Orthogonal
Curvilinear

Coordinates 28.3

q Introduction

The derivatives div, grad and curl from Section 28.2 can be carried out using coordinate systems other
than the rectangular Cartesian coordinates. This Section shows how to calculate these derivatives in
other coordinate systems. Two coordinate systems - cylindrical polar coordinates and spherical polar
coordinates - will be illustrated.

f . e be able to find the gradient, divergence and I
% Prerequlsltes curl of a field in Cartesian coordinates
kBefore starting this Section you should ... e be familiar with polar coordinates J
@ L . Out e find the divergence, gradient or curl of a R
earning vutcomes vector or scalar field expressed in terms of
en completion you should be able to . .. orthogonal curvilinear coordinates )
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1. Orthogonal curvilinear coordinates

The results shown in Section 28.2 have been given in terms of the familiar Cartesian (z,vy, z) co-
ordinate system. However, other coordinate systems can be used to better describe some physical
situations. A set of coordinates u = u(z,y, 2), v = v(z,y, z) and w = w(z,y, z) where the direc-
tions at any point indicated by u, v and w are orthogonal (perpendicular) to each other is referred to
as a set of orthogonal curvilinear coordinates. With each coordinate is associated a scale factor

hy, hy or h, respectively where h, = \/(%)2 + (3—3)2 + (%)2 (with similar expressions for h, and
hy). The scale factor gives a measure of how a change in the coordinate changes the position of a

point.

Two commonly-used sets of orthogonal curvilinear coordinates are cylindrical polar coordinates
and spherical polar coordinates. These are similar to the plane polar coordinates introduced in
HELM 17.2 but represent extensions to three dimensions.

Cylindrical polar coordinates

This corresponds to plane polar (p, ¢) coordinates with an added z-coordinate directed out of the
xy plane. Normally the variables p and ¢ are used instead of r and € to give the three coordinates
p, ¢ and z. A cylinder has equation p = constant.

The relationship between the coordinate systems is given by

x = pcoso Yy = psin ¢ z=z

(i.e. the same z is used by the two coordinate systems). See Figure 20(a).
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Figure 20: Cylindrical polar coordinates

The scale factors h,, hg and h, are given as follows

\/(3—2)2+ <g—z)2+ <g—z>2 = /(cos§)? + (sin )2 + 0 =1

hp:
ho = \/(%)+ (2—1)+ (%) — s T (oo @l 10 =p
() () + (5) = o=
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Spherical polar coordinates

In this system a point is referred to by its distance from the origin r and two angles ¢ and 6. The
angle 0 is the angle between the positive z-axis and the line from the origin to the point. The angle
¢ is the angle from the x-axis to the projection of the point in the xy plane.

A useful analogy is of latitude, longitude and height on Earth.

e The variable 7 plays the role of height (but height measured above the centre of Earth rather
than from the surface).

e The variable 0 plays the role of latitude but is modified so that 6 = 0 represents the North
Pole, 8 = 90° = g represents the equator and 6 = 180° = 7 represents the South Pole.

e The variable ¢ plays the role of longitude.

A sphere has equation r = constant.
The relationship between the coordinate systems is given by

x =rsinfcos ¢ y = rsinfsin ¢ z =rcosé. See Figure 21.
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Figure 21: Spherical polar coordinates

The scale factors h,., hy and h, are given by

I AN o\’ 9z\> — /fsin0 5 AT 0 1
.= (E) + <§) + (E) = /(sinf cos ¢)? + (sinfsin ¢)? + (cos #)? =
b AN '\’ 02\’ _ 7 5 T’ o
g = <%> + (%> + (%) = /(rcosfcos @)+ (rcosfsing)? + (—rsinf)? =r
or\” oy > 02\ > - - - i
hg = (8_<b) + (—¢> + (8_¢) = \/(—rsinfsin ¢)? + (rsinfcos )2 + 0 = rsinf
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2. Vector derivatives in orthogonal coordinates

Given an orthogonal coordinate system wu, v, w with unit vectors @, v and w and scale factors, h,,
h, and h,,, it is possible to find the derivatives Vf, V- F and V x F.

It is found that
grad f=Vf = hiu%u%— hlv gfva hl gj;_
If F=Fu+ F,0+ F,w then
1 0
hohyhy | Ou
Also if F=Fu+ F,0+ F,w then

hyc  hot hy

div E=V.F— O (Buiba) + O (Fhuha) + - (Fuhihy)

ov

1L o o o
|F=VxF= o 09
T T b | 9a B0 Ow

hoFy hoF, hyF,

Key Point 6

In orthogonal curvilinear coordinates, the vector derivatives Vf, V- F and V x F' include the scale
factors h,, h, and h,,.

3. Cylindrical polar coordinates

In cylindrical polar coordinates (p, ¢, z), the three unit vectors are p, é and Z (see Figure 20(b) on
page 38) with scale factors

hpzl,h¢:p,hzzl.

The quantities p and ¢ are related to x and y by © = pcos¢ and y = psin¢. The unit vectors are
p=cosgi+singj and ¢ = —sin ¢i + cos ¢j. In cylindrical polar coordinates,
6f 10f - f
rad Vi=—-p+-7= + =
grad f =V f = 962
The scale factor p is necessary in the ¢—component because the derivatives with respect to ¢ are
distorted by the distance from the axis p = 0.

40 HELM (2008):
Workbook 28: Differential Vector Calculus

STUDENTS-HUB.com Uploaded By: Jibreel Bornat


https://students-hub.com

If F=Fp+Fyp+F.% then
) )
<F¢> + _(sz>

di"E:Z'E:% a%(pr)Jr@—qzs :
pord Z
F, pky I

Example 20
Working in cylindrical polar coordinates, find V f for f = p? + 2?

Solution
If f = p?+ 2% then 8_£ = 2p,g—£ =0 and% =2zs0 Vf =2pp+ 222

Example 21

Working in cylindrical polar coordinates find

(a) Vf for f = pPsing
(b) Show that the result for (a) is consistent with that found working in

Cartesian coordinates.

g = 0 and hence,

Solution
(a) If f = p3sin¢ then 3_/J; = 3p?sin ¢, g—i; = p® cos ¢ and P

Vf = 3p*sin¢p + p* cos gbé.
(b) f=p’sing = p?psing = (2* + y*)y = 2*y + y* so Vf = 2xyi + (2° + 3y*);.

Using cylindrical polar coordinates, from (a) we have
Vf = 3p*sin ¢p + p? cos (;50_{5

= 3p*sin ¢(cos ¢i + sin ¢7) + p? cos ¢(— sin ¢i + cos ¢7)

= [3p2 sin ¢ cos ¢ — p? sin ¢ cos <b] i+ [Bp2 sin? ¢ + p? cos? qﬂ J

= [2p2 sin ¢ cos gb] i+ [3p2 sin? ¢ + p* cos? qb} J = 2xyi+ (3y* + x2)l

So the results using Cartesian and cylindrical polar coordinates are consistent.

41
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Example 22
Find V- F for F = F,p+ Fyp + F.2 = p’p+ pz¢ + pzsinpz. Show that the
results are consistent with those found using Cartesian coordinates.

Solution

Here, F, = p® F, = pz and F, = pzsin¢ so

V£ = SR+ gplF 4 5 F)
170, , 0 )
= 2o+ ) + e pPsin)
= 1[4,0 + 0+ p”sin @]
i
= 4p® 4 psin¢

Converting to Cartesian coordinates,

F = Fp+Fyp+F.2=pp+pzo + prsingz
= p’(cos ¢i + sin ¢j) + pz(— sin @i + cos ¢j) + pz sin Pk
(p® cos ¢ — pzsin )i+ (p° sin ¢ + pz cos ¢)j + pzsin ok
= [ (pcos @) — psin qbz] i+ [pQ(psin ®) + pcos gbz] J+psingzk
(2% +yP)z —yz] i+ [(2® + vy + x2] j +yzk
(° + 2y® —y2)i+ (2®y + y* + x2)j + yzk

So
) g 0
F = %(x3+a:y2—y2)+a—y(w2y+y3+w)+$(yz)
= B2+ )+ (P43 +y =4+ 47 +y
= 42+ +y
= 4p% + psin¢

1<

So V - F is the same in both coordinate systems.
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Example 23
Find V x F for F = p*/ + zsin ¢¢ + 2z cos 2.

Solution
oo 2 b o 2
Gep llo 8 ol 1o 8 8
p| Op 09 0z p| Op 0¢p 0z
F, pF, F, p? pzsing 2zcoso

1
p
~ [p(=225in0 = psing) + po(0) + 2(zsing)|
_(stin¢+psinq§) Jrzsin¢2

p p

|
1>

[p [aagb(Zz cos ¢) — aﬁ(pz sin qb)] +po { J P’ - (%(Qz cos qb)} pr (pzsin ¢) — 8(1 2”

Engineering Example 2

Divergence of a magnetic field

Introduction

A magnetic field B must satisfy V - B = 0. An associated current is given by:

1
I=—(VxB
Ho(_ B

Problem in words

For the magnetic field (in cylindrical polar coordinates p, ¢, z)

B = By

1 fpﬁ ol

show that the divergence of B is zero and find the associated current.
Mathematical statement of problem

We must

1
(a) show that V- B =0 (b) find the current I = —(V x B)
Ho
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Mathematical analysis
(a) Express B as (B,, By, B.); then
0

0B+ 5B+ o8

50 (o) #0ae)

V-B =

0+0+0]=0 as required.

D= D= =

(b) To find the current evaluate

poes oz |2 2 E
B ) 0
1 1119 o 8 s <4 9
[=—(VxB) = — |2 £ Zi-
L= (V x B) R G
p2
Bp pB¢ Bz 0 B01+p2 (0%

~

1 N 0 0
pr— — A B_
{OBJFOP%L dp (1 +p2) g]

Kop

1 B [ 2p ]A 2By .
= = —— 7z

pop L+ 227 mo(1+p%)2

Interpretation
The magnetic field is in the form of a helix with the current pointing along its axis (Fig 22). Such

an arrangement is often used for the magnetic containment of charged particles in a fusion reactor.

Q0000000
ol |

N\ B

Figure 22: The magnetic field forms a helix
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Example 24
A magpnetic field B is given by B = p‘QQ +kz. Find V-Band V x B.

Solution
1[0 0 0 1
V-B==|=—0)+——(p)+=(kp)|=-[0+0+0]=0
B= o0+ 5007+ (o) | = |

poro 2 poro 2
yxp—i| 2 9 90\ 119 9 9
pl Op O¢ 0z pl Op 0¢ 0z

B, pB, B, 0 p ' k

o>

1
P

All magnetic fields satisfy V - B = 0 i.e. an absence of magnetic monopoles.
Note that there is a class of magnetic fields known as potential fields that satisfy V. x B =0

Using cylindrical polar coordinates, find V f for f = p?2sin¢

Your solution

Answer
9 gindls+ L9 2 sin 616 4 21022 sin 612 — 20 sin b o
8p[p zsin ¢]p + pa¢[p zsin ¢]¢ + az[p zsin ¢|2 = 2pzsin ¢p + pz cos p¢ + p*sin P2
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Using cylindrical polar coordinates, find V f for f = zsin2¢

Your solution

Answer

9 .
[28In2¢0]2 = —2 cos 2¢¢ + sin 292
P @

Find V- F for F' = pcosqﬁé—psingzﬁé—i—pzﬁ

ie. F,=pcoso, Fy = —psing, I, = pz

- . .0 0 0
(a) First find the derivatives a—p[pr], 6—¢[F¢], a[pFZ]

Your solution

Answer

2pcosp, —pcosd, p?

(b) Now combine these to find V - F:

Your solution

46 HELM (2008):
Workbook 28: Differential Vector Calculus

STUDENTS-HUB.com Uploaded By: Jibreel Bornat


https://students-hub.com

Answer
1[0 0 0
V£ = 5| 0R) + )+ 50
1[0 0
= [8—/)@2 cos ¢) + a—¢(—P sin ¢) + &(PQZ)]
= E [2pcos¢ — pcos ¢ + ,02}
= cosop+p

Find V x F for F' = F,p + Fﬁg + F.zZ = ,03!? + pzé + pzsin ¢Z. Show that the

results are consistent with those found using Cartesian coordinates.
(a) Find the curl ¥V x F:
Your solution
Answer
popp Z
110 0 0 .
- = = — = (zcos¢p —p)p — zsinpp + 222
o9, 96 o (zcosd—p)p PP + 222
P> p*z pzsing
(b) Find F in Cartesian coordinates:

Your solution

Answer
Use p = cos ¢i+sin ¢, é: — sin ¢i+cos ¢j to get F = (2° +ay® —yz)i+ (2*y+y° +x2)j +yzk

(c) Hence find V x F in Cartesian coordinates:
Your solution
Answer
(z — )i —yj + 22k
47
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(d) Using p = cos ¢ + sin ¢;j and é = —sin @i + cos ¢, show that the solution to part (a) is equal
to the solution for part (c):

Your solution

Answer
(zcosg—p) p—zsing ¢p+2z 2 = (zcos p—p)(cos ¢ i+sin¢ j)—zsin(—sinp i+cos¢ j)+2z k

= [2c082¢) — pcos ¢ + zsin®¢] i + [zcos ¢sin ¢ — psin ¢ — zsin peos @] Jj+2zk
=[z—pcos¢li—psing j+2zk=(z—2)i—yj+22k

Exercises

1. For F = pp+ (psing + z)¢ + pzz, find V.- F and V x F.
2. For f = p?2?cos2¢, find V x (Vf).

Answers

1. 24cosd+p,  —p—z+(2sing+ )2
- - P
2. 0

4. Spherical polar coordinates

In spherical polar coordinates (r, 6, ¢), the 3 unit vectors are 7, Q and @_43 with scale factors h, = 1
he = r, hy = rsinf. The quantities r, & and ¢ are related to x, y and z by x = rsinf cos ¢,
=rsinfsin¢ and z = rcos 6. In spherical polar coordinates,

f of 5 1 9f -
grad f =V[ = +;%Q+rsin08_¢?

If F = F,i + Fpf + Fyo

then
1 0 0 0
dIVF—Z'E—m ar(r sinfF,) + a9(7°s.1n«9179)+5’—(25(7"F¢)

rorf rsin@é

1 o 0 0

| = F = — = —

wlE=YxXE=6d|ar 98 99
F. rFy rsin0F,
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Example 25

In spherical polar coordinates, find V f for

1 :
@F=r O F=1 (f=rsn(s+0)
[Note: parts (a) and (b) relate to Exercises 2(a) and 2(c) on page 22.]
Solution
_of . 10f, 1 Of -
(2) Vo= 87"£+7"89Q+7"sin98¢—
), 10(r), 1 0(r) -
B 87“Z+T 89Q+7‘sin0 op —
— 1p=7
_of, 10f, 1 of -
By M= 5t et e 062
0G), 100, 1 0G).
 Or £+; 00 Q+Tsin0 op —
L.
= ——5r
,
s, 10, 105,
(c) VIio= r£+r89Q+rsin68¢?
~ O(rsin(¢+96)) . 10(rsin(¢ +0)) 5 1 9(r*sin(¢ +0)) -
N or £+; 00 Q+rsin0 0¢ ¢
= 2rsin(¢+0)r + 17“2 cos(¢ + 0)8 + 1 12 cos(¢ + 0)¢
r rsin 6 -
= 2rsin(¢ + 0)F + rcos(¢ + 0)0 + Mq&
sinf  —
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Engineering Example 3

Electric potential

Introduction
There is a scalar quantity V/, called the electric potential, which satisfies
VV = —FE where E is the electric field.

It is often easier to handle scalar fields rather than vector fields. It is therefore convenient to work
with V' and then derive E from it.

Problem in words
Given the electric potential, find the electric field.
Mathematical statement of problem

For a point charge, (), the potential V' is given by
s Q

dmegr

A

Verify, using spherical polar coordinates, that £ = —VV = T
4meqr?

Mathematical analysis

In spherical polar coordinates:

ov . 18V0A 1 oV .

V= ot e T e 062

= 8—f as the other partial derivatives are zero
r

AN,
B 5[47%07“}_

Q

— r
dmegr?™

>

Interpretation

So E = 7 as required.

dmegr?—
This is a form of Coulomb’s Law. A positive charge will experience a positive repulsion radially
outwards in the field of another positive charge.
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Example 26

Using spherical polar coordinates, find V - F for the following vector functions.

(a) E=ri (b)) F=r’sinfi (c) F=rsinfi+r’singO+rcosd ¢
Solution
(a)
V-E = 5 sliné %(ﬂ sin OF,) + 5 (rsin 0Fy) + a%(?%)]
_ ﬁ 5 (17 sind x )+ %(rsin@ X 0) + a%“ x 0)}
= ﬁ _E(r%me) +%(0) +a%(0)} = r2slin6 [3r?sin@+0+0] =3

(b)

<1
e

5
[~

Note :- in Cartesian
V-F =141+ 1= 3 (hence consistency).

coordinates, the corresponding vector is F' = xi + yj + zk with

1 [0,,. o, . 0
= s E(T sin 0 Fr)—l—%(rsnw F9)+a—¢(rF¢)]
L —(rzsin9r23in9)+£(rsin9><O)+ﬁ(r><0)
~ r2sinf |Or 00 0
B 1 [0,, ., 0 0
~ r2sinf _(97"( sin”6) + (99(0) * (‘3¢(0)1
1
= m[4r3sin20+0+0}:4rsin9
! —(TZSinQF)+—(rsin6’F)+£(rF)
r2sin@ | Or 00 T 0gN Y
1 _8 2 - . a . 2 . 8
e E(T sin 0 rsm@)+%(rsmgxr 81ngb)—|—8—¢(r>< TCOSQ):|
1 9 5.9 O 5. 9 5
oy _07’< sin 6’)+89(r 81n981n¢)+a¢(r cos )
21, 0[3r28in29+7‘3c089 singé—l—O]stin@—i—rcotQ sin ¢
r2sin
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Example 27

Using spherical polar coordinates, find V x F' for the following vector fields F'.

(a) £ = r*7, where k is a constant (b) F =r%cosf 7 + sinf 6 + sin? «922

Solution
(a)
T Té rsin@é
1 o 0 0
VXE = Sandlar %8 99
F. rFy rsinfF,
r ré rsin@é
1o o
 r2sinf | or 90 0¢
r* rx0 rsinf x0
1 0 0 . 0, 0 A
— i (50 50 2+ (50H - S0 rd
8 a k . n
+ (5(0) — %(T )> rsinf Q}
= 07i+00+04=0
(b)
r rf rsin@é T ré Tsin9£§
1 o 0 0 1 0 0 0
F = —_— J— R R = — J— JR— P
VxE = Sailor % 99 Zsmd| or 90 00
F. rFy rsinfF, r2cosf r xsinf rsinf x sin?6
- 7028% {(%(r sin® @) — %(r sin@)) r+ <§¢(r2 cosf) — %(T sin® 6’)) 0
0 , 0, L
+ (E(T sinf) — %(7‘ Ccos 0)) 7 8in 0 Q}
= — 1 [(37’sin2900s0 + 0) T+ (0 — sin3«9) ré+ (sinH + TQSiDQ) rsin 6 gg}
r2sin =
. . 2 R 2 R
_ 3sinf cosd . sin QQ—F (I+r )sin9q§
r r r =
52 HELM (2008):
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Using spherical polar coordinates, find V f for
() f=1"
r
b) f— —
() f =
(c) f=r*sin20cos¢

Your solution

Answer
(a) 4r°r,

1—7r2
(b) mf,

J, ., . . 1o, . ~ 2, 5 .
(c) 8T(T sin 260 cos ¢)r + 7“89(T sin 260 cos ¢)¢ + Tsinﬁﬁgb(r sin 26 cos @)

= 2rsin 260 cos ¢ f+2TCOS2QCOS¢QA—Q’FCOS@SinQﬁé

Exercises
1. For F = rsin@f—l—rcosgzﬁQAnLrsingbé, find V-Fand V x F.
2. For F =r~*cosff +r *sin 6, find V- F and V x F.
3. For F = r2cos0F + cos ¢f) find V - (V x F).

Answers
0 A R
1. cos ¢(cot 8 + cosech) + 3sin 6, cot 2 sin @7 — 2sin ¢f + (2 cos ¢ — cos )¢

2.0, —2r~5sinfg
3.0
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