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• A sequence. Is a list of numbers 𝑎1, 𝑎2, … . . , 𝑎𝑛

• 𝑎𝑖 numbers with index i "order′′

• It can be finite or infinite
• It is a function that sends 1 to 𝑎1 , 2 to 𝑎2, n to 𝑎𝑛

• Sequence 

Finite
Infinite Diverge Converge 

Exp(1): 𝑎𝑛= 𝑛 , n =1,2,3,…
n=1⇒ 𝑎1 = 1

n=2⇒ 𝑎2 = 2

n=100⇒ 𝑎100 = 100
الى المالانهاية و رايحةالارقام بتكبر 

lim
𝑛→∞

𝑛 = ∞ ⇒ 𝑎𝑛 = 𝑛(𝑑𝑖𝑣𝑒𝑟𝑔𝑒)

Exp(2) : 𝑏𝑛 =
1

𝑛
, n = 1,2,3,….

𝑏1 = 1 , 𝑏2 =
1

2
, 𝑏∞ =

1

∞
=0 

الارقام بتصغر

lim
𝑛→∞

1

𝑛
= 0 (converge)

الحد العام
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• Find the n th term of the following sequences:
• 1,-4,9,-16,25,…. N=1,2,3,..
• 𝑎𝑛 = 𝑛2 −1 𝑛+1 

• 1,-4,9,-16,25,….          N=0,1,2,3,…..
• 𝑎𝑛 = −1 𝑛 𝑛 + 1 2

• 0,3,8,15,24.                  N =1,2,3,…..
• 𝑎𝑛 = 𝑛2 − 1

• -3,-2,-1,0,1,….             N=1,2,3,…
• 𝑎𝜂 = 𝑛 − 4

العلاقة بين الاعداد دون الانتباه الى الاشارة

حطينا هاد الحد عشان الاشارة

o لانه اول حد عندي موجب 1+حطيت  
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• Exp(3):𝐶𝑛 = −1 𝑛 1

𝑛
  , alternating sequence.  (الحد مرة موجب و مرة سالب)

• N=1,2,3,…….

• N=1 ⇒ −1 1 1

1
 =-1

• N=2 ⇒ −1 2 1

2
=

1

2

• 𝐶𝑛 → 0 𝑎𝑠 𝑛 → ∞, lim
𝑛→∞

−1 𝑛

𝑛
= 0
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• Th: lim 𝑎𝑛

𝑛 → ∞
= A→ number , 𝑎𝑛 → 𝐴, 𝑛 → ∞ (converge)

• lim
𝑛→∞

𝑏𝑛 = 𝐵 → 𝑛𝑢𝑚𝑏𝑒𝑟 , 𝑏𝑛 → 𝐵, 𝑛 → ∞ (converge)

• Than :- 1) lim
𝑛→∞

𝑎𝑛 + 𝑏𝑛 = 𝐴 + 𝐵

•  2) lim
𝑛→∞

𝑎𝑛 − 𝑏𝑛 = 𝐴 − 𝐵

• 3) lim
𝑛→∞

𝑘 𝑎𝑛 = kA

• 4) lim
𝑛→∞

𝑎𝑛𝑏𝑛 = 𝐴𝐵

• 5) lim
𝑛→∞

𝑎𝑛

𝑏𝑛
=

𝐴

𝐵
 , 𝐵 ≠ 0
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• Exp(1): lim
𝑛→∞

− 5

𝑛
= − 5 lim

𝑛→∞

1

𝑛
=- 5 0 = 0

• Exp(2): lim
𝑛→∞

7n−3

5+14n
= 7

14
=

1

2

• Exp (3): lim
𝑛→∞

7n−3

5+14𝑛2=zero

• Exp(4) : lim
𝑛→∞

7𝑛3−3

5+14𝑛
=∞
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• Sandwich th: I need to know lim
𝑛→∞

𝑏𝑛 if 𝑎𝑛 ≤ 𝑏𝑛 ≤ 𝑐𝑛 for all n and

•  lim 𝑎𝑛

𝑛 → ∞
 = lim 𝑐𝑛

𝑛 → ∞
=L  , then lim 𝑏𝑛

𝑛 → ∞
=L

• Exp(1): Check convergence / divergence
•

−1

𝑛
≤

sin 𝑛

𝑛
≤

1

𝑛
 , lim

𝑛→∞

1

𝑛
= 0 , lim

𝑛→∞

−1

𝑛
= 0 then by ST lim

𝑛→∞

sin n

𝑛
=0

• Exp(2): lim
𝑛→∞

sin2 𝑛

2𝑛  , 0

2𝑛 ≤
sin2 𝑛

2𝑛 ≤
1

2𝑛

• lim
𝑛→∞

0 = 0 , lim
𝑛→∞

1

2𝑛 = 0 then by ST lim
𝑛→∞

sin2 𝑛

2𝑛 = 0

• Exp(3): lim
𝑛→∞

−1 𝑛 1

𝑛
 ,

−1

𝑛
≤ −1 𝑛 1

𝑛
≤

1

𝑛

• lim
𝑛→∞

−1

𝑛
= o 

lim
𝑛→∞

1

𝑛
= 0 then by ST lim

𝑛→∞
−1 𝑛 1

𝑛
= 0
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• Th(5) (6 cases) 

• 1) lim
𝑛→∞

ln 𝑛

𝑛
= 0

• Exp : lim
𝑛→∞

ln 𝑛3

3𝑛
⇒ lim

𝑛→∞

3ln 𝑛

3𝑛
= lim

𝑛→∞

ln 𝑛

𝑛
= 0

• 2) lim
𝑛→∞

𝑛 𝑛 = 1

• Exp(1): lim
𝑛→∞

ln 𝑛
𝑛 𝑛

=
lim

𝑛→∞
ln 𝑛

lim
𝑛→∞

𝑛 𝑛
=∞

1
= ∞

• Exp(2): lim
𝑛→∞

𝑛
𝑛3 = lim

𝑛→∞
𝑛3

1

𝑛 = lim
𝑛→∞

𝑛
1

𝑛

3

= 1 3 = 1

• Exp(3) : lim
𝑛→∞

𝑛 𝜋𝑛 = lim
𝑛→∞

𝜋
1

𝑛 𝑛
1

𝑛 = lim
𝑛→∞

𝜋
1

𝑛=1

• 3) lim
𝑛→∞

𝑥
1

𝑛 = 1 when x>0
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• 4)If -1<x<1 ⇒ then lim
𝑛→∞

𝑥 𝑛 = 0

• Exp(1): lim
𝑛→∞

1

2

𝑛
= 0

• Exp(2): lim
𝑛→∞

−2

3

𝑛
= 0

• Exp(3): lim
𝑛→∞

𝜋−𝑛

ⅇ−𝑛 ⇒ lim
𝑛→∞

𝜋

ⅇ

−𝑛
⇒ lim

ⅇ

𝜋

𝑛
= 0

• 5) lim
𝑛→∞

1 +
𝑥

𝑛

𝑛
= e𝑥

• lim
𝑛→∞

1 −
𝑥

𝑛

𝑛
= e−1=1

ⅇ

• Exp : lim
𝑛→∞

1 +
3

𝑛

𝑛
= e3

• 6) lim
𝑛→∞

𝑥𝑛

𝑛!
= 0 for any x 

• Exp: lim
𝑛→∞

2𝑛

𝑛!
=0 ,  lim

𝑛→∞

1

2

𝑛

𝑛!
=0 , lim

𝑛→∞

𝜋𝑛

𝑛!
=0

• Exp(2): lim
𝑛→∞

𝑛+1

𝑛−1

𝑛
⇒ lim

𝑛→∞

𝑛−1+2

𝑛−1

𝑛
⇒ lim

𝑛→∞
1 +

2

𝑛−1

𝑛
 , let u=n-1 ⇒n =u+1

• lim
𝑛→∞

1 +
2

𝑢

𝑢+1
⇒ lim

𝑢→∞
1 +

2

𝑢
1 +

2

𝑢

𝑢
=(1+0)(e2) = e2
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Recursive  sequence

• Exp :𝑎1 = 1, 𝑎𝑛+1 =
1

2
𝑎𝑛

• Assume this sequence  converges find its limit 

• 𝑎2 = 𝑎1+1 =
1

2
𝑎1 ⇒ 𝑎2 =

1

2

• 𝑎3 = 𝑎2+1 =
1

2
𝑎2 ⇒

1

2
⋅

1

2
=

1

4

• 𝑎𝑛 =
1

2

𝑛−1
 lim
𝑛→∞

1

2

𝑛−1
=

1

2

−1
lim

𝑛→∞

1

2

𝑛
=2.0=0
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• Def:a sequence is bounded from above if ∃ number M such that 𝑎𝑛 ≤M 
for all n 

• A sequence  {𝑎𝑛} is bounded from below if ∃ a number m such that 𝑎𝑛
≥m for all n 

• A sequence. {𝑎𝑛}  is bounded If it is bounded from above and from 
below 

• A sequence. {𝑎𝑛}  is not  bounded If it is not  bounded from above or 
from below 

• Exp : ….,-2,-1,0,1,2,3,….. (not bounded sequence)
• A sequence {𝑎𝑛} is non decreasing if 𝑎𝑛 ≤ 𝑎𝑛+1 for all n 𝑎1 ≤ 𝑎2 ≤ 𝑎3 …

• A sequence {𝑎𝑛} is non increasing if 𝑎𝑛 ≤ 𝑎𝑛+1 for all n 𝑎1 ≥ 𝑎2 ≥ 𝑎3 …
• The. sequence {𝑎𝑛} monotomic if it is either  non decreasing or non 

increasing 

رقم بجيبه من عندي يكون اكبر من كل الحدود

رقم بجيبه من عندي يكون اصغر من كل الحدود
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• Exp(1) : 1,2,3,4,5,….N.        𝑎𝑛 = 𝑛 , n=1,2,3,…..
• ⇒الحدود مع الوقت تزيد  𝑎𝑛(𝑛𝑜𝑛 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 &𝑚𝑜𝑛𝑜𝑡𝑜𝑚𝑖𝑐)

• lim
𝑛→∞

𝑎𝑛 = lim
𝑛→∞

𝑛 = ∞  ( Diverges) 

• m=1,0,-1,-2,-3,….      𝑎𝑛 is only bounded from below  so its not bounded 

• EXP(2): 1, 1
2

,
1

4
,

1

8
,

1

16
 ,…..     𝑏𝑛 =

1

2

𝑛
 n =0,1,2,3,…(converges)

• (NON INCREASING &monotomic)⇒الحدود مع الوقت تقل 
• 𝑏𝑛 is bounded from above and below (bounded)
• M=1,2,3,….         m=0,-1,-2,…

Greatest lower bound

Least upper. Bound
Greatest lower bound
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• Exp(3): 3,3,3,3,….           𝑐𝑛 = 3.     n=1,2,3,… (converges to 3)
• 𝑐𝑛 is non decreasing & non increasing & monotomic 
• And its bounded from below and above (Bounded)
• M=3,4,5,..              m=3,2,1,,….

Least upper bound

Greatest. Lower bound

Exp(4) : 1,-1,1,-1,… (not monotomic)
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• Th: if a sequence. {𝑎𝑛} 𝑖𝑠 𝑏𝑜𝑡ℎ 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 & 𝑚𝑜𝑛𝑜𝑡𝑜𝑚𝑖𝑐 𝑡ℎ𝑒𝑛 𝑎𝑛 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠

• Exp : 𝑎𝑛 =
1

𝑛
 𝑛 = 1,2,3, …

• = 1,
1

2
,

1

3
, …

• 1)Find m , M 
• M=1,2,3,,….
• m=0,-1,-2
•  2) does  𝑎𝑛𝑚𝑜𝑛𝑜𝑡𝑜𝑚𝑖𝑐 ?
• 𝑎𝑛 𝑖𝑠 𝑛𝑜𝑛 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 , 𝑠𝑜 𝑦𝑒𝑠 𝑖𝑡𝑠 𝑚𝑜𝑛𝑜𝑡𝑜𝑚𝑖𝑐 

•  3) does 𝑎𝑛 𝑏𝑜𝑢𝑛𝑑𝑒𝑑?
• Yes , since we found M , m
•  4) does 𝑎𝑛 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠? 
• Yes , since 𝑎𝑛 𝑚𝑜𝑛𝑜𝑡𝑜𝑚𝑖𝑐 𝑎𝑛𝑑 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 

• lim
𝑛→∞

𝑎𝑛 ⇒ lim
𝑛→∞

1

𝑛
=

1

∞
= 0
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•Outline solution 
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Find the values of a1 ,a2,a3 and a4. 

Write out the first  ten terms of the sequence. 
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find a formula for the n th term of the 
sequence
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Which of the sequences converge, and which diverge? Find the limit of 
each convergent sequence. 
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assume that the sequence is 
converges and find its limit
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• ، ق ردّه ع مت 
علّ
ت 
ت  وما  ظ 

ك ما ق را ت  وما حف  ودعت  ي  است 
ّ ن  لهمّ ا 

ال
ه،  ي  الن 

ت  د حاج  ن 
ل عم الوكن 

ا الله وت  ن  ر، جسب  دي  ء ق  ي 
ن ك علي كل ش  وه  الحف  -. ا  ي  ق 

ت  ق  لهم ارر 
ال

، وسرعه   ظ 
ي  ا عل

ت  لغ  ، وب  وات  ي  الح 
ي  الصوات  ف 

لهمت 
 
ا
لهم 

ال
 ، هن  اء الد  هم، وصف 

الف 
ي  
ي المرات ت  ف 
مه   ي  الآ  ح ن 

ي  وا صل
لحت 
ي  وا ص

ت  ظ 
، وحف  خ ره  ا والآ  ن  ن  والدن  الدن 
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