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8. 2 Trigonometric Integrals &Sin
&

x + cos2x = 1

& cos2x = 1 - 2 sin2x

Exp : Scintxdx = S x de = 2 co3X - I

& sinx = 1
+2x

= x - iex + S 62

4

& 205x = 1 +

c

2>24

Exp : Jaxcinx de K = sinx

du = cosxdx

=S cost x sinx cosx dx

= S (1- Sinxls 12 da

= S(1 - 42)u2 du

=

Exp : Jainx cosx dx U = cost

du = -sinxdx

= sinx costx sinx dx - du = sinx dx

= sinxsinxuF(du)

= J (1 - 105)(1-c0sx)m ( - dul

=-Su =

(1 - 42) du

=>(

Exp : Scosx sinix dx U= sinx

du = zosx d+

= Su3 da

-+
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aodd

Exp : if sin2x cosx dx

=St)(iy
= S(1 - 2052x)dx

=X - Jcos2xdx

= X-Jx d

= X

=- Joe

=

* Scoaux dx

= -

sin

Exp : (cosexsinsx de

n = 36m = S

= ESsinex + sin8x dx

= [ex-
#

sir (mx) sin(nx) = (cs(mon)x - cos(m +n)x]
sin (mx) cos(mx) =X(sin(m -n)x + sin(m +n)x]
cos (mx) 20s(nx) = (cos(m-n)x + (s(m +n)x]
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Cos - X = cosXExpoJ cosux cos7x dx ESin -X =
- Sink

-[S[(0(3x) + cs(1(X)]dx

= If cos3X + cos))xdx

=> [sin +s

T

Exp : S -sinx de

G

T

Six de

8

jlcos1)dx
O

·

S cosx dx cox
⑧

= sinx

*

-ciux!
·

=
C (sint

= 2(1 - 0) = 2
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Exp : Seix dy

= J seix sect da

= f (tantx + 1) seex dx U = tanx

du = seidx

= (u2 + 1) da

= +
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8. 2 : outlike

③f sinix de

⑫& sin cos(20) & & sinc = U

=Soin'x Sinx dx

- &sinseys (l-since cos(20)

2 cos20 = &
dx

= S(1-105X) sinx dx U= cosx

du = -sinx - Su <1 - 42) &

=J (1 - uz) du
2

= u2-u"du

=

=
⑪ Ssinx noix de D2 ge

Striux de
G

= Ssin3 x cos X cosX de

U = sin =
= Ssinx (1-sinx) 20sX dy die = cosxd+

S-C
= Su"(1-4)du

= Ju3-unde i
--

# 8 : 05 km) de *
86

S--
=> 8)(20s * (2πx))2dx S

>

dx*
= Six =Tsinx

· din
=> C S+24 dy

y . 2du = 2( )
I= 3x +in
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③ S seex tanx do ⑳"8 sing cong dy

= Ssecx seex tanx de (py(i
= seix (1+ tan) tanx de C1-coseys 2 · (1 + cos2y)

U = fanx

= S(1 + 43u2 da du = seex dx

= & (1-2cos2y + cos2y) . (1 + cos2y)
g

* D - C
cos2y + coS2y + cos2y

= 2012+ ciy
⑰ Standx

-cosay-cosy + cosey
Dizzy on

2coszy=d
=
Stanix tanx dx

-costy-c
= J tan"x(secl) dx

8

* -coseyuy coas

= Starx seax-tanix da

-2y - -4 d
= Stan sex - tanxtanx da

&sindy-si
= Staseix-seax tanx + tanx dx

K = faux =tanx tanchi viny sitsinyya
#

-int-sing& Ssinzx
cos2x da

# - 0

=
If Sinsx + sinxydx

- I (ocxxox)
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③ J sextant de ⑮ S4 tavx dx

= Sl du tanxel S4tan2x tanx dx

secxdx= du

S4(sex-1) tanx de

Secx = U·
Syca secxtanxdx =du

⑯ Greix tanx de

S4(4 - )

& sec3x (sect1) tanx dx

4(unk) + c

Suz (n21) du
Secx = U 4) (ex-Insex)+

=
Secxtanxdx

=du

=saxe ⑭Seein de

20SX = U⑫ Je seex dx

Jud
- sinxdx = du

S3seaxsex de

S- du

& 3 (/ + tan3x) seax de = + C

S(1 + 4) da tan 3x = U

⑰ Sxcinx de
3 se3xdx = du

=
u + + C Sxx) d u = X

X

dr= cos2X

&
Sixcos2x

du = 1 So v =

si*
2

= tan3x+x

* (J
* nex

co
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8. 3 : Trigonometric subtition :

① M
X

&

(a & --- n
X = a tan

tand=

---1
0 = tan(*)
3
S

⑰dx = a sepdo

#

--X ar aland = tap +1) Cald = a se,- =

②
a

X

10 T

-a2 x2
-

E

X = a sind => sin0 =1

d + =add
a ·ii

0= sir () - ⑰
-0

Frsindah

-sind

= lato = alcosel = a cost
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-

③
X

MX2 92

19 T

a

Yπ-
X = ased = seco = S

dx = as I and &O
-------

-

1
iT&

0 = sec()

if

# if -1

-X2 - a
-

--a 2seco-a2

=Le- 1)

-
(a)an

= a tan
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y2 x
9

3a
-

X

X = 3 tand

dx
= 3 sedD

= Sseed

= In (secO + tand) + 2

-

In

①
&

X

S

-X2- 9

3

X = 3 Se

and
do drassaa

= In/secO + Hand +C

= (n)* +) +

⑳So d

= Sdd
= 0 + d

= sin(=+
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4Exporte de
39 T

t

Itf2

= f4cs0 . 4010 do t= 4 sin

dt=
4 cos & &O

= 185 1050 da

= 16S is

=80 + sin]

= 820 + 2go
S

= 8 (0+ Sin pcsd) + C

= 8 (sin(t) + (2) + c

Exp: x Taxi
X

-2 > & &

2

X = 2 +and

=Seot dx = 2 sec

= Se do

=
= ktan(i) !
= (tank-tan! 1)
= (i + H

=
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Expo

Siste (xy) x = seed

I
Jedeade

2x 2, 15
=#1 = tand

= secOdd
Fang
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8. 3 %

⑧ State de 79

·

3t

I

flosdcost and
in dt

0 = Sin (3t)

↳ Scosd de

-Site

-(+

+

=- (int+)

⑩So
34

&
10

/
seco=

sectenddo = d

- Seco de
O= sec
(3)

= In/sec + Handl +C

=In+
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· Jes dy ye

Stand
Y

sec 19
5 5

seco=
Sta seadtenddo= dy
sec 0= sec(b)

Jes

↓S 1 - cos 1
·Lessing

-S1-y- *(ei-
-sin

· Sii X

10
2. stand d I

CS Fand seco= X

/se
secotmdd = dx

J da O= sei'(x))

S2co50dO

S1 + cosdd

= O +in

= 0x sincos

= sei ++. +C
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·Ji
X

10

S sect do tand = Y
2

tand . se40 seed do = dX

O = tan'(x)

Sed

DipO

S
=

1
+ C

3O⑭ 2
*

sinD=
cosOdd=
0= sin (*)

Did
↳ said do

i tand T
=
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·
↓

tang
SSe a

D

- (O
-

Sad = 4

Sid do seadtanddo= dx

secx = &

So u

Singe

-in +

=-
3 x2

⑲
19

Sosekd tand =

ex
2

sectd = 2 dx

Jod tan (2x) = &

Sycos
S2(l + cos2dd

= L(0 + Sinze) do

-

>2 Star'(2x) + 22s & sing) dd

= 2 (tan(2x) +2

Uploaded By: anonymousSTUDENTS-HUB.com

https://goodnotes.com/


③Je
30Sicoda

sind=
cosDdO = dv

Sinda t
sinv= &

= Stand seid dd

= - Ian

③
nea

30

Sedo tand= m
secode= ty dy

tur'(Iny) = &

Seed dQ

F
In/sec +and 11 y = / y = e

In 1 = hand Ine = hand

= In (1++) D= o 1
= Land

0=
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⑮Se
N= 4

S =
X = 42

Sou .eda

CS

-Jus (0

< Syd do
sind=1

2

2 cos&

= 2Sd
cosddd =d
O= sin'( )

= 20 + C

= 2 sin(n)+

⑯ I d
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8.4 Integration by partial fraction.

Expo)

Su

= ↑ itX = 2 X + 1

=
A(x) + B(x2 is

(x- 2)(x+ 1)

8 + x = A(x + 1) + B(x-2)

& x = 2 = 8 + 2 = A(2+ 1+ 0

A = 10

3

Dx = = 8-1
= 0 + B(-z)

B= -7

=> (
= /x-2n(x+

B, A ! jy it so · 3 sso 0 = = (8) +0() 25-26-

5361 ms O =&Gi,
8 Distincte linear factor we use covermethod

1 = A + B 1 = A= B

= &S=-(16,58 8 = A -2B * 8 + 2

10le
/

2π5
x =- B= ,

A+t
B
==&
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95+By(j)
-

-15419615,14-

Epi) ,iExpi)-
ex

S
X2- 5

dx=

(x2
+ x - 2)

Ex :)=
--dx

X(X +2)(x - 1)

E: J (x
*+3)

:
=

)
Repeted

me use cover method =
(x2+ 3)2

As.%s
a

c =

+)

=-

=- In (x) +1 (n (x2) + n(x - 1 +

Uploaded By: anonymousSTUDENTS-HUB.com

https://goodnotes.com/


Exp:) fine) a

u = x + 1-S
= 3(n(x + 1) -S du = dx

-

- = 3(n(x+ 1) - Suda·
= 3(n(x + 1) + 2+ + 2

3x + 2 = A(x + 1) + B
&

3 = A

X = -) =)
- 3 + 2 = 0 + B Essen

- 1 = B X = -
I

Expo. d 9 /.

) /Wil

50 99; /

X 2S

X3
-*

- 2x2 - 4x - 2 -

+2 stop.

= (x - 2 + yy2dx

X2+2x+ 1

= -ex +3
- !
-1)-81

= -2 + 3(n2
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Exp :S
-

-
C(x- 1)(x+1)((x2+ 1)

-

u - 2x = (Ax + B)(x- 1)
=

+ ((x- 1)(x2+ 1) + D(x 2
+ 1)

x = 1 => 4 - 2
= 0 +0 + 2B => D = 1

&i

-2 = (Ax+ B)(2)(x - 1) + (x- 1)-A + C(x-1)2x + ((x(+ )) + ExD

x = 1 =) - 2 = 0 + 0 + 0 + 2 + 2 =)c = - 2

=jigs = 0 = (Ax +B)(z)+ 2(x - 1)A + 2A(x - 1) + ((x - 1)(2) + 2(x + 2Cx + 2D

51995 D = 1

B= 1

A = 2

=Jin
= In x21 + tankx - 2(n(x + 1) + C
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8.7 Improper integral : #
--

Type I TypI ↓
Sf

* juddisz T
Sif& b

A -0
- g gas·

-

2018

9851 ,9. S ·
Type I : & How to find the improper Integral ?

f cont [a,x]

&

& S f(x) de
=lim fa

Q

A
a

(finite)
& S f(x)dx = lim S f(x) dx ; f(x)comt-&.a] Remarks T flimit exists (js *3)

C - -
X

&
As

Then we say Improper integral
(converge] to this number

· j +de +c de Stude so
=

8/ / /

&& - &
/ / / Diverges

S dx
=lime de him a

b- a

· f(x) cont on [-c .x] Remarke : If f(x) 70 and & + (x) do

a

converges to the number (7,0

The L represents the area under f

:
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Exp1 :

·S
b

lim STb-
O

b

i
↓anx !

live [taib-tamo] Fi
b-

---

E
-

5)" #

=>gd converges t

f(x)=
/1112

S
X

Exp
·3&

>

S 519
g ·

S·p
=

Uploaded By: anonymousSTUDENTS-HUB.com

https://goodnotes.com/


Exp:

9 &
I

lim" &S
bex

-im /In]
T

=lim [Inkl
I

&
lim (nb = &

; it is Diverge
*-

TypeItgl : IS"8

x2
- 1 = 0a x = + 1e( +1

only Type 5

=

= I
(in-in

B =z =
1

1n3-lim
it
i

·lin Ins-Inima

(ink-inix + 11]
Ins-IrD = In 3 o the integral is converge to

In 3
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& Exp
*

Exp

n 4) =S-PX)
O

:
2 , 09j3

&

Expo Es convergeS

Expo =; diverge , I

Exp. diverge

Exp:== 2
, converge

Uploaded By: anonymousSTUDENTS-HUB.com

https://goodnotes.com/


& Type II :

Improper Integrals of TypeI are integrals of functions that become infinite at apoint within the integral of

integration (virtical Asymptots)
-

b

* If f is discontinous at a , then I xdx = him S f(x)dx I Ic- at

&Sff is discontinouse at b then f(xdx = him j +(x)dx
·

2- b
A

& Iff is discontinous at c , wher a <bo then "Ct(dx=Ytdx fdS
In each case , if the limit is finite , then the improper integral converges and it is equal to this limit "Area"

otherwise the improper integral diverge "infinit area"

Exp

: x4 discont

&

S2Mlim
O

him2 - 4-

lim-2( -)
2- 4-

im( - 2 + 2)(2)]

lim [-24 + 43 =
4

converge.

2-4-
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#
limano)

a

lim

ae0 +2
lim

a- o +
[2 m = 25a]

2-lime = 2 converge
* - 0

I

-02 + 20 = 0Expo a 0 = 0. -2

imS u = 0+ 20

u= ( + 1) do

(a

lim /
a- ot

not !
lim +za]

a - 0t (

--lim azs
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Exp : 9
-

In

I~(1 ,x)

&

I ex &

-&54195
.e

I

S- 828159

I

lim ja
c- 1 +

c
i

lim secix?+limse j sei'b

2 It

-

(e)-se]t(-
1 a

limsecl
tim sei's b

2 - It

0 + = converge to

Exp.

im
16 du= 16 I dx

u = tan

1 + 12

lim & 164 du

be

lim 8431
b =x

-

lim 8(tank) ibed

-- -

8)Lim Harlp)Earlob) -
-

bed

8((ii)-0) = 2π2
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& Two Tests to check convergnece/Divergence·

① Direct Comparsion Test (DCT)

fig are cont on [and] sto < f(x)g(x) / FxE(a ,d) There

& If Tg() dx corres then 9f(x) dx converges
a

5s 5 zsS.

6

&If I find veges
there g(x)dx diversea

& 5

Exp : Checkthe cour
, Dive :=

①S i d

js
- &

s-

es il
&

2

G

= 1 by
*

#T

so i converges by DCT 2018①

② Exp: it it
Dir = 2.2

.

O
Co nv= 2) 2

G sint X⑪
6 converges by DCTsinx

m nT
= Uploaded By: anonymousSTUDENTS-HUB.com
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③

TO
&

= Dio

①Si
·
&is cour by expe

so i cur act

-③ S +

even

->
a

,
0

↳ 55197F
*

y (385

S
cour by Exp*

*
-

5 + 9 = j) , convergedy DCT Uploaded By: anonymousSTUDENTS-HUB.com
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② Limit comparsion Test

fig are +o cont on (a .2) and

im where o The se

&

f(x) de and ye do both are divergeS
or "" converge.

Exp : check conv , Dir

o

f
Im mA

so& convby

Exp
f(x)= g=

2& i* n Cim -
b -X

J 2

2

lim InX-X

dir by
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Def :
let f(x) and g(x) be positive for x sufficiently large

Of grows
faster thang as x- 0 if

lim=im

Of anda grom at the came role as X-a if

lim = L
,

where L is finite positivee

e
*

xx
*

- In/log·
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10 . 1 :

A sequence : is a list of numbers, a, .......... an .....

· where ai is a number with index : "order"

· it can be finite or infinite->
Diverge

2
Converge

it is a function that sends b to a

2 to a

in to an "the nth term"

Exp :

an = n , n = 1
,

2 , 3.....

n = 1 = a. = t term
lime &

n=zac = - end term 2 - ned
-

.....

...
5

n = 3 = au = E und term
E -

C

=> an= In th term 1-

G

S

lim = an = in dir

n-& " si

Exp:

bu = t n =
1
,

2
,

3 ....

bu

n = 1 = b =1 I
& I

n =c = bz = 4

n =3 =3 bi = 4
I 8

butts O

- Co

G 8

-------

Y
I

s24n

lim I = 0
, convergea

&

An - o

as n +&
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Expo
cn = ( 1)"t : Alternating sequence

u = 1
,

2
, 3 .

--

Ch

n = 1 = = ( 1) y =
-

n=2 => = (- 12t = E -

n= 3 = ( = -
n = u = 4 = 4 Ed
limit

i N
I- = -

(n + 0 as n-X

& th

liman = As A numbers an A as n

n-0 S an , but conv

limbn = B ; R number -br-B as nee

n- &

①im Cantbn) = A +

Olim (an - bu) = A-B
n-&

③limkan = KA
, k constant

④ lim (an bu) = AB

n-X

⑤Im
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Expo

①lim =lim = %

② lim = In
~

& 1s951-

Y

· =E=

③
him -n-&

&195125

Y -3
s lim 2

= =0

5
+ 14-

n2

①im
&I s

, lim In
n- - + 14

use
Sandwich Th

Ineed to know him bu
??

n-

If an bux In for all m

and liman = limen = 1 (finite

n =0 n-&

so : limbu = L
n-&
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Expo
Check convyDir for :-

① lim Sign
U

n - X

in

lim lim sin lina
an n-X-

- - -

↓ ↓ S
O O O

by s .T

② lim sinn
n-

24

-·si

lim o lim in lim ISi

n- na en
n -N

-

↓ - ↓
- -

O O O -> an= e =
1

M*(1
, 1)= lim x*

= 0 .
(xk)L)2

n-C

conv
.
to o

a i = 2by s .

an = i
az = q

i

an

③ lim (1) Alternating

#
I ...

Itn--

G
S L

converge to 0

by s .T
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Th 5 :

① lim mm =o

n-&

② im =1

n-X

③ lim x
*
=

3 xy0

n-

④ If (x1( )
then
-> lim x"= 0-

-kXs/ n-

⑤ lim(1+) = ex
t

n-&

⑥lim = 0 , for
any

x "Toylor seriesas

&Exp
:lim = im&- /

In
Exp limne"limn

is

n-
& - R -X
=Sly

&

Exp lim u = lim lun
n

H -

-
=
c

limee

Epilim im (nm
Exp: limnh = lim (i)(*) =lim &

-
no

n T liman = 1
.

) = 1

n -4

Exp: /im (20
Exp : lim (5)"=

o

EXP : lime"=
0 = (b)

n - a

EXP:

lim

Exp : lim T
n

I

m

en

& lim()"= 27
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ar= n
limuan

m

·
= O :51

④ If (x11 Then lim x"=-

-kXs/ n-
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Exp:lim(
Expi (1 - "= =

Exp:im In (1) In m( = ne

Exp : lim n ne = lim en(ninst
= him im limma

a

non
&

C

n- net

n-& 2n
= furn = e

im

in =e=
/

~

·
Exp:

EN
assum : U = Rs1jn -> &

n + 1 = 1 ju-X

u+a

=>Im (1+)lim( =C(

mywaylim(
lim (n+

&

(n- 1)

i u Sig

Lim(+

Tim(1-
= = e
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Exp : - Find the nth term of the following sequences : (an

① 1, -4 ,
9 ,16

,
25 ......

-

zijn
---

n
+h

= -1)4
+22C -H = 1

,
2

,
3 ...

② 0 , 3
, 8

,
15 ,

24
,

.... 2 ?

an

with
= n

=-

⑤ 3 ,
-2

,
-1

,
0

, 1 .....

an = n = 4

-

Recursive sequence :

93j)-

a 100- a g

Exp: a. = 1 , an=
an

assume this sequence converges ,
find it's limit find limanto

al = 1

ac
=a = (

a = a)=
az = 29 = Ea = ta2 = E =()

an = = +a ==
as =(j4

an = (2)n
- 1

& liman=m(in =2.↳
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upper
bounde

E
Def : ·A sequence any is bounded from above if I anumber M S .

t anM for all n

· A sequence Ganz is bounded from below if I a number m sit any m for all n

· A sequence Sany is bounded if it's boundedfrom above and is bounded from below .

· A sequence Sany is not bounded if it's not boundedfrom above and is bounded from below.

Exp : 1
,

2
,

3
,
4

, 5, .... n

① an = R =n= 1
,
2

, 3 .. -

lim an
=

limn
=
X

n-&
n--&

36

Mi2. -> an is not bounded from above

m = 1, 0. 1 , -
2 . -- (lower bounded & only bounded from below (not bounded)

↳
greatest lower bounde.

& I , . its - bu (1) in = 0
, 1

, 2
. 3 :

limbu = 0

n - &

bu converge to o

M = 1
,

2
,

3
,

4 ... - (upper bounde
↳ least upper bounde J In is bounded from below and above (bounded

m = 0,
- 1

,
- 2

,
- 3

↳ greatest lower bounde

③ 3
,

3
, 3 , 3

Cr , n = 1
, 2 , 3,

lim (n = lim 3 = 3 ④
...

- 2
,

1
, 0

,
1

,
2 . ... (not bounded sequence

n-&
n-X

In
converges to3

M = 3,
4

. 5
,
3 .

) ,
9 -

--- (upper bounces)

↳ least upper bounde

m = 3 ,
2

,
1

,
0. 1

3 In is bounded from below and above (bounded)

To greatest lower bourde. Uploaded By: anonymousSTUDENTS-HUB.com
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Defo-
· A sequence any is non decreasing if an a fn

a: acXA3.. --

S v· A sequence any is
non increasing

if an an+ n

a - 7, 927, 937%
--

· A sequence any is monotonic if it is either nondecreasing or mon increasing

Exp :

① 1
,

2
,

3
,
4

, 5, .... => non decreasing , monotonic

& 1, gitj"- bu (1) in = 0
, 1

. 2
. 3

.

=> non increasing , monotonic => Converge

⑤ 3
,

3
, 3 , 3 => non decreasing , non decreasing , monotonic => Converge

Exp :

- 1
, 11-1 , 11-11 is not monotonic

Th : If a sequence Gany is both

1) bounded

2) monotonic

Then Earl Converge.
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Exp : ar = t = 1, 2
.
3

-
① find M. m :

m = 0, , - 1. ....

M = 1
,

2
, 3 - -

② is an monotonic ?

an is non increasing

yes it's monotonic.

③ is an bounded.?

Yes since we found miM

① Does an converge ?

yes since any monotonic and bounded

lim an = limt = c

n- &
n -&
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& 10 .

2 : - Infinite series

& An infinite series is the sum of an infinite sequence of numbers as + an + An -.. +ant ...- a

where an is the nth term of the series

· Si = a , is the 1st partial sum of the series

·Se = ai + az is the 2 partial sum of the series

·Su = a, tazx-.. an = Yak is the i partial sum of the series.

k = 1

· If the sequence of partial sums converges to a limit (thenme say
the series converge.

* an -couv/Dir ??
n = 1

-

Tests = This

cou Ge cone as

Test b : (nth partial sumtest) : an = axan . (con , Dir)

Find Su= k = ata... a

· If limsu = 1 then
an converges to

n= &

·Ifhim In dir then an die
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ex
T

Exp : (Telescoping series) ; Check for Cour/Dir ?

①
54

=(f) + (f) (t)+
=

ente
② Use partial sum Test to check cour/piv

In
Sn = (Indent) +/) + (In-in) ...Duru)S

== In1 + In

= o + Inm

limsu
=in Y

n - X

so, (In -Inth) dir by sum partial Test

n =
1
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- we
can't use

test

js in

③

=+,

A = 1jB= = 1

= (-) = telescoping

su = x -(y) +(y-(y) + (+-) : + (t +)

=1-

limsu =im(1=
-

& converges to d by the ut partial sum Test

Testauth term test forMi

#fliman to then an a

Iflim an fails to exist then an dir
n- (0 , & , DNE)
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Expo check for cour/Diri

0

lim anim

=> div by n term test

② liman = limm = so

n-X n=

Ei dirby nth term test

③

limaa

in
L

g

so the infinite series div by nth term test.

③ (i

liman =im
(I

sn = 1 - 1 + 1 - 1 + 1-(1)
+

limsu DNE

so did

=-D

=(l)(
& Bir bird
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Ep. E t

so an dir

&
lim an lim

n -&

= nabn = &

so dir by nt term test
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& Harmonic Series dir t
=1 d

t=
1 +E + t +)+(++- )+
6

| +E+y+2... a

↳
↳ Dir .

The

If liman = o then an may dir , mayon
n -a

If an cour then lim an =

n+&

&
converse is not true => means ifliman this does not mean acone

=

Exp: dir butliman
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& Remark.

assume :

an = A andS =

n = 1

&Then

① an + bn = A + 13

n = 1

A
f zandir then

na
n =

1

⑫ Assume :

2 on dir => Then IfIan cour and Ibn div then

E (an + (n) dir Eaton div and

2 k on dir (K+0) zant on div

3
Cour : If (1 (-11)

&Def : Geometric series has the form :
-

Yarn -
I

= a +ar+ar"tar" ...

↳
Dir : If In y,

1 pri min
n =

1

~: ratio jex - &

&S.

Test : Geometric series (strong)
Jess

sum =a
1
-

relatio

Exp: ...
geometric + r =(

, 1) - cour
I
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Expfindsum -
v= = this series is cour since -EC-1,

sum=

=E converge to

01
-1+ .....

v = = di

Geometric series = >conv since v= I E(-1, 1)

v = -t

Sum =
I

Fi
= T
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② · + +( ...

geomtric with
-

v =
=((()

Dir, yeor series ·

③ ⑳

37 2n
(2 -+ +* -)

&
a

=
F +()

Geometric series since v= E(-1, 1)

cam = 3[)
7() + "[)

=(i)= 1

7 + 2 = 9

Exp : Write the following decimals as ratio of two integers .

& 0 . 7= 0 . 7 + 0 . 07 + 0 ,
007 + 0,0007 ......

= F geometricwith
zconu]

=
② 0 . Tq

= 0 . 19 + 0 . 019 + 0 . 0019 + 0 .00019 ...

- + geometricwith

==
③ 0 .07=

⑳ 0 . 005 = 7

9
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Exp: Consider & (1)"(x+"

= 10(x+(x+(x ++... geometric with r= (xx

& find values of X so that this series converges

Iri < /

1 - (x+ 1))4)

(x + 114

- kx + 1C/

- 24Xo

② find it's sum :

↑
5 X = cour to =

=T(x+ 11)

=
x +

-
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Ch10 . 3 : Integral Test : (Cour, Dir)
Consider Yan ,

where

n = K

· an positive terms

· an = f (n) is cont , +, b on [K , d)

Then an
and d both com i

both Div

Exp : Check conv
,
dir of

①St , positive term for - v = 1
, 2, 3

f(x) =t is +, ↓ on [1
, %]

, count

Test liman = lim ! = 0

n-xn+
42

f(x) = 1 cont , +, don <1 .x]
X2

anda court

So to conv by I.T , we can't say cour tod me just say conv here.

②
Rule : P-series

f(x) = cont , +, Lond , a)

·d div di
is

dir byI.5. * to Harmonic series Div

& Reminder

Exp : I :G'ifD

,
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③ him an o

n- &

f(x)= cont ,
donda

n
&

andS

im
lim[taub-tan s

# S cour by 5
.T

a
lim an =- 0

n-X

so

o dir by uth term iesa

③ an

f(x)= cont + don

and im
=im

In(xl
-En(Inab -0) ym
=

Et dir by I.
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&

Exp: [usint
n = 1

lim an

u =

n- X

= Im usin =

limin.
lim sign -

u + o
+ u ↑

= I so Dirby nth term test
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Ch10 . 4 %

DC T :

-
con

-> div

div and f largeisan ana ⑫ given (n)0
3

Ear
div ·

e given

Exp : Check for convldin

n

-3①Sinn

->
3 Te

↳
cour by integral test

Hince 3 + sin

·

2 = I come

-
n = 1 u2

con by DCT

⑳
div by nth term test

lim
p-series Test

③ S & cour if PY1

& Dir if P &/

> geometric

Hince Econ by D conv to 5 =
F

Uploaded By: anonymousSTUDENTS-HUB.com

https://goodnotes.com/


⑭ use DCT
1

--
+ · for large n

g
I

H
nY M

↓ > In

Div by P-series (Harmonic series) 2n > n+ M

Hince & Dir by D 3n > 2n > n + in

34 >n + M

n n
3

↓ 3

⑰- M

* Limit Compassion Test:

Ban=??, find b st En know

; an 70 ·bu>0

lim

· C
30 then both (an and Eba are cou or both a

d

·lim an = 0 and Encour then anonas

·liman=
and E dir then and is

Exp: Check for conv/dir

tana
&m=

= 1 .
1 = 120

Hince& tant dir by LCT
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&

an

D②
: bu =t cour by p-series

in im
immis
#Ins

2"In 2

=

Hince courby

·So DC T

S
↳

conv
&
corn

Hince Encourby D
↓
conn

③ is find bu=t
- gS

S conv

in&
Hince my corr by LCT
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① ,
b = The jis

div-pseries

↳
-cont

-im
HincE dir by Lat

⑤ , use LCT

use DCT

LCT:

find br: coupes

Ian-m

Encourby

a
Hince En conby D
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&10. 5 :

San

& Ratio Test :

j'51
-

Assume an 20 find lim = Xerho
n--an

· If 9 (1 then an cour

· If X 7 I then San Dir -,91 ! j(j)
-

· If = 1 the Test fails. RT y 55 :S

Exp:
(n + 1) !

·
=

(n +1)n)

E dir by R

②
lim any im en-dan

C

2
= lim u + 2n +-

n -
-C

n2

= t . 1 = + 4
C

Encour by RT
en

③ E

lim in = I Test fails
.

ht
ne
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anyo

&

·= 31 ,m =

Tu

n+ 2

Edir by RT

dan > o

③ factore

n-n
n + C 10

in dir by RT
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& RooT Test :T

assume an 20 for larger Ean
dso=35

R

Findlim" an = I
n- a

· If 9 (1 then an cour

· If X 7 I then San Dir

· If = 1 the Test fails.

Exp:

①
n-

n- an

lim S (n = )" = lim + -+ = 0- 0 = 04

Ccoby

D
JE

.
S

U
=) lim==

s co

③
a

a
lim

ne·
E zn
·

Diuby T
n

= 1
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cour-pseries

④

lim
U
↓

&

- = = + =
n2

ne

The Test fails

⑤
n + 4

limni-&

n + 13

=

im =-

En courby

⑧(1 .
T

Ian +

osd

lim in n

- = lim (1 - y) = c=
V

E (1-1) can by T

& Given thisrecursive Terms :

a = 2 -an =an

Does an convldir ?
v=

/

Applay RT: ① ai = C

·
an+= I an

(1)↑↑-
an= check

a2 = 2ai = 2. 2 =
22

az = ac =
23

2 2

lim E =0() au = 2az=-
n=4

E an courby RT M
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10. 6
: Alternating Series :

The Alternating series has the form :

San=U =-U

Q :When & conv/Dir ?

Th (Alternating series Test) AST

&

-
an=

n= " = U.
-U2 + Uz - Hy ...

& AST:

Etisin
cour If

① un30 Anand Un = lan

② und for large ↓ Un1 un

③ lim Un = 0 "If not => in dir by nth term test"

n

Exp:

① Alternating Harmonic series-
cou

,
but Ed

Apply AsT :

an = 1- 1" ! In
Un = lan) =h
① Undo for all u

& Und for all m

③ lim Un
=lim&

We C co byAs a
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② (10. Alternating

Un
= 10 . 25" = (4)

① un 30 for all n

② und for all n

③im
Hince Et)" 10. 25 is Cour by As T

③ Cu
, Alternating - Applay A s

Un = R

① un > 0

② un is not decreasing

③ lim un
= limn = 0 0

n-& n - a

& -1 div by with term test.

④ Alternating -> ApplayAsT

O ..

②..

③limunim = 0

Hince Etis dir by uth term test

& Def : (Abs convergnece)

& an
cour Abs if Elan) comv

und
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Exp : check if an cour abs ?

①
, Che

Elan)=in
↳

cour p-series

Thi

If <lan/conv=> Can conv

Gmeans
a If an conv Abs => Yan conv

(Elan) conv)
2005

= &(
**

conAs

O & El Convby AST2

n = 1

Elan)
= + = div

E 1s conv4114) can abs = Wil

& conv but not abs since Elanl= which is the divergent harmonic seriesa

Def : (Converge Conditionally

The infinite series Cancour cord.

#f it conv . by AST but not Abs

Exp. cour . cond

Exp.
"

cont by AST since or

but not Abs Since Eland=
div peseries

This series Conv.cond NOT Abs
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& Remark:

conv Abs if PY/

& S conv condi if o < PX) > Alternating p-series Test

div if Oxp
S

Exp. conv .
Abs cone

since Elan) = E = coup-series

Exp.cou condi => convent not abs Op

bby Ast

Elan) = 3 div peseries

Exp. Eti"t = St2 div by nth term test

n=
1

-

The (Alternating Estimation Th)

· Assume an= un=uue ...
con SR-

L
- -

w)

·If we approximate 2 by Sn = u . -12 + Hs ... +

& then :

O the reminder L-Su has same sign as
a +

② The error 16-Sn)< and

③ min Ein , Sul <L[mas & Su , sug n

reminder -

in sna
& [ci

**un = L i
error = (Reminder) = /Losn) < U = lant)

~

&

=d
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Exp. S (=

==
=

#f we approximate 1 = 0 . 4 by Su = )z +(z)= 0

n = 3

L = 0 . 4

S3 = 0 . 519

① Reminder : L-sn = 0 . 4 - 0 . 519 =0 . 119

an+ 1
=93

+ 1
= ay =

-(2)

& error: (L-sul = 0 . 119

E = 0 . 119(4y = (ay) = (5)" = 0 . 198

③ >u = + +(5)+ (j)2(5)" = 0 . 321

min Ess . sub <L [maxESs , Saz

min 50. 519
,

0 . 3 21] [0 . 4 < max 50 . 519 , 0 . 321]

-
0 . 321 < 0 .44 0 .

319
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Exp: Approximate the sum of "Testn= 1

with error of magnitude less than 5x100

& We use In to approx the sum

· so we need to find n => t (5x10

(2u)l>=== 2000

(2n))
.

>200000 = n7, 3
j..

· S = 1 - +y +y +t = 0
. 54

· Errore (L-sn) = 1t+ Sg)4o = = 0 . 275x

Edir by ath turn test

S

un =

+

① unzo

②und

O
3lim Un

=lim =0 = courbA

To check if its conv abs

lanle cou per

by DCT

& lan) conv by DCTn
blanke

u3+ 17n3

-1S=

n
combs at Cus⑰

my
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Expla
· If the alternating series couvAbs

,
then it conv

· That is if <lan) conv then an conv . Abs

lanl

ifme use T

-
U = t any

tanb

lim S U du tan
=

&b =
i

im x
=

X
=>u = tanb

↓ lim [HarboE

- ()()")= So t com A
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10 .7: Power series ·

: are infinit sum of poly's

R

* San (x-a) = art(tal x(xdh xal
--

ai coefficients * Cour . Abs

a : center ( 3R: Radius of
convergase a -R a + R

Ic : Internal of converge -
Ic : (x alCR

& Note : To find R and I c = we applay RT (RatioTeT - R <xa < R

a- R(X[a+ R

Ed
0 = aS54an(x -a)

a = 0 center
&

U

& X = 1 + X + X+ X = geometric series

v= X div con din

If (xk)= x"convergeto
--

% 11/ly

=

Xt[- 1 , 1]

take x =( = E()" = = C

Z
takex

= 2 = Edir bynth term test since lime"= -

n-X

f(x) =+x= We can approximate f(x) by

po(x)=
1 ·P,

(x) =
1 + X

i

Pz(x) = 1 + x +
x

*

I

Ps(x) = 1 + x + x+ x3
I
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Exp:
find R and IC & power series

Power
series

.

·① T
M

Abs condit

⑤Apply RT : 150

.
E

ma
-

,ent
&-4
- 593.

-

-
R =

-
& R=

&

11/adI(////
R =

0

IC = IR(0.
0 => convabs for every

dir Bisex

&

Applay R T

R =
1

dir 3 is
Conv

div · · dirm C S
·

11/ !
&

199 -
- -

a

61
cour abs

= (x) lim = (x)

I x1 < /

-1x

& To check conv condit

=> check end points
&

=
-

1==
n = 1

↑= 1 = "Alternating harmonic ceries on

notcnubssince
Glan = n s

con Abs in C1 , 1 Uploaded By: anonymousSTUDENTS-HUB.com
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Exp: (Inn) xn
- ao

-

>

& X

Apply RT =mimim
-Ix/imm

= (x)]

-|xX div cour Abs div
&( I jo

↳
conv . Abs on (1, 1) => cour on (1, 1)

i'
&

i

R = 1

5
= C-

1
, 1)

X
= 1 = Elnux" = Eln"=E Ins

an

dir by with term test

X = - 1 => (nnxv = Inne-"- Alternating = 1 limlun = & to dir

=) x st Elun(x)" cour condit
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Exp :

find IC
,

R
, cour Abs , condit

& 3x San

dis
e coureals ↑ dir

Apply RT: eil lo
- 8 ·

= limim
n-&

3(x/@3
| x | Cy

-z4x4

jyox1 = x =
=- = [3(t)" = 561)" dNE= dir by nth term test

x = 3 =7 434(j = 4
=

4 = div

IS

Hence
, [3x" conv Abs Fx elfig) Ro

anothermay & 02 3xV = [Bx =
1 + 3xx3x

... geometric Re

Exp:= and

Apply: imT
3

< ( = 3x3 = 2 x div
cons abs dir

[ 3O D

d2 i i↓
atx = - 2 :2 cour by conv Abs

Conv Abs

limlan)-lim I= conv by peserieso

atx = 4 :E= cont by postea

IC : [ -2
, 4]6R= 3

=> no points (X) where the power series cour condit
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power
↳

series
&

X &-

-

Exp: !x Can a

-
I -

↑

R =0Apply RT
:lim lux (n= =

div dir
& ②

8
This infint series diverges for

every X expet += 0

&

since when t=0 => En! x" = E 0 = 0to + 0 . - . = O cour

n = 0

* Th: Assume Zanx" = A(x) and &bnx = B()
converge abs on IX1 < R

n = 0
n = 0

a = 0

S

Then (anx) (Ednx) converges Abs to A(xBx on I
id R

* Th. If aux" conv Abs on Ix)CR
n = 0 Ga

=0

Then
. [an (f(x)"couvAbs on Ife)CR for any cont-function f

Exp:. x = (xxxx... -+ if(x)
n = 0

This means n courAbs to on
n

= 0

· (uxy =Huxif (x
=- t YS'z

& The (Term by Term Differentiation (
f(x) = an(x - x)"

= an + a ,)x x) + az(x-c) ....

n=0

cour Abs on IxcIR
- RSX - CS R

I

if f has all derratives on Ix-cKR
R c

'
R+ C

-S15:
1

Then f(x) = [Man(-1" = 0 + a , + 2az(x- 2) + 3a
,
(x -x2...

f(x) = (n(n-1)an(x-c"= 0 + 0 + 2anz + bay(x-)...
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Th : (Term by Term integration Th)

Assume f(x)= an (xoc)"conv Abs on IxockB

=> ar + a
,
(x-2) + az(X - C ) !....

Then Sf(x)dx =Ean C on IxR

(-" (2n
+

,
(x||Exp : I clintify this function .

f(x) =

o en+

a sinx b cost a fail d seix ...

-

compare with San (x-all => a = 0

7 Conv Abs
X95 f(x) = x -x+F I ! i

f(x) = 1 -x2+ xY-X
.... on (x() -geomitric series

=
!

- (-x) =
= f(x)

=

x

r=(xi = x x)
= xx) =s

conv
T

SicAde = Six dx

f(x)= tank + C

f(x) = f(0) =0
Y

&

f(0)=0 +0++ ...

O = tano
+

C

C = 0

f(x) = fan'(x)
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10 .8 : Taylor and Maclaurin series .

Def. Letf be a smoth function "all derivatives exist"

on an interval that contains the interior point a. Then

& The Taylor series generated byf at x = a is

- i (x-a) = f(a) + f'(a)(x -a) + (a) (x
r5

n =0 u ! 31

& The Maclaurim series generated by f is (a =0)

& x =
flof

Exp : Find macaurin series for Ms = Ts at a =0

① f(x) = cosX

R

· x = f(0)()Xf
f(x)= (sx = f(0) = 1 · f(x)= - sinx => f() = c

f(x) =
- cosx

=) f"(x)= · f(x) = Sinx => fco) =0

f
!

= cosx = f(d)= ) of'(x)
= - sinx = f() = 0

j i

5: =+

G
= Is

f(x)= 20sX

* pproximation .

↳

Y - 52
Ox +

9

Po(x) = / poly of degree o &--
Y

↓P -
-1poly 5.30· 5 cos] sig j-15160

Conv -
Lcax poly of degree n to approximateci

Lim Pn(X) = cos X abouto
n-
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20-
Xp 8 f(x) = Sin X

f = Sinx = f(0) = 0
f = cosx = f() = 1

III

f"
= sinx = f = 0 f = - cosx =>

+
"

() = 1

Y

f
= sinx = f(o) = 0 f

= cosx = f(0) = 1

i
-

-

& x =
f()f

·5. pr= sinx = 0 + X + 0 + ++

sinx =X-↑&
Conr Ms

Approximation X-

P. (x) = X
v

P3(x) = X- ~ at x =0

PS(x) =- &
[ = f(x) = ex 4

:

- xP

f = ex
= f() =

1

f= eX = f()
= 1

fex

=X

conve
2

*
= Ms

↳J[
Conv
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Ms :

---

&s is soy

·② Es y

③Cax-1- 3.s

Exp : find Tylorsaries of f(x) = 2"at x=
a = 1

· (x = f) ca(a(x31

· (x =f) f((f-
31

f = 2x
=>f()= 2

f
=
2 (nz = f() = 2 (ne

f
= 2

*

(Inz)" = f
"

c) = 2(na 1
2

f" = c
* ( In2)2

f"= z (Ine)r

-4

f =
2 + (2(nz)(x- 1) + ((?
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Exp: find Ms for coslx

%
costx = ee-dee3

=[1 + x+ )+ ()+

=<
25 &3

=F

=

·

Exp: find the firstnonzero Terms in the Ms of

0 b(2x + xcosx)
Y

-= 3 + [++x+ ]
-

↓ ↳
7

- X
= Ex +7 -

...

3(6)
.)

->
The first non zero terms :

X6
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② a "sinx

!
3= (1 + x +x +

+ .)[X2
= !

↳

↳
j1
-

2

=·
54 = 4 ---

j4)ss- = x + x2 +(x3) +(
)
+E ⑤

I 2 3 2

③ cos2X

cosx =En
CoS2X :

= Elin
- 1

e

Uploaded By: anonymousSTUDENTS-HUB.com

https://goodnotes.com/


10 . 9:

f has allderivatives on (ab) ,
<E(a, b)

Taylor series of f about x=

· (x =f(x31

-

Maclurine series = Taylor series at 2 = 0

--- =

·②
③Cax-1-
Exp : find Maclarine series of f(x) = Tox3

f(0) xf(0)x + .. or : f(x) =

x
=(])"

f = 2(1 - x)3 => f(0) = 2 = (1 + x + xi+ x+ x44..)"
f = - 0(1 -x)(-) = f '(x) = - => (0 + 1 + 2x + 3x2+ yx ?)

f = - 24(1 - x( 5(- 1) = f () = 24 = (0 + 0 + 2x6x + 12x2... ) -

=
=T20(1 -

x ( + 1) = "(a) = 120

2 + 6x++
2 + 6x

+ 12x2 + 20x3x ....= (n +2)(n+ x
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Exp : -29
. iss...99 E

- 55

assume 1 + + ~1+ x · Estimate the error if IxKo .o

"use alternating series Estimation Theorem
"

-

0 .04X < 0 .01

(1j]
&Macrine series Fox C =od"

Mid i

f(x) = N+ x = (1 + x)2 = f() = 1

f
= y(1 + x)2 =>

f= q(1 +x)* = t

f= by (1 +) 25 --

# = f(0) + f(x f
3 !

3
= 1 + y - T+ +....

~

Error < 1-** 1 = : kK o . of

*Cloud = 1 . 25x103
g

by As ET
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Th (Taylor's Theorem

Assume f , fit" ..
f'" are continuous on [a . b] and fr is differentiable on Lab) . Then There exists a number (E (a . b) such that :

-> (b) = f(a) + f (a)(b-a)+-
Taylor Thi

f
, ff" ,

flut" cont on La.b) Then ,
I anumber c (a, b) s ·t

A
Cal(b-a) (b-ax ....fa2 ! (n+ 1) !

& -

4-
5

5.WI reminder

Note:

7 cE(a, b) sit
mMT contou=

f=
Mr T is special case from Taylor Theorem

f(b) = f(a) + f()(b -a)

f(b) - f(a) = f'()(b- a)

f(x
=(f(a)

b - a

& replace b by X
Pu Pr

(n +1)(n+ 1

f(x) = f(a) + f()(x- a) + ya)(x a) + f(x-a)....-a)
31

Pn(x) : poly of degree v

f(x) = pn(t) + Rn(x) (E(a , b)

Pr(x) = f(x) with error = (Rn(x) c = (a , x)

sig

& Remark : (Convergence of Taylor series)

If lim Rn(x) = 0 FX Enterval
,

Then Toylor series generated by f atx = a converge of

n+ X

o = lim reminder 1 :
z.i Snd5

that is :

f(x)= as ae

n !
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Expo Show that Taylor series generated by f(x) = e
"

at x =0 converges to f(x) #X

Taylor series of f(x) =e
" at X =0 is macurine series

= l + X + (

Pn(x)

cos.

41st e =1..=313

f(x) = 2X f(x) =ex

f(x) = 2x (nx
= eX

f(n+,a = 2

C

& Rucx) = faux st

&& limunk) =im=11
59

Hence
,

macrine series converges to e* => e" = 1 + X +..

295

-5Si
= 1 + +

+ +zy .... = 2 . 718 =2
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Th (Remainder Estimation Th)

Tf f(x) = Pn(x) + Pu(x
-

Assume IfCE) /*M for all t e (a , x)
↑

d
2

-5
upper bound for +

*

Ther
,

Remainder[IRc(x))[ a&
If * holds for all n ,

Then the Toylor series generated by f(x) Converges to f(x)

Exp: Showe that Macurine series for sinx converges to sinxX

⑰ f(x) = Pu(x) + Rn(x)

-

=L

e%
s..

e3.5 % f(x) = P(an+y)(X) + R(2n+y(X)

Sinx =X.!

IBn1 = In · f(x)= sinx fx= sinx

-M
f(x)

= cosx1f
+*

11

·
O

S
.
th lim [

e

·

-limRim Tn +&

by s .
th = lim(Rant(x)-

Hence , macrine series generated by sinx converges to sinx X

Sinx = x -x + + ....= can
5 S !

n =0
(2n+1)
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Exp: Showe that Taylor series for cosx set x =c converges to cost for every value of X

# f(x) = P() +Ren

Y
t -cosx = 1- A s
T

2n + 12n+1

· f(x) =CoS(Ran(s) =

I l I
0 /Ranc) []

O

S .
th lin < lim/Ran()) inn

-X ne&

lim Ran() =0

n+&

Hence Cost =
1-

Expe for what valus of x cance replace sinx by X-Y with an error of magnitude no more than 3x10" ?

3

⑰ = Pu(x) + Rn(x)

sinx
2

Alternatingseries Estimation Theorem

error

error < 3 x 10
· "

/ 3x

(x
* / < 3x10x51

(x/ < 0
. 514

- 0 .514[x40 . 514 = =>
X = 0 . 1 > Estimate sin 10 . 13

sinco . 10. 1~
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Exp : Estimate The error if Ps(x) = X -

x
is used to estimate the value of sinx at x = 0. 1

-
maclarin + =c

⑰ f(x) = Py(x) + R
,
(x)

Sinx =X- : Sink

j
error = IR> ()) =1u
error( = 4 . 2x

g
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Ch10 . 10 The Bionomial Series and Applications of Taylor Series

() + x)= (1+ x)(+x) = 1 + 2x + x2

(1 +xj
= (1+ x)2(1+x)

( + x)20=.. -

* The Binomial series of f(x = (1 +x)
*

is "using Taylor series expa"

(1+x) = 1+ (m)x",miccost
a

where (i) = m ( *) = am

(ii) = mmm-2m
for R,

(1 + x)= 1+(

Exp : find the first four terms of the binomial series for

① Nex = (1+ x)
*

im = t

= 1+ (i)x
= 1 + (i)x + (2)x +(i)x ....

E - 3 + 1

m - k + 1

-X

=
1

+

- +
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&T+ x = (1 + xj3 , m=

=
1
+(,)x

= 1 + (, 5) x + (5)x + (5)x +....

-
= 1 +*-

SExpofindPaythatapproximates
sindf on di

,
with error lessthana

3

T5

f(x) = [sintet=[t+...
= 13

- +
7 X

3 T(31) !

=
3 - -( %% 3% (j) -6

->

X [0, 1]
by

3 hjus F(x) X X wit error < /< 0 . 02380
5

X .;

5065%

f(x)wither
Hence

, Py(N =3 - f(x) = sintdto lu

7

Sits
.

& P= wither oa

1,93.

/105.
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Approximation Nonelementary integrals.

Exp : use series to estimate the following integrals With an errer of magnitude less than 10

0 . 1 0 . 1

①SSC de
, m = 2

O 3. i &is
-

0 . 1 & ja))

= S + (i) ()" &

O k=
1

0 .
1

= S 1 + (f)x + (E) + (j)x+ .... ) d

g

-[1- + =
+ +....d

0. I

= X- .....

%: = 01 witherlos
-J

&

①
c = 1 -X+

M. S

+ = S I (X-X+ ..x

-
0. 2

= - x +

) !
S X

·

&F -x0 . 2with o =o-
C

X

==01withoutapproximention

ST
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& indeterminate forms.

Exp: use series to find this limite
&

①im im(X

=lim)

1 jai = lim - 0 - 0 ... = 1

X② lime --
&

seriesS

-im
X2

-im
=lim

X- O

③ Im Yang
-

macrin seriss for taica

& 15

E

fanx
= Sfxdx = J+ + &(x = = Tex

= S[1 - x2
+ x -

xx .... ]dx
Z

= X = x3 X
-> ! is

.

Sin-

him Myfary =

lim)

i t
7
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Exp : Euler formula i = F

Ms i= - 1& e= 1 + X+
i= ii= - i

*
= 1 +id i= i =i2=z)( 1) = 1

i
= ii = i

ob
= I +-

5!

=(l.(

= cost + i sind Euler's formula.

- CompleI

& el ??

G

= Cost isinte - I

i
cost Sin E2

- E + i re
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Ch11
.1 Parametrization of plane curves

t. XCt) y(t

(X,y) it may be a functionO

or meet function
->

curveUp.
& parametrica

E: (time) arameter. P

X =
x(t)" f()

parameter & E
eg . Y = YCH) = g(t) < &1 (parameter interval)

I = (a , b) I = [a , b) = = (a , b)
I = [a , b)

ac + < b ak + <b
ac + <b

ak + <b

t=a = >(x(a)
, y(a)) * T. P => IP * IP

Starting point * I. P * + P 7 TP
intial point

t= b = (x(b)
, y(b))

Terminal point
end point
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Exp: Assume particle moves along the curve whose

parametric equations are

① x = (2
, y = t + 1

find O Cartesian equation (relation between x and g)
ts

⑬ Sketch the curve

② find direction

①x = t 2

; t = y =1

X = (y- 12

Direc
tion

x = (y - 1)2

⑬ Z

T
Y =y2

M

②
Direction

--c + (x = 7 P

*TP

↓ j : fo
= 0 = (x , y) = (02 , 0 + 1) = (o , 1)

ti =
1 = (x, y) = (12 , (x)) = (1 , 2)
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② Xet
, :N , to

① curtising : N= E
, y : x

⑬ y = Nx2

yz + x=
= 1

-

direction
X

IP

S
iS// /I &S

IP
, t =

-1 "
(x

, y) =
( - 1

, 0)

TP , t=o

(x(y) = (0
, 1)

③ X = -seat
, y : fant ;

x2- y
=

= / secht-tan? t = 1

Y
x 1 =yz- y=

⑪ y = n -1

↑
Direction.

T X= =Sect > 0

S I = fant
- I R X

- Cost

#
= -Xqis

jy6- =,an

#TP sect

= TP

② Direction

to
= o

(x, y) = (seco , tano) = C. 10)

t=
(x(y) =( - secti , tam) = ( -v, 1)
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& x =( x , y = t + , + 20

① x + y = 2t

x - y = E
(x- y)(x+ y) =

4

x2 y z = 4 , y
=

= x 2-4

y = +-4
-

Y

⑬

parametric
curre

x = t +t

/ 2

7 direction.

X

y = t -!
t>0

when to > x70

① to= , (x, y) =
(2. 5, - 1 . 3)

t = 2 , (x , y) = (2 . 5
, 1 . 5)

Remark :C can write more than one parametrization for the same curve.

↓

- fe parametera

( (tEI -> parameter interval

jsS.
Exp : parametrication 3 = 9 x = + ++ , y = t + , tzo]

& S : parametrication 2 = 9 X = t , y : t ,ockey

: parametrication 3 =9X = (sect , y : Stant, #
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· jas .

J
.

c
.

X

S

& parametrication line : Through the points Can (d)

&glds y -y.

= m(x - Xo)

y - b = m(x - a)

T
m = A b

C -a

let t= X - a

x = t + a

y = b +mt

Exp : find parametrication for

① line through (13) , (3 , -2)

X = t + 4 = t - 1

y = b + m+ = 3 + t m == =
- & <f

②

Segment with endpoint (3) ,,

P
y = 3- Et

0 <t < Y = &5 ++s

O - 3

- 3

- 2-

8

5 Pt = 0= (x , y) = ( 1 , 3)

TPt
, = 4 = (x

, y) = (3 ,
-2)

SSe

+ - => 4t

P
,

X = - xt
X = - 1-4t

y = 3 -
t

y = 3 - 57Coat = f ·St & /
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Che 1)
.

2 Calculas with Parametric curra

parametrication
&

-f g parametricEssen %(x(
, y(+)

te 13 parameter Interval ~
Assume f , gig are diff at t withd 0 then

Ojed=
②y=

Exp= x = 2 +23
4

y = t

find:

⑦ slop at t = - Yo = 2(- j2+ 3= 5

⑬ targent line at t=+ yo= y= 1

O diy at -

&slop-
⑬ y

=

y,

= m(x - x)) ↓

y = y + 1(x = x)

jy = 1 + x - 5

y = x = 4

⑭

Uploaded By: anonymousSTUDENTS-HUB.com

https://goodnotes.com/


Expo find the slop of the curve at t= 2 whose parametric eg.

x
3

+
2t

=

9 ↓
implicit = 3xxutY

342

2 y3 - 3t2= 4 Gj2y -
8t = 0 = 3 y =y = Ey

slope· x+ x(25= a - x = 1-

2y3- 3(2) = 4 = y = 2

= cycloid:

a = 1

Expo find the area under under one arc of the cycloid A A
X = alt-sint)

, y = a)l-cost) when a = 1
~

4π
2π

ata= 1 = >X =
t - sint

, y = 1 - cost
2T 2π

as
A Syd or A T S X dy

&
O

W

X = E-sint

dx
=( - cost)+

YTI

A g*(1-cost) (1s cost) + Ws

- ** -(cost + cost) at

a =
- 1

O

2π

= S (1-ecost + Hupt) at
a=

2π m
int - o

T 2π3π

= 2π + T= 3π

The area = 2A = 6T
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ExpoX = a cost
, y = bsint

, o [tGett

find area inside 52
I -tois

.
54

we need to find Carlasion eq (relative between + ,g)

I = cost , dx = - a sintdt

&
sint

= cost int
b

=
* Ellie -

A
-

- a G

A

X =0 = >
=

= b2 = - y = = b 2
b

7

y =0 =- = a= + = +9

Area = 2 A
T

-
2

y d+S
O

T

=
2 Sbsint Casint) &f

①

= 2 ab.I sint ef

=Cabot
Th

= ab (t-sint
- ab((it-sim)-(0-sin)
= ab T
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&Arc length with parametrication

X = f(t)

g(t) 3 parametrization ~
a

te[a , b)

Assume fig are cont
,

and not zero (both

Then length of this curve is

-L = S (a)+ d
a

- (1+ at

a

S) y= "
a

- Mr(fix] do
A

9 ↳

ExpeX = cost , y
= Etsint

, ok

find the length of this curve.

-LS I =sint=sin
·
(a)+

TI & I cost (cost t

= Shine cost at

g

-j, S..9

-Stecostof
T -

1h = 1- cost

& Cost
F

du= sint of

- Most de to = u =0

O t=m
= u

=
2

-
2

1+ cos↓. 1- Losit !

-
E

= it d
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11 . 3 Polar Coordinates

- (r , /) is poolar coordinate

& (r. b)
g

· v is the directed distance from O to P

"r can be negative "

O

& I

3
original
"Pole"

initial
ray "D =0"

· O is directed angle from the initial
ray

to op

Coordinates

Y · (x ,y)

L S &

X

cartesion polar
Coordinate Coordinate

I

(x , y)
(r , 0)

P
origine To

.

(2 . 1) -(4)are uniquely
-

2
&

represented
is not unique- >

·
3

.

· : fat

& %.
1

.

551

Y

I y· 20s$ = y =>X = rcosd

Y
24

x

sin D = = y
= using = -&+ /

x2+ y2 = ra

tan b = y

-

& polar coordinate are not unige :

m2+
-

-9
,
1

(r , b) = (1 , ) ↑ .
(1 , )

&
= (1 . + 2π) polar coordinate

= (1 ,  π (r . b) = (r ,
b + 2πm)

: [ same direction)
-indi Uploaded By: anonymousSTUDENTS-HUB.com
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polar coordinate

Exp :

(2, ) = (2,2)
= (2 , y+ 2)

(r . b) = (r ,
b + 2πm) = (2 , yπ)

[ same direction)

· & 2
2

+ 2π

Exp:
-

59
-

945
.

polar coordinate
-

(r . b) = ( v
, 0 + π+ 2πm) & (3 , 0) (03 , i) =51041s

(direction reverse) & (-3,
0) => (3,2) lol & We

& (2 , 2)= (2, Solids

04541[1j &1s.

(i)

-
& what is the meaning of : 0 = Do Y

Exp: 0= Cline
CV,=

~ changes ..... T X

(i) i line &Fei

0 = 0 = line maks angle ofDo

With X +

&Whatis the meaning of :
v = No

v = 2

X xy2 = => circle with radius 2 and center origin

~ = ro => Circle with radius Irol and center origin
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Examples :

3 2

3
I

v= 3 1 r42
- 3 3 -2

- 1 I 2

-I

- 3 "She

I

ocrt) -
⑳

r >, 2
-7 I

2
=) ⑤

⑨
- I

0=

①=

#

14 r[3
3

-F -2)
&andI

I
↳
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Expo
-

Cartision eg .

0 v= - Find the CE X = V Cos = tand
Sind-2 cos

y = using

~ sinD-2rcos0 = S x2+ y2= wa

03

y
- 2x = 5

-

5
y = 2x + 5

②Xy =
2 find PE

~Cos · ~sing = 2

"cossing = 2

r 2 cossind = 4 ~

r sin20 = ~

③ # /rel gragh :

& 1 =J(1

-I I

- I

① (r. d) = (, )
find (x , y)

X = r cost = recosy = F
.y = 1

1
·(=

l

a)
Y = using = cost = 5

. + = 1 Sa

*

↑

(r, d) = (vz , i) = (x ,y) = (1 , 1)
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⑤ (x , y) = 73 , 0) find(ro
r2o

& v
=

= x2 + yz

v
=

= (3)"+ 02

v3 = 9

(r) = 3

bi41&
, %

v = 3 =) r= 3

& X = vos/ y = r sind

(3 , T)&
- 3 = 3 cos 0 = 3 sin ⑧

3

C- 3, 0

- 1 = cos O , sind

S

= in E [0. 2π]

(v , b) = (3, π)

⑥ find CE and sketch r'sinz = 2

2 sin20 = 2

2 sin 200 = 2

y =1
using r cost = I

xy = 1

y = "

⑦ usin = lur + In zos9
y

= (nx

rsind = In rosd

y = 1nX

⑧ (x -5)+ y 25 find pe

x2 10x + 25 + y
=
= 25

x2+ y = 10x

v"
= 10rcos@

v = 10 20s/ 0 + Jos
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11 .

↑ Graphing in polar coordinate

y = f(x) = > slope : g.

r = f(0) Y (r , e)
~

X =v cos & y = usin 20

= f(b) cos S = fCO) sind

-

&==
rocino

= sincea -
- ~sind + cost r ↓

Cost-rsind

Expo find slope of v= 20120 at 0 = 0

↳ v = Isined

v =(os(2. %= 200 = 1 = > (r0) = (1 , 0)

dinin a
= otso = undefined dis

Expo find slope of v= 20126 at 0:

↳ v = Isined

v =(rs(2.()= coso =T = (r0) = (1, )

y = ↓Sind + rcosd I
= Zin sind so I

dx v'cosp-rsind

(1) (1 ,)

-
Sinisin + (1)

costc = I -(,disys
&

-

- Sin T los-() sin

v= cos2@& -81

-Si

+0

-Y(E)
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& To drows v= f(x) => it's important to know the symmetry

& If r = f(0) is symmetric about A and B so its symmetric about

If r = f(0) is symmetric about A and (so its symmetric about B symmet-ry
CIf r = f(0) is symmetric about 2 and B so its symmetric about A (3)

X-axis yaxisorigin

& If v = FCA) is not symmitric about A and B so its not symmitric about

#fr = FCA) is not symmitric about A and (so its not symmitric about B

#fr = FCA) is not symitric about (and B so its not symmitric about A

Y

A: X-axis
·

(r, d)

if Crid) on the graph v

then (r. -d) or (r, # d) on the graph
↑&

/
2 -0 X

·

Cr
, -b)

Cr,
T- 0)

Y

# : y-axis
Gr , . d) or Cr T Y

·

(r, d)

if (r, 6) on the graph

Then (r, +T -p) or (-ri - b) or e
X

on the graph

Y

↓; origin Cr, d)
·

if (r, 6) on the graph
v

Then Gr , d) or (-r , + + $) ↑&
X

on the graph

·

(- r, 0)

or(r , π + b)
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Exposketch
v= I + sind -> identify the summetry sin(A+ B)= SinAcosB + sin B cosA

cos(A+B) = cosAcosB-sinAsinB
Q X-axis

&

substitute (-0) =
( + sinc - +)

Sii &
M

x(595 ((r, e)

=1- sind r 35y1J+ /2.
D sl

or, &
%

substitute (T-A) =s
( + sin(π -$) :*

= It SinTcos(0) + sin(-0) cost

= 1 + 0 + 1
. sind

Y

=
l + sind -

v -%, b

① y-axis &

[r, π d) substitute (-0) =
( + sinc - +)

jei in 2 -r,
- 0)

Cr, d)
M

y639
5 10 = 1- sind Fr 35y1J+ /2.

D sl

%
&

substitute (T-0) = ( + sin(π -$) :*

= It SinTcos(0) + sin(-0) cost

= 1 + 0 + 1
. sind

=

I + sin = v
-14j

Hence , v = It sind is symmetric about y-axis

① y-axis &

substitute (0) => Using = ~ # = u

Sii & Cr, d)
M

y(195 10 35y1J+ /2.
D sl

L- v, 0) %
or (r , m+ d) &

substitute (T+)=
( + sin(π +$) :*

= It SinTcos(0) + sin (P) costt

= 1 + 0 + 1
. sind

=
l-sin # r -j

Hence , v = It sind is symmetric about y-axis
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r =
1

+ sind
d ~ (l+ sind)

&
.

2,joi.

2

Y ·
&
S

Cardioid

y · ( :)

·

(1 , 0)
·

C I , OS XJ
6 (*)

95 5.

-24 j)55

Y 65

v= 1- sing

v = 1 + cos

&) candrion
M
U

r = 1 - cos

&
%

-
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