1

Note Titl,

Modeling in the

Frequency Domain

FIGURE 2.1 a. Block
diagram representation of a
system; b. block diagram
representation of an
interconnection of subsystems

2.2 Laplace Transform Review

TABLE 2.1 Laplace transform table

Input
r(

Item no. f) F(s)
1. 8(1) I
1
2. u(t) ;
1
3. 1u(t) .é z
. n n!
4, "u(r) _é )
> 1
5. ey =4 oy
' 0 s
6. sin wru(t )
" 52+ w?
$ s
e cos tu(t) ( 6% P

STUDENTS-HUB.com

02/03/2021

Input . Output
System
r(1) c(t)
(@)
Subsystem [—=] Subsystem |—=| Subsystem

(b)

Note: The input, (1), stands for reference input.
The output, (1), stands for controlled variable.

TABLE 2.2 Laplace transform theorems

Item no. Theorem Name
L. LIfO)=F@) =[5 ft)eds Definition
2 ZIkf(0)] =kF(s) Linearity theorem
3 ZIf1(0)+15(0] = Fi(s) + Fas) Linearity theorem
4, () =Fis+a) Frequency shift theorem
5 2fe-1)  =e"F) Time shift theorem
. [ f(ar)) :lF(f) Scaling theorem
a \a
df i _—
1. 7 7 = sF(s) - f(0-) Differentiation theorem
I
[d*f - , e
8 g 7 =§*F(s) - sf(0=) = f'(0-) Differentiation theorem
. 7 ) .
[d"f - pS———
9, g W} =§"F(s) _an-tfx-x(“_) Differentiation theorem
: k=1
F(s) e )
10. 2[f. fd] === Integration theorem
ok §
1 f(o0) = Iin}) sF(s) Final value theorem'

M |

"For this theorem to yield correct finite results, all roots of the denominator of F(s) must have negative real parts, and
no more than one can be at the origin.
*For this theorem to be valid, Jit) must be continuous or have a step discontinuity at f = 0 (that is, no impulses or
their derivatives at t = 0).

f04)

= lim sF(s)

500

o 2
Initial value theorem
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Partial-Fraction Expansion
Case 1. Roots of the Denominator of F(s) Are Real and Distinct
N - A 3 2 -2
SHI(S+2) e — — —
o St AT A & vy S+
& -2b
flor=2 e —ae U LE)
Case 2. Roots of the Denominator of F(s) Are Real and Repeated
] 2 A B C _
ey, = —— 4 — < — A = 2\
”'J\i'l"l/ S+ (5‘\‘7-)
L
2= 2(f0) ¥ Bleadlse) x € (g
R = 1$¢*%$*£ +R( s"'43§+§) + C§ #’
“1
2 =248 % X (Fx3R4)¢ + é+c ~2R)
i S
B=-
2 2
Sx 2 ($+2)°
_?,Jc(/
- NS S 4t
2 2l _", > — t o
3
t 53 («5-—6'2)

Uploaded By: anonymous



Case 3. Roots of the Denominator of F(s) Are Complex or Imaginary

3 p\ Qs"fc

F(s) =

——

£ $Q+1{+‘S
3
. ¥, Ds=xc
[ €326 45) 2 2 5
sle+ S Al =

3 :%/{was%) +BS «Cs

'/’-2:'-— -—Q
B>"g , C-= =S

‘F-/f)"_g_/—s—a— 1 §+D\ _—
= STx$ 4T 1 b — |
_¥s5 = Shx 2
s 5 - W
(Pr0) + 4 Siv Wi §1"c W™
_3,/‘5;._’;_ (S+) +! — S
= { C/OSUO -2 -
(5'\4)1-\' \"2:)7, P
L
B il 4 .
2 T o R saraw)
(F+) +Q) L)) A4
t {
0 =3
o‘f(*) 5 = 735‘6 Co¢ 2t +—= Sin & "7\ \\_7/
4 = szt — 5 J

STUDENTS-HUB.com Uploaded By: anonymous



S

\

b0 =

£

—

4
~ 2 e \ g stk ~26.56)

%
—6.6Fs5¥Ccos(2 =265 6 )

3

—_—

5

—

U\ILJ

Notice that Eq. (2.53) separates the output, C(s), the input, R(s), and the system, which is the
ratio of polynomials in s on the right. We call this ratio, G(s), the transfer function and
evaluate it with zero initial conditions.

S— < ——
2.3 The Transfer Function
C(s) (bns™ + bm-lsm_l + - +by) CCYd = & (Abf) \I\k
WZ Gls)= (8" + g™+ v+ ap) .
R4y —= (AP wk

Gatsy

R(s)

(b + by g™ 44 b | CO)

(as"+ an—lsnil tota)

cy = RO Gl

FIGURE 2.2 Block diagram of a transfer

i

2

function
E L]
2.4 Electrical Network Transfer Functions
TABLE 2.3 Voltage-current, voltage-charge, and impedance relationships for capacitors, resistors, and inductors
Impedance Admittance
Component Voltage-current Current-voltage Voltage-charge Z(s) = V(s)/I(s) Y(s)=1(s)/V(s)
3 vl N |
4{ % w(t) = EA i(r)dr it) = CT vt) = C‘I(’) Cs Cs
Capacitor
1 |
J\/W (1) = Ri(r) i) = 20 Wi) = Rd?i—(;) R =G
Resistor
L di(t) ) 1! d*q(1) |
f ()()()() - wt)=L 7 i(r) :ZA Wr)dr w(t) :LdT Ls I
Inductor

Note: The following set of symbols and units is used throughout this book: v(f) — V (volts), i(r) — A (amps), ¢(f) — Q (coulombs), C — F (farads),
R - Q (ohms), G — Q (mhos), L — H (henries).
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Example 2.10
Transfer Function—Multiple Loops /\/\/\’ /\/\/\’
PROBLEM: Given the network of Figure 2.6(a), find the transfer function, I5(s)/ V(s). T \ \ +
v(t) (_) ) L | C < ve(
(1) = J is(1) <—/

(R4 L) T (LT s) =V 19) @ﬁ\_,,\

~ (L) T+ Ratise 2T -6 {) A

PH_L} Ves)
\/(5) L$I cs
—Ls 6)
T/= -V +TR*L$(IJ§-0
B+LF — o
| P'L_S—z‘\’ _‘c—'T—1"\'LS(17‘ _—Ll\ =2
-L¥ ‘R_._*—LS“’ g; <
. Ls Vi)
Ly = \ 5
(Rt S (Raxl s ) = ()
o T,l¢ \ ) _Ls_ Ls
c° W V) A (Ri+R)LCE+(RRC+ s+ R

V)

SN

-

e ——

NG
‘\_)_OM GK)= Nt B U, 183=Y,()

(S §))
V, ) -Ves) +V,(;\-v1(s) RV — V(¢) d

Vs 4-+Cs ™ Q

| | vy (* 8Q = Vll)
— N p—a vy U |
i3 4-+(.$ ) 4y (,,g h 7 4§ 4H "

<

Vyle NG \AaU) \l§) =\ (8)

= * =0 FIGURE P2.6

2 Ax4R LSTA =
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v SEN— _ Vi)
0w+ ( % ‘)\J (¢)= V2 )

Aabs S 4——\- Gs
e \.\\ ————

2.5 Translational Mechanical System Transfer Functions

TUDENTS-HUB.com

i Medhanical <«jd‘-om¢—-» 3 Parsive Wnas CQMPbY\UV\"S

SRR
—ll—j}" s eneray Sés)’a«?{ Aot

—J\N\.—ql—" Videown M“ — JA’Q-,W WW

¥ == AT

TABLE 24 Force-velocity, force-displacement, and impedance translational relationships for
springs, viscous dampers, and mass

= Impedeme
Component Forte-wm Force-displacement Zu(s)=F(s)/X(s)

Spring
<T—> x(1) ;
%WW‘ fin= K/ Wr)de f() =Kx{1) K
1l L Jo
. V=2 T Ro=kX)
Viscous damper
x( X
%ﬁ:ﬂ: 10 =0 =420 s
Mass
x(1) d(l) p
! 2
f=M=" f=nZ us

fi

V= di/py Erae ME XU

Note: The following set of symbols and units is used throughout this book: f(f) = N (newtons), () = m (meters),
W) =m/s (metem/%ecnnd) K =N/m (newtons/meter), f, = N-s/m (newton-seconds/meter), M =kg (kilograms =
newton-seconds” /meter).
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X (9
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Note.

B

S

4
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ﬁp 1 oy wodisn regqured o equal +o Hha
number aﬁ. /)mrh:] ivdz‘;w,,,‘k roFons

Transfer Function—Two Degrees of Freedom
PROBLEM: Find the transfer function, X»(s)/F{(s), for the system of Figure 2.17(a).
0] (1) y X\ (<‘ XW( {)
fif) <T—>] % <T—;
O | ke X va$s /
I O %0 . < . - .
T / My _—_C 1 X2
(@) 7 / : (v} l(l M‘l 5
/
/ WA L/ e _
— 2 / / / / 4 / /
—E'FvarKL\Y\(‘\ -\-{H—JS +(fv,,rﬁv~;\$ + ( l<-7_~¢ k,b\x\( ‘, =0 — ,Z
S
[ Sum of : .
) impedances in{:)uc:tl:Z‘cs [ Sumof
y ( ( ( S-\' k ) t()ct()ncnj::‘(t)cti(:m XG) = e | Xl = appli::i:orccs (2.120a)
Glos 2l thatrka) e R
F( <\ A i inizld f [ Sumof ]
= IIT)I;T:K::]C% Xi(s) + connected X>(s) = | applied forces (2.120b)
to the moti
| x and x o
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Example 2.17

Transfer Function—Two Degrees of Freedom

PROBLEM: Find the transfer function, X»(s)/F{(s), for the system of Figure 2.17(a).

x1(f) - X! Xa(‘t)
% . = T _Ez—( ! @ 7l\ {-ﬂ

uoul : = 4
i e e H.'.'.'.T‘T ~ - l J/
.“:
(a)

P
3610—41"5“"4 —__ >y

s

e

}\u ;-\'(-f\l‘-l'/'vbg-\- (l(\+|<73\)(\(5) ‘r.ﬁv_E.x.k;\ X_L (§) —+ O yzoz E(r) \—Q)

LA Sk OV TG S S (v b5 s tar i1y — Ky X0 = 6 —C,

=0 Y@ = K Xa (S U S IXHO = 6 —

Equations of Motion by Inspection

\4\v

——

PROBLEM: Write, but do not solve, the equations of motion for the mechanical network
of Figure 2.20.

X3(
PRI ot
Ky 2 oo
- f(
FIGURE 2.20 Three-degrees-
" V)

of-freedom translational
mechanical system

(M. S (Fvrfud S + (ke d | KO —KaYals]- F13,$ X320 —©

< kKo Xus) 4 [Mz ?*‘U'vl xfug)$ K \Xals) = £y S X9 = &3 W—
= ﬁv'.S S X (5) - 7£V~<$ X216\ ’\‘: M'bg‘iu'v,‘-r.f.v*\$ X{$\ = &) @
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Skill-Assessment Exercise 2.8

system shown in Figure 2.21.

—1 xy(1) — x(1)
L
Sy, =1 N-s/m K=1N/m
f(t) ————m <~—— My=1kg
fv,= 1 N-s/m B

fy,= 1 N-s/m [ fv,= 1 N-s/m
FIGURE 2.21 Translational \
mechanical system for Skill- |

by B e

Assessment Exercise 2.8

35+ 1

The complete solution is at www.wiley.com/college/nise.

PROBLEM: Find the transfer function, G(s)=X»(s)/F(s), for the translational mechanical

(" 43e2 )X = (s a\Yals) = Frg
s X (s o ST rtr N et = O

—@©
—®

-(3§ 1)

(‘5$-\—\) l-:l{)
2
g"_,. 2 53,., \ 4-5‘1-\-_-'!' S 4t —(ar+)

X (8)<

Xa(s) 3 +!

—

Fs)

Cr (%)=

-
-

TUDENTS-HUB.com

g’-\zé.\»\ F©
_ Xaz9) -
Gl$)3 _F—KT ;o Xatsy= | -(aFD)
(51:(‘55 '\'\) -Qen J

(" +45+)
32
5"»4-5 A~ -
3.5"3-»\1} y3IT
;‘" *4-{"'\/

°t$1-\-€§“*\

_/

sty +6 s+ § /
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2.6 Rotational Mechanical System Transfer Functions

TABLE 2.5 Torque-angular velocity, torque-angular displacement, and impedance rotational
relationships for springs, viscous dampers, and inertia

Torque-angular Torque-angular Impedence

Component velocity displacement Zy(s)=T(s)/0(s)
I(r) 0(1)
Spring /‘\’/\
l T@t) = K'[;im(r)dr T(1) = K&(r) K
ot N
Viscous 71y 6(r)
de
TP AN () = Doo(t) 1)) = %0 Ds
D L\
(1) (1)
Inertia /™y /Y
[ _ doft) ) 2
T T=J— T =J—5 Js

7\

Note: The following set of symbols and units is used throughout this book: 7(r) — N-m (newton-meters),
6(t) — rad (radians), @(r) — rad/s (radians/second), K — N-m/rad (newton- metem/mdmn) D —N-m-s/rad (newton-
meters-seconds/radian). J — kg-m?(kilograms-meters® — newton-meters-seconds”/radian).

Example 2.19

Transfer Function—Two Equations of Motion

PROBLEM: Find the transfer function, 65(s)/T(s), for the rotational system shown in
Figure 2.22(a). The rod is supported by bearings at either end and is undergoing torsion.
A torque is applied at the left, and the displacement is measured at the right.

T(t) O(t) Ox(t)
m/\‘ N Az T(1) H]H Hw(f
FL%) YOﬁOG%) fw}E
Bearmg Bewrmg
Dy Torsion D,
() ()

T{(s (s
FIGURE 2.22 a. Physical $ 245)
system; b. schematic; ¢. block

diagram (c)

¢ 7, £ Dif +K) @uls) — k B y(s)

K @l (S) & ( T,_S‘\-b,_S\— \s’\(‘)z()) :O

(De i-\')

©.(¢
T <)

S~—
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Example 2.20

Equations of Motion by Inspection

for the system shown in Figure 2.25.

PROBLEM: Write, but do not solve, the Laplace transform of the equations of motion

o5(0)

'

‘\ elm FIGURE 2.25 Three-degrees-
D D3 of-freedom rotational system

(‘J‘ffo,S y)B-KEL5) — O @3«) = T« —()
= (K)o (7) (TS 4+ D& X)02) - DS Oy = 0 — @

00,19 = D,€ 0,5) 1 (748 % (Dyad)$ +0) 04(9) = 0-\J)

P—

Skill-Assessment Exercise 2.9

system shown in Figure 2.26.

T 1 N-m/rad
& 0000
i 9 1kg-m?
\
1 N-m-s/rad

 G(s) = ———
ANSWER: G(s) TR

PROBLEM: Find the transfer function, G(s) = 6a(s)/T(s), for the rotational mechanical

0]

/\‘ 1 N-m/rad
\
FIGURE 2.26 Rotational

tj 1 N-m-s/rad
mechanical system for

| Skill-Assessment Exercise 2.9

The complete solution is at www.wiley.com/college/nise.

Hw
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32. For each of the rotational mechanical systems shown
in Figure P2.17. write, but do not solve, the equations
of motion. [Section: 2.6]

0 1 N-m-s/rad

8 N-m-s/rad
0000
9 N-m/rad
(a)
() D, Dy
N o 0000 I3
SEDNOEN = E SR EY
®) "
FIGURE P2.17

§) = T <

—Dis8,(s) tf1,s* + Dis + K)O,(s\ K,6,(s) =0
~K,0,(s) 4 (Dys +(K, + K,))0,(s) =

B
(e}
2
=
2
g
2
7
o
=
g
g
=

~S

Sol. WAR K PAI
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2.7 Transfer Functions for Systems with Gears

> [ Asianc “bravele oflol’ﬂ each
g-wf' car Cum,év%«&'h I Scuvie

_ N»
Ty(1) 61(n)

- TN N
L S n—-=ig I

= Input (e%,_k ‘Njﬁ'e
drive gear,

Gear 1__ Output
driven gear.

Q Gear 2

[ =

: @' rl - FIGURE 2.27 A gear system
@2 —— A o NT
(S (2 N= \

~ [Te @V\M‘jjm'v&!‘ =5 %\ﬁoh* 0@61_,_

——

‘rf_@’ - ':z O'L

-

—E—— @( = )\)‘L

T| E—; N\

= whit abouk W\u]ﬂma\l ;W\f-% ch’.V‘e,v\ |o~3, q/—»M/Q 7\
*"’)(ﬂ"“"(“_mﬂ‘@éa Ve

LY D
) ;’f@
Ne K ¥
Na
C-A.e(a.)-n—g‘— £ D 9_,__11\\_\’
- &S N
/4
K

el ey oy ko=

(TS ©.(5) = W) AR

3 N
(-S;\—‘Ds-\-\d\ ®, 1 %“? _\_\’J\ %\
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Ti()  6y()

N
p[=L
Ty 641 (NZ‘,

Generalizing the results, we can make the following statement: Rotational mechanical Z

impedances can be reflected through gear trains by multiplying the mechanical impedance {\)
Lihabrow

by the ratio
( Number of teeth of )2
gear on destination shaft ‘\) S
- owvre

Number of teeth of
gear on source shaft

W) 6,(1)
AA

Transfer Function—System with Lossless Gears

PROBLEM: Find the transfer function, 65(s){Tj(s), for the system of Figure 2.30(a).

___) G~ D~

T R e

- 2 =
pA ! Di (%3

VYW
Pe= Dzt D k-\i“‘l\\
en 3 T O
&Sc$ *bt.s'\'\(-e\ ©'7.($\ = _rl $) N
“’-/N\
— | Gio Sala—_

) N Se ,(1‘(‘):.5 r\e
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| N
\ NI H:: Vl Hl
A o
N, | N‘; p N Nl N
- J - H‘\ = = - Hl
F B \'_1 .“\"1 1\_]_ N1N3N5
| \ Oy = —————0,
N4 \ NS P .‘\"5 i A‘Vl 1'\“‘3 J‘\".S N2N4Nﬁ
47 Ng ° NyNgNg
f\[

| FIGURE 2.31 Gear train

Transfer Function—Gears with Loss

PROBLEM: Find the transfer function, @y (s)/T(s), for the system of Figure 2.32(a).
—

Te= i +(S,+‘S35 Q%B _\_('S+x-3's) T “)_‘XL

)
Na N
be l = NL) -r\ G'

(—ye sz&be $§ &N =T LC
\ \T‘ De

@1(9 o
G s =7 slesvDy T

Skill-Assessment Exercise 2.10

PROBLEM: Find the transfer function, G(s) = 6,(s)/T(s), for the rotational mechanical
system with gears shown in Figure 2.33.

T(r)
s 1 N-m-s/rad

/
(

i s 1 kg-m? f Ny=25
% (1)

fa\
Ny=50 —
//“ 4 N-m/rad

FIGURE 2.33 Rotational mechanical system with gears for Skill-Assessment Exercise 2.10

] 1/2
ANSWER: G(s) = —
sc+s+1

The complete solution is at www.wiley.com/college/nise.
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37. Find the transfer function, G(s) = 0,(s)/T(s), for the
rotational mechanical system shown in Figure P2.22.

2 )
L S o [Section: 2.7]
_l50a3x( 52 oo (== \)
3:: ) )(( = ) t Y(Qg Y 500 N-m-s/rad

100 kg-m? )—'I—

N3=25

De = 00 ( 50 R
: &= Tz )=

50 ¢ 90 300 N-m/rad
Ke = 200 BYL};—) §3 Nom/rad N2 =50 ) 150kgm? )—W—%

X
B
b; ;",r Defarke\ S5y = T k¥ ~,—§—°— FIGURE P2.22

L _i’e_fj/,
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e

a
DC motor: a. schematic; b. block diagram
- Kb $ ©m () i —® .
‘ () =

(¥ - back electmmotive Fovee
(‘Oack CVV‘F)
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(b)
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(Re*Lat) ’éE:’:Em K S Ol - Eals) ——2)
C;n }amg{ Swmlfl (1) 0,,(1)
ele (= -
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Pr = Dﬂ + DL s s ad
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r_nmha(j/f 'H\/L $§ QJ‘V\-d(l'IGV\

AW=Zg2ro

stall

Torque
ﬂ
-

Ra 1 4Ky, W = €4

=t \ \
| K Kt :f -~

m
@po-load

Speed

Torque-speed curves with an
armature voltage, e,, as a parameter

A
o
o

€
én Ra

\

\<\° =

Transfer Function—DC Motor and Load

PROBLEM: Given the system and torque-speed curve of Figure 2.39(a) and (b), find the
transfer function, O (s)/E4(s).
el

(L _L_ Ny =100
? jw - g + ?—bb (m){ ,2 (1)
) o102} =10 SEEITTRNE
\ Dm S XO ( /{00) Dy =800 N-m s/rad
[») ,
K.b -‘T-l»ﬂll - g}— = g 7:1
/R—; _CoL - ’bO = 500
() E; q=100V
Ky = e = =2
WL 5D z
L Speed (rad/s)
@M("\ k R“’S-'n b)

La) &[S Am(Dmr XN

R«
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