Chaplec 12 exefsises

Ql: Jven an example o a fule nencommvlakive  Kig . Jive an examfle  of
an iﬂﬁﬂi e na})cpmmu}»q/fm K;Iy #‘,J' dees not )uwt- q um}lj ;

for any n>1 , Y Kinig /”fz( Zn ) o L makces wWilh  enlfies
Ff om  Zn IS a fz’/&"i e N Comm v Yol l'\/c, @n"-] 2 g 'z",';.r.li do€s 1 .’c;')
hawe « vl

G2 gve  ant example  of a svbseb oF a Rig b i @ sbgGup  undel addibion
b Wk e sibfiag

W K, cossider (0VE ez .

ot Shav , by example |, b Por faed  menzefe clemenks @ wd b a Kiny
the euadion  AK=b  Cat hwe  mofe Shan  Her one  slkim . How
dees  dhis  Gmpare  widh  3eups .

I (2y, +,.) e equativn  2x>2  hs he sl X=13 .

Fot in 3(5./? ; e e?,uab'm ax: b bas unig ve sl X- a"b

g pve T, JFoa hig  hes um?& Jhs oige VTP a fing element
hes o mlliphokva  nvee ik i umgee
—=> ldeahly  unigve
soppse that  ee R and  theb eezq -ae ¥aeR | sypse  do ot
teR ad ek fa-a =ab  Lrooll R Hhen  we have
f-ef -e |

Thele = Foe , Thue, dhele  can only be  onb  elemedt K
salishyny the fETJirﬁl”Cﬂ}J for  he  mulbiphicahive.  denkity o the ving .
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G Fid @ weyer n het ghows Mt be  Rig

ploferHes  dhat  fhe Ring  of  inkegez  hos .
1. a4’z q mplies 9o of  qs] |
N=6 , Zs=)0,0,2,3,45%
= 31: 3 B 2 is  dealhet o Nof |
b 4b=° Wf”@f Q:0 o b:<>
Nn-¢ = 22:-4 Wk 24 o and 3£ 0
3 Qb = @C q’t/ Q,é (=] leb L:C
n=f = 2,2 - o = 24 bt 3%
(97 D Show dhab the  three  prperhes  lided 14 Q6
whele P flime .
we Know ek in 2P 4 ey Denzele  elemens
a.  given a*z a
borr d=o y fcu”- Is
if 4205 a ' (aa)= ' a
= (a'a)a = ala
_/'\_/\_ ]
a S
b, Given eb=0
T ago , a' exisks ad  a7'(wb)s o
= (a'2)b =
_-_j, b: o
1 }9:/-_0 ’ b exsks  and (45)51, exisks  and
=
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¢ 3 show ot e Rig 1s commubalive. 1F it s he  toperty  thed ab= cq
L:C. Whm AL o .

ymplies
Consides aba = ab A
a(ha) - (3b) 4
q X - y.4
e R S -
= ba -  .ap )

¢9: plove . dhat fle  intelsecion of any cdlechm oF subfings o < fing R
0 & Sbing oF R .

b & be e inlersechm of any  Cellecdion . o sublings.,

~ G £g e o0& B

~ bk b€ G  then  a aud b ole in each Rings
s, a-b ad @b oe in ech King .
B sine  these o in evely Ring . a-b od ab

Mo inbefsection Bence , i}

ale.  alse
iy

2 sabﬁ‘nf) .
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Qlo Verfy  Jhak exp8  dhysh 12 this  chapler e o Saled . ..

j)one C’M -

Gl feve Rie 3 7)),

012: ek ab and C elmedks  of a commialive Ring , and soffese Mok a
is o onb . P Aot b divides o iFF ab divdes c .
(-:—’)} supfese  ble .= C=db.
o= C=d(atadl
= Cs bla') (ab)
= able.

(&) spse ablc = c- ab)d
= C = )b
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Q"g-'~ Show Mot if M ad n afe nlg\o,r: ad a and b afe  elements
Mom 0 kg, then (ma)(ab) - (ma).(ob) |

opel i omss ; N>a then

(mq)(nb) = (/ij_');* - _‘,q) ( }7?}”’& T )2)

M-Hntes V= Fitoy i

= ab + q,};+ . — ab (iﬂ/':a“!}i’)ﬁs) .

=  rin (ab)

oese2 2 IF m<s 4 N<o them

mq -ﬂ‘b:. (.."Q.*-."vr’—.'ﬂ,,'f'.‘:‘ b "!»)~ ( ‘br—b-.' 'w""-b)

- M-tme “N-Ymes
= ( ‘Ib B 5y qb) mn hhfeS

cwe 3t Mor N iz zeks . . Jhed .
e/”l@f ma__or N =o and ma ..nA 0. .= ™Mn . ab .
ose ¥ ! ;ﬁ M>5 , N . of  M<Se. , N>e /ILM
(ma) (n b) - (4+-—-+Ol) (-b4 ek b))
- —-.‘Fb 4 o — 4= QL B (mn_— ,hm.e ) "

. moab L
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(P}‘: ghow that ik n s an lﬂk"jf/‘ ad a s an elepien - from « '?ry
Hen N (-2). —(n.a)
ﬂ(—‘?) 4+ 19 = o

n(“‘?) = -Na . =

§Z: Peschibe e  elemets of Milz) St hwe molhiplicihie  nveges :

a b
ket A:(C d) be an elemeot  of M.(Z) . then A hus  a rolbiplicaly ve

nese itk IF has  nanzec  delamrinenl  se aod -b< 2 o

e vl is only in Mz) F Mhe A_ < in Z
AeHA)

Tws, He deecmingle of A mur  be + |

Ths e elements  with mulkiplicative . invee  ade z (q j) $ad_be- :l}

c
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Exercises of  chapler )2

and W/‘I'f'll'cqlfan Modvle b hes @

92: The Ring Yo, 24,4, 85 under  addidion
onby . Fd b
| o 2 4 £ 9 idenkily = §
G o 0 g 0 0 velse ©  2—3
200 M § 2 ) Y.
fle 3 @© 1 2
610 2 4 (B 3 5 2
s 1o (&) 2 9 Y
 the ol = £ . wd  vnidss (296,87
ol shaw et @ Ring Hab i cyelic  onder addibion 15 Commuladive .
%y eR = Kna L grmAa,
. Xy = (na).(ma)
= (nm)e*
= (mn)a®
. Ma .nq
2o i ~ X3= 9% Soils M. ®

Qli: B a bebrg b 2 R

of R,
W abeS = 0 (a-b)X - 9x-bX - o-0 -o.
Sa a-b._&. 5. ..
@ (@)X =-albx) = ao = e @ ¢ S
S " Is Submfy af R . ©
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G kb R be a frg . de caber oF R s the set ]xeﬁ" 95=Xa ,YaeR]
fove hat e  conler L 4 ng s o svbhing . s
e abe Z(4) am e <0 -
Q@ (4-b)X = ax-bx

= X8 =« Kb

= X(a-b)
So (a-b) € Z(R)

@ ()X = albx) 7
= 9(xb) ,,;
= lawb \\N_y 5 abe Z(F
= ()b \
= x(ab) J

> & 0 ad @ ~r  Cnler of ahing s o subling

A= )

Q2 il R be o cmmvkhve Ring  wih vl ad b U(R) denote Hhe seb of

vnibs of R . fove b UR) 5« Y6up  under the  pwhkiphcabion o R
(”tis 3(6up s called  the 3(60[’ of ks of R ).
U(k)- fuel? c3ul e ﬂ:zl

lej' X/j (& U(K) = 3 qlbéR Sl.}' l= X: Q= X y ’—.J.b = b

- Closule ¢ (9)(ab)= x b a = X (1) a = Xa =1 - (balxy)

S Xy 5 ok~ Xye Ulf),

— MNswociahive © {x3)Z = X (32) Vay,z €8
- Henlily c ) is e utity of R = LIl o 1s a ub = lculf)
- Invase. . IF 2eUR) ~ 39! shqat ) = al_ela) ] & a'cuw)

b=
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022+ Delermine  v(z03) -
vz 3§10, 40

S

ale  Commolahve  Rings with U’”b , Show Hak

@2" ﬂ: Kuﬁl;—-*;ﬁﬂ
@ U(fn).

U(RioReo- ®f) - U(R) & u(f) a.--
(2) svipse u, 0,2 ,un A wwk o KR, - Ra  wilh Vel
I, 0z, .. Jn
(v, ver-— , ) is vtls of Ref 6--- @ Fn
U(R) @ Uf) s---- ®0Rs) € U( Kofea--- o FKn ).
() I X (i, oy Xa) € UlKiofeo-— ©fn)
S A% (9 -— )
= LY =€ = Fh
- Xpe vlki) .
U(Rofie - of) © O(R) @ UR)-——- & UKa), o

029 : Supfese that
i a onb o R oand Voo , Shw @b & ok of R .
(9+b)(9-b) s a*—ab 4 ha - b o -
. at -y
- a'_o = &
(asb)(a-b).a? = a*.a”
- a°
-
So Qb i o omk
®
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03 sppse bb her & ar il nrl sk x'- A b of devels K

m

: a
o some iy . IF m is 2 psitive ikeger and A s for some
show b a=0 .

ase | nN= ™
q = 4”: qﬂ = © Qﬂ(/ we sufe C/un,t i
cose 2 n>m
v In-ml
a-a" - 4"«
n-"m
= 9.4
= o
Cise 3 N<m
n
n
q:4” = ... @ = -?ﬂw- a" = a2 :
LBy & . sw~ &
n n
3 ly . .’/ n
SiNte  We Can b '//1/5 qu/km)j Hen, roHce £ - X M the  klm

of lepeded e & n sk Kk>mo el a2l oa
Hence , ’ﬂm e fedvees 4o cuse 2,

md  we  ale dene &

@3l given a1 emrple of  King chmeds o« ad b wilh He popeches hat
ab= o Bob ba £ o

o) A=/: :) ) B;/"’ :)
ne(T ) w0 )
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@3l 0 be heger ofeafer than | . In a Ry iy whik A= X
Broall X, show bt aboo imples b |
b abe R o abe R
bv o (ba)? dice B @ f
< ba. ba I
= b (4b) . (9b)
= b &
ba - o 2
032" supfose Wt R 55« fy sk X=X bcoall X m B fore ket
bX=0 hor al x n R .
ld XeR  Hhen 2Xc R since K Chsed  onder  addidion
= 2K = (2x)
2K = 9% B4 XX
R,
= 8X-=o D 6EXzo =
05+ sofpse db R is o (g ddtd 90 broal a in K. Show
4 R s cmmulahve .
it dhice Aot Next ,
a+b = (asb)(asrh) “ha o (Lba)” - (ba)”
= g eab bt 4 b -ba - ba @
/+/£ = /{ + ab +ba +/
o = abay ba :(So@jlq/la/‘?
= ab- -bg -0 / ab - b«
| =)
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