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Outline

 Conduction heat transfer
* Heat diffusion equation

* SS one dimension no heat source
* plane wall
e Cylinder
* Sphere

e SS one dimension with heat source
e Extended surfaces ( fins)
* Transient conduction
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Conduction

* Heat flux is given by Fourier law

9" is normal to the cross section area “A” or
direction of heat flow will be always normal to
surface of constant temperature.(isothermal
surface).
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gradient, dr
dx
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Thermal conductivity (W/m=K)

thermal conductivity of solid is larger than that of liquid which is larger than
that of gases. As shown in figure 2.4 page 46 “k” of solids may be four orders

of magnitude of that of gas.

K solid>>I< li id>>K gas.

u
STUDENTS-HUE%.com Uploaded By: anonymous



Insulation systems

* Low thermal conductivity materials such as; wood, plastic or combined in manner
to achieve lower system conductivity are called insulators.

* For example: introducing voids (air or space voids) reducing bulk density as well.
e.g. plastic foams. Different heat transfer modes do exist in the material
conduction through solid, convection through voids or radiation through voids.
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Table HT-1 Thermophysical Properties of Selected Technical Materials

Properties at Vanous Temperatures (K}

_ Properties at 300 K E(W/im-K)/ Cp (Jkg - K)
Melting
Point p Cp k o - 10F
Composition (K) {kg.l’ms}l (Jkg-K) (W/im-K) (m'fs) 100 200 400 600 800 1000 1200 1500
Metallic Solids
Aluminum
Pure Q33 2702 203 237 97.1 302 237 240 231 218
482 TO8 949 1033 1146
Alloy 2024-T6 775 2770 875 177 73.0 65 163 186 186
473 T87 925 1042
Beryllium 1550 1850 1825 200 59.2 900 301 161 126 106 0.8 T8.7
203 1114 2191 2604 2823 3018 3227 3519
Copper
Pure 1358 82033 385 401 117 482 413 393 379 366 352 339
252 356 397 417 433 451 480
Cartridge brass 1188 8530 380 110 3309 15 95 137 149
(70% Cu, 30% Zn) 360 395 425
Germanium 1211 5360 iz2 599 34.7 232 06.8 432 273 19.8 17.4 17.4
190 2090 337 348 357 375 305
Gold 1336 19,300 129 317 127 327 323 311 208 284 270 255
109 124 131 135 140 145 155
Iron
Pure 1810 T8T0 447 80.2 23.1 134 04.0 69.5 54.7 433 328 28.3 2.1
216 384 490 574 6RO 075 609 654
Plain carbon steel T854 434 6.5 17.7 58.7 488 30.2 3l3
487 550 685 1168
AISI 1010 T832 434 63.9 18.8 58.7 488 30.2 3l3

4587 559 1168

685
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Table HT-2 Thermophysical Properties of Selected Common Materials

Typical Properties at 300 K

Density, Thermal Specific
p Conductivity, k Heat,
Description/Composition ﬂ!:g.l'ml} (W/m - K) (kg -k
Insulating Materials and Systems
Blanket and Batt
Glass fiber, paper faced 16 0.046 —
28 0.038 —
40 0.035 —
Board and Slab
Cellular glass 145 0.058 1000
Glass fiber, organic bonded 105 0.036 795
Polystyrene, expanded
Extruded (R-12) 55 0.027 1210
Molded beads 16 0.040 210
Loose Fill
Glass fiber, poured or blown 16 0.043 B35
Vermiculite, flakes 80 0.068 B35
160 0.063 1000
Formed/Foamed-in-Place
Polyvinyl acetate cork mastic; — 0. 100 —
sprayed or troweled
Urethane, two-part mixture; 70 0.026 1045

rigid foam
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Table HT-2 Thermophysical Properties of Selected Common Materials

Descrniption/Composition
Structural Building Materials

Building Boards
Gypsum or plaster board
Hardboard, siding
Particle board. low density
Particle board. high density
Plywood
Woods
Hardwoods (oak, maple)
Softwoods (fir, pine)
Masonry Matenals
Brick, common
Concrete (stone mix)

Typical Properties at 300 K

Density,

p
(kg/m’)

800
640
590
1000
545

720
510

1920
2300

Thermal
Conductivity, k
(W/m - K)

0.17
0.094
0.078
0.170
0.12

.16
0.12

0.72
1.4

Specific
Heat, ¢,
(Vkg - K)

1170
1 300
1300
1215

1255
1380

B35
880

STUDENTS-HUB.com

Uploaded By: anonymous



General heat diffusion equation

0°' 82T 82T s
P /—% pckzlla

For one dimension this simplifies to
aZT .
-~
For steady state ( no change with time) for steady state

For no heat source it becomes d-T

OX* =0

STUDENTS-HUB.com

Uploaded By: anonymous



STUDENTS-HUB.com

TABLE 2.2

1

diffusion equation at the surface (x = 0)

Constant surface temperature
10,6 = T,

Constant surface heat flux
(a) Finite heat flux

_*‘-'%TI: 0= 4

(b) Adiabatic or insulated surface

ar|  _
ax PO
Convection surface condition
al
_kEx o= A[T. — I(0.1)]

(2.31)

(2.33)

Boundary conditions for the heat

f—=x

Iix, 1)

TNx, 1)
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Outline

 SS one dimension no heat source
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Plane wall

kdT -
d( éx)ﬂ:l if k = constant Z:j =0

: . . dT
mtegrating twice o =

T(x) =c1X+c2

Apply B.c to obtain C1 &C2

T(x=0)=T,=c¢, =T,

T(x=L)=T,=>T,=c¢L+T,
I, -1,

R

€y

Then

T(x)=(T, -T) > +T,
STUDENTS-HUB.com

dar

Heat transfer: q =—kd—

Iﬁ.
dl T, -T,

=¢, Constant.

1

dx L

gt LD)_ T-T)

I I

Flux "< K or _1)

T1

A L

S

X=0 X=
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Alternative conduction Analysis

Starting with Fourier law for 1-dimension
dT

q,=—kAd—
dx

Since gz= constant, integrating the above eq.
| g.dx = [~ kAdT

If k= constant
T

[ g.dv =—kA[ dT
T I

If Iimits are know T1= T(x=x1) & T2= T(x=x2)

Then
qx (x2-x1) =-kA (T2-T1)
qe=-kA (T2-T1)/(x2-x1)

T —T,
g. —kati ) 4
STUDENTS-HUB.com¥2 —%1) L

(1L, -T,)

T1>T>

T1 T2
T(x)
—
X
L
™ .
X1 X2

Uploaded By: anonymous



Electrical Analogy - conduction

':Tsl _ Tszj'

Heat transfer g = kA4 7 q
——, S —
Current I= AV/R. /- T H'I If To)
VTst | NN
\
~— Ra= L/kA —

q analogous to I

AV analogous to Ts1-Ts2=AT, dniving force.
Then R=L/kA

Ra= L/kA
hen
Q== AT/Rw known as thermal resistance.
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Electrical Analogy - convection

Ts
(T, —Tx)
=.I|1'L"{ T —T 1) = =
q com (Is 'EI]' 1 [1—”
hd Ta
h
L ar then Rev= 1/hA
RI‘.’?
ran L
': Tmm Ts H'I
N \__/
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Convection — conduction- convection

At steady state:
Jeonvl = (eond= (eonv? =(]

Qeonvl= h1A1(T=1-Ts1)
(Jeond= kﬂ-(Tsl-Tsl)-’L
Jeonv2= hli'}:.E(Tsl-T:c]}

Then:
Tw=1-Ts1= q/ h1A1

T:1-Ta2=q/ KA/L
Ts2.Tw2=q/ hzA2

STUDENTS-HUB.com

L.
}FDL x=L jf.
Tool T \
Ta Ts2 TTT =
i
= LT
Ciodd fluld
Add above eqs: - Lo

1 L 1
T.,-T ,=q + +
) hd4 K4 hA,
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Convection — conduction- convection

Cory[ 1 L
q — L 4 4
hA4d K4 hA

(T, — Tm3)= AT overall

1 . T.'.D- _T o Tm_ - T51
t A= s s5i1nce J— = - 1 _ I
i, comnvl hl-‘{ f} . Rﬁr P
1 ; h__
_ L since g I T AT
hoond g ,° cond — —
T 7
1 ] T . T . ﬂT
R.‘.‘r.mm’.‘-‘ — , SHICE qn:lrz‘.’_f' = = == =
h, A, % 4 R,
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.-_H“'\l ._-.“‘\-.1 _H ;-.i_ "'\-&
i_f Teel _.I_/\/\q:fTsl .MFTMH} '|
~— mA " kA 7 1mA 7

Rrﬂm.l‘ = E‘Rrwﬂ! = Rl + Rl _RB T _Ru
1 L 1
R ~ -

T4 kA WA
'ﬁ'me.’! _ AT
ER'ﬁ R:.:l.‘uf

Hence., g =
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Combined heat transfer

* Derive expression for gx if convection or radiation exist at surface 1

1/h1A
( TmM
e (T LA Ta ,_/\/\/\_ﬁﬂ“*
{Tmu}M '\_ / L/kA \ S /A N S
— 1haA
* For parallel resistant
1 1 1 1
= — 4+ —..... + —
Rtotal R1 R2 Rn
5 e S et a2 R L
PR J— P— I, F'faf' 4 ELT
E F - L —WWWhA—— L
r— M Ed 5
% k Ry g, —= o—A\AN~0 L o—=NAN—o
E G H T kAT I
A A A AANN—
L.
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Composite walls

* Consider composite multilayer wall: A+B+C
* By electrical analogy

AT, aran _ [TSI _TEA)

OWEPT

f_? = =
Rm-ra.' |:"[-1 "r—-E "[If“ :|

kA T koA T k.A
* Contact resistance
The temperature drop across the interface
between materials may be appreciable. This
temperature change is attributed to what is

known as the thermal contact resistance, Rt,c.

Usually this resistance is neglected

STUDENTS-HUB.com

A B C

Ea | EB | EcC
1 |- =

La| LB Lc

Ts1 T2 T3 Ts

|TS1|_/\\/\\_,T _/\/\_.T3 _MTsi
“Rin=La/kaA ™ Rep= LB’kBA “Rie=Lo/keA

—L-i:he?é;.p
s P e
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. . . T
Composite wall with convection ‘“'*u\
Ka| K8 | Kc |, ..
Twl  |4—ple—pl >
11 B
La| Le| Lc o B | T..
Ts T2 T3  Ta o . | . 1t
Equivalent circuit - ==

Tt L AAL Tt ] AAT2 ) AALT | AN Ta | NTot |

1/h1A La/kA Ls/KBA LB/KBA 1/h4A
g= ﬂTglm.’! g = {T-:l:-l — Tr_y 1 4 _-[__1 N 'LB + 'L-!f“ + 1
R, hA K,A Kz,A K.A h,A
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Interface temperatures

* At Steady state same heat transfer rate in three layers and same as convection.

* May use this relation to find temperate at interface of wall layers once g is

calculated. L
41-:.1"'--..____11-‘1
_-'-r-?:.l_T:.'._ T:.'._TJ_ _'I_I":—T! N \E
BT Wik Lalked) RR \ﬁ\
?xm: ks e k; Tt

NN

3::T:.:1_ _/\/\\_ Ts1 ._/\/\_ .Tz _/\/\_ Ts | ~_~_ [ T4 J\Tm [;"3:'.'.5.':'

1/h1A La’kA Lr/EKBA LB/EEBA 1/h4A
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Overall heat transfer coefficient

* For above composite wall Lz
AT, . \I_
1= R, s

11 Pt
qz(rml_rry{ L, Ly Ly Lo 1 } o R | R | & T

hA K,A K,A K.A h.A Tk B | HT

¢ If written as |;jl='[_L|i'-,L AT " [:;:lh:llil
.T L'E + 1
* Then Rﬂm.{ hl K_i K K. h,
In general AT 1
Riotal = 1/ UA Rt = ER" T q 14
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Example 16.1 Thermal Circuit Analysis—the Plane Wall

A manufacturer of household appliances is proposing a self-cleaning oven design that involves use of a
composite window separating the oven cavity from the room air. The composite is to consist of two
high-temperature plastics (A and B) of thicknesses L, =2Lg and thermal conductivities k, =0.15 and kg
=0.08W/m.k. During the self-cleaning process, the inside window temperature Ts,i is 385C, while the
room air temperature T is 25C and the outside convection coefficient is 25W/m2.K . What is the
minimum window thickness, L = L, +Lg, needed to ensure a temperature that is 50 C or less at the
outer surface of the window during steady-state operation? This temperature must not be exceeded for

safety reasons

Assumptions:

1. Steady-state conditions exist.

2. Conduction through the window is one-
dimensional.

3. Contact resistance between the
plastics is negligible.

4. Radiation transfer through the window
is negligible.

5. Plastics are homogenous with constant

STURPEFESHUB.com

Wi

Oven
cavity

= - |

Composite

ndow,

L,=2L,

L

e Ly —=| La |+

i
o
L

E .
W/m=+K

—
Y e
—

T.=25

L A =25

B, kg = 0.08 Wim*K
A, k, = 0.15 WimK
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_ [e— Ly —=| Ls |+
Surface energy balance, hence, the heat flux into

11
: o Il < B0~
the node (surface) is equal to the heat flux out of the 3 | fi e =20
node (surface). As such, the heat rate can be I
i 1T
expressed as Ev4 i e
T . : =20
LT -2 I- A 25 Wim?-K
q"—> ANM—ANNALANN—C L
L Ly 1 L B, kg = 0.08 Wim°K
ky kg h, A, k, = 0.15 W/m+K

Ts,f o T.;...u T'r.ﬂ o Tw
N L.'!La';k.ﬂt + LI-]:.H':E N ]fhrJ

i

q

With Ly = L,/2, and substituting numerical values, find L,

(385 — 50)°C (50 — 25)°C
(Ly/0.15 + 0.5L,/0.08)m - K/W  (1/25)m?- K/W
Ly=0.0415m

Hence, the required thickness for the composite window is

L=L,y+ Ly= (00415 + 0.5 X 0.0415)m = 0.0622 m = 62.2 mm <]
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Outline

* Heat diffusion equation

* SS one dimension no heat source
* plane wall
* Cylinder
* Sphere

e SS one dimension with heat source
e Extended surfaces ( fins)

* Transient conduction
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Cylindrical System

* Fourier law for conduction
* g, = kA dT/dr
* Consider a cylinder with T1, atrl, ; T2 atr2 length L.
* Area of heat transferis A=2mnr L
e gr=-k 2nr L dT/dr = -2 t Lk rdT/dr
* g= constant; rearrange equation
[4 drr [-anLk dT
* Integrating
°* q, ln(—) 2mLk(T2—-T1)
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Cylindrical System

g, = 2111k (Tz _Tl) — 21711k (Tl _Tz)

I
|n(2 j In LS
1 I Hot fluid

— AT
4= R

R, =In[r2/rl]/ 211kl
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Composite system

T’-:,J - Th...l

| In(rs/ry)  In(ry/rs) 1
— - -
27t Lh, 2Lk, 2mlky 27trsLiy

g, =

UA, = UA, = UA; =R}

ot

STUDENTS-HUB.com

Tc-c-.l TT.I TE TE.S Tc-:-.:-l

gy —»
1 In{ra/ry) In{ra/rs) 1

h2mrlL 2m Lk, 2m Ly hy2mrsL
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Outline

* Heat diffusion equation

* SS one dimension no heat source
* plane wall
* Cylinder
* Sphere

e SS one dimension with heat source
e Extended surfaces ( fins)

* Transient conduction
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Spherical systems

e Consider a sphere with B.C.: T(r=r1)=T1, T(r=r2)=T2.

e Fourier Law:

for sphere A=4n r?; g,= constant

dT dT
= —KA— — _kdar? =—
= dr . " dr

Assume k= constant and integrating ;

STUDENTS-HUB.com

—ij (T, -T,)
rl

l_l 1

I, Ak
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Example 16.3 Thermal Circuit Analysis—Spherical System

A spherical, thin-walled metallic container is used to store liquid nitrogen at 77 K. The container has a
diameter of 0.5 m and is covered with an evacuated, reflective insulation composed of silica powder. The
insulation is 25 mm thick, and its outer surface is exposed to ambient air at 300 K. The convection

coefficient is known to be 20 W/m2.K.The heat of vaporization and the density of liquid nitrogen are 2X
10°J/kg and 804 kg/m3, respectively.

(a) What is the rate of heat transfer to the liquid nitrogen?
(b) What is the rate of liquid boil-off (liters/day)?

Properties: Table HT-2, evacuated silica powder (300 K): £ = 0.0017 W/m - K. m Vent

Thin-walled spherical

container, r; = 0.25 m
T, T, _
e—AANAN——AANAAN—0 — (] Air = =% Insulation outer
e surface,
R.'.-::-n::l R.'_.:.:.n-..

l vlr l ;:Ez:—fi_fi_:z::::_:____:___:_:_: r,=0.275m

e — e

g = Liquid nitrogen
h=20Wm-K Tm'-.l —_ 77 K

p = 804 kg/m?
he, =2 % 10° likg
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Assumptions:
1. Steady-state heat transfer.
2. One-dimensional transfer in the radial direction.

3. Negligible resistance to heat transfer through the container wall and from the container to the nitrogen.

4. Negligible radiation exchange between outer surface of insulation and surroundings.
5. Constant properties.

Analysis:

(a) By assumption 3, the only elements in the thermal circuit as shown above are the resistances due to conduction through
the insulation and convection from the outer surface where, from Table 16.3

1 (1 | 1
T e == R, =
t,cond —1'17k( ry !"3) fcony .Ipi',"-l-'ﬂ'f%

The rate of heat transfer to the liquid nitrogen is then

T»-':_E o T’::,]
T 1 /amk)[(1/r)) — (1/r2)] + (1/hawA)
(300 — 77) K
= 1 [ 1 1 1
47(0.0017 W/m - K)\0.25m  0.275 m) T 20 Wim? - K)4m(0.275 m)?

223
STUDENTS-HUB.cam 17.02 + 0.05

W = 13.06 W <]
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(b) The heat transfer to the liquid nitrogen provides energy to vaporize the liquid nitrogen by boiling
and the mass rate of nitrogen boil-off is

g 13061
h, 2% 10° Jkg

m = = 6.53 % 107 kg/s

The mass rate per day is

3600s||24 h
n =653 % 10 ke/ = 5.64 ke/d
m gs |— day ‘ g/day
or on a volumetric flow rate basis
n 5.64 ke/da 10° lit
B2 Y 0,007 mYday|———| = 7 liters/day <
p 804 kg/m m

Comments:

1. Since R, ., < R, _,ng. the dominant contribution to the total thermal resistance is that due to conduction in the insulation.
Even if the convection coefficient were reduced by a factor of 10, thereby increasing the convection resistance by the same
proportion, the effect on the boil-off rate would be small.

2. With a container volume of (4/ 3](11‘."?] = 0.065 m’ = 63 liters, the daily evaporation rate amounts to (7 liters/65 liters)
100% = 10.8% of capacity.
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TABLE 3.3  One-dimensional. steady-state solutions to the heat

equation with no generation

Plane Wall Cylindrical Wall”® Spherical Wall®
- d'T _ 1d( dr 1d( »dl)_
Heat equation e 0 r ( dr) 0 S dr (r ﬂfi") 0
\ 1 —(ry/r
Temperatie o r @) ro M[ * r]]
distribution L ST In(n/ry) | 1= (ry/r)
Heat flux (g) kE kAT 3 kAT
L r1n (ry/r) r[(Lr) — (1/ry)]
AT 2oLk AT 4k AT
Heat rate (¢) k4T n(ry/r) ) — (1)
Thermal L In(ry/ry) (1/r)) — (1)
resistance {Ri'.cund.] kA 2oLk 47k

“The critical radms of msulation 1s v, = &/A for the cylinder and r, = 2&/h for the sphere.

STUDENTS-HUB.com
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Outline

* Heat diffusion equation

 SS one dimension no heat source
e plane wall
e Cylinder

e SS one dimension with heat source

* Transient conduction
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Conduction with Energy Generation

Consider the plane wall of Fig. 16.11a, in which there is uniform energy generation per unit
volume ( Is constant) and the surfaces are maintained at Ts,1 and Ts,2. For constant thermal
conductivity k, the appropriate form of the heat equation

I°T g x
L d +_f _ ﬂ . !—r-l._L
dx?  k | g«
{- |
. e Cix + G, ; T(x)
Elﬁl L L | 1
T(L) =Ts,1 andT(L)=Ts,2 T T T | Lz
_ ?_1: — T;._| . i-f 7 ?__':_I + ?_.t_f Tv'll hl I T T T
C, = 3 and CE—EL + 5 .
o N - (@) -
gl X s2 o x o1 T 5o
)= {1 -5+ =
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Conduction with Energy Generation

The preceding result simplifies when both surfaces are maintained at a
common temperature, Ts,1=Ts,2 = Ts as shown in Fig. 16.11b.

T(1-5)+.
)+ T

The maximum temperature exists at the midplane, x =0

qL'
ok + T,

gL’
2k

T(x) =

T{ﬂ] T[J T

The surface energy balance, has the form qcond
=gconv,=Generation or using surface balance gives;

1T al.
—k—| = h(T, - T.) 4
fh =1L

STUDENTS-HUB.com

|
=

I—"‘.T
| +1.
k|
i,
T 1
; 1
1
m:
IT,
._n-:"'”.—’" '?::Inn'.-
q cond 1|1
1
AR
|
! i T_. h
i
_-_1'
+1.
c 11
g, k 11
11
11
I
T(x) i
T,
w_h::_hh 4 conv
ql:l:-nd 1
11
111
If1 T . h
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Example 16.4 Energy Generation in a Plane Wall

A plane wall is a composite of two materials, A and B. The wall of material A has uniform energy
generation W/m3, kA =75 W/m.K, and thickness LA =50 mm. The wall of material B has no generation,
with kB =150 and thickness LB =20 mm. The inner surface of material A is well insulated, while the outer
surface of material B is cooled by a water stream with T =30C and h = 1000W/m2.K

(a) Determine the temperature TO of the insulated surface and the temperature T2 of the cooled surface.
(b) Sketch the temperature distribution that exists in the composite under steady-state conditions.

Assumptions:

1. Steady-state conditions.

2. One-dimensional conduction in x-direction.
3. Negligible contact resistance between walls.
4. Inner surface of A is adiabatic.

5. Constant properties for materials A and B.

re T- T: T“"‘
g —» =" ANAAN——"AAAANA—
R I-é:-n:l. =] JF'?g-:-n-.-

STUDENTS-HUB.com

T,

1

Insulation —

Ga=1.5 x 105 Wim3 —
ky = 75 WimeK :

- -

— X

T, T,

L _| T_=30°C

h = 1000 Wim?sK

@ @ Water

—T kg = 150 Wim=K
{-FE = ':I

50 mm —'-I*F'-l

20 mm
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Analysis:

(a) The outer surface temperature T, can be obtained by performing an energy balance on a system about material B
(Fig. E16.4b). Since there is no generation in this material, it follows that, for steady-state conditions and a unit surface area,
the heat flux into the material at x = L, must equal the heat flux from the material due to convection at x = L, + L. Hence

q" =hT, - T,) (1)

The heat flux ¢" can be determined by performing a second energy balance about material A. In particular, since the surface
at x = 0 is adiabatic, there is no inflow and the rate at which energy is generated must equal the outflow. Accordingly, for a
unit surface area

gla = q" (2)
T T
| |y e -
| ®) — g 4
| _ || —= — I I —
I n__ - I
S | |
| | | | T T T,
! v=1L, r=L, x=L,+ 14
Energy balance on Energy balance on
material A material B

1"'-5:.}![.!*-;3 E10.4b

Combining Eqgs. 1 and 2, the outer surface temperature is

jL 1.5 % 10° W/m® X 0.03
T, = T, + T2 = 30°C + 222 josoc <
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h—— T 3
TR (3)

where T} may be obtained from the thermal circuit shown in Fig. E16.4a representing the wall B conduction and convection
processes. That is,

T] - T'J-:l + [ cond. B + chnv} l?
where the resistances for a unit surface area are
L 1
l::um:l B~ s Rl:umr Y
' kg h

Hence, the temperature at the composite interface is

0.02 m i 1
150 W/m-K 1000 W/m* - K
T, = 30°C + 85°C = 115°C

T, = 30°C + ( )(1.5 X 10 W/m®*) 0.05 m

Substituting into Eq. 3, the inner surface temperature of the composite is

1.5 % 10° W/m® (0.05 m)*

T, = + 115°C = 25°C + 115°C = 140°C <
0 2 %X 75W/m-K
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(a) Parabolic in material A.

(b} Zero slope at insulated boundary.
(c) Linear in material B.

(d) Slope change = ky/k, at interface.

T

The temperature distribution in the water is characterized by large gradients near the
surface (e).

Figure ET10.4c

Comments:

1. Material A, having energy generation, cannot be represented by a thermal circuit element.

2. Since the resistance to heat transfer by convection is significantly larger than that due to conduction in material B,
R/ Riona = 1.3, the surface-to-fluid temperature difference is much larger than the temperature drop across material B,
(T, — T..)/(T, — T,) = 7.5. This result is consistent with the temperature distribution plotted in Fig. E16.4c.
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Outline

* Heat diffusion equation

 SS one dimension no heat source
e plane wall
e Cylinder

e SS one dimension with heat source
e Extended surfaces ( fins)
 Transient conduction
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Conduction — convection systems

 Extended surfaces are used to enhance rate of heat transfer.

* Conduction transfer in the solid is followed by convection from the
surface to the fluid.

i

..f’_;d

5

Thin plate fins of a car Electronic components
radiator and innovative fin innovative fin designs to
designs to increase rate if increase rate if heat transfer.
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Fin types

S

STUDENTS-HUB.com Uploaded By: anonymous



Fin types

 Straight fin with uniform cross section.

e Annular (circumferential) fin

| i
|
o _ T, i h T, |
* Pin fin (cross section). (T D
i |
| \--Afdl |
I
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Fin Model uniform cross section

Rectangular or pin (circular) fins have constant cross section area A_=const=A

Base temperature T =T(x=0)

Fluid temperature T_,

Surface area A =PX dA, = Pdx

Where P: perimeter, then
d_'A\v:() d_Ag: P
dx dx
d*T  h -
. . p - . . _ P(T =To)=0
Simplifying fin equation X’ KA ( )
2
Q:T—Too:T(x)—Tw—>d—0=d—T mzzh_P d—6)—m2¢9:0
dx dx AK dx?
* General solutionf(x) =ce™ +c,e constants ¢, and ¢, evaluated from first B.C
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B.C

* first B.C at the base (x=0) where T=T,

T(x=0)=T,
6, =C, +C,

e second B.C depends on physical condition at other end

O(x=0)=T,-T_ =6,

e Case A: infinite fin (very long fin)

e Case B: Negligible convection (insulated)or adiabatic

tip

* Case C: Prescribed or finite temperature at tip
e Case D: active tip (convection at the tip (x=L) )

STUDENTS-HUB.com

Case Fin tip boundary condition

IEI'I"-"-'-] = :I
A
I
Infinite fin X—poo ,
B =
(L)
. q ""‘|I§J g, = —kA a8 -0
i Ir : fdy lx=1L
I
Adiabatic tip =L
8i{L) = 8§,
|
C
I
Prescribed tip x=L
temperature
a8 (L)
I'_I 9x = Yconv
o Gy — | —> G
: Tk, = =hA_@8(L)
| dy lz=L
x=L
Active tip
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Solutions Case A infinite fin ( very long fin)

* Temperature distribution in fin

6 =0=ce” +c,e” —>c¢c,=0 c,+C, =6, =>c =6, 0=0e™
e Total heat transfer from fin
* Energy balance over entire fin =Ty T, e N
— — —k/A\: _— = —kp\: E— L f"r
O+ = Uconductionbase dX x=0 dX X=0 i
c=—kA|-mge ™ |=kAmd, =k 4
* Convection for fin surface AlmaeT]=kam A:\/ o [ i
q; = /hPKA §
9 = Heome = | I-j':i'l.n ’ T o
A0
g = | hT(x) — T, |Pdx = | ht(x)Pdx = hPB, | e™ dx = hPm~'0,
20 i Jo
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Fin temperature and heat loss

Table 16.4 Temperature Distribution and Heat Rate for Fins of Uniform Cross Section

Tip Condition® Temperature Fin Heat
Case (x = L) Distribution 6,0, Transfer Rate gf

A Infinite fin (L — ==):

L) =10 e ”“_ (16.67) M = “VhPKA_W, (16.68)

hP
m =5 (16.65)

B Adiabatic: cosh m(L — x) . ,

tﬂ},-'"iil'h L= l:f_'lﬂ]'l mf_ ':. 1 .:I JH L:E:LI'I]'I .FF;IL {1"5‘-?[”
C Prescribed temperature: (6,/8,) sinh mx + sinh m{L — x) 671 (cosh mL — 6,/0,)

0(L) = 0, pE— (16.71) M prar— (16.72)
D Active, convection heat cosh m(L — x) + (h/mk) sinh m{L. — x) sinh mL + (h/mk) cosh mL

transfer: : ; (16.73) M : (16.74)°

cosh mL + (h/mk) sinh mL cosh mL. + (h/mk) sinh mL

h(L) = —kde/dx|,_,
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Example 16.6 p. 381

Ex{zm;}fg 16.6 The Infinite Fin

A very long rod 5 mm in diameter has one end maintained at 1(0°C. The cylindrical (lateral) surface of the rod is exposed to
ambient air at 25°C with a convection heat transfer coefficient of 100 W/m? - K.

(a) Assuming an infinite length, determine the steady-state temperature distributions along rods constructed from pure copper,
2024 aluminum alloy, and type AISI 316 stainless steel. What are the corresponding fin heat rates from the rods?

ib) How long must the rods be for the assumption of infinite length to yield a reasonable estimate of the heat loss?

Solution

Known: A long, circular rod exposed to ambient air.

Find:

(a) Temperature distribution and fin heat rate when rod is fabricated from copper, an aluminum alloy, or stainless steel.
ib) How long rods must be to assume infinite length.

Schematic and Given Data:
T_ = 25°C - Assumptions:
h = Air . Steady-state conditions.

100 Wim>K ///

= g £ |
\ Lk, [ —os, D=5 mm

. OUne-dimensional conduction along the rod.
Infinitely long rod.

Negligible radiation exchange with surroundings.
Uniform heat transfer coefficient.

Constant properties.

I:F.Il_ﬂ'!fl"l.? I;.!' f}aﬂﬂ'

es: HT-1. copper [T = (T, + T.)/2 = 62.5°C =~ 335 KI: k = 398 W/m - K. Table HT-1, 2024 alpmjnum al-
ST%&%?@@%E%- K. Table HT-1, stainless steel, AISI 316 (335 K):k = 14 W/m - K. Uzp%a ed By: anonymous

ot b =

=

»
T, = 100°C



Analysis: (a) Subject to the assumption of an infinitely long fin, the temperature distributions are determined from Eq. 16.67,
which may be expressed as

T="T.+ (T, — T)e™

where m = (hP/kA V2 = (4h/kD)', Substituting for h and D, as well as for the thermal conductivities of copper, the alu-
minum alloy, and the stainless steel, respectively, the values of m are 14.2, 21.2, and 75.6 m~'. The temperature distributions
may then be computed and plotted as shown in Fig. E16.68

Temperature distribution along the fin

100

80

&0

TiAc)

20 I
0 RO 100 150 200 2580 300
X {mm)

.II:F.FH?‘I.? f_: .|II Eﬁ.f}i?

From Eq. 16.68, the fin heat rate is
4y = ‘*"m Ha
Hence for the copper rod,
g, = [100 Wim® - K{m > 0.005 m) (398 W/m - K) (m/4 (0.005 m)")]"* (100 — 25)°C
gr=83W <]

STUDENT S-HuyBlgdmthe aluminum alloy and stainless steel rods, respectively, the fin heat rates are g; = 5.6 W@plbaﬁed By: anonymous



(b) From the temperature distributions in Fig. E16.65, it 1s evident that there 1s little additional heat transfer associated with
extending the length of the rod much beyond 250, 150, and 50 mm, respectively, for the copper, aluminum alloy, and stain-
less steel. Note also that the areas under the temperature distributions are in proportion to the fin heat rates for the three

materials. (See also Fig. 16.174d.)

Comments: Since there 15 no heat loss from the tip of an infinitely long rod, an estimate of the validity of this approxima-
tion may be made by comparing Eqs. 16.70 and 16.68 (Table 16.4). To a satisfactory approximation, the expressions provide
equivalent results if tanh mL = 0.99 or mL = 2.65. Hence a rod may be assumed to be infinitely long if

2.65 kA \V2

For copper,

| = 5| 398 Wim K x (/4)(0.005 mf]-fﬂ .
=T I00WimE K X m(0005m) | T

Results for the aluminum alloy and stainless steel are L. = 126 mm and L = 35 mm, respectively. The estimates for the infinite
length, based upon inspection of the temperature distributions of Fig. E16.66 and summanzed in part (b), are in reasonable

agreement with the quantitative approach based upon the fin heat rate considered here.
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Fin performance

* Fins are added to increase surface area and enhance heat transfer,
however additional conductance is added by these fins, hence
increase of heat transfer may not be realized.

qfin
* Fin effectiveness & =
qwithoutfin

* Fin efficiency n; _ 95

Omax
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Fin effectiveness

& :qV £ = s
f Quithoutfin f hA, ,6,

Where cross section area at base AC b

 for case A: very long fin (approximate case) g =~ hPkA 6, — P_k
hA.6, hA,
ij%

* Conclusion from above equation ¢~ EM

1) Choose fin material of high conductivity e.g steel, Al

P

2) Design fins to maximize —— for example use thin fins.

3) Fins are used for low “h” values, for example for gases (h low) not for liquids. In case of
liquid gas heat exchanger fins are place in the gas side e.g car radiator.
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Fin efficiency n;
oF

Fin efficiency =

max

 Maximum heat transfer from fin could occur if entire fin is at base temperature, where
maximum driving for AT exist.

Actually AT decrease along the fin and T(x) T, s decreasing

Max temperature difference at the base or when entire fin remains at base temperature.

qf B =T, -T. Lo

o hAf O, ‘ f'"ﬂ

Af is the fin surface area

Hence Qf =N Umax g

.l:' b
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Corrected length

* Converting Active fin to adiabatic using corrected length.
* For rod Correction = D/4
* For rectangular correction thickness/2.

Table 16.4 Temperature Distribution and Heat Rate for Fins of Uniform Cross Section

Tip Condition® Temperature Fin Heat
Case (x=L) Distribution 6/ H,f Transfer Rate g5
D Active, convection heat  cosh m(L — x) + (h/mk) sinh m(L — x) sinh mL + (h/mk) cosh mL
transfer: — Ty (16.73) M : (16.74)
cosh mL + (h/mk) sinh mL cosh mL + (h/mk) sinh mL

hi(L) = —kdb/dx|,_,

M = VhPKA_6,

B Adiabatic: cosh m(L — x)

d
do/dx|,,. = 0 pr— (16.69) M tanh mL (16.70y
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Circumferential fins

1040

* Converting Active fin to
adiabatic using corrected
length.

a0

* For rod Correction =D/4
2T

* For rectangular correction
thickness/2.

1 ¢ (%a)

40

20

0 0.5 1.0 1.5 2.0 2.5
L2 (WkA )2
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Fins efficiency curves

100
80 h !1 ‘ \
—
] -ﬂ\ j:l‘
= ET}_(: J L |—
b7 A |
;iJ 60 |__ M A =2wJLZ+ 12
= i L \\ i 4
£ £ = L 2hiks
= Ag, =D (L+ D) %= LN
;j &= (L+ {DW2hikD \
% 40 H\E—H‘
P
]
20 L =
Ap = 2wilL +%.':-
E_.:rL+-éthfkr
0 |

0 0.5 1.0 1.5 2.0 2.5
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Outline

* Heat diffusion equation

* SS one dimension no heat source
e plane wall
e Cylinder
* Sphere

e SS one dimension with heat source
e Extended surfaces ( fins)
* Transient conduction
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Transient Conduction

* Many of heat transfer problems are time dependent and unsteady ; they are
called transient .

e So far in this chapter only steady state 1- dimension problems were discussed.

* To determine transient temperature distribution within a solid, we can begin by
solving the transient heat diffusion equation developed in chapter two.

T Al

o°T 10T
ox* o ot
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Simple case

* In some cases conduction thermal resistance can be very small when compared
with the convection from outer surface,

* or the conductivity is very high such that uniform temperature may be assumed
at any given instant.

* |In such case a simple approach is used which is known as the lumped capacitance
method LCM.

* Transient conduction resulting from a change in convection conditions. e.g
guenching of a ball.

* Objective to develop temperature as function of time and rate of heat transfer
and total heat transfer.
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Lumped Capacitance Method

* Solid at some initial temperature experience a sudden change in its
thermal environment. e.g. Hot ball is quenched in a liquid at Teo,

* L.C.M assumes a spatially uniform temperature at any instant. This
implies, or infinite conductivity or neglected conduction thermal
resistance in the solid when compared with heat transfer with the

surrounding. i

—=0
dx
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LCM

* Overall energy balance on the object:

* |nitially at time=t =0 temperature is Ti =T (t=0), the rate of heat lost at surface by
convection is equal to the rate of change of stored energy (internal energy) of

solid. .
E.=--FE

st

Eout = leonv = hAs[T (t) _Too]

out

E, = medl -9V _ pVe— a7
dt dt dt
Hence 40  dT
_ I e 1 O=T-T =>—-=
hAs[T(t) Too]—PVC dt dt dt
pVedo
hA, dt

Ne 0 o (hAsj 6 T@)-T Hh&”
——In—=t>In—=-t — = = =exp|—| — |t
pVC J~ do J~ ¢ hA, 6, 0, e e T -T, pVe
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LCM

° | \/C
Thermal time constant /;T:Tt - =ﬁpVC= RC,
Where (Rt=1/hAs) thermal resistance of convection.
And Lumped thermal capacitance: C, =pVc
Larger values of 1

RtCt =7, = EPVC

Means slower response of system it takes longer to cool down (T — == or © =0).

Analogous to voltage decay that occurs when a capacitor is discharged through a
resistor in an electrical RC circuit. V

T; C =plc——

1;= 1 ."l.:r_.."lﬁ.;
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Validity of LCM

At steady state Oeond = Yconv. m
T

kKA i
T (T =T) = PA(T,; ~Te0) :
T} !

|

|

Tsl _T52 _ I/kA _ Rcond _ hL e[| A

|
- - - et
Tsz _Too %As Rconv k iy i T h |
EE'I Lol
hLL Bis 1 IJI,I L3 I—'-l'

Biot number = E"O”d = il

—

—

o K e 37
T
Biot number is the ratio of conduction resistance to the L. characteristics length. L.= V/A, = Volume/Surface
convection resistance. Bi: dimensionless group. Area. For :

uniform temperature may be @ 2Lthickwall L=L
b) Long cylinder L= ry/2.

c) Sphere L= ry/3.

Bi<<1’ Rcond << Rconv
assumed in solid. Bi<0.1

In general hV
it =AY
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Biot & Fourier numbers

—hA, |
0=0e""
|
izh(As)t: h tXLCk:hLC K | t
r pvc o opcl, Lk ok {pc)L’
hL t
( Cj{ aZ]: Bi.Fo  where: gj = Mke _ NV
K L k kA
Fo: Fourier number. L.
~(ha, )
g:e(pvc)t _ e—Bi.Fo
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Heat transfer

* Energy transfer Q occurring from t=0 up to time‘t’ is given as

Q :jth:jhAs(T ~T,)dt = [hA ait =

—t t -t

t N
Q= hASJ‘Hie Tdt= hAsHije “dt =Q (t) = pVc O, [1- e
0 0

Example 16.8 p. 390 Moran 2003.
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Example 10.8 Lumped Capacitance Method: Cooling Process

In a materials evaluation program, dielectric-coated glass beads of 12.5 mm diameter are removed from a process oven with
a uniform temperature of 225°C. The beads are cooled in an air stream for which T, = 20°C and the convection coefficient

is 25 W/m® - K. What is the temperature of a bead after 6 min?

Solution
Known: A plass bead, initially at a uniform temperature, 1s suddenly subjected to a convection cooling process.

Find: Temperature of the glass bead after 6 min.

Schematic and Given Data:
Assumptions:
Glass bead, Ti1) 1. Temperature of the bead i1s uniform at
T;=225°C any instant.

2. The coating has negligible thermal
resistance and capacitance.

T. = 20°C =125 mm 3. Radiation exchange with the surround-
T h = 25 Wim®+K ings is negligible.

4. Constant properties.

Air stream T T
Figure E1 0.8

Properties: Table HT-2, glass, Pyrex (300 K): p = 2225 kg/m®, ¢ = 835 Vkeg - K. k = 1.4 W/m - K.
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Analysis: To establish the validity of the lumped capacitance method, calculate the Biot number. From Eq. 16,90, the char-
acteristic length of the spherical bead is

I _E_"ITDJ,.'FE_D
A, wD? 6

and wsing Eq. 16.89, determine the Biot number,

WL h(D/6) 25 Wim®-K (0125 mm/6)
Bi — == _ _ 0,037
T 14 14 W/m-K

Accordingly, Bi < 0.1 so that the bead has a nearly uniform temperature during the cooling process. Using Eq. 16.85, with
L_= D/6 the temperature T(r) after 6 min is

01, _ g ()]
T.—-1, P \pLec

Ll et '_( 25 Wim* - K )35 }
(225 — 20°C _ P| T\ 2225 ke/m’ (0.0125 m/6) 835 J/kg
T(t) = 20°C + (225 — 20)°C x 0.0978 = 40.0°C <
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End of conduction
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