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Chapter 3
Two or more Random Variables 

① Discrete
Example - 1
let X and y be two RV's with the following Joint-PMF

P(X = X
, y= y) I 1/16 X= - 1

( Y = O

K X = 0 I y
= O

1/16 X= 1
, y

= 0I 2/16 X =- 1
, y= I1/8 X= i , y =1/4 X= , y = 2

O O .W

* we always do the Joint PM F ↑
Y

Ii a Ion this way to make it easier - I

G I O
*When we don't have a ↑ 1/16 04/16

& ↓ ~

match , we put "Ol

1 Find K ?

= X
, y=)
= =

2 P(X(O , y(1)
Y1XX

P(X(mp()()= ++
= 9/16 I

Y

1/16 04/16
~
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3 P(X(0/y(1)

P(x0/y() = P(X(0 , Y() =9/P(y(I)

4 Exy (0 , 1) "Ofor X , Ifory"&

= (0
, 1) = P(XX0 , y (1) = 9/16

5 Fy
,
x(0 , 1)

7) , x (0 , 1) = P(yo , XX1) = 8/16

6 Fx
,y( - 0 ,

- 8)

=x, y(- 0, - 0) = P(Xx - 0
, )1 -) = 0

7 Ex
,y (* , d) Rules *

=, j(0 , a) = P(XX0 , yx() = 1

8 (x
,y)0 , - x)

=)y(0 , - a) = P(Xx0
, yX - 0) = 0

9 P(X > 0 , yX0)

&*P(70
, 3401 + Px0 ,

30P(x > 0 , y() = I O I2/16

O 4/16Uploaded By: Jibreel BornatSTUDENTS-HUB.com



10 P(X = 1) this means find p when X = 1 on all y
"

P(x= 1
, y=y)

P(X = 1) = y + 0 +4 = - I
Y

I 2/16 Io. .i
o 4/16

11 P(yX1)

P(y) =i= I
4/16

~

12 Find the marginal PMJ ofXRV &S. j5is

P(X = X) = 5/16 X = = 1 I
X
Y

(2 I6/16 X = 0 OI
O O .W

·
5/16 X = 1

O 4/16

13 Find the marginal PMJ of Y

P(y= y) - 8/16 y = 0I6/16 y = 2
↓2/16 y = 1

O O . W

14 Are X and Y Statically independent ?

Note

P(X =0 , y=0 EP(X=) P(y =0) X and X are said to be

6/16 * (6/16((8/16) statically independent if

P(X = X , y=y) = P(X = X)P(y=y)

they are not S . I for all X and yUploaded By: Jibreel BornatSTUDENTS-HUB.com



② Continues

Example - 2
X and Y are RV's with f

x , y
= ( OXXX2 , OXY14

0 .y

* Y * Y

·

dye I
di * X

↳
Z

* Y * Y

dy =--------,
*X

dy -------

*X

·

·19&3,-19,-9

· dydsigs18s -

I Find K

+(
,3)dydx= =uk = 0x = 1 = 12=Xo Yo
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2 P(XX0 .5)

from the graph (X : 0 -0 . 5 y : 0 - y)
4 -

0 . 5

0j3y 110dydx = )12dx =
00

d !

3P(Xy(1) Y =
y =*

Xy ( =) YXY when X = 2 = y = 0 . 5

y = 4 = X = 0. 25

dyddx
2
-

-
*

Y PLOXXDO .S , Oxyp 1) Y =
0. 3 1

! Gigdydo-dx :
1 =

-

5P(X(y)

-
= 1-
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6 find the marginal PDF of X
Y 4

f(x) = ) + (x , y)dy =ydy -
Yo

f(x = x) = = 0xxx2)#I
O o . W

7. find the marginal PDF of Y

f(x)=x ,y1dxx
f(y= y) = (0xxu)#

8 Are they statically independent ?

o,
- I** Yes ** to

: Theyare S . I Note

X and X are said to be

statically independent if

f(X
, y) = f(x) f(y)

for all X and y
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9 P(oxX(0 . 5 , 0 xy -x/y x2)
0. 5 1

-
Ploxo . 5 , ocycle !

disd

P(yX2) de
=

10 P(y(1 , X= 0 . 5)

· Conditional PDF Of 1 : Fy,xix = f(x , y)
f(X)x

=x

· Conditional PDF of y : Ex :y = f(x , y)
f(y)

y=y

P(y < 1
, x= 0 .5) = fy/x=0

. 3=
=> fy,x=o.s = If then we integrate ony interval

ty=o.3)dy
?05 ,

10,9 oy = :J

40%is""25y.d,%
-

--

· 15s= i

=No
·Conditional

I
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Example - 3
* and y are two RV's with this PMF xy -10 I

9 (X , y)
- 118 12 o

1 E(XY3

g(x , y)P(x=X=XyP
I 0141/8

= ( -( x-1)(g) + (0) + (0) + (0) + (0) + (1 xi)(a) =
2 E(X < y3
- 1/8 + 0 + 0 + 0 +0 + 1/8 = 0

3E((X + 1)y)
0 + 0 + 0 + 0 + 0 + 2x 1/8 = 1/4

YY
0 Xy- 2

Example - 4 OXXx2 ⑨

* and y are two RU's with this DDF· fx
, y

= kX2y OXXyx2(
O O . W

I
I Find K

jekydydx=-
= !

2 E(X(y + 13
22

1)(9( , 3) tryx(yx)x
then we continue as before
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Correlation Coefficient 

important Rules
1 E(ax + by) = aE(X3 + bz(y)
2 Elaxy3 = aE(X3Elys iff they are statically indep .

Rules

-> Covariance : Wxy = E\(X-wex) 1 %o wyl]

-> Variance : Gy = wxx = E\(X - wex))

- Correlation Coefficient : Pxy = Wxy , < Pxy X)
6x by

If Pxy -0 = Xandy are uncorrelatedp. 5.46
If Pxy = 1 =) X and y are fully correlated &%85 14

10 88

=> let R = aiX +anya s:/
2

62 = ap6x + a26 + 2a , a26xby1xy

Notes
- if X andy are Statically indep. then they are uncorrelated

But if X and y are uncorrelated this doesn't mean they are S . I

Statically independent
-

%
.
Un correlated

*

way orwhy not

1-
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Example - 5
let X and y be two Ru's with this PMF XX - 1 1

-1
1 Find the Correlation Coefficient Pxy
First : we find fx and fy It o

P(X = X) =

(
3/4 X = - 1

I
P(y = y)

=,
Y = - 1

I1/4 X = 1 y = /

O O . W

I
O .
W

Second : find any thing we need to find Pay
c = -1/2

, why = 0 , 6x = E3-wy = 5/L

by = Ehy)-wy = 1 , Wxy = E((X ++)(y) = - 1/2

P= - 1/2 = P== 0 . 577

5/2 * 1

Example - 6
let X and y two RU's with Wil , 6 = 4

, why = -1 , 6y = 9
R = 2X- Y

, P : 1/2 , Find

I WR
E <R] = E(2x - y3 = 2E(X3 - Ely] = 2 + 1 = 3

2 Vor R

62 = a: 65 + an 63 + 29 , anbxbyPx
= y xy + 1 x 9 + 2x 2 * - 1 * 2 * 3 *! 13
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Functions of Random Variables 

Example - 7
let X and Y two RV's , and Z = X + Y XY1234

with the following Joint-PM7 1 0.10 0.10

2 0.3 0 0. 10.2

1 Find the PMJ of Z 3 0 0 .20 0

P(2 = z) =

I
O . 1 2= 2

I
XX Z P(z =2)

0 . 3 2 = 3
I I 2 0 . 1

O . / z= 4 12 3 O

0 . 3 2 = 5 ! & Y O . 1

0 . 2 2= 6 450

-

O O . W 21 3 0 .3

2 2 Y O

# we just use the non-zero terms 2 S 50 . 1

2 6 0 . 2

#When we have z value two times 3 Y Y O

we add them together "like z= 5" 3 2 5 0 . 2

6 O33 3 7 O

2 E323
E223 = E\X + 13=(x + y)fxy OR2tz

3 Find the PDFof Z
this is called convolutional integral
See the nextPage

&1bit35
-

!12/5s
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Convolutional Integral

fz(z)f fy(2-X)dx if Xandy are 3.

Example - &
* is a R.V with a Uniform distribution over 20 , 57 ,

and Y

is a R.V with a uniform distribution over 12 , 4) , z is a

new R . V Such that z = X*Y , Find

1 PDF of 2 at 2= 4
First: We find fx(x) and fy (y) and plot them

( -yX6fx(x) =

(aaxxI
fy(x =

Jea
a

IO O . u O O . u

fxx

= ( fix =

(tOXX5I IO . u O . u

E fx & fy

8 3 24

then :We use the low above to find the PDF

fz(u) =T(f(n - x) Findf(y-Y) f,y-x) = - 2xy - X-
·

fz(y) =(* = f2(4) = 115
I
O

OXXX2

What I want

To
O 2
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2 Find the PDF of 2

200- 156
2- Y 2-20 3

: +2(z) = 0 , 20

2- 2 2- 2

f2(2) = (fx(x) f(z- x) = (** dx
O O

2-402- 2 3

fz(z) =%(2 - 2) , 2x2Y 2-2)0 =) 272

2- 440 =) 2/4

f2(2)=d 02-42-25

f2(z) = z , 42x7 2- 470 = 274

2- 245 =) 547

fz(z)= dy =To
O 2-452- 2

fz(z)= (2-9) , E 9 2 - 4/5 = 279

z - 273 = 277

2393--156
: fz(z) = 0 1 2)9

O 3 2- Y 2- 2

-> Why i Choose 2-2 and

fe(z) = o
20 or 2) 9 z- 4 Why 2and 4 ?

( 1/10 (2-2) 2kz < Y I B ecause we are dealing with1/5 uk2S 7
Py(Y) interval which is [2 , 4]
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