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CHAPTER 7

OPTIMAL RISKY PORTFOLIOS

Investment can be viewed as a top-down process:
rdawdl JI Jedl go aoc dif Lle jlodiwd! Ul bl b
STEP1) Capital allocation between risky portfolio (P)& Risk-free portfolio (F).

g0 aladl abbasallg (P) 6 b lall dbaso gw Jladl gwl) gowass el dglasll

(F). o lboll
STEP2) Asset allocation in the risky portfolio (P) across board asset classes.
dewlgl Jopoll alis pc (P) apblall @hano gowd Jeoll gjei :aslil sghsl
STEP3) Security allocation of individual assets within each asset class.

Jawodl alis go dis Js Jsb aspall adladl §lygll youasd :alll 6glosll

Diversification & portfolio risk:

1) Non diversifiable risk > Systematic risk > Market risk, it is a risk that

cannot be eliminated through diversification.
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2) Diversifiable risk > Unsystematic risk - Firm specific risk > Unique risk. It
is a risk that can be eliminated through diversification (we use correlation
coefficient as a rule).

A B

Unique Risk

Market Risk

Naive diversification strategy [Equally weighted portfolio]

Example: Place half of your fund in asset A& another half in asset B,
diversification should reduce risk. If asset A price falls, asset B price might rise.

2 effects are off-setting.

Now we'll consider an efficient diversification strategy. In other words, we want
to construct risky portfolios to provide lowest risk for any given level of

expected return.

Example page 208:

Portfolio constructed from 2 assets which are:
Debt fund = Invest in bonds > D

Equity fund - Invest in stocks > E
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D Fd Od Wy

E re Ge We

T, = Zr*w =Ty W, + T, xW,

E(rp) = ZE(r) sw =E@y)«w,+E()*w,
Variance (o?) of a portfolio
o5 = Wg* 09)* + (W, * 0,)% + 2% W, x Wy * COV (1, 74)
COV(Te,Tq) = Py, * 04 * O
Correlation coefficient = p “Rho”
—1< puye = +1

=>» Variance of a portfolio is reduced if the covariance is negative.
= When correlation coefficient is -1 a perfect hedge is possible (The

standard deviation of the portfolio is 0).

-1 Perfectly negative correlated assets
-l<p <+l Negatively correlated assets

0 Uncorrelated assets
0<p<+l Positively correlated assets

+1 Perfectly positive correlated assets

If correlation or p= -1 - theoretically sz could be zero, but practically not

possible; because we have a market risk.
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STEP1) 0f = (Wy * 0)* + (W, * 0,)% + 2 % W, x Wy * COV (1, 74)
STEP2) COV(r,,1y) = Pye* 0d* O

STEP3) 6) = (Wi * 07) + (W2 % 62) 4+ 2Wy * W, * pg o * 04 * 0,
Apply when Correl (p)=-1

STEP4) o) = (Wi *0) + (W2 x 02) + 2Wy x W, % py . * 04 * 0,
STEPS) o = (W7 * 6§) + (W2 * g2) — 2Wy * W, * 04 * 0,
STEPé) a7 = (W7 * 07) — 2Wy * W, * 0y * g, + (W2 * 62)

Foiling the equation

STEPT) of = (Wy * 04 — W, *0,)?

W, +W, =1>W, =1— W,

STEP8) o = (W, * 04 — (1= Wy) *0,)?

STEP9) V02 = 3/ (W, * 0, — (1 — W) % 0,)?
STEP10) 0 = (W, *0; — (1 — Wy) *x0,)
STEPM 0=W,; x0;, —1*0,+ W, *0,
STEP12) 0 =W, * 0, — 0, + W, * 0,
STEP13) 0, = W, x 0o, + W, * 0,

STEP14) 0, = W, * (04 + 0,)

STEP15) —¢— =W,

(ga+ ge)
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If correlation= +1 - The right hand in the portfolio variance equation would
be a perfect would be a perfect square. There is no benefit from
diversification in this case. As a result, the standard deviation of the portfolio

is the weighted average of components standard deviation.
05 = (Wdz *%%)"‘(Wez*gez)"'ZWd*We*Pd,e* O0q * O¢
02 = (W2 *a2)+2W,y W, x 04 x 0, + (W2 *a?2)
14 d a a e d e e e
op = Wy *04+ W, *0,)*
op =Wy x4 + W, * 0,

We always seek negatively correlated assets or low correlated assets to
reduce risk. The lower the correlation between assets, the GREATER the gain

in efficiency.
Example Page 211:

E(r;)=8% or 0.08
E(r,)=18% or 0.18
o4 =12% or 0.12

o.= 20% or 0.20
Equation that you should know:
Wyt W, =1
E(r,) = Wy xE(rg) + W, xE(,)

Wqg W, E(r,) p=-1 p=0 p=+0.3 p= +1
0 1 0.13 0.2 0.2 0.2 0.2

01 09 0125 0.168 0.1804 0.183957  0.192
02 08 012 0136 0.16179  0.16876
03 07 015 0.104 0.144554 0.154661
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0.4 06 0M 0.072 0.129244 0.141986 0.168
05 05 0105 0.04 0116619 0.131149 0.16

0.6 04 0.0 0.008 0.107629 0.122638  0.152
0.7 03 0.095 0.024 0.103228 0.116962 0.144
08 02 0.09 0.056 0.104 0.114543 0.136
0.9 0.1 0.085 0.088 0.109836 0.115585 0.128
1 0 0.08 012 0.12 0.12 0.12

p = Wa % 02)% + (W, * 0,)2 + 2% Wo x W, % p * 0y * 0,

Example take the 5" row at (W4 =0.5 and W.=0.5) and p=-1

0, =+/(0.5%0.12)2 + (0.5 % 0.2)2 + 2 x 0.5 * 0.5 x —1 x 0.12 * 0.2

op = 0.04

How to find Wy,i, 4 orr « from risky portfolio equation
Step1> 0p = Wy * 04)° + W+ 0,)% + 2 % W, x Wy + COV (1, 1y)
Know that W, + W,; = 1 >Solve for Debt > W, = (1 — W)
Step2> 05 = Wy 05)* + (1 — Wy) * 0)%+2%(1— Wy)* Wy *COV(re,1y)

Step3> g = (Wy * 0)* + (1 — Wy)? % (0,)* + QW4 — 2W7) * COV (1, 14)

2
Steph ot = 2W, * 207 + (2 — 2Wy) * (—1) * (02)* + (2 — 4W,) * COV (73, 7)
d

Step 5> 0 = 2W, * 202 — (2 + 2W,) x 62 + (2 — 4W,) * COV (1,,74)

2(W g 05—1+ W g*ag+(1— 2W 3)*COV (re,Tg))
2

0
Step 6> > =

Step7> 0 = Wy * 62 — o2+ 02W, + COV(r,,14) — 2W,COV (1,,74)
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Step 8> 0 = —a2 +COV(1,,14) + Wy * (65 + 02 — 2C0V (7,,74))
Step 8> 02 — COV (1,,14) = Wy * (65 + 02 — 2C0V (1,,1y))

0% —COV (re,7q)

Step 9 > Wy n, = (62+ 02—2COV (re,rq))

And to find WMINe 2> Wuin, = 1- WMINd)

EXAMPLE)

Givens: E(ry) = 8%/ 04 = 12%/ E(1,) = 13%/ 0, = 20%/ pge = +0.3
Weight of the MINIMUM VARIANCE PORTFOLIO?
Required: E(r,) =7/ 0, =?

Solution:
Step1) Find the Wy, & Wiy,

W 0 = COVrpry) (0.2)2 — (0.3 % 0.12 % 0.2)
MiNa ™ 52 + 62 = 2C0Viy, r,y  (0.12)% + (0.2)2 — 2(0.3 * 0.12 % 0.2)

WMINd = 082
WMINe =1- WMINd
WMINe =1- 082 - WMINe = 018

Step2) Find E(rvin,)
E (TMINp) =YE@ ) x Wy
E (TMINp) =E@a) * Wyin g + E() * Wiy,
E (rM,Np) = (0.08 * 0.82) + (0.13 * 0.18)

E (7w, ) = 0.089
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Step3) Find OmIN,
Uzamp = Wiiing * Oiiing + Watin, * 0n, + 2 * Wany, * Wi, * COVir, 1)
GAZ/IINp = Wiiing * Oring + Watin, * 0iain, + 2 * Wainy * Wanin, * Plrory) * OMing * OMin,
a,@,,vp = (0.82)2 * (0.12)% + (0.18)% % (0.20)2 + (2 * 0.82 * 0.18 * 0.3 * 0.12 % 0.2)
0%, = 0.013104
omin, = 0.1145 or 11.45%

e Assume that the investment universe has ONLY 2 risky assets, and we are searching for the
optimal portfolio.

e Optimal portfolio > Maximization for utility.
And we know that U = E(r,) — % * A x o}

What are the 2 risky assets? The 2 risky assets are Debt and Equity, remind that, Equity is
much riskier than Debt; therefore. We could recognize that the expected return, as well as

risk, for the equity is higher than debt.

1
MAX U = E(rp)—z*A*aﬁ

We know that E(rp) =YE(r )xW > E(r,) =E@y) Wy +E) =W,
op =Wixag+ Wil xaZ+2xWyxW, *COVy,r
Apply it to the Utility Equation:
MAX U = [E(ry) * Wy + E(7,) * W,] —%*A* [WZ % 02 + W2 %02 + 2% Wy x W, x COVy, )]

We know that W; + W, =1 - W, = 1 — IW/,; therefore.
U=[E(ry)*Wy+E()*(1—W,)]— ; x Ax [WExoZ+(1—Wy)?x02+2xWy*(1—Wy)*COVq,r)-
U=I[E(rg) *Wy+E(r,) — E(r,) « Wy] — % *Ax WG o+ (1—2Wy+W7)* 02+ 2% Wy (1—Wy)*COViyrp]-

U=E@ry)«Wy+E(r,) —E(r,)*W, —%*A[Wj x5 + 02 —2Wy x 0 + Wi a2 + 2Wy * COViy, ) — 2WFCOVir, 1 ],
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U=E(rg) *Wy+E(,) —E(r,)« W, — % * A[WF * 0f + 0F —2Wy * 0Z + Wi * 02 4 2Wq * COV(y, ) — 2W5 % COViyr 1 0 ]-

A = E(r,) * W) +0—E(r,)*1- % *A[2x Wi * 0f — 2Wy * 07 + 2W4 % 0F + 2W3 + COV(y y .y — AWG COVir, 1 ).

dw,

d 1
d—u = [E(Td) — E(T‘e)] — E * A[ZWdO'E — 20’5 + ZWdO'eZ + ZCOV(re,rd) — 4WdCOV(re,rd)]
wd

Take out “2” as a common factor

d 1
= [E(Td) — E(T‘e)] — A * é * -Z[Wdoﬁ — O'g + I/VdO'e2 + COV(re,rd) — ZWdCOV(rE,rd)]

wd

U

d
d_u = [E(rd) - E(re)] —Ax [Wdo-c% - Uez + Wdo—g + COV(re,rd) N ZWdCOV(re,rd)]
wd

Let ;—” = 0"Zero", then solve for W,

Wa
0=[E(ry) — E(r,)] — A [Wy0f — 0F + Waag + COVy, oy — 2WqCOVir, 1]
0=[E(ry) — E(r,)] — AWa05 + Ao} — AWyo? — ACOV,, , .y + 2AW,COV(y, 1
AW, 03 + AW,02 — 2AW,COV, 1) = [E(rg) — E(r.)]+Ac? — ACOV,, ;)
Wy * [Acg + Ac? — 2AC0V, , )] = [E(ry) — E(r,)]+Ac? — ACOV,,. .

[E(rd) - E(re)]'i'A * [O_ez - COV(re,rd)]
Ax[od + 02 —2C0V, ]

q =

Applying the COV(y, ) = P(rory) * Oa * Oc

_ [E(rd) - E(re)]+A * [O_ez ~ P(rery) *0a* Ue]
=

Ax[0F + 07 = 2% parory) * Oa * Oc]

And1—-W, =W,

Notice that we calculate the weights for the risky portfolios ONLY there is no risk-free at all.
Therefore, you can calculate the optimal portfolio if you invest in risky assets only.

Example:
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Givens: E(ry) = 8%/ E(r,) = 13%/ 04 = 12%/ 0, = 20%/ A = 4/ p(s,r, = +0.3

Question: Find the optimal portfolio for 2 risky assets Investment UNIVERSE
Required: W, =?/ W, =?/ E(r,) =?/ 0, =?
STEP1) Find W, & W,

[E(rq) — E(1.)]+A = [Uez “ P(reryg) *0a* oe]
Ax[03 402 = 2% paryry) * Oq * Oc)

q =

[0.08 — 0.13]+4 * [(0.2)% — (0.3 % 0.12 * 0.20)]

47 T4 %(0.12)2 + (0.20)2 — 2% 0.3 * 0.12 * 0.2]

~0.0812
277016

W, = 0.5075 - 50.75%
W, =1-W; > W, =1-0.5075 - W, = 04925 > W, = 49.25%
STEP2) Find E (1)
E(r,) =X[E(r )*W ]
E(rp) =E(rg) * Wy + E(r,) * W,
E(r,) = 0.08 % 0.5075 + 0.13 * 0.4925
E(r,) = 0.1046 - 10.46%
STEP3) Find g,
o5 = Wg 04 + W2+ 0F + 2% Wy W * pir ) * Og * O

op = (0.5075)%  (0.12)* + (0.4925) * (0.20)% + 2 * (0.5075) * (0.4925) * (0.3) * (0.12) * (0.20)
o2 =+0.01701025

g, = 0.13042 - o, = 13.04%

MOHAMMED HAJ MOHAMMED l


https://students-hub.com

l FINN431 CHAPTER 7 INVESTMENT MANAGEMENT

ASSET ALLOCATION WITH STOCKS, BONDS and T-BILLS:

We know the Capital Allocation Line “CAL” equation or Best fit line equation.

E(r) - Rf> ‘o,

CAL - E(r.) = Ry + (
Op

&)
CAL

R

a

Example Page 215: Two possible CAL are drawn from the risk-free rate (R=5%) to 2 feasible portfolios.

- CAL is drawn through the minimum variance portfolios “A”. 8 CﬂLL
E(rg) = 8%/ a4 = 12%/ E(,) = 13%/ 0, = 0.20/p,r,) = 0.3 Cﬂ
STEP1) Find W, & W, for both CAL 1 AND CAL 2 5): ﬂ Z

0.82 - [p(re,rd) *0q * Ue]

Wa=— 2
] + O¢ — 2 x [p(re,rd) *0q * ae]
0.2)2 —[0.3%0.12 % 0.2
W, (0.2)" —[03%0.12+0.2]

T (012)2+ (0.2)2—2+[0.3%0.12 % 0.2]

W, = 0.82
1-W;>W,=1-0.82-W,=0.18
STEP2) Find E(rp) for CAL 1

E(rp) =E(rg) * Wy + E(r,) * W,
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E(r,) = (0.08  0.82) + (0.13 % 0.18)
E(r,) = 0.0234 - 2.34%
STEP3) Find g, for CAL 1
o5 = Wg 04 + W7 * 0F + 2% Wg x W * pr ) * Og * O
o = (0.82)% * (0.12) + (0.18)? * (0.20)? + 2 * (0.82) * (0.18) * (0.3) * (0.12) * (0.20)
o = 0.013104
0, =0.013104 - 0, = 0.1145 or 11.45%

STEP4) Find the reward-to-volatility ratio “Slope of CAL 1”

_E(r,) =Ry 0.0234—0.05

S = 0.34

p
o, 0.1145

CAL, is drawn through portfolio (B) which invests 70% in bonds and 30% in stocks.
STEP1) Find E(r,) for CAL 2
E(r,) = E(ry) * Wy + E(r,) x W,
E(r,) = (0.08 x 0.70) + (0.13 * 0.30)
E(r,) = 0.095 - 9.5%
STEP2) Find o, for CAL 2
0f =Wi*of + W2 x0Z+2%Wy*W, % py, ) * Og * O
o2 = (0.70)% * (0.12)2 + (0.30)2 * (0.20) + 2 * (0.70) * (0.30) * (0.3) * (0.12) * (0.20)
o = 0.01368
0, =v0.01368 - o, = 0.1170 or 11.70%

STEP3) Find the reward-to-volatility ratio “Slope of CAL 2"
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_E(p)— Ry _0.095-0.05
op 0.117

S, =0.38

Question: If | am investing in both risky assets and risk-free assets, and | want to find the optimal

portfolio, should | use the investment UNIVERSE equation above?

aylg b laadl go aldl Jaollg 6pasll Jausoll go Js Uo_;.m.uul s 15 :Jlguw
INVESTMENT UNIVERSE @>leo pasiwl o wiay Jas agliall dbasall Ule jgiell
Sollci

Answer: NO. You can't use this equation because you now invest in risk-free

asset. So, we should make another equation.
bl go b Jaol 0 YUl padiwd ¢l dsleondl 0da pladiwl clisoy U .4 &byl
sl @slen gloi i lule ey 13
E(r,) — R 3, ‘.
() — Ry —> ‘l//%

oy g. ~ X

MAX Sp =

Steps to follow to arrive at the complete portfolio

Stepl) Specify the return characteristic of all securities (Such as Expected

return, Standard deviation, variances, and covariance)
Step2) Establish the risky portfolio

a) Calculate the weights of each risky asset that should be included in the P
“risk portfolio”. Asset Allocation
1o ase0g Jughb g9 pJ 4l Max S, dsleal Glaiwul yasll pj Lo*
_ E(Rp) 02 — E(Rg) * COV(Rg, Rp)
E(Rp) * 02 + E(Rg) * a3 — [E(Rp) + E(Rg)] * COV(Rg, Rp)
Optimal portfolio for ALL INVESTORS.

Wa
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E(Rp) = [E(Ra) — Ry| ,E(Ry) = [E(.) — Ry]
b) Calculate the properties “Capital Allocation” (Expected return & risk (SD)
of P)
c) Allocate the funds between Ry & P
d) Calculate the fraction of the complete portfolio allocated to P & to

treasury bills.

e) Calculate the share of the complete portfolio (Expected return and risk).
EXAMPLE)
E(ry) = 8%, E(r,) = 13%, Pae = 0.3
g = 12%, g, = 20%, R = 5%
Calculate optimal complete portfolio “Weights, E(r), Risk (SD)”

E(Rp) * Uez — E(Rg) * COV(Rg, Rp)

"4 = BRy)+ 02 + E(Ry) * 0 — [ERp) + ERp)] = COV (Ry, Fy)

B 0.03 * (0.2)? — (0.08) * (0.3) * 0.12 * 0.2
~0.03 % (0.2)2 + (0.08)(0.12)2 — [0.03 + 0.08] * 0.3 % 0.12 % 0.2

Wq

W, =040, W,=1-0.40 = 0.60

E(r,) = (0.40  0.08) + (0.60 * 0.13) = 0.11

op =+/(0.4)2(0.12)% + (0.2)2 + (2% 0.4 % 0.6 * 0.3 % 0.12 % 0.2)

g, = 0.142> 14.2%

. _ E(r,) =Ry 0.11-0.05

= 0.42
p o 0.142

p

_ E(r,) —R; _ 0.11-0.05
A * o 4 % (0.142)2

*

y = 74.39%
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WF=1—-y"=1-0.7439 = 0.2561 = 25.61%
EGo) = By +y'[E(r) ~ &,
E(r,) = 0.05+ 0.7439 % [0.11 — 0.05] = 0.0946 or 9.46%
oc =?

o, =y *0p, =0.7439 x 0.142 = 0.1056 or 10.56%

Complete Portfolio Weight

T-Bills 0.2561

Debt Fund 0.4* 0.7439 = 0.29756
Equity Fund 0.4* 0.7439 = 0.44634

Optimal P “Tangent to efficient frontier”

P-> For a complete portfolio

E(r) QI QB ax i C (.\ L
OPtimad P

Oc

“Optimal Portfolio at which the CAL is tangent to the efficient

frontier”
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E( rc') "leall 5920l lwlao CAL lauws g4y I adliodl daosoll

I F.'c_im‘f a )| Dl
catier

—r \(\e-\‘l'\d“"k QSSJ
A 1N

G\oooh

m.a MMM )0 ¢ VN

>\l C.;;s\g“ (@5 3o

g

C C
“Efficient frontier is the part of the frontier that lies above the global

minimum variance portfolio”
Ul il abaso Ggo gdy Al sgaadl o ejall Lo Aledll sgaa]l

"ol
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