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8.7 Improper Integrals
TypeI Ty

-

I I discontinuity (I pe ↓
Is

I bot I'dexdx a

Type I+It'd

*Type If cont
.

(a, b]
.

How to find the improper integrals ? I

↑fixdx
=limjfxx,
~X=

a
b

2 dx
=limexd, =lim dX + lim (Pf(x) dx

b+ xa

Remark 1 : If limit exists 19501.11
,

then we Remark 2 : If FIX0 and X dx converges

say Improper integral converges to the number 10.

to this number. The I represents the area under f.

2 If limit exists ?, then we

say Improper integral diverges. E
a...

-2

Ex.x , f=. A, 0 on 2 EX
. I 2 dxX= = (f) - x ,

- 2]
N

=limbdy = lim tathe I

=limja only Type I.
b-> N O

= lim Harb-tanol =
fan'x

We solve the integration first .

b+

d dex to x+ cores methoda
X2, converges -

I
A = 1/ B= - 1

.

Ex.=convergesto
**

b

= las - lab-1
b+1

= lim Ins - In bi = Ins-In = In
b- -x

EX. (The integral converges to In 3).

Ex
. Jax-limax = lim Ina

I
b -x

= X-In1 = Idiv. to XI.
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*Type &

Improper Integrals of type I are integrals of functions that become infinite at

a point within the interval of integration (Vestical Asymptotel.

1) If t is discont
.

at a
, thenSFxdx

= Lim, 1 x dy
2 If t is dicont

,
at b

, then/HdX = Lim fx
3) Iff is discont.

at C
,

when a<b
, then/x=Ifd

1- 4-

"dxEx
. /"ax = limIa #2 4 - X X ! ↓

C
= lim -24-

X p = Sim -2)y- c - 4)
2-> y - 2-> 4 - 2

X

↓x
b ↓x

-T

= %
. I converges to 4) .

= lim !
X

- x2-1

+lim ↓C -> It b +xX
, x - 1

= lim seex ? +limsei e seix E
2-> It

Ex
./At d ,

an
8+ 20 = 0

-> 0= 0 ,
-h = lim seec + him seeb

(->It b -N

21 U

U = 0+ 20 = O += converges to&

=lim - 201 ↓du= (+ 1 d
a-> Ot A

b

= 3. (converges to 31
.

EX
. Yotax dx = lim) Itanx dx u = tai n

b-> X
1 + X

2

= lim Sitan'x1" ! 16 du= 16.d
b->x

= 8/ I _01 = 2: (converges to 2 .

Remarks &ap =

pitP =comviBl
Ai

I I
↓

X3 = ! . (converges to
X

EX
. Sa = X

. (diverges) .

2/3

N

Ex
. ! dx

= 1
. (converges to 11.

X2

Ex
. != itP = conv isa
·

ax
= X

. I divergest .

XI I Ex == C
.

I converges to !if P21 Dir, if P&I EX
.
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Ex
.

How can we test an Improper Integral

without solving the limit ?

We use two tests> 11 DCT: Direct Comparison Test.

2/LCT: Limit Comparison Test.

Max , igie conveyS
Let fix

, gixl are cont
.

and positive on <a , 41.

1) DCT: Assume f(x) < g(x) on (a ,
x) Ex

.
Check convergence or divergence foo ?

IfYg(x) ex con . then x dx is cour. cosX ax -1 cosXXI
↓ -X3

-

↓ !/ xdx cos s
Assume g(x1 < fix) on [a ,

w = convergence tol

If gidx dir
. then x di ↑ cos dx is conv by DCT

/
↓ wit

-

Ex X - 0 . 1 < X als' dx *+ sinx, X

X
?
- 0.I X + sinX

X = 01 <, x = MX1 = X X +sinx >, X

I I /↑
1=03 * I'd

X +sinx X

= diverges . = converges to 2
.

N

so ! Ex diverges by DCT. so ,'dx is cour. by DCT.

X
?
- 0.I X + sinX

Xdsint ! sin'x dx - IsinxI
x2

N

# + sintf+1 < ! 1
= 1 & sin'x * I

#+ sint X2

htimh = converge to 1
.

sin
X2 ↑L

= converges to 2
. -Yinx dx converge by DT

so

*

at↓
If + sinf

is converge by DCT
.
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21 LCT:

findgahimWhea

Ex
.

Use LCT to check con. or div
, of !

11dxc 25d
N

fixI
=1 , gIx-

X

!
Z ↓x =limh

lim = lime = 1 so it is diverge.
N

so ! dx conv. by LCT. -lim = I1 + X3

=H = 1
.

so dy dir by LT

Ex& x x -
x

X4 + 1 X4 + 1

· is it

I
&

I 1- -0is

X" + 1 XI
-

N N

1 + Id I ax =
/ dX ! dX

XY XY XY

Conv CONV.

~ by Remark 3.

a = ExIdx! !
X4 + 1 X4 + 1

i + 5) = 9

soaa converge by DCT.
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