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PROBLEM 18.1

A thin, homogeneous disk of mass m and radius r spins at the constant
rate @, about an axle held by a fork-ended vertical rod, which rotates
at the constant rate @,. Determine the angular momentum H of the
disk about its mass center G.

SOLUTION
Angular velocity: 0=nj+ok

L - 1 » = 1 5, = 1
Moments of inertia: I.=—mr®, I,=—mr", I, =—mr

4 Y4 2
Products of inertia: by symmetry, Txy = Tyz = sz =0
Angular momentum: H, =1 0i+ I_} o,j+ Tzwzk
1 5 .1 1 5 .1 5,
H, =O+Zmr a)z_]+5mr wk H, = a)z_]+§mr ok 4
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y PROBLEM 18.2

A thin rectangular plate of weight 15 Ib rotates about its vertical
diagonal AB with an angular velocity @. Knowing that the z axis is
perpendicular to the plate and that @ is constant and equal to 5 rad/s,
determine the angular momentum of the plate about its mass center G.

SOLUTION

h=4J(9in)? +(12in)> =15in.

Resolving o along the principal axes x’, y’, z:

. = %a)z 0.8(5rad/s) =4 rad/s

o, = %(o =0.6(5rad/s) =3 rad/s
@, =0
2
Moments of inertia: 1. _1(bb ift =0.021836 slug - ft*
121 32.2 )\ 12
2
1= [BII2 6 6038820 slug - ft
Too120322 )12
From Egs. (18.10): H,.=1,0,=(0.021836)(4) = 0.087345 slug - ft*/s

T

+=1,0,=(0.038820)(3) =0.11646 slug - ft*/s

=10, =0

y

T

4

H, = (0.087345 slug - ft*/s)i’ + (0.11646 slug - ft*/s)j’
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PROBLEM 18.2 (Continued)

Components along x and y axes:

t.‘ H =§H'—£H»= g 0.087345) — i 0.11646
a) = » =iy = H, 5( )5( )
=-0.040761
H =2m,+20,
5 5

(?] (0.087345) + (%) (0.11646) = 0.13975

H; =—(0.0408 slug - ft2/s)i + (0.1398 slug - ft’/s)j
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PROBLEM 18.3

Two uniform rods AB and CE, each of weight 3 1b and
length 2 ft, are welded to each other at their midpoints.
Knowing that this assembly has an angular velocity of
constant magnitude @ = 12 rad/s, determine the magnitude

and direction of the angular momentum H), of the assembly
about D.

SOLUTION

A 3
_)lgin_-g—qfn.——) ©

=2 =0.093168 Ib-s*/ft,
322

o = (12 rad/s)i

m =

w [ =21t
g

x Forrod ADB, Hj, =1 wi=0, sincel = 0.

For rod CDE, use principal axes x’, y* as shown.
9
cosf = —, 0 =41.410°
12

o, = wcosf = 9 rad/s’

®., = wsin® = 7.93725 rad/s’

y
w, =0
I, =
I, = Loz = L 0.003168)2)?
12 12

= 0.0310559 Ib-s?-ft
H), = L,oi + Lo, + ok
=0+ (0.0310559)(7.93725)§ + 0
= (.246498§
Hp =0.2461b-s-ft 4
H,, = 0.246498(sin i + cos 8j) = 0.163045i + 0.184874j

0s, = 0163045 6, =48.6° 4
0.246498

S y:% 6),:41-404
0.246498

cos@, =0 0, =90° 4
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PROBLEM 18.4

A homogeneous disk of weight W =61b rotates at the constant
rate @, =16 rad/s with respect to arm ABC, which is welded to
a shaft DCE rotating at the constant rate @, = 8 rad/s. Determine
the angular momentum H, of the disk about its center A.

SOLUTION

® =@ j+ wi=(8rad/s)i+ (16 rad/s)j

For axes x’, y’, 7’ parallel to x, y, z with origin at A,

m =E=L=O.186335 Ib - s2/ft

8

2
1. =lmr2 =1(0.186335) 8
4 4 12

~

X

=0.020704 Ib-s? - ft
. =1,=0.0207041b-s° - ft

I,=1,+1,=0.0414081b-s"-fi

I ~

H, =I,0i+10j+1 0k
=(0.020704)(8)i + (0.041408)(16)
=0.1656i +0.6625)

H, =(0.1656 Ib-ft-s)i+ (0.6631b-ft-s)j 4
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Y PROBLEM 18.5

450 mm

A thin disk of mass m =4 kg rotates at the constant rate @, =15 rad/s
with respect to arm ABC, which itself rotates at the constant rate
@, =5rad/s about the y axis. Determine the angular momentum of the
disk about its center C.

SOLUTION
?l
r =150 mm & - : !
@ (5 eadtf

Angular velocity of disk:

o=a j+aok 2

=(5rad/s)j+ (15 rad/s)k

Centroidal moments of inertia:

o, S EAI5T) &

IX»=Iy'=—mr 2'

4

= i(4)(0.150 m)* =0.0225 kg - m?

I, = %mrz =0.045kg-m”

Angular momentum about Point C.

He =1l oi+lo/5+10K

=0+ (0.0225)(5)j + (0.045)(15)k
=(0.1125 kg - m?/s)j+ (0.6750 kg - m*/s)k

H, =(0.1125kg-m?/s)j+(0.675 kg -m*/s)k <
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PROBLEM 18.6

A solid rectangular parallelepiped of mass m has a square base of side a
and a length 2a. Knowing that it rotates at the constant rate @ about its
diagonal AC” and that its rotation is observed from A as counterclockwise,
determine (a) the magnitude of the angular momentum H,; of the
parallelepiped about its mass center G, (b) the angle that H; forms with
the diagonal AC’.

SOLUTION

Body diagonal: d=+a*+Qa)}+d* = J6a
2w 0]

=—(—a1+2a] (lk) ——%l—l'%‘]—%k

2
X

1 2 2 5
I.=—m[Qa)" +a"]=—ma
0 [(2a) ] D
1 =im[az+az]=lma2

712 6

I = im[a2 + (2a)2] =%ma2

12
(a) H; =loi+],0j+1,0k
5 2) w |. (1 2](20)]. (5 2]{ a)j
ma” || ——= |[i+| —ma” | —= |j+| —ma” || ——= |k
(12 ( \@j 6 J6 )7 12 J6
2
© (~5i+4j-5Kk)
(
H, = f\/ +47 45 = */7’"“ @ H, =0.276 ma*o 4
(b) H -m—mazwz(—5i+4'—5k)-(—i+2'—k)
¢ = 12)0) ! !
_8md’@® 1,
(12)6) 4
Hca)zﬂmazw2
12
cos@=H6 @ _ 12 _ 540453 0=252° 4

Hoo 411
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PROBLEM 18.7

Solve Problem 18.6, assuming that the solid rectangular parallelepiped
has been replaced by a hollow one consisting of six thin metal plates
welded together.

PROBLEM 18.6 A solid rectangular parallelepiped of mass m has a
square base of side a and a length 2a. Knowing that it rotates at the
constant rate @ about its diagonal AC” and that its rotation is observed
from A as counterclockwise, determine (a) the magnitude of the angular
momentum H of the parallelepiped about its mass center G, (b) the
angle that H,; forms with the diagonal AC’.

SOLUTION
Body diagonal: d=.a*+ (2a)2 +a® =+J6a
w w. 2w w
0=—(—ai+2aj-adk)=——=i+—=j——=k
d %6 s
Total area = 2(a” + 2a* + 2a*) =10a*
, 1
For each square plate: m = Em
I, —im'a2 +m'a® =—=m'a* =£ma2
12 2 120
I —lm' 2oL a’
Y6 60
I.=1, =£ma2
120
, 1
For each plate parallel to the yz plane: m = gm
I = im'[a2 +(2a)*= im'a2 = ima2
12 12 12
2
I, =im'a2 +m| 2 =lm'a2 =Lma2
712 2 3 15

2
I, =Lm(2a)2 | & =lm'a2 =lma2
12 2 12 60
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PROBLEM 18.7 (Continued)

For each plate parallel to the xy plane: m’ = ém

1 I —m’(2a)* +m'[

a
x12 2
2

I, =im'a2 +m| & =lm'012 =imat2
M ) 2 3 15

I =im'[a2 +(2a)°] =im'a2 =Lma2
12 12

Total moments of inertia:

I

X

13 1 7 2 37T
2 —+—+—|ma” =—ma
120 12 60 60

2 i+L+L mazzima2
Y 60 15 15 10

~
I

I, =2( 13 7 ! )ma2 =£ma2
120 60 12 60
. . ma*e . .
(a) H;,=1wi+ Iya)y_] +I,0k = (-37i+36j—-37k)

60:/6

H
G~ 60\/_

H;=0432ma’w 4

2

ma 2 2
(b) H, -0="%% (37i136j—37Kk)- (=i +2j-k) = 0.40556 ma’w
¢ (60)(6)
cosg= o @ _ 040556 _ o104y 6=202° 4

Hoo 043216
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!/ PROBLEM 18.8

A homogeneous disk of mass m and radius r is mounted on the vertical
shaft AB. The normal to the disk at G forms an angle [ =25°with
the shaft. Knowing that the shaft has a constant angular velocity @,
determine the angle 6 formed by the shaft AB and the angular
momentum Hg of the disk about its mass center G.

SOLUTION
Use the principal centroidal axes Gx’, y’ z.
Moments of inertia: 3|

S 2yp/¥

I, =1 = lmr p

- 1

v =—mr
2 X

Angular velocities:
@, =—wsin *
@, = wocos 8

w,=0

Using Eq. (18.10):

H, =1 0 =—%mr2wsinﬂ

_ 1,
1,0, =Emr wcos

H,
HZ

I
~

Za)Z :0

We have
H;=H i'+H,j+Hk
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PROBLEM 18.8 (Continued)

where 1, j’, k are the unit vectors along the x’, ¥/, 7 axes.

H; = —imrza)sin L'+ %mrza)cos Bi (1)

H, - %mrzw(_ sin Bi’ + 2cos Bj)

Forming the scalar product,

H; o=MH;lwcosd

cos @ =M (2)
H,lo
But H, -(0=%mr2w(—sinﬂi'+2005ﬂj')-a)j
or observing that i"“i=-sinf and j-j=cospf
H; o= imrza)z(sinzﬁ'wL 2cos’f3)
=imr2a)2 (14 cos*f) (3)

Also, H,! wzimrza)z\/sinz,b’+4coszﬂ
=imr2w2\ll+3coszﬂ (€))

Substituting from Eqgs. (3) and (4) into Eq. (2),

2
COSHZM
\1+3cos’S

For = 25°, cos@=0.9786 6=11.88° 4
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PROBLEM 18.9

Determine the angular momentum Hj, of the disk of Problem 18.4
about Point D.

PROBLEM 18.4 A homogeneous disk of weight W =6 1b rotates
at the constant rate @, =16 rad/s with respect to arm ABC, which
is welded to a shaft DCE rotating at the constant rate @, = 8 rad/s.
Determine the angular momentum H , of the disk about its center A.

SOLUTION
o = w,)i+ @ j=(8rad/s)i+ (16 rad/s)j

For axes x’, y’, 7’ parallel to x, y, z with origin at A,

m=Y = % _0.1863351b-stt
g 322
2
ﬁ,:lmr2:1(0.186335) 3
4 4 12
=0.020704 1b-s* - ft
I, =1,=0.0207041b-s>ft,
I, =1,+1,=00414081b-s" - ft

H, =l,0i+1,0/j+] 0k
=(0.020704)(8)i + (0.041408)(16)j
=(0.16561b-ft-s)i+(0.66251b - ft-s)j

Point A is the mass center of the disk.
r,p, =1.0ft)i+(0.75ft)j— (0.75 fH)k
V=v,=wixry,
=8ix(1.0i+0.75j—0.75Kk)
= (6 ft/s)j+ (6 ft/s)k
mv=(1.1181b-s)j+(1.118 Ib-s)k
i j k
r,p,xmv=[10 0.75 -0.75
0 1.118 1.118
=(1.6771b-ft-s)i—(1.1181b-ft-s)j+(1.118 Ib-ft-s)k

H,=H, +r,, xmv

H, = (1.8431b-ft-5)i — (0.4551b-ft-s)j+ (1.118 Ib-ft - s)k 4
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Y PROBLEM 18.10

450 mm

Determine the angular momentum of the disk of Problem 18.5 about
Point A.

PROBLEM 18.5 A thin disk of mass m =4 kg rotates at the constant
rate @, =15rad/s with respect to arm ABC, which itself rotates at the
constant rate @ =5rad/s about the y axis. Determine the angular

X

SOLUTION
}’
=150in. - : I
r in f’l =(s 45

Angular velocity of disk:

o = j+ ok =(5rad/s)j+ (15 rad/s)k z
Centroidal moments of inertia:

I,=1, :lm,ﬂ & =(15redfs) &

4

= i(4)(0.150 m)* =0.0225 kg - m”

I =%mr2 =0.045 kg - m*

Angular momentum about Point C.

H. =1,0i+1,0.j+1,0k
=0+ (0.0225)(5)j + (0.045)(15)k
=(0.1125 kg - m*/s)j+ (0.6750 kg - m? /s)k

Location of mass center. Ieyy = (0.450 m)i +(0.225 m)j
Velocity of mass center. V=0, Xry, =5jx(0.45i+0.225j)
=—(2.25m/s)k

Angular momentum about Point A.

H, =H_ +14, X (mV)

H, =0.1125j+0.675k + (0.451 + 0.225j) X [-(4)(2.25)K]
=0.1125j+0.675k +4.05j — 2.025i

H, =—(2.03kg-m?/s)i +(4.16 kg - m?/s)j+ (0.675 kg - m* /s)k «
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PROBLEM 18.11

Determine the angular momentum H,, of the disk of Sample Problem 18.2
from the expressions obtained for its linear momentum mv and its
angular momentum Hg; using Eq. (18.11). Verify that the result obtained is
the same as that obtained by direct computation.

PROBLEM 18.2 A homogeneous disk of radius r and mass m is
mounted on an axle OG of length L and negligible mass. The axle is
pivoted at the fixed Point O, and the disk is constrained to roll on a
horizontal floor. Knowing that the disk rotates counterclockwise at the
rate @, about the axle OG, determine (a) the angular velocity of the disk,
(b) its angular momentum about O, (c) its kinetic energy, (d) the vector
and couple at G equivalent to the momenta of the particles of the disk.

SOLUTION
Using Equation (18.11),
H,=rxmv+H,
= (Li)x(mrayk) + %mrza)1 [i - z—rL_])

=—mrL '+lmr2 i—lmﬁ j
“J 2 “ 4 Lwl']

| 2 1 a\frey ).
H =— — I +— i
o 2mr a)ll m( 47' j{ L J

which is the answer obtained in Part b of Sample Problem 18.2.

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1974

STUDENTS-HUB.com



https://students-hub.com
https://students-hub.com

STUDENTS-HUB.com

300 mm

PROBLEM 18.12

The 100-kg projectile shown has a radius of gyration of 100 mm

B x about its axis of symmetry Gx and a radius of gyration of 250 mm

{ ~_ about the transverse axis Gy. Its angular velocity @ can be resolved

~— D into two components; one component, directed along Gx, measures
the rate of spin of the projectile, while the other component, directed
along GD, measures its rate of precession. Knowing that 8 =6° and
that the angular momentum of the projectile about its mass center G is
H; = (500 g-mz/s)i - (10 g-mz/s)j, determine (a) the rate of spin,
(b) the rate of precession.

Yy

SOLUTION
m=100kg, k, =100 mm=0.1 m, ky =250 mm =0.25m
1. =mk?> =(100)(0.1)* =1 kg-m*
I, =1, =mk; =(100)(0.25)" =6.25 kg-m’
Hg = (Hg),i+(Hp),j+(Hg) k=1.0i+1,0j+I 0k
2
o, = (Hg), _0.500ke T 5 _0.5 radss
I, l1kg-m
H.), -~ .m2
o, _ o)y 001k M o _0.0016 radls
I, 6.25 kg-m
o =0 (3 /76
: w.
s 7 3-Ly
@p sinf =-w, LWp
-0
W =—== 0'9016 =0.015307 rad/s
sinf  sin6°
(a)  Rate of spin.
o, =0, + wp cosd
W, = @, — Wp cos O
=0.5-0.15307cos 6°
=0.4847 @, =0.485 rad/s 4
(b)  Rate of precession. ®, =0.01531 rad/s 4
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PROBLEM 18.13

Determine the angular momentum Hj of the projectile of Problem 18.12
about the center A of its base, knowing that its mass center G has a
velocity v of 750 m/s. Give your answer in terms of components
y respectively parallel to the x and y axes shown and to a third axis z

x P
B pointing toward you.
300 mm 9/

- P PROBLEM 18.12 The 100-kg projectile shown has a radius of gyration

of 100 mm about its axis of symmetry Gx and a radius of gyration of
— 250 mm about the transverse axis Gy. Its angular velocity @ can be
resolved into two components; one component, directed along Gz,
measures the rate of spin of the projectile, while the other component,
directed along GD, measures its rate of precession. Knowing that
6 =6° and that the angular momentum of the projectile about its mass
center G is H; = (500 g-mz/s)i -(10g- m’ /s)j, determine (a) the rate
of spin, () the rate of precession.

SOLUTION

m=100kg, ¥y, =(0.300 m)i

v =V cos 0i —V sin 8

H, =(0.50 kg-m*/s)i — (0.10 kg-m?/s)]
miv = (100)(750)(cos 6°i —sin 6°j)
= (74589 kg-m/s)i — (7839 kg-m/s)j
1,4 X mv = 0.3i X (74589i — 7839.6j)
=—(2351.9 kg-m*/s)k
H,=H; +r;, xmv
=0.5i—0.1j+ (—2351.9k)

H, =(0.500 kg-m?/s)i — (0.100 kg-m*/s)j— (2350 kg-m*/s)k <
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PROBLEM 18.14

(a) Show that the angular momentum H, of a rigid body about Point B can be obtained by adding to the
angular momentum H, of that body about Point A the vector product of the vector r,,, drawn from B to A and
the linear momentum mv of the body:

H,=H, +r,, xmv
(b) Further show that when a rigid body rotates about a fixed axis, its angular momentum is the same about

any two Points A and B located on the fixed axis (H, =Hj) if, and only if, the mass center G of the body is
located on the fixed axis.

SOLUTION

(@)  Angular momenta H, and H are related to H,; and mv by
H,=r;,xmv+H; and Hg=r;;xmv+H;
Subtracting, H, -H, =rg;; Xmv —rg, Xmv
H; =H, + (x5 —rg,) Xmv

=H, + (rgp +ryc)xXmv

H,=H, +r,;xmv
(b) It follows that H, =H, if, and only if
Ty Xmv=0

With Points A and B located on the fixed axis,

0= wh
where A is a unit vector along the fixed axis, and

V=0XTIg, = OMXTg,
Then T, X (mawhkxrg,)=0

but r,, is parallel to A, hence,

Ax(Axrg,)=0
Let u=AXrg,, so that Axu=0.

Note that u must be either perpendicular to A or equal to zero. But if u is perpendicular
to A, Axu cannot be equal to zero.

Hence, u=2AXxrg, =0

r;, is parallel to A and Point G lies on the fixed axis.
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" PROBLEM 18.15

N‘Q A A 5-kg rod of uniform cross section is used to form
the shaft shown. Knowing that the shaft rotates with
a constant angular velocity o of magnitude 12 rad/s,
determine (@) the angular momentum Hg of the
250 v shaft about its mass center G, (b) the angle formed
by H; and the axis AB.

250 mm

SOLUTION

I
(S
I
]

@ = (12 rad/s)i, w,

(Hg), = Lo
A ! : Q B Y& (HG)y = _Txyw
(Hg), = —1,0
The shaft is comprised of 8 sections, each of length
a =0.25m and of mass m’ = % = 0.625 kg.
- L, s oy 10 5 10 2 2
I, =4 Jma’ |+ Q) (m'a*) = S = ?(0.625)(0.25) = 0.130208 kg-m
I,=0
I, = (4)(;@%) = 2m'a® = (2)(0.625)(0.25)> = 0.078125 kg-m*
(Hg), = (0.130208)(12) = 1.5625 kg-m?*/s
(Hg), =0
(Hg), = —(0.078125)(12) = —0.9375 kg-m?/s
(a) H, = (1.563 kg-m?/s)i — (0.938 kg-m?/s)k «
Hg = (1.5625)% + (0.9375)% = 1.82217 kg-m%/s
(b) H - o = (1.5625i — 0.9375k) - 12i = 18.75 kg-m*/s*

H, o 1875

- = 0.85749 6 =31.0°4
Hoo  (1.82217)(12)

cosf =
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y PROBLEM 18.16

Determine the angular momentum of the shaft of Problem 18.15
about (a) Point A, (b) Point B.

250 mm

SOLUTION

@ = (12 rad/s)i, 0, =0, = 0, m=5kg

(HG)x = Txa)
/\ 5 (Hg), = -1 0
(HG)z = _I_xzw
The shaft is comprised of 8 sections, each of length
a = 0.25m and of mass m’ = % = 0.625 kg.
- 1,5 roy 10,5 10 2 2
I.=4) gma + Q)(m'a”) = ?ma = ?(0.625)(0.25) = 0.130208 kg-m
I, =0

I, = (4)(;@%) = 2m'a® = (2)(0.625)(0.25)> = 0.078125 kg-m*
(H), = (0.130208)(12) = 1.5625 kg-m*/s
(Hg), =0
(Hg), = —(0.078125)(12) = —0.9375 kg-m?/s

H, = (1.5625 kg-m?*/s)i — (0.9375 kg-m?/s)k

Since Point G lies on the axis of rotation, its velocity is zero.

V=v,=0
(a) H =Hg;+r5,xmv =Hg H, = (1.563 kg-m?/s)i — (0.938 kg-m?/s)k «
(b) H, = H; + 15 xmv = H H, = (1.563 kg-m?/s)i — (0.938 kg-m*/s)k «
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J PROBLEM 18.17

Two L-shaped arms, each weighing 4 Ib, are welded at the third
points of the 2-ft shaft AB. Knowing that shaft AB rotates at the
constant rate @ =240 rpm, determine (a) the angular momentum of
the body about A, (b) the angle formed by the angular momentum
and shaft AB.

SOLUTION
W=41b, m :% =0.124221b-s7ft, a=8 in.=0.66667 ft

o= (27)(240)

=8rradls, w. =0, w,=0, @, =8x rad/s
60 * y ‘

Use parallel axes x’, y’, z” with origin at Point A as shown.

(HA )x' = _Ix'z'w
(H,), =10
(H ). = Lo

Segments 1, 2, 3, and 4, each of mass m"=0.06211 1b- s¥/ft, contribute to I, I_y»z», and I_Z

Part I, Iy, I,
11 s
’a? —m'a® —+—+1|ma
@ 2m'a ma [12 4 )
L,
@ m'a® 0 gmaz
©) —lm'a2 0 lm'az
2 3
1,5 I 1 ’ 2
—m’a? - —+—+1|m
@ ma " (12 4 j
> “m'a* -=m'a? ? ‘a?
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PROBLEM 18.17 (Continued)

(a)  Angular momentum about A.

(HA )x' = _Ix'z'w = _%m,azw

= —% (0.06211)(0.66667)* (8 )

=-1.04067 Ib-s-ft
3,5,
(HA)y» = —Iy'z»a)z - —Em a” |
= %(0.0621 1)(0.66667)2 87)

=1.04067 Ib-ft-s

10 ,
(H,). :Iz,a):?m 0]

:?(0.0621 1)(0.66667)* (87)
=2.3126 Ib-ft-s

H, =—(1.0411b-ft-s)i + (1.041 Ib-ft-s)j+ (2.31 Ib-ft-s)k <

H, = \/(1.04067)2 +(1.04067)* +(2.3126)* =2.7412 1b-ft s

(b)  Angle formed by H, and shaft AB.

Unit vector along shaft AB: A=-k
cosg=Ha k23126 65 6=1475° 4
H, 27412

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1981



https://students-hub.com
https://students-hub.com

v PROBLEM 18.18

For the body of Problem 18.17, determine (a) the angular
momentum about B, (b) the angle formed by the angular
momentum about shaft BA.

SOLUTION

W=dlb. m=—t 2012422 Ib-s¥ft
322

a=381in.=0.66667 ft

o= (27)(240)

=8rradls, w. =0, w,=0, @, =8 rad/s
60 x J ‘

Use parallel axes x’, y’, z with origin at Point B as shown.

(Hp), =—-1 .0
(HB)y =—Iyza)
(Hp).=1l.w

Segments 1, 2, 3, and 4, each of mass m"=0.06211 lb-sZ/ft, contribute to 7, I . and /..

Part I, I, I,
1,5 1 1 ;2
—m'a> — —+—+1|ma
® ma e &2 4 j
@ L 0 Lwa?
2 3
1,
@ m'a® 0 gmaz
11 ,
742 ’a? —+—+1|m
@ 2m'a ma (12 4 )
> = m'a* Zm'a® &m'az
2 2 3
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PROBLEM 18.18 (Continued)

(a)  Angular momentum about B.

(HB)x = _Ixza): _%m,aza)

_ _% (0.06211)(0.66667)* (877)
=-1.04067 1b-s-ft

3,
(HB)}, =-l,0=——m a‘w

- —%(0.0621 1)(0.66667)* (87)
=—1.04067 Ib-s-ft
(HB)Z =l.0= ?m'aza)

= ? (0.06211)(0.66667)* (87)
=231261b-s-ft

H, =—(1.041 Ib-ft-s)i — (1.041 1b-ft-s)j+ (2.31 Ib-ft-s)k «

Hyy =+J(1.04067)% +(1.04067) +(2.3126)° =2.7412 Ib-ft-s

(b) Angle formed by H, and shaft BA.

Unit vector along shaft BA: A=

k
H, A 23126

- =0.84365 6=32.5°4
H, 27412

cosd =
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/ PROBLEM 18.19

190 mm The triangular plate shown has a mass of 7.5 kg and is welded to a vertical
/ shaft AB. Knowing that the plate rotates at the constant rate @ =12 rad/s,
\T\BLJ determine its angular momentum about (a) Point C, (b) Point A. (Hint: To solve

90 mm part b find v and use the property indicated in part a of Problem 18.14.)

SOLUTION
o=~12radls)j, o, =0, o, =12rad/s, @, =0
(@ (Ho)y =10, (He),=1,0, (Ho), =-1,0

Use axes with origin at C as shown. Divide the plate ABD into right triangles ACD and CBD.
For plate ACD, the product of inertia of the area is

I P
(Ixy )area = _aazcz 8
For plate BCD, it is
D ‘
1 C —X
(Ixy )area :aazbz o
For both areas together, c
1
(Ixy)area = —a(c’z - bz)a2
A
Area: A= %(c +b)a
m m(c—b)a
l.) . .=—U_), ., =————
( Xy )mdss A ( Xy )dICd 12
For both areas together, (1} )area = % (c+b)a’
_ m _ 1 2
(Iy )mass - Z(Iy)area - gma

(IXZ )mass = 0

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1984

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

STUDENTS-HUB.com

PROBLEM 18.19 (Continued)

Data: m=75kg a=120mm=0.12 m
b=90mm=0.09m c¢=160mm=0.16 m

(L Dmass =~ (7'5)(0'1027 )O12) _ 900525 kg-m?

_(7.5)0.12)* )
(1)) mass = I 0.018 kg-m

(H.), =—(-0.00525)(12) = 0.063 kg-ms

(Hc), =(0.018)(12) =0.216 kg-m7s

(Ho), =0 H, =(0.063 kg-m?s)i +(0.216 kg-m%s)j <
Locate the mass center. rg = %i +yij

Velocity of mass center:  V=®XIg,
N L 1 1
V=wjx gl +yj|= —ga)ak =13 (12)(0.12)k = —(0.48 m/s)k

re, =cj=(0.16 m)j
r e,y Xmv = (0.16§) X[ (7.5)(<0.48Kk)] = —(0.576 kg-m%s)i
(b) H, = H_ +r,, xmv = (0.063—0.576)i + 0.216j

H, =—(0.513 kg-m?s)i + (0.216 kg-m%s)j «
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/ PROBLEM 18.20

190 mm The triangular plate shown has a mass of 7.5 kg and is welded to a vertical shaft
/ AB. Knowing that the plate rotates at the constant rate @ =12 rad/s, determine its
\T\BLJ angular momentum about (a) Point C, (b) Point B. (See hint of Problem 18.19.)

90 mm

SOLUTION
o=(2rads)j, o =0, o, ,=12radls, ®, =0
(a) (He)y=-1,0, (Hp), =10, He),=-1,,0

Use axes with origin at C as shown. Divide the plate ABD into right triangles ACD and CBD.
For plate ACD, the product of inertia of the area is

1 5o Y
(I )yea =——0a°C
® 24 B |
For plate BCD, it is
1 52
Ix‘ area =_—-a b D /
2 24 C a —X
For both areas together,
1 c
(L) area = —Z(c2 —-b*)a’
1
Area: A= E(C +b)a A
m m(c—b)a
I =—(, =—
( xy)mass A ( Xy )area 12

For both areas together,

1 3
() area = o (ct+b)a

m 1 2
(Iy )mass = X(Iy )area = gma

(IXZ )mass = O
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PROBLEM 18.20 (Continued)

Data: m=75kg a=120mm=0.12m
b=90mm=0.09m ¢=160mm=0.16 m

(L Dmass =~ (7'5)(0'1027 JO12) _ 00525 kg-m?

(7.5)(0.12)
6

_ 2
(I} ) inass = =0.018 kg-m

(H.), =—(-0.00525)(12) = 0.063 kg-m7s
(H¢), =(0.018)(12) =0.216 kg-m?s
(He), =0

H, =(0.063 kg-m?s)i +(0.216 kg-m%s)j «
Locate the mass center. r;,. = %i +j

Velocity of mass center: V= wXrg,

V=wjx (%i + ij) = —%a)ak = —(%) (12)(0.12)k = —(0.48 m/s)k
I'ep = —bj=-(0.09 m)j
Iy Xmv = (—0.09j) x[(7.5)(—=0.48k)] = (0.324 kg-mZ/s)i
(b) H; =H_ +r,; xmv=(0.063+0.324)i +0.216]

H, =(0.387 kg-m?¥s)i +(0.216 kg-m%s)j <
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PROBLEM 18.21

One of the sculptures displayed on a university campus consists of a
hollow cube made of six aluminum sheets, each 1.5x1.5m, welded
together and reinforced with internal braces of negligible weight. The
cube is mounted on a fixed base at A and can rotate freely about its
vertical diagonal AB. As she passes by this display on the way to a class
in mechanics, an engineering student grabs corner C of the cube and
pushes it for 1.2 s in a direction perpendicular to the plane ABC with an
average force of 50 N. Having observed that it takes 5 s for the cube to
complete one full revolution, she flips out her calculator and proceeds
to determine the mass of the cube. What is the result of her calculation?
(Hint: The perpendicular distance from the diagonal joining two vertices
of a cube to any of its other six vertices can be obtained by multiplying
the side of the cube by m J)

SOLUTION

Let m' = %m be the mass of one side of the cube. Choose x, y, and z axes perpendicular to the face of the

cube. Let a be the side of the cube.

For a side perpendicular to the x axis, ({,), = %m'az.
. . . 1 1 ’ 2 1 ’ 2
For a side perpendicular to the y or 7 axis, ({,),= E + Z ma” = Em a
Total moment of inertia: I1,=2(1),+4,), = %m’az = ﬁmaz

By symmetry, /, =1, and I, =1,.

Since all three moments of inertia are equal, the ellipsoid of inertia is a sphere. All centroidal axes are
principal axes.

S . . 5
Moment of inertia about the vertical axis: I, = Ema2

Let b= %a be the moment arm of the impulse applied to the corner.

Using the impulse-momentum principle and taking moments about the vertical axis,
bF(At)=H, = .o = %mazw (1)
2
Data: a=15m, b = 5(1.5) =1.22474 m

o= 2?7[ = 1.25664 rad/s, F =50N, At =12s.

Solving Equation (1) for m, m = nggAt) _13 (1'224274)(50)(1'2) = 93.563 kg m = 93.6 kg 4
5 aw 5 (1.5)°(1.25664)
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PROBLEM 18.22

If the aluminum cube of Problem 18.21 were replaced by a cube
of the same size, made of six plywood sheets with mass 8 kg
each, how long would it take for that cube to complete one full
revolution if the student pushed its corner C in the same way
that she pushed the corner of the aluminum cube?

SOLUTION

Let m' = %m be the mass of one side of the cube. Choose x, y, and z axes perpendicular to the face of the
cube. Let a be the side of the cube.

For a side perpendicular to the x axis, (,); =+m’a”.
. . . 1 1), 1,
For a side perpendicular to the y or 7 axis, (,),= (E + ij a’ = Em a’
. . 5 ’7 2 5 2
Total moment of inertia: I1,=2(1),+4,), = Em a’ = Ema

By symmetry, /, =1, and I, =1,.
Since all three moments of inertia are equal, the ellipsoid of inertia is a sphere. All centroidal axes

are principal axes.

— . . 5
Moment of inertia about the vertical axis: I, = Ema2

Let b= %a be the moment arm of the impulse applied to the corner.

Using the impulse-momentum principle and taking moments about the vertical axis,
bF(At) =H, = .o = %maza) (1)
Data: m’ = 8Kkg, m = 6m’ = 48 kg, a=15m,
bz\/%a =1.22474 m, F =50N, At =12s

Solving (1) for w,

= 18 bF (A1) _ 18 (1.22474)(50)(1.2)

5 3 = 2.4495 rad/s
5 ma 5 (48)(1.5)

_x_

= t=257s4
0] 2.4495
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PROBLEM 18.23

A uniform rod of total mass m is bent into the shape shown and is suspended by a
wire attached at B. The bent rod is hit at D in a direction perpendicular to the
plane containing the rod (in the negative z direction). Denoting the corresponding
impulse by FA¢, determine (a) the velocity of the mass center of the rod, (b) the
angular velocity of the rod.

SOLUTION

We apply the principle of impulse and momentum, considering only the impulsive forces.

J|

(a)  Velocity of mass center

From constraints: v, =0

. x components: 0=mv, v, =0

+T y components: TAt=mv, =0 TAt=0

+//z components: —FAt=my, v, = _fA

m
— FAt
v=—k <
m

(b)  Angular velocity
Equating moments about G:
(—ai—aj)x(-FAtk)=H i+ Hyj +H Kk
aFAti—aFAtj=H i+ H j+H k
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PROBLEM 18.23 (Continued)

Thus: H =aFAt, H =-aFAt, H,=0 (1)

L=-
To determine angular velocity, we shall use Eqgs. (18.7).

First, we determine the moments & products of inertia:

TX :i(ﬂ] (2a)? PR L :gma2 2)
120 2 4 4 3

— 1(m 1

I, = 2{5(1}12} = gma2 3)

To_mla m(_ay 1 >

L,= 4(2)(””4( 2j( W=ty ma @

I.=0 I1_.=0 (5)

We substitute the expressions (1) through (5) into Egs. (18.7):

aF At :gmaza)x —lmaza), +0 (6)
3 4 y
| 1,
—aFAt=——ma"w, +—ma o, +0 @)
4 6 Y
0=0+0+/ ®)

Multiplying Eq. (7) by 3/2 and adding to Eq. (6):

—laFAtzlmaza)x (1) =—£F—At
2 24 7 ma

Substituting for @ into (7):

2
—aF At +l —z aF At = lmaza)y, W, = —@ Far
4 7 6 ’ ’ 7T ma

From Eq. (8): Tza)Z =0 w =0

Thus: ngg(—i—Sj) <
7 ma

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1991

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

!/‘ PROBLEM 18.24

Solve Problem 18.23, assuming that the bent rod is hit at C.

PROBLEM 18.23 A uniform rod of total mass m is bent into the shape shown and is
suspended by a wire attached at B. The bent rod is hit at D in a direction
perpendicular to the plane containing the rod (in the negative z direction). Denoting
the corresponding impulse by FAt, determine (a) the velocity of the mass center of
the rod, (b) the angular velocity of the rod.

SOLUTION

From constraints:
£, x components:

+T y components:

—|—/ Z components:

(b)  Angular velocity

Thus:

(@)  Velocity of mass center

_y -0
0=mv,

TAt = mVy =0
—FAt=my,

Equating moments about G:
—ajx(-FAtk)=H i+H j+HKk

aFAti=H,i+H j+HKk

H,=aFAt, H,=0, H. =0

We apply the principle of impulse and momentum, consider only impulsive forces.

b

vx =
TAr=0
_ FAt
Vv, =———
m

ey
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PROBLEM 18.24 (Continued)

To determine angular velocity, we shall use Eqs. (18.7) first, we determine the moments & products of

inertia:

~l

Xzi n (2a)2+ﬂaz+ﬂazzgma2
12\ 2 4 4 3

7.=2 Ifm) 11, 2
y 31 4 6

- 1
I, = %(%j (a) +%(—%)(—a) = +ch12

I1.=0 I,=0

Xz ¥z

~

aF At = %mazwx —%mazwy +0

0= —imaza)x + lmaz(o‘y +0

0=0+0+1 o,

Multiplying Eq. (7) by 3/2 and adding to Eq. (6):

aF At = 2.3 maza)x o, =%E
3 7 ma
Substituting for @ into (7):
a)y :é x:é_aFA[’ y :ﬁﬂ
2 ma
From Eq. (8): Tza)Z =0, o =0

Thus:

Note that @, # 0, even though Point C where impulse is applied is on the y axis.

2

3)

“4)

&)

(6)

)

®)

12 FAt

o=—"""q(©_i+3j) 4
7T ma
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! PROBLEM 18.25

Three slender rods, each of mass m and length 2a, are welded

7 /ﬂ B together to form the assembly shown. The assembly is hit at A in a

‘R vertical downward direction. Denoting the corresponding impulse

e T by F At, determine immediately after the impact (a) the velocity of
a the mass center G, (b) the angular velocity of the rod.

X
>< a A

SOLUTION

Computation of moments and products of inertia.

~I

X

2
=) +U )+, )= ma® +§ma2 +m(a2 +%J=§ma2

2
_y =)+ Uy, +U)); = n{a2 +%]+%ma2 +ma* =§ma2 (D)

N~

- 1 1 2
=) +UT), + (), =§ma2 +0+§ma2 =§ma2

~

Impulse-momentum principle.

! A
ALLFAL)L
The impulses consist of —(FAr)j applied at A and (T'Ar)j applied at G. Because of constraints, v, = 0.

(a) Velocity of mass center.

Equate sums of vectors: (T'A1)j—(FAt)j=mv,i+my K

0«4

<|
Il

Thus, TAt=FAt, v, =0, v,=0. Since vy =0 from above,

X
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PROBLEM 18.25 (Continued)

(b)  Angular velocity.

Equate moments about G:

(ai+ak) X (-FAn)j= Hxi+Hyj+ H k
—(aFAtk +(aFAt)i=H i+ Hyj +H K
Thus, H,=aFAt, H,=0, H =-aFAt 2)

Since the three products of inertia are zero, the x, y, and z axes are principal centroidal axes and we can
use Egs. (18.10). Substituting from Eqgs. (1) and (2) into these equations, we have

H. =l.w: aFAt= %maza}x o, = 3F At/8ma 3)
_7 _ 8 2 _ 4
H, =10, O—Ema o, o, =0 @
_ 2,
H, =1.w: -aFAt= Ema w, =-3FAtl2ma 5)

Therefore,
o =3FAt/8ma)(i—4k)
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! PROBLEM 18.26

Solve Problem 18.25, assuming that the assembly is hit at B in a

7 . /ﬂ B direction opposite to that of the x axis.
a e T PROBLEM 18.25 Three slender rods, each of mass m and length 2a,
a are welded together to form the assembly shown. The assembly is hit

at A in a vertical downward direction. Denoting the corresponding
impulse by F Af, determine immediately after the impact (a) the
velocity of the mass center G, (b) the angular velocity of the rod.

X
>< a A

SOLUTION

Computation of moments and products of inertia.

~I

X

2
=) +U )+, )= ma* +§ma2 +m(a2 +%J=§ma2

2
_y =)+ Uy, +U)); = n{a2 +%]+%ma2 +ma* =§ma2 (D)

N~

=), +),+U,), =%ma2 +O+§ma2 =§maz

~

Impulse-momentum principle.

The only impulse is FAt = —(FA#)i.

(a) Velocity of mass center.

Equate sums of vectors: —(FADi=mv,i+mv j+mv Kk
Thus, v, =—FAt/m, v, = 0, v,=0

v=—(FAt/im)i 4

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1996

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

STUDENTS-HUB.com

PROBLEM 18.26 (Continued)

(b)  Angular velocity.
Equate moments about G:
(aj—ak)x(—FAt)i=H i+ Hyj +H Kk
(aFAHK + (aFANj=H i+ Hyj +HK
Thus, H, =0, H, =aFAt, H, =aFAt 2)

Since the three products of inertia are zero, the x, y, and z axes are principal centroidal axes and we can
use Egs. (18.10). Substituting from Eqgs. (1) and (2) into these equations, we have

H =1o,: O=§ma2wx o, =0 3)
_ 8

H, =10, aF At =§ma 0, o, =3FAt/8ma 4)
_ 2,

H. =1, aFAtzgma @, o, =3FAt2ma (®)]

Therefore,

® =(3FA1/8ma)(j+4k) 4
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! PROBLEM 18.27

Two circular plates, each of mass 4 kg, are rigidly connected by
L// a rod AB of negligible mass and are suspended from Point A as
180 mm shown. Knowing that an impulse F Ar=—(2.4 N-s)k is applied
at Point D, determine (a) the velocity of the mass center G of the
assembly, (b) the angular velocity of the assembly.

T~
X

\
150 mm

180 mm

SOLUTION

Moments and products of inertia:

mr* + msz = 2[%(4)(0.18)2 +(4)(0. 15)2} =0.2448 kg - m’

mr* + mrzj =3mr? = (3)(4)(0.18)* =0.3888 kg - m*

I, = Z[imrz +m(b* + rz)}
= 2[%(4)(0.18)2 +(4)(0.15% + 0.182)} =0.504 kg -m*
1,,, =mb(=r) + m(=b)(r) = —2mbr =—(2)(4)(0.15)(0.18) =—-0.216 kg - m
I.=0, I),z =0, total mass =2m
Constraint of cable: (vg)y =0 v=vg

Principle of impulse-momentum:  2mv =0, Hg; =0 initially.

y
TAt —~

F At
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PROBLEM 18.27 (Continued)

(a)  Direct components:
FAt =2mv
0=2mv, v, =0

TAt = ZmVy =0
—FAt =2mv,
i =—F—At=—i=—0.3 m/s v=—(0.300 m/s)k «
: 2m )4

(b) Moments about G. (bj—ri)x(=FArk)=H

—bF(Ani—-rFAj=(1, 0, —1,,0,)i+ -1, 0+ Iya)y)j +1.wk

Resolve into components and apply the numerical data.

ir —(0.15)(2.4) = 0.24480, - (-0.216)w, (1)
ji —(0.18)(2.4) =—(-0.216)®, + 0.3883w, 2)
k: 0=0.5040, w, =0

Solving Egs. (1) and (2), o, =-0.962 rad/s, o, = —0.577 rad/s

®=—(0.962 rad/s)i—(0.577 rad/s)j 4
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! PROBLEM 18.28

Two circular plates, each of mass 4 kg, are rigidly connected by
\,/ a rod AB of negligible mass and are suspended from Point A as
180 mm shown. Knowing that an impulse FAr=(2.4 N-s)j is applied
at Point D, determine (a) the velocity of the mass center G of
the assembly, (b) the angular velocity of the assembly.

150 mm

~~
X

180 mm

SOLUTION

Moments and products of inertia:

mr? + msz = 2&(4)(0.18)2 + (4)(0.15)2} =0.2448 kg - m’

mr* + mrzj =3mr? = (3)(4)(0.18)* =0.3888 kg - m”

I, = Z[imrz +m(b* + rz)}
= 2[%(4)(0.18)2 +(4)(0.15% + 0.182)} =0.504 kg - m*
1,,, =mb(=r) + m(=b)(r) = —2mbr =—(2)(4)(0.15)(0.18) =—-0.216 kg - m
I, =0, Iyz =0, total mass = 2m
Constraint of cable: (vg)y, =0 Vv=vg

Principle of impulse-momentum:  2mv=0, Hg; =0 initially.

Faty ¥
TAt
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PROBLEM 18.28 (Continued)

(a)  Direct components:
FAt =2mv
0=2mv, v. =0

_ _ FAn+T(An)

F(AN)+TAt=2mv, =0 y 5
m

0=2mv, v, =0

Point A moves upward. The cord becomes slack. T(At)=0

v, =i=0.300 m/s v=(0.300 m/s)j 4
(2)(4)
(b) Moments about G. (bj—ri)x(—=FAfj) =H,

—rF(ADi—rF(ANk =10, — I ,,@,)i+ -1, 0 +1,0, )+l ok

Resolve into components and apply the numerical data.

ir —(0.18)(2.4) =0.24480, — (-0.216)®, (1)
J 0=—(-0.216)w, +0.3883w, 2)
k: —(0.18)(2.4)=0.5040, @, =-0.857 rad/s

Solving Egs. (1) and (2), o, =-3.46 rad/s, o, = —1.923 rad/s

®=—(3.46 rad/s)i + (1.923 rad/s)j— (0.857 rad/s)k <«
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PROBLEM 18.29

A circular plate of mass m is falling with a velocity v, and no angular
velocity when its edge C strikes an obstruction. Assuming the impact to
be perfectly plastic (¢ =0), determine the angular velocity of the plate
immediately after the impact.

SOLUTION

Principal moments of inertia. I =— Rz, Tx = TZ = —mR*>
Principle of impulse and momentum.

(Hey

m

Yy -
maJ,
Hc; /
7z g kR (AL iz,
C At

U‘le'x-

Syst. Momenta, + Syst. Ext. Imp.;_,, = Syst. Momenta,
Linear momentum: —mvoj+ CAtj=mv,i+mv j+mv Kk
i: 0=mv, v, =0
i —mvy+CAr=my, CAt=m(vy+v,) €))
k: 0=mv, v, =0
Geometry: Yo = L R(i-k)
V2
Condition of impact: (e=0) (ve)y =0
Kinematics: Ve =V+OXI g
R

Vo), i+ (0e) k=7, j+ (@i +0,j+ 0. k) x—=(i k)

V2
—Vj-i-ia)j—ia) (k+i)+£a)j
T 2 V2 "

. _ R _ R
J: 0=vy+—(a)x+a)z) Vy=—$((0x+wz)

2
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PROBLEM 18.29 (Continued)
Moments about G:
O0+reeXCArj=(Hg),i+(Hg), j+(Hg) Kk
R . o T . T .
ﬁ(l -K)X(CAtj)=1 wi+ loj+ .ok
i(CAz)(k+i) _ LR wi+ iR o j+ LmRrox )
J2 4 T2 1Ty :
i R car =lmR2wx 3)
J2 4
j: 0=Lmr? =0
J: —Em a)y a)y =
R 1,
k: —CAt=—mR" 4
From Egs. (1) and (2) CAt—m{V —i(a) + o )}
. ) 0 \/E X 4
o, =220 2w, +0,) 30,+20 =222 )
R R
wzzzx/f%)—Z(a)x+wz) 2a)x+3a)1=2\/§%’ (6)
Solving Egs. (5) and (6) simultaneously,
2y
X Z 5 R
Angular velocity. o=0itoj+ok 0= %%(i +k) 4
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PROBLEM 18.30

For the plate of Problem 18.29, determine (@) the velocity of its mass center
G immediately after the impact, (b) the impulse exerted on the plate by the
obstruction during the impact.

SOLUTION

Principal moments of inertia. I, =—mR*, I _=I_=—mR*

Principle of impulse and momentum.

(Hey

J - -
mnJ, m Ny
Hc; :
7z g kR (HL 2 miz,

U‘le'x-

CAt
Syst. Momenta, + Syst. Ext. Imp.;,, = Syst. Momenta,
Linear momentum: —mvyj+ CAtj=my,i+mv, j+mv Kk
i: 0=mv, v, =0
i —mVO+CAt=m\7y CAt:m(VO-Wy) (D)
k: O=my, v, =0
Geometry: Yo = L R(i-k)
V2
Condition of impact: (e=0) (ve), =0
Kinematics: Ve =V+OXI g

. — . . . R .
(Vo) i+ (ve) K =vy_]+(a)x1+a)y']+a)zk)><$(l -k)
R

—Vj-i-ia)j——a) (k+i)+£a)j
T 2 V2 "

. _ R _ R
j: 0=vy+—(a)x+a)z) v =—$(wx+wz)

V2 ’
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PROBLEM 18.30 (Continued)

Moments about G:
041y xCAtj= (HG)xi+(HG)yj+ (Hg).k
R

2

(i-K)x(CArj) =L oi+],0j+1,0k

i(CAz)(k +i)= LR wi+imRw j+lmR2w k
J2 4 T2 g :
i R car= lmszx
V2 4
. 1, B
i O—EmR o, ®,=0
k: R car= lmszz
V2 4 '
_ R
From Egs. (1) and (2), CAt=m| v, —E(wx +,)

o, =220 2w, +0,) 30,+20 =222
R R

o, =222 2w, +w,)  20,+30, =222
' R ' ' R

Solving Egs. (5) and (6) simultaneously,

22w,

,
X Z 5 R

(a)  Velocity of the mass center.

From Eq. (2), v, =——(0, +@,) = _i‘jo

(b)  Impulse at C.

From Eq. (1), cmzm(vo _%go)z_mvo

2

3)

)

&)

(6)

cm:%mvoj |
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PROBLEM 18.31
A square plate of side a and mass m supported by a ball-and-socket
joint at A is rotating about the y axis with a constant angular
velocity @= @, j when an obstruction is suddenly introduced at B
in the xy plane. Assuming the impact at B to be perfectly plastic
- (e =0), determine immediately after impact (a) the angular velocity
) of the plate, (b) the velocity of its mass center G.
SOLUTION
For the x” and y” axes shown, the initial angular velocity @,jhas components W,
A +
T T ’
x 2 0> y 9 0°
Initial angular momentum about the mass center: e
T T o/ 1 2 o/ o/
He) =104 +1,0,j =—ma2£a)0(l +5)
v 12 2
Initial velocity of the mass center: v, =0
Let @ be the angular velocity and v be the velocity of the mass center immediately after impact.
Let (FAt)k be the impulse at B.
Kinematics: Vy = @XTy, = (@A + 0§ + 0K) % (-af)
vy =a(oi’ + oK)
Since the corner B does not rebound, (vz), =0 or @, =0
—_— o/ ’ 1 o/ o/
V=0X15, = (@) + 0k )X(Eaj(—l -i)
1 o . ,
= Ea(a)z,l -0 j+ok)
Al — 1 2 o’ o’ 2 k/
SO, Iy XMy —Zma (o 0 +oyj +20/K)
d H _ o’ o’ ¥ kr _ 1 2 o’ 1 2 kr
an ¢ =lyor+1,0,5+1 0, —Ema W] +gma w,
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Principle of impulse-momentum.

Moments about A:

Resolve into components.

(a)

(b)

,.

PROBLEM 18.31 (Continued)

o/
(H,), +(—aj)x (FANDk =H,,

Hg)g +rg 4 xmvy —(aFAi =Hg +rg, Xmv

1 2 1 2
—A/2 —aF(At)=—— .,
2 ma” @, — aF (At) 4ma X

1 2 1 2 1 2
—/2 =— w, +— .,
A ma” @, B ma" o, 4ma 3

0 =%maza)z' +%maza)z» @, =0

2 o, 1 2 ..
(’JZ%Q’OJ =§\/§(00§(_]—1)

wzéa)o(—iﬂ) |

v=0.0884ak 4
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PROBLEM 18.32

Determine the impulse exerted on the plate of Problem 18.31 during
the impact by (a) the obstruction at B, (b) the support at A.

PROBLEM 18.31 A square plate of side a and mass m supported
by a ball-and-socket joint at A is rotating about the y axis with a
constant angular velocity @ = w,j when an obstruction is suddenly
introduced at B in the xy plane. Assuming the impact at B to be
perfectly plastic (e =0), determine immediately after impact (a) the
angular velocity of the plate, (b) the velocity of its mass center G.

SOLUTION
For the simpler x” and y” axes, the initial angular velocity @,j has components A Do .
3 +
0, =2 0, =32
X 2 a)O’ y 2 ’

Initial angular momentum about the mass center:
T /T o/ 1 2 o/ o/
Hg)y =T,04" +1,0,j =Ema2§a)0 i’ +j)

Initial velocity of the mass center: v, =0

Let @ be the angular velocity and v be the velocity of the mass center immediately after impact.
Let (FAt)k be the impulse at B.

Kinematics: Vg = OXTy, = (@A + 0§+ 0K)x (=af)
vy =a(w A"+ ok
Since the corner B does not rebound, (vz) =0 or @, =0
_ o/ ’ 1 o/ o/
V=0X15, = (@) +0/K)X Ea “H-j)
_1 s . ,
= Ea(a)ﬂ - j+ a)yk )
— 1 2 o’ o ’
Also, Yo XMy = Zma (o 0 +o,j+ 2w.K)

s o T ’
and H;=loi+1,0/5+1 0k

1 , 01 ,
= Emaza)y'j + —maza)z'k
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PROBLEM 18.32 (Continued)

Principle of impulse-momentum.

Moments about A: (H,)o + (—aj)x(FAnk =H ,
(Hg)g +Tgu Xmvy +aF A’ =H, +r1g, Xxmv
Resolve into components.

o/

1 2 L,
i: —~2ma —aF(At)y=——ma"w,, 1
Sy V2md ey —aF (8=~ ma’w, (1)

o 1 \/_ 2 1 2 1 2 1
. —A/2ma =—ma‘w,+—ma-w, O, =—\/§
! 24 % 12 Y4 4 78 %

k" 0= émazwz» + %mazwz, o, =0
1 1 7
(@) FromEg. (1), FAt =—2maa, + —\2mawy, = —\2maw,
24 32 96
(FAtk =0.1031mack <
v=Ltaok =L 2amk’
27 16 “
Linear momentum: mv, + AAt + FAk = mv

0+ AA + 97—6\/§maa)0k' = %\/Emaa)ok'

(b) AAr = —9—16ﬁmacoo AAr =-0.01473mamk 4
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PROBLEM 18.33

The coordinate axes shown represent the principal centroidal axes of inertia of a 3000-1b space probe whose radii
of gyration are k, =1.375ft, k, =1.425ft, and k, =1.250 ft. The probe has no angular velocity when a 5-oz
meteorite strikes one of its solar panels at Point A with a velocity v, = (2400 ft/s)i — (3000 ft/s)j+ (3200 ft/s)k
relative to the probe. Knowing that the meteorite emerges on the other side of the panel with no change in the
direction of its velocity, but with a speed reduced by 20 percent, determine the final angular velocity of the
probe.

0.75 ft

SOLUTION

Masses: Space probe:  m’ = 33(;—02 =93.17 Ib-s/ft

Meteorite: M= — =0.009705b-s*/ft
(16)(32.2)
Point of impact: r, = ft)i+(0.75fH)k

Initial linear momentum of the meteorite, (Ib-s):
mv, =(0.009705)(2400i +3000j + 3200k ) =23.292i —29.115j+ 31.056k
Its moment about the origin, (Ib-ft-s):
i j k
r,xmvy=| 9 0 0.75 | =21.836i —262.04j— 262.04k
23.292 -29.115 31.056
Final linear momentum of meteorite and its moment about the origin, (Ib-s) and (Ib-s-ft):

0.8mv, =18.634i —23.292j + 24.845k

r, X (0.8mv,) =17.4691 —209.63j—209.63k
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PROBLEM 18.33 (Continued)

Let H, be the angular momentum of the probe and m’ be its mass. Conservation of angular momentum
about the origin for a system of particles consisting of the probe plus the meteorite:

r,xmvy=H, +r,x(0.8mv,)

H,=(43671b-s-ft)i—(52.411b-s-ft)j—(52.411b-s-ft)k

H .

Ixa)x = (HA)x a)x = ( ,A )ZX = 4 367 ) :002479 rad/s
mk; (93.17)(1.375)
H _

Lo, :(HA)y y = ( »A)zy = 3241 5 =—0.2770 rad/s
m ky (93.17)(1.425)

Iza)z = (HA)v w, = (HA)Z = —52.41 =—0.3600 rad/s

mk?  (93.17)(1.250)°

®=(0.0248 rad/s)i — (0.277 rad/s)j— (0.360 rad/s)k <«
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PROBLEM 18.34

The coordinate axes shown represent the principal centroidal axes of inertia of a 3000-1b space probe whose
radii of gyration are k, =1.375ft, k, =1.425ft, and k, =1.250 ft. The probe has no angular velocity when a
5-oz meteorite strikes one of its solar panels at Point A and emerges on the other side of the panel with no
change in the direction of its velocity, but with a speed reduced by 25 percent. Knowing that the final angular
velocity of the probe is @=(0.05 rad/s)i—(0.12 rad/s)j+ @k and that the x component of the resulting
change in the velocity of the mass center of the probe is —0.675 in./s, determine (a) the component @, of the
final angular velocity of the probe, (b) the relative velocity v, with which the meteorite strikes the panel.

SOLUTION
Masses: Space probe:  m’ = 3000 =93.17 Ib-s*/ft
32.2
Meteorite: m=————=0.009705 b - s*/ft
(16)(32.2)
Point of impact: r, =(9 ft)i+(0.75 ft)k

Initial linear momentum of the meteorite, (Ib-s):
mv, =(0.009705)(v,i+v,j+v.K)

Its moment about the origin, (Ib-ft-s):

i j Kk
(H,), =1, xmv, =0.009705/9 0 0.75
Ve vy v,

=0.009705[-0.75v,i + (0.75v, —=9v_)j+9v K]
Final linear momentum of the meteorite, (Ib-s):
0.75mv, =0.007279(v,i+v j+vK)
Its moment about the origin, (Ib-ft-s):

r, X (0.75mv,) = 0.007279[0.75v i + (0.75v, —9v,)j+9v K]
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PROBLEM 18.34 (Continued)

’_ 7’

Initial linear momentum of the space probe, (Ib-s): mvy=0

Final linear momentum of the space probe, (Ib-s):

0.675

m'(v;i+v;j+v;k)=93.l7(— i+v;j+v;k)

Final angular momentum of space probe, (Ib-ft-s):
H, =m'(Koj+koj+kok)
=93.17[(1.375)*(0.05)i + (1.425)* (-0.12)j + (1.250)* @ k]
=8.8075i —22.703j+145.58w k

Conservation of linear momentum of the probe plus the meteorite, (Ib-s):

0.009705(v,i + v, +v.k) = 0.007279(v,i +v,j+v.k) +93.17(-0.05625i + v} j + k)
i 0.002426v, =-5.2408 v, ==2160 fi/s
i 0.002426v, =93.17v,

ki 0.002426v, =93.17V/

Conservation of angular momentum about the origin, (Ib-ft-s):

(0.009705)[-0.75v,i+ (0.75v, =9v,)j+9v K]

=(0.007279)[-0.75v,i+(0.75v, = 9v,)j+ 9v k]+8.8075i — 22.703j +145.58w,k

i ~0.0018195v, = 8.8075 v, = 4840.5 ft/s

i —0.021834v_+0.0018195v, =—22.703  v_ =0.08333v, +1039.8 =859.8 ft/s

k: ~0.021834v, =145.580,
(@) ®, =-149.98x10™°v, ®, =—0.726 rad/s 4
(b) Vo = —(2160 ft/s)i — (4840 ft/s)j + (860 ft/s)k <«
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PROBLEM 18.35

A 2500-kg probe in orbit about the moon is 2.4 m high and has
octagonal bases of sides 1.2 m. The coordinate axes shown are the
principal centroidal axes of inertia of the probe, and its radii of gyration
are k, =0.98m, k, =1.06 m, and k, =1.02 m. The probe is equipped
with a main 500-N thruster E and with four 20-N thrusters A, B, C, and
D which can expel fuel in the positive y direction. The probe has an
angular velocity ® = (0.040 rad/s)i + (0.060 rad/s)k when two of the
20-N thrusters are used to reduce the angular velocity to zero.
Determine (a) which of the thrusters should be used, (b) the operating
time of each of these thrusters, (c) for how long the main thruster E
should be activated if the velocity of the mass center of the probe is to
remain unchanged.

SOLUTION
H; =L oi+],0j+ok=m(loi+koj+iCok)
= (2500)[(0.98)%(0.040)i + (1.06) (0)j + (1.02)*(0.060)k |

=(96.04 kg - m?/s)i + (156.06 kg - m?/s)k

Let —Aj, —Bj, —Cj, and —Dj be the impulses provided by the 20 N thrusters at A, B, C, and D, respectively.
Let Ej be that provided by the 500 N main thruster.

Position vectors for intersections of the lines of action of the thruster impulses with the xz plane:

a=%(1.2)=0.6 m, b=0.6+0.6v2 =1.4485 m D c T
r, =—ai+bk, ry =ai+bk b
I, =ai-bk, r, =—ai—bk z ‘{*
The final linear and angular momenta are zero. b
Principle of impulse-momentum. Moments about G: A — 8___]/
H; +r, X(=Aj) + 15 X (=Bj) + 1. X (=C)) + 1/, X (=Dj) =0 z
H; +b(A+B-C-D)i+a(A-B-C+D)k=0
Resolve into components.
i: A+B—C—D:—(HG)":—96'04 =-66.30 N-s (1)
b 1.4485
k: A—B—C+D=—(H5)Z=—1506£6=—260.1N-s 2)

Of A, B, C, and D, two must be zero or positive, the other two zero.
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PROBLEM 18.35 (Continued)

Set A=0and B— D = N. Solve the simultaneous equations (1) and (2).
Set D=0 and B=969 N-s

C=1632N"-s and N =96.9.
(a)

(b)

(¢)  Linear momentum:

Fo(At.)=C,

Fy(Aty)=B,
Ej- Bj-Cj=0,

F,(Aty)=E

pr = C 1632
F. 20
AtB zﬁzﬁ
F, 20
E=302911b-s
ar, = E 2601
F, 500

Use thrusters C and B. 4

At =8.16s 4
Aty =4.84s 4
Ar, =0520s <
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PROBLEM 18.36

Solve Problem 18.35, assuming that the angular velocity of the probe
is ®=(0.060 rad/s)i — (0.040 rad/s)k.

PROBLEM 18.35 A 2500-kg probe in orbit about the moon is 2.4 m
high and has octagonal bases of sides 1.2 m. The coordinate axes
shown are the principal centroidal axes of inertia of the probe, and its
radii of gyration are k, =0.98m, k, =1.06m, and k, =1.02m. The
probe is equipped with a main 500-N thruster £ and with four 20-N
thrusters A, B, C, and D which can expel fuel in the positive y direction.
The probe has an angular velocity ®=(0.040 rad/s)i + (0.060 rad/s)k
when two of the 20-N thrusters are used to reduce the angular velocity
to zero. Determine (a) which of the thrusters should be used, (b) the
operating time of each of these thrusters, (c¢) for how long the main
thruster E should be activated if the velocity of the mass center of the
probe is to remain unchanged.

SOLUTION
H;=lLoi+],0j+1,0k
= m(kfa)xi +k @+ kS ok)
= (2500)[(0.98)*(0.060) + (1.06)*(0) + (1.02)* (=0.040)k ]
= (144.06 kg - m*/s)i — (104.04 kg - m*/s)k

Let —Aj, — Bj, —Cj, and —Dj be the impulses provided by the 20 N thrusters at A, B, C, and D,
respectively. Let Ej be that provided by the 500 N main thruster.

Position vectors for intersections of the lines of action of the thruster impulses with the xz plane:

a=%(1.2)=0.6 m,  b=06+0.6J2=14485m D ©
r, =—ai+bk, ry =ai+bk ‘——lll—
r. =ai— bk, r, =—ai—bk G .
The final linear and angular momenta are zero. —j
Principle of impulse-momentum. Moments about G: A kaka A ®
4

H; +r, X(=Aj) + 15 X (=Bj) + 1. X (=C)) + 1, X (=Dj) =0

H; +b(A+B-C-D)i+a(A-B-C+D)k=0
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PROBLEM 18.36 (Continued)

Resolve into components.

i: A+B—C—D=—(HG)"=—144‘06=—99.455N-s (1)
b 1.4485

(Hg), _ 10404
a

k: A-B-C+D=

=1734 N s )

Of A, B, C, and D, two must be zero or positive, the other two zero.

Set B=0and A—-C = N. Solve the simultaneous equations (1) and (2).
D =136.43N-s and N =36.97 N-s. Set C=0 and A=36.97 N-s

(a) Use thrusters D and A. 4
D 1364
(b) F,(Atp)=D,  At,=—= 3643 At, =6.82s 4
F, 20
A 3697
F,(At,)=A, Aty =—="T"o"/ At, =1.848 s 4
A(Al) A F, 20 4
(¢) Linear momentum: Ej—Dj—Aj=0 E=1734N-s
E 1734
F.(Atp)=E Aty =—=—— At =0347 s 4
r(Ac) I T £
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PROBLEM 18.37
Denoting, respectively, by ®, H,,, and 7 the angular velocity, the angular momentum, and the kinetic energy
of a rigid body with a fixed Point O, (a) prove that H, -@=2T; (b) show that the angle & between @ and
H, will always be acute.
SOLUTION
(a) H)=(,0,-1,,0,-1, 0)i+(-1,0 +],0 -1, 0)j+(-1 0 -1, 0 +]0)k
0=0it+oj+aok
Hy-0=10;-1,0,0 -1.0.0 -1,00+],0, -1 0.0
_Ixzwxwz - Iyzwywz + 1,0)72
1 2 2 2
= (2)(5)(1Xa)x +1l,o,+1,0; 21,00, -2, 00 - leza)xa)z)
=2T
(b) H, -w=H,wcos 8
2T = Hywcos @
cosf= 27
Hyw
But T>0, H,>0, w>0
cosd>0 6 <90°
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PROBLEM 18.38

Show that the kinetic energy of a rigid body with a fixed Point O can be
expressed as T =%10La)2, where @ is the instantaneous angular velocity of
the body and I, is its moment of inertia about the line of action OL of w.
Derive this expression (a) from Egs. (9.46) and (18.19), (b) by considering T as
the sum of the kinetic energies of particles P, describing circles of radius p;
about line OL.

SOLUTION

(a)

Let

1 2 2 2
T= E(Ixa)x +10, +1,0; -21, 0.0 -2, 00, - 2lxzwxa)z)
@, =wcosb, = A,
o, = wcos b, = WA,

@, =wcosb, = A,

(b)  Each particle of mass (Am), describes a circle of radius p,.

The speed of the particle is v, = p,®.

Its kinetic energy is

The kinetic energy of the entire body is

but

Hence,

1 2 2 2 2
T= E(Ixﬂ,x 1A+ LAD =20 A A, =20 A4 =20 A )@
1 1
ZEIOLC"Z T=510L(02 |
1 21 )
(AT), =—=(Am;)v; =—(Am,) p; @
2 2
T =(AT), = Xam)po?
Loy =2(Am;)p}
1 >
T = EIOLQ) 4
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PROBLEM 18.39

Determine the kinetic energy of the disk of Problem 18.1.

PROBLEM 18.1 A thin, homogeneous disk of mass m and radius r
spins at the constant rate @, about an axle held by a fork-ended vertical
rod, which rotates at the constant rate @,. Determine the angular
momentum H of the disk about its mass center G.

SOLUTION
Angular velocity: 0=n,j+ok
N - 1 5 - 1 5 - 1
Moments of inertia: I =—mr", I, =—mr-, I, =—mr
4 Y4 2
Products of inertia: by symmetry, Txy = T},Z = sz =0
o 1= - -
Kinetic energy: T= E(Ixa)f + Iya)2 + Iza)z)
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y PROBLEM 18.40

Determine the kinetic energy of the plate of Problem 18.2.

PROBLEM 18.2 A thin rectangular plate of weight 15 Ib rotates
about its vertical diagonal AB with an angular velocity @. Knowing
that the z axis is perpendicular to the plate and that @ is constant
and equal to 5 rad/s, determine the angular momentum of the plate
about its mass center G.

SOLUTION

h=©in)’ +(12in)* =15n.

Resolving @ along the principal axes x’, ¥, z:

;= %a) =0.8(5rad/s) =4 rad/s

N =%a)= 0.6(5 rad/s) =3 rad/s

w, =0

Moments of inertia:

Ix,zi 1S9 4 =0.021836 slug - ft*
120322 {12

2
[, = [1BI012 =0.038820 slug - ft*
Y o12(322 a2

From Egs. (18.20):
- _ _
7= (L) + 1,0} + 0%

= %[(0.021836)(4)2 +(0.038820)(3)> +0]

T =0.34938ft-1Ib
T =0.349ft-1b <
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y PROBLEM 18.41

Determine the kinetic energy of the assembly of Problem 18.3.

PROBLEM 18.3 Two uniform rods AB and CE, each of
weight 3 Ib and length 2 ft, are welded to each other at their
midpoints. Knowing that this assembly has an angular velocity
of constant magnitude @ = 12 rad/s, determine the magnitude
and direction of the angular momentum Hj, of the assembly
about D.

SOLUTION

m = w_3 . 0.093168 Ib-s?/ft, [ =24in. = 2 ft,
g 322

o = (12 rad/s)i

Forrod ADB, T = %Ixa)2 = 0, since [, = 0.

For rod CDE, use principal axes x, y" as shown.
9
cosf = —, 0 =41.410°
12

. = wcosf = 9 rad/s’

o, = wsin@ = 7.93725 rad/s®

W, = 0
I, =0

I, = imﬂ = i(o 093168)(2)*
Y12 12

= 0.0310559 1b-s2 -t

T = lmvz +17x,a)2, +17,a)2, +17,a)2,
2 2 e TSy T

=0+0+ %(0.0310559)(7.93725)2 +0

= 0.97826 ft-1b T =0.978 ft-1b 4

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2022

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

PROBLEM 18.42

Determine the kinetic energy of the disk of Problem 18.4.

PROBLEM 184 A homogeneous disk of weight W =61b
rotates at the constant rate @, =16 rad/s with respect to arm
ABC, which is welded to a shaft DCE rotating at the constant
rate @, =8 rad/s. Determine the angular momentum H, of the
disk about its center A.

SOLUTION

m =E=L=O.1863 1b-s?/ft
g 322
o =a,i+®j= (8 rad/s)i+ (16 rad/s)j

For axes x’, y, 7’ parallel to x, y, z with origin at A,

-1 1 8 Y
[, =—mr*=—(0.1863)| — | =0.0207 Ib-s*-ft
4 4 12

I.=T,=002071b-s>-ft, I,=1,+1,=004141b-s>-ft

Point A is the mass center of the disk.
Iy =Qin)i—(9in)k = (0.75 ft)i — (0.75 ft)k
V=v, =wixr, =8ix(0.75j-0.75k)

= (6 ft/s)j+ (6 ft/s)k
V =4/(6)* +(6)* =8.4853 ft/s
Kinetic energy: T= Emv + Elx'a)x + Ely»a)y + Elz'a)z

T = %(0.1863)(8.4853)2 +%(0.0207)(8)2 +%(0.0414)(16)2 +0

=6.7068 +0.6624 +5.2992 =12.6684 ft - Ib T=12.67ft-1b 4
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Y PROBLEM 18.43

450 mm

Determine the kinetic energy of the disk of Problem 18.5.

PROBLEM 18.5 A thin disk of mass m=4kg rotates at the
constant rate @, =15rad/s with respect to arm ABC, which itself
rotates at the constant rate @ =5 rad/s about the y axis. Determine
the angular momentum of the disk about its center C.

SOLUTION

r =150 mm 0:(5%

Angular velocity of disk:

0 =aj+ ok z'
=(Srad/s)j+ (15 rad/s)k

Centroidal moments of inertia: Dirs
- - 1 / ) &
I.=1y =—mr® 2

4

= %(4)(0.150 m)* =0.0225 kg - m*

T =L =0.045 kg - m?

=3

Location of mass center. re, = (0.450 m)i +(0.225 m)j

Velocity of mass center. V=0, Xry, =5jx(0.451 + 0.225j)
=—-(2.25m/s)k

Kinetic energy: T= %mvz + %waf + 3 I

2 1- 2
vy +51ZwZ

1

:5(4)(2.25)2 +0+ !

2
=10.125 +0+0.28125+5.0625 T=1547] 4

(0.0225)(5)* +%(0.0450)(15)2
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PROBLEM 18.44

Determine the kinetic energy of the solid parallelepiped of Problem 18.6.

PROBLEM 18.6 A solid rectangular parallelepiped of mass m has a
square base of side a and a length 2a. Knowing that it rotates at the
constant rate @ about its diagonal AC” and that its rotation is observed
from A as counterclockwise, determine (a) the magnitude of the angular
momentum H of the parallelepiped about its mass center G, (b) the
angle that H,; forms with the diagonal AC’.

SOLUTION

Body diagonal: d=+a*+(a)* +a* =~J6a

10} 10 2w 10
O=—(—ai+2aj—ak)=——i+—=j—-—=Kk
d Js

% s

1 2, 2 5 2
I.=—m[Qa) " +a"]=—ma
T [(2a) ] T
I,=im[a2+a2]=lma2

N ) 6
2

1
I =Em[a2 +(2a)2]=%ma

Axis of rotation passes through the mass center, hence v =0.

2
za)z

2 2 2
2012 J6) 2.6 Je ) 2012 J6 8

T =0.1250 ma*w* 4

— 1 _, 1 1 1
Kinetic energy: T==—mv> +—Ixa)f +—Iya)}2, +—1
2 2 2 2
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PROBLEM 18.45

Determine the kinetic energy of the hollow parallelepiped of Problem 18.7.

PROBLEM 18.7 Solve Problem 18.6, assuming that the solid rectangular
parallelepiped has been replaced by a hollow one consisting of six thin
metal plates welded together.

SOLUTION

Body diagonal: d=+la* +2a)* +a* = J6a

0] w 20 w
0=—(—ai+2aj—ak)=——i+—=j——F=k
d J6 6 6

Total area = 2(a” + 2a”* + 2a*) =104”

For each square plate, m' = %m
I, —im'a2 +m'a® =—=m'a* =£ma2
12 2 120
I, = lm'a2 = Lma2
6 60
I.=1 = £ma2
120
, 1
For each plate parallel to the yz plane, m = gm
I.=—m'd* +(a)*]= im'a2 = ima2
12 12
2
I =im'a2 +m’| £ =lm'a2 =ima2
) 2 3 15
2
I, =—m'(2a)" +m’ ay_T ‘a* =lma2
' 12 60
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PROBLEM 18.45 (Continued)

For each plate parallel to the xy plane, m = gm
2
I, =im'(2(1)2 +m’ L ‘a® =lma2
12 2 12 60
aY 1
I =—m'a* +m'(5j =§ ‘a* =—ma*

1 ) 2 5 ’ 2 1 2
I.=—ma" +QRa) ]=—m'a” =—ma
T [ (2a)7] 0

Total moments of inertia:

I, 2£+i+l mazzﬂma2
120 12 60 60

~
I
[\®]

11 1) 5 3

—+—+—|ma” =—ma
y 60 15 15 10
L=2f B 7 L =3

120 60 12 60

Axis of rotation passes through the mass center, hence v =0.

Kinetic energy:

1, 1 1 1
T=—mv’+—10; +—1,0; +—1.0
2 2 2

772

2 2 2
T=0+l(3—7ma2] “ +l(ima2) 20 +l(3—7ma2j “ =7—3 ma* @
2160 Je ) 2010 Jo ) 2060 J6 360

T =0.203 ma’w’ 4
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! PROBLEM 18.46

Determine the kinetic energy of the disk of Problem 18.8.

PROBLEM 18.8 A homogeneous disk of mass m and radius r is mounted
on the vertical shaft AB. The normal to the disk at G forms an angle
B =25°with the shaft. Knowing that the shaft has a constant angular
velocity o, determine the angle 8 formed by the shaft AB and the angular
momentum Hg of the disk about its mass center G.

SOLUTION

Use the principal centroidal axes Gx'y’z.

Moments of inertia. BI
e |
IX»=IZ=—mr @ B ”,
T 2
1 y =Zmr G
”
Angular velocities. 2 a~x
w,=—-osinf ~’

o, = wcos

w, =0
Kinetic energy: T =Emv +51x'a)x' +51 v @y +51 ox
=0 +l lmrz(—a)sin,B)2 +l lmrz(a)cosﬂ)2 +0
2 4 22
=émr2(oz(sin2 B+2cos” )
=%mr2w2 (sin® 25° + 2 cos® 25°)

T=0228mr’e’ 4
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PROBLEM 18.47

Determine the kinetic energy of the shaft of Problem 18.15.

PROBLEM 18.15 A 5-kg rod of uniform cross section is used
to form the shaft shown. Knowing that the shaft rotates with a
constant angular velocity e of magnitude 12 rad/s, determine
(a) the angular momentum H, of the shaft about its mass
center G, (b) the angle formed by H; and the axis AB.

@ = (12 rad/s)i, o, =0, =0

'y Z
1= 5 1. 5 1.5
» T = Elxwx + Elya)y + Elzwz -loo -1, 00 -1.00,
1. 5
= Elxa)
The shaft is comprised of eight sections, each of length

a = 0.25m and of mass m’ = % = 0.625 kg.
- 1 ) ’7 2 10 ’7 2 10 2 2
I.=#) gma + 2)(ma”) = ?ma = ?(0.625)(0.25) = 0.130208 kg-m

T = %(0.130208)(12)2 =938kg-m*s?> =9.38 N-m = 9.38J

T =938] 4
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J PROBLEM 18.48

Determine the kinetic energy of the body of Problem 18.17.

PROBLEM 18.17 Two L-shaped arms, each weighing 4 1b, are
welded at the third points of the 2-ft shaft AB. Knowing that
shaft AB rotates at the constant rate @=240 rpm, determine
(a) the angular momentum of the body about A, (b) the angle
formed by the angular momentum and shaft AB.

SOLUTION

W=41b m =i =0.124221b - s*/ft
322

a=281in.=0.66667 ft
o= (27)(240)
60

For rotation about the fixed Point B, the kinetic energy is

=8rrad/s, w, =0, 0, = 0, o, =8mrad/s

1
w0, =1 o’

LIPS S S R
Tzalxa)x +51ya)y+511a)z—1 o0, -1 00 -1, 00, L

Xy XNy

Calculation of I.: ~ Segments 1, 2, 3, and 4, each of mass m"=0.062111b- s2/ft contribute to

A
LA
2 4
) 10 a2
3
— 1(10 ,,) » 1(10 ) 2
Kinetic energy: T:E ?ma @ =5 3 (0.06211)(0.66667)” (8x) T=29.11t-1b 4
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Y PROBLEM 18.49
120 mm

Determine the kinetic energy of the triangular plate of Problem 18.19.

\T\U PROBLEM 18.19 The triangular plate shown has a mass of 7.5 kg and is
welded to a vertical shaft AB. Knowing that the plate rotates at the constant rate
@ =12 rad/s, determine its angular momentum about (a) Point C, (b) Point A.

(Hint: To solve part b find v and use the property indicated in part a of
Problem 18.13.)

90 mm

SOLUTION
o=(12radk)j, ® =0, o,=12rads, @ =0
Kinetic energy: T ZEwax +Elya)y +Elza)z -l o0 -1, 00 -1,00,
|
=51ya)
For the plate: b=AB=90+160=250 mm =0.25 m
h=CD=120mm=0.12 m
Area: A=%bh=15><10‘3 m’
(1, s =~ bh* =36x107 m
12
m=15kg
m (7.5)(36x107%) 4 5
I )e =— )y == =18x10" kg-m
yomass g Y 15%x107° &
T=%(18><10’3)(12)2=1.296J T=12917] 4
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PROBLEM 18.50

Determine the kinetic energy imparted to the cube of Problem 18.21.

PROBLEM 18.21 One of the sculptures displayed on a university
campus consists of a hollow cube made of six aluminum sheets, each
1.5x1.5m, welded together and reinforced with internal braces of
negligible weight. The cube is mounted on a fixed base at A and can
rotate freely about its vertical diagonal AB. As she passes by this
display on the way to a class in mechanics, an engineering student
grabs corner C of the cube and pushes it for 1.2 s in a direction
perpendicular to the plane ABC with an average force of 50 N.
Having observed that it takes 5 s for the cube to complete one full
revolution, she flips out her calculator and proceeds to determine the
mass of the cube. What is the result of her calculation? (Hint: The
perpendicular distance from the diagonal joining two vertices of a cube
to any of its other six vertices can be obtained by multiplying the side
of the cube by \/ﬁ )

SOLUTION

Let m = %m be the mass of one side of the cube. Choose x, y, and z axes perpendicular to the face of the cube.

Let a be the side of the cube. For a side perpendicular to the x axis, (/,), = %m'az.

For a side perpendicular to the y or z axis, (1), = [% + %) m'a® = %m'a2

Total moment of inertia: 1.=2(1,),+4,), = %m'a2 = %ma2
By symmetry, I, =1, and I, =1,.

Since all three moments of inertia are equal, the ellipsoid of inertia is a sphere. All centroidal axes are
principal axes.
S5 2

Moment of inertia about the vertical axis: I, = Ema

Let b= %a be the moment arm of the impulse applied to the corner.

Using the impulse-momentum principle and taking moments about the vertical axis,

bF(At)=H, =Iva)=%maza) (1)
2
Data: a=1.5m, b=\/;(1.5)=1.22474m
2

w=?=1.25664rad/s, F=50N, Ar=12s.
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PROBLEM 18.50 (Continued)
Solving Equation (1) for m,
" :ﬁbFiAt) _ 18 (1.224274)(50)(1.2) ~93.563 ke
5 dw 5 (1.5)°(1.25664)
m=93.6kg
s R T R D R
For principal axes, T —Elxa)x +51ya)y +511a)z
Tzllva)2 -1 ima2 o’
2 2118
= %%(93.563)(1.5)2(1.2566)2 T=462] 4
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Determine the kinetic energy lost when edge C of the plate of Problem 18.29

PROBLEM 18.51
hits the obstruction.
SOLUTION
For principal moments of inertia, the kinetic energy is
r=1
2
Before impact: V=V,
o =0,=0,=0
T, = lmvo2
After impact:
From Problem 18.30, v,=v,=0
_ 4_
Vy :—g )
V= iV
50
From Problem 18.29, 0 =w,= &v—o
' 5 R
o, =0
I,=T.=mk’
4
2
T= lm ivo + 1
2 \5 2
= 1116 + 2 +0+
2125 25
1 o, 2
Energy loss: I,-T= Emv0 - gmv0

1= 1— -
mv:+—1 @ +—1.0° +—1.a&°
2 x*x ) vy 9 7277z

2 N2

1o (22 ) o (1), 2 (227

4 5 R 2 )\ 4 5 R
2 b 2 5
— MV, =—my,
25} 050

| G

TO—T—BW[VO
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PROBLEM 18.52

Determine the kinetic energy lost when the plate of Problem 18.31
hits the obstruction at B.

SOLUTION

For the x” and y” axes shown, the initial angular velocity @,j has components

V2 2

., =—— , W, =—— w
x 2 % y 2 a)O . ~O0 \
- SO *
Initial angular momentum about the mass center:
Hy)y =1 04 +1 0§
B
= ima2 ﬁ i+j)
12 2 “ !

Initial velocity of the mass center: v, =0

Let @ be the angular velocity and v be the velocity of the mass center immediately after impact.
Let (FAt)k be the impulse at B.

. . Vg = 0XTy, = (@A + 0, + 0K)x (=af)
Kinematics: ., ,
vy =a(w i + oK)

Since the corner B does not rebound,  (vz), =0 or @, =0
— o/ ’ 1 o/ o/
V=0XIg, = (@, +0/k’)x Ea -1"=j)

1 o/ . ’
= Ea(a)z,l - j+ a)yk )
1 — 1 2 o’ o’ ’
Also, Ty XMV = Zma (o i +oyj+20/K)
and H; =104 +1 0.5 +1 0K

1 2 o’ 1 2 ’
=—ma " w,j +—ma 0.k
12 L 6 ‘
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PROBLEM 18.52 (Continued)

Principle of impulse-momentum.

/

Moments about A: H,)y +(—aj))x(FAHk=H,

Hg)g +rg4 xmvy —(aFAi=Hg +rg, Xmv
Resolve into components.

o/

1L 5 2 LI
i" —~2ma @, —aF(At)=——ma o,
24 “ (41 4 !
E i\IZmaZwO=ima2a),+lmaza), 0y =—a,
- 24 12 ! oo

Kk’ Ozlmaza)zr+lmaza)z/ @, =0
6 2

V2o 1 N2
"32?0)0,1 =§\/EWOT(J—1)
2

1 ’
vVv=—aw k' =—aank
2 7 16 “

L ) R RS E SR S-S e
Kinetic energy: T= Emv + Elxa)x» + 3 1,0y + 3 IO
Before impact: v, =0, a)xlzgwo, a)y,zgwo, w,=0
2
To:().,.l ima2 ﬁ _,_l 1 a? _ﬁ +0=—ma’w;
12 2 212
After impact: V= l—éaa)o, w, =0, o, = %a’o’ W, =
1 (2 Y 11 2 Y 1
T,=—m|—a +0+—| —ma® || — +0=—ma’a)}
b2 (16 %J 2(12 )(8 %J 192"
L 7 2 2
Kinetic energy lost. T,-T,=——ma @, 4

192
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PROBLEM 18.53

Determine the kinetic energy of the space probe of Problem 18.33 in its motion about its mass center after its
collision with the meteorite.

SOLUTION

Masses: Space probe:  m’ = % =93.17 Ib-s*/ft

Meteorite: m= S 0.009705 1b - s*/ft
(16)(32.2)
Point of impact: r, = ft)i+(0.75 f)k

Initial linear momentum of the meteorite, (Ib-s):
mv, =(0.009705)(2400i +3000j + 3200k ) =23.292i —29.115j+ 31.056k
Its moment about the origin, (Ib-ft-s):
i j k
r,xmvy=| 9 0 0.75 |=21.836i —262.04j—262.04k
23.292 -29.115 31.056

Final linear momentum of meteorite and its moment about the origin, (Ib-s) and (Ib-s-ft):

0.8mv, =18.634i —23.292j+ 24.845k
r, X(0.8mv,) =17.4691 —209.63j—209.63k
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PROBLEM 18.53 (Continued)

Let H, be the angular momentum of the probe and m’ be its mass. Conservation of angular momentum
about the origin for a system of particles consisting of the probe plus the meteorite:

r,xmvy=H, +r, x(0.8mv)
H,=(43671b-s-ft)i—(52.411b-s-ft)j—(52.411b-s-ft)k

H .
Lo =(H,), w _( IA)ZX _ 4.367 2
m'k;  (93.17)(1.375)

=0.02479 rad/s

X

H _

Lo, :(HA)y o, = ( »A)zy = 2241 5 =-—0.2770 rad/s
m ky (93.17)(1.425)
H -52.

Lo =(H,), o, ). 2241 =-0.3600 rad/s

mk>  (93.17)(1.250)
Kinetic energy of motion of the probe about its mass center:
1= (16 1,00+ 1.07) =2 (K} + Kt + K207

93.17
2

=16.75ft-1b T'=16.75ft-1b 4

[(1.375)%(0.02479)* + (1.425)* (—=0.2770)* + (1.250)* (=0.3600)*]
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PROBLEM 18.54

Determine the kinetic energy of the space probe of Problem 18.34 in its motion about its mass center after its
collision with the meteorite.

SOLUTION
Masses: Space probe:  m’ = 3000 =93.17 Ib - s¥/ft
Meteorite: m=—— —0.009705 Ib-sft
(16)(32.2)
Point of impact: r, = ft)i+(0.75f)k

Initial linear momentum of the meteorite, (Ib-s):
My, = (0.009705)(v,i +v, j+v.K)

Its moment about the origin, (Ib-ft-s):

i j ok
(H,), =1, xmv, =0.009705(9 0 0.75
vX v\' vZ

=0.009705[-0.75v,i+(0.75v, = 9v,)j+9v K]
Final linear momentum of the meteorite, (Ib-s):
0.75mv, = 0.007279(v,i + v, j+v K)
Its moment about the origin, (Ib-ft-s):
r, X(0.75mv,) =0.007279[-0.75v,i+(0.75v, =9v,)j+9v K]

Initial linear momentum of the space probe, (Ib-s): m'vy =0
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PROBLEM 18.54 (Continued)

Final linear momentum of the space probe, (Ib-s):

m'(Vi+ v;J +vk)=93. 17(— 0'16275 i+ V;J + v;k)
Final angular momentum of space probe, (Ib-ft-s):
H, =m/(kjoi+kjwj+klok)
=93.17[(1.375)*(0.05)i + (1.425)* (-0.12)j + (1.250)* & k]
=8.8075i-22.703j+145.58w .k

Conservation of linear momentum of the probe plus the meteorite (Ib-s):
0.009705(v,i+v,j+v k) =0.007279(v,i+ v, j+v k) +93.17(-0.05625i + v;j +vk)
i:  0.002426v, =-5.2408 v, =-2160 ft/s

j: 0.002426v, =93.17v;

k:  0.002426v, =93.17v,
Conservation of angular momentum about the origin (Ib-ft-s):

(0.009705)[-0.75v,i+(0.75v, = 9v,)j+9v k] =(0.007279)[-0.75v,i+(0.75v, =9v_)j+9v K]
+8.8075i —22.703j+145.58w .k

i: —0.0018195v, =8.8075 v, =—4840.5 ft/s

k:  -0.021834v, =145.58a,

w, =—149.98x10°v, @, =-0.726rad/s

Kinetic energy of motion of probe relative to its mass center:
1= (16 1,0+ 1.67) = m(Kar + Kaka?
= %(93.17)[(1.375)2(0.05)2 +(1.425)°(-0.12)* + (1.250)*(-0.726)*]

=399ft-Ib T'=399ft-1b <
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PROBLEM 18.55

Determine the rate of change H,, of the angular momentum H,, of the disk
of Problem 18.1.

PROBLEM 18.1 A thin, homogeneous disk of mass m and radius r spins
at the constant rate @, about an axle held by a fork-ended vertical rod,
which rotates at the constant rate @,. Determine the angular momentum
H,; of the disk about its mass center G.

SOLUTION
Angular velocity: w=nj+auk
S - 1 5 - 1 5 -1 ,
Moments of inertia: I =—mr", Iy =—mr-, I, =—mr
4 4 -2
Products of inertia: by symmetry, Txy = Tyz = sz =0
Angular momentum: =1 oi+ Ty o+ I_Za)zk

H;
1 2 . 1 2
H; =0+| —mr” |@,j+—mr ok
4 2
H —lmr2 '+lmr2 k
! ) > ©

Rate of change of angular momentum. Let the frame of reference Gxyz be rotating with angular velocity

Q=w]j
Then H; =(Hg)g,,. + @xHg

=0+a)2jx(imrza)2j+%mr2wlk]

:%mrza)la)zi HG =%mr2(ola)2i 4
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PROBLEM 18.56

Determine the rate of change H,, of the angular momentum H,, of
the plate of Problem 18.2.

PROBLEM 18.2 A thin rectangular plate of weight 15 Ib rotates
about its vertical diagonal AB with an angular velocity @. Knowing
that the z axis is perpendicular to the plate and that @ is constant and
equal to 5 rad/s, determine the angular momentum of the plate about
its mass center G.

SOLUTION

h=y9in)’ +(12in)* =15in.
Resolving @ along the principal axes x’, ¥, z:

o, = %a)= 0.8(5rad/s) =4 rad/s

y

o, = %a) =0.6(5rad/s) =3 rad/s
w =0

4

Moments of inertia:

2
I, —i[@][ift] —0.021836 slug - ft>

120322 )12

2
I, =L{@]{£ft] =0.038820 slug - ft*
Y o12(322 (12

From Egs. (18.10):

H.,=1,0,=(0.021836)(4) =0.087345 slug ft2/s
Hy,=1,0,=(0.038820)(3) =0.11646 slug ft*/s
H, =1.w =0

H, = (0.087345 slug ft*/s)i’ + (0.11646 slug ft*/s)j’
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PROBLEM 18.56 (Continued)

Components along x and y axes:

HX:EH
5

, —
X

2n
5

%

°y
3 4 H J

=—(0.087345) — —(0.11646

o )= 0.11646) " ypd

=-0.040761

H, :ng' +§Hy'

= %(0.087345) + % (0.11646)
=0.13975
H, = (-0.040761slug - ftZ/s)i +(0.13975 slug - ftz/S)j

where the frame Axyz rotates with the plate with the angular velocity.

Q=0=(5rod/s)j
We have (HG ) axy =0. Substituting into Eq. (18.22):

Hg = (Hg) . + Q@XHg =0+5jx(-0.040761i +0.13975j)
=(0.20380 ft/Ib)k

H,; = (0.204 ft/Ib)k 4
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y PROBLEM 18.57

Determine the rate of change H p of the angular momentum
H, of the assembly of Problem 18.3.

PROBLEM 18.3 Two uniform rods AB and CE, each of weight
3 Ib and length 2 ft, are welded to each other at their midpoints.
Knowing that this assembly has an angular velocity of constant
magnitude @ = 12 rad/s, determine the magnitude and direction
of the angular momentum H), of the assembly about D.

SOLUTION

m =

W 3 _00931681b-s¥t, [ =24in. = 21,
g 322

o = (12 rad/s)i
Forrod ADB, H, =1 wi =0, sincel, = 0.

% For rod CDE, use principal axes x’, y* as shown.

cos@ = i, 6 =41.410°
12

®. = @wcos O = 9 rad/s®

o, = @sin @ = 7.93725 rad/s’

W, = 0

I,=0

[= L= i(o 093168)(2)*
S b)) 12

=0.0310559 Ib-s? - ft

o/ o/ 4
H, =1,0i+ 10/ + 10k

=0+ (0.0310559)(7.93725)§ + 0
= 0.246498j
H, = 0.246498(sin i + cos 8j) = 0.163045i1 + 0.184874j
Let the frame of reference Dxyz be rotating with angular velocity
Q = ® = (12 rad/s)i

Then, Hj, = (Hp)p,. +QxH, =0+wxH,

H, =12ix(0.163045i + 0.184874j) H, = (2.221b-fH)k 4
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PROBLEM 18.58

Determine the rate of change H 4 of the angular momentum H, of
the disk of Problem 18.4.

PROBLEM 18.4 A homogeneous disk of weight W =61b rotates at
the constant rate @, =16 rad/s with respect to arm ABC, which is
welded to a shaft DCE rotating at the constant rate @, = 8 rad/s.
Determine the angular momentum H , of the disk about its center A.

SOLUTION
o =w,i+@j=8rad/s)i+ (16rad/s)j
For axes x’, y’, 7’ parallel to x, y, z with origin at A,

w 6

m=-—=——=0.1863351b-s>/ft
g 322

-1, 1 8 Y 5

I, =~mr’=—(0.186335)| — | =0.020704 Ib-s*-ft
4 4 12

I, =1,=0.0207041b-s>ft

I, =1,+1,=0.0414081b-s>-ft

H, =1,0i+1, oj+1, 0k

0.020704)(8)i + (0.041408)(16) j
0.

(
(0.16561b-s-ft)i+ (0.66251b s - ft)

Let the frame of reference Axyz be rotating with angular velocity
Q= w,i= (8 rad/s)i
Then H, =(H,),,. +QxH, =0+ @,ixH,
H , =8ix(0.1656i +0.6625j) = (5.30 Ib - ft)k H,=(5301b-fk «
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Y PROBLEM 18.59

450 mm

Determine the rate of change H,. of the angular momentum H. of
the disk of Problem 18.5.

PROBLEM 18.5 A thin disk of mass m =4 kg rotates at the constant
rate @, =15rad/s with respect to arm ABC, which itself rotates at the
constant rate @ =5rad/s about the y axis. Determine the angular

X

SOLUTION
r =150 mm

Angular velocity of disk:

o=0j+ank

=(Srad/s)j+ (15 rad/s)k

Centroidal moments of inertia:

T, =T, =~m?

4

=i(4)(0.150 m)? =0.0225kg-m>  *'

I,

= %mr2 =0.045kg - m?

Angular momentum about C.

H. =1 wi+ 7} oy j+1, 0k
=0+ (0.0225)(5)j + (0.045)(15)k
=(0.1125kg- m?/s)j+ (0.6750 kg - m*/s)k

Rate of change of angular momentum. Let the reference frame Oxyz be rotating with angular velocity.

Q =0, =(5rad/s)j

Then H. =(H),,,. +QxH,
=0+5jx(0.1125j+0.6750k)

=(3.3750 N - m)i H. =(338N-m)i <
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y PROBLEM 18.60

Determine the rate of change HG of the angular momentum Hg of
the disk of Problem 18.8.

PROBLEM 18.8 A homogeneous disk of mass m and radius r is
mounted on the vertical shaft AB. The normal to the disk at G forms
an angle £ =25°with the shaft. Knowing that the shaft has a
constant angular velocity @, determine the angle 6 formed by the
shaft AB and the angular momentum Hg of the disk about its mass

center G.
SOLUTION
Use the principal centroidal axes Gx'y’z’,
Moments of inertia. yl
To=T.=mr
4
- 1
Iy =—mr
Angular velocity.
W, =—wsin

Angular momentum about G.

Using Eqgs. (18.10),

H,

X X

I
~
B

1 .
;= —Zmrza) sin

_ 1,
H,=1,0, =Emr wcos f
H. =l.w =0

H; =H i'"+H j+Hk
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PROBLEM 18.60 (Continued)

where ', j’, Kk are the unit vectors along the x’y’z axes.

l . o’ 1 o’
H; = —Zmrza) sin Si +Emr2(o cos fj

’ 77

Rate of change of angular momentum. Let the frame of reference Gx’y’z" be rotating with angular velocity

Q = wj= w(-—sin Bi’ + cos B
Then H; =(Hg)g,,. +QxH,

=0+ w(—sin Bi’ + cos Bj’) X(—imrza) sin Si’ +%mr2w cos ﬂj')
=imr2a)2 cos fsin Sk —%mrza)2 sin Bcos Sk

= —imrza)2 sin fcos Sk

With 8=25°, H, = —imrza)z sin 25°cos 25°k H, =-0.0958mr’ o’k <
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! PROBLEM 18.61

Determine the rate of change H pof the angular momentum Hp of
the assembly of Problem 18.3, assuming that at the instant considered
the assembly has an angular velocity ®=(12rad/s)i and an angular
acceleration & = —(96 rad/s?)i.

SOLUTION

m =K=i=0.093168 Ib-s?/ft?, 1=24in.=2ft, ©=(12 rad/s)i
g 322
Forrod ADB, H,, =1 wi =0, since I, =0.

For rod CDE, use principal axes x, y” as shown.
cos@ =2, 0=41410°
12

@, = wcos O =9 rad/s’
o, = wsin 6 =7.93725 rad/s’
w,=0
o =—(96 rad/s®)i
o, = o cos@=—72 rad/s
o = arsin @ = —63.498 rad/s’

1, =0

o=t = i(0.93168)(2)2 =0.0310559 kg-m?
Y12 12

I,=1I,

H,=l,0i+I1,0j+I 0K
=0+ (0.0310559)(7.93725)j + 0 = (0.24698 1b - s/ft)j’
Let the reference frame Dx’y’z” be rotating with angular velocity
Q=wi=wi +o,§ =9 rad/s)i’ +(7.93725 rad/s)j

H, =(Hp)p,y +QxH,
=lad +1 0§+ 0k +QxH,
=0+ (0.0310559)(—63.498)j+ 0 + (91’ + 7.93725j') x (0.246498j)
=-1.97199j +2.21848k
=—(1.97199 kg - m*/s*)(sin 6i + cos 8j) + (2.21848 kg-m*/s* )k
H, =—(1.304 N-m)i— (1.479 N-m)j+ (222 N-m)k <«
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v PROBLEM 18.62

Determine the rate of change H p of the angular momentum H), of the
assembly of Problem 18.3, assuming that at the instant considered the
assembly has an angular velocity @=(12rad/s)i and an angular
acceleration o = (96 rad/s?)i.

SOLUTION

m=K=i=0.0931681b-52/ft, [=24in.=2ft, ®=(2rad/s)i
g 322

Forrod ADB, H, =1 wi =0, since I, =0.

For rod CDE, use principal axes x’, y’ as shown.
cos@ =2, 0=41.410°
12

@, = @ cos =9 rad/s’
W, = @sin 6 =7.93725 rad/s’
w,=0
o = (96 rad/s*)i
o, =0cosf =72 rad/s
o, = asin @ = 63.498 rad/s’

I,=0

I, Lo :i(o.93168)(2)2 =0.0310559 kg-m*
Y12 12

I,=1I,

H),=l.0i+I1,0jf+1 0k
=0+(0.0310559)(7.93725)j+ 0 = (0.246498 1b-s/ft)j’

Let the reference frame Dx’y’z” be rotating with angular velocity

Q=wi=wi+ a)y'j' =(9 rad/s)i’ + (7.93725 rad/s)j’

H, =(Hp)p, +QxH,
=l.ad +10,§+1 0k +QxH,
=0+(0.310559)(63.498)j+ 0 + (91" +7.93725j) x (0.246498j")
=1.97199j +2.21848k

=(1.97199 kg-m?/s*)(sin 6i + cos 8j) + (2.21848 kg-m?*/s* )k
H,, = (1.304 N-m)i+ (1.479 N-m)j+ (222 N-m)k «
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y PROBLEM 18.63

A thin homogeneous square of mass m and side a is welded to a vertical
shaft AB with which it forms an angle of 45°. Knowing that the shaft

45° rotates with an angular velocity @=®j and an angular acceleration
o = ), determine the rate of change H , of the angular momentum Hy of
the plate assembly.

C
v,

S
i

SOLUTION

Use principal axes y’, z” as shown. ¥ /j/'

o,y = MCcos 45°, @, = wsin45°

W, = w
I =lma2, 1 —ima2 Hs®
3 Y12
5 4
I.=1, +Iy» =—ma
H,=lL,.oi+I,0/§+I 0k i
'Y -
—0+| L ma? (wcos45°)f + S (@sin45°)k’ 1
12 12 K
H, =(%mazj(a)cos45°)(cos45°j—sin45°k) y!
+ ima2 (wsin45°)(sin45°j + cos 45°K)
12 o
ma’w
H, = (3j+2k)
12 '
Angular acceleration. o= aj; d)y' =0cos45°, @, =osind5° A

Let the reference frame Axyz be rotating with angular velocity
Q= wj
With respect to this frame,
(H ) g = Lo + 1,00, § + 100 K
L. o/ [ D 2 )it 450N
=0+ —ma” |(@cosd5°)i +| —ma” |(arsin45°)k
12 12
2

a o
3j+ 2k
1 (i )
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PROBLEM 18.63 (Continued)

With respect to the fixed reference frame,

H, = (HA)AW +QxH,

_ma’a ma’ o

= 3j+2K) + wjx
12(‘1 )+ @j T

(3j+2k)

ma

2
> Qa'i+3aj+20k) 4

H,=
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/ PROBLEM 18.64

Determine the rate of change H,; of the angular momentum H;, of the
disk of Problem 18.8, assuming that at the instant considered the
assembly has an angular velocity ® = @wjand an angular acceleration
o =qj.

PROBLEM 18.8 A homogeneous disk of mass m and radius r is
mounted on the vertical shaft AB. The normal to the disk at G forms
an angle [ =25°with the shaft. Knowing that the shaft has a
constant angular velocity @, determine the angle & formed by the
shaft AB and the angular momentum Hg of the disk about its mass
center G.

SOLUTION

Use the principal centroidal axes Gx'yz’

Moments of inertia. yl
To=T.=mr
I =mr

Angular velocity.

w, =—-osin

®, = wcos f§

w, =0
Angular momentum about G.

Using Eqgs. (18.10),

H.=1,0,= —imrza) sin

Hy=I,0 =L
=l,0, —Emr wcos f

H =10 =0

H;,=H, 1+H A+ Hk
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PROBLEM 18.64 (Continued)

where i, j,k are the unit vectors along the x’, y’, 7" axes.
1 2 . v 1 2 o/
H; = —Zmr w sin Si +Emr wcos fj

Angular acceleration. a=0j @,=-asinp, a')y» =oacosff, @,=0

Rate of change of angular momentum. Let the reference frame Gxyz be rotating with angular velocity

Q = wj=—(wsin /i’ + (wcos B)§
With respect to this frame,

H) gy = Lo A"+ 1 0 + 10K
= (%mrzj(—asinﬂ)i'wL (%mrzj(acosﬂ)j'wLO
1 2 . o’ 1 2 o/
= —Zmr asin Bi +Emr o cos [

= —imrzasinﬂ(icosﬂ — jsin ) +%mr2acosﬂ(isinﬂ+jcosﬂ)

= imrza[i sin Bcos B+ j(2cos? B +sin’B)]

= imrza[i sin 25°c0s 25° + j(2cos? 25°+sin” 25°)]

= mr’e(0.0957556i + 0.45535j)

With respect to the fixed reference frame,
H; =(Hg)g,. +QXxH;  where
QxH; =+(-wsin fi’ + wcos Bj)
X [—lmrza)sin B+ lmrza)cos ,BJ

4 2

= imrza)2 cos fsin Sk —%mrza)2 sin Bcos Sk

= —imrza)2 sin S cos Sk

= —%mrza)z $in 25°¢0s 25°k = —0.095756mr* @’k

Then H, = mr*(0.09580i + 0.455¢j - 0.09580°k) 4
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PROBLEM 18.65

A slender, uniform rod AB of mass m and a vertical shaft CD, each
of length 2b, are welded together at their midpoints G. Knowing
that the shaft rotates at the constant rate @, determine the dynamic

reactions at C and D.
A

[7)

b )

G

\ﬂx
. b
\/ B
D
S
SOLUTION

Using the principal axes Gx'y’z:

o, =-wsinf, w,=wcosf, @ =0

Angular momentum about G. H, =1,
1

H,=—

“ 3

. g . 1

or, since j =isin f+jcosf: H =§

Rate of change of angular momentum.

o7 T o/
WA+ 0§+ 1,0k

mb*w cos B

mb* @ cos B(sin Bi + cos Bj) €))

H; = (Hg)g,, + Q@xH; =0+0xH,

= @WjXx [émbza) cos A(sin Bi + cos ﬁj)}

= —%mbza)2 sin Bcos Sk
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PROBLEM 18.65 (Continued)

Equations of motion.

We equate the systems of external and effective forces
XM, =XMp)y: 20jx(Ci+CKk)= HG

—2bC Kk +2bC,i= —%mbza)z sin Bcos Bk

Thus, C,= %mb(o2 sin Bcos B, C,=0 C= émba)2 sin fcos fi 4

YF=3F;: C+D=0 D:—émba)z sin Bcos Bi 4
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f" PROBLEM 18.66

A thin homogeneous triangular plate of weight 10 pounds is welded to a light

|

/ vertical axle supported by bearings at A and B. Knowing that the plate rotates
T 51 at the constant rate @ =8 rad/s, determine the dynamic reactions at A and B.
24 in.
A

/

|<— 12 in.

SOLUTION

We shall use Egs. (18.1) and (18.28):
SF=ma IM,=(H,),,. +QxH,

Computation of H,:

O = wj

H, =-1,0i+1,0j-1, 0k T i
h
A

The moment of inertia of the triangle is

1 5 1
I, =—>bh, A=—=bh
( y)area 12 2

I, s = 20 ) g = mb? =t =
A 6
The product of inertia of the triangle is
1.2
U area =507
dy="a o
R T A )
Since the z-coordinate is negligible,
(1 imass =0
Thus, H,= —émbha)i + émbza)j. (1)

where the frame of reference Axyz rotates with the plate with the angular velocity

Q=0 =wj
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PROBLEM 18.66 (Continued)

Equations of motion. (Weight is omitted for dynamic reactions.)

Eq. (18.28),

IM, =(H,) . +QxH,.

Since @ = constant, it follows from Eq. (1) that

(HA )Axyz =0
Thus,
2
hjx (B,i+Bk)=0+ wjx[—n;—ghwi L a)j] —hB K +hB.ji
1 2
=+—mbhao'k

12

Equating coefficients of unit vectors: B, = —émbwz, B =0
B=-—mba'i

The dynamic reactions must also satisfy Eq. (18.1):
SF=ma: A+B=-mxa’i= —m(%) '
1 2. 1 2 1 2
A=—mbw'i—| —mbwi|, A=——mbwi
3 12 4

Givendata: W =101b, b=12in.=1ft, h=24in.=2ft, w=8 rad/s

= _i( 1;)2“;5)(1 ft)(8 rad/s)’i A=-(497b)i 4
= _%(%)(1 ft)(8 rad/s)% B =—(1.656 Ib)i <
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PROBLEM 18.67

The assembly shown consists of pieces of sheet aluminum of
uniform thickness and of total weight 2.7 Ib welded to a light
axle supported by bearings at A and B. Knowing that the
assembly rotates at the constant rate @ = 240rpm, determine
the dynamic reactions at A and B.

SOLUTION
2.7 )

Mass of sheet metal: m= E =0.08385 1b-s“/ft

Sheet metal dimension: b=6in.=0.5ft

Area of sheet metal: A= %bz +b* b7+ %bz =3p? =0.75 ft*

Let p= L 0.08385 =0.1118 Ib-s*/ft’ = mass per unit area.
A 0.75

Moments and products of inertia: Loss = Ploea

xy plane (rectangles)

I, L L2
3 3 3
J o 2 .,
I ==pb
=3P
“ ’ \
D v £ b =2(0.1118)(0.5)
A " C b - 3
b =4.658x107 Ib-s> -ft

. EPENEIN SN
fe = )(2”][2”)“[’ )[2”)( 2bj

=—lb4
2

1, 1 .
I =——pb*=——(0.1118)(0.5
o 2/0 2( )(0.5)

=-3.4938x107 1b-s> -ft

xz plane (triangles)

) I, —b4 ENS RS
e dz 12 6
A

:E pb* _—(o 1118)(0.5)*

o 0

db,

, =1.1646><10_31b-s At
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PROBLEM 18.67 (Continued)

For calculation of 1

xz?

use pairs of elements dA, and dA,:

dA, = dA,.

I = fx%dAl +[(4b- x)(—éjdAz =—[(2b - x)zdA, =—[(2b - x)dx

but Z=X.
a 2.4 1 5
Hence, I =—]02bx* =xHdx=—| Zb* ——p* |==—b*
= =lo@he" s (3 4 12
S ga__ 5 4 a2
I, =——pb*=——(0.1118)(0.5)* =-2.9115x10 Ib-s*-ft
12 12
Total for 1 : I, =4.658x107 +1.1646x107 =5.823x107 Ib-s -ft

The mass center lies on the rotation axis, therefore

a=0
SF=A+B=ma=0 A=-B
H, =l.oi-1 0j-1 0k o=0i oa=oa
Let the frame of reference Axyz be rotating with angular velocity
Q=0=wi
M, =H, =(H,),,. +QxH,
Mji+4bix(B,j+Bk)=10ci—-1,,0j-1 0k +oix( 0i-1 ,0j-1, 0K)
Myi—4bB_j+4bBk =1 .0i— (I o1 .0")j— o+ 0"k

Resolve into components and solve for B, and B,.

i My=la«a
l.o-1_ o
j: BZ :( Xy Xz )
b
I o+, o

k=0 @)

) 4b

Data: =0, wzw:%.l%radls, b=05ft M,=0
-3 2
p, < 0=C2OUSXIONASIBY® (o oocy
' (4)(0.5)
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PROBLEM 18.67 (Continued)

_ 0-(-3.4938x107)(25.133)°
- (4)0.5)

B =1.10346 1b

A, =-B, =-1.10346 Ib.

A, =-B,=-0.91955 Ib.

Z

A =—(1.1031b)j-(0.9201b)k <«
B =(1.103 1b)j+ (0.920 Ib)k «
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) PROBLEM 18.68

3 The 8-kg shaft shown has a uniform cross section. Knowing
that the shaft rotates at the constant rate @ =12 rad/s, determine
the dynamic reactions at A and B.

z @)O mm
200 mm
200 mm \\200 mm

200 1111117.

SOLUTION

Angular velocity: o= wi
Angular momentum about the mass center G:
H; =1 0i—1 0j-1 ok
Let the reference frame Axyz be rotating with angular velocity
Q = wi.
H, = (HG)AW +QxH,
=0+ wix (I, i - Txya)j - sza)k)
=1.0°j-1, 0k
Since the shaft lies in the xz plane, Txy =0.

By symmetry, the mass center lies on line AB.
ma=0
F=2F;: A+B=ma=0 A andB form a couple.

He

bix(B,j+Bk)=Hg

— I o
—bBj+bB k=T 0] B, = —%, B, =0
Calculation of sz' S
Divide the shaft into eight segments, each of length @ ®
a=200mm=0.2 m O _®
Let m’ be the mass of one segment. ® 0]
L ST @
8 4

For (1),(4),(5),and (8), I, =0
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PROBLEM 18.68 (Continued)

o=@V -2y m L)@y 1 ey &) = 2mia?
Then = a)( 2) ( 2J( a)+m(2](a)+m(a)[2) e
’ 2 2 2
BZ:_Znaw :_QXD®2)OD =144 N
4a (4)(0.2)

A, =0, A =-B =144N
A=(144Nk <
B=-(144 Nk <
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! PROBLEM 18.69

After attaching the 18-kg wheel shown to a balancing machine and
making it spin at the rate of 15 rev/s, a mechanic has found that to balance
the wheel both statically and dynamically, he should use two corrective
masses, a 170-g mass placed at B and a 56-g mass placed at D. Using a
right-handed frame of reference rotating with the wheel (with the z axis
perpendicular to the plane of the figure), determine before the corrective

{ masses have been attached (a) the distance from the axis of rotation to the

: * mass center of the wheel and the products of inertia /,, and 1, (b) the
force-couple system at C equivalent to the forces exerted by the wheel on
the machine.

182 mm

182 mm

75 mm

SOLUTION

m=18kg, ®@=2x(15)i=(94.248 rad/s)i
my =170 g=0.17 kg
mpy =56 g=0.056 kg
xg=75mm=0.075m, y,=182mm=0.182m
xp =-0.075m, y,=-0.182m

(a) Balance masses are added to move the mass center to Point C and to reduce the products of inertia to
ZEro.

myyp +mpy, +my =0

(0.17)(0.182) + (0.056)(—0.182) + 18y =0
y=-1.15267x10" m y=-1.153 mm <«
0 7=0 <4

il
I

MpXxgyg +mpxpyp +1,, =0
(0.17)(0.075)(0.182) + (0.056)(<0.075)(=0.182) + I, =0
1, =-3.0848x107 I =-3.08x10"kg-m’ «

I,=0 4
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PROBLEM 18.69 (Continued)

(b)  Force-couple system exerted on the wheel:

F’'=ma, =—mrw’ =—(18)(—1.15267x107 j)(94.248)*
= (184.3 N)j

He=1,0i-1,,0j-1, 0k
M, =H. =oxH. =1 _0’j-1 o’k
=0—(—3.0848x107°)(94.248)’k = (27.4 N-m)k

Force-couple system exerted by the wheel on the machine:

F=-F F=-(1843N)j <

M, =M., M, =—(27.4 N-mk <
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! PROBLEM 18.70

When the 18-kg wheel shown is attached to a balancing machine and made
to spin at a rate of 12.5 rev/s, it is found that the forces exerted by the
wheel on the machine are equivalent to a force-couple system consisting of
a force F = (160 N)j applied at C and a couple M. = (14.7 N-m)k, where
the unit vectors form a triad which rotates with the wheel. (@) Determine the
distance from the axis of rotation to the mass center of the wheel and
the products of inertia /,, and [ . (b) If only two corrective masses are to
be used to balance the wheel statically and dynamically, what should these
masses be and at which of the Points A, B, D, or E should they be placed?

182 mm

182 mm

75 mm

SOLUTION
m=18kg, @=2x(12.5)i=(78.54 rad/s)i
(a)  The force-couple system acting on the wheel is

F'=—(160 N)j, M, =—(14.7 N-m)k

F=ma,=-mfe’  F=3j+ik=—s
ma
—F!
ye—2 = 10 aix10® m F=1441mm
ma®  (18)(78.54)
—_F’
T=—5=0 r=1441 mm <«
ma

H. =1,0i-1,0j-1_ 0k

M{ =H; =oxH. = oix(I,0i-I1,,0j- I, ok)
(M), j+MQ) k=10 j-1,0'k
(M{),  —(-14.7)

I = = =2.3831x10" kg-m”
v s (78.54)* g
_ -3 2
I,=238x10"kg-m* «
(M{)
Ixz:7y:0 Ixz =O 4
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PROBLEM 18.70 (Continued)

(b)  Positions for the balance masses.
Ya=Yp=—Yp=—yp =182 mm=0.182 m
—X, =Xp =Xy ==X, =75mm=0.075m

Balance masses must be added to move the mass center to Point C and to reduce the product
of inertia to zero.

MYy + MY +Mmpyp +myyp +my =0
(0.182)(m, +my —my —mp )+ (18)(1.441x107)
my +mg —mg —my =-0.1425 kg (1)
MyXpYq +MgXpyp +MpXpyp +mpxpyp +1,, =0
(0.075)(0.182)(=m,, +my —my, +my)+2.3831x107° =0
-m, +mg —mg +my =-0.17459 kg 2

To solve Egs. (1) and (2), set my =0 and let m,, =m, —m,,.

Then myp, —my =—0.1425

and —my, —mg =—0.17459

Solving, m,, =0.01605 kg, m; =0.1585 kg

Set m;, =0, so that m, =0.01605 kg m; =1585g 4

m, =16.05g 4
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v PROBLEM 18.71

Knowing that the assembly of Problem 18.65 is initially at rest
/ (w=0) when a couple of moment M, =M,j is applied to shaft CD,
2

C determine (a) the resulting angular acceleration of the assembly,
(b) the dynamic reactions at C and D immediately after the couple
A is applied.
[0
b
G
\ﬁx
s b
\/ B
D

SOLUTION

Using the principal axes Gx"y’z:

o, =-osinf, o,=wcosff, ® =0

Angular momentum about G.

H; =L.o4 +1 0.5 +1.0k
L, "
H, =§mb w cos fj

or, since j=isinf+jcosff: Hg =%mb2wcosﬂ(sinﬁi+cosﬂj) ¢))

Rate of change of angular momentum.

Eq. (18.22): H; =(Hg)g,. +QxHg =(Hg)g,,. +0
Since Q =®=0 when couple is applied, thus,

H, =Hg)g,,. = %mbzacos B(sin Bi+ cos i) 2)
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PROBLEM 18.71 (Continued)

Equations of motion: Equivalence of applied and effective forces.

T ymbaat’p

G jmb"(s‘“/’w'f)é

b
‘\QL
ut

IM, =S(Mp)ys: 2bjx(Ci+CK)+Myj= %mbzasin Bos Bi+ %mbzacosz Bi

D,k

—2bC Kk +2bC i+ M,j= %mbzasin Bcos Bi+ %mbzacosz Bij

Equating the coefficients of i, j, k:

i 2bC, = %mbza sin Bcos 3 (3)
. L5 2
i M, =§mb oacos” B 4)
k: C.=0 )
(a)  Angular acceleration.
From Eq. (4), o= % <
mb” cos”

(b) Initial dynamic reactions.

From Eq. (3),
1 1 3M
C. =—mbasin Bcos B =—mbsin  cos f| ——2—
© 6 peosp 6 p ﬂ(mbzcoszﬂJ
M
C, ={2—£j tan
Recalling Eq. (5), C.=0
M
C=|—Y |tan Sk «
(%jmﬂ
M,
SF = X(F) - C+D=0, D=-C D= 72 Jan Bk 4
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f" PROBLEM 18.72

| Knowing that the plate of Problem 18.66 is initially at rest(w=0)when a

/ couple of moment M, =(0.75ft-1b)j is applied to it, determine (a) the

T resulting angular acceleration of the plate, (b) the dynamic reactions A and B
immediately after the couple has been applied.

PROBLEM 18.66 A thin homogeneous triangular plate of weight 10 pounds
is welded to a light vertical axle supported by bearings at A and B. Knowing
that the plate rotates at the constant rate @ =_8rad/s, determine the dynamic
reactions at A and B.

24 in.

/ J
| 12in.

SOLUTION

We shall use Egs. (18.1) and (18.28):
SF=ma IM,=(H,),,. +QxH, £
Computation of H ,: T
o =wj h
H, =-1 oi+] ,0j-1, ok L

The moment of inertia of the triangle is

r A
() gea =—=b%h, A=Lbh A&
g 12 2
m 1 2
(Iy )mass = Z(Iy )area = gmb
The product of inertia of the triangle is
120
I )yea =—b"h
( Xy )dl’ed 24
dy ="y =L
Xy / mass A xy /area 12
Since the z-coordinate is negligible,
(Iyz )mass =0
1 N T
Thus, H, =—Embha)1+gmb wj (1)

where the frame of reference Axyz rotates with the plate with the angular velocity
Q=0=wj
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PROBLEM 18.72 (Continued)

Equations of motion. We first use Eq. (18.28):
M, =(H ), + QxH,

Where H, was obtained in Eq. (1) of Problem 18.66: h
H, =~ mbhoi + - mb*oj i
AT 6 Ailh ~
Differentiating with respect to the rotating frame: / Ao py —24
: 1 1 . -, ‘M A
(Hy) . = —Embhm +gmb2aj z/’\,"!‘{ M,}

Substituting for H, and (H 4) Any into Eq. (18.28), noting that @ =0, and computing M, from diagram:
M yj+hjx (B,i+ Bk)= —%mbhm‘ +émb2aj +0

Myj—hBX+hBi= —émbhai + émbzaj

Equating the coefficients of the unit vectors:

. | 6M,
: M,=—mb"a o=
] "6 mb*
(@) o= 6(1?,'135—”3'? =14.49 rad/s* o = (14.49 rad/s?)j 4
322 )(L1)
k: —-hB =0 B =0
i: hB, = —imbha, B, = —imba __ 1[0l (1)(14.49)
12 12 12\ 32.2
(b) B, =-0.3751b B=—-(0.3751b)k «
We shall now apply Eq. (18.1): %F =ma:
. N . b, 1
Since ®=0: a=a, =0{Jx§1=—§bak -_3
Substituting in Eq. (12.1):
A+B= —%mbak
A=—Lmbok-B ag
= —lmbak + imbalk 2
3 12

A= —imbak = —1( 1016

—— | (1 ft)(14.49 rad/s® )k A=—(1.125Tb)k <«
4\ 322
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PROBLEM 18.73

The assembly of Problem 18.67 is initially at rest (@ = 0) when
a couple M,, is applied to axle AB. Knowing that the resulting
angular acceleration of the assembly is @ = (150 rad/s*)i,
determine (a) the couple M,,, () the dynamic reactions at A
and B immediately after the couple is applied.

SOLUTION

Mass of sheet metal:

Area of sheet metal:

Let

xy plane (rectangles)

xz plane (triangles)

Sheet metal dimension:

Moments and products of inertia:

m= 27 _ 0.08385 Ib - s2/ft
322

b=6in.=0.5 ft
Azébz +b° +b2 +%b2 =3b* =0.75 ft*

_ 0.8873585 =0.11181b- Sz/ft3 = mass per unit area

=n
=y

(I)mass = pI(area)

J [
I=1pt 4+ 1pt =2t ° =
3 3 3 D b E b N
) ) Ao ¢ b ®
1.=3 pb* =§(0_1118)(0.5)4 b
=4.658x107 1b-s> - ft -

—(h? E l 2 2 _l 2_14
R ED (R

1, 1 .
I =——pb*=——(0.1118)(0.5
Xy 4,0 4( )(0.5)

=-3.4938%107 Ib-s” - ft A« 2%
A T E e
b
Al
Io=Lpte Lyt oLy !
127 12 6

1 o, 1 .
I =—pb*==(0.1118)(0.5
x 6P 6( )(0.5)

=1.1646x107 Ib-s> -ft
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PROBLEM 18.73 (Continued)

For calculation of I, use pairs of elements dA, and dA,: dA, = dA,

I.= fx%dAl +[(4b- x)(—%jdAz =—[(2b—x)zdA = [1(2b— x)2%dx

But z==x.
Hence, I, =—12bx* —x*)dx = - 2p L) oS e
N 3 4 12
J __ 5 b4__5 4_ -3 2
e =——=pb"=——(0.1118)(0.5)" =-2.9115x10"1b-s” - ft
12 12
Total for 1 : I, =4.658x107 +1.1646x107° =5.823x10° kg-m*
The mass center lies on the rotation axis, therefore, a =0
2F=A+B=ma=0 A=-B
H, =10i-1,0j-1, 0k W = Wi, a=qi

Let the frame of reference Axyz be rotating with angular velocity € = ® = wi.
IM, =H, =(H,),,. +QxH,
Mi+4bix(B,j+Bk)=10i-1 aj-1 0k +oix0i-1 ,0j-1, 0k)
Myi—4bB_j+4bBk =1 .0i— (I o1 .0")j—U o+ 0"k
Resolve into components and solve for B and B, .
i: M,=1«

) I, a—-1_a)
J: B, =2 = -

4b
(I o+, 0%
y 4b
Data: a=150rad/s>, w=0, b=05ft
(@) M, =(5.823x107*)(150) = 0.87345 Ib - ft M, =(0.8731b-ft)i «
-3
®) B _ (-3.4938x107)(150)-0 _ )
' (4)(0.5)
-3
B, __(29115x107)A50)+0 _ 5100
(4)(0.5)
A, =-B,=-02181b
A =-B_=0.2621b A =—(0.218 1b)j+ (0.262 Ib)k <

B=(0.218 1b)j—(0.262 Ib)k «
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PROBLEM 18.74

The shaft of Problem 18.68 is initially at rest (w=0) when a

couple M| is applied to it. Knowing that the resulting angular
A acceleration of the shaft is @ = (20 rad/s?)i, determine (a) the
couple My, (b) the dynamic reactions at A and B immediately
after the couple is applied.

27200 mm
200 mm

: 200mm - PROBLEM 18.68 The 8-kg shaft shown has a uniform cross
200 mm section. Knowing that the shaft rotates at the constant rate
o =12rad/s, determine the dynamic reactions at A and B.

200 mm’

SOLUTION

Angular velocity and angular acceleration: O=0i=0oi

Angular momentum about the mass center G: H, =1 wi- Txy j— sz wk
Let the reference frame Axyz be rotating with angular velocity Q=wi=0

H, =(H, )y + X Hg

=loi-1,0j-1,0k+0
=loi-10j-1, 0k
Since the shaft lies in the xz plane, Txy =0.

By symmetry, the mass center lies on line AB. ma=0

SF=2F;: A+B=ma=0 A and B form a couple.

A=-B )
‘\/?/\< = _

Mi+bix (B j+Bk)=H,

Mi+bBk-bB_ j=10i-1 ok

My=Ta, B,=-=%=, B =0
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PROBLEM 18.74 (Continued)
Calculation of I, and I... @
Divide the shaft into eight segments, each of length ®
a=200mm=0.2m ©) ® R

Let m’ be the mass of one segment. ® D)

m=3Ke kg ®

4
For ® and ®, I.=0
For @, ®, ®, and @, I, =%ma2
For ® and ®, I, =m'a’
Total: I = 19 v
3
For ©®, ®, ®, and ®, I.=0
For @, ®, ®, and @, I.=m'(-a)| -2 |+w'| L |a)+m'| £ |(@)+ m'(a)| £ | = 2ma?
2 2 2 2
10 ,, 10 2 .
(@) M, =?m a‘o = ?(l)(O.Z) (20) M, =(2.67N-m)i 4
’ 2 2
) B __2maa _ (2)1)(0.2)°(20) B=—(200N)j 4
Y b (4)(0.2)
A, =0, A/ =-B =2N A=(2.00N)j <
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PROBLEM 18.75

The assembly shown weighs 12 1b and consists of 4 thin 16-in.-
diameter semicircular aluminum plates welded to a light 40-in.-long
shaft AB. The assembly is at rest (w=0) at time ¢ = 0 when a
couple M, is applied to it as shown, causing the assembly to
complete one full revolution in 2 s. Determine (a) the couple My,
(b) the dynamic reactions at A and B at ¢ =0.

SOLUTION

Fixed axis rotation with constant angular acceleration. o=oi, w0=uwk
9=¢90+w0t+%at2=%m2 a=§—2€:2(222”)=3.1416 rad/s?
w=0

Use centroidal axes x, y, z with origin at C. He=10i-1, 0j-1, 0k

Let the reference frame Cxyz rotate with angular velocity Q=0=wi

H, = (HC)CM +QxHe =101 aj-1 ok+ [ &j- Ixya)zk

. . . m .
Required moments and products of inertia. Let p = Z = mass per unit area.

L =Pluea  7=8in.=0.66667 ft m= % =0.37267 1b-s*/ft

Part A I, I, I,
@ l7Z'r2 lﬂr —%r4 0
2 8 3
@ l7z'r lﬂr 0 —gr4
2 8 3
©) L 1 0 _2
2 8 3
@ L 1 _2 0
2 8 3
> 27’ l7z'r4 —rt | =
2 3 3
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PROBLEM 18.75 (Continued)

m 037267
27t 27(0.66667)*

p= =0.133451b-s* /ft’
I, = (0.13345)(%;rj (0.66667)* =0.041407 Ib - s° - ft
I, = (0.13345)(—%] (0.66667)* = —0.035147 Ib-s” - ft

4
1. =(0.13345) (—5] (0.66667)4 =-0.035147 1b-s* - ft

Since the mass center lies on the rotation axis, a=0
SF=A+B=%F,; =ma=0 A=-B

SM = M +(~bi) X A +bix B = M + 2bi x (B, j+ B.K)

= Mi—2bB_j+2bB k where  2b=40in.=3.3333 ft
M. =H, Resolve into components.
(a) i M, =1.a=(0.041407)(3.1416) M, =(0.13011b-ft)i «
(b) i -2bB.=-I, o+ &
B, =-—00% 24373)(333 1219+0 __o.03311 A, =0.03311b

. — 2
ki 2bB =-I.0-1,0

__(-0.035147)(3.1416) + 0

B =
J 3.3333

=0.03311b A, =-0.03311b

A =—(0.03311b)j+(0.03311b)k «
B =(0.03311b)j—(0.03311b)k «
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PROBLEM 18.76

For the assembly of Problem 18.75, determine the dynamic reactions
atAand B at r=2s.

PROBLEM 18.75 The assembly shown weighs 12 1b and consists
of four thin 16-in.-diameter semicircular aluminum plates welded
to a light 40-in.-long shaft AB. The assembly is at rest (w=0) at
time =0 when a couple M, is applied to it as shown, causing the
assembly to complete one full revolution in 2 s. Determine (a) the
couple M, (b) the dynamic reactions at A and B at ¢ =0.

SOLUTION

Fixed axis rotation with constant angular acceleration. a=o0i, w=wi
9=90+a)0t+%at2 =%at2 a=§—29=2(222”):3.1416 rad/s’
w=a,+at=ot=(3.1416)(2) = 6.2832 rad/s

Use centroidal axes x, y, z with origin at C. He=1,0i-1, 0j-1, 0k

Let the reference frame Cxyz rotate with angular velocity Q=0=wi

H, = (HC)Qyz +QxHe =101 aj-1 ok+ [ &j- Ixya)zk

Required moments and products of inertia. Let p = Z = mass per unit area.

I...=pl..  r=8in.=066667ft m= % =0.37267 Ib-s/ft

Part A Ix IX) Ixz
l7rr2 l7rr4 —g rt 0
2 8 3
l r? l zrt 0 - g rt
2 8 3
Lo | L 0 2
2 8 3
l r? l art _E rt 0
2 8 3
1 4 4 4 4 4
2| —rr ——r ——r
> 2zr > 3 3
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PROBLEM 18.76 (Continued)

m 037267
27t 27(0.66667)*

p= =0.133451b- s>/t
I = (0.13345)(%;;] (0.66667)* =0.041407 Ib - s> - ft

1,, =(0.13345) (—%) (0.66667)" =—0.035147 Ib-s* - ft

I, =(0.13345) [—%) (0.66667)4 =-0.0351471b-s* - ft
Since the mass center lies on the rotation axis, a=0
SF=A+B=XF,; =ma=0 A=-B

SM = M +(~bi) X A +bix B = M + 2bi x (B, j+ B.K)

=M,i—2bB j+2bB k where  2b=40in.=3.3333 ft
M. =H, Resolve into components.
i: M, =1 a=(0.041407)(3.1416) M, =0.13011b-ft
j: -2bB. =-I o+1 &
—( _ 2
B =- (-0.035147)(3.1416) + (-0.035147)(6.2832) ~0.383 b, A =-03831b
' 3.3333 '
. - 2
k: 2bB, =1, 00-1,,@
_ . 2
B, = _(=0.035147)(3.1416) + (=0.035147)(6.2832)" _ 0.449 Ib, A, =-0.4491b

3.3333
A =—(0.4491b)j—(0.3831b)k 4

B =(0.4491b)j+(0.3831b)k «
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! PROBLEM 18.77

75 mnﬂ

The sheet-metal component shown is of uniform thickness and has
a mass of 600 g. It is attached to a light axle supported by bearings
at A and B located 150 mm apart. The component is at rest when it
] is subjected to a couple M, as shown. If the resulting angular
acceleration is o =(12rad/s*)k, determine (a) the couple My,
(b) the dynamic reactions at A and B immediately after the couple
has been applied.

75 mm

75 mm

™%
75 mm
~

SOLUTION

The sheet metal component rotates about the fixed z axis, so that Equations (18.29) of the textbook apply.
These are relisted below as equations (1), (2), and (3).

2
M, =1 o+ 0 ey
2
M, =-1,0-1, 0 2)
M, =1« 3)
Calculation of the required moment and products of inertia.
Total mass: m=600g=0.6kg
Total area: A =%(0.075)2 +(0.150)(0.075) +%(0.075)2 =16.875x10" m’

Let p be the mass per unit area. p= % =35.556 kg/m*

The component is comprised of 3 parts: triangle @, triangle @, and rectangle @ as shown. Let the lengths of
75 mm be labeled b.

Triangle @©. The equation of the upper edge is

b
Y75

Use elements of width dz and height y.

dm=pyde @)y == ydm

(dl_xz )el =0 (dT)z )el =0
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PROBLEM 18.77 (Continued)

Coordinates of the element mass center:

_ 1 _
xel:_b’ yel:Ey’ g =2

dlxz = (dl_xz )el + )_Celzeldm

b
=0+(—b)z(pydz)=—pbz(5—z]dz %_..L gJ

b2
— P [ 4
=P J- b2 ( Z)dz pb

dIvz = (df)z )el + yelEeldm
2
1 1 b
=0+(—yjz(pydz)=—p(——zj zdz
2 2712 I‘% .I.!;. .

bl2 4
=— I ——Z zdz———pb
-b/2

dl, =(dl,)y + (x5 + yq)dm

1 2, 1 2o 13
+b% + dz=p| b2 y+=y* |d
[uy 4y]pyz p( y 3y)z

= b —=b*z+—bz*—=7 |d
p( z 74 3z)z

24 4

2135 2o, 15 13 T 4
= —b +=bz?—=7 ldz=—pb
p.[m[ Z 2z 32 Z 12,o

Applying the data,

I, = %(35.556)(0.075)4 =93.75x10° kg - m?
¥z

I = —§(35.556)(0.075)4 =-46.875x10° kg -m*

I, = %(35.556)(0.075)4 =656.25x10° kg - m?
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PROBLEM 18.77 (Continued)

Triangle @. The equation of the lower edge is y = —(% - z].
Use elements of width dz and height —y.
_ 1 _ _
dm= _Pde’ (dIz )el = E yzdm’ (dsz)el = 0’ (dlyz )el =0

Coordinates of the element mass center:

_ _ 1
‘xelzb’ yelzay’ Ze =<

The integrals for /,_,7,., and I_ turn out to be the same as those of triangle ®@.

X227 yz?

6 2 -6 2 —6 2
1, =93.75x10 " kg-m", [, =-46.875x10"kg-m~, [, =656.25x10"kg -m

Rectangle ®. Area: A=(0.150)(0.075) =11.25x10 m?
Mass:  m=pA=400x10""kg
1.=0, 1,.=0

I =L by = L (400%107)(0.150)* = 75010~ kg - m?
12 12
Totals. I, =%I_=187.5x10"kg-m’

-6 2
I,. =31, =-93.75x10" kg -m

I, =3I, =2062.5x10"kg - m’
Since the mass center lies on the fixed axis, the acceleration a of the mass center is zero.
2F=ma=0
The reactions at A and B form a couple.
B=-A
Let A=Aji+Ajj
Resultant couple acting on the body:
M=ckx(Ai+Aj)+Mk

=—cAji+cAj+ Mk
(@)  Moment M. Using Equation (3),

M, =M, =1a=(2062.5x107°)(12) M,=248x10"N-m <«
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PROBLEM 18.77 (Continued)

(b)  Reactions at A and B for the case @ =0.

2
M, =—-cA =-1 a-1, 0 =-1 0

Xz

A =l _ (187.5x107°)(12)

=15x107° N
Yoo¢ 0.150

2
M, =cA =-1 ,a-1 0" =-1,x

¥z

I «a — 6
A =D EBIXI0NAD) ;50000
c 0.150

A =(7.50x107N)i+ (15.00x10°N)j 4

B =—(7.50x10°N)i— (15.00x10°N)j «
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PROBLEM 18.78

For the sheet-metal component of Problem 18.77, determine
(a) the angular velocity of the component 0.6 s after the couple M
has been applied to it, (b) the magnitude of the dynamic reactions
at A and B at that time.

SOLUTION

The sheet metal component rotates about the fixed z axis with angular acceleration a = (12 rad/s*)k.
(@)  Angular velocity at t=0.6s.
w=w,+ot=0+12)(0.6) =7.2 rad/s o =(7.20rad/s)k <

(b)  Dynamic reactions.
Equations (18.29) of the textbook apply. These are relisted below as equations (1), (2), and (3).

M, =-I_ a+I,.o (D
M, =-1 0-1 o 2)
M, =1« 3)

Calculation of the required moment and products of inertia.

Total mass: m=600g=0.6kg

Total area: A= %(0.075)2 +(0.150)(0.075) +%(0.075)2 =16.875x107 m*

Let p be the mass per unit area. p= % =35.556 kg/m*

The component is comprised of 3 parts: triangle @, triangle @, and rectangle @ as shown. Let the lengths of
75 mm be labeled b.
Triangle @©. The equation of the upper edge is

_b_
75

Use elements of width dz and height y.

dn=pydz (Al g == y'dn

(dez )el =0 (di)z )el =0

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2084

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

STUDENTS-HUB.com

PROBLEM 18.78 (Continued)

Coordinates of the element mass center:

_ _ 1 _
xel:_b’ yelzgy’ g =2

Y
dl = (dixz )el + xelzel dm l
Y

=0+ (-b)z(pydz) =—pbz (% - z)dz

B b2 (p oy
I, = pbj_blzz(a z)dz—ﬁpb

dl,, = (dfyz Yot F Yoy Zydm
| L (b 2 Y
=0+|— dz)=—p| —— d b e
+(2yj2(/0y 2) 2,0(2 Z] zdz rzx',z,'

2
1 o2 (b 1 .
I, =~ P 2| adz=——pb
=P m(z Z]“ 24"

E—Q{

V2 +b? +iy2jpyidz =p(b2y +%y3jdz

=p By Sy Ly Lol
24 4 2 3
I = b b z+—bi" =7 |dz=—pb
: pj_m(m 40 TR TR )EERP
Applying the data,
I, =%(35.556)(0.075)4 =93.75x10 kg - m*
1
I, = —5(35.556)(0.075)4 =-46.875x10kg-m’
1= (35.556)(0.075)* = 656.25x10° kg - m*
Z —E . . = . g-m
: . . b
Triangle @. The equation of the lower edge is y= —(5 - zj.

Use elements of width dz and height —y.

_ 1 _ _
dm=-pydz, (I ),= 3 yidm, (dl)y=0, (dI,.),y=0
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PROBLEM 18.78 (Continued)

Coordinates of the element mass center:

_ _ 1 _
xelzb’ yelzay’ Ze =<

The integrals for 7, 1 . and 7, turn out to be the same as those of triangle ®.
I1.=9375x10"kg-m>, I, =-46.875x10"°kg-m*, I, =656.25x10kg m’
Rectangle ®. Area: A=(0.150)(0.075) =11.25x10 m?
Mass: m=pA=400x10"kg
1. =0, 1, =0

I = ém(Zb)z = $(4OO><10’3)(0. 150)* =750x107° kg - m?

Totals. I, =%I_=187.5x10"kg-m’
-6 2
I, =3I, =-9375x10"°kg-m

I, =3I, =2062.5x10"kg - m’

Since the mass center lies on the fixed axis, the acceleration a of the mass center is zero.

SF=ma=0
The reactions at A and B form a couple.
B=-A
Let A=Aji+Ajj

Resultant couple acting on the body:

M =ck X (A,i+Aj)+ Mk

=—cAji+cAj+ Mk
From Eq. (1), —cA, =—1 0+, 0
Ia 1,0 (187.5x10°)12) (=93.75x1070)(7.2)2 5
A =X - =47.4x10" N
Yo ¢ 0.150 0.150
2
From Eq. (2), A =-1,0-1 0

I o 2 — -6 -6 2
A= w% I, 0 =_( 93.75x107°)(12) 3 (187.5x107°)(7.2) = _573%10° N
c c 0.150 0.150

A =—(573%x107 N)i+ (47.3x10° N)j 4

B =(57.3x107 N)i— (47.3x10° N)j 4
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PROBLEM 18.79

The blade of an oscillating fan and the rotor of its motor have a total
weight of 300 g and a combined radius of gyration of 75 mm. They are
supported by bearings at A and B, 125 mm apart, and rotate at the rate
o =1800 rpm. Determine the dynamic reactions at A and B when the
motor casing has an angular velocity @, = (0.6 rad/s)j.

SOLUTION
®, = wi
_ 27(1800)
“ 60
=188.5 rad/s
Angular velocity: O=wi+nj
Angular momentum: H; =1, 0i+1,0)]j

Let the reference frame be rotating with angular velocity Q = @,].

H; =(Hg)g,,. +QxHg
=0+w,jx( @i+ 1,w,j)
=-lL,ook

Assume that the acceleration of the mass center is negligible. Then the dynamic reactions at A and B reduce to
a couple.

A=-B
M =bixB
=bix(B,j+ B.K)
=-bB j+bBk
M=H, Resolve into components.

ji -bB.=0 B =0, A =0

2
k: bB, =-1 .00 B, :_Ixa;la)z z_mkx;ola)z
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PROBLEM 18.79 (Continued)

Data: m=0.300 kg
k,=0.075m
b=0.125m
B, —- (0.300)(75x107*)*(188.5)(0.6) 157N
0.125
A, =1.527N A=(1.527N)j <

B=—(1.527N)j 4
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y PROBLEM 18.80

The blade of a portable saw and the rotor of its motor have a
total weight of 2.5 Ib and a combined radius of gyration of
1.5 in. Knowing that the blade rotates as shown at the rate
@, =1500 rpm, determine the magnitude and direction of the
couple M that a worker must exert on the handle of the saw to
rotate it with a constant angular velocity ®, =—(2.4 rad/s)j.

SOLUTION
o = (27)(1500)
60
=157.08 rad/s
o, =ak
Angular velocity: 0=nj+auk
Angular momentum of rotor: H; =1,0j+ 1,0k

Let the reference frame Gxyz be rotating with angular velocity Q = @, j.

H; = (Hg)g,,. +QxHg
=0+, jx (I, j+1,0k)
=lL.awi

Couple exerted on the saw: M=H,
= L. ayyi
= mk} @,
Data: W=251b
2.5
m=——
322
=0.07764 1b-s*/ft
k,=1.5in.
=0.125ft

M = (0.07764)(0.125)* (157.08)(-2.4)i

M =—(0.4571b-ft)i <
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PROBLEM 18.81

The flywheel of an automobile engine, which is rigidly attached to the crankshaft, is equivalent to a 400-mm-
diameter, 15-mm-thick steel plate. Determine the magnitude of the couple exerted by the flywheel on the
horizontal crankshaft as the automobile travels around an unbanked curve of 200-m radius at a speed of
90 km/h, with the flywheel rotating at 2700 rpm. Assume the automobile to have (a) a rear-wheel drive with
the engine mounted longitudinally, (b) a front-wheel drive with the engine mounted transversely. (Density of
steel =7860 kg/m’.)

SOLUTION

Let the x axis be a horizontal axis directed along the engine mounting, i.e., longitudinally for rear-wheel drive
and transversely for front-wheel drive.

Let the y axis be vertical.
The angular velocity of the automobile, ®,,is equal to (v/p)j, where
v=90 km/h =25 m/s and p=200m.
25,

®, =——j=(0.125 rad/s)j
27500 i=( )J
Angular velocity of the fly wheel relative to the automobile: o, = wi
where o, =271 _ 585 74 radss
60
Angular momentum of fly wheel: H;=lmit+!],0)
Let the reference frame Gxyz be rotating with angular velocity Q=wj
H; =(Hg)g,,. +QxHg
=0+w,jx (I @i+1,w,j)
=—1,00k
Couple exerted by the shaft on the fly wheel: M=-I wwk
Couple exerted by the fly wheel on the shaft: M =-M=1 ook (1
T 2 ” 2
Data for fly wheel: m= p(zd ]t = (7860)2(0.4) (0.015)=14.816 kg
For a circular plate, I = %mrz = %(14.816)(0.2)2 =0.29632 kg - m*
Using Equation (1), M’ =(0.29632)(282.74)(0.125)k = (10.47 N - m)k
(a)  Magnitude of couple for rear-wheel drive: M’ =1047N-m <«
(b)  For front-wheel drive: M’ =1047N-m 4
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PROBLEM 18.82

Each wheel of an automobile has a mass of 22 kg, a diameter of 575 mm, and a radius of gyration of 225 mm.
The automobile travels around an unbanked curve of radius 150 m at a speed of 95 km/h. Knowing that the
transverse distance between the wheels is 1.5 m, determine the additional normal force exerted by the ground

on each outside wheel due to the motion of the car.

SOLUTION
For each wheel, v =95 km/h =26.389 m/s
o =0
o, =2 =203% _ 017593 radss
P 150
r =i = ﬂ =287.5mm=0.2875 m
2 2
I, =mk> =(22)(0.225)> =1.11375 kg - m’
=Y = 20389 g) 787 radss
- 02875
H,=10i+ Tya)yj + Tza)zk
=l oj+I.0k

Let reference frame Gxyz be rotating with angular velocity Q =@, j.
H; = (H)g,,. +QxHg
=0+o,jx(,0,j+1,0k)
=100,
HG =(1.11375)(-91.787)(0.17593)i
=—(17.985 N-m)i

Let O be the point at the center of the axle. For the two wheels plus the axle,
H, =H,; +H; =—(35.97 N-m)i

The distance between the wheels is 1.5 m.
M, =1.5kX F,j=-1.5F,i

Set M, =H,, and solve for F,.

F. = _35'27 =23.98 N

y

F,=240N| <«
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y PROBLEM 18.83

The uniform thin 5-1b disk spins at a constant rate @, = 6 rad/s
about an axis held by a housing attached to a horizontal rod that
rotates at the constant rate @, = 3 rad/s. Determine the couple which
represents the dynamic reaction at the support A.

SOLUTION

Angular velocity: o, =0, o, =0, W, = 0,.
o=wi+ ok

Angular momentum: H,=10i+ Tya)y Jj+ Tza)zk

Let frame Oxyz be rotating with angular velocity Q = @, i.

Rate of change of angular momentum.

H, =(H,),,,. + @xH,
=1.ai+ &k + gix (@i + I.ok)

=0+0+0-I waj= —%mrza)la)zj
Dynamic reaction couple: M = Ho

by (5 V(AN
M= 2mr 0ow,J = 2(32.2J(12j (3)(6)j

M = —(0.1553 1b-ft)j <
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PROBLEM 18.84

The essential structure of a certain type of aircraft turn indicator is shown.
Each spring has a constant of 500 N/m, and the 200-g uniform disk of 40-mm
radius spins at the rate of 10,000 rpm. The springs are stretched and exert
equal vertical forces on yoke AB when the airplane is traveling in a straight
path. Determine the angle through which the yoke will rotate when the pilot
executes a horizontal turn of 750-m radius to the right at a speed of 800 km/h.
Indicate whether Point A will move up or down.

SOLUTION
Let the x axis lie along the axle AB and the y axis be vertical. | b
w, = 2240000) _ 647 5 radss
60 N
v =800 km/h = 222.22 m/s \
p=750m \l\
2
22222 /
W, =—5=- =—0.2963 rad/s 7
P 750
w,=0
Angular momentum: H, =1 wi+ Ty o+ Tza)zk
=l0it+l0j

Let the reference frame Gxyz be turning about the y axis with angular velocity Q =@, j.

H, =(H, )o: +QXHg

=0, jx( oi+] 0]
=-l,0.0k
Data for the disk: m=200g=0.2kg
I. = lmr2
1 2
= 5(0.2)(0.040)

=160x10"°kg - m?

M = HG
=—-(160x107°)(1047.2) (-0.2963)k
=(0.049646 N - m)k
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PROBLEM 18.84 (Continued)
The spring forces F, and F, exerted on the yoke provide the couple M;. The force exerted by spring B is
upward.
Let F, =Fj
Then F,=—Fj
Mg =1y,iX Fj
=0.100ix Fj
=0.1Fk
From M, =H,,
0.1F =0.049646
F =0.49646 N.

. . F

Compression of spring B: 0p = m
_0.49646
500
=0.99291x10"m
=0.9929 mm Sk — o R
Point B moves 0.9929 mm down. Point A moves 0.9929 mm up. L 4 +
0.9929+0.9929 A %
Turning angle for yoke: 0= + e 100 t 1
=0.019858 rad 0=1.138" ) «
Point A moves up. 4
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PROBLEM 18.85

A slender rod is bent to form a square frame of side 6 in. The
frame is attached by a collar at A to a vertical shaft which rotates
with a constant angular velocity ®. Determine the value of w for
which line AB forms an angle [ =48° with the horizontal x axis.

SOLUTION

Choose principal axes x’, y’, z” with origin at the fixed Point A.

1 !
4 )\ 12 4 )\ 2 6
I, = Z(ﬂ](lazij(mj(a)z =ima2
4 )\ 3 4 12

T 2
Iy=1,+1,=—ma

12
Angular velocity: ®=—wsin fi’ + wcos Bj
Angular momentum about A:  H, =—1 @sin Bi’ + 1 ;@cos Bf

Let the reference from Axyz be rotating with angular velocity Q = .
H,=(H,),,. +QxH,=0+0xH,
= (—wsin fi’'+ w cos B
X (=1, wsin Bi'+ 1, wcos )

2 .
=—(I, - 1,) " sin fcos Sk

= —imaza)2 sin Bcos Sk
12
M, =—mg%cosﬂk =H,
—mggcosﬂ:—imaza)2 sin Bcos mq
2 12
2_6 g (6)(32.2)

W =——- = - =103.99 (rad/s)’ w=10.20rad/s 4
5asinf  (5)(0.5)sin48°
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PROBLEM 18.86

A uniform semicircular plate of radius 120 mm is hinged at A and B
to a clevis which rotates with a constant angular velocity @ about a
vertical axis. Determine (a) the angle £ that the plate forms with the
horizontal x axis when @ = 15 rad/s, (b) the largest value of @ for
which the plate remains vertical (4 =90°).

SOLUTION

Moments and products of inertia.

We use the axes Cx’y’z shown.

We note that 1, and [ , are half those for a circular plate, and so is the mass m. Thus,

1

I, = —mr?
1

Iy/ =—mr?
2

Because of symmetry, all products of inertia are equal to zero:

Ly=1,=1,=0

Angular momentum about C.

H. =1 0i+10f
= imx2 (—wsin B)i’ + %m r*(wcos B)f
= %mxza)(—sin Si’+2 cos Bf)

Since C is a fixed point, we can use Equation (18.28):

IMo =(Hp) ey, +Q@xHe =0+ 0jxHe
Or, since j=—i"sin #+ j cos f: IM, = o(—isin f +j cos ) ximxza)(—sin Si’+2 cos i)

= imrza)2 (=2 sin S cos Sk + cos S sin fKk)

M. =—imr2a)2 sin fcos gk (1)
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PROBLEM 18.86 (Continued)

But IM, =-mgx cos [k
C/ 4r
« =-mg—-cos fk
2"\ 3 83x p
g
Equating (1) and (2): %mrza)2 sin fcos B = 4Zlgr cos 8
T
2
wzsinﬁ=£§=£9.81m/s
3z r 3 0.12m
(@) Let w=15rad/sin Eq. (3): sin f = 13185')728 =0.61681
() Let B=90° in Eq. (3): o’ =138.78 s>

2

@’ sin f=138.7857 (3)

B=38.1° 4

w=11.78rad/s 4
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/ PROBLEM 18.87

A uniform semicircular plate of radius 120 mm is hinged at A and B
to a clevis which rotates with a constant angular velocity @ about a
vertical axis. Determine the value of @ for which the plate forms an
angle S =50° with the horizontal x axis.

SOLUTION

Moments and products of inertia.

We use the axes Cx"y’z shown.

We note that 1 and [ o are half those for a circular plate, and so is the mass m. Thus,

Because of symmetry, all products of inertia are equal to zero:
loyy=1,=1,=0

Angular momentum about C.

He =lL.0i+1 0§
= imr2 (—wsin B)i’ + %mr2 (wcos Bf
= imrza)(—sin SV’ +2cos i)

Since C is a fixed point, we can use Equation (18.28):
IMc =(Hp) ey, +Q@xH

=0+ wjxH
. 7 . o/ o/ - o/ 1 . o/ o/
Or, since j=—i"sin f+ j cos §: XM, =w(-i'sin B+ cosﬁ)xzmrza)(—smﬂl +2cos fj)

= imrza)2 (-2sin B cos Bk + cos Bsin fK)

*M,. =—imr2a)2 sin Bcos Bk (1)
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PROBLEM 18.87 (Continued)

But IM, =-mgx cos Sk
g’ 4r
2\ 3 =-mg Ey cos Bk )
my
. | 4mgr
Equating (1) and (2): Zmr " sin fcos ff = 3 cos B
T

2
@ sin p=108 _ 16981 m/s” @ sin B=138.78 52 (3)
37 r 37 0.12m
, 1387857
W =———
sin 50°

Let = 50° in Equation (3): =181.17s7* w=13.46rad/s 4
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PROBLEM 18.88

The slender rod AB is attached by a clevis to arm BCD which
rotates with a constant angular velocity ® about the centerline of
its vertical portion CD. Determine the magnitude of the angular
velocity .

SOLUTION

Let AB=L=15in.=1.25ft, and BC=b=5in.=0.41667 ft
Choose x, y, z axes as shown. TX =0, 7} = TZ =%mL2

Angular velocity: o = wsin30°i + wcos 30°j

Angular momentum of rod AB about its mass center G: A

H,=10i+ Tya)yj + Tza)zk = Tya)cos30°j
Let the reference frame Gxyz be rotating with angular velocity Q = ®.
H; =(Hg)g,,. +QxHg
=0+ (wsin 30° + wcos 30°j) X I_ya)cos 30°j

3

=1, sin30°cos30°%k =——
48

ml? o’k

Radius of circular path of Point G:  r = %cos 30°+5=0.95793 ft

Acceleration of the mass center: a=rao’—

Equations of motion:

e
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PROBLEM 18.88 (Continued)

+)IMj = mg %cos 30% = (%sin 30°j mre’k +Hg

3 1 NG

~~mglk =| —mLr +~—ml? |’k
4 4 48

NS N
—8

=|-r+—L|w
4 4 48

B B

1 3 )
N2 (32.2) =| —(0.95793) + X=(1.25) |@
4 (32.2) 4( ) 48( )

@ =48.994 0=7.00rad/s 4
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PROBLEM 18.89

The slender rod AB is attached by a clevis to arm BCD, which rotates with a constant
angular velocity @ about the centerline of its vertical portion CD. Determine the
magnitude of the angular velocity .

SOLUTION

Let AB=L=15in.=125ft, and BC=b=51in.=0.41667 ft

- - - 1
Choose x,y,z axes as shown. 1,=0, I,=1I = EmLZ
Angular velocity: o =-wsin30° + wcos30°j

Angular momentum of rod AB about its mass center G:
H,=10i+ Tya)yj + Tza)zk = Tya)cos30°j
Let the reference frame Gxyz be rotating with angular velocity Q = @.
H; =(Hg)g,,. +QxHg

=0+ (—wsin30° + wcos 30°j) X Tya)cos 30°j

B

=-1,0 sin30°cos30°%k = —-—mL’ &’k
48
Radius of circular path of Point G: r= %cos 30°—-b=0.1246 ft

Acceleration of the mass center: a=rw~—

Equations of motion:

3
Ian]]
1.
[~)
/

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2102

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

PROBLEM 18.89 (Continued)

+)IM, = —mg %cos 30% = —(%sin 30°] mro’k +Hg

NG 1 V3

—~"mglk =—| —mLr +~—ml’ |0’k
4 4 48

ﬁg: lr+£L a)z
4 4 48

3 V3

1 3 )
N2 (32.3)=| —(0.1246) + = (1.25) |@
4 (32.3) 4( ) 48( )

@ =182.85 w=13.52rad/s 4
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L PROBLEM 18.90

The 950-g gear A is constrained to roll on the fixed gear B, but is free
to rotate about axle AD. Axle AD, of length 400 mm and negligible
mass, is connected by a clevis to the vertical shaft DE, which rotates as
shown with a constant angular velocity ®,. Assuming that gear A can
be approximated by a thin disk of radius 80 mm, determine the largest
allowable value of @) if gear A is not to lose contact with gear B.

N
SO \J:u 2

r =80 mm

SOLUTION
B =30°
L =400 mm =0.4 m
r =80 mm =0.08 m

Choose principal axes x, y, z as shown.

Kinematics: ®, = @ sin Bi+ @, cos Bj
O, = 0]
0=0+0,
=@, sin fi+ (@ cos B+ @,)j
o, = sinf
o, =acosf+a,
Vg = O XX = O JX T
=—@ Lsin Sk

— — 2T qi
a; =, XV; = Lsin

Vo = Vg T OXTg;

0=-aLsin Sk +(w,i+ @, J) X (=ri)

= - Lsin fk + o,rk
L .
o, =0 7s1n B
Angular momentum: H,=10i+ 7} o,
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PROBLEM 18.90 (Continued)

Let the reference frame Dxyz be rotating with angular velocity Q = ,.
H; =(Hg)g,. +QxHg
=0+ (¢ sin Bi+ @ cos B x (I, wi+1,0,))
= (Tya)ya)1 sin -1 @, cos Bk

= (%mrzwy sin —%mrzwx cos ﬂj ak

Moments about D: M,, = Fdk —mgLsin Bk

where d=(DC)=NI*+r*

Mp)esr = HG +Xgp Xmag
=H, +ma}[*sin Bcos fk

Equating M, =(M,) 4 and taking the z component,
F.d —mgLsin = (%mrz %sin2 B —%mr2 sin S cos ﬁ] @} +ma} L* sin Bcos B
=may sinﬂ(%rLsinﬂ—irz cos f—I* cosﬂj

gL

Set F,. =0 and solve for 0)12: a)lz = i 1
chosﬂ+zr2cosﬂ—ErLsin,B

_ (9.81)(0.4)
(0.4)% cos30° +1(0.08) cos 30° — £ (0.08)(0.4) sin 30°

=29.739 @, =5.45rad/s 4
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L PROBLEM 18.91

Determine the force F exerted by gear B on gear A of Problem 18.90
when shaft DE rotates with the constant angular velocity @ =4 rad/s.
(Hint: The force F must be perpendicular to the line drawn

from D to C.)
.
SOMLAAg,
|
r =80 mm
ity
SOLUTION
B =30°

L=400mm =0.4 m
r=80 mm =0.08 m

Choose principal axes x, y, z as shown.

Kinematics: ®, = @ sin Bi+ @, cos Bj
O, = 0]
0O=0,+0,
=@ sin fi+ (@, cos S+ @)
, = @, sin
@, = @ cos f+ @,
Ve =0 XTgp
=0 X1
=—a@,Lsin Sk

— = 2] <i
a; =0, XV, =@ Lsin
Ve = Vg +OXTgq

0=-a@Lsin Sk +(@,i+ @, j)x(-ri)

=-wLsin Sk + o, rk
L .
o, =@ —sin
r
Angular momentum: H,=10i+ Ty(oy J
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PROBLEM 18.91 (Continued)

Let the reference frame Dxyz be rotating with angular velocity € = ®,.
H; =(Hg)g,,. +QxH;
=0+ (@ sin i + @ cos B x (I o,i + 1,0, j)
= (Tya)ya)l sin 8 — I .., cos Bk

= (%mrza)y sin 8 —%mrza)x cos ﬂ] ok

Moments about D: M,, = Fdk —mgLsin Sk

where d=(DC)=NL[*+r*

(Mp)es =Hg +1g, Xmag =Hg +may L sin S cos Sk

Equating M, = (M, ). and taking the z component,
F.d —mgLsin = (%mrz %sin2 B- imr2 sin £ cos ,B) @ +ma} L* sin Bcos B

=may sin,B(%rLsin,B—ir2 cos f— I cosﬂ]

Solving for F, F.= ms;nﬂ [gL— o} [Lz cosﬂ+%r2 cosﬂ—%rLSin ﬂﬂ
Additional data: m=950g =0.95kg, @ =4rad/s

d =+/(0.4)% +(0.08)*> =0.40792 m

_ W{(gg 1(0.4) — (42 [(0.4)2 c0830° + i(o.og)2 0s30°— %(0.4)(0.08) sin 300}}

¢ 0.40792
=2.1IN

20
a=18.7° 2.1IN 18.7° 4

a=ﬂ—tan_1%= 30°—tan™' (i]
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PROBLEM 18.92

The essential structure of a certain type of aircraft turn indicator is shown.
Springs AC and BD are initially stretched and exert equal vertical forces at A
and B when the airplane is traveling in a straight path. Each spring has a
constant of 600 N/m and the uniform disk has a mass of 250 g and spins at
the rate of 12,000 rpm. Determine the angle through which the yoke will
rotate when the pilot executes a horizontal turn of 800-m radius to the right
at a speed of 720 km/h. Indicate whether point A will move up or down.

SOLUTION

Aircraft speed: v =720 km/h = 200 m/s
Radius of turn: P =800m

Angular velocity: o, =12000 rpm =1256.6 rad/s

o, is negative since the aircraft is turning to the right.

o, =2 =205 _ 625 radss
P 800 m
w,=0
Angular momentum: H,=10i+ Ty @] 2

where the reference frame Gxyz is turning with the aircraft with an angular velocity
Q=0,j
Rate of change of angular momentum:
Since @, and @, are constant, (H, )Gr. =0 and Eq. (18.22) yields
H; =(Hg)g,,. +QxH; =0+, jx(oi+1,0))

=—1 oo kz—[lmrzja) w Kk
2 A

xxHy

= —%(0.25 kg)(0.05 m)*(1256.6 rad/s)(=0.250 rad/s)k

H, =+(98.172x107° N-m)k
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PROBLEM 18.92 (Continued)

Free Body and Kkinetic diagrams

4 J

s A _[[c ) 8
— A

C ,
GlRm—IT Tl = (981720057 N )

The forces A and B exerted by the springs must be equivalent to the couple HG. They must therefore be

directed as shown, which means that the spring at A will stretch and A will move up. <4
We have A = B, (0.12m)A=98.172x10° N-m
F=A=081810N
Deflection of spring = x = F_ O8I8ION =1.3635x10" m

k600 N/m

-3
Angle of rotation = = 1:3033X107m _ 559995 rad = 1.30° <

GA 0.06 m
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PROBLEM 18.93

The 10-oz disk shown spins at the rate @, =750 rpm, while
axle AB rotates as shown with an angular velocity @, of
6 rad/s. Determine the dynamic reactions at A and B.

SOLUTION
Angular velocity: 0=wi-ok
Angular momentum: H.=10i+ Tya)yj + Tza)zk =1 wi— Tza)lk

Let the reference frame Cxyz be rotating with angular velocity Q = @,i.

H. = (HC)nyz +QxHe =0+ wix (i -1 .0k) =1 0,0j

He
A
L :\
B @

Acceleration of mass center:

a=0
>F=ma
Ak —Bk =0
A=B
M. =H,
LBj=T.oaj B=—2%
Data: m= 10 001941 Ib-s¥ft £ =2 in.=0.16667 fi
g (16)(322)
I, =%mr2 =%(0.01941)(0.16667)2 =269.6x107° 1b-s*-ft
o) =% =25z rad/s, @, =6rad/s, L=8in.=0.66667 ft
-6
A= p= 200610 )OX257) _ 906 11, A =(0.1906 Ib)k 4

0.66667
B =—(0.1906 Ib)k <
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PROBLEM 18.94

The 10-oz disk shown spins at the rate @, =750 rpm, while
axle AB rotates as shown with an angular velocity ;.
Determine the maximum allowable magnitude of w, if the
dynamic reactions at A and B are not to exceed 0.25 1b each.

SOLUTION
Angular velocity: 0=ni-ok
Angular momentum: H. =loi+]oj+l ok=10i-1.ok

Let the reference frame Cxyz be rotating with angular velocity Q = @i.

He =Hp)e,. +QxHe =0+ @)ix (@i —-1.0k)=I.0,0]

Acceleration of mass center:

a=0
2F =ma
Ak - Bk =0
A=B
M. =H,
— I
LBj=T.01j B:—zaf”"1
Data: m=Y 10 001941 b5/t r=2in.=0.16667 fi

¢ (16)(32.2)

Z

I =%mr2 =%(O.01941)(O.16667)2 =269.6x107° Ib-s” -ft

_ 27(750)
60
A=B=0251b
LB (0.66667)(0.25)

T e (269.6x10°)257)

=25z rad/s, L=8in.=0.66667 ft

@, =7.87 rad/s 4
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"\QSOH““ y PROBLEM 18.95
0 Y|

Two disks, each of mass 5 kg and radius 100 mm, spin as shown at
the rate @ =1500 rpm about a rod AB of negligible mass which
rotates about a vertical axis at the rate @, =45 rpm. (a) Determine
the dynamic reactions at C and D. (b) Solve part a, assuming that
the direction of spin of disk B is reversed.

250 mm

SOLUTION
&, .&

Angular momentum of each disk about its mass center.

H, =Txa)xi+7ya)yj=—%mr2wli+imr2w2j 'w,é

H, =imr2(—2a)1i+a)2j) (1)
Eq. (18.22):

H; =(Hg)g,,. +QxH; =0+ a)zjximrz(—za)li + @)

H, = +%mr2wla)2k )
Equations of motion.
Since ma, and ma, cancel out, effective forces reduce to couple 2H,; = mr’@ayk.
It follows that the reactions form an equivalent couple with

2
—C=D= mr_ o, i 3)

0.3 m
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PROBLEM 18.95 (Continued)

(@) With m=5kg, r=0.1m, @ =1500 rpm =507 rad/s, and @, =45 rpm =1.57 rad/s, Eq. (3) yields

1.5 rad/s

C =D =(5kg)0.1 m)*(50x rad/s)(
m

): 123.37 N

C=-(1234N)i; D=(123.4N)i <

(b)  With direction of spin of B reversed, its angular momentum will also be reversed and the effective
forces (and thus, the applied forces) reduce to zero:

C=D=0 <
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"\QSOIHM y PROBLEM 18.96
0 Y|

Two disks, each of mass 5 kg and radius 100 mm, spin as shown at
the rate @ =1500 rpm about a rod AB of negligible mass which
rotates about a vertical axis at a rate @,. Determine the maximum
allowable value of @, if the dynamic reactions at C and D are not
to exceed 250 N each.

250 mm

SOLUTION
Angular momentum of each disk about its mass center. 2 ﬂ:
H, =an)xi+7ya)yj=—lmr2a)li+lmr2a)zj 'w'é
2 4
H; = %mrz (2w + wj) (1)
Eq. (18.22):

H, =(HG)GM +QxH, =0+a)2jximr2(—2a)1i+a)2j)

H, = +%mr2a)la)2k )

Equations of motion.

- L W)
<= 'MQ '\)z _“

B

Since ma, and ma, cancel out, effective forces reduce to couple 2H,; = mr’@ayk. It follows that
the reactions form an equivalent couple with

2
-C=D= mr o, i 3)
0.3m
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PROBLEM 18.96 (Continued)

Making C = D —250 N in Eq. (3) yields

2
MEAD _ 950N
0.3m

With m=5kg, r=0.1m, @ =1500 rpm =507 rad/s

(250 N)(0.3 m)

We have = >
(5 kg)(0.1 m)“ (507 rad/s)

=9.5493 rad/s ®, =91.2 rpm 4
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Rotating PROBLEM 18.97
rod

A stationary horizontal plate is attached to the ceiling by means of a
fixed vertical tube. A wheel of radius a and mass m is mounted on a
light axle AC which is attached by means of a clevis at A to a rod AB
fitted inside the vertical tube. The rod AB is made to rotate with a
constant angular velocity Q causing the wheel to roll on the lower face
of the stationary plate. Determine the minimum angular velocity Q for
which contact is maintained between the wheel and the plate. Consider
the particular cases (a) when the mass of the wheel is concentrated in

Fixed
tube

Vi the rim, (b) when the wheel is equivalent to a thin disk of radius a.
LN
SOLUTION
R
Angular momentum H,; of wheel: o, = Q 0=—Q, =0 ]— )
a % 9
H, =10i+10j+1 0k ;‘{5
H, =1, Raiy 1,Qj x
a

Rate of change of angular momentum:

Since @, and @, are constant, and observing that the frame Gxyz rotates with the angular velocity Q = Qi:
(HG )nyz =0
Eq. (18.22): H; =(Hg)g,,. +QxH;

H, =0+Qj><(7x£ai+7y§2j]
a

H; =-1, R o (D)
a
The free body and kinetic diagrams
H
— A 1
— = -
4"!
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PROBLEM 18.97 (Continued)

Equating moments about A:

Rix(-W j)=H,

—Rmgk =—1I, R
a
0= mga
I,
(@) massinrim: I, = ma’ Q=./gla 4
(b)  thin disk: I, =%ma2 Q=.2g/a 4
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PROBLEM 18.98

Assuming that the wheel of Problem 18.97 weights 8 Ib, has a radius a =4 in.
and a radius of gyration of 3 in., and that R = 20 in., determine the force
exerted by the plate on the wheel when Q = 25 rad/s.

PROBLEM 18.97 A stationary horizontal plate is attached to the ceiling
by means of a fixed vertical tube. A wheel of radius a and mass m is
mounted on a light axle AC which is attached by means of a clevis at A to a
rod AB fitted inside the vertical tube. The rod AB is made to rotate with a
constant angular velocity Q causing the wheel to roll on the lower face of
the stationary plate. Determine the minimum angular velocity € for which
contact is maintained between the wheel and the plate. Consider the
particular cases (a) when the mass of the wheel is concentrated in the rim,
(b) when the wheel is equivalent to a thin disk of radius a.

SOLUTION
R
Angular momentum Hg; of wheel: @, =Q, o, =—Q, @, =0 } '
a aﬁg :}
H, =10i+10j+1 0k “;;
H, =1, Raiy 1,Qj x
a

Rate of change of angular momentum:

Since @, and @, are constant, and observing that the frame Gxyz rotates with the angular velocity Q = Qj:
(H)gy. =0
Eq. (18.22): H; =(Hg)g,,. + QxH;
H; = O+Qj>{7x§ai +7},ij

: — R

H,; =-1,—Qk (1
a
With R=20in.,, a=4in.,, Q=25rad/s, mzﬁ
g
- -, 8(3.Y
and Ixzmkf:—(—ft] =15.53x107Ib- ft - s>
g\12

H; =-15.53x10" (?j(ZS)zk = 48.52k
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PROBLEM 18.98 (Continued)

A

Taking moments about A:
Rix(-Dj-Wj)=H,

204 (—Dj—8j) = —48.52k
12
5
—5(D+8)k =—48.5%k

D=§(48.52)—8= 21.11b

D=21.11b| €

2119
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y PROBLEM 18.99

450 mm

A thin disk of mass m =4 kg rotates with an angular velocity
@, with respect to arm ABC, which itself rotates with an
angular velocity @, about the y axis. Knowing that @, =5 rad/s
and @, =15rad/s and that both are constant, determine the
force-couple system representing the dynamic reaction at the
support at A.

SOLUTION
Angular velocity of the disk. o = o j+ ok = (5 rad/s)j+ (15 rad/s)k
Moments of inertia about principal axes passing through the mass center.
T _T _ 2
Iy=1,= Zmr

= i(4)(0.150 m)® =0.0225 kg-m’

I, = %mrz =0.045 kg-m”

Angular momentum about mass center C.
H.=1,0/+ Ty,a)y, j+ 1wk
=0+(0.0225)5j+ (0.045)15k
H, =(0.1125 kg-m?*/s)j + (0.6750 kg-m*/s)k
Rate of change of H. Let the frame Axyz be turning with angular velocity Q = @,j.
H.=(H),,, +QxH=0+QxH,
=5jx(0.1125j+0.675k) = (3.375 N - m)i
Position vector of Point C.
e,y =(0.450 m)i + (0.225 m)j
Velocity of Point C, the mass center of the disk.

Ve = 0 XTey = 55X (0.451 +0.225))
= —(2.25 m/s)k

Acceleration of Point C.

a, = jXTp + @ X Ve =0+5§x(=2.25k)=—(11.25 m/s?)i
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PROBLEM 18.99 (Continued)

ma. = (4)(-=11.25i) =—(45 N)i

Free body and kinetic diagrams

M = ™ He
w b -
A
A
Linear components: A =ma, A=—-(45N)i 4
Moments about A. M, =r, xma, +H,

M, =(0.450i + 0.225j) x (—45i) + 3.375i

M, =(3.38 N-m)i+(10.13N-mk <«
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PROBLEM 18.100

An experimental Fresnel-lens solar-energy concentrator can rotate about
the horizontal axis AB, which passes through its mass center G. It is
supported at A and B by a steel framework, which can rotate about the
vertical y axis. The concentrator has a mass of 30 Mg, a radius of
gyration of 12 m about its axis of symmetry CD, and a radius of gyration
of 10 m about any transverse axis through G. Knowing that the angular
velocities @ and @, have constant magnitudes equal to 0.20 rad/s and
0.25 rad/s, respectively, determine for the position 8 =60° (a) the forces
exerted on the concentrator at A and B, (b) the couple M,k applied to
the concentrator at that instant.

SOLUTION

Let the y axis be vertical and the y” axis be the symmetry axis.

Let the z axis be directed along axle BA as shown and the x” axis be the transverse axis perpendicular to BA.

Unit vectors. £=90°-6 y 5L
i’=icos - jsin B8
j=isin f+ jcos S

i=i'cosf+jsinf 8
j=—i'sin B+ jcos B 5
Angular velocity. o=nj+uk %
@ =—(w,sin B)i’ + (w, cos B)j + ok
=—w,cos bi + w,sin 8j+ ok %

Oy =m,cos0 @, =w,sinf 0, =
0= w, w, and w, are constant.

W, = 0,0, sin 0

Oy = 0,0,c086, @,=0

Radii of gyration: k,=10m
ky» =12m
k.=10m

Moments of inertia: I = mk>
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PROBLEM 18.100 (Continued)

Angular momentum about Point G. H; =1 ,0i+]I yoyj+ 1ok

H; =m[(10)° 04"+ (12)’ ,/§ + (10)* w.k]
=m(100®, cos 61’ +144®, sin 6 + 100w k)

where m is the mass. m=30,000 kg
Acceleration of the mass center.
Since the mass center lies at the center of the axle BA, a=0

Rate of change of angular momentum.

Let the reference frame G, be turning with angular velocity 2 =

H; =Hg,,. +QxH;
where H,. =104 +1,0,§ +1.0k
=m[(10)* w,w, sin 6’ + (12)*> w,w, cos 8 +0]
= m[(100)(0.25)(0.20)sin 60°" + (144)(0.25)(0.20) cos 60°§']
=m(4.3301i" +3.6§)
i i k
and QxH;=m| -w,cosb w,sin @ o)
—100w,cos @ 144w,sin@ 100w,
= m[~44@,w, sin 61’ — 44@3sin O cos k]
= m[—(44)(0.20)(0.25)sin 60°i’
+(44)(0.25)% sin 60°cos 60°k |
=m(~1.9053i’ +1.1908Kk)
H, =m[2.4248i' +3.6§ —1.1908k]
= (30,000)[2.4248(icos 30° — jsin 30°)
+3.6(isin 30° + jcos 30°) —1.1908K]
=(117x10° N-m)i+ (57.158x10° N - m)j
—(35.724x10° N - m)k
Weight: W =—mgj=—-(30x10°)(9.81)j

=—(294.3%x10° N)j

Equations of motion.

IMy =S(Mp)er: T X(Ad+Bj) +15, X W)+ Mk =Hg
32k X (A,i+ A, j) +16k x (—294.3x10°)j+ M k =H,
(=324, +4.7088%10°)i + 324, j+ M k =H
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PROBLEM 18.100 (Continued)

Equate like components:

i: —324,+4.7088x10° =117x10’ A, =1435x10°N

j: 324,=57.158x10° A, =1.786x10° N

k: M,=-35724x10°
(a) Reaction at A. A=(1.786 kN)i + (143.5 kN)j «
SF=3F;: B+A+W=0
B=-W-A=2943x10’j— A
Reaction at B. B=—(1.786 kN)i + (150.8 kN)j «

(b)) Couple M k: M,k =—(35.7kN-mk <
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PROBLEM 18.101

N A 6-1b homogeneous disk of radius 3 in. spins as shown at the
constant rate @, =60 rad/s. The disk is supported by the fork-
ended rod AB, which is welded to the vertical shaft CBD. The
system is at rest when a couple M, = (0.25 ft-Ib)j is applied to
the shaft for 2 s and then removed. Determine the dynamic

3in, reactions at C and D after the couple has been removed.

4 in,

SOLUTION

Angular velocity of shaft CBD and arm AB: Q=wj
Angular velocity of disk A: 0=nj+auk
Its angular momentum about A: H,=]0i+ Tya)yj + I_Za)zk = fya)zj + Tza)lk
Let the reference frame Bxyz be rotating with angular velocity Q.
H, :(HA)Axyz +QxH,

=L j+ 1.0k +ojx I ,oj+1 0k)

Ty +T,0n+ Tk

= %mrza)lwzi + imrza')zj + %mrza')lk

Velocity and acceleration of the mass center A of the disk:

V=w,jxci=-cwk,
A= jxci+@,jxv=—cirk - cari

Y IS "
\! Aly
C \C"
2 \i)‘ .
b if M, — (HW,
AT -
YA b - 2 -
}/J\ X X

D, Dy
XF=2F. =ma
C,i+Ck+D,i+Dk=ma
Resolve into components.
C.+D, =-mcwr
C.,+D,=-mcw,
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Data:

While the couple is applied,

Rearranging Equation (1)

At t=2s,

For ¢ > 2s,

From Equations (2), (3)

PROBLEM 18.101 (Continued)

M, =H,=H, +r,, xma

J:

k:

=H, + (ci +bj) X (~cark — cari)

M yj+2bjx(C,i+C k) =H, — mbcari+mc’@,j+ mbcak

2bC i+ M,j—2bC k =m(%r2a)la)2 —bcd)zjiwLm(irZ +c2)d)2j+m(%r2d)l +bca)22]k

Mozm(%r2+czja)2 (1
m(1l ,. ) m( 1 5. 2

C =——|— b D =——| — b 2

; 2b(2r @ + cwzj N 2b( 2r @ + ca)zj ()
m(l , ) m(l , )

C.=—|— -b D =——|— b 3

. Zb(zr w0, szj B 2b(2r o, + ca)zj 3)

W=61b, r=3in.=025ft, b=4in.=0.333331,
c=5in.=0.41667 ft, @ =60rads, @ =0

M,=0.25ft-1b

My, 0.25 —7.0899 rad/s’

@ m(% 2 +c2) (%)H (0.25)* + (0.41667)2]

W, = (,), + @t = 0+(7.0899)(2) = 14.18 rad/s

M,=0, @ =0

6

C,=—22___[0+(0.33333)(0.41667)(14.1798)* ] = —7.8054 Ib
(2)(0.33333)

[}

D, =— 22 ___[0+(0.33333)(0.41667)(14.1798)>] = —7.8054 Ib
(2)(0.33333)

_6
C,=— 22 [1(0.25)%60)(14.1798) - 0} =743121b
"~ (2)(0.33333)] 2

_6
D, =¢[—l(o.25)2(60)(14.1798) - o} =-7.43121b
(2)(0.33333) 2

C=—(7.811b)i+(7.431b)k <
D=—(7.811b)i—(7.431b)k «
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PROBLEM 18.102

N A 6-b homogeneous disk of radius 3 in. spins as shown at the
constant rate @, =60 rad/s. The disk is supported by the fork-
ended rod AB, which is welded to the vertical shaft CBD. The
system is at rest when a couple M, is applied as shown to the

e shaft for 3 s and then removed. Knowing that the maximum
3in.apgular velocity reached by the shaft is 18 rad/s, determine (a) the
couple M,,, (b) the dynamic reactions at C and D after the couple

z 4in ~_ has been removed.

SOLUTION

Angular velocity of shaft CBD and arm AB: Q=wj
Angular velocity of disk A: 0=0j+auk
Its angular momentum about A: H,=]0i+ T) o+ I_Za)zk = fya)zj + Tza)lk
Let the reference frame Bxyz be rotating with angular velocity Q.
s :(HA)Axyz +QxH,

=1,@j+1 0k + o jx (I w,j+1.0k)

= Lowi+1,bj+ 1.0k

= %mrza)lwzi + imrza')zj + %mrza')lk

Velocity and acceleration of the mass center A of the disk:

V=w,jxci=-cwk,
A=mjxci+@,jxv=—cirk —cari
Y "J
\\‘zn(:x
/*/ "L
Z j) "
D,

YXF=2F. =ma
C,i+Ck+D,i+Dk=ma
Resolve into components.
C,+D, =-mca;
C.+D,=-mcw,

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2127

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

PROBLEM 18.102 (Continued)

M, =H,=H, +r,, xma
=H, + (ci +bj) X (—cark — cari)
M yj+2bjx (C,i+C k) =H, — mbcari+mc’@,j+ mbcank

2bC,i+M,j—2bC k =m(%r2a)la)2 —bca')zjanﬂ +c2)d)2j+m(%r2d)l +bca)22]k

) Mozm(%r2+cha)2 (1
m 1 2. 2 m 1 2. 2
x Zb(zrwl szj x Zb( 2 C%J @
i =" nm —bea,| D=L 00, +bed 3)
PG E g 5@, —bew, e P LR
Data: W=61b, r=3in.=0.25ft, b=4in.=0.33333ft,
c=5in.=0.41667 ft, @ =60rad/s, @ =0
. . . . o, 18 5
(a)  While the couple is applied @, =—=?=6rad/s
t
From Equation (1) M,= m(%rz +c2Ja')2
=[-8 [ L0252 + 041667 |(6) My =(02121t-1b)j <
322)| 4 ' 0
(b) Fort>3s, M,=0, @, =0
=5 2
From Equations (2), (3 C. =—322  [0+(0.33333)(0.41667)(18)*]1=-12.578 1b
q 2,3 . (2)(0.33333)[ ( )( )(18)7]

6

D, =—322 ___[0+(0.33333)(0.41667)(18)*]=—12.578 Ib
(2)(0.33333)

_6
C.= L[l(o_zsf (60)(18) — 0} =9.43321b
(2)(0.33333) | 2

6
D. :L[_l(o_zs)%o)a 8)— 0} =-9.43321b
©(2)(0.33333) 2

C=—(12.581b)i+(9.431b)k «
D=-(12.581b)i—(9.431b)k 4
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PROBLEM 18.103

A 2.5 kg homogeneous disk of radius 80 mm rotates with an
angular velocity @, with respect to arm ABC, which is welded to
a shaft DCE rotating as shown at the constant rate @, =12 rad/s.
Friction in the bearing at A causes , to decrease at the rate of
15 rad/s*. Determine the dynamic reactions at D and E at a time
when o, has decreased to 50 rad/s.

SOLUTION
Angular velocity of shaft DCE and arm CBA: Q = ak
Angular velocity of disk A: 0=aoj+ak
Its angular momentum about A: H,=10i+ Ty o,j+ Tza)zk = I_)a)l i+ I_za)zk
Let the reference frame Cxyz be rotating with angular velocity €.
H, =(H,),,. +QxH,
=1,&j+ Lok +okx(,aj+ 1 ok)
=-1,0,0i+1,&j+1 )k
= —%mrza)za)li + %mrzd)lj + %mrza')zk
Velocity and acceleration of the mass center A of the disk:
vV, =0,KXry - = o,k X (bi-cj) =cari+bw,j
a, = @K Xryc + 0k X v, = (cdy —b@y)i+ (bd, +ca3)j

m(a:),

\;X m(ac)x

XF =2F,,
D,i+D j+Ei+E j=ma,
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PROBLEM 18.103 (Continued)

Resolve into components.
D, +E, =m(c@ —bay)
— : 2
D, +E, =m(ba, +cay)
M, =H, =H, +r,, xma, =H, + (bhi—cj+Ik)xma,

20k X (D,i+ D, j)+ Mk =H, +m(blad, — cle; )i +m(clad, +blay)j+m(b* +c*)airk

. . 1 : .
—2ID i +2ID, j+ Mk = m(—arza)za)l +bla, —Cla)zzjl
+ m(%rzd)l +clw, —bla)zzjj+m(ir2 +b* +czjd)2k
k: M, =m(%r2 +b? chzjd)2

i Dx:%(%r2q+cld)2—bla)§j Ex=%£—%r2d)l+cld)2—bla)22j

i: D, =%[%r2w2wl +blad, +cla)22j E, =%(—%r2w2a)l +blad, + cla);j

Data: m=25kg, r=80mm=0.08 m
b=120mm=0.12m, ¢c=60mm=0.06m, [/[=150mm=0.15m
@ =50radls, @ =-15rad/s’, @,=12radls, @ =0

25 1. 2
= | —(0.08)*(~15)+0— (0.12)(0.15)(12)* | =-22.0N
! (2)(0.15)[2(008)( 5)+0-(0.12)(0.15) )} 0

25 [1g0en 1
a (2)(0.15){2(0'08) (12)(50) + 0+ (0.06)(0.15)(12) } 268 N

D=-(22.0N)i+(26.8N)j <

2.5 1 ) X
= | ——(0.08)*(~15)+0—(0.12)(0.15)(12)° |=-21.2 N
' (2)(0.15)[ 5 (0:08)"(=15)+0-(0.12)(0.15) )}

__ 25 | 1 ) .
v (2)(0.15)[ 5 (0.08)*(12)(50) +0+(0.06)(0.15)(12) } 520N

E=-(212N)i—-(5.20N)j 4
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PROBLEM 18.104

A 2.5-kg homogeneous disk of radius 80 mm rotates at the
constant rate @, =50 rad/s with respect to arm ABC, which is
welded to a shaft DCE. Knowing that at the instant shown shaft
DCE has an angular velocity @, =(12 rad/s)k and an angular
acceleration ¢, = (8 rad/s®)k, determine (a) the couple which
must be applied to shaft DCE to produce that acceleration,
(b) the corresponding dynamic reactions at D and E.

60 m m\\

SOLUTION
Angular velocity of shaft DCE and arm CBA: Q = ak
Angular velocity of disk A: 0=aoj+ank
Its angular momentum about A: H, =/ wi+ Tya)yj +Iwk= Tya)lj +1 wk
Let the reference frame Cxyz be rotating with angular velocity .
H, =(H,),,. +QxH,
=1,yj+ .ok + @k x(I,mj+ 1.0k
=-Lw,ai+1,aj+1 ik
= —%mrza)za)li + %mrzd)lj + %mrza')zk
Velocity and acceleration of the mass center A of the disk:
v, = 0,KXry - =,k X (bi-cj) =cari+bw,j
a, = @kXry. + @kxv, =(c@, —bw; )i+ (ba, +ca3)j

m(a.),

\x m(ac)x

Ha

~

XF =2F,,
Di+Dj+Ei+E j=ma,
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Resolve into components.

Data:

(@)

(b)

PROBLEM 18.104 (Continued)

D, +E, =m(c@ —bay)
— : 2
D, +E, =m(ba, +cay)

M, =H, =H, +r,, xma, =H, + (bi—cj+Ik)xma,

20k x(D,i+ D, j)+ Mk = H, +m(blad, — cle3 )i+ m(clad, +blay )j+mb* +c*)airk

. . 1 . .
—2ID i +2ID j+ Mk = m(—arza)za)l +bli, - claﬁjl

+m(%r2d)l+cla')2—bla)zz)j+m(ir2+b2+czjd)2k
Mozm(ir2+b2+czjd)z
m(1 2. . 2 m 1 2 . . 2
D, =—|— +cla, —bl E =—|-——= +cla, —bl
x 21(2”(01 Cla, wzj x 21( 2”(01 Cla, wzj

m 1 2 . 2 m 1 2 . 2
D =—|—=r +blw, +cl E =—|——=r +blw, +cl
y 21(2 (212 2 a’z) ¥ 21( 5 212 2 23

m=25kg, r=80mm=0.08 m
b=120mm=0.12m, ¢c=60mm=0.06m, [/[=150mm=0.15m

@ =50rad/s, @ =0, @ =12radls, @ =a,=8rad/s’
M, = (2.5)B (0.08)* +(0.12)* + (0.06)2}(8) M, =(0.392N -m)k <«

2.5

= 0 15) : : —(0.12)(0. 2)21=-21.
= 0,15 [0 Q0OO19@) (012015121 =-210N

25 [1 ) i
=——= | —(0.08)*(12 12)(0.1 06)(0.15)(12)* | =28.0 N
v (2)(0‘15)[2(00&( )(50) + (0.12)(0.15)(8) + (0.06)(0.15)( )} 8.0

D=-21.0N)i+(28.0N)j «

2.5

=————[-0+(0.06)(0.15)(8) — (0.12)(0.15)(12)* ] = =21.0N

2.5 1 5 2
= 01| 5 (008702 12)(0.1 06)(0.15)(12
y (2)(0_15)[ 2(0 08)~(12)(50) + (0.12)(0.15)(8) + (0.06)(0.15)( )}

=—4.00N

E=-(21.0N)i—(4.00N)j <
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PROBLEM 18.105

y For the disk of Problem 18.99, determine (a) the couple M,j

450 mm which should be applied to arm ABC to give it an angular
acceleration ¢ =—(7.5rad/s*)j when @ =5rad/s, knowing
that the disk rotates at the constant rate @, =15rad/s, (b) the
force-couple system representing the dynamic reaction at A at
that instant. Assume that ABC has a negligible mass.

PROBLEM 18.99 A thin disk of mass m =4 kg rotates with
an angular velocity @, with respect to arm ABC, which itself
rotates with an angular velocity @, about the y axis. Knowing
that @, =5rad/s and @, =15 rad/s and that both are constant,
determine the force-couple system representing the dynamic
reaction at the support at A.

SOLUTION

Angular velocity of the disk. o =oj+ ok = (5Srad/s)j+ (15 rad/s)k

Moments of inertia about principal axes passing through the mass center.

T.=T,=>mr
4

= i(4)(0. 150 m)* = 0.0225 kg-m*

I =%mr2 =0.045 kg-m”

Angular momentum about mass center C.
H. =1 0+ Ty,a)y, AR RIOX] <
=0+(0.0225)5j+ (0.045)15k
=(0.1125 kg-m*/s)j+ (0.6750 kg -m?/s)k
Rate of change of H. Let the frame Axyz be turning with angular velocity Q = @,j.
He=(Hp),,, +QxHe =1 ai+1,0j+1.0.k+QxH,
=0+(0.0225)(-7.5)j+0+5jx(0.1125j+ 0.675k)
=—(0.16875 N-m)j+ (3.375 N-m)i
Position vector of Point C. Iey = (0.450 m)i +(0.225 m)j

Velocity of Point C, the mass center of the disk.

Ve = @ XTe = 5% (0.451 +0.225)) = —(2.25 m/s)k
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PROBLEM 18.105 (Continued)

Acceleration of Point C.
a. = jXTe, + QX v =(=7.5j)x(0.451 +0.225j) + 5jx (-2.25k)
=(3.3750 m/s* )k — (11.25 m/s%)i
ma. = (4)(-11.25i +3.3750k)

=—(45N)i+ (13.5N)k

Free body and kinetic diagrams
m L d
M, - He
-~
A
A
Linear components: A=ma, A=—-(45N)i+(13.5N)k
Moments about A. M, =r., xma, +H,
M, =(0.450i +0.225j) x (—45i +13.5k) — 0.16875j + 3.375i
=-6.0750j+10.125k +3.0375i — 0.16875j+ 3.375i
=0.4125i - 6.2438j+10.125k
(@)  Required couple. M,j=—(6.24 N-m)j <
(b)  Dynamic reaction. A=—-(45.0N)i+(13.50 N)k «
M, =(641N-m)i+(10.13N-mk <
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PROBLEM 18.106*

A slender homogeneous rod AB of mass m and length L is made to
rotate at the constant rate @» about the horizontal z axis, while frame
CD is made to rotate at the constant rate @, about the y axis. Express as
a function of the angle 6 (a) the couple M; required to maintain the
rotation of the frame, (b) the couple M, required to maintain the
rotation of the rod, (c¢) the dynamic reactions at the supports C and D.

SOLUTION

Angular momentum H;:

We resolve the angular velocity ® = @,j+ @k into components along the principal axes Gx'y’z:

Moments of inertia:

We have

o, =—w cosd
o, =@ sinf

Z:

| )
lo=1,=—mL" 1,=0
H,=1, ®,=——mL ® cosf
H,=1,0,=0

Computing the components of H; along the x, y, z axes:

The angular momentum is therefore

H =H, sintﬁ’z—imL2 a)lcos6’sin9=—imL2 @, sin 20
12 24
H, =-H, c0s¢9=+émL2 @ cos” @

|-
H_ =—mL
71 w,

1 2 . . 1 2 2 e 1 2
H, =——mL @ sin26i + —mL @, cos” 8j+ —mL v,k
6= " "2

where the reference frame Gxyz rotates with the angular velocity

Q=uj
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PROBLEM 18.106* (Continued)

Rate of change of H;. We note that @ and @, are constant, while @ varies with #, with 0=w,.
Eq. (18.22) yields

H; = (Hg)g,,. +QxH; =—imL2a)l(2czos 260)i +%mLza)l(—ZCosﬁsin 66)j
T @ jx| ———ma@ sin 26i + —m ok
A T "
1 2 o 1 2 . .
=——mL c0s 26i ——mL sin 26
"o, oA, J
+§mL2a)12 sin 26k +émL2a)la)2i
H; = %mLza)la)z(l —cos 20)i —%mLza)la)z sin 20}
1 5.
+—mL @ sin26k 1
24" @

Equivalence of external and effective forces.

Ve From &. (1)
-'\-4| -1 mL‘D,U,si n20 j‘
C=C4# -—-‘—~T n A -
= Mma =0
L = 6
1 T .
d S fe MLV sin20

Equating the moments of the variable couples:
LixCk + M, j+ M,k =H,

LCi+M j+M,k= émszla)z (1-cos260)i — émszle sin 26j
I 5 5.
+—mL @y sin 26k
24 “
Equating the coefficients of the unit vectors:
i M, = —émLza)la)z sin 20

(@) Couple M;: M, =—%mL2wla)2 sin26j 4

1 2 9 .
M, =—mL oy sin26
224
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PROBLEM 18.106* (Continued)

(b)  Couple M,: M, =§mL2w12 sin 260k <«

LC= %mLza)la)z (1—cos26)

C= émLa)la)z(l —cos20) = émLa)la)2 sin” @

Dynamic reactions.

C =émLa)la)2 sin” 6k; D =—émLa)la)2 sin® 6k <
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PROBLEM 18.107

A solid cone of height 9 in. with a circular base of radius 3 in. is supported by
a ball-and-socket joint at A. Knowing that the cone is observed to precess about
the vertical axis AC at the constant rate of 40 rpm in the sense indicated and that
its axis of symmetry AB forms an angle f=40° with AC, determine the rate at
which the cone spins about the axis AB.

SOLUTION

Use principal axes xyz with origin at A as shown.
For the solid cone, r=3in.=0.25 ft

h=9in.=0.75ft ¢ :%=0.5625 ft

Izimr2 I'=§m(h2 +%r2j

10 5
I'—Izim(h2 —erJ
5 4

Angular velocity.
spin: ¥ about negative z axis

precession: ¢ about positive Z axis
0=9¢K-yk
= ¢(cos Sk +sin Bj) -k

w, =0, a)yqusinﬂ, a)z=¢3cos,8—y'/ g
Angular momentum about fixed Point A. h ¢
H,=l'oi+I'oj+Iok
=I'gsin Bj+ I(dcos B—yk
Let frame Axyz be rotating with angular velocity €.
Q =¢K = gcos Bj+ ¢sin S k
Rate of change of H ,. ;—c sin B—J

i k
H,=QxH, =0 ¢sinf pcos
0 I'gsinfB I(pcosf—y)
=—[(I'=1)¢* cos Bsin B+ Ipyrsin Bli
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PROBLEM 18.107 (Continued)

Moment about A. M, =-mgcsin Bi

M, =H, leads to

ge=""L G cos fre Ly
m m
3(,2 1 25 3 a5
=—|h"—= + =
5( 4r )¢ cos 1Or oy

20gc = (12h = 3r*)@* cos § + 61 pyr
Je 20gc — (120 = 3r?)¢* cos
6r°¢

Data: B=40°
¢ =40 rpm = 4.1888 rad/s

= (20)(32.2)(0.5625) - [(12)(0.75)* — (3)(0.25)*14.1888 cos 40°
(6)(0.25)(4.1888)

=174.46 rad/s W =1666 rpm 4
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PROBLEM 18.108

A solid cone of height 9 in. with a circular base of radius 3 in. is supported by a
ball-and-socket joint at A. Knowing that the cone is spinning about its axis of
symmetry AB at the rate of 3000 rpm and that AB forms an angle £ =60° with
the vertical axis AC, determine the two possible rates of steady precession of the
cone about the axis AC.

SOLUTION

Use principal axes xyz with origin at A as shown.

For the solid cone, r=3in.=0.25 ft

h=9in.=0.751t ¢ =%=0.5625 ft

Angular velocity.
spin: ¥ about negative z axis

precession: ¢ about positive Z axis

0=9¢K-yk
: C e 2
=@ (cos Sk +sin fBj) -k A
o, =0, a)y=¢sinﬂ, a)Z=¢cosﬂ—lﬂ c
Angular momentum about fixed Point A.
H,=l'ni+I'oj+Iok
=I'gsin Bj+ I(dcos B—yk
Let frame Axyz be rotating with angular velocity €.
Q = ¢K = gcos Bj+ dsin Sk L E—J
je—C sin

Rate of change of H ,.

i K
H,=QxH, =0 ¢sinf pcos B
0 I'¢sinf I(gcosf—y)
=—[(I'=1)¢* cos Bsin B + 1gyrsin Bl
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PROBLEM 18.108 (Continued)

Moment about A. M, =-mgcsin Bi

M, =H, leads to

d _I¢2cosﬁ+i¢51//
m m

gc=
=§(k2 —irz)f cosﬂ+%r2¢w
20gc = (12h = 3r*)@* cos  + 61 pyr

(12h* =3r*)@* cos B+ 612y ¢ —20gc =0

Data: ¥ =3000 rpm =314.16 rad/s
B =60°

[(12)(0.75)% = (3)(0.25)*1(cos 60°) ¢* + (6)(0.25)* (314.16) ¢ — (20)(32.2)(0.5625) = 0

3.28125¢ +117.81¢—362.25=0

Solving the quadratic equation, ¢ =2.8488 rad/s, —38.753 rad/s

$=272rpm, -370rpm 4
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PROBLEM 18.109

The 85-g top shown is supported at the fixed Point O. The radii of gyration of
the top with respect to its axis of symmetry and with respect to a transverse axis
through O are 21 mm and 45 mm, respectively. Knowing that ¢ =37.5 mm
and that the rate of spin of the top about its axis of symmetry is 1800 rpm,
determine the two possible rates of steady precession corresponding to € = 30°.

SOLUTION

Use principal axes x, y, z with origin at O.

Angular velocity: o= @sinbi+ (¥ + @cos Ok
o =@¢sing, o,=0, @, =y+@pcosd

Angular momentum about O:

H,=lLwi+l,0j+] ok
=I'gsinbi+ ok
Let the reference frame Oxyz be rotating with angular velocity € = ¢@sin 8i + ¢ cos 6k. \
H,=QxH,
= (@sinbi+ gcosOk) x (I'gpsin O + [ w k)
=(I'psin@cos 6 — [ @, sin O)@j

Ry

ZMO = HO —
oT .
~Wesin@j= (I'¢sin@cos 0 — [, sinO)j R € sing

We =, —1'¢pcos6)¢
We =1y — (I’ = ¢cos O] (1

Data: m=285g=0.085 kg
W =mg =(0.085)(9.81)=0.83385 N

I =mk? =(0.085)(0.021)* =37.485x10 ° kg - m*
I’ =mk? = (0.085)(0.045)* =172.125x10 ° kg - m*
¢=375mm=0.0375m,  =1800 rpm =188.496 rad/s

6 =30°
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PROBLEM 18.109 (Continued)

Substituting into Eq. (1),
(0.83385)(0.0375) =[(37.485x107°)(188.496) — (134.64 x10~® )@ cos 30°]¢
116.602x10° ¢* —7.0658 %107 9 +31.269%x107> =0
@=30.299+25492  »=4.807 rad/s, 55.791 rad/s
@=45.9 rpm, 533 rpm <«
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PROBLEM 18.110

The top shown is supported at the fixed Point O and its moments of inertia about

z its axis of symmetry and about a transverse axis through O are denoted,
respectively, by I and I’. (a) Show that the condition for steady precession of
the top is

—

(Iw, —I'gcos 8)p =W

0) \V where ¢ is the rate of precession and @, is the rectangular component of the
angular velocity along the axis of symmetry of the top. (b) Show that if the rate of
spin ¥ of the top is very large compared with its rate of precession ¢, the

condition for steady precession is 1@ = Wc. (c) Determine the percentage error

introduced when this last relation is used to approximate the slower of the two
rates of precession obtained for the top of Problem 18.109.

SOLUTION

Use principal axes x, y, z with origin at O.

Angular velocity: o= @sinbi+ (¥ + ¢cos )k

o, =@¢sing, o,=0, @, =y+@pcosd

Angular momentum about O:
H,=l0i+],0j+I.0k=1psinbi+Iok
Let the reference frame Oxyz be rotating with angular velocity € = ¢@sin 8i + ¢cos 6k. \
H,=QxH,
= (@sinbi+ gcosOk) x (I'gpsin O + [ w k)
= (I'psin@cos 6 — [ @, sin O)@j

R

ZMO :HO é—a» ¢
~Wesin@j= (I'¢sin@cos @ — [, sinh)j R C Sin !
(a) We=(Iw,—1'¢pcos0)p 4
We =1y — (I’ = I)¢cos 8] (1)
(b)  For Il <<y, We =~ Iy 2) <
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PROBLEM 18.110 (Continued)

(¢) Data: m=85 g =0.085 kg
W =mg =(0.085)(9.81) = 0.83385 N
I =mk} = (0.085)(0.021)* =37.485x10™° kg - m*
I =mk? =(0.085)(0.045)> =172.125x10"° kg - m*
c=375mm=0.0375m, ¥ =1800 rpm =188.496 rad/s
6=30°
Substituting into Eq. (1),

(0.83385)(0.0375) =[(37.485x107°)(188.496) — (134.64 x10~® ) cos 30°]¢

116.602x107°¢* —7.0658 %107 9 +31.269x10> =0
@=30.299+25492  @=4.807 rad/s, 55.791 rad/s

We  (0.83385)(0.0375)

From Eq. (2), =—=
q Iy (37.485x107°)(188.496)

=4.425 rad/s

% error :%xm% % error =—7.95% 4
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d) PROBLEM 18.111

| A solid aluminum sphere of radius 4 in. is welded to the end of al0-in.-long rod AB
/ of negligible mass which is supported by a ball-and-socket joint at A. Knowing that
the sphere is observed to precess about a vertical axis at the constant rate of 60 rpm
in the sense indicated and that rod AB forms an angle f=20° with the vertical,

Ay determine the rate of spin of the sphere about line AB.
10 in.

B 4 in.

SOLUTION

Use principal axes x, y, z with origin at A.
Angular velocity: o = @sin i+ (i — ¢cos Sk

o =¢sinf, o,=0, o =y—¢cosf
Angular momentum about A:

H,=l0oit+l0j+l 0k

=I'¢sin Si+ I(y — ¢cos Bk

Let the reference frame Axyz be rotating with angular velocity Q = @sin i — ¢cos k. A,
. Ah -~
H,=QxH,
=—@[lysin B+ (I —I)@sin Bcos Slj
M, =H,
—mgcsin Bj=—@[Iysin B+ (I’ — I)@sin S cos Blj
mge = 1oy — (I’ = 1)@ cos l"‘%
Ipy _(I'=D¢*cosf | e (1)
mgc mgc
Data: r=41in.=0.333 ft

c=10in.+41in.
=141in.=1.1667 ft,

g =322 ft/s?
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PROBLEM 18.111 (Continued)

P = %(0.3333)2 =0.04444 ft*

P+ = %(0.3333)2 +(1.16667)* =1.4056 ft*

=20° @=060 rpm=6.2832rad/s
Substituting into Eq. (1),

(0.04444)(6.2832)yr  (1.4056 — 0.04444)(6.2832)* cos 20° +1=0
(32.2)(1.1667) (32.2)(1.1667)

7.4335x107 47 —1.34412+1=0
¥ =46.293 rad/s = 442 rpm

Y =442 rpm <4
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PROBLEM 18.112

| A solid aluminum sphere of radius 4 in. is welded to the end of a 10-in.-long
/ rod AB of negligible mass which is supported by a ball-and-socket joint at A.
Knowing that the sphere spins as shown about line AB at the rate of 600 rpm,
determine the angle S for which the sphere will precess about a vertical axis at

Ay N the constant rate of 60 rpm in the sense indicated.
m.

B 4 in.

SOLUTION
Use principal axes x, y, z with origin at A.
® = @sin i+ (¥ — ¢gcos Sk
o =¢sinf, o =0, o =y—¢cosf

Angular velocity:

Angular momentum about A:
H,=l0oit+l0j+l 0k

=I'¢sin Si+ I(y — ¢cos Bk

Let the reference frame Axyz be rotating with angular velocity Q = @sin i — ¢cos k. A, Ao
-—
H,=QxH,
=—@[lysin B+ (I’ —I)@sin Bcos Blj
M, =H,
—mgcsin Bj=—@[lysin B+ (I' = I)@sin S cos Blj
mge = 1oy — (I’ = 1)@ cos
.. P leCsinp~f
loy  (I'-D¢ c05ﬂ+1:0 0
mgc mgc
Data: r=4in. =§ ft
c=10+4=141in.
N
12 6
g =32.2ft/s?
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PROBLEM 18.112 (Continued)

2
L:Zﬂ:%(l) =0.04444 ft*
m 5 53
’ 2 2
I—:5r2+c2=3(1] +(1) =1.4056 ft*
m 5 5\3 6
¥ =600 rpm = 62.832 rad/s @ =—60 rpm =—6.2832 rad/s

Substituting into Eq. (1),

(0.044444)(=6.2832)(62.832) _ (1.40556 — 0.04444)(=6.2832)° cos f+120
(32.2)(1.16667) (32.2)(1.16667)

—0.46706—1.43038cos f+1=0
cos #=0.37259

B =68.1° 4
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PROBLEM 18.113

A solid sphere of radius ¢ =3 in. is attached as shown to cord AB. The sphere is
observed to precess at the constant rate ¢ =6 rad/s about the vertical axis AD.
Knowing that =40° determine the angle 8 that the diameter BC forms with
the vertical when the sphere (a) has no spin, (b) spins about its diameter BC at
the rate i =50 rad/s, (c) spins about BC at the rate ¥ =-50 rad/s.

SOLUTION
Use principal centroidal axes x, y, z as shown.
Angular velocity: O =—@sinbi+ (¥ + gcosO)k
Angular momentum about the mass center G:
H; =lLoi+l,0j+] 0k
=—I'¢sin6i + 1(yy + ¢pcos )k
Let the reference frame Gxyz be rotating with angular velocity
Q =—@sin bi+ ¢cos Gk
H,=QxH,
=[I¢yrsin@— (I’ - I)¢* sin Ocos O]

Acceleration of the mass center:

a=(/sin B+csin@)p* ~—

SF=3F,,:
+T: Tcosff—mg =0, 7=""8 €))
cos 3
+<—: Tsinf=ma
gtan S = (Isin f+ csin 6)@* )
)M, =Tesin(B-6) = H,
mgcsin(f — 6) L ’ .
v =] 0-'-1 fcos O 3
HLsinBrcsinble cos ypsinG - ( g7 sinbcos ©)
Data: c=3in.=0.251t, F=40°, @=6rad/s
T2 05 1'-1=0
m m 5
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PROBLEM 18.113 (Continued)
Substituting into Eq. (1),
(32.2)(0.25)sin(B - 6) = (0.025)(6)yisin @
cos 8
8.05(sin S cos@ —cos Bsin @) = 0.15ysin cos 5
tan @ = %
1+0.018634y
(@ =0, tanf=tanf 6=/ 6=40.0° 4
() =50 radss, g—_tand0 6=235 4
1+(0.018634)(50)
(©) 4 ==50radss, 0= tan 40 0=853° 4
1+(0.018634)(-50)
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PROBLEM 18.114

A solid sphere of radius ¢ =3 in. is attached as shown to a cord AB of length 15 in.
The sphere spins about its diameter BC and precesses about the vertical axis AD.
Knowing that 6 =20° and S =35° determine (a) the rate of spin of the sphere,
(b) its rate of precession.

C

@

2 .
W

SOLUTION

Use principal centroidal axes x, y, z as shown.
Angular velocity: O =-@sinbi+ (¥ + @cos O)k
Angular momentum about the mass center G:
H;=loi+],0j+1 .0k
=—1'¢sinGi + 1(y + ¢pcos O)k
Let the reference frame Gxyz be rotating with angular velocity
Q =—@sinbi + ¢pcos Gk
H; =QxH,
=[I¢yrsin@— (I’ - I)¢* sin Ocos O]

Acceleration of the mass center:

a=(/sin B+csin@)p* ~—

k
A .
\*\ ' */é SF=3F,,:
”°
T g-e +T: Tcosff—mg =0, 7="""8 (1
— cos B
c +<—: Tsinf=ma
gtan = (Isin B+ csin 6)¢* 2)
)M, =Tesin(B-6) = H,
: mgesin(f-6) ... o
ALenrcsinol —cos,B =Ilypsin@— (" — 1)@ sinfcos 3)
Data: c=3in.=0.25ft, [=15in.=1.25ft
g =32.2 ft/s?
I I 2

—=—==c?=0025ft> I'-1=0,
m m 5
=35, 6=20°
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PROBLEM 18.114 (Continued)

From Equation (2),

(32.2)tan 35° = (1.25sin 35° + 0.25sin 20°)¢”
@ =28.096
@ =5.3006 rad/s

From Equation (3), (322)(029)sIn15% _ ; 25)5(5.3006) sin 20°

cos35°
(a) ¥ =56.119 rad/s ¥ =56.1rad/s 4
() ¢=5.30rad/s 4
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7 PROBLEM 18.115
A

A solid cube of side ¢ =80 mm is attached as shown to cord AB. It is
B observed to spin at the rate ¥ =40 rad/s about its diagonal BC and to
precess at the constant rate ¢ =35 rad/s about the vertical axis AD.
) B2 Knowing that f=30° determine the angle ¢ that the diagonal BC
Q)’? b c forms with the vertical. (Hint: The moment of inertia of a cube about an
Y axis through its center is independent of the orientation of that axis.)
&
D
)
v
\
SOLUTION

Use centroidal axes x, y, z such that the z axis lies along the body
diagonal BC and the x axis lies in the plane of A, B, C, and D. Let e be

the length GB.
NE)
e=—r°c
2
o7 _ 2
Moment of inertia: I.=1,=1=—mc

Angular velocity: @ =—@sin i + (4 + ¢cos O)k

Angular momentum about the mass center G:

H; =l.0i+1,0j+1.0k=-I"gsinbi+Iy+pcosO)k

Let the reference frame Gxyz be rotating with angular velocity
Q =—@sinbi+ ¢pcos Gk
H,=QxH,
=[Ipyrsin@— (I’ — I)¢* sin Bcos b1j

k_ Acceleration of the mass center:
W\ g a=(lsin B+esin@)g® ~—
) 6-9;& SF=3F,:
T B Ae +T: Tcosf-mg=0, T= mg (1)
~ cos
+<—: Tsinff=ma
gtan = (Isin f + esin 0)¢” )
+)IM . =Tesin(B- )= H
mgesin(f —6)

Lsinfaresin® = Iyrgpsin @ — (I’ — )@ sin @ cos O 3)

cos 8
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Data:

Substituting into Eq. (3),

(9.81)(0.069282)sin(f — 6)

PROBLEM 18.115 (Continued)

5

c=80mm=008m e= 73(0.08) =0.069282 m

’

=I—=lc2 =1.06667x10>m? I'-1=0
m 6

I
m
B=30° y=40rad/s @=>5radls

= (1.06667 x107°)(40)(5)sin &

0.67966(sin fcos@ —cos Fsin @) = 0.21333sin & cos

0.89299sin O cos = 0.67966sin B cos &
tan@=0.76111tan §=0.76111 tan 30° = 0.43942

6=237" 4
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7/ PROBLEM 18.116
A

A solid cube of side ¢ =120 mm is attached as shown to a cord AB of length
B 240 mm. The cube spins about its diagonal BC and precesses about the
vertical axis AD. Knowing that 6=25° and £ =40°, determine (a) the rate of
spin of the cube, (b) its rate of precession. (See hint of Problem 18.115.)

e
D
]
v
\
SOLUTION

Use centroidal axes x, y, z such that the z axis lies along the body
diagonal BC and the x axis lies in the plane of A, B, C, and D. Let e be

the length GB.
NE)
e=——-°c
2
I
Moment of inertia: I.=1,=1I —gmc

Angular velocity: @ =—@sin i + (4 + ¢cos O)k

Angular momentum about the mass center G:
H; =l,0i+1,0j+1 0k=-1I"gsinbi+Iy +pcosO)k

Let the reference frame Gxyz be rotating with angular velocity
Q =—@sin bi+ ¢cos Gk
H, =QxH,
=[Ipyrsin@— (I’ — I)¢* sin Bcos O]j

k Acceleration of the mass center:
a=(Isin B+esin@)@® ~—
XF =3F,:

+T: Tcosff—-mg=0, T= s €]
cos 3

+<—: Tsinf=ma
gtan = (Isin f§ + esin 0)¢” )
+)IM . =Tesin(B-0) = H,;

ﬁs.'nfs+esiv\9 ' lel/){bsinﬁ—(!'—l)qbz sin@cos @ 3)
cos 8
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PROBLEM 18.116 (Continued)

Data: c=120mm=0.12 m

V3
2
[=240 mm =0.24 m

e=——(0.12)=0.103923 m

L=I—=lcz=l(0.12)2=2.4x103m2 I'-1=0
m m 6 6
60=25° p=40° 0-p=15°

From Eq. (2), (9.81)tan 40° = (0.24sin 40° + 0.103923sin 250)(/)2

@ =41.534 @ =06.4447 rad/s
(9.81)(0.103923)sin 15°

From Eq. (3), = (2.4x107)y7(6.4447)sin 25°

cos40°
(a) ¥ =52.694 rad/s ¥ =527rad/s 4
(b) ¢=6.44rad/s 4
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PROBLEM 18.117

A high-speed photographic record shows that a certain projectile was fired
v with a horizontal velocity v of 2000 ft/s and with its axis of symmetry
forming an angle B =3° with the horizontal. The rate of spin y of the

X1
YC/V\ Q}ﬁi projectile was 6000 rpm, and the atmospheric drag was equivalent to a
‘g 5 force D of 25 Ib acting at the center of pressure C, located at a distance

-

¢ =61n. from G. (a) Knowing that the projectile has a weight of 45 Ib and a
radius of gyration of 2 in. with respect to its axis of symmetry, determine its
approximate rate of steady precession. (b) If it is further known that the
radius of gyration of the projectile with respect to a transverse axis through
G is 8 in., determine the exact values of the two possible rates of precession.

SOLUTION

Choose principal centroidal axes x, y, z as shown.
The symmetry (spin) axis is the z axis.
Reduce the drag force to a force-couple system at the mass center.
F =(Dsin B —W cos )i — (Dcos f—W sin f)k
M, = Dcsin S .

For the occurrence of steady precession, the precession axis must be parallel to the drag force.

Thus, 6=p=3°

(a)  Using Equation (18.44), M, =H,
Desin = (1w, —I'¢pcos 0)@sin @

Using f=6 and @, =y + @cos@ gives
Iyp— (I’ = 1)¢* cos @ = Dc (1)

Neglecting the quadratic term in @,

Wg=pc  p=_2
ly
Data: W=d51b, m=" =2 13975 sug
g 322

2

2
EJ =0.0388205 slug - ft*

I=mk? = (1.3975)(

¥ = 6000 rpm = 628.32 rad/s, ¢ =% in.=0.5 ft

B (25)(0.5)
(0.0388205)(628.32)

=0.51248 rad/s @~=4.89 rpm 4
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PROBLEM 18.117 (Continued)

2
(b) I'=mk? = (1.3975)(%] =0.62112 slug - ft*

I’—1=0.58230 slug - ft*
Substituting into Equation (1),

(0.0388205)(628.32)@ — (0.58230)¢" cos 3° = (25)(0.5)

0.58150¢* —24.3912¢+12.5=0

@ =20.9727 £20.4538
=0.51890 rad/s, 41.427 rad/s  ¢=4.96 rpm, 396 rpm <«
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A . PROBLEM 18.118

|

| 23.45°
Axis of :

YA

If the earth were a sphere, the gravitational attraction of the sun, moon,
and planets would at all times be equivalent to a single force R acting at
the mass center of the earth. However, the earth is actually an oblate
spheroid and the gravitational system acting on the earth is equivalent
to a force R and a couple M. Knowing that the effect of the couple M is
to cause the axis of the earth to precess about the axis GA at the rate of
one revolution in 25,800 years, determine the average magnitude of the
couple M applied to the earth. Assume that the average density of the
earth is 5.51 g/em’, that the average radius of the earth is 6370 km,
and that [ =§mR2. (Note: This forced precession is known as the
precession of the equinoxes and is not to be confused with the free
precession discussed in Problem 18.123.)

SOLUTION
25,800 years = (25,800 yr)(365.24 day/yr)(24 h/day)(3600 s/h)
=814.16x10"s
p=— 7717310 2 radls
814.16x10
= 27 =72.935%10 " rad/s
(23.93 h)(3600 s/h)
Mass density of Earth: p =551 g/lem® = 5510 kg/m’
Radius of Earth: R =6370 km = 6.370x10° m
Mass of Earth: gmﬁ p= %7:(6.370><106)3(5510) =5.9657x10** kg
- 2 5, 2 24 612
I= ng = §(5.9657 x1077)(6.370x10”)
=96.827x10* kg-m*
Using Equation (18.44),

M =(Iw, —I'pcos O)@sin O
=[Iy + (I —I")¢cos B]gsin 6
= lygsin @
=(96.827x10%)(72.935x107°)(7.7173x10™"?) sin 23.45°
=21.688x10*' N-m

M =21.7x10"N-m <«
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PROBLEM 18.119

Show that for an axisymmetrical body under no force, the rates of precession and spin can be expressed,
respectively, as

and
. H;cos@' -1
l//:G—

i’

where H,; is the constant value of the angular momentum of the body.

SOLUTION
. Hg;sin@ H 6
By Equations (18.48), o, = —%, o, = 0, .= G ;OS
By Equation (18.35) with 6=0,
W, =—@sin 6, o, =0, @, =y +@cos

Eliminating @, and @_,

. _Hg

®= I/

H
W+ @cosf=—G—— ;osﬁ
j= Hgcos@ _jpcos= Hgcos6 Hg c’osé’ _ HG([’_’])COSQ
I I 1 g
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PROBLEM 18.120

(a) Show that for an axisymmetrical body under no force, the rate of precession can be expressed as

lw,
" I’cos®

¢

where @, is the rectangular component of @ along the axis of symmetry of the body. (b) Use this result to
check that the condition (18.44) for steady precession is satisfied by an axisymmetrical body under no force.

SOLUTION
(a)  Angular velocity of the body: o =—-¢sinbi+ vk
Its angular momentum about G: H; =-I'gsin6i+ Iowk

Let the reference frame Gxyz be rotating with angular velocity Q, where
Q =—@sinbi+ ¢cos Gk
H; =(Hg)g,,. +QxHg
=0+ (—¢@sinbi + ¢cos k) x (-I'@sin i + [w k)
=g, sin@—I'¢" sinHcos @

For no force, H, =0
Hence, (o, —I'pcos@)@sin@=0 or Iw,—I'¢pcosd=0 (D
lw
Solving for ¢, p=—-—F—
glor ¢ 14 I'cos@

(b)  Comparing Equation (1) with Equation (18.44) yields M, =0, which is the condition for no force.
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PROBLEM 18.121

Show that the angular velocity vector @ of an axisymmetrical body under no force is observed from the body
itself to rotate about the axis of symmetry at the constant rate

-1
n= Ir a)z

where @, is the rectangular component of ® along the axis of symmetry of the body.

SOLUTION
Angular velocity of the body: o =—@sindi+(¢cosf+y)k
Let the reference frame Gxyz be rotating with angular velocity Q, where

Q =—-@sinbi+ ¢cosbj
Angular acceleration of the body: 0 =g, + QX0

o =0+ @ sin 0

The rate of change of angular velocity as observed from the body is —o.
Assume that —at may be represented as the angular velocity vector rotating with angular velocity i + mj+ nk.

—o=(li + mj+nk)x(@,i+ wk)
=mw.i+ (o, —lo)j-mok

Matching components: i O0=mw, m=0
o —oysinf=no, -lo, (1)

k: O=—-mw, m=0

X

From Equation (1), —@Qysin@ = —n@sin @ — [(¢pcos 0+ )
from which [=0 and n=vy.
Using Equation (18.44) with IM, =0 yields I, —1'pcos@=0
or pcosf = Iafz
1
- . Mo,
But . =y +@cosf@=y+ I'Z
Solving for v, V= ! I_I w,
. S I'-1
Using ®.=w, and n=y yields n=—0=a,. <
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PROBLEM 18.122

For an axisymmetrical body under no force, prove (a) that the rate of retrograde precession can never be less
than twice the rate of spin of the body about its axis of symmetry, (b) that in Figure 18.24 the axis of symmetry
of the body can never lie within the space cone.

SOLUTION
For no force, M; =0
(@) Using Equation (18.44), 0= @, - I'¢cos@)@sin &
o, —T'pcos@=0
Using @, =y +¢cosf yields Ty —(I'—I@cosd=0
: 1y
¢=_/_—W
(I"=1T)cos@
L Ty
=—"—secH
=
. - 1=
For a flat disk, = 51
o 1=
For any other shape, > EI
- 1 i
Hence, I -I'<—=] and =——=>2
2 I-1
Also, secd >1: |(p|>2y'/
1 I 1
(b) tan7/=7tan¢9 or tan¢9=7tan}/>5tan7

Angle of surface of space cone is y— 6.

Angle of axis is 6.

1 tan@+tan(y—0)
2 1+tanftan(y —6)

tan @ >%tan[9+ (y—-0)]=

[1+ tan @tan(y — O)]tan 6 > %tanﬁ +%tan(}/— 9)
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PROBLEM 18.122 (Continued)

tan 6 + tan> Gtan(y—6) > %tan o +%tan(}/— o)
1 1 )
Etanﬁ > Etan(}/— @) —tan” Gtan(y —0)

1 1
—tan@ > —tan(y—6
> > (y-0)

tan @ > tan(y — 6)
0>(y-0)

The axis lies outside the space cone. <4
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PROBLEM 18.123

Using the relation given in Problem 18.121, determine the period of precession of the north pole of the earth
about the axis of symmetry of the earth. The earth may be approximated by an oblate spheroid of axial
moment of inertia I and of transverse moment of inertia I”=0.99671. (Note: Actual observations show a
period of precession of the north pole of about 432.5 mean solar days; the difference between the observed
and computed periods is due to the fact that the earth is not a perfectly rigid body. The free precession
considered here should not be confused with the much slower precession of the equinoxes, which is a forced
precession. See Problem 18.118.)

SOLUTION

Angular velocity of the body: O =-@sinbi+ (pcosd+y)k

Let the reference frame Gxyz be rotating with angular velocity Q, where
Q =—@sinbi + ¢pcos 0

Angular acceleration of the body: o =g, +Q2X®

The rate of change of angular velocity as observed from the body is —o.
Assume that —a may be represented as the angular velocity vector rotating with angular velocity
li + mj+ nk.
—ou = (li + mj+ nk)x (@i + w k)
=-mwi+ (o, —lw,j) - mok

Matching components: i O=nmw, m=0

i —@ysinf =nw, —lw, (1)

k: O0=—-mo, m=0

X

From Equation (1), —@ysin@ =—n@sin@ —(¢pcos 8 +y)
From which [=0 and n=y.
Using Equation (18.44) with IM, =0 vyields [w, —I'¢pcos@=0
or ¢pcosf = Iafz

1

o . o
But @, =y +@cosf =y + I'Z
Solving for v, W= ! I_I 2
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PROBLEM 18.123 (Continued)
. . . I'=1
Using w,=w, and n=y yields n=——w,
Data for Earth: I'=0.99671
I'—1=-0.00331,
n= —wa)2 =-0.003311w,

0.9967

period=2F =127 30 327

Inl  0.003311 w, w,

=(302.03)(24 h)=7248 h period =302 days <«
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PROBLEM 18.124

A coin is tossed into the air. It is observed to spin at the rate of 600 rpm about an axis
GC perpendicular to the coin and to precess about the vertical direction GD. Knowing
that GC forms an angle of 15° with GD, determine (a) the angle that the angular
velocity ® of the coin forms with GD, (b) the rate of precession of the coin about GD.

SOLUTION

Moments of inertia: I =—mr

Euler angle @for steady precession: 8 =15°

For axisymmetric body under no force, Equation (18.49) gives for the body cone angle:
tany = %tan @ =2tan15° y=28.187°

(a)  Angular velocity: 0 =w(-isiny+kcosy)
Its projection onto the vertical direction is
wcos f=m-k =w(—isiny+Kkcosy) - (—sinbi+ cos k)
= w(sinysin @ + cosycos @) = wcos(y —6)
cos B =cos(y—0) B=ly—61=28.187°-15°=13.187°
Angle between ® and vertical direction GD: £=13.19° 4
), @siné

(b) tany=—-—=————
@, @cosf+y

ysiny  ysin28.187°

=— - =-2.0705¥
sin(f@—y) —sinl3.187°

from which

With ¥ =600 rpm, @ =(-2.0705)(600) |@l=1242 rpm (retrograde) 4
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PROBLEM 18.125

The angular velocity vector of a football which has just been kicked is
horizontal, and its axis of symmetry OC is oriented as shown.
Knowing that the magnitude of the angular velocity is 200 rpm and
that the ratio of the axis and transverse moments of inertia is /I’ = %,
determine (a) the orientation of the axis of precession OA, (b) the rates
of precession and spin.

SOLUTION
w
tany =——=
a)Z
y=15°

For steady precession with no force,
’

I
tan¢9=7tan y

=3tanl5°
6 =38.794°
(a) p=0-y=38794-15° [=238° 4
(b) o, =—@sin@ =—wsiny

. wsiny (200 rpm)sin15°
sin & sin(38.794°)
=82.621 rpm precession: ¢=282.6 rpm 4

@, =Y +@cosf =wcosy

W =wcosy—@cosd
=200co0s15°—82.621co0s38.794° spin: ¥ =128.8 rpm 4
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3 PROBLEM 18.126

The space capsule has no angular velocity when the jet at A is activated
for 1 s in a direction parallel to the x axis. Knowing that the capsule
has a mass of 1000 kg, that its radii of gyration are k, = k =1.00 m
and k =1.25m, and that the jet at A produces a thrust of 50 N,
determme the axis of precession and the rates of precession and spin
after the jet has stopped.

2m

SOLUTION
Initial angular momentum about the mass center:

H; =l oi+]oj+I.ok=0
Applied impulse at A: AAt=(50N)15s)i=(50N-s)i
Its moment about the mass center G:

Iy XAAt=[2m)j—(1.25m)k]x (50 N -s)i
=—(100N -m-s)k —(62.5N-m-s)j

Principle of impulse and momentum. (Moments about G)
(H;)y =14 xAAt=H

where H,; is the final angular momentum about G.

0+rG,A><AAt:(HG)xi+(HG)yj+(HG)Zk 2
Angular momentum vector components: (Hr,)_y
< Y
i: 0=(Hyg), l ble
N
i —625N-m-s=(Hg), =—62.5kg-m%s I~ (He),
| L d
k: —100N-m-s=(Hg), =—100 kg -m*/s ¥
Y N |
tan @ = % =0.625 6 =32.005° <
G/z
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PROBLEM 18.126 (Continued)

Moments of inertia:

I, =mk? = (1000 kg)(1 m)? =1000 kg - m?
T o 72 2 _ 2
I, =mk; = (1000 kg)(1 m)* =1000 kg - m
I, =mk? = (1000 kg)(1.25 m)* =1562.5 kg - m*
Angular velocity vector components:
z
o, = (H_—G)x =0
IX
w
H;), - %
, W)y (=25 ) 065 radis < Y
I, 1000 r 4
-
o, =Ha)e - 100 _ 4 0640 raass I W
I, 15625 | > w,
a)y I
tany=—-=097656  y=44.321°
o, K _ Y

w=|o + o =0.089455 rad/s.

The angular velocity is resolved into a component ¢ (rate of precession) parallel to Hg and i (rate of spin)

Rates of precession and spin.

parallel to the axis of symmetry. z
y—60=12.316°
Law of sines:
o __ v __©o
siny sin(y—6) siné
. wsiny 0.089455sin44.321°

sin @ sin 32.005°
. wsin(y—6) 0.0894555in12.316°
sin @ sin 32.005°
Rate of precession: @=0.1179 rad/s ¢=1.126 rpm 4
Rate of spin: ¥ =0.0360 rad/s ¥ =0.344 rpm <

Since ¥ > 6, the precession is retrograde.
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PROBLEM 18.127

The space capsule has an angular velocity @= (0.02 rad/s)j + (0.10 rad/s)k
when the jet at B is activated for 1 s in a direction parallel to the x axis.
Knowing that the capsule has a mass of 1000 kg, that its radii of gyration
are k, =k, =1.00m and k =1.25m, and that the jet at B produces a
thrust of 50 N, determine the axis of precession and the rates of precession
and spin after the jet has stopped.

Y
1.25 m

SOLUTION

Moments of inertia:

mk;? = (1000 kg)(1 m)* =1000 kg - m*
mk, = (1000 kg)(1 m)* =1000 kg - m*
=mk = (1000 kg)(1.25 m)* =1562.5 kg - m?

o~
| |

Initial angular velocity: (@), =0
(@) = 0.02 rad/s
(,)y =0.10 rad/s
Initial angular momentum about G:
(Hg)y =1,(@,)oi +1,(@,)y+ 1, (@,)k
= (1000)(0)i + (1000)(0.02)j + (1562.5)(0.10)k
=(20kg-m?/s)j+ (156.25 kg - m*/s)k
Applied impulse at B: BAr=(50N)(1s)i=(50 N-s)i
Its moment about the mass center G:

Iy XBAr=[(1.25m)j+ (2 m)k]x (50 N - s)i
=(00N -m-s)j—(62.5N -m-s)k

Principle of impulse and momentum. (Moments about G):
Hg)p +15,6xBAr=Hj

where H,; is the final angular momentum about G.
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PROBLEM 18.127 (Continued)

z
Angular momentum vector components: I
i 0+0=(H;), =0 A
|
j: 20kg-m’/s+100N-m-s=(Hg), =120kg-m*/s H |
(1), |
ki 156.25kg-m*/s—62.5N-m-s=(H;), =93.75kg-m’/s 1
o
> —
( ,Hc) Yy
H;),
=) _| 58 6=52.001° «
G)z
Angular velocity vector components:
H
o, = He)e _ z
IX
H
o=l 120 6o
I, 1000 A
|
w, =W B3 o060 (o, [T '
© I 15625 *~ u
o, —> Y
tan y=—2=2.0000 y=63.435° )
o, )

Z

w=.|o] +@’ =0.134164 rad/s

The angular velocity is resolved into a component ¢ (rate of precession) parallel to Hg and ¥ (rate of spin)

Rates of precession and spin.

parallel to the axis of symmetry.
y—60=11.434°
Law of sines:

o _ v w

sin}/_ sin(y—0) - sin @
= wsiny  0.134164sin 63.435°

sin @ sin 52.001°
. wsin(y—60) 0.134164sin11.434°
sin @ sin 52.001°
Rate of precession: ¢=0.1523rad/s 4
Rate of spin: ¥ =0.0338 rad/s 4

Since ¥ > @, the precession is retrograde.
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PROBLEM 18.128

Solve Sample Problem 18.6, assuming that the meteorite strikes the satellite at C with a
velocity v, = (2000 m/s)i.

PROBLEM 18.6 A space satellite of mass m is known to be dynamically equivalent to
two thin disks of equal mass. The disks are of radius a = 800 mm and are rigidly
connected by a light rod of length 2a. Initially the satellite is spinning freely about its
axis of symmetry at the rate @, =60rpm. A meteorite, of mass m, =m/1000 and
traveling with a velocity vy of 2000 m/s relative to the satellite, strikes the satellite and
becomes embedded at C. Determine (a) the angular velocity of the satellite immediately
after impact, (b) the precession axis of the ensuing motion, (c¢) the rates of precession
and spin of the ensuing motion.

SOLUTION

(a)  Angular velocity after impact.

From Sample Problem 18.6:

I=1, =lma2 I'=1 =I‘=§ma2
2 Y

Conservation of angular momentum: Angular momentum after impact:
H; =r. xmyv, + 1ok
= (—aj—ak) xmyvyi+ I ak
=—amyv,yj+ (@, + amyv, )k
Data: a=800 mm=0.8 m
@, =60 rpm = 27 rad/s

vy =2000 m/s, gy =——
1000
H
o, o)
IX
o, = (Hg), :_amovg __4m v_Oz_i[L]wz_z rad/s
Iy %ma Sm a 511000 ) 0.8
a)z :—(I—IG)Z = —+ am0V2 = a)o + Zﬂv_()
I, Jma m a
=2+ Z(L]m =11.2832 rad/s
1000 ) 0.8
®=—(2.00 rad/s)j+ (11.28 rad/s)k
®=+/(2)> +(11.2832)? =11.4591 rad/s =109.426 tpm ©=109.4 rpm 4
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PROBLEM 18.128 (Continued)

(1) 2
tany =|—=——— =10.0515° =90°, y,6 =100.05°, =10.05° <
4 o, | 11.2832 4 & & 7
(b)  Precession axis.
II
tan @ = —tan
7 Y
5 2
=2 |o——
4 11.2832
6 =23.900° 6,=90°, 6, =113.9°, 6,=23.9° <
T\
(¢)  Rates of precession and spin. .
60—y =13.8484° ¢ 6
Law of sines.
. . w
siny sin(@—y) sind B

. wsiny 109.4sin10.05°
sin @ sin23.9°

precession: ¢=47.1 rpm <

. wsin(@—-7y) 109.4sin13.85°
sin @ sin23.9°

spin: ¥ =64.6 rpm <4
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PROBLEM 18.129

An 800-1b geostationary satellite is spinning with an angular velocity
oo = (1.5 rad/s)j when it is hit at B by a 6-oz meteorite traveling with
a velocity v, =—(1600 ft/s)i + (1300 ft/s)j+ (4000 ft/s)k relative to
the satellite. Knowing that b =20 in. and that the radii of gyration of
the satellite are k, =k, =28.8 in.and k, =32.4 in., determine the
precession axis and the rates of precession and spin of the satellite
after the impact.

SOLUTION
Mass of satellite: m= w = 800 =24.845 1b - s> /ft
g 322
2
- o - 2 28.8
Principal moments of inertia: I, =mk; =(24.845) SR
=143.106 Ib-s” -ft
2
- 2 32.4
I, =mk; = (24.845)[?

=181.118 Ib-s> -ft
I,=1,=143.106 Ib-s*-ft

, 6

m=————=0.011649 Ib-s*/ft
(16)(32.2)

Mass of meteorite:

Initial momentum of meteorite:
m'v, = (0.011649)(—1600i + 1300j + 4000k )
=—(18.633 1b-s)i + (15.140 Ib-s)j + (46.584 1b-s)k
Assume that the position of the mass center of the satellite plus the meteorite is essentially that of the satellite
alone.
Position of Point B relative to the mass center:
Tpig = [ﬂl _§J’j
12 12
=(3.5 ft)i — (1.66667 ft)j

Angular velocity of satellite before impact:

o, = (1.5 rad/s)j (@), = (), =0, (a)o)y =1.5rad/s
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PROBLEM 18.129 (Continued)

Angular momentum of satellite-meteorite system before impact:

(Hg)o = 1,anj+Tp6 X (m'v,)
i J k
=(181.118)1.5)j+| 3.5 —1.66667 0
-18.633  15.140 46.584
=—(77.64 1b-s-ft)i + (108.637 1b-s-ft)j+ (21.935 1b-s-fH)k
Principle of impulse and momentum for satellite-meteorite system. Moments about G:
(Hg), =Hg)y =Hg
Angular velocity immediately after impact.
o=0it+tojt+ok
Neglect the mass of the meteorite.
H; =lLoi+]0j+I ok
o, = (H_G)x _ 7764
I, 143.106
o = (Hg)y, 108.637
I, 181.118
o = (Hg),  21.934
© I 143.106

=—-0.54253 rad/s

=0.59981 rad/s

=0.15327 rad/s

o =—(0.54253 rad/s)i + (0.59981 rad/s)j+ (0.15327 rad/s)k

®=1/(0.54253)7 +(0.59981) + (0.15327)> =0.82317 rad/s

Hg =+(77.64)* + (108.637)* +(21.935)° =135.319 Ib-s-ft

Motion after impact. Since the moments of inertia Tx and TZ are equal, the body moves as an axisymmetrical
body with the y axis as the symmetry axis.

Moment of inertia about the symmetry axis: 1= Ty =181.118 Ib-s*-ft
Moment of inertia about a transverse axis through G: ~ I'=1 = TZ =143.106 Ib-s* -ft

The motion is a steady precession ¢ about the precession axis together with a steady spin {7 about the spin or
symmetry axis. Since I > I’, the precession is retrograde.
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PROBLEM 18.129 (Continued)

Precession axis. The precession axis is directed along the angular momentum vector H,, which remains fixed.
Immediately after impact, its direction cosines relative to the body axes x, y, z are:

cosf, = (Ho), _ 1764 __ 57376 6, =125.0° <4
H, 135319
H

cos ), -, 108637 _ congy 6, =36.6° 4
H, 135319
H :

cos 6, _Hg), _ 21935 =0.16210 6, =80.7° 4
H, 135319 '

The angle @ between the spin axis (y axis) and the precession axis remains constant.
6=06, =36.600°
The angle ¥ between the angular velocity vector and the spin axis (y axis) is
o 0.82317

The angle ¥ could also have been calculated from

cosy=

y=43.226°

181.118
143.106

The angle between the precession axis and the angular velocity vector is
y—60=06.626°

tan 36.600°

1
tan}/=7tan,b’=

Rates of precession and spin.

Set up the triangle of vector addition for the components of angular velocity. Apply the law of sines.

recesay .
e o
aric o _ L __9
sinf sin(y—6) siny
0.82317 73 _ )
2 sin36.600° sin6.626° sin43.226°

Rate of precession: ¢ =0.946 rad/s 4
Rate of spin: ¥ =0.1593 rad/s 4

Since y > 6, precession is retrograde. 4
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PROBLEM 18.130

Solve Problem 18.129, assuming that the meteorite hits the satellite at A
[42in— instead of B.

PROBLEM 18.129 An 800-1b geostationary satellite is spinning with
an angular velocity @, =(1.5rad/s)j when it is hit at B by a 6-oz
meteorite traveling with a velocity v, =—(1600 ft/s)i + (1300 ft/s)j+
(4000 ft/s)k relative to the satellite. Knowing that b =20 in. and that the
radii of gyration of the satellite are k, =k, =28.8 in.and k, =32.4 in,,
A determine the precession axis and the rates of precession and spin of the
//rj\ satellite after the impact.

i

o]

SOLUTION
Mass of satellite: m= w = @ =24.845 1b-s*/ft
g 322
- 28.8)
Principal moments of inertia: I, =mk? =(24.845) [T] =143.106 1b-s” -ft

32.4
12
I,=1,=143.106 1b-s*-ft

2
I, =mk; =(24.845)[ j =181.118 Ib-s*-ft

, 6

m=————=0.011649 Ib-s*/ft
(16)(32.2)

Mass of meteorite:

Initial momentum of meteorite:
m'v, = (0.011649)(—1600i + 1300j + 4000k)
=—(18.633 1b-s)i + (15.140 1b-s)j + (46.584 1b-s)k

Assume that the position of the mass center of the satellite plus the meteorite is essentially that of the satellite
alone.

Position of Point A relative to the mass center:

o =%i = (3.5 fo)i

Angular velocity of satellite before impact:

o, =(1.5rads)j, (@), =(®,), =0, (@), =15radls
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PROBLEM 18.130 (Continued)

Angular momentum of satellite-meteorite system before impact:

(Hg)o = Tya)()j + L6 X (m'V)
i j k
=(181.118)(1.5)j+| 3.5 0 0
—18.633 15.140 46.584
=(108.637 Ib-s-ft)j+ (52.99 1b-s-ft)k
Principle of impulse and momentum for satellite-meteorite system. Moments about G:
(Hg), =MHg)y=Hg
Angular velocity immediately after impact.
(nza)xi+a)yj+a)zk
Neglect the mass of the meteorite.
H; =1 0i+ Tya)yj +1.wk
o, = He), _
I

o = Ho), 108637
Y1, 181118
o, = Ho): _ 52.99

I, 143.106

z

o = (0.59981 rad/s)j + (0.37028 rad/s)k

0

=0.59981 rad/s

=0.37028 rad/s

®=1/(0.59981)" + (0.37028)* = 0.70490 rad/s

H =\/(108.637)2 +(52.99)* =120.872 1b-s-ft

Motion after impact. Since the moments of inertia Tx and TZ are equal, the body moves as an axisymmetrical
body with the y axis as the symmetry axis.

Moment of inertia about the symmetry axis:
I=1,=181.1181b-s* ft
Moment of inertia about a transverse axis through G:
I'=1 =1,=143.106 lb-s* ft

The motion is a steady precession ¢ about the precession axis together with a steady spin i about the spin or
symmetry axis. Since I > I, the precession is retrograde.
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PROBLEM 18.130 (Continued)

Precession axis. The precession axis is directed along the angular momentum vector H,, which remains
fixed. Immediately after impact, its direction cosines relative to the body axes x, y, z are:

cos9, = Hadx _ 6, =90.0° 4
HG
Hy),

cos 6, - ), 108637 _ cogrg 6, =26.0° 4
H; 120872

cosf, = (Ho): _ 3299 _ ) 43840 6, =64.0° <
H, 120.872

The angle € between the spin axis (y axis) and the precession axis remains constant.
6 =0, =26.002°
The angle ¥ between the angular velocity vector and the spin axis (y axis) is

®, 059981

cos 7=;—m ¥=31.689
The angle ¥ could also have been calculated from
tan y = L,tan 0= Mtan 26.002°
1 143.106
The angle between the precession axis and the angular velocity vector is
y—6=5.687°

Rates of precession and spin.

Set up the triangle of vector addition for the components of angular velocity. Apply the law of sines.
5‘);\4

precession s
o4s ) _ l// _ (0
sin@ sin(y—6) siny
0.70490 74 [

sin26.002° sin5.687° sin31.689°

Rate of precession: ¢=0.844 rad/s 4

Rate of spin: ¥ =0.1593 rad/s 4

Since y > 6, the precession is retrograde. 4
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PROBLEM 18.131

A homogeneous rectangular plate of mass m and sides ¢ and
2c is held at A and B by a fork-ended shaft of negligible
mass, which is supported by a bearing at C. The plate is free
to rotate about AB, and the shaft is free to rotate about a
horizontal axis through C. Knowing that, initially, &, =40°,
6, =0, and ¢, =10 rad/s, determine for the ensuring motion
(a) the range of values of @, (b) the minimum value of ¢,
(c) the maximum value of 6.

SOLUTION

Let the fixed Z axis lie along the axle of the fork-ended shaft. Let the axes Gxyz be attached at the mass center
with x perpendicular to the plate, y along the axle AB and z parallel to the long edges of the plate.
Angular velocity vector: ® = gk + 6j

= cosbi+0j+ @sin Ok

Conservation of angular momentum.

Since plate is free to rotate about Z axis,

H, = constant (D

D C
But H, =H, cos®+H_sinf IE‘Q;E -
\.‘L}:«/’:‘?‘/
6 :\ -

H, =1.w,cos0+1 w_sind (

= imc2¢')cos2 0+ imc2¢'sin2 (2]
12 12

= émczg/ﬁ(cos2 0 +5sin” 0) A
Ly .2
=— 1+4sin~ @
15 me o ) \
Using the initial conditions, Eq. (1) yields z
$(1+4sin’ 0) = @, (1+4sin* §,) )
Conservation of energy.
Since no work is done, we have T = constant 3)
where Tzé(lxa)x2 +Iya)f, +1.a)
T = 1 imcqu2 cos? 6+ lmczté2 + imcqu'2 sin” 6
212 3 12

= %mc2 [449'2 + ¢2 (cos2 6+ 5sin> 0)]

= ﬁmcz [46% + ¢ (1+ 4sin* 6)]
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PROBLEM 18.131 (Continued)
Using the initial conditions, including 90 =0, Eq. (3) yields
46* +¢* (1 +4sin® ) = ¢ (1 + 4sin” 6,) 4)
(@) With 6, =40° and ¢0 =10rad/s in. Egs. (2) and (4),
#(1+4sin’ 6) = 26.527
26.527
=2 @)
1+4sin” @
460* + ¢* (1+ 4sin* 6) = 265.27
Eliminate ¢ and solve for 6
2
46* =265.27 - M (5)
1+4sin” 8
2
For 6 =0, 1+4sin?0="20921" _) 6507
265.27
sin@=0.4132 sin@=0.6428
From which 6 =40° and 140° 40°< 6 <140° <
(b) FromEgq. (2), ¢ is minimum for 8 =90°.
Brin = 53054 ¢ =5.311ad/s <
(¢) From Eq. (5),
6% =66.318— ngz
1+4sin” 6
6> is maximum for 6 =90°.
62, =31.134rad?/s* 6, =5.58 rad/s 4

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2183

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

PROBLEM 18.132

A homogeneous rectangular plate of mass m and sides ¢ and
2c is held at A and B by a fork-ended shaft of negligible
mass which is supported by a bearing at C. The plate is free
to rotate about AB, and the shaft is free to rotate about a
horizontal axis through C. Initially the plate lies in the plane
of the fork (6, =0) and the shaft has an angular velocity
@, =10rad/s. If the plate is slightly disturbed, determine for
the ensuring motion (@) the minimum value of ¢, (b) the
maximum value of 6.

SOLUTION

Let the fixed Z axis lie along the axle of the fork-ended shaft. Let the axes Gxyz be attached at the mass center
with x perpendicular to the plate, y along the axle AB and z parallel to the long edges of the plate.

Angular velocity vector: ® = gk + 6j
= gcosbi+0j+ @sin Ok

Conservation of angular momentum.

Since plate is free to rotate about Z axis,

H, = constant (1)

- C
But H,=H cos@+H, sinf '&&6‘ 7
&5___‘”?/
§ S

H, =1.w,cos0+1 w_sind (

= imc2¢')cos2 0+ imcqusin2 (2]
12 12

= émc%(cos2 6 +5sin” 0) A
1 2 .2 ‘
=— 1+4sin~ @
1 me o ) \
Using the initial conditions, Eq. (1) yields z
d(1+4sin’ 0) = @, (1+ 4sin* 6,) 2)
Conservation of energy.
Since no work is done, we have T = constant 3)
where T=%(1Xw3+lya)§+lza)f)
T= l(i mc2¢2 cos® 6+ lmczé’2 + imc2¢2 sin’ 9]
212 3 12

= imczméz +¢* (cos” 6+ 5sin* 6)]

=imcz[492 +¢*(1+4sin* 6)]
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PROBLEM 18.132 (Continued)

Using the initial conditions, including 90 =0, Eq. (3) yields

46* + ¢* (1 +4sin® ) = ¢ (1 + 4sin” 6,) 4)
(@) With 6, =0, ¢ =10rad/s
10
Eq. (2) yields =
a2y 1+4sin’ @
¢ is minimum for € = 90°: ¢ =2.00rad/s 4
(b) Eq. (4) yields 46% =100 — ¢*>(1+ 4sin’ 0) = 100(1 —;2)
1+4sin° @

” is largest for 6 =90°:
462, = 100[1 —1]
5

6%, =20 6, =447 rad/s 4
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Al

C
r=180 mm

360 mm

PROBLEM 18.133

A homogeneous disk of radius 180 mm is welded to a rod AG of length
360 mm and of negligible mass which is connected by a clevis to a
vertical shaft AB. The rod and disk can rotate freely about a horizontal
axis AC, and shaft AB can rotate freely about a vertical axis. Initially,
rod AG is horizontal (6, =90°) and has no angular velocity about AC.
Knowing that the maximum value ¢, of the angular velocity of shaft
AB in the ensuing motion is twice its initial value ¢, determine (a) the
minimum value of &, (b) the initial angular velocity ¢, of shaft AB.

SOLUTION

Let the Z axis be vertical.

Angular velocity components:

Angular momentum about A:

Kinetic energy:

Potential energy:

where « is a constant.

For principal axes xyz with origin at A, the principal moments of inertia are

I'=1=I,

=m laz+(2a)2 =£ma2
4 4

I=1, =lma2
2
o, =@sind
o, =-0
@, =y + @cosl

H,=loi+l0j+l,0k
=I'gsin6i—I'0j+ 1wk
L, o 1, o 1, 5
Tr=—Iw +51ya)y -i-EIZa)Z

T =%1’(¢2 sin® 6+6’2)+%wa

V =—2mgacos@

Conservation of angular momentum about fixed Z axis:
H, K=H, (isinf+kcos9)

=I'gsin* @+ I, cos

= %muz(psin2 o wL%maza)Z cosf=u

"%

(D
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PROBLEM 18.133 (Continued)

Conservation of energy: T +V = E, where E is a constant.
17 a7 sin® 0+ €%) + Lma’a? -2 0=E 2
—ma” (¢~ sin” 6+ )+Zma w; mgacos @ = (2)
Constraint of clevis: v=0 @, = pcosb

(@) FromEq. (1), %maz(pm sin” @, + %maz(pm cos’ 6, = %maz% sin” 90° + %maz(oo cos” 90°

%Sinzﬁ +lc0s29 =17 o z(ﬂj(ljzg

m m

49 La)l2) 8
Hsinzam +l(1—sin29m):£
4 2 8
sin® @, _13
30
sin @, =0.65828
6, =41.169° 6, =41.2° <4

(b) At the minimum value of 6, 6=0

From Eq. (2), 1%ma2 (@ sin* @, +0)+ imaqufl cos® @, —2mgacos @,
=17 na (92 sin® 6, +0) + - ma® @ cos? 90° -2 90°
Y @, sin” 6, + )+Zma @, cos mgacos

7 (2)*sin* @, + 1 (2)* cos® 8, T ma’ @y =2mgacosé,
8 4 8
2.1250 ma*@; =1.5055mga

@ =0.70849 5 = 0.70849% =38.613 @, =6.21rad/s 4

a
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PROBLEM 18.134

} A homogeneous disk of radius 180 mm is welded to a rod AG of length
/ 360 mm and of negligible mass which is connected by a clevis to a
vertical shaft AB. The rod and disk can rotate freely about a horizontal,
{ axis AC, and shaft AB can rotate freely about a vertical axis. Initially,
Ak rod AG is horizontal (6, =90°) and has no angular velocity about AC.
c Knowing that the smallest value of € in the ensuing motion is 30°,
- determine (@) the initial angular velocity of shaft AB, (b) its maximum
o angular velocity.
360 1&

r=180 mm

SOLUTION
Let the Z axis be vertical.
For principal axes x, y, z with origin at A, the principal moments of inertia are IIE;
I'=1.=1I,
1 2|17 5
=m|—a +2a)” |=—ma .
ot or |1 ;
I=1 = lma2
Angular velocity components: @, =@ sin 6
o, =—0
W, =y +¢@cosl
Angular momentum aboutA:  H, =l @i+1,0j+1,0k
=I'gpsinbi—I'0j+ 1wk
o Lo, 1.5 1. 5
Kinetic energy: Ir=—lLo, +-1,0,+-1 0
2 2 277
T =11 sin> 6+ 6%) +11a)3
2 2 -
Potential energy: V =-2mga cos 6
Conservation of angular momentum about fixed Z axis: )
H, - K=H, (isin@+kcos8) \A/O'
=I'gsin’> 6+, cos O
1 7qos1n z C(;S mg
=?ma2(0sin26’+5maza)z cosf=a (1)

where o is a constant
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PROBLEM 18.134 (Continued)

Conservation of energy: T +V = E, where E is a constant.

17 5 5.2 2y, 1o o _

?ma (p~sin“0+46 )+Zma @, —2mgacos@=E 2)
Constraint of clevis: =0 @, = pcosl

(@) At8=6,=30° andat 6=6,=90° 6=0.

From Eq. (1), %maqum sin® 6, +%ma2¢m cos’ 8, =%ma2¢0 sin” @, +0

(I -] oo

.68 .
¢m 23 ¢0
17 68 . Y 1 68 .Y
From Eq. (2), —ma®| —@, | sin?30°+—ma®| — @, | cos?30°—2mgacos30°
q.- (2) 3 (23 %] 1 3 D 8

= %mazﬂf sin” 90° + %maz%z cos” 90° — 2mga cos 90°

2
17 3 )68 17 . o
kﬁ " E)(Z] B ?} ma’ @y =2mgacos30

@2 =0.416602
a

—0.41660 231
0.18
=22.705
@, =4.7649 rad/s @, =4.76 rad/s 4
. 68 .
b) O =3 (4.7649) @, =14.09 rad/s «
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PROBLEM 18.135

The slender homogeneous rod AB of mass m and length L is free to rotate about a
horizontal axle through its mass center G. The axle is supported by a frame of negligible
mass which is free to rotate about the vertical CD. Knowing that, initially, 6 =6,, 6 =0,
and ¢ =¢@,, show that the rod will oscillate about the horizontal axle and determine (a) the
range of values of angle € during this motion, (b) the maximum value of &, (c) the
minimum value of ¢.

SOLUTION

Angular velocity.

Using the coordinate axes x,y,z shown (with y running into the paper), we have

o =—@sin 6i + j + pcos Ok

Moments of inertia.

For slender rod of length L are mass m:

I =

x y
-1 12
12
I, = 2)

Conservation of energy.

Since the x, y, z axes are principal axis, we use

Lz 0 7 2 7 2
T =5(Ixa)x +1,0, +1 0] )
=l imngbz sin2¢9—i-imL26"2 +0
212 12
T="Lmp (¢* sin® 0+ 6%) 3)
24
Using a datum through G, we have V =0.

T +V =constant: 2—14mL2 (¢* sin” @+ 6%) = constant

Recalling the initial conditions 8 =6, 6= 0,p= ¢0, we determine the constant and write

¢*sin> 6+ 6 = @} sin” 6, 4)
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PROBLEM 18.135 (Continued)

Conservation of angular momentum.

Since the only forces exerted on the rod are its weight and the reaction at G, we have XM = 0.

Using a fixed reference frame GXYZ, with Z directed vertically upward, we have from Eq. (18.2)
H,=XM,;=0

or, integrating with respect to the frame GXYZ,
H =constant

Considering the vertical component of H,
H, = constant
But HZ=Hzcost9—Hxsiné’:fza)zcosﬁ—fxa)xsinﬁ

=0 —émﬁ (—psin @) sin O

1 -
Thus, H,= —2m L2¢ sin? @ = constant
Recalling the initial conditions, we obtain
$sin’® 0 = ¢ sin* 6, )

Solving Eq. (5) for ¢and substituting into Eq. (4):

. 2
)
sin” 6, . . -
%_—20 sin® 0+ 6* = g, sin” 6,
sin® @
)
) 2 .2 s 00
0" =¢gysin” G| 1-—— 6)
sin® @
(@) Range of values of 6.
Since 6> 0, we must have
.2
1 Sin 290 >0
sin” @
sin” @ > sin” 6, a z
Isin @1=Isin 6 | 2
N
— — \\ -———
N
From trigonometric circle, we conclude that the range is )

Rod oscillates about axle and about horizontal line (dashed line).
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PROBLEM 18.135 (Continued)

(b) Maximum value of 6.

Referring to Eq. (6), we note that this occurs when sin 8 =1, that is, when 8 =90°. We have
2. =@ sin” g,(1—sin” §,)
= ¢ sin® 6, cos’ 6, 6, =, 5in G, cos 6, 4

(¢) Minimum value of ¢50.

Referring to Eq. (5), we note that ¢ is minimum when sin @ =1, that is, when 6 =90°.
We have

¢min = ¢o sin’ & <
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PROBLEM 18.136

The gimbal ABA’B’, is of negligible mass and may rotate freely about the vertical
AA’. The uniform disk of radius a and mass m may rotate freely about its diameter
BB’, which is also the horizontal diameter of the gimbal. (a) Applying the principle
of conservation of energy, and observing that, since M ,,» =0, the component of
the angular momentum of the disk along the fixed axis AA” must be constant, write
two first-order differential equations defining the motion of the disk. (b) Given the
initial conditions &, #0,¢, =0, and ¢, =0, express the rate of nutation & as a
function of 8. (c¢) Show that the angle @ will never be larger than 6§, during the
ensuing motion.

SOLUTION

We use a reference frame Cxyz attached to the disk as shown. The angular velocity of the disk is

(a)

o= gk + 6j 4', K

@=—¢sin Oi + 0j+ pcos Ok -~ 2
Conservation of energy: T + V = constant
Since V = constant, we have ——3

T = constant. 91

For principal centroidal axes and v =0, the kinetic energy is given by
1
T=E(IZw§+Iya)§+Iza)Z2) x
But I =1 =—ma”, 1 =—ma’®
4 z
Using the components of @ computed above:
L2 . 2 Lo 1 5 2
T=—ma ¢ sin" 0+—ma" 0" +—ma"ws 0
8 8 4
T =%ma2[(l+ cos’ 0)¢* + 6°]

We have therefore (1+ cos® 9)¢f2 + 6% = constant (1) <

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2193



https://students-hub.com
https://students-hub.com

(b)

(©)

PROBLEM 18.136 (Continued)

We now determine the angular momentum Hg:

He=l0i+!l,0j+1,0k
= —imangsin i+ imazéj + %mangcos 6k
Since H, = constant, we write
H,=H_ -K = constant

ima2 (—@sin i + 0+ 2¢cos 6k) - K = constant

Since i-K=-sinf, j-K=0, k-K=cosf, we have
@sin’ @ + 2¢cos” @ = constant
#(1+ cos’ 8) = constant 2 <

We determine the constants in (1) and (2) from the initial conditions 6,, ¢O, 90 =0, and write

(1+cos2 6’)¢52 +6% = (1+cos2 6’0)%2 (1)
P(1+cos” 6) = ¢o (1+ cos® 6y) 2)
2
Solving (2') for ¢: o= .0 w
1+cos" @

Substituting into (1°):

2 2
(A+eos” ) g | g2 = (14 cos? G

1+cos” @
6” =g (1+cos” 6)| 1 —w
1+cos” 6,
9-:%\/(17%052 6’0)(cos226’—cos2 6y) <
I+cos” @
For € to be real, we need cos” 6, —cos 6, >0
Thus lcos 6l = [cos 6,
Assuming that the axes have been chosen so that ¢, <90°, we must have
cos @ 2 cos b, 6<6,4
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PROBLEM 18.137*

The top shown is supported at the fixed Point O. Denoting by ¢, 6, and
v the Eulerian angles defining the position of the top with respect to a
fixed frame of reference, consider the general motion of the top in
which all Eulerian angles vary.

7 (a)  Observing that XM, =0 and XM _=0, and denoting by I and

‘ I’, respectively, the moments of inertia of the top about its axis
of symmetry and about a transverse axis through O, derive the
two first-order differential equations of motion

I'¢sin®> @+ Iy + gcosP)cos O =

[y + pcos6) = B

where o and /3 are constants depending upon the initial conditions.
These equations express that the angular momentum of the top is
conserved about both the Z and z axes, i.e., that the rectangular
component of H,, along each of these axes is constant.

(b)  Use Egs. (1) and (2) to show that the rectangular component @, of
the angular velocity of the top is constant and that the rate of
precession ¢ depends upon the value of the angle of nutation 6.

SOLUTION

Use a rotating frame of reference with the y axis pointing into the paper.
Angular velocity of the frame:

Q = —¢sin 6i + 0j+ pcos Ok
Angular velocity of the top:
o =—¢sin bi+ 0j+ (¥ + pcos Ok
Its angular momentum about O:
H,=lLoi+l0j+I 0ok
=—I'¢sinGi+ I'6j+ (Y + pcos O)k
where I,=1,=I" and I =1

The moment M, about O is due to the weight mg.

M, =mgcsin 8]

b’ (a) Since the fixed Z axis refers to a Newtonian frame of reference and
6 k (M), =0, it follows that (H,), is constant. Thus,
4 (Hy,), =H, -K=H,, - (-isin 8 +kcos 0)
‘!.: =I'gsin® @+ (7 + pcos ) cos O = o (1) <

where ¢ is a constant.
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PROBLEM 18.137* (Continued)

M,=H, = (HO)OW +QxH,

/ mgcsiné’j:—l'di(ésinﬁ)i+I'éj+1di(1//+¢5cos¢9)k
t t
\ +[I(y + dcos0) 0 — I'pOcos Ol
+[I(y + dcos ) gsin @ — I'9” sin B cos B]j
d .
Z-components: 0= & (W + ¢cosB)
t
bec s:.eJ :
Integrating, Iy +¢cos®)=5 2) 4

where [ is a constant.

(b)  Since W, =y+ pcosd W, = g =constant (3) 4

4

. o —fcos@

From Egs. (1) and (2), I’¢sin’> @+ Bcosf=a P
I'sin” 6

“) <

which is a function of 6.
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PROBLEM 18.138*

(a) Applying the principle of conservation of energy, derive a third differential
equation for the general motion of the top of Problem 18.137.

Eliminating the derivatives ¢ and i from the equation obtained and
from the two equations of Problem 18.139, show that the rate of nutation
0 is defined by the differential equation * = f (@), where

2
1 B o— fcosé
0)=—| 2E ———2mgccosf |-| ———
A I'( ;e ] ( I'sin@ j

Further show, by introducing the auxiliary variable x =cos#, that the
maximum and minimum values of € can be obtained by solving for x
the cubic equation

2E—’B—2—2m 1-x° _La- 2=0
i gex |(1-x7) I,(a px)” =

SOLUTION
(a)  Angular velocity of the top:
o = —@sin 6i + 0j+ ( + ¢cos O)k

Kinetic energy:

XX

=1y a)2+ll w2+11,w2
2 27

Ny 1, .. 2 1,5 1 4
=—1'(¢sin@)" +=-1'0"+—1 w
'if S (psin6)” +— > L%
6 Potential energy: V =mgccos@
\ Principle of conservation of energy: T+V=E
x
K lI'(¢sin 6’)2+11'6"2+lla)§+mgccos6’=E |
~ P k 2 2 2
4- (b)  Solving for 67,
< 6 = %(2E — 1. —2mgccos 0) — (sin ) (A)

Equation (2) of Problem 18.137, with @, =y + ¢cos @ gives

I w =— B)
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(c)

PROBLEM 18.138* (Continued)

Equation (1) of Problem 18.137 gives

I'¢sin> 0+ fcosb =« (®))
. o—[fcos@
== 777 D)
I’sin’* @ (
Substituting Equations (D) and (B) into Equation (A),
6* =1 (6)
1 B o— fcosb ?
where  f(0)=—| 2E ———2mgccos@ —(,—) (1) 4
1 1 I'sin @

Maximum and minimum values of € occur when f(8)=0. Setting
cos @=x and sin>@=1-x* in Equation (1), and letting f(€)=0
gives

2 A2
i, 2E —’B—+ 2mgcx —% =
I I I)y"A1-x7)
Multiplying by I'(1—x*) gives the cubic equation F(x)=0:

B IR N

2E ; 2mgex |(1—x7) % (a—pPBx)" =0 2) 4
Solving this equation will yield three values of x. The two values lying between
—1 and +1 correspond to the maximum and minimum values of 8.

F()

\ O\ +| !
' /’JC‘ x&_/%s e
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z ) PROBLEM 18.139

e 0 % A solid cone of height 180 mm with a circular base of radius 60 mm is

¢ L) v supported by a ball and socket at A. The cone is released from the position
0, =30° with a rate of spin ¥, =300rad/s, a rate of precession

¢, = 20 rad/s, and a zero rate of nutation. Determine (a) the maximum

. value of @ in the ensuing motion, (b) the corresponding values of the rates
r =60mm  of spin and precession. [Hint: Use Eq. (2) of Prob. 18.138; you can either

solve this equation numerically or reduce it to a quadratic equation, since
one of its roots is known.]

180 mm

7

SOLUTION
Data: r = 60 mm = 0.06 m, h =180 mm = 0.18 m, c=%h=0.135 m,
6, =30°%  yr, = 300 rad/s, 4 = 20rtadls, 6, =0
Calculate the following:
L_3,._ i(0.06)2 =1.08x10° m?
m 10 10
r_ E(lrz + hzj _3 l(0.06)2 +(0.18)% | = 19.98 x 10> m?
m 54 504
Initially, o, = —@,sinf, = —20sin30° = 10 rad/s, o, = 6, =0
w, =y, + ,cos B, = 300 + 20cos30° = 317.32 rad/s
r_ ——(&} + &) + ——@;
m
= %(19.98 x107)(10% + 0) + %(1.08 x107)(317.32)? = 55.3728 m?/s>
V. gccos By = (9.81)(0.135)cos 30° = 1.1469 m?/s*
m
22 = 2(55.3728 + 1.1469) = 113.0394 m?/s
m
£ ia)z = (1.08 x 107)(317.32) = 0.342706 m?/s
m m
(24 r. . 2
— = —¢@,sin“ g, + fcosb,
m m

= (19.98 x 107°)(20) sin> 30° + 0.342706 cos 30°
= 0.396692 m>/s
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PROBLEM 18.139 (Continued)

After dividing by m, Equation (2) of Problem 18.138 becomes

I’sin* @ (19.98 x 10~%) sin* 47.023°
@, = 317.32 rad/s
¥ = @, — gcosd = 317.32 — (15.2474)(0.68170)

B
F(x) = Z—E—mTz—chx (1—x2)—ﬂ,(ﬂ—&) =0
m " m
2 _ 2
113.0394 — (0.342706_)3 — (2)9.81)(0.135)x | (1 — 1) - (0.396692 0.34_23706)() ~0
1.08 x 10 19.98 x 10
(4.29198 — 2.6487x)(1 — x*) — 5.87825(1.157529 — x)> = 0
(@) Roots are: x =cos@ = 0.68170, 0.86603, 2.2919
O x = cos1(0.68170) = 47.023° 0, = 47.0° d
(b) By Equation (4) of Problem 18.137,
b= o — fPcosé _ 0.396692 — (0.342706)(0.68170) = 152474

spin: ¥ = 307 rad/s 4

precession: ¢ =15.25 rad/s 4
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v/ ) PROBLEM 18.140

D Q/j _ Asolid cone of height 180 mm with a circular base of radius 60 mm is supported
y ¥ by a ball and socket at A. The cone is released from the position 8, = 30°

with a rate of spin ¥, = 300 rad/s, a rate of precession ¢0 = —4 rad/s, and a
zero rate of nutation. Determine (a) the maximum value of & in the ensuing
\ motion, (b) the corresponding values of the rates of spin and precession, (c¢) the
“60 " value of @ for which the sense of the precession is reversed. (See hint of

Problem 18.139.)

180 mm

SOLUTION

Data: r = 60 mm = 0.06 m, h =180 mm = 0.18 m, c=%h=0.135 m,

6, = 30°, W, = 300rad/s, ¢ =—4radls, 6, =0

Calculate the following:

L_3,2_ i(0.06)2 =1.08x107°m?
m 10 10
r_3 irz +h| = 3 l(0.06)2 +(0.18)%* | =19.98 x 10 m?
m 5\4 504
Initially, o, = —ysin@y = —~(-4)sin30° = 2radls, @, =6, =0
@, =300 + (—4)cos30° = 296.536 rad/s
T 10, , o, 11 ,
—=—(w, + W) + ——o
m 2 m( x y) 2m
= %(19.98 x107)((2)* + 0) + %(1.08 x107)(296.536)* = 47.5241 m>/s>
V o 2,2
— = gccos@ = (9.81)(0.135)cos30° = 1.1469 m~/s
m
22 = 2(47.5241 + 1.1469) = 97.3419 m?/s
m
B _ iwz = (1.08 x 107%)(296.536) = 0.320259 m>/s
m m
o r. . 2
— = —¢,sin“ 6, + fcosb,
m m

= (19.98 X 107°)(—4) sin® 30° + 0.320259 cos 30°
= 0.257372 m>/s
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PROBLEM 18.140 (Continued)

After dividing by m, Equation (2) of Problem 18.138 becomes

i 2

Faoy = | 2E o _oger (1—x2)—ﬂ,(ﬂ—&) =0
m L I'\m m

2 _ 2

973419 — (0.320259_)3 L (O.81(0.135)x |1 - x) - (0.257372 0.32_03259x) 0
1.08 x 10 19.98 x 10
(2.37324 — 2.6487x)(1 — x*) — 5.13342(0.80364 — x)* = 0
(@) Roots are: x =cos@ = 0.23732, 0.86603, 1.73
B, = €08 (0.23732) = 76.272° 0x = 76.3° 4

(b) By Equation (4) of Problem 18.137,
. o — fcos@  0.257372 — (0.320259)(0.23732)

9 7 TN =9.6192 rad/s
I'sin“ @ (19.98 x1077)sin~ 76.272°
@, = 296.536 rad/s
v =w - pcosf = 296.536 — (9.6192)(0.23732) spin: ¥ = 294 rad/s 4
precession: ¢ = 9.62 rad/s 4
. o — fPcosé
C - —-———mmmm O
© ¢ I’sin* @
cost9=gzm 0 =36.5° <4
£ 0.320259
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Z\ . PROBLEM 18.141*

QO/<

| / ¢ A homogeneous sphere of mass m and radius a is welded to a rod AB of negligible

A N, mass, which is held by a ball-and-socket support at A. The sphere is released in the
ﬂ 2a position S =0 with a rate of precession ¢, =./17g/l11a with no spin or nutation.

Determine the largest value of £ in the ensuing motion.

SOLUTION

Conservation of angular momentum about the Z and z axes.

Since the only external forces are the weight of the sphere and the reaction at A, a reasoning similar to that
used in Problem 18.109 shows that the angular momentum is conserved about the Z and z axes.

Choosing the principal axes Axyz shown (with y horizontal and pointing into the paper), we have
0 =—g¢cos fi+ Bj+ (- psin Bk

The moments of inertia are

2

Angular momentum about A:

H,=loit+l0j+l,0k
H, :—%ma2¢cosﬂi+%mazﬂj+§maz(lﬂ—¢Sinﬂ)k

We write H_ =constant, or H, -K = constant

Since i-K =-cos f3, jJK=0, k-K=-sing
2 .
H, K =—?ma @cos B(—cos )
+ %ma2 - @sin B)(—sin B) = constant

With the initial conditions ¢ = ¢50, Y= B=0, =0, we find that the constant is %maz%. Thus,

11gcos? B — (7 — ¢sin f)sin B =114, (1)
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PROBLEM 18.141* (Continued)

We now write H_ = constant:
o 2, C B)= tant
. —gma (¥ — ¢sin p) = constan

and, from the initial conditions, we find that the constant is zero. Thus,

Y —gsin f=0 2)
Conservation of energy.
We have

1
T= —(Ixa)f +1,0, + Iza)f)

Tzi[zszmaq) cos ,B+ ma’* B + ma 2(yr — gsin B)? }

and selecting the datum at S =0:
V =—-2mgasin

T +V =constant: %[%ma%ﬂz cos” +%ma2ﬂ2 + %ma2 ( — @sin ﬂ)z} — 2mgasin f = constant

From the initial conditions ¢ = ¢0, y=f=0, B=0, we find that the constant is ma ¢0 Thus,

11¢% cos® B+115° + (4 — gsin ) —10§Sinﬁ=ll¢§ 3)
Substituting for y — ¢sin B from Eq. (2) into Egs. (1) and (3):
Eq. (1): 11gcos® B =11g, 1)
Eq. (3): 11¢% cos® B+115° —10§sin,8=11¢5()2 (3)
Solving (1) for ¢,

9= gysec’ )

Substituting for ¢ from Eq. (4) into Eq. (3):

11(g sec” 8)* cos® B+115* —1o§sin/3=11¢'>§ (5)
For the maximum value of 3, we have =0 and Eq. (5) yields

¢§(L l) i(l)gsmﬂ

cos’ @

&icoszﬂ

5
%=1 sin B ©

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2204

STUDENTS-HUB.com


https://students-hub.com
https://students-hub.com

PROBLEM 18.141* (Continued)

Given data: ¢02 =%%- Substituting into Eq. (6),

2
g _108c0s B 2 p-17sinp
I1a 1la sinf

Letting cos® B =1—sin” 3, we have
sin* B+1.7sin f—1=0

Solving the quadratic,
sin #=-2.162 (impossible) and sing =0.46244 Broax =27.5° 4
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PROBLEM 18.142*

A homogeneous sphere of mass m and radius a is welded to a rod AB of negligible
mass, which is held by a ball-and-socket support at A. The sphere is released in the
position =0 with a rate of precession ¢ = ¢, with no spin or nutation. Knowing
that the largest value of /3 in the ensuing motion is 30°, determine (a) the rate of
precession ¢, of the sphere in its initial position, (b) the rates of precession and spin
when f=30°.

SOLUTION

Conservation of angular momentum about the Z and z axes.

Since the only external forces are the weight of the sphere and the reaction at A, a reasoning similar to that
used in Problem 18.109 shows that the angular momentum is conserved about the Z and z axes.

Choosing the principal axes Axyz shown (with y horizontal and pointing into the paper), we have
0 =—gpcos fi+ Bj+ W —psin Bk

The moments of inertia are

2

~
I

I, =zma2 +m(2a)2 =2ma
5 5

%

Angular momentum about A:

H,=loi+]oj+] ok
H, = —%mazqﬁcosﬂi +%ma2ﬁ.j+§ma2(lff— gsin Bk

We write H, =constant, or H, K =constant

Since i-K =-cos f3, jJK=0, k-K=-sinpf
H, K= —%maqucos B(—cos f)
2 5 .
+ gma (7 — ¢sin B)(—sin ) = constant
With the initial conditions ¢ = ¢0, y = =0, =0, we find that the constant is %maz%. Thus,

11gcos? - (7 — @sin B)sin B =114, (1)
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PROBLEM 18.142* (Continued)

We now write H . =constant:
o 2 5 P B)= ot
Z—gma (¥ — ¢sin H) = constan

and, from the initial conditions, we find that the constant is zero. Thus,

Y —psin f=0 )
Conservation of energy.
We have

1
T =E(1xw§ + 1“,@3 +1.a)

7 =%[%ma2¢52 cos®p+ 2 ma’ B + S mal (- gsin ﬂ)z}

and, selecting the datum at 3 =0:

V =-2mgasin
T +V = constant: %[%mdzqﬁz cos’ B+ %mazﬁ’z + %ma2 (¥ — psin ﬂ)z} —2mgasin f = constant

From the initial conditions ¢ = ¢0, y=f=0, B=0, we find that the constant is %maz%z . Thus,
11¢Zcoszﬂ+11,32+(W—¢5sinﬂ)2—lO§sinﬂ=11¢§ (3)

Substituting for ¥ —@sin A from Eq. (2) into Egs. (1) and (3),

Eq. (1): l1gcos’B =114, 1)

Eq. (3): 11¢* cos’ B+113 —10%sinﬁ:11¢02 3)

Solving (1) for ¢,

6= 0y sec’ @)
Substituting for ¢ from Eq. (4) into Eq. (3'),

11(d, sec> 6)* cos> B+ 115> =10 sin =114 )
a

For the maximum value of 3, we have #=0 and Eq. (5) yields

¢§[ ! l)zgﬁsinﬂ
a

cos’ @

P _10g cos’ 3

 1la sinf ©
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PROBLEM 18.142* (Continued)

(a) Making £ =30° in Eq. (6), we have

p 108075 _15¢ - [158 4
% 11a 05 1la % 1a

(b) Substituting for ¢0 in Eq. (4), and making S =30%

., [5e(4)_ [1306) ¢ . [0g
9=dysect30 _\jlla(3j \ 1109) « 0=,

Substituting for in Eq. (2), and making £ = 30°:

S 1. . f20g
= 3002— = —_— 4
V¥ =¢@sin 2¢) v Y
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PROBLEM 18.143*

Consider a rigid body of arbitrary shape which is attached at its mass center O
and subjected to no force other than its weight and the reaction of the support at O.

(a) Prove that the angular momentum H,, of the body about the fixed Point O is
constant in magnitude and direction, that the kinetic energy T of the body is
constant, and that the projection along H,, of the angular velocity ® of the body
is constant.

(b) Show that the tip of the vector @ describes a curve on a fixed plane in space
(called the invariable plane), which is perpendicular to H, and at a distance
2T/H, from O.

(c) Show that with respect to a frame of reference attached to the body and
coinciding with its principal axes of inertia, the tip of the vector ® appears to
describe a curve on an ellipsoid of equation

1.0} + I‘,a)‘z, + Iza)f = 2T = constant

The ellipsoid (called the Poinsot ellipsoid ) is rigidly attached to the body and is
of the same shape as the ellipsoid of inertia, but of a different size.

SOLUTION

(@)  From Equation (18.27), M, =H,
Since *M, =0, H,=0. H, =constant (1) 4
Conservation of energy: T +V = constant
Since V =0, T =constant (2) <4

For a rigid body rotating about Point O,

1 2 2 2
T —E(Ixa)x +1,0, +1,07)

H,=l0it+] 0j+] ok
0=0it+oj+ok
H, o=10,+1,0, +1 0 =2T
Let B be the angle between the vectors H,, and .
H, o= H,wcos

The projection of @ along H,, is wcos S

2T
wcos ff = 7 constant wcos f =constant  (3) 4
0
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Let

Then

PROBLEM 18.143* (Continued)

(b)  wcos B is the perpendicular distance from the invariable plane. This distance is equal to fl—i

(c)  For a frame of reference attached to the body, the moments of inertia with respect of orthogonal axes
of the frame do not change.

2 2 2
Lo, +1,0,+1 0 =2T 4

a= 2L p= 2L - |2 5)
I I, I,

2 2 2
10) () 10)

=1 (6)
a; b G

which is the equation of an ellipsoid.
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% PROBLEM 18.144*
Referring to Problem 18.143, (a) prove that the Poinsot ellipsoid is tangent to the

74
' invariable plane, (b) show that the motion of the rigid body must be such that the

Poinsot ellipsoid appears to roll on the invariable plane. [Hint: In part a, show that
the normal to the Poinsot ellipsoid at the tip of ® is parallel to H,,. It is recalled
that the direction of the normal to a surface of equation F(x, y, z) =constant at a
Point P is the same as that of grad F at Point P.]

SOLUTION

(@)

(b)

From Problem 18.143, the equation of the Poinsot ellipsoid is

1.0} +Iya)}2, + Iza)f = 2T = constant
Let Flo, o a))=1a)2+1 o’ +1.a°
X2y 7 xX77Xx Yy 272

grad F:aaF i+ oF j+ oF k

o, Jdw," Jo,

=21,wi+2l,0,j+2] ok=2H,

The direction of the normal at a point on the surface of the ellipsoid is parallel to grad F, which in turn
is parallel to H,. Since H,, is normal also to the invariable plane, it follows that the Poinsot ellipsoid
is tangent to the invariable plane at the point common to the plane and the ellipsoid.

The Poinsot elipsoid moves with the body. Thus, its angular velocity is ®, the angular velocity of the
body. Since Point O is regarded as fixed, the angular velocity vector lies along the axis of rotation, or
the locus of points of zero velocity. Thus, the velocity of the point of contact of the Poinsot ellipsoid
with the invariable plane is zero. The Poinsot ellipsoid rolls without slipping on the invariable plane.
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PROBLEM 18.145*

Using the results obtained in Problems 18.143 and 18.144, show that for an
axisymmetrical body attached at its mass center O and under no force other than
its weight and the reaction at O, the Poinsot ellipsoid is an ellipsoid of revolution
and the space and body cones are both circular and are tangent to each other.
Further show that (a) the two cones are tangent externally, and the precession is
direct, when I <I’, where I and I’ denote, respectively, the axial and transverse
moment of inertia of the body, (b) the space cone is inside the body cone, and the
precession is retrograde, when [ > I”.

SOLUTION

Let I, =1,=1 “and I, =1 so that the z axis is the symmetry axis. Then, the equation of the Poinsot ellipsoid
(Equation (4) of Problem 18.143) becomes

I'(a)f +a)§)+la)z2 = 2T = constant

which is the equation of an ellipsoid of revolution. It follows that the tip of ® describes circles on both the
Poinsot ellipsoid and on the invariable plane, and that the vector ® itself describes circular body and space
cones. The Poinsot ellipsoid, the invariable plane, and the body and space cones are shown below for cases a

and b.
(@ I<I b I>TI
Tavary A.L?e A IhVQV‘\'a. U’Z Ho
plane Ho > F—?ane z -
" w Axis o @
Poin so‘t Sjmm(’*r_\[ Po;n$o+
eipsoid eflipsoid-
z
- Z
w
~ [ 2"‘3 of ~ B;::,e
JMMQ,V
Space s
Cone cf:ece w
Body
Cohe
Direct Precession Retrograde Precession
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PROBLEM 18.146*

Refer to Problems 18.143 and 18.144.

(a) Show that the curve (called polhode) described by the tip of the
vector @ with respect to a frame of reference coinciding with the
principal axes of inertia of the rigid body is defined by the equations

waf+1ya)}2,+lza)f =2T = constant (1)

2

Lw; + 1,0, + I = Hj = constant )

and that this curve can, therefore, be obtained by intersecting the
Poinsot ellipsoid with the ellipsoid defined by Eq. (2).

(b) Further show, assuming /, > 1, >, that the polhodes obtained for
various values of H, have the shapes indicated in the figure.

(c) Using the result obtained in part b, show that a rigid body under no
force can rotate about a fixed centroidal axis if, and only if, that axis
coincides with one of the principal axes of inertia of the body, and that
the motion will be stable if the axis of rotation coincides with the major
or minor axis of the Poinsot ellipsoid (z or x axis in the figure) and
unstable if it coincides with the intermediate axis (y axis).

SOLUTION

(a)

Equation (1) expresses conservation of energy as shown in the solution to Problem 18.143. It is the
equation of the Poinsot ellipsoid.

Let a = Z—T, bl: Z_T’ o= 2_T
I, I, I,

2 2 2
o O, @

Then =1 3)
a; b G

which is the equation of an ellipsoid.

Equation (2) expresses the constancy of H é =(H, )i +(H, )i +(H, )?, the square of the magnitude

of the angular momentum vector.

H H
Let Cl2=—0, b2=—0, 02:_0
I, Iy IZ
2 2 2
In) [N
Then £ L S “4)

a by G
which is the equation of a second ellipsoid.

Since the coordinates @,, @,, ®, of the tip of the vector @ must satisfy both Equations (1) and (2),
the curve described by the tip of @ is the intersection of the two ellipsoids.
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PROBLEM 18.146* (Continued)

PoinSnf
elf.‘r sord

(b) Assume I, >1 >1,.

Then a,<b <c and a,<b,<c,.
second
ellipsoid

Thus, for both ellipsoids, the minor axis is directed along the x axis, the intermediate axis along the
y axis, and the major axis along the z axis. However, because the ratio of the major to minor semiaxis

is \/;: for the Poinsot ellipsoid and is ;— for the second ellipsoid, the deviation from a spherical shape
is more pronounced in the second ellipsoid.

The largest ellipsoid of the second type to be in contact with the Poinsot ellipsoid will lie outside that
ellipsoid and touch it at its points of intersection with the x axis, and the smallest will lie inside the
Poinsot ellipsoid and touch it at its points of intersection with the z axis (see left-hand sketch). All
ellipsoids of the second type comprised between these two will intersect the Poinsot ellipsoid along the
curves called polhodes, as shown in the right-hand figure.

Poinsst
eli{{is')id'

I N
(]
L7

Note that the ellipsoid of the second type, which has the same intermediate axis as the Poinsot ellipsoid,
intersects that ellipsoid along two ellipses whose planes contain the y axis. These curves are not
polhodes, since the tip of @ will not describe them, but they separate the polhodes into four groups.
Two groups loop around the minor axis (x axis) and the other two around the major axis (z axis).

(c) If the body is set to spin about one of the principal axes, the Poinsot ellipsoid will remain in contact
with the invariable plane at the same point (on the x, y, or z axis); the rotation is steady. In any other
case, the point of contact will be located on one of the polhodes, and the tip of @ will start describing
that polhode, while the Poinsot ellipsoid rolls on the invariable plane.

A rotation about the minor or the major axis (x or z axis) is stable. If that motion is disturbed, the tip
of ® will move to a very small polhode surrounding that axis and stay close to its original position.

On the other hand, a rotation about the intermediate axis (y axis) is unstable. If that motion is disturbed,
the tip of @ will move to one of the polhodes located near that axis and start describing it, departing
completely from its original position and causing the body to tumble.
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PROBLEM 18.147

Three 25-1b rotor disks are attached to a shaft which rotates
at 720 rpm. Disk A is attached eccentrically so that its mass
center is %in. from the axis of rotation, while disks B and C
are attached so that their mass centers coincide with the axis
of rotation. Where should 2-1b weights be bolted to disks B

and C to balance the system dynamically?

SOLUTION

The system is dynamically balanced if the effective forces are equivalent to zero. Let Points A, B, and C be the
points where the disks are attached to the shaft and let Point G be the mass center of disk A. Let m be the mass
of each rotor and m’ the magnitude of each added mass.

Since @ = constant,

H; =0

for each disk. We treat the added masses as particles so that their moments of inertia about their mass centers
are negligible. The effective force of disk A is.

(Fp)eir = _mFszj
The effective forces of the added masses are
m'ry@’j and m'r.@’j,
respectively for the masses added to disks B and C.
YXF =0 — m?Aa)zj + m'rBa)zj + m'rca)zj =0

m_
rB+rC:;rA @))]

S(My)e =0 4ix(—mry@*§) +10ix (m'ry@’§) + 16ix (m'r-@"j)

107, +16r, =47, )
m
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PROBLEM 18.147 (Continued)

Data: F=Ltin=025in, M- _j55
4 m 21b
ry +ry =3.125in. a1y
107, +16r, =12.5in. QY

Solving the simultaneous equations.
ry =6.251n. 1o =-3.125

Placement of added masses.

On B: 6%in. below shaft. On C: 3éin. above shaft 4
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! PROBLEM 18.148

A homogeneous disk of mass m =5 kg rotates at the constant

rate @ =8 rad/s with respect to the bent axle ABC, which itself

rotates at the constant rate @, =3 rad/s about the y axis. Determine
B the angular momentum H. of the disk about its center C.

400 mm 300 mm

SOLUTION

Using frame Cx'y’z":

|
|
—
Qs
s
"
~
[9)
o
.
W
*-

lo=1,=—mr
I =L
2 x'
He =1,0,j+1 0k 2)1)‘
- imrz (@j+20K) = (Brsdjsk

H. = i(S kg)(0.25 m)z[(3 rad/s)j+ 2(8 rad/s)k]

H, =(0.234 kg-m?/s)j+(1.250 kg-m*/s)k 4
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PROBLEM 18.149

A rod of uniform cross section is used to form the shaft
shown. Denoting by m the total mass of the shaft and
knowing that the shaft rotates with a constant angular
velocity ®, determine (a) the angular momentum H, of
the shaft about its mass center G, (b) the angle formed by
H; and the axis AB, (c¢) the angular momentum of the shaft
about Point A.

SOLUTION
Length of rod: L=2r+27r=2382832r
Angular velocity: o= wi
Angular momentum: H, =1 wi- I_xz wk
Calculation of 7, and I_xz :
Let p =mass per unit length =—.
For portions AC and DB,
I1.=0, I_=0

For portion CG, use polar coordinate 6.
x=—-r(l—cosl), z=-rsinf dm=prd6

I = J-zzdm = J-o” r*sin’ Gprd 6 =%pr3

I = j xzdm = j 0” 72 (1= cos B)sin Gprd = 2 pr>

Likewise, for portion GD, I = % pr, I, = 201"
3 3
— mr — dmr
Total: I.=npr = , I_=4 P =
X p L XZ p L
zmr’ Amr® 2
(@)  Angular momentum H;. Hj;= i wi — i ok =mr-w(0.37927i — 0.48291Kk)

H, =mr’w(0.379i - 0.483k) 4

H, =mr’®(0.37927° +0.48291%)"* = 0.61404 mr’w
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PROBLEM 18.149 (Continued)

(b)  Angle formed by H and the axis AB.

H, i=0.37927mr’ o
H; i 037927mr’e

cosf = = =0.61766 6=51.9° 4
Hg;  0.61404mr’ e
(¢)  Angular momentum about Point A:
H,=H; +r;, X(mv)
H,=H;+0 H, = mr’w(0.379 —0.483k) 4
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PROBLEM 18.150

A uniform rod of mass m and length Sa is bent into the shape shown and is
suspended from a wire attached at Point B. Knowing that the rod is hit at Point A
in the negative y direction and denoting the corresponding impulse by —(FAt)j,
determine immediately after the impact (a) the velocity of the mass center G,
(b) the angular velocity of the rod.

SOLUTION
Moments and products of inertia:
Part | m I, I, I I,
(sm) (m)
oA %m X(%az +%a2 _’_%az) X(%az +ad? +%a2) (%m)(az +%a2) (%m)(_%c;)
ol | )| e | o4
: ! ’ ’ ><(éa2 + %az + %az) i N
se| | (mlee) o (im)() o
CD | +tm (im)(ia2) (im)(%cf) (%m) (lm)(_La2)
; ! ’ ’ ><(éa2 + %az + iaz) i N
(sm) (m)
1 1 2.,.1,2 1 1,2
PR i s 1) | <+ 1) (e +3e) | G5
| m 0.35ma’ 0.66667ma’ 0.75ma* —0.3ma’

3o o
(1) )

Angular momentum about the mass center.

(Hg), = Lo, - 1,0, -1 0. =035md’e, +0.3ma’e, - 0.2ma’e,

Xy
(Hg), = -1 0, + 1o, - I 0. =0.3ma’o, +0.66667Tma’®, + 0.lma’w,

(Hp). = -1.0, -1, 0. + 10, =-02ma’o, +0.1ma’w, + 0.75ma’,
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PROBLEM 18.150 (Continued)

Constraint of the supporting cable: v, =0

Impulse-momentum principle:  Before impact, v =0, Hg; =0.

(@) Linear momentum: F(Ar) + TAtj = mv  Resolve into components.
0=mv, —FAt +TAtj = 0, 0=my,
v, =0, TAt = FAt, v, =0
(b)  Angular momentum, moments about G: ryc X FAr = H;

(% j- aij X [~(FANj] = (aFADk = (Hg),i + (Hg),j + (Hg) .k

Using expressions for (Hy),, (Hg) Vs and (H), and resolving into components,
i: 0=035ma’w, +03ma’w, - 02md’w,
it 0=03ma’w, +0.66667Tma’w, + 0.1ma’w.
k: aFAt = -0.2ma’®, + 0.lma’®, + 0.75ma’w,

Solving, o, =258 g = asaEAD g gAY
ma ma ma

<|

o= (F—AZJ(Z.SOi — 1.454j + 2.19k) 4

ma
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‘\ PROBLEM 18.151

\ 600 A four-bladed airplane propeller has a mass of 160 kg and a radius of gyration of
\ 800 mm. Knowing that the propeller rotates at 1600 rpm as the airplane is
\ traveling in a circular path of 600-m radius at 540 km/h, determine the magnitude
\ of the couple exerted by the propeller on its shaft due to the rotation of the

airplane.

SOLUTION
We assume senses shown for o, ® Vs and v.

v =540 km/h =150 m/s

®, =1600 rpm(Z” rad]

60s
=167.55rad/s

v 150 m/s
. =—=

y =0.25rad/s
600 m

A}

I, =mk* = (160 kg)(0.8 m)> =102.4 kg - m?
Angular momentum about G:
H,=10i+ Tya)yj
Eq. (18.22), H; =(Hg)g,. +QxH; =0+ 0 jx(oi+1,0))
H; =-1,0.0k =—(102.4 kg- m*)(167.55 rad/s)(0.25 rad/s)k
H, = (4289 N-m)k = —(4.29 kN - m)k

The couple exerted on the propeller, therefore, must be M = HG =—(4.29 kN -m)k, and the couple exerted by
the propeller on its shaft is —M = (4.29 kN - m)k.

Magnitude of couple. 429kN-m <
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PROBLEM 18.152

A 2.4-kg piece of sheet steel with dimensions 160x 640 mm was bent
to form the component shown. The component is at rest (@=0)
when a couple M, =(0.8 N-m)k is applied to it. Determine (a) the
angular acceleration of the component, (b) the dynamic reactions at A
and B immediately after the couple is applied.

SOLUTION

Area of sheet metal:

Let

Angular velocity and angular acceleration:

Angular momentum about G:

Let the frame of reference Gxyz be rotating with angular velocity

m=24%kg, b=160mm=0.16 m

A=b>+(2b)b+b* =4b> =0.1024 m?
m 2.4

P AT 01024
=23.4375 kg/m?

=mass per unit area

o=wk
oa=oak

H; =-1,0i-1, 0j+1 0k

=-1,0j+ 1,0k
Q=m=wk
H, = (HG)G)WZ +QxH,

. e
=-l, aj+1,0k+1, i

Required moment and product of inertia: 1., = oI, ..

1, =pb*
=(23.4375)(0.16)*

=0.01536 kg-m*

4
1, =pb
=0.01536 kg - m?

Part A I, I,
2
1
plate A b? lb2 +b? [%bj b*(b) Lgbj
1
plate AB 2> E(Zb)b3 0
2
1
plate B b? Ly i {lbj bz(—b)(——b]
2 2
z 4b* b* b*
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PROBLEM 18.152 (Continued)

Since the mass center lies on the rotation axis, a=0

SF=A+B=ma

B=-A
SM,, = Mok + bk X A + (~bk)xB
= Mok +2bk X (Ai+ A, j)

= Mk +2bA,j—2bA i

M, =H, Resolve into components.
(@) k: M,=1« a=Mo__ 08 55083 radis o =52.1rad/s* 4
' I, 0.01536
I o
») P &:_yzz_mow%mzm$:éMON
' e 2b (2)(0.16)
i: —20A =1 0 = A, =0 A=-(250N)i <

B=(2.50 N)i 4
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PROBLEM 18.153

A homogeneous disk of weight W =6 Ib rotates at the constant
rate @ =16 rad/s with respect to arm ABC, which is welded to
a shaft DCE rotating at the constant rate @, =8 rad/s.
Determine the dynamic reactions at D and E.

SOLUTION

Angular velocity of shaft DE and arm CBA: Q = @i
Angular velocity of disk A: O=wi+aj
Angular velocity about its mass center A:
H,=l.0i+] 0j+I ok

=lLoi+1,0j
=—mr’wi +lmr2a)lj
4 2
Let the reference frame Oxyz be rotating with angular velocity Q = w,i.
H, =(H,),,. +QxH,
=imr2d)2i +%mr2d)lj +wixH,

1 .. 1 5., 1 5
=—mr-w,i+—mr +—mr-ww.k
1 2 > ) > [210))

Velocity of Point A: V, = WiXTy,
= w,i X (DK +cj)
=bw,j+cark
Acceleration of Point A: a, =W jXIy + O jXV,

a, = (b@, — ca})j+ (ca, +bw,)k
Consider the system of particles consisting of the shaft, the arm, and the disk. Neglect the mass of the arm.
XF=ma,
D)j+DK+E j+EKk=ma,
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PROBLEM 18.153 (Continued)

Resolve into components.
— : 2
D, +E, =m(ba, —cay)
D, +E, =m(ca, +bay)
M, =H,=H, +r,, xma,

(M)i+20lix(E,j+E.K)=H, +(li +cj—bk)xma,
(M)i—2IE_j+2IE k = mGrz +b? +02]a')2i+m(%r2d)l —lcad, —lbwg]j

+m(%r2a)la)2 +1ba, —lca)zz)k

i: Mozm(%r2+b2+c2ja)2
k: E, =%Gr2w1w2 +Ibad, —zcng
D, =%(—%r2wla)2 +1b>, —lcwzz]
j E. =%(lca')2 +lba)22——r2d)1j
D. =%(lca')2 +Iba? +—r2(2)1]
Data: W=6lb. m =32% =0.186335 r=8in.=0.66667 ft

b=c=9in.=0.75ft [=12in.=1.0ft

w =16rad/s, @ =0, @, =8radls, @, =0

D _0.186335| (1
T (201.0) 2

_ 0.186335
@00

](0.66667)2 16)(8)+0-(1 .0)(0.75)(8)2} =-7.121b

[0+ (1.0)(0.75)(8)* + 0] = 4.47 Ib

D=—(7.12 Ib)j+ (447 Ib)k 4

g, = 2186335 Klj (0.66667)2 (16)(8) +0— (1 .0)(0.75)(8)2} =-1.8221b

YT @a.0) [\ 2

0.186335 )
E. =—-2222210 4 (1.0)(0.75)(8) + 0] = 4.47 1b
<= 210) [0+ (1.0)(0.75)(8) ]

E=-(1.8221b)j+ (4.47 Ib)k «
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PROBLEM 18.154

A 48-kg advertising panel of length 2a =2.4 m and width 2b =1.6 mis
kept rotating at a constant rate @, about its horizontal axis by a small
electric motor attached at A to frame ACB. This frame itself is kept
rotating at a constant rate @, about a vertical axis by a second motor
attached at C to the column CD. Knowing that the panel and the frame
complete a full revolution in 6 s and 12 s, respectively, express, as a
function of the angle @, the dynamic reaction exerted on column CD
by its support at D.

SOLUTION

Use principal axes x’, y’, z° as shown.

Moments of inertia: I,= %m(a2 +b%)

- 1 - 1

I)» =§ma2, I, =§mb2
Kinematics: 0=,

Oy =0,s8in0, o,=w,co860, @ =

Dy =Wy, cosl, @y =-wya,sinb, @,=0

Since the acceleration of the mass center is zero, the resultant force acting on the column CD is zero.

Euler’s equations of motion for the plate:
My =1,0,-;-1)0,0,
=1 ,0,0,cos6 — (Ty» - TZ»)a)la)z cos@
- = = 2
= +1,—1;)0w,cos6 = gmbzcz)la)2 cosd
My =1,0,-1,—1,)0.0,
= —Tya)la)2 sin@ - (TZ ~1)ww,sin@
=, - T) ~I)ww,sin@=0
M =10~ -1,)0.0,
=0-(I, - I_y )@; sin @ cos @

= —%mbza)z2 sin@cos @

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

2227



https://students-hub.com
https://students-hub.com

PROBLEM 18.154 (Continued)

M = %mbza)lcz)2 cos6i’ —%mbza)z2 sin @ cos 6k

= %mbza)la)2 cos (cos di + sin 8j) — %mbza)z2 sin @ cos 6k

Resolve into components: M, = zmbza)la)2 cos”

X

2 .
IM, =§mb @ o, sin@cos @
M, =—%ml92a)22 sin@cos @

Data: m=48 kg, b=0.8m
® = 2_” =1.0472 rad/s, @, = 2—7[ =0.5236 rad/s
6 12
M, =%(48)(0.8)2(1.0472)(0.5236) cos® @

=11.23cos’# N-m

EMy = %(48)(0.8)2 (1.0472)(0.5236)sin @ cos &
=11.23sin@cos@ N-m

M, = —%(48)(0.8)2 (0.5236)* sin Ocos &

=-2.81sinfcosf N-m

M,=(11.23 N-m)cos” 6+ (11.23 N-m)sin @ cos 8j— (2.81 N-m)sin Ocos Ok 4
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PROBLEM 18.155

A 2500-kg satellite is 2.4 m high and has octagonal bases of sides
1.2 m. The coordinate axes shown are the principal centroidal axes of
inertia of the satellite, and its radii of gyration are k, =k_ =0.90 m
and k, =098 m. The satellite is equipped with a main 500-N
thruster £ and four 20-N thrusters A, B, C, and D, which can expel
fuel in the positive y direction. The satellite is spinning at the rate of
36 rev/h about its axis of symmetry G,, which maintains a fixed
direction in space, when thrusters A and B are activated for 2 s.
Determine (a) the precession axis of the satellite, (b) its rate of
precession, (c) its rate of spin.

SOLUTION

‘When thrusters A and B are activated,

Angular momentum after 2 s:

w0, = (36 revhy| 2214 | _Lh
rev 3600 s

=0.062832 rad/s
m=2500 kg

I, =mk? =(2500)(0.90)* = 2025 kg-m*
I,=1,=2025kg-m’
I, =mk; =(2500)(0.98)* =2401 kg-m”
(Hg), = 1,@,j = (2401)(0.062832)j = (150.86 kg-m’/s)j
a=0.6m, b=0.6+1.2 cos45°=1.4485

Ay
T

N |

M, = —b(F, + Fy)i
=—(1.4485)(40)i
=—(57.941 N-m)i

H, = (H,), + M (Ar) AJ €
=150.86j+ (=57.941)(2)i ar
=—(115.88 kg-m*/s)i + (150.86 kg-m?*/s)j ‘

w, = A, 1588 _ —0.057225 rad/s = —-32.788 rev/h
I, 2025
H,
O, =—= 36 rev/h
I
y
H
w,=—%=0
-

Z
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PROBLEM 18.155 (Continued)

(a)  Precession axis:

tan@ =— A, = 11588 0=37.529° 6, =525° 6,=375° 6,=90° 4
H, 150.86 ’
Y
tany = O Ho
3
-0
32788 AN
36 -
y=42.327°
y—60=4798° y
o=, /a)f + wﬁ
=48.693 rev/h
Law of sines.
% 4 @

sin}/: sin(y—6) - sin @

. 48.693sin42.327°

b
®) 14 sin37.529°
¢=53.8rev/h 4
48.693sin 4.798°
c = 7 =6.68 rev/h
© vV sin37.529° v
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PROBLEM 18.156

A thin disk of weight W =8 1b rotates with an angular velocity w,
with respect to arm OA, which itself rotates with an angular velocity
@, about the y axis. Determine (a) the couple Mj which should be
applied to arm OA to give it an angular acceleration o, = (6 rad/s)j
with @, =4 rad/s, knowing that the disk rotates at the constant rate
w, =12 rad/s, (b) the force-couple system representing the dynamic
reaction at O at that instant. Assume that arm OA has a negligible mass.

SOLUTION
Angular velocity of arm OA: Q=wj
Angular velocity of disk A: 0=00,j+ ok

Angular momentum about its mass center A:
H, =loi+],0j+] ok
=l,aj+1 0k
—lmrza) j +lmr2 k
1 3 @,
Let the reference Oxyz be rotating with angular velocity Q = @, j.
H, =(H,),,. +2xH,
=%mr2a')1j +%mr2d)2k +w jxH,
= lmrza) w,i+ lmrzd) j +lmr2d) k
> e hJ > 2
Velocity of Point A: V=@ XTIy

= @, jx (bi—cj)
=-bwk

Acceleration of Point A: a, =D JXTyy T OJXV,

=-bwii-bark
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PROBLEM 18.156 (Continued)

Consider the system of particles consisting of the arm OA and disk A. Neglect the mass of the arm.

XF =ma,:

R.i+ Rk =-mbw]i—mbak
R, = —mbw;
R, =-mbw,

M, =H,=H, +1,,xma,

Mp) i+ Mp),j+My) k= m(%rza)la)zwL bcd)lji
+m(ir2 +b2jd)1j+m(%r2d)2— bca)fjk

Data: W=81Ib

m= 8 _ 0.24845 1b - s>/ft
322

r=51in.=0.41667 ft
b=161in.=1.33333 ft
¢=101in.=0.83333 ft

o, =4 rad/s
@, = 6 rad/s’
w, =12 rad/s
w, =0

(a)  Required couple: The required couple is the y-component of the couple at Point O.

M,), = (0.24845)[%(0.41667)2 + (1.33333)2}(6)j (M), =(2.711b-ft)j 4
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PROBLEM 18.156 (Continued)

(b) Dynamic reaction at Point O.

R, =—(0.24845)(1.33333)(4)> = -5.30 Ib, R, =0
R, =—(0.24845)(1.33333)(6) =—-1.988 Ib

R=—-(5301b)i—(1.988 Ib)k «

(M), =(0.24845) K%) (0.41667)* (4)(12) + (1 .33333)(0.83333)(6)}

=2.691b-ft
(M), =(0.24845)[0— (1.33333)(0.83333)(4)*]
=—4421b-ft

M, =(2.691b-ft)i— (442 Ib-ft)k «
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PROBLEM 18.157

A homogeneous disk of mass m connected at A and B to a fork-ended shaft of
negligible mass which is supported by a bearing at C. The disk is free to rotate
about its horizontal diameter AB and the shaft is free to rotate about a vertical
axis through C. Initially, the disk lies in a vertical plane (&, =90°) and the shaft
has an angular velocity ¢, =8 rad/s. If the disk is slightly disturbed, determine
for the ensuring motion (a) the minimum value of ¢, (b) the maximum value of 6.

SOLUTION

Place the origin at the center of mass and let Oxyz be a principal axis frame of reference with the y axis
directed along the moving axle AB. Let the Z axis lie along the fixed axle. Useful unit vectors are i, j and k
along the x, y, z axes and K along the Z axis.

K =-isinf +kcosé
Angular velocity: o = gk + 0]

o =—@sin i + 8+ ¢ cos k
Moments of inertia: I, =¢l,, I, =6l

Angular momentum about O. H, =1, 0i+l,0j+l,0k

=1,(—¢, ¢sin Oi+0 j+ e,pcos Ok) K
The moment about the fixed Z axis is zero, hence, H,, - K = constant.

H, K =1 (¢sin’@+e,cos’ O)p=1,C
— Cl

e,sin” @ +e, cos’ @

I

C, = (e, sin’ G, + e, cos” 6,)¢,
Twice the kinetic energy: M =1,0° +1 y a)}z, +1 Za)f = constant

2T =1,[(¢ sin? @ + e, cos® 0)¢” + 6%
=1,(Cp+6%)
= I},Cz

0*=C,-C¢p

C,=6; +Ci@,
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PROBLEM 18.157 (Continued)

e =1

e, =2

e,sin* @+ e, cos> @ =1+cos’ @

(@)

(®)

6, =90°

6.0 = O

@, =16 rad/s

C, = (1+cos* 90°)(8)

=8 rad/s
b= 8
1+cos@
Puin ==
" 1+cos@

C, =0+ (8)(8) = 64 (rad/s)’

0*°=C,-C,p
(éZ)max = C2 - C1¢min
=64-(8)(4)
=32 (rad/s)?

@in = 4.00 rad/s <

6,.. =5.66 rad/s 4
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PROBLEM 18.158

The essential features of the gyrocompass are shown. The rotor
spins at the rate y about an axis mounted in a single gimbal,
which may rotate freely about the vertical axis AB. The angle
formed by the axis of the rotor and the plane of the meridian is
denoted by &, and the latitude of the position on the earth is
denoted by A. We note that line OC is parallel to the axis of the
earth, and we denote by @, the angular velocity of the earth about
its axis.

(a) Show that the equations of motion of the gyrocompass are

I'6+ ., cos Asin@ — I'w*cos® Asin Ocos 6 =0
1>, =0

N

where @, is the rectangular component of the total angular
velocity @ along the axis of the rotor, and 7 and I’ are the
moments of inertia of the rotor with respect to its axis of
symmetry and a transverse axis through O, respectively.

(b) Neglecting the term containing a)ez, show that for small values
of 6, we have

G+ Ia)za);’cosﬁ,lg=O

and that the axis of the gyrocompass oscillates about the
north-south direction.

SOLUTION

(@) Angular momentum about O.

We select a frame of reference Oxyz attached to the gimbal. The angular
velocity of Oxyz with respect to a Newtonian frame is Q = @, K + 6]

where K =-cosAsin @i+ sin Aj+ cos Acos Ok

Thus, Q =@, cos Asin Bi + (6 + @, sin A)j+ @, cos A cos Ok (D
The angular velocity @ of the rotor is obtained by adding its spin ¥k to Q.
Setting
Y+, coslcosf=a..
We have ® =—@, cos Asin i + 6+ @, sin A)j+wk (2)
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(b)

PROBLEM 18.158 (Continued)

The angular momentum H,, of the rotor is
H)=lLwit+loj+l ok

where I, =1, = I’ and I, =1I. Recalling Eq. (2), we write

H, =-I'w,cos Asin i+ I'(0 + w,sin Dj+ ok (3)
Equations of motion.
Eq. (18.28): M, = (HO Jox, + X H,, or, from Egs. (1) and (3):
M, =~I'w, cos Acos 06 + I'0j+ [ k
i j k
+| —w,cosAsin@ 0+ w,sinA @, cosAcosb (@)
—I'w,cos Asin® I'(6+ w,sin A) lo,

We observe that the rotor is free to spin about the z axis and free to rotate about the y axis. Therefore,
the y and z components of XM, must be zero. It follows that the coefficients of j and k at the right-
hand member of Eq. (4) must also be zero.

Setting the coefficient of j in the right-hand member of Eq. (4) equal to zero,
I'6 + (—I'w, cos Asin 0)(@, cos Acos 0) — (-, cos Asin @)@, =0
I'6 + 1w, @, cos Asin @ — I'@? cos® Asin@cos @ =0 ;) 4
Q.E.D
Setting the coefficient of k equal to zero,
10, + (—w, cos Asin0)1'(6 + @, sin ) — (—I'@, cos Asin 0)(0 + @,sinA) =0

Observing that the last two terms cancel out, we have

i, =0 Q.E.D. 6) 4
It follows from Eq. (6) that @, = constant @)
Rewrite Eq. (5) as follows: 16+ (I o, —1'w, cos Acos 0)@, cos Asin@ =0

It is evident that @, >>> @,. We can therefore neglect the second term in the parenthesis and write
I'6+ 1w, cos Asinf =0

or é+1wza);—,cos;tsin0=0 (8)
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PROBLEM 18.158 (Continued)

where the coefficient of sin @ is a constant. The rotor, therefore, oscillates about the line NS as a
simple pendulum. For small oscillations, sin 8 = 8, and Eq. (8) yields

|
9+%°°M9=0 Q.E.D, 9) <
Eq. (9) is the equation of simple harmonic motion with period
I’

T=27 | —— (10)
lw,w, cos A

Since its rotor oscillates about the line NS, the gyrocompass can be used to determine the direction of
that line. We should note, however, that for values of A4 close to 90° or —90°, the period of oscillation
becomes very large and the line about which the rotor oscillates cannot be determined. The
gyrocompass, therefore, cannot be used in the polar regions.
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