ sin 2){6:052)(_'_% [_ sin” 2x cos 2x + 331fSIH2XdX:|

5-2 3-2
(We used FORMULA 60 witha=2,n=5anda=2,n = 3)
sin® 2x cos . sin® . in29x o <
__ sin 2);5052x _ % Sll’l2 2X cos 2X + % (_ %) cos 2X 4+ C = — sin 2){00052)( __ 2sin 21);(,082)( _ 40(1);2x +C

421
(We used FORMULA 61 witha = 27, n = 4)

— cos® 27t sin 27t +6 |:%_'_ Sln(22ﬂt)] +C

42, f8005427rtdt:8(w+4_1f005227rtdt)

™

(We used FORMULA 59 with a = 27)
_ cos® 27r7trsin 27t +3t+ 3 si;lﬂ47rt +C= cos? 27t sin 27t + 3 cos 2t sin 27t +3t+C

ks 2T
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43, fsm 26 cos3 26 df = %—l—gléj‘sm 20 cos 260 do

(We used FORMULA 69 witha =2, m=3,n=2)

_ sin® 20 cos 226 42 fSlIl2 20 cos 26 df = sin® 2618052 260 T % {%fsinQ 20 d(sin 20):| _ sin® 2t91(c)0s2 26 4 si1113520 T C

44, stinZtsec4tdt:fZSithcos"ltdt:Z(*m%({%Jrchos"‘tdt)

(We used FORMULA 68 witha=1,n=2, m = —4)

=sintcos 3t — fcos‘4tdt: sintcos ™3t — fsec4tdt: sintcos 3t — (% + %fsec%dt)
(We used FORMULA 92 witha=1,n = 4)

=sintcos3t — (@) —2tant+C=Z2sec’ttant— 2 tant+C= 2 tant(sec’t — 1) + C

=Z2wan’t+C
An easy way to find the integral using substitution:

f2sin2tcos_4tdt:f2tan2tsec:2tdt: f2tan2td(tant):§tan3t+c

45. [4tan®2xdx = 4 (mn 2 _ [tan 2x dx) — tan? 2x — 4 [ tan 2x dx

(We used FORMULA 86 withn = 3,a = 2)
= tan’ 2x — 3 In |sec 2x| + C = tan? 2x — 2 In |sec 2x| + C

46. f800t4tdt—8(— cot’t —fcot2tdt)

(We used FORMULA 87 witha=1,n=4)
=8(—fcot’t+cott+1t) +C
(We used FORMULA 85 witha = 1)

47. f2sec37rxdx:2{%+3 fsecwxdx]

(We used FORMULA 92 withn = 3,a =)

= L sec mx tan 7x + £ In |sec 7x + tan 7x| + C

(We used FORMULA 88 with a = )

48. [3sect 3xdx = 3 [t 4 422 [lsee? 3x d]

(We used FORMULA 92 withn = 4, a = 3)
_ secz3>;tan 3x + % tan 3x + C
(We used FORMULA 90 with a = 3)

_ B B
49. fcsc5xdx =— 7“%"_“;’”‘ +i= fcsc3xdx = — eexcotx 4 3 (— excolx 4 3-2 %fcscxdx)

3-1
(We used FORMULA 93 withn=5,a=1andn=3,a=1)

= — 3 esc®xcotx — 3 escx cotx — 3 Infesc x + cot x| + C

(We used FORMULA 89 witha = 1)

50. [163(In x)? dx = 16 [ 202 — 2 [x3 Inx x| = 16 [ 2002 — L [200 L [0 ax]]
(We used FORMULA 110witha=1,n=3, m=2anda=1,n=3, m=1)
16( xlnx? _ 4(1;") + %) +C=4x'(nx)? - 2x*Inx + X +C
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t_
51. fe‘sec?’(et—l)dt [d © ‘dﬂ — fsec?’xdx:%—i-%fsecxdx
(We used FORMULA 92 witha = 1,n = 3)

= seextnx 4 1 n [sec x 4 tan x| + C = § [sec (¢' — 1) tan (e' — 1) + In [sec (¢' — 1) + tan (' — 1)[] + C

t=+/0

9:t2 —>sz50 tdt_z[_csctcott+3 2fCSCtdt:|
df =2t dt
(We used FORMULA 93 witha = 1,n = 3)

=2 [— ettt — Linfesc t+ cott|] + C = —csc Ocot\/a—ln‘csc\/é—l—cot\/@‘—i-c

[\ )
—
2
ow
N
o
>

52.

0

1 /4 /4 p /4
53. j;Z x2+1dx; [x =tant] — 2]; sect-secQtdt:Z‘[; sec3tdt—2{[se§‘%]o/4+§%?f sectdt]

(We used FORMULA 92 withn = 3,a=1)
= [sect-tant+ In [sec t+ tant|] ”/4 \/_+ln(\/_+1>

V32 . /3 /3 ) /3 /3
54. j; &y =sinx] — j; cosxdx _ j; sectx dx = [45“4"_“1‘”} + 1= j; sec? x dx

(] _ y2>:)’/2‘ ’ cosd x

(We used FORMULA 92 witha=1,n=4)

= [seCZ)gtanx_thanX} ( )\/—+( )\/5:2\/§

sec 6

/3
:{“‘“9 tan9+9} :37‘/5—\/5—1-%:%
(We used FORMULA 86 with a = 1, n = 4 and FORMULA 84 witha = 1)

2 /3 Ly 3 /3 /3
55. fl(r_l) dr; [r = sec ] — fo al"(’(secﬁtanﬁ)d@—f0 tan? 6 df = [“““9}) —j; tan” 0 df

1/V/3 w6 /6 4, /6 /6
d Ol — 0do __ 5 — 0 sin 0 5-1 3
56 L W 5 [t = tan 9] — j; Sescec7(9 = j; COS 9 d0 = {%] 0 + (?) ﬂ) COS 0 d9

‘. /6 . /6 /6 . /6
_ | cost@sind 4 cos? 6 sin 6 3-1 _ | cos'fsind 4 2 : 8 o
_{f}o +§“f}0 +(T)j; costﬁ]—[f—l—ﬁcos 9sm9—|—ﬁsm9}0

(We used FORMULA 61 witha=1,n=5anda=1,n=3)

V3 4(;) 2
-0 ) (£) D+ B =+ - B

/2
57. S= [ oy y/T+ () dx
v :
=or [V /14 2 dx

:2\/§7rf0ﬁ\/x2+ldx
=22m {X—V";H—F%ln‘x%— \/x2—|—1H v
0

(We used FORMULA 21 witha = 1)

= \/§7r {\/EJrln(\/EJr \/5)} :27r\/§+7r\/§1n(\/§+ \/§>

58. L:fommdx:zfo \/4+x2dx—2[§\/4+x2 () (

(We used FORMULA 2 with a = §)

D=
N—
—_
=)
N
bel
+
ESTS
+
>
(3]
N——
.
(=]
o
S
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DO [

E + 5 (x+1 1+4x2)}‘ =2 144 +im(L+11+4()) - im
=@+ im(P 1) +im2=%+ 1 (V3+2)

3
59. A= 0 i)jrl:|:2 x_|_1:| — — xxdjo1
3
:%f\/x+ dx—ffo\/m
=3 5[(x+1)3/2]0—1:‘31;

(We used FORMULA 11 witha = 1,b = 1,n = 1 and
a=1b=1n=—1)

3
V=11 J, 70 =l +Di=im4=1m2=m2

60. M f (52£5) dx = 18f§§1§dx—54f S8~ [18x — 27 In [2x + 3[]3
3-271n9—(—27In3)=54—27-2In3+27In3 =54 —271n3

1
61. S =21 [ x2\/1+4¢ dx; y
u=2x » [? 9 .
[du—de] — Zf,zu I +u?du
2
:%{%(1+2u2)\/1—|—u2—%ln(u+ 1+u2)} 2
(We used FORMULA 22 witha = 1)
7ﬂ§(1+2-4)\/1+ —%ln<2+\/1+4)
+2(142-4) 1+4—|—lln<—2—|—\/1+4)}
_ |9 2+\/_

62. (a) The volume of the filled part equals the length of the y
tank times the area of the shaded region shown in the
accompanying figure. Consider a layer of gasoline
of thickness dy located at height y where
—r <y < —r + d. The width of this layer is

24/1r? — y2. Therefore, A =2 firﬁd 12 —y2dy
andV=L-A=2L [ /Py’ dy

®) 2L f:rﬁd Vi —y?dy =2L {y@ + § sin~? ﬂ jd
(We used FORMULA 29 with a = 1)
= 2L [958 Vard = 4 fsin! (4) + 5 ()] = 2L (%) Vad - @ (5) (sin ! (45 + 5)]

63. The integrand f(x) = v/x — x2 is nonnegative, so the integral is maximized by integrating over the function's
entire domain, which runs fromx =0tox = 1
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500  Chapter 8 Techniques of Integration

= j;l\/x—Xde:LI,/Z-%X—XQdX:

(We used FORMULA 48 witha = 1)

(x=3) /5.1 () -1 (*—3
s 2-§x—x2+2751n1(T2>

2
(x—%) 2 1 a1 ! 1 = 1 bis T
:{T X — X%+ g sin (2"—1)}0:5'5—5(—‘)=§

64. The integrand is maximized by integrating g(x) = x1/2x — x2 over the largest domain on which g is
nonnegative, namely [0, 2]

2 — 2
= j; xV2x —x2dx = [W + % sin™! (x — 1)}
0
(We used FORMULA 51 witha = 1)

CAS EXPLORATIONS

65. Example CAS commands:

Maple:
ql := Int( x*In(x), X ); # (a)
ql = value( ql );
q2 = Int( x*2*¥In(x), X ); # (b)
q2 = value( q2);
q3 = Int( x*3*In(x), X ); #(c)
q3 = value( g3 );
g4 := Int( x"4*In(x), X ); #(d)
g4 = value( g4 );
g5 := Int( x*n*In(x), X ); # (e)

g6 := value( g5 );
q7 := simplify(q6) assuming n::integer;
g5 = collect( factor(q7), In(x) );

66. Example CAS commands:

Maple:
ql := Int( In(x)/x, x ); #(a)
ql = value( ql );
q2 := Int( In(x)/x"2, X ); # (b)
q2 = value( g2 );
q3 = Int( In(x)/x"3, x ); #(c)
q3 = value(q3);
g4 := Int( In(x)/x™4, x ); #(d)
g4 = value( g4 );
g5 := Int( In(x)/x"n, x ); # (e)

q6 = value( q5 );
q7 := simplify(q6) assuming n::integer;
g5 = collect( factor(q7), In(x) );
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67. Example CAS commands:

Maple:
q := Int( sin(x)"n/(sin(x)*n+cos(x)"n), x=0..Pi/2 ); # (a)
q = value(q);
ql :=eval(qg, n=1): # (b)

ql = value( ql );

for Nin [1,2,3,5,7] do
ql :=eval( g, n=N);
print( q1 = evalf(ql) );

end do:

qql := PDEtools[dchange]( x=Pi/2-u, g, [u] ); #(c)

qq2 :=subs(u=x, qql );

qq3:=q+q=q+qq2;

qq4 := combine( qq3 );

qqS := value( qq4 );

simplify( qq5/2 );

65-67. Example CAS commands:
Mathematica: (functions may vary)
In Mathematica, the natural log is denoted by Log rather than Ln, Log base 10 is Log[x,10]
Mathematica does not include an arbitrary constant when computing an indefinite integral,
Clear[x, f, n]
f[x_]:=Log[x] / x"
Integrate[f[x], x]
For exercise 67, Mathematica cannot evaluate the integral with arbitrary n. It does evaluate the integral (value is 7/4 in
each case) for small values of n, but for large values of n, it identifies this integral as Indeterminate

65. (e) fx Inx dx = "+l+l'f"—n+1fx dx,n # —1
(We used FORMULA 110 witha=1,m= 1)
o X“+]1 X n+] n+] 1
- n+r11 7(n+1)2+c n+1(ln +l)+c

66. (e) fx‘“ Inxdx = Xi":j“l" — ﬁ fx‘“ dx,n# 1
(We used FORMULA 110 witha=1,m=1,n= —n)

s L (3 o= i (inx - )+ C

67. (a) Neither MAPLE nor MATHEMATICA can find this integral for arbitrary n.
(b) MAPLE and MATHEMATICA get stuck at about n = 5.

(© Letx=5—u = dx=—-dux=0=u=7,x=75 = u=0;
I= f.r/z sin"xdx 0 —sin" (§ — u) du _ fﬂ/ cos"udu  __ fﬂ/z cos" x dx
— Jo sin? x+costx /2 sin® (E—u)+cos“ (E—u) — Jo cos"u+sin"u ~ Jo cos" X + sin® X
/2 L
_ sin" x + cos" x _ ™ Y
= I+1= f (sm“x+cos" dX f dX_ 4
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8.6 NUMERICAL INTEGRATION

1. f 2x dx Xi f(x:) m | mf(x;)
l b-a _ 2-1 _ 1 Ax _ 1. X| 1 ! ! !

I. (a) FOrn:4, AX: o = 3 = x = -5 = g X1 5/4 5/4 2 5/2
S mfx)=12 = T=112)=3; Xs | 32 | 32 2 3
f(x)=x = f/®x)=1=>f"=0= M=0 X3 | 7/4 7/4 2 712
= |ET| =0 X4 2 2 1 2

2 X2 2 3 2
) [ xdx= Mlzz—%:i = B = [ xdx-T=0
(©) e vae X 100 = 0%
II. (a) Forn=4,Ax = 'ﬁ = 2;—1 = % = % = %; X; f(x,) m mf(x;)
me(x)—ls:s_lza):g, x| 1 1 1 1
W) — X1 | 5/4 | 5/4 4 5
®=0=M=0= [E|=0 | 32 | 32 | 2 3
(b)flxdx:%:>|Es|:fxd —s=3-3=0 X5 | 74 | 74 | 4 7
© e x 100 = 0% wl 2 12 112

2. [ex- 1 X | fex) | m | mf(x)

Il E — 4 Ax—b=a _3-1_2_1 Ax _ 1. X0 1 1 1 1

- (a) Forn=4, X*n*4*1*5:>7*1’ x| 32 | 2 2 g
Yomf(x) =24 = T=3(24) = X2 | 2 3 2 6
f(x)=2x—1 = f'x)=2 = "=0 = M=0 X3 | 52 4 2 8
= |[Ei| =0 X¢| 3 5 1 5

b [x-Dax=[-x}=0-3)-(1-D=6= [E|=[ @x-Ddx-T=6-6=0

(©) ol x 100 = 0%

Il (a) Forn=4 Ax = l%l = % = % % = % = %; X f(x;) m mf(x;)

> mf(x) =36 = S=1(36)=6; X | 1 1 1 1

W)(x) = _ _ xi| 32 | 2 4 3

f3(x) 0= M=0 = |E| 30 s = : i

—6-6=0 x¢| 3 5 1 5

Bs| _
(C) True Value x 100 = 0%

3.0 [ x [ fo) [ m [ mfex)

1l F _4A_—a_17(71)_2_1 Ax 1 [ Xo| 1 2 1 2
(a) Forn X = =i=y = T =1 (x| 12| 54 | 2 | 2

S mf(x) =11 = T=111)=2.75; x| 0 I 3 3
f=x"+1 = fx)=2x = f'(x)=2 = M=2 |X3| 112 | 54 2 5/2

= B < =50 (1)%2) = L 0r0.08333 X | 1 2 1 2

Sh=

1
b [+ dx:[%3-1—7(}_1:(%4—1)—(—%—1):% = Er= [ () dx—T=3-4—_
~ 0.08333
)><100z3%

= |E|=|-%

e Value

© i 100 = (

wiodfg] =

STUDENTS-HUB. COCEﬂ)yright © 2010 Pearson Education, Inc. Publishing as Addiso%s&éded By Osaid ZyOUd



IL.

U
L

sfo2

L

Section 8.6 Numerical Integration 503

(a) Forn = 4, Ax—%:ﬂ—%:% = %:%; X fx) m [ mikx)
Ymf(x) =16 = S = ¢ (16) = § = 2.66667; X | =1 | 2 1 2
fOx)=0 = fYx)=0 = M=0 Ed =0 xi | =12 | 5/4 7 3

1(X)7 :> (X)i 1:> =0 = [E|= Xo 0 1 2 2

(b) f,l(x2 +1)dx = [; +x} = X3 | 172 | 5/4 4 5

| - X4 1 2 1 2
= Bl = [ ¢+ Dax-s=5-5=0
|Es| _
(C) True Value x 100 = 0%
(x*=1) Xi f(x;) m | mf(x;)
Xg -2 3 1 3
b—a _ 0-(=2 _ 2 _ Ax _ 1

() Forn =4, Ax = a_T_Z_%$7_Z xi| 32| 54 | 2 | 512
fx)=x2-1 = f'x) =2x= f'(x) = X3 | —1/2 | =3/4 2 =372

S M=2= [E<S2 ()= 4=ooss33 el 0 | T 1T | -
0 0 0

® [ 62— 1)dx = [;‘X},ZZO—(%H) — 2o B = [ (- dx-T=2-3=—_1]
= |E| = 12

© —EL_ x100= ﬁ) % 100 ~ 13%

True Value %

(a) FOI‘n - 4 AX = b;a = 07372) = % = % X f(xi) m mf(Xi)
:>A3X7% Yomf(x)=4 = S=:#=3%; Xg | —2 3 1 3

O =0 = fI(0) =0 = M=0 = |[E|=0 o=l 1 4 | >
0 o X9 —1 0 2 0

b) ‘IY_Z(X2 — 1) dx = % = |ES| = f_2(X2 — 1) dx — S x3 | —1/2 | =3/4 4 -3
=2_2_9 X4 0 -1 1 -1
=2-1-

|Es| _

(C) True Value x 100 = 0%

4 f(t,) m mf(ti)
_ to 0 0 1 0

(a) Forn=4, Ax =21 - :24—0:%:% TR 5 —
= =Ly mf(t)=25 = T=1(25 = H 1 3 3 7
f(t) =3 +t = ff)=3C+1 = {(t) =6t t3 | 3/2 | 39/8 2 39/4
= M=12=1"Q2) = |ET|§20( ) (12)__ ty 2 10 1 10

272 22 2
© Ji@ a5 = (F3)-0=6 = b= [[@rga-Too-F < —f > B~
Eq 1 _

(©) Ty X 100 = = 4| x 100 ~ 4%

(@) Forn_4’AXZTa:21_0:%:%:>%:%; G f(t;) m mf(t;)
> mf(t) =36 = S =1(36) =6; th| O 0 1 0

(3)(t) =6 = f(4)(t) 0= M=0 = |Es| -0 :1 112 5;8 3 54/1-2
2 2 2

) [[(@+0dt=6= [E|=[ (€ +0dt-S G| 32 | 3958 | 4 | 392

C6-6-0 u| 2 [ 10 | 1 10
Es| _
(C) Tru‘e Value x 100 = 0%
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6. [ (& t ] f© [ m ] miw)
1
b—a 1= (1) 2 1 to —1 0 1 0
L (@ Forn=4 Ax =20 ="—=—=3=3 12| 78 | 2 | 74
:%X—4,me(t)=8:T—i(8)=2; ]| 0 1 2 2
fy=0+1 = f(t)=32 = f'(t) = ts | 172 | 9/8 2 9/4
éM-6*f”(1)é|ET|<1(1)(%)(6):7 bl 2] 1 ]2

® [ (@+1)d= {‘zﬂ}_l:(% ) (#Hﬂ)):z = Bl = [ (E+1)d-T=2-2=0
©) —ZL_ %100 = 0%

True Value
I (@ Forn=4,Ax=>"t-0=12CD 21 t | f(t) | m | mf(t)
Ax t -1 0 1 0
- Ax _ mf(t)_12:>S_ (12)_2 0
) 3_6 % 0= M—0 ¢ El—0 ul|-12] 8 [ 4 171
l(t)* = fWoH=0= 17 = |Es| = t 0 1 2 D)
® [ @E+Dd=2= [El=[ @ +1)d—S | 12| B 4 | 9
5 a0 w| 1 | 2 | 1 2
© ey X 100 = 0%
2
7. [ s s | fs) [ m [ mf(s)
I. (a) Forn=4, Ax=5%2—-2-1_1 - Ax _1. %0 ! ! ! !
: =% = n T 4 T 1 2 — 8> s | 5/4 | 16/25 2 32/25
179.573 _ 1 (179573 _ 179573
Yomfts) = e = T=3 (44,100) = 352800 S| 32 | 49 2 89
~ . L, ) s3 | 774 | 16/49 | 2 | 32/49
~ 0.50899; f(s) = & = f'(s) = — 2 T T 1T A

= f(s)=§ = M=6=1"(1)
_ 2
= [E| < 251 (3)%(6) = & = 0.03125
2 2
b [Las=[s2ds=[-1 =1 (1) =1 = E= [ Lds—T=1 050899 = —0.00899
= |E;| = 0.00899
() —EL_ x 100 = 20089 100 ~ 2%

True Value 0.5
I (a) Forn=4,Ax= = =i=5%=u s | f(s) m | mf(s,)
) — 264,821 L 264,821\ _ 264,821 So 1 1 1 1
2 mf(s) = Z3iee = S= 13 (44100) = 529200 s 54 (16051 4 6425
~ 0.50042; () = — F = £0(9) = s | 32 | 49 | 2 | 8
= M=120 = |E| < |_01’ (Z) (120) ss | 7/4 | 16/49 4 64/49
1 S4 2 1/4 1 1/4
= L~ 0.00260
2
(b) fl gds=35 = Es= f ds—S =1-050042 = —0.00042 = |E| = 0.00042
|Es| __ 0.0004
© True Value < 100 = ~0s5 X 100 ~ 0.08%
4
8. ), (s—l)2 ds Si f(s;) m | mf(s;)
I Forn— 4. Ax — b=a _4-2 _ 1 Ax _ 1. So | 2 1 1 1
- @ Forn=4 Ax="2 =" =0 = S =8 S| 52 | 49 | 2 | 8P
20 mf(s) = 5o S| 3 | 1A | 2 | 1»
= T=3 (&) = 3% = 0.70500; 53 74/‘2 41//295 ? 81//295
fs)=G6-D72 = )= - 2 S4

= () = o = M =6
= B <232 (L ) 6)=1=025
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4 4
) [ L ds = [%11)}2 (7)) - () =2 = Er= [ Lpds—T=2-0705~ —0.03833
= [Eq| ~0.03833
() —El_ x 100 = 20383 » 100 ~ 6%

True Value (i)
II. (a) Forn=4, Ax = ;a 4 2 % = % = % ; S; f(s;) m mf(s;)
3 mif(s;) = % So 2 1 1 1
ey si S| 52 | 49 | 4 | 1609
:; S= %7(2}%) % ~0. 6120148 | 3 | 14| 2 | 12
fO(s) = =% W) = & = M =120 ss | 72 | 425 | 4 | 16/25
= [Es| < 422 (1 ) (120) = iz 0.08333 a4 W/ 1] 1R

b | Zypd=3= Eszf L ds — S~ 2067148 = —0.00481 = || ~ 0.00481
©) Bl «100= 200481y 100 ~ 1%

True Value ( z )

9. ["sintdt G [ fW [ m [ mi)
I (@ Forn=4,Ax="0-8_m0_17  A&x _ 1. o] O 0 ! 0

' ’ n 4o 28 u| w4 | Vel 2 | V2
> mf(t) =2 +21/2 ~ 4.8284 ) 5 3

= T=: (2 n 2ﬁ) ~ 1.89612; 6| 3m4 | V| 2 | V2
f(t) =sint = f'(t) =cost = f’(t) = —sint Wl ™ 0 1 0

= M=1 = [E <52 (3)%) = &
~ 0.16149
(b) f; sin tdt = [—cos t]§ = (—cos 1) — (—cos 0) =2 = |Er| = j:r sintdt— Ta?2— 189612 = 0.10388

(C) TruleE\T’Llue 100 = 0.10388 10388 x 100 ~ 5%

I (a) Forn=4 Ax=>23t =238 = § = 5 =5 t [ ft) [ m [mf(t)
S mf(t) = 2 4 4+/2 ~ 7.6569 | O 0 1
S=7%(2 4\/5 ~ 2.00456; t | w4 \/5/2 4 2\/5
M ( " ) D Wl 2 | 1 p >
fO(t) = —cost = fW(t) =sint ty | 37/4 \/5/2 1 2\/5
= M=1 = [E| <22 (2)"(1) ~ 0.00664 T 1 0

(® [ sintdt=2 = Ey= [ sintdi—S~2-2.00456 = —0.00456 = [Es| ~ 0.00456
(©) i x 100 = 000456 5 100 ~ 0%

True Value

1
10. [ sin rtdt t | ft) | m | mif®t)
IO () Forn=4,Ax =b=2a —1-0_1 o Ax_ 1. % 0 0 ! 0
' ST e 2~ | 14 | Vo] 2 | V2
S mf(t) = 2 +2+/2 ~ 4.828 w12 5 5
= T=1 (2 + 2\/5) ~ 0.60355; f(t) = sin mrt | 34 | V2| 2 2
t | 1 1 0

= f'(t) = 7 cos 7t
= f'(t) = —r?sinwt = M =72
= [Bi| < 550 (4)* (72) ~ 0.05140
(b) j;lsin ntdt =[— % cos Tt]} = (— % cos 7r) — (— % cos 0) = % ~ 0.63662 = |E;| = j;lsin mtdt—T
—0.60355 = 0.03307

[E| 0.03307 N
(©) Trevame X 100 = SFE x 100 ~ 5%
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I (a Forn=4,Ax="22=10_1 &x_ 1. t; f(t;) m | mf(t)
S mf(t) = 2 + 44/2 ~ 7.65685 W] 0 \/9 I \0[
u| 4 | Vo] 4 |22
_ 1 ~ .
= S=1 (2 + 4ﬁ) ~ 0.63807; T . Y
fO(t) = -3 cos it = £W(t) = 7 sin 7t t5| 34 | V22| 4 2¢/2
= M=7 = [E| < 50 (1) (%) ~ 0.00211 | 1 0 I 0

1 1
(b) [ sinmtdt=2~063662 = Ey= [ sinntdi—S~ 2 —0.63807 = —0.00145 = || ~ 0.00145

(©) e X 100 = S x 100 ~ 0%

11. (@) M =0 (see Exercise 1): Thenn=1 = Ax=1 = |E{| = % (D?(0)=0< 107

(b) M = 0 (see Exercise 1): Then n = 2 (n must be even) = Ax = % = [Es| = ﬁ (%)4(0) =0< 10
12. (a) M =0 (see Exercise 2): Thenn=1 = Ax=2 = [E|=3(2)*0)=0<10"*

(b) M = 0 (see Exercise 2): Thenn =2 (n mustbe even) = Ax =1 = |Eg| = 1%0 (H*0)=0< 1074

13. (a) M = 2 (see Exercise 3): Then Ax = 2 = [E,[ < 5 (%)2(2) =45 <107 = n?>$(10") = n>,/3(10%)
= n>1154,s0letn =116

(b) M =0 (see Exercise 3): Thenn =2 (nmustbeeven) = Ax=1 = [Es| = % (D*(0)=0< 107"

14. (a) M = 2 (see Exercise 4): Then Ax =2 = [E;| < 3 (%)2(2) =5 <107 = n?>$(10") = n>,/3(10%)

= n>1154,s0letn =116
(b) M = 0 (see Exercise 4): Thenn =2 (n mustbe even) = Ax =1 = |E¢| = 1%0 (H*0)=0< 1071

15. (a) M = 12 (see Exercise 5): Then Ax =2 = |E;| < & (5)2(12) =% <107 = n?>8(10') = n> /8(10%)
= n > 282.8,soletn = 283
(b) M = 0 (see Exercise 5): Thenn =2 (n mustbe even) = Ax =1 = |E¢| = 1%0 (H*0)=0< 1074

16. (a) M = 6 (see Exercise 6): Then Ax = 2 = [E,| < 5 (%)2(6) =4 <107 = n?>4(10") = n> /4(10%)
=200, so letn = 201
(b) M = 0 (see Exercise 6): Thenn =2 (n mustbe even) = Ax =1 = |Eg| = 1%0 (H*0)=0< 1074

17. (a) M = 6 (see Exercise 7): Then Ax = 1 = [E,| < & (%)2(6) =55 <107 = n? > 1 (10") = n> /5 (10%)
= n>70.7,s0letn =71

(b) M = 120 (see Exercise 7): Then Ax = 1 = [Es| = 1 (%)4(120) =% <107 = n' > 2(10%)

= n> /3 (10*) = n> 9.04,soletn = 10 (n must be even)

18. (a) M = 6 (see Exercise 8): Then Ax = 2 = [E[ < 5 (%)2(6) =4 <107" = n?>4(10") = n> /4(10%)
= n > 200, so letn = 201

(b) M = 120 (see Exercise 8): Then Ax = 2 = [E| < (%)4(120) =2 <107 = n* > % (10%)

= n> /% (10*) = n>21.5,s0letn = 22 (n must be even)
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19. @ fX)=vx+1 = fO=x+D? = f'®)=-tx+ D)3 = _74(¢x]+_1)“ = M= 4(%)3 =1
Then Ax =2 = [Eq| < & (3)° (1) =12 <10 = n2> 2 (10%) = n> /2 (104) = n> 75,
soletn =76
) P =3x+D? = fWx)=-Bx+1)7?=- ﬁ = M= 16(15@7 = 13 Then Ax = 2
= [Es| < 53 (3) () = 163(51(%;14 <107 = nt> % = n> 35(1165()12%?4) = n > 10.6, so let
n = 12 (n must be even)
20. (a) f(x) = \/% = X =—-1x+D?? = "O=3x+D?= ﬁ = M= 4(%),, =3.
Then Ax = 2 = |E;| < & (%)2 (3) = 3z ( 04) =n> % = n > 129.9, soletn = 130
b) fOx) =-2x+1)7? = W)= x+ 1) = ﬁ = M= ﬁ =195 Then Ax =3
= [Es| < 25 ()" (12) = S <107 = nt > % = n> /ZUU0 = 0> 172550

let n = 18 (n must be even)

21. (@) fx)=sin(x+1) = f'x) =cos(x+1) = f'(x) = —sin(x+1) = M=1. ThenAx =2 = |E| < 3 (%)2(1)

_ 8 (10%) 8 (101 _
_12n"<104 > =7 = n> =~ = n>8l.6,s0letn =82
<1074

b) fO(x) = —cos(x+ 1) = fH(x) =sin(x+1) = M=1. Then Ax = 2 = |Es| < & (2)"(1) = 12,

4 4 4
= n*> 321(818 ) = n> 32](818 ) = n> 6.49, so let n = 8 (n must be even)

22. (a) f(x) =cos(x+m) = f'(x)=—sin(x+7) = f’(x) = —cos(x+m) = M= 1. Then Ax = 2

8(10)

:>|ET|§122()(1)—12n- = n’> (1;)):>n> = n > 81.6,s0letn = 82

() fOx) =sin(x+m) = fHx) =cos(x+7) = M=1. ThenAx =2 = |E| < % (2 ) () =225 < 107!

4 v
= n*> 321(;8 ) = n> 32](8181) = n > 6.49, so let n = 8 (n must be even)

23. 3(6.0+2(82) +2(9.1).... +2(12.7) + 13.0)(30) = 15,990 .

24. Use the conversion 30 mph = 44 fps (ft per (f;S)
sec) since time is measured in seconds. The 180 ]
. 160} ]

distance traveled as the car accelerates from, e

say, 40 mph = 58.67 fps to 50 mph = 73.33 fps 120§

in (4.5 — 3.2) = 1.3 sec is the area of the 123

trapezoid (see figure) associated with that time 60

interval: % (58.67 + 73.33)(1.3) = 85.8 ft. The ;g

total distance traveled by the Ford Mustang ¢ (sec)

Cobra is the sum of all these eleven trapezoids

(usmg ! and the table below):
v (mph) 0 30 40 50 60 70 80 90 100 110 120 130
v (fps) 0 44 | 58.67 | 73.33 88 102.67 | 117.33 132 146.67 | 161.33 | 176 | 190.67
t (sec) 0 2.2 32 4.5 5.9 7.8 10.2 12.7 16 20.6 26.2 37.1
At/2 0 1.1 0.5 0.65 0.7 0.95 1.2 1.25 1.65 2.3 2.8 5.45
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508  Chapter 8 Techniques of Integration

s = (44)(1.1) + (102.67)(0.5) + (132)(0.65) + (161.33)(0.7) + (190.67)(0.95) + (220)(1.2) + (249.33)(1.25)
+ (278.67)(1.65) + (308)(2.3) + (337.33)(2.8) + (366.67)(5.45) = 5166.346 ft ~ 0.9785 mi

25. Using Simpson's Rule, Ax =1 = 8% =1, X; Yi m my;
> my; = 33.6 = Cross Section Area ~ 1 (33.6) X0 0 L5 1 L5
= 11.2 ft%. Let x be the length of the tank. Then the il ; ig 3 22
. 2 . .
Volume V = (Cross Sectional Area) x = 11.2x. X3 3 19 T 76
Now 5000 1b of gasoline at 42 1b/ft3 X1 4 2.0 2 4.0
= V= % =119.05 ft® X5 3 21 4 ]84
= 119.05=11.2x = x ~ 10.63 ft X6 6 2.1 1 2.1

26. 2[0.019 +2(0.020) +2(0.021) + ... +2(0.031) +0.035] = 4.2 L

27. (@) [Eo| <Pt (AxH)Min=4 = Ax=10=1;

<1 = M=1 = [E| < 522 (2)'(1) ~ 0.00021

(b) Ax=1 = & =TI X, f(x)) mf(xy;)
>° mf(x;) = 10.47208705 X | O 1 1

3.897981432
1.800632632
3.136853212
0.636619772

= S = Z(10.47208705) ~ 1.37079 X | m8 | 0.974495358
Xy | /4 | 0900316316

X3 | 37/8 0.784213303
Xy | w2 0.636619772

=R =] B

(©) ~ (220031} 5 100 ~ 0.015%

28. (@) Ax =10t = 150 =01 = erf(1) = Z (%) (yo +4y1 + 2y2 +4ys + ... +4yo + y10)

n

s (€0 +4e700 26700 4700 4 467081 +e7T) 2 0.843

) |Es| < 1=0(0.1)*(12) ~ 6.7 x 107°
180

20. T = %(yo +2y1 +2y2 +2y3 + ... + 2yn_1 + yn) where Ax = '% and f is continuous on [a, b]. So

T = %()’0+)’1+)’1+)’2+)’2;---+}’n—1+)ﬁ—1+}’n) — %(f(x());f(xﬁ + f<X1)J2Ff<X2) 4.+ f(anl)erf(Xn)).

Since f is continuous on each interval [Xx_1, Xx], and ) 104§ always between fi xx—1) and f(xy), there is a point ¢y in
2 y p

f(xie—1) + (%)
2

[Xk—1, Xk] with f(cy) = ; this is a consequence of the Intermediate Value Theorem. Thus our sum is

n

n
> (?)f(ck) which has the form kZ:lekf(ck) with Axy, = ? for all k. This is a Riemann Sum for f on [a, b].
k=1 =

30. S = %(yo + 4y, + 2y, +4y3 + ...+ 2yn—2 + 4yn_1 + ya) where n is even, Ax = % and f is continuous on [a, b]. So

_b—a(yotdyit+y y2+4ys+ys ya+4ys+Ye Yn2+4Yn-1+Yn
=boa(ndintys 4 Yoty YatWedVe 4 B2t o1t

a [ f(xo) + 4f(x1) +f(x2) f(x2) + 4f(x3) + f(x4) f(x4) + 4f(xs) + f(x6) f(Xp—2) + 4f(Xn—1) + f(Xn)
( 0 61 2 + 63 4 _|_ 4 65 6 + . _"_ 2 ¢ 1 )

b

[SIE]

£(xax) + 4(xx+1) +F(Xok12)
6

is the average of the six values of the continuous function on the interval [Xyk, Xok+2], SO it is between
the minimum and maximum of f on this interval. By the Extreme Value Theorem for continuous functions, f takes on its
maximum and minimum in this interval, so there are x, and xp with Xk < X,, Xp < Xox4o and

f(x,) < fxan) +4f(x2k6“) + o) f(xp). By the Intermediate Value Theorem, there is ¢k in [Xox, Xak4+2] with

n/2

flck) = fxau) +4f(x2‘g“) +f22) g6 our sum has the form kZlekf(ck) with Ax, = t(’n%z), a Riemann sum for f on [a, b].
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/2
3. (@ a=1l,e=1 = Length=4 fo \/1— % cos?tdt Xi f(x) m mf(x;)
- o X0 0 | 1.732050808 1 1732050808
=2 f 4 —cos?tdt = fo f(t) dt; use the X1 w/20 | 1.739100843 2 3.478201686
B ()0 | X2 | w10 | 1.759400893 2 | 3518801786
Trapezoid Rule withn = 10 = At = 2= = x3 | 3720 | 1.790560631 2 3581121262
Ty xa | 7/5 | 1.82906848 1 3.658136959
=5 VA edias Z i) = 373080183 T 570828603 | 1T [ 3.741657387
= T= % (37.3686183) = 7 (37.3686183) X6 | 37/10 | 1.911676881 2 3.823353762
—2.934924419 = Length = 2(2.934924419) X | 7720 | 1947791731 | 2 | 3895583461
5870 xs | 27/5 | 1.975982919 | 2 3.951965839
,, X9 | 97/20 | 1.993872679 | 2 3.987745357
®) |f'®] <1 = M=1 ] ) 5 : 5
= B < bor(aeM) < 820 ()1 < 0.0032
32. Ax =10 =7 = & = . 5" mi(x;) = 29.184807792 X; f(x;) m mi(x,)
= S = 1(29.18480779) ~ 3.82028 X0 0 1.414213562 1 1.414213562
x1 | /8 | 1361452677 | 4 5.445810706
Xo | /4 | 1224744871 2 2.449489743
X3 | 37/8 | 1.070722471 4 | 4.282889883
xa | 72 1 2 2
xs | 57/8 | 1.070722471 4 | 4.282889883
Xo | 374 | 1224744871 2 2.449489743
xr | 77/8 | 1361452677 | 4 5.445810706
xs | 7 | 1414213562 1 1414213562
33. The length of the curve y = sin (3% x) from 0 to 20is: L = f (3_1)2 dx; & = 3 cos (2 x) = <g—i)2

34.

35.

36.

37.

38.

Zgo cos? (;8 x) = L= f \/ 1+ m cos2 ) dx. Using numerical integration we find L ~ 21.07 in

sm2 dx Using a numerical integrator we find

length - width ~ (73 1848)(300) = 21,955.44 ft.
$38,422.02. Answers may vary slightly, depending on the numerical

2
d: X
= (d—i) z sm2(50) = L= f25
L ~ 73.1848 ft. Surface areais: A =
Cost = 1.75A = (1.75)(21,955.44) =

integration used.

2 s
N — cosx = (j—x) =cos’x = S= j; 2m(sin X) v/ 1 + cos? x dx; a numerical integration gives

y=sinx = g

S~ 144
2 2
= S= j; 2m ("7) 1+ ® dx; a numerical integration gives S ~ 5.28

A calculator or computer numerical integrator yields sin~! 0.6 ~ 0.643501109.

A calculator or computer numerical integrator yields m ~ 3.1415929.
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510  Chapter 8 Techniques of Integration

8.7 IMPROPER INTEGRALS

o0 b
dx dx  _ 13 1410 _ 1; —-1n _ -1 _ T _(_ T
1. fo a1 = im ﬁxzﬂ—bh_r)noo [tan x}o—blir)nOO (tan™'b—tan™'0) = J —0 = 7J

* dx " ax —0001b _ 1 ~1000 _
2 [ = tim [T = lim (100X 0] = lim (52 + 1000) = 1000
"ax Y12 2 _ _
ot i [ty 1ty (2-206) =202
4 b
4o [y = tim [ @0 ax = tim o [-2v/3-b - (<2v/4)] =044 =4
. 1
s s =L )&= im0+ tim [309]]
= blinbf [3b1/3 — 3(—1)V/3] +C131(1]+ B3 —3c3] =(0+3)+(3-0)=6
X . . 1
6. [ = [ o omzblg%f 3]+ tim - [3x7°]
= lim 36— 5828+ tim [F0)%— ] = 0= 3] + (3-0) =3
7 fl dx — 1 s -1 b_l '71b in~10)=¢ 0=1=
o e = im [sin x]ofbi)m (sinT'b—sin"0) =5 —-0=7F
1
8. fo 5 :blin%)+ [1000r°-°°1];:blin%)+ (1000 — 1000b%°") = 1000 — 0 = 1000
Zox _ [T & Z -2 . 2 x—1]1-2
9. f—oox271 _f—ooxfl_ffoo)(‘Fl _blm—loc [ln|x—1|]b _bLHEoo [1n|x+1|]b _blm—loo [ln|x+1Hb
= dim (I [Z[=m[tA) =m3—In( fim td)=mn3-In1=n3
10. f = hm [tan~! g]i:biinloo (tan"'1—tan'2) =% — (= %) =3¢

11. f A = lim [21n‘v_1]]2:blimoc (2In [ =2 |2 ]) =2In(1) —2In(}) =0+2In2=1In4

12. lez = Jim [In [24]0 = Jlim_(In bl -In|37|) =In())~In() =0+In3=1In3
x dx x dx x dx u=x“+1 ! ~ : c
B = s e [ e = i i
= lim_ (—1+5)+Cll>moo [—;—(—1)]:(—1+0)+(0+1):0

[T = [ e R D] — S

= lim {—ﬁ}#&mm [—ﬁh:bhm ( 2+\/—)+01me (—ﬁ+§)=(—%+0)+(0+%)=0

b— o0 — 00
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! . u=6?+20 3 . P 3
15 J, S 4 [du:2(9+1)d9] = s = i s = im VAL = tim (V3 VB)
=3

2 2 2 2 c
s+1 _ 1 2sds ds . u=4-s _ 1 du : ¢ ds
16. ‘/:)\/4—82 ds =3 0\/4—82+ 0 \/4_52,|:du=—28d5:| - 2f \/— clin%* 0 V4 — s
_ . 4 d . ¢ d _ . 4 . 1 c
= lim s+ i J, s = tim [V i (s3]
. . . . T 447
:blin}]+ (2—\/t7)>+c1_1)n%7 (sin™' £ —sinTl0) =2-0)+ (3 —0) =+
0 u= 00 b
dx . _ 2du . —1,.1b
17. j; TEE [du- ] f = hm o T _blimm [2tan'u],
= Jim (2tan~'b — 2 tan~! 0):2(g)—2(0)—7r

18. f

f _dx lim f + fc dx
lxx/x2 2 xvx2-1 b— 1t b)(\/x2 C—>OC 2 xvx2—1

-1 11 — 1 1 1 - -1 -1
[ x[]s —l—cleOC [sec™! [x]], _bli,rr}+ (sec™ 2 —sec™'b) + lim (sec™ c—sec™'2)

-

o v _ b . _ _
19. fo Mw: lim [In|l + tan 1V|]O:b1LmOO [In |1+ tan~'b|] —In|1 + tan™! O]

b—

=In(1+%)—In(1+0)=In(1+1)

20, [716un s gx = lim {8 (tan™! X)Z} "~ lim {8 (tan™" b)z} —8(tan"10)" = 8 (2)* — 8(0) = 22

14x b— oo 0 b— oo

— —00 b — —oo

0
21. f 0e’ d6’: lim [Hee—ee]E:(O-eo—eo)—b lim [be’ —e’]=—-1—_ lim (252)
e n.

—1- hm (761 b) (l'H(/Spital's rule for 22 form)

b — —oo

= —1-0=—1

oo b
2. fo 2e7’sin0df = lim fo 2 sin 0 df
— 00

- b
= lim 2 [m (—sin § — cos 9)] (FORMULA 107 witha = —1,b = 1)
— 00
= bli,moc _Z(Sin;’e:_ cos b) + 2(%m0:;c0§ 0) _ — 0+ 2(0;_ 1 -1

0 0
—Ixl gx = fdx = i 0 — — e =(1-0)=
3. [ evdx= [ edx= lim [e])= lim (1-¢)=(1-0=1
o 2 0 2 o0 2 . 2 . 27C
24. fioOer** dx = f7><2xe’x dx+f0 e dx = lim [—e"]3+C1LmOO [—e™],
= lim [-1—(—e")] + lim_[—e ¢ (=D =(-1-0)+@O0+1)=0

b— —

25. j;lxlnxdx: lim+ [X;Inx—’ﬂ::(%lnl—%)— lim+ (%Zlnb—%z):—%— lim ('“—b—|—0

_ b—0
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512 Chapter 8 Techniques of Integration

—
o=
—

1
26. fo(—lnx)dx:bli)n%J+ [x—xInx]l=[1—-1In1] - hm b— blnb}—l—O—i— hm 1“—:1—{—blinb+

=1— lm b=1-0=1
b— 0"

2
ds 1870 s i—1b -l x _
27.f0 = lm% [sm §]Ofblmé7 (sm 5)—sm 0=5-0=3

1
28. j; Ardr _ hm [2sin~! ()], = hm [2sin™! (b?)] —2sin'0=2-Z-0=m

Vi-rt b—1 b—1
2. [ & = lim [sec™!s], =sec™!2— lim secT'b=1-0=1
DSV —T T o g b— I+
4 )
30. ), ity = i [Gsee! g] = lim [(gsec™t ) — e (5)] =5 (5) —5-0=5
4 b
31 f_l\‘/jﬁ:blir%f f— \;i_x+cl_l>r%+f f_blin%r [-2v=", 2]

= lim_ (=2V/b) = (~2y/=(-D) +2/4 - tim 2\[:0+2+2-2—0:6

2 1 2 b 2
e s e i, [V, [T
:blin}( 2/1= ) ( 21— )+2\/2—1— lim_ (2 c—1>:O+2+2—O:4
— c—
B[ = im [n[52))° = tim [in 23]~ |22 =0—n(}) =2

YAy 1 1 2 1o —1.1% _ 1 1 X+ 1 1 o1
34.]; ("+1)("2+1)_blimoo [§1n|x+1|—zln(x +1) + 5 tan x]o— lim {iln(\/#)—kitan x}
1 1
2

_ 1 b+l 11 1 1, 1410 _ 1 1
—bhm [iln(\/bj—ﬂ)+§tan b}f[ilnﬁJritan 0}—§ln1+§-§f§1nlf

— 0

/2
35. j; tan 6 df = . 1_1)1‘11% [—1n |cos 0]]) = . 1_1)111% [—Infcosb|]+Inl= . 1_1)111% [—In |cos b|]] = + oo, the integral diverges

/2
_ . /2 . . _ . . _ . .
36. j; cotd df = blin%) [In[sin0]];" =In1— blin}ﬁ [In [sin b]] = —bling)+ [In |sin b|]] = + oo, the integral diverges
"sinfdf . — 0 sinxdx _ [ sinxdx sin x 1 dx
37. J, m,[wfﬂ_x] = =) = A Since 0 < < \/_fora110<x<7randf - converges, then

fo Si;;" dx converges by the Direct Comparison Test.

e x=m—20 . ,
m cos0df . =1 _ % f —cos (g—%) dx f ™ sin(%) dx . sin%
38. f—Tr/Z (T —20)13 > 2 d)% - o 2x1/3 = Jo oxl/3 - Since 0 S wB > le 3 for all 0 < X < 27 and
Y

2 2m o X
sin 5 dx . .
fo 2)‘3;‘3 converges, then j; s converges by the Direct Comparison Test.

In2 1/In2 y 00 .
39. j; x~2e1/x dx: [__y] N f yle~ yevdy _ e—ydy_ lim [_e—y]?/lnzz lim [—e™®] — [—e /2

%0 -y 1/In2 b — 0o b= 0o
=0+ e7/"2 = ¢7'/"2 5o the integral converges.
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40. fol% dx; [y = \/E] — Zﬁ)le’y dy =2 — % so the integral converges.

41. fo ’ \ﬂﬁlsi Since for0 <t < 7,0 < \[+ — < \L/ and f; T% converges, then the original integral converges as well by

the Direct Comparison Test.

f(t)

1
42.

— _ 3t? — 1i 6t
0 t— smt ; let f(t) t— smt and g(t) - 3 ’ then hmo 2® t—( t—sint - [15110 1—cost tlgno sin t
BT 6 _ _ 110 _ 1 : 1] _ : :
= tlgno 1 =6 Now,f0 5= hr%+ [f W] = "3~ bl;n}J+ [f W] = +00, which diverges = . smt diverges

by the Limit Comparison Test.

e =f0 1,X2+f zandf e = lim_ [5 In | L[]0 = Jim_ [5 In [53[] = 0= oo, which

: d
diverges = j; :

2 1
T A 1_xandfl_x:b1_i)mr [~In( =]} = lim [~In(1 = b)] - 0 = oo, which diverges

0

dx :
= fo 7= diverges as well.

1 0 1 1
45. [ njxldx= [ In(xdx+ [ nxdx [ Inxdc= lim [xInx—x],=[1-0—1]— lim [blnb—b]

0 1
=—1-0=-1; filln(—x) dx=-1 = filln |x| dx = —2 converges.

&)

c—0

0 1 1 . 1
46. f (—xIn |x| ) dx:fil[—xln(—x)]dx—|—j;(—xlnx)dx:blirr(1)+ {§1nx—§] ~ lim, {’glnx—’Z—z]c
=[fm1—4] - tim [Finb—%| - [fmi—4]+ lim [Sinc—%|=—1-0+1+0=0 = theintcgral

converges (see Exercise 25 for the limit calculations).

47. Ko 0< 1o < % for 1 <x < oo and f 3 converges = converges by the Direct Comparison Test.

1 I+x32 Y = X341 = 1 +3
1
4 f—l;xllmm ({%5)_xli>moo fl/il_xlgnoo 1—7___1andf = hm [2\/_] =0,

. A . 4y . b
29. [ ﬁ~v1me (L) :ngm%zvgmoo ﬁ:ﬁ:landfz b= lim 2] =

> 1 <do _ —ob 7 b _ >0

50. . l+e”’0< o Sgfor0<o< ooandfo ¥ = ll)mOO [—e ]O_bll»moo (—e+1)=1 jfo & converges

= J, 11‘98,, converges by the Direct Comparison Test.

1 00
— dx dx f f dx = i _ 171®

51 f \/X6+1 j; \/x6+1 + 1 V/x6+1 < \/x6+1 1 x3 5 and [ 2x2]|

= bhm (— # + = % = f - converges by the Direct Comparlson Test.

— 0
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514  Chapter 8 Techniques of Integration

)
: 21) _ _ _ gy — T b _
52. f 1xh~r>noo (%)1 Jim 2 = lim —" =1 dxfbhm [Inb]; = co

-5 — 00

—

which diverges = f \/— diverges by the Limit Comparison Test.

TV gl g — L VX g _f _fdx
33. \/‘l dX’xlgnoo 7x1l>moo Vx+1 x1l>moo 1+ 1 x2 - 32

= lim [-2x"1/?] l]) = lim (\_/—% + 2) =2 = flm VX1 dx converges by the Limit Comparison Test.

b — o0 — 00

st f, i lim <(xi5)=ximwff—il=xamm yi= s =)= tim X = oo,

which diverges = f2 \/% diverges by the Limit Comparison Test.

55. f Zheosx dx; 0 < L < 248X forx  7rand f & — blim [In x]° = oo, which diverges

— 0

= ﬁ 2“% dx diverges by the Direct Comparison Test.

56. [ lEsnx g0 < ey < 2gorx grand [ Zdx= lim [-2]°= lim (-2+42)=2

b — oo 2T b—oo

= f 2% converges = f ! “‘“ X dx converges by the Direct Comparison Test.

& 3/2 _ b . —
57. j; [Jidll ; hmOO 7 = l and f ffz‘ = hm [—4t 1/2]4 = blgnOo (7% +2) =2 = f fff converges

= J, tg/zz‘ﬁl converges by the Limit Comparlson Test.

58. fz i3 0 < < 5 forx > 2 and f & diverges = f gx . diverges by the Direct Comparison Test.

59. fl e; dx; 0 < % < e; for x > 1 and fl dyx diverges = fl exxdx diverges by the Direct Comparison Test.

60. fxln(lnx)dx;[x:ey] — fx (Iny)e*dy; 0 <Iny < (Iny)e* fory eandfmlnydy: lim [ylny—y]’ = oo,
ee e e b — oo €

which diverges = fe “Ine dy diverges = j; x In (In x) dx diverges by the Direct Comparison Test.

00 L X .
oI st ) =t S = i, s

= lim [-2e?))= 1im (—2e>+2e7'?) fi =

b — oo — 00 Ve !

dx :foo —x/2
e e dx

o
e ¥/? dx converges = f dX__ converges
1 Ver—x

by the Limit Comparison Test.

0 1 0
62. f 250 lim (ez;z)*): lim = lim —bw =15 =1and d—":blim [—e™])

s X =00 € 2 X = 00 1,(2) 1-0 e

= lim (—et+el)=1 :>f1 & converges :>fl

€

63.

W =2 WoomE oooﬂxﬂ:fl¢xdx+1+f1m¢%<flm+fx§ and
[ S A Sy

b — oo

- converges by the Direct Comparison Test.
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F_dx o [T _ax . 1 *_dx
64. f,o(,ewex 72‘]; cre  0< s5= forx>0 f = converges = 2 o Trc < converges by the
Direct Comparison Test.
65 2 pt=1 fmdt li Lope] = fim BT Lnoye
@ [fyili=ing = [ = i [Seee] De tim 355 g dn2)
= the integral converges for p < 1 and diverges forp 1
(b) f X(ln G ;[t=Inx] — jl‘ R % and this integral is essentially the same as in Exercise 65(a): it converges

for p > 1 and diverges forp < 1

Coxdx 2 b 2 - 1 2 — ; ‘
66. j; . _b]l>moc [In (x —|—1)]0—bleOO [In (b —|—1)]—O—bhﬂmC>0 In(b*+ 1) = co = the integral f, x2+1 dx

x2+1

x2+1

— OO

b 2
diverges. ButblimOO fﬂx Zxdx bli}mOO [In(x®>+1)]", = bllmOO In(b>+1)—In(b?+1)] = blirn In (E;ﬂ)

= Ilim (In1)=0
b— o0

_ 7 1 x1b 1 “b 0
67. A= [e de= lim [—e7])= lim (—e")—(~e")
—0+1=1

68. X = 1 fom xe™ dx = blim [-xe™*—e*])= lim (~be®—e®) —(-0-e’—e®)=0+1=1;

— 00 b— oo

V:ifom(e‘)2dx:%foxe”dx:bli)moo slose]y=lim §(—je™) —3(-5e™)=0+5=}
69. V= [ 2mxe™ dx =27 [ xe dx =27 lim [fxe”‘fe"}g:hr[ lim (—be® —e™) — 1} — 2
70. V= f e™) dx—wf exdx=m hm [—%e’z"]l;:ﬂ lim (—%e’”’—i—%):g

tan b

/2
71. Azfo (secx —tanx) dx = lim _ [ln\secx+tanx|—1n|secx|]g:b£rr%7 (In |14 22| —In |1 +0])
2 2

= lim_In|l+sinb] =1In2
b— 3

/2 /2 /2 /2
72. (a) V= j; 7 sec? x dx — j; mtan’x dx =7 j; (sec’ x — tan’x) dx = j; 7 [sec? x — (sec? x — 1)] dx
/2 2
=) dx=75%

/2 /2 .
(b) Souer = fo 27 sec xy/ 1 + sec? x tan? x dx j; 27 sec x(sec X tan X) dx = X lim [tan? x]z
T
2

—>5 —>§

/2
=7 [ lim _ [tan?b] — 0] =7 lim_ (tan’b) = 0o = S,y diverges; Sy = j; 2w tan x4/ 1 + sect x dx

— I~ — I

f 27 tan x sec? xdx=m 11m tan? x|} = [b lim _ [tan®b] — O] =7 lim_ (tan’b) = 0o
2 2

= Simer diverges
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Bo@ [ evdx= lim [~ie®]l= tim (~ie®)—(-fe ) =0+)-ev=1le”
~ 0.0000411 < 0.000042. Since e ™ < e 3 for x > 3, then j; ooe"l dx < 0.000042 and therefore
o0 2 3 2 . . .
fo e * dx can be replaced by j:) e * dx without introducing an error greater than 0.000042.

3 2
(b [ e dx 088621

4@ V= [Tr() ax=r tim [~} =] lm (-}) - (-})] =m0+ D=7

X — 00
(b) When you take the limit to co, you are no longer modeling the real world which is finite. The comparison
step in the modeling process discussed in Section 4.2 relating the mathematical world to the real world fails to hold.

75. (a)

y

1.8
1.6
14
12

1
0.8
0.6
04
0.2

X .
Six) = / st gy
0 t

1 1 I 1 1
0 5 10 15 20 25

(b) > int((sin(t))/t, t=0..infinity); (answer is J)

X

sin ¢

)'=t

1 /\}lﬁ/f\vﬁ\\il
0 5 155720 35
RV
76. (a) 5 (b) > f:=2%exp(—t"2)/sqrt(Pi);
) > int(f, t=0..infinity); (answer is 1)
08
06
2
04 erf(z) = f§ g—f—/—"—dt
02
0 TTTTOTTTS T 2 X

77. (a) f(x) = ﬁe—m

f is increasing on (—oo, 0]. f is decreasing on [0, co).

f has a local maximum at (0, f(0)) = (O, ﬁ)
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(b) Maple commands:
>f: = exp(—x"2/2)(sqrt(2*pi);

>int(f, x = —1..1); ~ (0.683
>int(f, x = —2..2); ~ 0.954
>int(f, x = —3..3); ~ 0.997

(c) Part (b) suggests that as n increases, the integral approaches 1. We can take f jn f(x) dx as close to 1 as we want by

choosing n > 1 large enough. Also, we can make j; Oof(x) dx and f ;: f(x) dx as small as we want by choosing n large
enough. This is because 0 < f(x) < e for x > 1. (Likewise, 0 < f(x) < e¥? for x < —1.)
Thus, j;x f(x) dx < j:x e ¥2dx.

00 C
[T e 2ax = lim [ e™2dx = lim [—2e 2] = lim [ —2e? + 2e¥?] = 2¢~2

n c—oov c—00 Cc—00

—n/2

Asn — o0, 2e — 0, for large enough n, fn Dcf(x) dx is as small as we want. Likewise for large enough n,

f :O: f(x) dx is as small as we want.

b a b 00 oo b
78. (a) The statement is true since | f0 dx = [ fodx+ [ dx, [ dx= [ 0 dx — [ 100 dx

b

and j; f(x) dx exists since f(x) is integrable on every interval [a, b].

a 00 a b b 00
® [ feod+ [fodx= [ fodcr [ fod- [ o dcr [0 dx

b a o0 b ) 00

= [ feoax+ [ i dx+ [T dx= [ feodx+ [0 dx

79. Example CAS commands:
Maple:
f := (x,p) -> x*p*In(x);
domain := 0..exp(1);
fn_list := [seq( f(x,p), p=-2..2)];
plot( fn_list, x=domain, y=-50..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0],
legend=["p=-2","p=-1","p=0","p = 1","p = 2"], title="#79 (Section 8.7)" );
ql := Int( f(x,p), x=domain );
q2 :=value(ql );
q3 := simplify( q2 ) assuming p>-1;
g4 := simplify( q2 ) assuming p<-1;
g5 :=value( eval(ql, p=-1));
il := ql = piecewise( p<-1, q4, p=-1, g5, p>-1,q3 );

80. Example CAS commands:
Maple:
f = (x,p) -> x"p*In(x);
domain := exp(1)..infinity;
fn_list := [seq( f(x,p), p=-2..2)];
plot( fn_list, x=exp(1)..10, y=0..100, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0],
legend=["p=-2","p=-1""p=0""p =1","p = 2"], title="#80 (Section 8.7)" );

g6 := Int( f(x,p), x=domain );
q7 := value( g6 );
g8 := simplify( q7 ) assuming p>-1;
q9 = simplify( q7 ) assuming p<-1;
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ql0 := value( eval( g6, p=-1) );
i2 := q6 = piecewise( p<-1, q9, p=-1, q10, p>-1, g8 );

81. Example CAS commands:
Maple:
f := (x,p) -> x*p*In(x);
domain := 0..infinity;
fn_list := [seq( f(x,p), p=-2..2)];
plot( fn_list, x=0..10, y=-50..50, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0],
legend=["p=-2","p=-1""p=0""p =1","p = 2"], title="#81 (Section 8.7)" );
ql1 :=Int( f(x,p), x=domain ):
ql1 =lhs(i1+i2);
* =rhs(i1+i2);
= piecewise( p<-1, g4+q9, p=-1, q5+q10, p>-1, q3+q8 );
= piecewise( p<-1, -infinity, p=-1, undefined, p>-1, infinity );

82. Example CAS commands:
Maple:
f := (x,p) -> x"p*In(abs(x));
domain := -infinity..infinity;
fn_list := [seq( f(x,p), p=-2..2)];
plot( fn_list, x=-4..4, y=-20..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9],
legend=["p=-2","p=-1""p=0""p=1""p =2"], title="#82 (Section 8.7)" );
ql2 := Int( f(x,p), x=domain );
q12p := Int( f(x,p), x=0..infinity );
q12n := Int( f(x,p), x=-infinity..0 );
ql2=ql2p + ql2n;
= = simplify( q12p+q12n );

79-82. Example CAS commands:

Mathematica: (functions and domains may vary)
Clear[x, f, p]
f[x_]:= xP Log[Abs[x]]
int = Integrate[f[x], {x, e, 100)]
int/.p— 25

In order to plot the function, a value for p must be selected.
p=3;
Plot[f[x], {x, 2.72, 10}]

CHAPTER 8 PRACTICE EXERCISES

dv =dx, v =x;

1. u:ln(x+1),du—x+1,

Jimx+Ddc=xmx+ - [2rdx=xnx+D— [dx+ [& =xInx+D—x+Inx+D+C
=x+DInEx+1)—x+Ci=x+DInx+1)—x+1)+C,where C=C; + 1

dx

2. u—lnxdu——'dv—XQdXV— x3;

s

1
3X
fx 1nxdx:§x3lnx—f (%) —";—{—C
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3. u=tan"!3x,du= -3 dv =dx, v =x;

1+9”
-1 _ -1 sax L |y =1+09x -1 1 [dy
ftan 3x dx = x tan 3Xf1+9X2’|:dy:18XdX — X tan 3x76 3
=xtan~' (3x) — ¢ In(1+9x*) +C
4. u=cos~*(3), du—\/;d_—"z;dv:dx,v:x;

fcos’1 (3) dx =xcos7" (3) +f\/"4d%; [ y= Al—zxxdx} — xcos! (%)f%f%
=xcos ! (3) —V4—-x2+C=xcos! (}) -2 1—(%)2+C

5. e*
(+)

K+ 12— &

(-)

2(X + 1) =— c*

0 = [+ dx=[(x+ 12 —2x+ D +2]e +C

6. sin (1 — x)
, ()

X’ m——)  cos (1l —x)
2Xib —sin(l —x)

,
—_—  —cos(l —x)

0 = fxz sin(1 — x) dx = x2 cos (1 — x) 4+ 2x sin(l —x) —2cos(1 —x) + C

7. u=cos2x,du = —2sin2x dx;dv = e* dx, v = €*;
I:fe*cos2xdx:e‘cos2x—|—2feX sin 2x dx;
u = sin 2x, du = 2 cos 2x dx; dv = e* dx, v = e¥;

I:e‘cost—l—Z[e‘sin2x—2fe*cos2xdx} = e* cos 2x + 2e* sin 2x — 41 = I:%—I—M%—C

-2 1 .-2x.
X ie X,

8. u=sin3x,du =3 cos3xdx;dv=e*dx,v=—

I= fe*2x sin 3x dx = — %e’zx sin 3x + % fe’” cos 3x dx;

u=cos 3x,du = —3sin3xdx;dv=e>dx,v=— %e’zx;

I:—%ef“sin3x+%[—%6’2*0053)(—%fe’zxsin3xdx]:—%efzxsinSX—%e’zxcos3x—%l
_ 4 (1 o 3 a2 2 a2x g 3

:>I—13( € sin3x — g€ cos3x)+C— 3 e sin3x — ;3e 7 cos 3x + C

9. fxz_x;?+2:f2dx ffx_l =2In|x—2|—-In|x—1]+C

10, [ =3 oo 1 [ a3y 3]~ Linfx+1]+C

x2 +4x+3 x+3 x+1

dx _ 1 1
1. fx(x+1)2 _I(Z_xﬂ +(x+1)~) dx =1In |x| =In [x + 1[ + 55 + C

12, [ ax= [(Z-2- L) dx=2In [+ 1 4C=2In|x|+ L +2In|x— 1] +C

x2(x—1) X X
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=

sin 6 df — _ L__lf dy fdy 1 y+2
13. fcosze-&-coqe 2’[005973/ - f2+y 2 3 y—l+3 y+273]n y—1 +C

= 5In |5+ C=—3In[im[+C

cos 0 df dx _ 1 dx 1 dx 1 sinf —2
14. fsm29+s1n0 6,[51119—)(] - f x2+x—-6 5 fx—Z 5fx+3 -5 1n|sin9+3|+c

15. f3x +4x+4dx_f dx_f2+ldx—4ln|x| ln(x2+l)+4tan_1x+C

x3 +x

16, [ = [0 =2t (3) +C

v+3)dv _ 1 3 5 1 _ 3 1
17. hg—_&,—if(—ﬂ'f‘m-f—m)dV—— 1n|V‘+ 1II|V 2|+E1H|V+2|+C
_ 1 v =2°(v+2)
= 5 In |02 4 ¢
(Bv—"7)dv (=2)dv vV—2)(v—3)
18 [ o=ty = S [ [ w17 ’+C

. _ dt 1 R 1 -1t S R ) ¢
19 fm—iflz_‘_l—i §tan t—mtan (%)—f—C—itan t——tan ﬁ-’—c

f tdt tdt 1
t/l_tZ

2 [ ax =[x+ g2oy) o= [xdx+2 [ 14 [ =g 4 tmfx+ 2+ 2 fx— 1]+ C

2

e

=il -2[—{n(+1)+C

2 fizfidX:fU*x+1)dx—f{1+>«%—n] dx:deJerd_fxl*f%:X +Injx—1—In|x|+C

23 [aridx= (- ) de= [xdxt 3 [0 -3 [ =5 — Sk 43+ 3 fx+1[+C

24, [2edoahint g [[2x-3)+ oig] dx= [@x—3dx+ 1 [ &
=x>—3x+2Iln|x+4/+iln[x-2[+C

u=+vx+1

x+4

dx . _ _d 2 du 1 d 1 du 1 1
%-fmmﬁj"m—z%ﬁ -*gf@ﬂw—g L =1~ dInfut 1]+ C
dx = 2udu
_ 1 Vx+1-1
= ﬂwﬁnJ+C
u—f/g
dx . . 3u” du _ u _ \3/;
26. fX(1+\3/£), du = m fu3(l+u) 3)j‘u(lJru) 31n|u+1|+c_31n‘1+3x
dx = 3u? du
u=c¢e%—1
d: . — S du _ du —1
2. Jetys|dumeds )~ fighy = fit e J¥ =mlglrC=mlsEtc=mil -4 C
S =
u+1
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u=+/es+1
ds . _ _eds 2udu _
8. ) | T e fu 2f<u+1><u—1> S - [a =m ] +C
ds:Zudu
u? —1
_ \/e5+1—1‘
=In Ve +1+1 +C
2. @ [ =) [~ - ie-y+C
() [ A ly =dsiny] — 4 [smrexd - goosx 4 €=~ MY 4 0= /16—y 4 C
x dx d4+x% _ P
0. @ [ =) [1E0 — Varxic
(b) f _Z‘i‘z; =2 tan y] _}fztané.zscefydy:Zfsecytanydy:2secy+C:1/4+X2+C
—x?
3. (@ [po =1 [ g k2t
(b) f"d’)‘(z, [x=2sinf] — f—Zsin4930862029d9 ftan@d@——ln|cos¢9|+C——ln<V XZ)—i—C

=—lmp-x+cC

tdt ,; d(4t2*1)fl 2 _
2@ [ =t [l AT e

42 —

(b) f ;;t . **SCC@ f secf)tar;:gsecé’dé }‘fsec 0d9713n9+c Va4 —1 +C
xdx . u=9-x? 1 [du _ _ 1 _ 1 _ 1
33. fgxz,[du__kdx] —§f7——51n|u|+C—1nW+C—ln—m+C

34. fx 7}(2 9fdx+18 ij_LSISdXx:%ln|x|_%ln‘3_x|_%1n|3+x|+c
=¢ihnfx[— kml[9-x*+C

35 [l =Ll [ gl e L3 x4 lin34x+C=Ln |3 4C
36 . X =3sin0 _>f3°059d0ffd9:0+C:sin’l5+C
' 9—x" | dx =3 cos 6 df 3cosf 3
37. fsin3x cos*x dx:fcos“x(lfcoszx)sinxdx:fcos“x sinxdx—fcosﬁx sinxdx:f@wL@wLC

. . 2
38. fcossx sin’x dx = fSlIlSX cos*x cos x dx = fsm x (1 — sin?x)“cos x dx

6

. . . H -8 210
:fsmsxcosxdx—2fs1n7xcosxdx—|—fsmgxcosxdx:%—ZS‘%—I—%—%C
5
39. ftan4x sec?x dx = “X 4 C

40. ftan3x sec’x dx = f(seczx — 1) sec?x - sec X - tanx dx = fsec“x -sec X - tanx dx — fs<302x - sec X - tan x dx

_ se§5x _ sefx +C
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41. fsin 56 cos 66 df = %f(sin(—@) + sin(116)) df = %fsin( 0)do + 3 fsm 116) df = Jcos(—6) — 55cos 116 4+ C

_ 1 1
= 5c08  — 55co8 116 + C

42. fcos3900530d9: %f(cosO+cos60 fdt9+ fcos60d0: %0+%sin60+C

3. [\/1+cos(L) dt= [V/2]cos §| dt=4/2]sin §| +C
44, fe‘\/tanze‘—l—ldt:f\sece‘|etdt:1n|sece‘+tanet\—I—C

45. |E| < 3180 (Ax)'Mwhere Ax = 3L =2 fx) =L =x"! = fx)=—x? = I"K)=2x3 = {"x) =—

—4

= f@W(x) = 24x~°® which is decreasmg on [1,3] = maximum of f®(x) on [1,3]is f¥)(1) =24 = M = 24. Then

E,| <0.0001 = (35) (2)'(24) <0.0001 = (1) (L) <0.0001 =

= n 1437 = n 16 (n must be even)

n1 768

46. [E;| < 159 (Ax)? M where Ax =

:»ngo?’ a 1000:>n2 X0 = n 2582 = n 26

47 Ax =tz =120 o1 o Lo 1 X f(x,) m mf(x;)
6 X0 0 0 1 0
3 mf(x) =12 = T= ()12 =m; x| 76 72 2 T
- X /3 312 2 3
X3 ) 2 2 4
X4 2773 312 2 3
X5 57/6 12 2 1
X6 T 0 1 0
J _ Ax _ @ Xi f(x;) m mif(x;)
g mf(x) = 18 and 5* = 5 = . 0 0 1 0
S = (%)(18):71 X1 /6 172 4 2
X2 /3 3/2 2 3
X3 /2 2 4 8
X4 27/3 312 2 3
X5 57/6 12 4 2
X6 s 0 1 0
48. [fM(x)| <3=>M=3Ax=2=1 =1 Hence|E|< 107 = (2=1) (1)'3) <107 = L. <105 = n?

=n 638=n 8 (nmustbe even)
49, yo = 55 Jo [37sin (25 (x — 101) +25] dx = 5k [~37 (3 cos (2 (x — 101)) +25x)] 27
= 5= [(-37(38) cos [ (365 —10D)] 4 25(365)) — ( 37 (35) cos [ZZ (0 — 101)] +25(0))]
=— g—z cos (2% (264)) + 25 + 3L cos (£= (—101)) = — 3L (cos (£ (264)) — cos (% (—101))) +25
~ — 31 (0.16705 — 0.16705) + 25 =25°F
675 675
50. av(C,) = =5; f2 , [8:27 41077 (26T — 1.87T?)] dT = 555 [8.27T + 15 T> — 2SEX T?]
~ L= [(5582.25 + 59.23125 — 1917.03194) — (165.4 + 0.052 — 0.04987)] ~ 5.434;

< (0.0001) (#3) = n* 10,000 (75%)

—L0<f'(x) <8 = M=8. Then [E;| <1073 = & (})*®) <1073

10°
60

8.27 4 1075 (26T — 1.87T2) = 5.434 = 1.87T2 — 26T — 283,600 = 0 = T ~ ZVTOr 2 INEBN0 - 396 45° C

2(1.87)
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51. (a) Eachinterval is 5 min = iz hour.
2[25+42(24) +2(23)+ ... +2(24) + 23] = £ ~ 242 gal
(b) (60 mph) (33 hours/gal) ~ 24.83 mi/gal

52. Using the Simpson's rule, Ax = 15 = AX =35; X f(x;) m mf(x;)
S mf(x;) = 1211.8 = Area ~ (1211.8)(5) = 6059 fi2; X0 0 0 1 0
The cost is Area - ($2.10/2) ~ (6059 f2)($2.10/£¢%) X ;g 22 ‘2‘ igg
_ . X9
= $12,723.90 = the job cannot be done for $11,000. s a5 = 7 04
X4 | 60 49.5 2 99
xs | 75 54 4 216
xs | 90 64.4 2 128.8
x7 | 105 67.5 4 270
xs | 120 42 1 42
53 f3 dx = 1 b dx = 1 s —1 (x)]P li c—1 (b -1 (0 _ 7 0=1=
o e = im ) s = lim [sinTt (5)]) = lim_ sin”! (3) —sin T (§) =5 -0=73
54. fllnxdx: lim [xInx—x],=(-In1—1)— lim [blhb-bl=-1— lim &t =_1— [im (&)
0 b— 0* b b— 0" b0t (}) b—0" (-%)
=—140=—-1
' g 0 4 ' g d : ! '
5. f &= fil EIRNIRE fo LA 3 tim [y =6 (1 - tim b1/3) -6

o a0 . - o0 do . .
56. fil @rIPE = f2 (0+1)3 =+ f1(0+1)3 =+ j; @7 1y converges if each integral converges, but

: 63/ 9 > de :
elimoo Gs = 1 and fz s diverges = fizm diverges

oo o0
2du du
57. ‘/; u? —2u _j; u—2

8. [ v [T E gt dv=tim [nv—L-m@v- 1]

v —

: b 1 1 3
= lim () -4 -nl—1-In3)=Ini+1+mI3=1+In3

()0 = tim i [252[] ~In [ 2352 =0~ In (3) = In3

& — Jim |
u b— o0

59. fo Zedx = blim [-x%e ™ —2xe* —2e7], = lim (—b% " —2be® —2e") —(-2)=0+2=2

— 00 b— o0

0
. 0 .
60. f xe®dx=_lim [fe*—ie*] =—§— lim (Se*—
00 b— - b b— —o0

oL [Tt =2 [T = [T = im B (3)]0=1 tim [Fan (2)] - Lan ©

— 00
=3G9 -0=3

62 [ o =2f d8 =2 lim [t (3)]; =2 lim [ (§)] ~ant©) =2(3) -0=nx

b — o0

: 0 _ x‘@ . x‘i .
63. 91i>moo st 1 and f6 o diverges = f6 JET diverges
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64. 1= j:oe’“ cosudu=_lim [—e™cosu], — j;me’“ sinudu=1+ blimOO [e* sinu], — j;m(e’“) cos u du

b — oo

= 1=1+0-1= 2I=1 = I= 1 converges

“mz g, _ [z Iz g, _ [W2?]° 22" _ (12 - by 1] _
R e T ) N R (RO R e B
= diverges
66. 0 < < \/ <e'fort 1and fl e ' dt converges = fl dt converges

50 o0 00 >
67. f 2 dxﬁX —_ zﬁ 2dx < j; % converges = f 2dx = converges
—00

o0 €€ exfe* eXt+e”

> d _ X4 )
68. ff‘x, xz(l)—(kex) - foo X2 (1+e) 1+ex) +f1x2(l+cx 0 x2(1+ex) + 1 x2(l)-(|—e") ’

& S
X]i_r)no [ (Ull)} = xli—r>n0 XZ(IX;“’) = Xli_r)n() (I1+e)=2and f & diverges = f +ex  diverges

= f 1 +e dlverges

uz\/; 9
xdx . 2udu __ 2 2 _ 2.3 2
69. [ ldu—f};] — [eme [0 —u42- 2)du=2u —u?+2u—21n |1 4+u[+C

- x—2In(1+/x)+C

70.

——fx+4"+2 —fxdx——sz—%fxd_xz:—"———ln|x+2| 2lnjx—2[+C

dx__ . X = tan 29d0 _ 59d9 _ [ (1—sin’6 -
71 fx(xzil)z ’ [dx_sec29d9} - f[as:c@sec’le - fw:ine - f( siflné )d(SIH 0)

2
:ln|sin0|—%sin29+C=1n‘\/x+T‘ -3 («/X:H) +C

Ot —sin!(x+ 1)+ C

72. = 2x < _f\/l—(xﬂ)2

73. fmw dxff205c2xdx—f°°?"d"+fcscxdx_72cotx+

sin? sinZ

—In|esc x + cot x| + C

sin X

= —2cotx+cscx —In |csc x + cot x| + C

74, [0 qg— [1=2020 4p — [sec?0df — [df = tan 6 — 0+ C

cos2 6 cos2 6

9dv. _ 1 dv 1 dv 1 dv. _ 1 3+v 1 -1v
75. 817v4_2fv2+9+12 v T 12 3+v_121n’37v’+6tan 3 +C

76 [, w0 = lim [5]h = lim [ - (-] =0+ 1=1

— 00

77. cos(20+ 1)
(+) -
f =——— 5sin(20+1)
liv —1cos (20 + 1)
0 = [Ocos20+1)df =& sin20+ 1)+ L cos 20+ 1)+ C
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Sdx 3x—2 _ d d
78 [ = [ 25 o= [ a3 [+ [y
2
=5 +2x+3In|x—1|- 5 +C
in20dg  _ 1 [d(d+cos26) _ 1 5
79. (ls-llflcos2€)2 -2 (]+ngsz(.))2 — 2(1+cos 26) +C = 4 sec 0+C

" /2 /2
80. fm V/1+ cos 4x dx = _\/5‘/;/4coszxdxz {—@sinzx} _ 2

/4

x dx 2—-x
8L A% [gy } - JeRE =3y —ayltpC =20 —42 - 02+ C

:2[@—2@

+C

82. [V dy;[v=sing) — [eosteosws _ [Uswdd_ fooe294h— [dh = cotd — 6+ C

sin2 0 sin2 0
= —sin"ly - Y= 4 C
dy — dy-» _ -1
83. [ = [ =y~ D+ C
84. x dx

d(x*+1) 1 -1 (K241
Vioaa—xt fm_QSIH ( 3 )+C

85. [airiydz=1 (14 L2 dz="tInlz) - L~ +4) - Lan 5 4C

86. fXSeXZ dx = %IXQze d(x2) _ % (X26x2 _ exz) LC— M L

tdt _ d(9—4?) 1 A2
87 [ = - [U0 1o ae i c
88.u:tan’lx,du:%;dV:%,v:f%
lani)iZde:_%tanilx—’_fx(ld-&-xxz) = tan X+fdx fle:Q
:—%tan‘1x+ln|x|—%ln(1+x2)+C:—T+ln|x|—ln\/1+x2+C

89. fﬁ’[e':"]—> m le—fHQ Injx+1]—In|x+2|+C= 1n|x+1|+c
:ln(e'+1)+c

el 42

90. ftanStdt:f(tant)(seCZt—l)dt:m‘;i—ftantdt:%—lnbecq—l—c

x=Iny
Finydy . — Y fo-_e‘ _fx' Xy — T _ X a2 _ 1,20
91.fI S| dx= 9 — ), e dx= ) xe dx_blimm[ se e,
dy = e* dx
- T —b 1 1y _ 1
= Jim (55— gw) —(0-3) =3
92, [eowvar _ [ _eosvar  [U=IORDTLa gy e fingsin )] + C
' In(sinv) — (sinv)In(sinv) > | dy = cos vdv u -
sin v
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526  Chapter 8 Techniques of Integration

93. fe'“\/;dx:f\/;dx:%xg’/?—l—c

6 . u = de’ 1 _ 1.2 3/2 _1 013/2
04. [e/3+4e ao; [du:%ﬁde] - V3t udu=1-2@ 1w+ C=1(3+4e) 4 C
; u = cos 5t
o5. [t |4 T n ] = S =~ ur e =~ fuan oo C

o ox=¢€ | el (v
O P e e eI O

-1

u=/r
7. [z ldu_z\/] — [re s [ 2)du=20-2mn (1 +ul+C =2/~ 2In(1+ /1) +C

X4— X2
98. [t ax = [UGE0E) < x! — 10% +9]+ C

99. fl+xzdx—f(x—Txxz)dx:fxdx——flfxzdx—Exz—%ln(l—i—xz)—{—C
100, [ 2 dx =3[ 225 dx = 3In[1 + x| +C

X . xz X
101, [ 1 dx 125 = (A BC g 2 = A(1 = x4 x2) + (Bx + O)(1 + )
=(A+B)x*+(-A+B+C)x+(A+C)=A+B=1,-A+B+C=0A+C=1=>A=3B=1C=14
14x 2/3 (/3x+1/% X+ 1 _ x+1
flixzd f<l+x+ TT—x+x2 d 73f1+xdx+3f x++x2dxigfl+xdx+§f%+(:,%)
1
U=Xx-—3 1 [ uts _ 1 1 _ 1143 2 1 -1
[du_dﬂ cafra= e d= gl e e ()

11| 3 —1(x=3) _ 1
ZGIn‘Z + (x—13) ‘+Ltan 1(\/—/2) = 3In|1 —X+x2|+\/—tan 1( \/51)

:>%flide+%f 2 dx = 2In|1 + x| + ¢In|1 —x+x2|+\/§tan’ (2"’31)+C

N
o
2

X :1+ —1)? u-—
102. f’+23 x;[“du_dxx] [l gy = [Eemigy = [Lau— [2du+t [2du=Tnu[+2- L +C

=In|1 + x| + 2—+—C

1+X (1+x

= = 2:
103. [ /xy/1+ /xdx; [W 2v\v/§w:“é1x X] = [2w? /T 5w dw
VI1I+w

+
2W2 ( ) %(1+W)3/2
(-)
4W ey (1 +w)*?
(+)
—  Stw?
0 :>f2W2\/1+WdW:3W2 W) = w1+ w)? + Z(1+w) P+ C

3/2 5/2 7/2
= 3x(1+Vx)"7 = BVx(1+VX) 7+ 5 (1+ Vx) T+ C
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W= 1+x:>w =1+x .
104, [(/1+ 1+xdx[ R ]Hfzw\/urwdw,
[u:ZW,du:Zdw,dv: 1+WdW,V:%(1+W)3/2:|

Jow/THwdw= 4wl +w)¥? = [4(1+w)dw = dw(1+w)? — (1 +w)? 4 C

=§\/1+x(1+\/1+x) /2—%(1+ 1+x)5/ +C

1 L|ju= x=ul=x 2 . _ T b _ _
105. fmdx, [ 2\u/;u:dx ] — mdu, [u—tanﬂ,fi <0< i,du—sec29d9, V1 + u? —secé’}

du= [250.d0 = [2sec0d0 = 2Infsect + an f] +C = 2In| /T + v +u| +C

sec f

2
v
=2In|y/T+ x+ Vx| +C

106. j;l/z\/ 14+ +v1—x2dx;

[x:sinﬁ,—ﬂ<6‘<ﬁ,dx:cosed9 V1—-x2=cosl,x=0=sinf = 60=0, x———sm6:>€—%}
7/ _ 7/6\/1 _ / in 6 cos 0 _ / sin  cos 6
— f v/1-+cosfcosfdf = f \/&cosede f ﬁ = LILH(}+f I_TOS

[u:cosﬁ, du = —sinfdf, dv = \/I“Lde v=2(1 —c0s9)1/2}

= CILH(}+ [2 cosf (1 — cos 9)1/2] :/6 + f:/62(1 — cos )"/ 2sinf dﬁ]
= }in&+ (2008(%) (1 —cos(g))l/2 —2cosc (1 —cosc 1/2> {‘3‘ — cos ) 3/2}”/6]
= lim \/5(1 —@)1/2—2cosc(l —cosc)' 2+ ( (1 cos(g)) -4 Cosc)3/2)]
= CILIBI+ V3 (1 - ‘/73)1/2 —2cosc (1 —cosc)/?+ ‘3—‘(1 - #)3/2 - 31— cosc)S/Z]

1/2 3/2 1/2 4+ﬁ\/iﬁ
() (-8 (- ) () - )

u=1+Inx B
107. fxiiﬁnxdxzfﬁdx;[ du = Ldx :|_>fuuldu:fdu_f%du:u—ln|u|—|—C
X

=(1+1Inx) —In]l +Inx| +C=1Inx — In|]1 +Inx|+C

u = In(Inx)
108, [ sy dx: {du _ g ] — [1du=Inu] + C = In|ln(Inx)| + C
109 fi"]nxh”‘dX' [u = xI"* = [pu = Inx"* = (lnx)2 = ldu=2InX gx = du = 2“1“" dx ml“" dx] — lfdu
. X ’ - - - u X - 2

:%u—i—C:%xl“"—i—C

10. [ (lnx)™ [l + M]dx; [u = (Inx)"™ = Inu = In (Inx)"™* = (Inx) In (Inx) = du = ( (nx) 4 @)dx

X X xInx

X

=du=u {% + ]nanx)}dx = (lnx)lnX [x + 1"(lnx)]dx} fdu =u+C= (lnx)mx +C
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528  Chapter 8 Techniques of Integration

1 _ . 2 o m _ _ 1 4
111. fxmdxf fxiz\/hdx, |:X =sinf,0 < 6 < 7,2xdx = cosfdf, /1 —x* 70056’] — Efsinctgscosa do
1 V1—x4
et

x2

:%fcsc&d&———1n|csc€+cot0|+C———ln Tdvl-x w +C

+C=—1ln

112. fle_xdx; {u:\/1—x:>u2:1—x:>2udu:—dx} Hf%du:fdz—‘idu:f(2+lffl)du;

S =A =2=Au+1)+Bu-1)=(A+Bu+A-B=>A+B=0,A-B=2

u—1 u+1
SA=1=B=—1 [2+27)du= [2du+ [(5 - )du
=2u+Inju—1|—Infu+1[+C=2y/1-x+ iln J_V}:z;} +C

0
113. (a) j;)af(a—x)dx; {u:a—X:>du =—dx,x=0=>u= a,x:a:>u:0} — —L f(u) du = j;)af(u)du,whichis
the same integral as j:f(x) dx
/2 __sinx___ (2 sin(§ —x) N sin(5) cos x — cos(5) sinx
® x= [ dx= [ : __dx

2
910X+COSX 0 sin(5—x)+cos (5 —x) 0 sin(3) cosx —cos() sinx + cos (5) cosx +sin(5) sinx

fﬂ/z cos x dX=>2f/ sinx dX_f __sinx gy +f/ _ cosx f /2 sinx +cosx _fﬂ/zdx
- cos X + sinx sinx + cos x - sinx + cos x cosx+smx 51nX+L0§X —Jo

= |x zf/ _sinx —E:>f7r/2 sin x dx = &
- smx+cosx -2 0 sin X + cos X 4

114. f sin x dx = fsmx+cosx cosX +sinx —sinx dx = fsmx+cosx dX+f —Cos X + sinx dx+f —sinx

sin X 4 cos x sin X 4 cos X SIn X + COS X sin X 4 cos x smx+cosx

_ | cosx—sinx - sin x e . sin x

- de fSlHX+COSXd fsinercosx dx = x ln|smx+cosx| fsinx+cosx dx

sin X _ : sin X _x _ 1 :
:>2fgmx+coqX = x — In|sinx + cos x| :>fsinx+cosx dx = § — 3In|sinx + cosx| + C
sin?x
sin’x cosZx _ tan’x _ f tan’x + sec’x — sec’x f tan’x + sec’x f sec’x
115. f 1+ smzx f 1y sindx dx = f sec2x + tanx dx = sec2x + tanx dx = sec2x + tan2x dx — sec2x + tan2x dx

cos2x €OS“X.

= fdxf f]j‘;il’;zx dx =x — %tan’l(ﬁtanx) +C

_ 1— 2 _
16, [lreon gy = [Uzeonl g = [1-Zomyreods gy = [ 1 gy~ [2om gy 4 [feosx gy

:fcsc xdx—2fcscxcotxdx+fcotzxdx:—cotx+20scx+f csc x—l)dx: = —2cotx +2cscx —x + C

CHAPTER 8 ADDITIONAL AND ADVANCED EXERCISES

L2 -
I. u=(sin"'x)",du= 2L & 4y — dx, v = x;

V1-x2
. 2 2 S
s =7 -
U=sinlx. du= 9 . dgy— — 2xde o /1 2.
N A= eV E T eV T ;

—fz““]’%zdx =2(sin™tx) V1 —x2— fZ dx =2 (sin"'x) v/1 — x2 — 2x 4 C; therefore
f (sin"!x)” dx = x (sin"!x)* + 2 (sin"'x) /1 — x2 — 2x + C

I T T T B
x(x+ Dx+2) — 2x x+1 2(x+2)°
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- _ 1 _ 1 + 1 _ 1
x(x+ Dx+2)(x+3) — 6x 2(x+1) 2(x+2) 6(x+3)°
1 1 1 + 1 1 1

XX+ DX K +A)  24x  6(x+1D) 4x+2) 6(x+3) + 24(x + 4)

= the following pattern:

1 _ dx
G DELD) it m) Z (k‘)(m k)'(x+k)’ therefore fx(x+1)(x+2)-~(x+m)

_ Z [(k‘)(m o In[x +k|} +C

. 2
3. u=sin x,du:\/l_—z;dv:xdx,V:%;

-1 x2 dx X =sinf f s -1 X2 -1 sin” § cos 6 df
xsin~!x dx = £ sin x—f ; — | xsinT xdx = % sinT x — | SIS
f 2 2«/1—x2’|: dx = cos 6 d@ 2 2 cos 6

2 . .« 1 —
=% sin” 1x——fsm219d6——sm Ix—1 (8 -2y C= —sm Tx 4 sinfeosfob 4 C

2 . V1 —x2 —sin-!
:%SIHIX—F lx4 sin X+C

z=./y
4. fsinlﬁdy;[ y
=2
) —s —
= Zdnz 2 1_Zi_smlerC = fsin’lﬂdy:ysin’l\/§+w+C
in—!
ysin! fy 4+ 058 IO e

1

— f 2z sin~! z dz; from Exercise 3, fz sin~ zdz

" u=tanf
.| t=sm f cos 6.6 _f . 2 f
5. ft_\/l_tZ ’ l:dt:cosede] - sinf—cosf ~ J tanf—1° du = sec” 0 df (u— u3+ )
d0:u~+1
_ 1 du 1 du 1 udu __ 1 u—1 _ 1 tan 6 — 1 1
_ifufl_if—uhrl_if—uhrl_ In| == —jtantut+ C=gIn["iF — 50+ C

1 1o
_iln(t—\/l—tQ)—§sm It4+C

1 1
6. fx4+4 dx = f(xz+2)2,4x2 dx = f(x2+2x+2)l(x2—2x+2) dx

_ 1 2x 42 2 2x—2

— 16 [x2+2x+2+(x+l)2+17x2—2x+2+(x 12 +1 dx
1 242x4+2 1 - -

=1z 1n %‘—Fg[tan 'x+ 1D +tant(x—1)]+C

7. lim f; sintdt=_lim_[—cost]" = lim [—cosx+cos(—x)]= lim_ (—cosx+cosx)= lim 0=0

1 1
8. lim 5t dt; lim (‘2) = lim —— =1 = hm f o8t dt diverges since f diverges; thus
x— 0t Jx ¢ t— 0" (%fl) — 0" co<t

1
lim = x f C‘[’S‘ dt is an indeterminate O - co form and we apply 1'Hopital's rule:

x — 0
1 _ cosl _ [cosx
lim xf%“dt: lim f‘ = lim (‘12): lim cosx =1
x — 0" X x — 0 x — 0" (7;2) x — 0"

. N . . ! . u=1+x,du=dx
9. lim_ ]gln\/l—k%:ngmoogln(l—kk(%)) (1) = [ @ +x dx; {x—o I

2
— fl lnudu:[ulnu—u]f:(21n2—2)—(ln1—1):21n2—1:ln4—l
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530  Chapter 8 Techniques of Integration
. n—1 1 . n—1 1 .
10, lim 3 o = lim () (2) = tim,
—f]—l dx—[sin‘lx]l—E
=Jo ie &= 0= 3
1. ¥

=2 [sinf]]* =1

142 +xt _ (1
(1-x2)° !

2 yae= [ -1+

—x2)? 4 4x2
2. % =52 = 1+ (¥ ) Sl

dx 1 (1—x2)
) ( ) dx=
=(-3+m3) -

1+x
0+lnl)—ln3—

13. V= f 2 (Shell ) (;ji;‘}‘n) = [ 2rxy dx
. u=1-x
:67r‘/;x2 l—xdx;[ du = —dx ]
x2 = (1 —u)?

— 6 flo(l —w?/udu

0
= —6m f ul/2 — 202 4+ u%/%) du

67r[2 3/2 _ 5/2+2u7/2](1):67r(%f%+%)
—67T(7—° 1%45”0) om (105) = 3¢
14, V= [Tryrax=n [ o
=wff<%+5<*x =

4
|5 =3 =7 (n4—3) -7 (nj-5)

=17 4 27 In4
b 1
15. V= [Tor (0h) (e ) ax = [ 2mxe dx
=2 [xe* — &'y = 27

STU DE NTS_ HUB. COCEﬂ)yright © 2010 Pearson Education, Inc.

1

n—1
Z (
k=0 3
d 2 /4 2 /4
T =1cos2x = 1+ (%) =14cos2x =2cos’x;L = ﬁ 1+ (\/cos 2t) dt = \/Ej; v/cos2tdt

22 12 )2
=)= [ 1+ () ax

Lea|] /2

ix) dx—[ x+In

Yy
y=3xJ/1-x

y=5/Gx/5~x)

Publishing as Addisou\ﬁﬁlféd e d By

osaid zyoud



Chapter 8 Additional and Advanced Exercises

In2
16. V= [ 2n(n2 - x) (e — 1) dx
In2
=2r [ [ 2)e" —1n2 — xe* + x] dx

In2
0

2

zzw[zlnz—(ln2)2—21n2+2+““”2}—27T(1n2+1) .
n

=2r [~ ©2 —n2+1

17. @ V= [ n[l - (nx?dx

ﬂ'[x—x(lnx)Q]T—FZﬂ'Lﬁelnxdx
(FORMULA 110)

m[x —x(In x)* + 2(x In x — x)||

7 [—x — x(In x)? + 2x In x|
=7[-e—e+2e—(-D]=n

® V= [ a0 -mx?dx=x[ [1-2Inx+(Inx?dx

:77[)(—2(xlnx—x)—l—x(lnx)2]T—271'f1e In x dx
=[x —2(x In x — x) + x(In x)* — 2(x In x — x)];
= m[5x — 4x In x + x(In x)*]
=m[(5¢ —4e +e) — (5)] = m(2e — 5)

1

18. @ V=r [ [(&)? 1] dy:ﬂﬁ)l(eZYf1)dy:7r["‘217y](1):7r{%2717(%)} =29
0 V=rf (@ -12dy=n[ (20 +Ddy=n[5—20+y],=n[(§-2e+1) = ({ ~2)]

— 2 5) _ m(—de+5)
—W(%—Zeﬁ-g)—%

19. (@ lim xInx=0 = lim f(x)=0=f(0) = fiscontinuous
x—0F x — 0F

u = (In x)?
2 du=Q2Ilnx) & 2 2
) V= [ m2(Inx)? dx; dv(:x2d))§ o . n<b£n6+ [xg(lnx)?hffo (g)(zlnx) ‘3)
x3
v=%

3

2
_ 8 2 . 3 3 _ 8(In 2)° 16(In 2) 16
w[(g) 27— (3) lim [¥ 1nx—%u = [B2E 162 4 1]

1
20. V= [ m(~Inx)?dx

_ . 211 !
_7r(bli>nb+ [x(In x) ]bfZJ; lnxdx>

=27 lim [xInx —x], =27

b— 0"
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532 Chapter 8 Techniques of Integration

21. M:flelnxdx:[XlnX—X]T:(e—e)_(o_l)zl;
MX:f]c (In x) (%) dx:%f]c (In )2 dx
=1 ([x(ln x2S -2 flelnxdx) =1e-2);

e

My:flexlnde:{xzé#]Tf% x dx

=i [emx-g] =f[(e-9) v =@
M e

therefore, X = 3 = Sl andy = M — 22
22. M = fjlci—x 2[sin"! x| = m;
1
_ 2xdx _ ) A
Mv*fo‘ﬁﬁfz{ V1 X]OfZ,
MY

therefore, X = & = % and y = 0 by symmetry

™M

\/)(27 X = tan 9 _ tan~! e - 209 do
23. L= f I+ dx—f dx; [dx—sec29d9 - L= /4 BT

1

_f‘a" © (e ) (an’ 0 41) dgfflan " (tan 0 sec 0+ csc ) df = [sec 6 — In fesc 0+ cot 0],

T a6 /4 /4

=<m—ln‘@+%)—{\/§—ln(l+\/§)}Im—ln(@—k%)—ﬁ—}-ln(l#—ﬁ)

2 d 1 — ey
24.y:1nx;»1+(j—;) —14x2 = S=2n] xx/1+x2dy:>S—27Tf0ey\/1+e”dy;[ e }

du = e’ dy
u=tan#f
du = sec? 6 df

=27 (3 )[secQtanH—l—ln|sec€+tan9|}‘f‘;:e:71'[<\/1+—e2)e+ln’ 1+e2+eH —w{\/i-l-pln <\/§+1)}
e TT 4 () ]

) 1
25. S =2r filf(x)\/lJr[f’(x)]zdx; f(x) = (1 ﬂ<2/3)3/2 = [P +1=d5 = S=2r f,l (1*5‘2/3)3/2'7\/‘%
2/3
= ar [ (1—x29)" (L) ax: [d‘; ’;d_l — 43w [l w2 du = 6 [ (1 - w2 d(1 - )
3

—)S:Zﬂ'\flc 1+u2du;[ ] HZWf‘;:Csecﬂ.seCQQda

= —6r- 1 [(1 - = 1

2. y= [/ —1dt:>dy—y/\/g—lz>L—fll6\/1+(1/\/§—1>2dx—f116y/1+\/§—1dx

A P R T I

b

b 2 a
27 [ - &) dx= tim [T - ) dx= lim [$InGE 1) = Sinx]) = tim 31 O]

— 0 — 0 1
9 a 2 a a . 1 . :
= lim 1 {ln O 4D n 25‘} ;  lim ®£D > fim 2= lim b6-) =ccifa> 1 = the improper
b— oo 2 b b— oo b b—ooo P b— 0 2
T 5 1/2
integral diverges if a > %;for a= % lim b;“ = _lim 1+ bl—z =1 = lim % [ln % —In 21/2}
— 00 b— o0 — 00
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_1 _ In2, ©*+1)°" : b+* g al _
=i(n1-1m2)=-"%ifa<i:0< ll)mOO - <bll>moo o _bgmm(b+1)21—0

= leOO In & Jb”l) = —oo = the improper integral diverges if a < %;in summary, the improper integral
fl (%5 — 5-) dx converges only when a = 1 and has the value — %2

28. G(x) =1ifx>0 = xGx) =x (1) =1ifx>0

29. A f & converges if p > 1 and diverges if p < 1. Thus, p < 1 for infinite area. The volume of the solid of revolution

about the x-axis is V = f Xp Pdx =1 f

p> 5 for finite volume. In conclusion, the curve y = x? gives infinite area and finite volume for values of p satisfying

b —x
= lim f e dt= lim [—le”“]b: lim (l’e b) =1-0
b— oo YO X 0

b— oo b— oo X X

< which converges if 2p > 1 and diverges if 2p < 1. Thus we want

1<p<L

1
30. The area is given by the integral A = | & ;

0 xP’

p=1: A:bling)+ [lnx];:—blin%) Inb = oo, diverges;
p>1 A= lirr%) [X'P], =1 — bhrr(l) b'? = —o0, diverges;
p<l: A= hr% [xIP] =1 blm}J b'"? =1 — 0, converges; thus, p 1 for infinite area.

The volume of the solid of revolution about the x-axisis V, = 7 f % which converges if 2p < 1 or

p< 5 , and diverges if p 5 . Thus, V, is infinite whenever the area is infinite (p  1).

The volume of the solid of revolution about the y-axis is V, = 7 fl h R(y))*dy =7 fl h % which
converges if % > 1 < p < 2(see Exercise 29). In conclusion, the curve y = x? gives infinite area and finite

volume for values of p satisfying 1 < p < 2, as described above.

e = !

o0 b
3L (@ T() = [ etdi= lim [leta= gmoo
(b) u=t,du=xt""'dt;dv=etdt,v=—e"
= T+ )= [ vetdi= lim e+ x [ ete = i (= 5 4 0%6) + xI00 = XI ()
(¢c) I'm+1) =nl'(n) =n!:
n=0: 'O+ 1)=I01) =0
n=k: AssumeI'(k + 1) = k!

Jim [~ =

; X = fixed positive real

for some k > 0;

n=k+1:Tk+1+1) =k+DI'k+1) from part (b)
= (k+ Dk! induction hypothesis
=(k+ 1)! definition of factorial

Thus, I'(n + 1) = nI'(n) = n! for every positive integer n.

32. (@) T(x) ~ (%) \/ganan(n):n! = nl~n(2)"\/Z=(2)"V2nr

(b) n ()" 2nm calculator
10 3598695.619 3628800
20 2.4227868 x 108 2.432902 x 10'8
30 2.6451710 x 1032 2.652528 x 1032
40 8.1421726 x 10% 8.1591528 x 10%7
50 3.0363446 x 1064 3.0414093 x 1064
60 8.3094383 x 108! 8.3209871 x 103!
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534  Chapter 8 Techniques of Integration

(c) n (M)"v/2n7 (2)"y/2nme!/ calculator
10 3598695.619 3628810.051 3628800
33. e* (+) cos 3x

262X$ 1sin 3x
462X$> —Lcos 3x

9

»
-

I:%zxsin3x+2%2xcos3x—%l = %I:%h(3sin3x+2cos3x) = I:%(3sin3x+20053x)+c

34, e* (+) sin 4x

363X$‘ —1 cos 4x
9e3‘$ — L sin 4x

16

I:—%Xcos4x+3%:sin4x—l9—61 = %I:ﬁ—z(3sin4x—4cos4x) = I:%(3sin4x—4cos4x)+C

35.  sin3x (+) sin x

3 cos 3x N —Cos X
—9sin 3x$> —sin x

»
-

I=—sin3xcosx+3cos3xsinx +9] = —8I = —sin3x cos x + 3 cos 3x sin x
= [= sin3xcosx—83t:os3xsinx +C

36. cos5x (+) sin 4x

— sin 5x N_% cos 4x
—25¢c0s SXN_% sin 4

!

I=—1cos5xcosdx — 2 sin5xsindx + 21 = — 2 1= — 1 cos 5x cos 4x — 2 sin 5x sin 4x
= 1= § (4 cos 5x cos 4x + 5 sin 5x sin 4x) + C
37. e (+) sin bx
ae™ ﬁ—%cos bx
aQe“‘m — & sin bx
1= cosbx+ % sinbx — 51 = (32;;"2>I:i—?(asinbx—bcosbx)

= I = 3% (asinbx —bcos bx) + C
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38. e (+) cos bx

ae™ N £ sin bx
a?e“*$> — 2 cos bx

b2

I*—smbx+ cosbxfflé <"‘2;—2b2>12%(acosbx+bsinbx)
= I= m(acosbx—i—bsmbx)—i—c

39. In(ax)  (+) 1

=
—
|
N—
>4

40. In(ax)  (+) x?

=i tn@o = [ (2) (¥) de = §x InGao - x4 €

2dz
41. fl—ds);nx = fl (l(+7é_z)) = f(lz_dz)z - ﬁ +C: m +C

2dz

42. fl+smx+cosx 7f1+ — ) fl+z2+22czlz+1 s :flizz :1n|1+z|+C
1+L
ln|tan( )—|—1|+C
/2 1 2dz 1
43. fo THsix = 0 1£I(+7+>_) - fo <12+d§)2 == [%ﬂ]é: —(1-2)=1

/2 1 2dz 1
e W = RIE RN CH VIR

1+22

/2 1 =4z 1 1 1
9 _ 1+ZZ) _f 2dz _f 2dz __ 2 -1 z 1
45. j; Trcosd fo 2 (2g) T2 T L A T an= a5, = J5tan”t o

46. fZW/S i cosé’d@‘ j‘l\ﬁ (:;Z%)) b)

_f‘ﬁ 2(1-72)dz _f‘ﬁ -7 4
7/2  sin @ cos 6 +sin § :| — 1 272 —273+22+27° — J, 2z

:{%mz—a—z]lﬁ:(% ln\/g—f—‘)—(O—}l):%—%:%(ln?,—z):%(ln\/——l)

(Zdz)
47 f dt _f 1472 _f 2dz _f 2dz ——n 241-y2 s
) sint—cost ( 2z _l—z) —J 2z2—-1+22 z+1D*=2 "7 /2 z+1+2
1422 1+22
— 1 tan(%)+l—f e
- ﬁ tan%
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48. flczsclo?t - f HZ sz_ = f(przz)%(_l(ilf)zf)z(l_zz) = f(1+222)((1112222_)le+12)
f(l+22 22f221+22 7fl+227f f22+1:7%72tan71Z+C:7COt(%)7t+c
49. fsechG: fcgfﬁ = IE:+ g) = f12d§2 (l+i)?f—z) = fl+z

142z
1 4 tan (g)

1 —tan (g)

=In|{l+z —-In|l—z/+C=1In +C

50. fcsc&d&—fmo—fg%% ff%:ln|z|+C:ln|tang|+C

1+22
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