Quantum Mechanics
Formulae

From “Introduction to Quantum Mechanics”
By David J. Griffiths
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@ Chapter 1: The Wave Function ®

§1.1: The Schrodinger Equation:

W h? 92w

ot 2m ax?

ih— = —— + V.

(1.1—TDSE)

§1.2: The Statistical Interpretation:

fu W mg e probability of finding the particle
i B | between a and b, at timet.

(1.3)

§1.3: Probability:

(FG) =D FHPU).

j=0

o =yl - U (1.12)

+c0
f p(x)dx =1,
— O

(1.9)

(1.16)
+0oC
{1}:[ ) xp(x)dx, (1 17)
+oc
)= f(x) p(x)dx (1.18)
o* =((an?) =) - (x)*. (1.19)
§1.4: Normalization:
+o0
f W (x,)|* dx = 1.
s (1.20)
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§1.5: Momentum:

oo

{,x-}=f X |W(x, 0] dx.

o0

(1.28)

I(x aw
(p) = m% = —:'hf (w*ﬂ) dx.

(x) :fw*[_r]wd.t.

(p) = f W* [—ih (3/8x)] W dx.

(1.34)

(1.35)

(1.33)

(O, BYy = f P* [Q(_r. —f.’i.é‘jﬁ_r}] Wdx.

(1

§1.6: The Uncertainty Principle:

h

Ty = =,
B=n

(1.40)

36)

@ Chapter 2: Time-Independent Schrodinger
Equation [TISE] @

§2.1: Stationary States:

e d*

+ Vi = E.

2m dx?

p(t) =" (2.6)

(2.5—TISE)

o0 o0
\[,.I'(_'l" ”I = Zflniﬁu {-T]{?_;E”Ffﬂ = Zf.'uwﬂ{.r. f}.

n=I

n=I

(2.17)
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el is the probability that a measurement of the
en energy would return the value E,.
(2.19)
Z |'1"n;2 = 1,
i (2.20)
{H} = Z |fn12 Ey.
= (2.21)
2.2: The Infinite Square Well:
q
IO, 0<x <a,
Vix)= .
oo, otherwise (2022)
_ Rk nPrh?
"T am T 2ma? (2.30)
WnlX) = \/gsin (EI) .
a a
2.31)
[ Y (x)* Ya(x) dx = Smns
(2.33)
5 l? i niT
Fix)y= Ca¥p (X)) =,/ =) eusin| —x
Latbt=ygdl w5y ).,

Cp = f Y (X)* f(x) dx.

2 P R
= ngn sin (?1’) Wox, D) dx) (240)
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§2.3: The Harmonic Oscillator:

: (Fip +mewx)

V2hme (2.48)

A=

|z, B] =ik

(2.52)

e ”4 ) 1.2
Yol(x) = (—) e" It
wh

(2.60)

n - ]
1;{"” (A} -_ .r"’l;; [ﬁ+) ]&ﬂ{l} 5 Wlth E" - (lﬂ + E) hw;.

(2.62)

ﬁ+¥:fu =+ 1 ¥y, &—]ﬁﬁ = ﬁwn—t- (2,67)

I- -~ n
Yn = ? ("—7+) Yo,

' (2.68)

h fime

X = (@++a-); p=iy (4 —a-).
2mew 2 (2.70)

d

H, (€)= (=1 & (_) o ‘ ‘
d§ (2.87—Rodrigues formula for Hermite operators)

Hyp1(8) = EEHH (§) — 2nH,_) (). (288)

§2.4: The Free Particle:

VAt (2.101)
f( ' f - F(k) e dk F(k) o f(x)e " g
X)) = — c e d — = — X)e T ax.
— N0 2 — N0 s
d e (2.103)
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P(k) = —_ fﬂo W(x,0)e " dx
i (2.104)
r o
e = 1 (2.108)
dew

Yerowe = Uk (2.109)
§2.5: The Delta-Function Potential:

E = V(—o0) and V (+00) =  bound state,

E = V(—o0) or V(4+00) = scattering state. (2.1 12)

E <=0 = bound state,
E=0 = scattering state. (9 113—Simplification of 2.112)

B HeeE0 . T _
5(_1(]:! 0o, ifx=0 } with f_ﬁo 5(_r}d_r_].(2.114)

Vix)=—ad(x).(2.117)

. is always continuous;
2. dy/dx is continuous except at points where the potential is infinite.

(2.124—The

standard boundary conditions for y)

d 2mao
A( "):—me)

dx 2 (2.128—Discontinuity in di/dx when V(0) = o)
W(x) = —me'"""'-‘”ﬁ:; E= —’mf-
h 2R (2.132—The only bound state)

1 1
, P S
| + (2I2E /ma?) I + (ma?/2hE)

(2.144—Reflection coefficient
and Transmission coefficient for scattering states)
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§2.6: The Finite Square Well:

—Vo, —a=x=a,

Vx) =
0. Ixl=a(2.148)

In the region x < —a the potential is zero, so the Schrédinger equation reads

h: d*y ¥y
—_— =y, O —
2m dx? y dx? .

v —2mE

“TTh (2.149)

Inthe region—a < x < a, V (x) = —V, and the Schrodinger equation reads

)

W d? i’ .
FAY vy —ey, o Y= 2y,
2m dx- dx~
- V2m (E + W)
=" n (2151
Fop s (X a¥s

wixy=1D0oos Iz}, O <£x<a),
VD, <0, (2.154)

v? 2
77l =14 0 in? (T” I (E + vu})
1

JEE+ VD) (2.172)

@ Chapter 3: Formalism @

§3.1: Hilbert Space:

Wave functions live in Hilbert space. (3 5)

b

(fley= | f)gx)dx.

i

(3.6)

{fn| fu} = 8mn. (3.10—The set {f,} is orthonormal)
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& =Y cufula).
n=1 ; e = {fulf). (3.11—Completeness)

§3.2: Observables:

(f|@f)=(Qr|f) forall f(x). (3,15 Hermitian operator definition)

Observables are represented by hermitian operators.

(3.18)

Determinate states of () are eigenfunctions of (}

(3.23)
§3.3: Eigenfunctions of a Hermitian Operator:

Axiom: The eigenfunctions of an observable operator are complete: Any function (in Hilbert space)

can be expressed as a linear combination of them. 12

L e
- ipx/h
PR (3.32)

§3.4: Generalized Statistical Interpretation:

Generalized statistical interpretation: If you measure an observable Q x. p] ona pamcle in the state \JY (x, [), youare certain to get

one of the eigenvalues of the hermitian operatorQ xX. —1 F hd /d X ) L Ifthe spectrum of Q is discrete, the probability of getting the
particular eigenvalue {fp associated with the (orthonormalized) eigenfunction fn (x)is

.
lea|”, where ¢, = {f,|¥). (3.43)

If the spectrum is continuous, with real eigenvalues q(2) and associated (Dirac-orthonormalized) eigenfunctions f: (.x ), the probability
of getting a result in the range Jz is

lc(z)|2dz where c¢(z) = (f:|W). (3.44)

. . . 16
Upon measurement, the wave function “collapses” to the corresponding eigenstate.~

O(p, 1) = e PPy (x f)dx:
V2mh (3.54)
W (x, - r'p.r,-’h_:p . f)dp.
(x. 1) T (p.t)dp (3.55)
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§3.5: The Uncertainty Principle:

alal s (Ei; ([.;L;}]))?.

(3.62—Generalized uncertainty principle)

(3.64)

(3.73—"*Generalized Ehrenfest theorem™)

§3.6: Vectors and Operators:

Yx, 1) = xS,

(3.77)
®(p.1) = {pIS1) (3.78)

c(t) = (n|S(0)) (3.79)

(f’m

X
x (the position operator) —
= b Iiﬁﬂfﬂp (in momentum space);

Oler) = Q- (3 g3y

(in position space),

—ihd/dx  (in position space),

p (the momentum operator) — .
P (in momentum space).

p

ler) (@ (3.91—Projection operator)

D leatenl =1

flé"':}{f’:l d: =il

(3.93—Identity operator for discrete spectra)

(3.96—Identity operator for continuous spectra)

S-HUB.com Upioaded By Zaid



>

& . | .
?=1+0+-0"+ -0+ -

1
3! (3.100)

#_I+Q+Q + 0%+ 0%+

=il (3.101)

I“(‘+Q)E@‘EQ Q 197 3.102)

] :fd.t ) (] .
I Zfdﬁlp}{ﬁl,

L=2 el (3106)

@ Chapter 4: Quantum Mechanics in Three
Dimensions @

§4.1: The Schrodinger Equation:

p— —ihV, (4.3)
L K2
IIII——EEF 'II+VI'II )
(4.4—TDSE 1n 3D)
vf _ HE " HE + ;_]3
- 9x* dy? 927 (4.5—Laplacian)

h?
—— V3 + Vi = EV.
Zm

(4.8—TISE in 3D)

¥ (n0.9) =R)Y6,4). (4 15)

mf2 £ d ™
P.l'i'l {1} = {_])J‘i‘l gk ( ) P.-[I)u
§ ( ) dx E (4.2 7—Associated Legendre polynomial)

UDEN
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1 fd X5 ¢
P*[“”EW(E) ey ' (4.28)

204+ 1) (€ —m)! .
170, = LD EN gt oo,

(4.32—Spherical harmonics)

u(r)=rR(r) (436)

h? d*u +h.3€(f+n d e
2m dr? 2m  r? = B

(4.37—Radial equation)

L R e+
s 2m  rr (438)

§4.2: The Hydrogen Atom:

- 2
e e- | E)
Ep=—| — | — —_ = n=1,23 ....
! I:Zﬁ.i (4JTEQ) ],,2 n? ,

(4.70—Bohr formula)

1
Rue(r) = —p"*'e™Pu(p)
Sy " 4.75)
!
Yioo(r, 6, §) = ——e™""".
ik (4.80)
P
Le(x) = (=17 (i) L ptq(x) . .
dx (4.87—Associated Laguerre polynomial)
e (d
tatr= & (LY e |
ANPTAPE £ )(4.88—Laguerre polynomial)

AN == __ . f2r\" ,
'SE".-if‘m — \/(E) —EH{H T 0) & fna (E) [f_.;.':{_'l;,I_ILZrIJI(I}] Yf” {t‘:-'t?f'}

(4.89)

pu

c
.
[l
pZi

—
@)
0y

-AU
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§4.3: Angular Momentum:

[Le, Ly] =ihLy; [Ly,L;]=ihLy; [Lg, Ly] =ikLy.

(4.99)

Li=Lc+iLy. (4.105)

L' =R+ [ Lo ff = hmff", (4.118)

€=0,1/2, 1, 3/2,...; m=—t —t+1, ..., -1 ¢

&
L‘.:—th'_'“"-
(4.129)
12— _p2 [#% (51"9%) o 1#;9;%;3]'
Al L ]
Sl (4.132)

§4.4: Spin:

L =r x p (Orbital angular momentum)
S = Iw (Spin angular momentum)

= a = b —
* (b) TP (4,139 Spinor)

_ (01 (0 —i _(1 0
=N 0Ty 0 TR o <)

L=y8  (4.156)

(4.148—Pauli spin matrices)

s=(514+5), S1+s02=D, (51+502=2), ..., |5 =5l

|sm) = Z Cor oo |S152m 1m2)
Hp H-ma=m (4 1 83)

(4.182)

-AU

—
—
@)
0y
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§4.5: Electromagnetic Interactions:

aw ] :
jh— = | — (—ihV — gA)~ W,
“H.r [Em( o oh) +{‘“p:|

(4.191—Minimal coupling rule)

@ Aharonov and Bohm showed that the vector potential can affect the
quantum behavior of a charged particle, even when the particle is confined
to a region where the field itself is zero.

@ Chapter 5: Identical Particles @

§5.1: Two-Particle Systems:

f ¥ (r. o, r]|2d3r1d3r3 =: | (5.5)

v (ry, r2) = ¥a(r) ¥, (r2). (5.9—Noninteracting particles)
Y(ry 1) = A (r) () £ ¥s(r)va(r2)]: (5.17)

T . e

(5.34)
xi(x1)  xe(x1) -0 xw(x)
Y(xp % %) L X][:ng} )(a{.)m] }{h.(.xg) '
Vv N! : . :
x1(xx) x2(xn) -+ xn(xwn) (Slater determinant for fermionic systems)
§5.2: Atoms:

. h? o | 2¢° N h? o2 _ | 2¢? g 3 e’
N 2m ' dmwey 2m % dmey n dmeg |1 —!'2|~(5,38)

L. (5.45)
§5.3: Solids:

8 _ ) \
Ui nyn. = / sin (”J .r) sin (H' < }‘) sin (”"I :).
Vidsle \ L Ly =/ (5.49)
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2m - (5.50)
NE

kr = (307°) (5.52)

h? 2\2/3

= = {3pm2)" . .

BE= o ( - ) (5.54—Fermi energy)

2y ke RSV R (3a2Nd)P
— ff P T el R i - )y,

2xm Jy 10m2m 107 2m (5.56)

_ 934243 9
p_ 2B _2 Pk ()R S,
3 3

310n2m Sm s (557)

¥(x +a) =Y (x), (5.60—Bloch’s theorem)
N—-1

Vi) =a Y 8(x— ja).
j=0 (5.64—Dirac comb)

® Chapter 6: Symmetries & Conservation
Laws @

-~

ia
T (a) =exp _EP :

o) =(v

o' = 71T,

(6.3)

(v 0'|v)

" (Transformed operator)

(6.6)

¥ (x) = "u (x)

(6.12—u(x) 1s a periodic function of x)

I‘J“ B I =AB+ B4 (Anti-Commutator)
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£ :'rp =
Rp (@) = exp [_E“ ; Li|

(6.32)

(6.33)

(6.34)

(ﬂ" ¢'m’ ‘ f ‘ né m) — 8¢pr Bt {u' £ || T || n f-:' ;

(6.47)

U(t) = exp {—ﬂ H}

h

6.71)

On (=0T (1) QU (1).

(6.72—Heisenberg-picture operator)
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