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Chapter 3: Potentials

% Laplace Equation
% The Method of Images

% Separation of Variables
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3.3 The Separation of Variables

R ——

We would like to solve Laplace equation directly using solutions that are
products of functions each of which depends on one of the coordinates

Cartesian Coordinates: Vx,y,z) = X(x)Y(y)Z(2)
Cylindrical Coordinates: V(s,¢,z) = S(s)P(¢)Z(2)
Spherical Coordinates: V(r,6,¢) = R(r)o(6)P(¢)

This approach is not always possible as it requires appropriate symmetry,
boundary conditions and charge source distributions
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3.3.2 Spherical Coordinates

Laplace equation is given by

2y _ 16( 6V>+ 1 6( 96V> 1 0V
“r2or\' or) " r2sin6 06 sin 00/ r?sin200¢p?

The solution is assumed to be of the form

V(r,0,¢) = R(r)0(0)P(d)

Boundary Conditions are usually given at:
* Sphere surface

* Origin

* Infinity
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3.3.2 Spherical Coordinates

Azimuthal symmetry, we assume that the potential is independent of ¢

V(r,8,¢) =V(r,0) =R(r)0(0)

The Laplacian 1s then of the form

10 9174 1 0 174
(r —)+ (sm@ ) 0
ar

r2 or r2sin 8 060 d0
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3.3.2 Spherical Coordinates

Hence

1 0 OR 1 d 00
(r —)®+ (sm@ )R—O

r2 9r or r2siné 00 06
7,.2
Multiply byﬁ
16(26R)+ 1 6( 86@) 0
R Or 4 dr ®sin 6 06 SIn a0

16( (’)R) 1 0( 00@)_
" 9r) T “osing a0 ;Sm 96) — 1
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3.3.2 Spherical Coordinates

E— E—

Now the first equation, for an integer [ > 0
-9 (298) _ o — i+
Rar(r 6‘r) =a =+

has two solutions

B,
R(T) = AlT + —— l+1

While the second equation

1 a( 909)— (1 + 1
osngag \SM05g) = A D

Using (x = cos 0) can be rewritten as
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3.3.2 Spherical Coordinates

62(9 00
A2 _— =
(1—x°)— T2 — 2X Fw +I1(l+1)0 =0

which is called Legendre differential equation, or
0
a((1 —x)O)+1(l+1)0=0

Which have two solutions that can be obtained using Power series

Legendre functions of first kind ©,(8) = P;(cos )

(polynomials when 1 is integer)

Legendre function of second kind ~ ©,(8) diverge cos (8) = +1
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3.3.2 Spherical Coordinates

R—— R ——

1 (00
9(tx) V1 = 2xt + 2 nZ;) n(2)t
dl
Pl(x) — le' dxl (XZ o 1)l
Py(x) =1 Pi(x),=x
Lo 1 o3
P,(x) = E(Bx - 1) pg(x) = E(Sx — 3x)

P(—x) = (-D)'P(x)  Pp(£1) =1, Pyyq(£1) = 1

P21+1(0) =0 -DL D!
2141(0) Pty = 2D
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3.3.2 Spherical Coordinates
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3.3.2 Spherical Coordinates

(+ 1Py () = 2L+ DxP(x) — 1P (x)

d
(x* = 1) =P (x) = bePy (%) = Prq (%)

d
(x* = DP; (x) = Ix ((Pp1 () — P_1(x) )

2508 \2zTps
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3.3.2 Spherical Coordinates

E— E— —

1 T

2
fPl(x)Pm(x)dx = fPl(cos 0)P,,(cosf)sin 0 db = T 1 Sim
~1 0

4*.’ L ¥/ v
‘VA‘)" AL/ .
- /!\———. - e
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3.3.2 Spherical Coordinates

— —

The general solution is a superposition of all solutions
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3.3.2 Spherical Coordinates

Boundary conditions
V(r,0) >0 asr - o
V(r,0)is finite asr — 0
V(R,0) = Vy(0)

V(r,0) is continuous atr = R
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3.3.2 Spherical Coordinates

e

V(r,0) — finite asr - 0

Vinsige(r,0) = Z Ajrt P(cos 6)
[=0

V(r,0) >0 asr »

Voutside (1, 8) = Z 1+ P;(cos )
[=0
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3.3.2 Spherical Coordinates

—

V(r,0) is continuous atr = R

Vinside (R: 9) = Voutside (R» 9)

ZR”l P;(cos8) = » A;R'P,(cos®)
[=0 [=0

Bl I B, = A R21+1
Rl+1 = AR : :
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3.3.2 Spherical Coordinates

—

Vo(60) = Vinsiae (R, 0) = » AR! Py(cos 6)
=0

IA
f Vo(6)P;(cos 8) sin 6d6
0

T 0@
— j Z ApR™ Py (cos @) | Pi(cosB)sin6do
0 m=0

"5 e %
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3.3.2 Spherical Coordinates

— —

V3
f Vy(8)P;(cos 8) sin 8d6
0

00)

T
= z AmRmf P, (cos 8)P;(cos0) sin 6d6
0

m;O
—ZAR’" 2 Sy = 2 AR
B ] m=E ool M T 21417
m=
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3.3.2 Spherical Coordinates

)
Vo, = cos3 8 = aP;(cos8) + bP;(cos 6)

b
cos> 0 = a (cos0) + 5 (5cos> 8 — 3cos )

3b 5b
cos3 0 = (a——)cos@ +7cos 0

-3
b=-— a—5
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3.3.2 Spherical Coordinates

— —

2(1) + 1
AL = —5p

T
f Vo(0)P;(cos 8) sin 6d6
0

_ 7T(BP 9+2P Q)P( 0)'9d8—332—3
=2R), \5 1(cos 0) - 3(cos 0) ) P;(cos 0) sin = 2R3 TR
3
B1:A1R3:_R2
5
23)+1 (™
As = (23?3 JVO(Q)Pg(COSH)SiHQdH
0
=/ n(gp 0)+ 2P 0)) Pa(cos 0) sin 06 = L 22 2
= op3 3 1(cos 8) - 3(cos ) | P;3(cos @) sin = oR357 — cR3

2
B3 — A3R7 — §R4
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3.3.2 Spherical Coordinates

1 1.5

r/R
[ 3r 213
. S—RPl(cosH) | 5R3P3(COSH) r <R
V(r,0) =
(1.0) =1 32 2R
5,2 —— P;(cos ) A c 4 P;(cos8) r =R
uyﬂ yedl < Chapter 3:_Potentials o1
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3.3.2 Spherical Coordinates

- B
V(r, @) = Z (Alrl + rlil) P;(cos 8)
=0

Boundary conditions
V(r,0) >0 asr —» o

V(r,0)is finite asr — 0
et 2 )

r=R r=R

V(r,0) is continuous atr = R

Chapter 3: Potentials
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3.3.2 Spherical Coordinates

e

V(r,0) — finite asr - 0

Vinsige(r,0) = Z Ajrt P(cos 6)
[=0

V(r,0) >0 asr »

Voutside (1, 8) = Z 1+ P;(cos )
[=0
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3.3.2 Spherical Coordinates

—

V(r,0) is continuous atr = R

Vinside (R: 9) = Voutside (R» 9)

ZR”l P;(cos8) = » A;R'P,(cos®)
[=0 [=0

Bl I B, = A R21+1
Rl+1 = AR : :
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3.3.2 Spherical Coordinates

9 o AR o,
Oy = —€g 07‘2 e P;(cos 9) — a_rz A;r* P;(cos )
=) - 1=0 o
o Al 21+1 o
0y = —€g Z —(l+1) T+2 P;(cos ) — z 1A, P,(cos )
[=0 [=0
=R =R

0y = —€g z —(+ 1DA;R"1 P/ (cos ) — 2 IA;R'"1 P,(cos 6)
[=0 [=0

0o = € (21 + AR P,(cos )
1=0

Chapter 3: Potentials
3.3 Separation of Variables

~

SERZEIT UNIVERSITY

25


https://students-hub.com

3.3.2 Spherical Coordinates

V3
f 0,(8)P;(cos 8) sin 6d6
0

= €, z 2m+ 1)A,,R™1

m=0
(00)

= € z (2m + 1)A,,R™ !

m=0

[

20 +

e

P..(cos8)P;(cosB)sinOdb

S Oy = 2694 R
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3.3.2 Spherical Coordinates

o — — T — =

.
S Hintel

Boundary conditions
V(r,0) >0 asr » o
V(r,0)is finite asr - 0

. (avout
0pg = —€p

or

) = kcosO = kP;(cos @)
=R =R
V(r,0) is continuous atr = R

Chapter 3: Potentials
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3.3.2 Spherical Coordinates

e

| T _
A = 260R1_1f0 0,(6)P;(cos 8) sin 8d6

k k 2 k

= = e : Pl(cos 0)P;(cos0) sin 0dO = 763 = 3
B, = AR3® = kR
1= AR =

Chapter 3: Potentials
3.3 Separation of Variables

M BIRZRIT UNIVERSITY

28


https://students-hub.com

3.3.2 Spherical Coordinates

V(r,0) = A«

A

— —
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3.3.2 Spherical Coordinates

B,
V(r,0) = z (Alr + rl+1) P;(cos 6)
[=0
Boundary conditions

V(r,0) > —Eyz = —Egrcosf asr — o

The sphere is an equipotential and hence can
be set to zero

V(R,8) =0
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3.3.2 Spherical Coordinates

—

— B
A [ l
V(R 6) =0 = E (AlR o

) P;(cos 6)
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3.3.2 Spherical Coordinates

e

V(r,0) > —Eyz = —Egrcosf asr — o
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3.3.2 Spherical Coordinates

— E—

Induced Surface Charge Density

%174
or -

= 3€gEycos b

O

A

R3
=EOEO(1 -2 )COSH
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