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PROBLEM 9.1

Y
Determine by direct integration the moment of inertia of the shaded area with
L _T respect to the y axis.
) B
i l
et A
SOLUTION

y=h, +(hy —h)>; dA = ydx
a

Y
dl. = x*dA = x| by + (hy — )2 |dx
< y 1 2
\ 2 (Y, 2 e
h. } 1 N Iy—jo hyx +—a x |dx
fe— x —H=dy 3
h, —h, g*
o a. =h1”_+ 2 1a
3 a 4
12 4

3
a
Iy :E(hl+3h’2) 4
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PROBLEM 9.2

Determine by direct integration the moment of inertia of the shaded area
with respect to the y axis.

SOLUTION

y :kx1/3

For x=a: b=ka" ‘T
k=bla"?

Thus: y :%xm E_’_.H..a,‘
a

dl, = x*dA = xzydx

> b b 5
dly =X T.X dX:TX dx
a a
b a5, b (3 3 5
I —Idl 1/3I0x dx_a1/3 loa Iy—loab |
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! , PROBLEM 9.3

a
— % Determine by direct integration the moment of inertia of the shaded
il area with respect to the y axis.
| X
f a 1
SOLUTION
2
y =4h ﬁ_x_z
a a
—
] 5\ b dA = ydx
! 7-——~;&ab‘ 2
= o ] dl, = x*dA=4he* | = |dx
a a
3 4
al x> x
1y=4hj0 el
4 5 ¢ 3 3
I=dh| - 2| =an| =L 1 =Lns <
da 54° o 4 5 Y5
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y PROBLEM 9.4

Determine by direct integration the moment of inertia of the shaded area
with respect to the y axis.

SOLUTION b4
y = kx* _f
For x=a: b= ka*
b
b
k=—F 4
a* L Y =kx
© b
Thus: v =£4x4 — X—iHi—Ax
a
[ — —
dA=(b-y)dx a

_ 2 _ 2
dIy—x da=x"(b—y)dx

=x? [b—%x“)dx
a

_ (.2 b ¢ _1l3 1 3 4.3
Iy_dey_J'O(bx —p Jde=sab-—a’ 1 =4a'b/21 4
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y PROBLEM 9.5

Determine by direct integration the moment of inertia of the shaded area with

— _T respect to the x axis.
hq
] 2
i |
|‘<—(l—>4 x
SOLUTION
X 1 3
y=h+h,-h)— dl, =—ydx
a 3
3 3
1 e X
T 1=, _EIO [hl +(h, —hl)ﬂ dx
h \ Y hi- 1 4 a
X a
' Nl ¥ =—[h1+(h2—h1)—} e
- % —He- 12 al \hy=h
a _ a (1 - 4)21.(h§+h12)(h2+hl)(h2—h1)
12(h,—h)\ > 12 hy —h,

L= Ui+ )y +hy) 4
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PROBLEM 9.6

Determine by direct integration the moment of inertia of the shaded area
with respect to the x axis.

SOLUTION

b s
Y=
473
3 3
de=1y3d)c=l %xm dleb—xdx
3 3\a 3a
a1 B3 3 2
1,=[ar, = 10 =il @
03 a 3a 2

I =—ab’ 4
6
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y PROBLEM 9.7

Determine by direct integration the moment of inertia of the shaded
area with respect to the x axis.

SOLUTION
2
y:4h ﬁ_x_z
a a
1 1 T
dl,==y'dx=—|4h| == || dx
A 3\ b SE R it P
f— % —tdlx | 3 3 4 56
r_ 64h” e x X X X
o I.=|ar. = L A L
l * J. * 3 J-O a at @ d° *
_6|1xt 38 10 14
3 |4’ 54 24 74

64> (1 3 1 1) 64K° 3
= a———+——— — al —
3 4 5 2 7 3 420
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Yy

PROBLEM 9.8

Determine by direct integration the moment of inertia of the shaded area with
respect to the x axis.

SOLUTION

See figure of solution of Problem 9.4.

=2
dx a*
T T 4 1 1 1 10
= / dl, ==bdx—= y'dx =~ bdx -~ x4
/ a
Y A Y Ix:_[d]x:j 1y l% |
| l 0l3 3a
$ Fa 1 1 b3 13
e P
3 34" 13
=[1—Ljab3
3 39
=[£—ijab3 Ealf
39 39 39

I,=4ab’/13 <4
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y PROBLEM 9.9

Yo M T Determine by direct integration the moment of inertia of the shaded area
with respect to the x axis.

) =kx2 ‘

SOLUTION
At X =a, y=y,=b a
y: b=ka® or k=— "4,
a
b l M
Y0 b=ma or m=—
a L—X de x
Then ylzizx2
a
b
Yo =—X
a
Now dezl(y;—yf)dx
3
(b 5 b ¢
=—|—x"——x |dx
3\’ a®
T A N I
Then Ix—jdlx—jo?(gx - Jan

or [ =—ab’ 4
28
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y PROBLEM 9.10

Determine by direct integration the moment of inertia of the shaded area

y=ka" with respect to the x axis.
X
| a
SOLUTION
y =kx"
1 y= A" T
For x=a: b=ka" b

b t x —H
Thus: y=—2x" a —

a
b,
y=—0x
a
1 3 1 } 3n
dl. =—vy'dx=— x"dx
AR
b3 b3 a3n+1

I.=\1dl. = x3ndx:——
) J. T3 J-O 3a° Bn+1)

ab®
[ =— 4
33n+1)
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PROBLEM 9.11

Determine by direct integration the moment of inertia of the shaded area with

respect to the x axis.

I a
SOLUTION
\1
X -] I—-dx
%
ala b
At x=a,y=b: b=ke” or k=—
e
Then y= éeX/(l — bex/a—l
e
1 1
Now dl . =—y’dx=—(be" ") dx
3 3
_ 1 p3e30aD g
Then

03 303 .

=éab3(l—e_3) or I =0.1056ab’ <
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v PROBLEM 9.12

Yo R T Determine by direct integration the moment of inertia of the shaded area

) with respect to the y axis.

y1 =ka? ‘

SOLUTION
At X =a, y=y,=b a
ME b=ka® or k:% “@
a
b l M
A% b=ma or m=—
a L—X de ~
Then ylzizx2
a
Yp=—X
a
— 24 20 _2ffb b
Now dl, =x"dA=x"[(y, - y)dx=x"|| —x——x" |dx
a a
Th 1= [ar, = ["b| L =Lt |a
en el Kl P azx X

=b Lx“_Lf
4a 5a* 0
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y PROBLEM 9.13

Determine by direct integration the moment of inertia of the shaded area

y=ka" with respect to the x axis.
X
| a
SOLUTION
y= kx" ¥ 3:*)‘7‘ T
b
For x=a: b=ka" L
D A %
k=bla" e x —Hdv
b — &
Thus: y=—=x"
a

dl, = x*dA = xzydx

dly =x? i)c"d)c = ix"”dx
a" a"
b an+3

I :J-dly =a£nj-:x"+2dx=a—nn+3

a’b

Y n+3
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Y _ PROBLEM 9.14
y= kexta .
Determine by direct integration the moment of inertia of the shaded area with
respect to the y axis.
b
X
f a 1
SOLUTION
At x=a, y=b: b = ke “
X ——1 I—-dx
b
or k=—
e
Then y= éex/a — bex/a—l X
e
Now dl, = x*dA = x> (ydx)
— x2 (bex/a—ldx)
Then 1, ={ar, = [ "bxe" ax
0

Now use integration by parts with

2 fa-1
u=x dv=e""dx
Ja-1
du =2xdx v=ae""
a a a
2 xla-1 2 xla-1 Ja—1

Then j x“e™ dx=[x ae™’ JO—I (ae™ ) 2xdx

0 0

a
3 Ja-1
=a —ZaJ. xe " dx
0

Using integration by parts with

u=x dv=e"""dx
du =dx v=ae’"!
Then 1,=b {a3 —2al| (xae™™) I —j ‘ (ae™™! )dx}}
0
= b{a3 —2a [az —(a*e™ ™My ]}
= b{a3 - Za[az —(a* —aze_l)ﬂ or I, = 0.264a°h 4
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v PROBLEM 9.15

Determine the moment of inertia and the radius of gyration of the shaded
area shown with respect to the x axis.

SOLUTION
— kA2 — k2 Y 2
V=KX Yo =KX 52“@:" ]"
For x=0 and y,=y,=b 5
b=ka® b=k { 4t |
b b x
h=—  k=—px — L —H
a a a
Thus,
b , b n
=—x
N a Y2 1/2

dA=(y, — y)dx

75

al b b

AZJ'OLZITxuz_a_zxz}dx Yo T =5’_\_u—w‘«r
[+ TN N

_2ba”?  bd’
R

Azlab
3

dl . =—vy,dx——y;dx
X 3y2 3y1

1D 5, 1D
:gﬁx dx—ga—éxdx

b e 3/2 b (e 6
Ix:J-de::;aTJ-Ox dx—gjoxdx

3 5/2 37
= bg a” _ ba (21 ab® Ixziab3 <
3¢ (3) 3a°7 \15 21 35

kj:I_x:M kxzb\/z <
A ab 35

b
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PROBLEM 9.16

Determine the moment of inertia and the radius of gyration of the shaded
area shown with respect to the x axis.

SOLUTION
2 2
X y
a2 b2 le— % ‘.,I
2 ]
x=a,’l—y—2 b X
b ) 9y
dA = xdy s
dl, = ysz = yzxdy
a
_ I T S / _)’_2
I, —J-de —Iihxy dy—aJ:hy 1 % dy
Set: y=>bsiné dy=bcos0db

72 2 2 2
I.=a b sin“@+\J1-sin“ @ bcosfdl
—a2

) )
=ab3J-” sin2€coszt9d€=ab3.|.” lsin2 20d6
-2 -2 4
1 72
=lab3j” L —cosagyao=Lap* | o-Lsinae
4 ) 8 4 _n
8 2 2 8 8

b b 2 12
A=[aa =J'; xdy =aJ:b‘/1—Z—2dy - aJ-j;/Z\/l—sinz 6 bcos0dé

72 2 72 1
=abj cos’0d6 = abj ~(1+c0s260)d6
—xl2 -2 2

1 = a[x V1 1
=ab|0+—sin20] =— ——(——j =—rab
2 . 202 U 2)] 2
2 2 smab’ 1 2 1
I.=k,A k, =x_38 =—b ko=1b <
A %ﬂ'ab 4 2
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y PROBLEM 9.17

Determine the moment of inertia and the radius of gyration of the shaded
area shown with respect to the y axis.

I a 1

SOLUTION
See figure of solution on Problem 9.15.
a=tap ar = x*dA=x*(y, — y,)dx
=3 y = =X (=N
(42 b g b 5 b 17 sp b a4
Iy—jox [QITX —a—zx dx-w Ox dx—a—ZJ.Ox dx
b b b a (2 1), 3 5
Iy_ 2 'E——z'?_ 7—5 a b I} =§a b 4
2
I (%a%) 9
2 _ Ty _ _
== b=ayzs 4
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PROBLEM 9.18
Determine the moment of inertia and the radius of gyration of the shaded area
shown with respect to the y axis.
L—n—»
SOLUTION
2 2
X y Y a
—+==1
at b
2
/ x b
y=b1-— J
a’ g ¥
dA = 2ydx 5 3
—_—
dl, = x*dA = 2x* ydx N
2
_ (%2 5 _ ¢ 2 X
1,=[a1, = [ 22 yax=20[ 'x 1= ds
Set: x=asin@ dx=acos6 df
2 2 .2 2
I, =2b.[0 a”“sin“ @yl—sin“@ acos@db
72 2
=22 | " sin® 6 cos’ 96 =2a'b [ Lin?2646
0 0 4
n 2
=la3br Li-cosa0rae="Lab|o-Lsinag
2 02 4 4 0
LT o=Z 1,=Lra' <
4 2 8 78
From solution of Problem 9.16: A= %ﬂab
Thus:
1, L‘rza’b
I,=kjA kj=—"=2% =Ll ky:la <
A lmab 4 2
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PROBLEM 9.19

Determine the moment of inertia and the radius of gyration of the shaded
area shown with respect to the x axis.

SOLUTION

At x=a, y=y,=b:

Then

Now

Then

Now

Then

and

b=ka’ or k=— ‘_x‘_”,dx
a
b=2b-ca* or czi2 Hz
a
b 2 _xz
=—X = 2—— \'h
—— X
2
2
dA=(y, — y)dx= b(z_x—z]—%xz dx:—i)(az—xz)dx
a a a

a2b 2b 15" 4
A=jdA=IO ?(az—xz)dx=—[a2x——x3} =§ab

a’ 3
3 3
1 3 1 3 1 x2 b 2
dl_ =|—vy;,——y] |dx=—<|b|2—— || —| —=x dx
X (3))2 3ylj 3 { 612] |:(12
15° 4.2 24 66
=——(8a —12a"x" +6a"x" —x  —x")dx
3a°
3
=§b—(4a —6a*x* +3a*x* — x%)dx
3
I, —Id[ —j zb—(4a 6a4x2+3a2x4—x6)dx

3 a
Zb 4ax—2a*x +§a6x5—lx7
3a 5 7 o

=2 or I, =1.638qb" 4

or k =1.108» 4
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y PROBLEM 9.20

Determine the moment of inertia and the radius of gyration of the shaded
area shown with respect to the y axis.

SOLUTION
At x= =y, =b: . b=ka’ k=L
x=a, y=y,=b: Y. b=ka” or = 9 *“H"d"
y,: b=2b—ca’® or czi2 Ha
a
Then ylzizx2 W
a )
2
X
Y, =b|2——
2 612
Now dA=(y, —y,)dx
2
X b 2
= b 2—? —a—zx dx
=%(a2—x2)d
alp 2 2
Th A=|dA=| —(a" —-x")d
en I jo 2 (a” —x")dx
_Zb[ , 1 3}”
——2 a xX——X
a 0
—iab
2
Now dl, = xdA = x* [—l;(az - xz)dx}
a
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PROBLEM 9.20 (Continued)

a2h
Then I =Id1y =IO ?xz(a2 —x%)dx

201 , 5 1 5[

=—|—ax’—-—x
a’l3 5 0
or I =ia3b |
Y15

3

and k2=1—y—%ab—1a2
YA 4ab 5

or k, =
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s i PROBLEM 9.21

T Determine the polar moment of inertia and the polar radius of gyration of the
a shaded area shown with respect to Point P.

SOLUTION
T — % —{ ;Js
a —x
| P ’
FEtE
a ay 1
=4+ —=—(a
2 2a 2( »)
1
dA:xdyza(a+y)dy
lA_J-adA_jdl(a-ir )d 1 +y—2a—l 2+i ==a’ A=2a <
PR IR IR Y R 2
Tro=[aa= [y Ly == [ @? + vy
2" 0" 2 2Jo
3 414
:lay_+y_ :l l.l,.l a4:lla4 Ix:la4 <l
2| 3 40 2\3 4 212 12

a

%Iy _QJ. (a+y)’dy =i4‘i(a+ y)* . =%[(2a}4 —a4}=£a4
From Eq. (9.4): Jo=1.+1, =%a4 +%a4 =[284;;15Ja4 I, =j—§a4 <
J,=k2A kg_%=3§:; =%a2 ky =a % ky =0.773a 4
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a a ' PROBLEM 9.22
Determine the polar moment of inertia and the polar radius of
i P gyration of the shaded area shown with respect to Point P.
b 3D
b
4 v
SOLUTION
By observation y =;x H\’*"l l‘_dx
First note dA = (y+2b)dx “ ol N
b w
=—(x+2a)dx
a
1 1
Now de :[g yt?)op _gylioltom]dx
3
=l{(2x] —(—2b)3}1x
3|\a
10 5 5
=——(x" +8a’)dx
3d° ( )
- _(e1b 3
Then Ix—jdlx—j_agc?(x +8a”)dx
3 a
=lb— l)c4+8a3x
34°| 4 —a
1 b3 1 4 3 1 4 3 16 3
=———1| =(@)" +8a’(a) |-| —(—a)” +8a’(—a) | =—ab
3a3{[4() (a) 4( ) (=a) 3
2 2| b
Also dl, =x"dA=x [—(x+2a)dx}
a
Th 1= [ar, = [* 22 (et 2a)ax
en y —J- y —J:a;x (x+2a)
_b l)c4+ga)c3
al4 3 —a
b1, 4 2 3 1 4 2 3 4 5
=—1q|—(a)" +—a(a)’ |-|—(-a)" +—a(-a =—ab
a{L() 3()}[4() 3() 3
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PROBLEM 9.22 (Continued)

4

Now JP=IX+I},=Eab3+§a3b
Iy =2ab(a® +4v*) 4
P_Ea (a” + )
2 2
ond 2 _Jp Jab(a” +4b”)
A (2a)(3b)-1(2a)(2b)
2 2
=§(a2+4b2) or  kp= # <
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v PROBLEM 9.23

Determine the polar moment of inertia and the polar radius of
gyration of the shaded area shown with respect to Point P.

<—Q—><—§4>‘

SOLUTION
Y At x=2a, y=2a:
2 1
2a=k(2a) or k =—
2a
y,: At x=0, y=a: a=c %
At x=2a, y=2a:
5 1
2a=a+k,(2a)" or k,=—
4a
L L 5
Then =—x =a+—x
7 2a 2 4a
1 2, .2
=—7(4a" +x
4a( )
1 2, 2 L 5
Now dA=(y, —y)dx=|—(4a" +x°)——x" |dx
da 2a
1 2 2
=—(4a” —x")dx
4a( )
2a ] 2 2 1 2 13 g 2
Then A=IdA=ZI —(da” —x))dx=—/|4a" x——x =—a
0 4a 2a 3 4 3
3 3
1 3 1 3 1 1 2 2 1 2
Now dl _=|—vy, ——y; |dx=—<| —(4a" +x —|—x dx
x (3” 3y1) 3 [4a( ' 72

1] 1 1
=—[ 3 (64a° +48a*x* +12a°x* +x6)——3x6}dx
3| 64a 8a

= 19; ~(64a® +48a*x” +12a°x* = 7x°)dx
a
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PROBLEM 9.23 (Continued)
Then I = *x? 2xt = 7x%)dx
2a
= ! 3 [64a6x+16a4x3 +2azx5 —xﬂ
96a 5 o
= ! [64a (2a)+16a (2a) + a (2a) (2a)7}
964° 5
L (128+128+—><32 128) 32
%" 5
Also dl, = x*dA=x [l(4a2 —xz)dx}
da
4 1T
Then I, —jd[ —2j — x(4d® —x )dx——[—a2x3——x5}
2a| 3 57,
:L iaz(zaf (2) 32 4(1_1) 32 a
2a| 3 29375) 15
Now JP=IX+I,—32 44320 or JPzﬁa4<
Y15 15 15
64 4
and =te o159 8 or ky=1265a 4
A %a 5
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AN

-
2

PROBLEM 9.24

Determine the polar moment of inertia and the polar radius of gyration
of the shaded area shown with respect to Point P.

SOLUTION

The equation of the circle is

So that
Now
Then
Let

Then

Now

Then

Let

Then

Now

= /rz_yz

dA = xdy =/r* — y*dy
A=IdA=2J'_rr/2«/r2 —y2dy
y=rsin@; dy=rcos0df

/2
A= zj'” Jr2 = (rsin @) rcos d@
—7/6

/2 . /2
:2!7[ r?cos>0dO =2r [0 s1n20}
—r/6
:2r2 i_ j.ksnl_i
2 2
=2.5274r"
dl . = ysz= y2 (\/rz - yzdy)
I _jdl _2j =Yy

y=rsin@; dy=rcos0d0l

/2
I = zj” (rsin@)*\r% — (rsin@)? rcos0d6
—/6

2
= 2_[” 6r2 sin? @(rcos @)rcos0do

-/

sin 26 = 2sin @ cos @ = sin’ Gcos> O = %sin 20
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PROBLEM 9.24 (Continued)

2 41 . /2
Then Ix=2j” A Lain? 20 |ag="_| £ _5in40
-7l6 \ 4 212 L
212 (2 8
I EE)
3 16
L 5 1 > 2\
Also dl, =—x dyz—( re—y ) dy
3 3
Then I, —jd[ —zj ¥ 2dy
Let y=rsin@; dy=rcos8d@
/2
Then 1},=gj " = (rsin0)2 7 rcos 040
3J-rx/6
/2 3 3
=—J- (r" cos” @)rcos8da
Now cos* @ = cos? (1 -sin” 8) = cos” 8 —%sin2 260
/2
Then == j (cos 60— Lgin 20}10
—71'/6 4

_zr4[[2+sin29] l[Q_SinMHM
4 ) 428 ),
4{
7 x, x 1(B) oz 1(3
AN AT W)

1
I

uol \*]

4

uol \S)
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PROBLEM 9.24 (Continued)

4
Now Jo=1 +1 _r f_ﬁ +2r4 £+ﬂ
P77 o03 16) 3 |4 64

J3

A4 N2 15545, or J,=1.155" «
3 16

4
and k2 =Jp L15535r or k,=0676r 4

A 2507477
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PROBLEM 9.25

(a) Determine by direct integration the polar moment of inertia of the
semiannular area shown with respect to Point O. (b) Using the result of
part a, determine the moments of inertia of the given area with respect
to the x and y axes.

SOLUTION
(a) By definition

dJ, =r*dA=r*(zrdr)

=zridr

Then Jo =Id]0 =I:2 xridr

(b)  First note that symmetry implies

Un=Uy)  U)y=U,)),

4|
Also have
Ix:(Ix)l+(IX)2
and I, =)+, = U, + (), =1, h
Now Jo=1,+1, I, =1,
=21,
1 . T4 4
Ix_Iy_EJO or IX_Iy_g(RZ_Rl) 4
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PROBLEM 9.26

(a) Show that the polar radius of gyration ko of the semiannular area
shown is approximately equal to the mean radius R,, = (R; + R,)/2 for
small values of the thickness t = R, — R;. (b) Determine the percentage
error introduced by using R,, in place of k, for the following values of
R, 1,%’ and %-

SOLUTION

(@)  From the solution to Problem 9.25 have

o= (R ~!)
Now k2:‘I_O:%(R;_Rf‘):l(RZZ_Rlz)(R22+R12)
T4 s(R-R) 2 R-R
=%(R22+R12) o
Now Rm=%(R1+R2) t=R,—R,
Then R =R, —%; R, =R, +%t

Substituting into Eq. (1),

2 2
kézl Rm+lt + Rm—lt
2 2 2

_L R} +Rmt+lt2 +R? —Rmt+lt2
2 4 4

m

=Rj,+lt2 k, =,|R} L
4 4

If t<<R,R,

Then t << R,

So that ko =R or k,=R, <

m
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PROBLEM 9.26 (Continued)

(b)  The percentage error, % error, is given by

R —k
% error =’”k—0><100%

\/7“ x100%
+1z

;—1 x100%
2
S5
Then, for
t 1
—=1: 9% error = —2—1 x100%
R, 1+(1+1)
or % error=-10.56% <
L:l; % error = ;2—1 x100%
o 2 L (33)
or % error =—-2.99% <«
RL:%; % error = ;2—1 x100%
. 1+ (1)

or % error =-0.1248% <
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v PROBLEM 9.27
Determine the polar moment of inertia and the polar radius of gyration of
e the shaded area shown with respect to Point O.
=a+ko P
(0] X
|<—2a—>|<—a—>‘
SOLUTION
At @=rn, R=2a: 2a=a+k(r) “1|
or k:i ab 17 de
e
- 5] C X
Then R=a+£¢9=a(1+£] Y
V3 V3
Now dA = (dr)(rd@)
=rdrd@
a(1+6/ 1)
a(1+6/m)
Then A=faa=["[" rdrdezj”[lrﬂ do
090 012
2 37"
Azj”laz 1+9) ao=La2| Z[142
02 V4 2 3 z) |,
zY 7
=—7a® (1+—j - |==nd*
V3
Now dJ, =r*dA=r*(rdrd@)
 pa(l+6/7) 3
Then Jo_jcua_jo jo Pdrd
a(1+6/7) 4
=J-”{lr4} d@zj”la4[l+£j do
oL4 04 T
1 uxr oY zY 31
=—a*| S| 1+= =—gzma*||1+= | =) or J,=—na" 4
4 5 7) |, 20 V4 20
ﬂﬂ 4
and k; =J—O=%=ﬁa2 or k,=1.153a 4
A lrna 70
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PROBLEM 9.28

Determine the polar moment of inertia and the polar radius of gyration of

the isosceles triangle shown with respect to Point O.

SOLUTION

By observation:

or

Now

and

Then

From above:

Now

and

h

y=4x
2

x_i
o’

dAz(h—y)dxz{h—%x

Jas

h
=—(b—-2x)dx
b( )

dl, = x*dA=x %(b — 2x)dx

dy
V2
\1
x
v x cdx
V.
3/
x
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PROBLEM 9.28 (Continued)

~ L [P2h
Then 1, = [, =2f (b= 2)dx
- b2
:2ﬁ lb)c3—lx4
b3 27 |
B 3 4
:22 biby _1(b Lb3h
b|3\2 212 48
1 4 1 4
Now Jo=1,+1,=—bh>+—b"h or
o4 8
Sh(12h* + 1
and ko =J—O:M:i(12h2 +b%) or
A Tbh 24

J, =—(12h* +b*) 4
0 48( )

[i71,2 1 12
ky = 12%124+b <
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y PROBLEM 9.29*
T Using the polar moment of inertia of the isosceles triangle of Problem
9.28, show that the centroidal polar moment of inertia of a circular area of
radius 7 is 7zr*/2. (Hint: As a circular area is divided into an increasing
number of equal circular sectors, what is the approximate shape of each
circular sector?)

1O | o=
1O | o=

PROBLEM 9.28 Determine the polar moment of inertia and the polar
o* x radius of gyration of the isosceles triangle shown with respect to Point O.

SOLUTION

First the circular area is divided into an increasing number of identical circular sectors. The sectors can be
approximated by isosceles triangles. For a large number of sectors the approximate dimensions of one of the
isosceles triangles are as shown.

L«\

For an isosceles triangle (see Problem 9.28): /

7, =L 1) / c
0748 {

° X

Then with b=rA@ and h=r

(AT ) oror 4i8(rm9)(r)[12r2 +(rA0)*]
= ir“Ae[(lz + Aez)]
48 0
d‘]O sector . A‘]0 sector . 1 4 2
Now T —J;IBO[A—Q = Aim g U2 Ao nd

c

L |
2z 1 1 4[61271' L..l_rms

Then (JO )circle = jd‘lo sector — -[0 Z r4d6 = Z r 0

or (‘]0 )circle :%'A 4
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PROBLEM 9.30*

Prove that the centroidal polar moment of inertia of a given area A cannot be smaller than A*/2z. (Hint: Compare
the moment of inertia of the given area with the moment of inertia of a circle that has the same area and the
same centroid.)

SOLUTION

From the solution to sample Problem 9.2, the centroidal polar moment of inertia of a circular area is

T 4

J ) =—=T

( C)Cll‘ 2
The area of the circle is

Acir = ﬂ-rz

A2

So that [Je (A, =—
27

Two methods of solution will be presented. However, both methods depend upon the observation that as a given
element of area dA is moved closer to some Point C. The value of J. will be decreased (J. =[r’dA; as r
decreases, so must J-).

Solution 1

Imagine taking the area A and drawing it into a thin strip of negligible width and of sufficient length so that its
area is equal to A. To minimize the value of (J.),,the area would have to be distributed as closely as
possible about C. This is accomplished by winding the strip into a tightly wound roll with C as its center; any
voids in the roll would place the corresponding area farther from C than is necessary, thus increasing the value
of (J.),. (The process is analogous to rewinding a length of tape back into a roll.) Since the shape of the roll
is circular, with the centroid of its area at C, it follows that

AREA A 2
(Je) z;‘— QED. 4
T

where the equality applies when the original area is circular.

A
,"‘l\l AREN A
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PROBLEM 9.30* (Continued)

Solution 2

Consider an area A with its centroid at Point C and a circular area of area A with its center (and centroid) at
Point C. Without loss of generality, assume that

A=A A=A,
It then follows that
(Je)a =)o T (A) =T (A) + T (Ay) - T (A))]
Now observe that
Jco(A)—-J-(4,)=20
Jo(A)—J-(A)20

since as a given area is moved farther away from C its polar moment of inertia with respect to C must
increase.

AZ
(Jc)A Z(Jc)cir or (JC)A Zg QED <4
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Y PROBLEM 9.31
12 mm 12 mm
| Determine the moment of inertia and the radius of gyration of the
6 mm shaded area with respect to the x axis.
8 mm—= < 24 mm
(@) X
24 mm
| B
|<— 24 mm —<—24 mm—’-lT
SOLUTION

First note that

Now

where

Then

and

A=A +A, + A
=[(24)(6) + (8)(48) + (48)(6)] mm”
= (144 + 384 + 288) mm” :
=816 mm?>

Ixz(lx)1+(1x)2+(1x)3 ~®

(1) =%<24 mm)(6 mm)’ + (144 mm*)(27 mm)” [:_£

= (432 +104,976) mm*
=105,408 mm*

(I,), :%(8 mm)(48 mm)® = 73,728 mm*

(I,); :$(48 mm)(6 mm)® + (288 mm?)(27 mm)>
= (864 +209,952) mm* = 210,816 mm*

I, =(105,408+ 73,728 +210,816) mm*
=389,952 mm"* or I, =390x10° mm* «

2ol _389.952 mm*

= 216 or k, =219 mm <«
mm
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L Y . PROBLEM 9.32
5111.—»1 '«—21n.—><—21n—>1 |<—§m. . . - . -
T Determine the moment of inertia and the radius of gyration of the
2 in. shaded area with respect to the x axis.
1in
O X
1in.
1in.
1in.
%in,—»‘ l— — I‘_%ill-
SOLUTION
First note that
A=A -A - A
=[(5)(6) - (4)(2) - (4)(D)] in>
=(30-8-4)in’
=18 in’
Now I.=U),-U),-Uy, -
@
1 . . \3 . 4
where 1), =—(in.)(61in.)" =90 in
(L) . 2( )(6 in.) 0
(I,),= %(4 in.)(2 in.)’ + (8 in?)(2 in.)*
=342 in*
3
1 3. Y
1,);=—(4in)(lin.)’ + (4 in®)| = in.
(1,); 12( )(1in)”™ +( )(2 )
= l in?
3
2 1), 4 .4
Then I, = 90—343—95 in or [, ,=46.0in" 4
. 4
and k2 =I—X=w or k, =1599 in. «
A 18in
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y PROBLEM 9.33
12 mm 12 mm
| Determine the moment of inertia and the radius of gyration of the
6 mm shaded area with respect to the y axis.
8 mm—> < 24 mm
(@) X
24 mm
| B
|<— 24 mm —><—24 mm—’-lT

SOLUTION
First note that
A=A+ A, + A
=[(24x6) + (8)(48) + (48)(6)] mm>
= (144 + 384 + 288) mm”>
=816 mm”’
Now I, =) ), +,);
where
(I, = é(ﬁ mm)(24 mm)’ = 6912 mm*
), =é(48 mm)(8 mm)® = 2048 mm*
(I,) =$(6 mm)(48 mm)’ = 55,296 mm*
Then I, =(6912+2048 +55,296) mm* = 64,256 mm*
or
I 4
and k2= zm or

-y
YA 816 mm?

1,=643x10°mm" <«

k, =887 mm <«
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L v . PROBLEM 9.34
5 . —»1 '«—21n.—><—2 m—»‘ |<—§m. . . - . .
T Determine the moment of inertia and the radius of gyration of the
2in shaded area with respect to the y axis.
1in
O X
1in.
1in.
1in.
%in,—»‘ le— — > I‘_%ill-
SOLUTION
First note that
A=A —-A - A
=[(5/(6) -~ (42~ (D] in* R
=(30-8-4) in” @
=18 in’
Now I,=,) =), =) O
©)
here Ce |
(), = %(6 in.)(5in.)* =62.5 in*
1 . . \3 2. 4
I),=—2in.)@in.)” =10— in
(1), =1 @ in)din)’ =102
(I.) —i(l in.)(4 in.)’ —s5lipt
R T T3
2 _1). 4 .4
Then I, = 62.5—105—55 in or [,=46.5in" <
I, in?
and e L or k, =1.607 in. <4
A 18 in
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PROBLEM 9.35

Determine the moments of inertia of the shaded area shown with
respect to the x and y axes when a = 20 mm.

a

L

SOLUTION

By symmetry: [ =1

X y

Given area = square — 4(semicircles)

Square

Semicircle 1:

62.83%10* mm*

| _gamm’ wm’ | gomm | a r —3‘%’ -@"&188::
IR 2 KT A—
40mn L 40 mm

I = %(80 mm)”* =3.413x10° mm*

Iy = %(20 mm)* = 62.83%x10° mm*

Ly =1,+Ad’
=T+ %(20 mm)>(8.488 mm)?

1,=17.56x10° mm*
I, =1+ A(40 mm —8.488 mm)*

=17.56x10* mm* + %(20 mm)?(31.512 mm)?

I. =641.5x10° mm*

X
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PROBLEM 9.35 (Continued)

Semicircle 2: Same as 1: I, =641.5x% 10° mm*

Semicircles 3 and 4 are equivalent to one 20-mm circle when computing

I, =%(20 mm)* =125.66x10° mm*

Entire area = square — 4 (semicircles)
I, =3.413x10° mm* —2(641.5x10> mm*)—125.66x10~> mm"*
=2.0047x10° mm*

I,=1,=2.00x10°mm" <
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PROBLEM 9.36

Determine the moments of inertia of the shaded area shown with respect to the x

and y axes when a =20 mm.

SOLUTION

We have

where

Then

Also

where

Then

I.=(),+2()),

(1,), = %(40 mm)(40 mm)’

=213.33%x10°> mm*

|z T 2((4%20
(Ix)z—{8(20mm) 2(20mm) ( T

2
+£(20 mm)’ M +20 | mm
2 3

=527.49%x10° mm*

I, =[213.33+2(527.49)]x10° mm*

]|

or I, =1.268x10°mm"* «

I,=(1,),+2(,),

(), = émo mm)(40 mm)’ =213.33x10° mm*

1), = %(20 mm)* = 62.83x10° mm*

1, =[213.33+2(62.83)]x10° mm*

or

I,=339x10"mm* <
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r/ i
e

of inertia I and I

PROBLEM 9.37

The shaded area is equal to 50 i in>. Determine its centroidal moments
, knowing that I =21, and that the polar moment
of inertia of the area about Point A is J = 2250 in*

SOLUTION

Given:

y

J4=Jp+A6in)?

2250 in* = J +(50in*)(6 in.)

Jo =450 in*

Al
Il

450 in* =1 _+2I,

1,=2I_, J,=2250in*

I,+1, with I, =

Gwm.

IS

1,=150.0in* <

I,=21,=300in" <
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Ny PROBLEM 9.38
CF\ b The polar moments of inertia of the shaded area with respect to
T = Points A, B, and D are, respectively, J, =2880 in4, Jy =6720 in4,
6 in.k_a/ I and Jp = 4§60 in*. Determine the shaded area, its centroidal moment
| l of inertia J.., and the distance d from C to D.
A B
SOLUTION
See figure at solution of Problem 9.39.
Given: J,=2880in*, J,=6720in*, J,=4560in"
Jy=Js+A(CB)*; 6720in* =J. +A(6* +d?) (1)
J, =Jo+A(CD)*; 4560 in* =J. + Ad* )
Eq. (1) subtracted by Eq. (2): J, —J,, =2160 in* = A(6)* A=60.0in" 4
Jy=Jc+A(AC)*; 2880 in* =J. +(60 in*)(6 in.)* Jo=720in" «
Eq. (2): 4560 in* =720 in* + (60 in*)d> d =8.00 in. «
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PROBLEM 9.39
} Determine the shaded area and its moment of inertia with respect to the
d centroidal axis parallel to AA”, knowing that d; = 30 mm and d, = 10 mm, and
A A that the moments of inertia with respect to AA” and BB’ are 4.1 X 10° mm*
dy 6 4 .
B 2 g and 6.9 x 10" mm’, respectively.
SOLUTION
N
\N
\ \ 0: = JOM"Mm
A ﬂ'
d.'z = SON 2’
1,0 =41x10°mm* =T + A(30 mm)? (1)
Iz =6.9%x10° mm* =T + A(40 mm)?
Iy —1 0 =(6.9-4.1)x10° = A(40* —30%)
2.8x10° = A(700) A=4000 mm’> <
Eq. (1): 4.1x10° =T + (4000)(30)* I =500x10° mm* <«
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PROBLEM 9.40

f Knowing that the shaded area is equal to 7500 mm® and that its moment
d of inertia with respect to AA” is 31 x 10° mm®, determine its moment of
A 3 A’ inertia with respect to BB’, for d; = 60 mm and d> = 15 mm.
B ‘2 B’
SOLUTION
Given: A =7500 mm?

Iy =1+Ad}; 31x10°mm® =1 + (7500 mm?*)(60 mm)’
I =4x10° mm*

Iy =1 +Ad” =4x10° mm* + (7500 mm*)(60 mm + 15 mm)*
=4x10° +7500(75)* = 46.188x10° mm*

Iy =46.2x10°mm* <
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|

PROBLEM 9.41

Then

or

Now

where

Then

12 mm
18 jm Determine the moments of inertia 7, and Ty of the area shown with
18 tam respect to centroidal axes respectively parallel and perpendicular to
12 mm side AB.
fa B
22 mm—- 72 mm <14 mm
SOLUTION
B 5t — PPN
|
—X‘ X'
Dimensions in mm
First locate centroid C of the area.
Symmetry implies ¥ =30 mm.
A, mm” X, mm XA, mm®
1 108 x60 = 6480 54 349,920
2 —%x72x36=—1296 46 -59,616
z 5184 290,304

XZA=ZXA: X (5184 mm?)=290,304 mm’
X =56.0 mm
L=~ (),
(), = é(lOS mm)(60 mm)® =1.944x10°mm*
(1), = 2[% (72 mm)(18 mm)® + [%x 72 mmx18 mmj(6 mm)z}

=2(11,664 + 23,328) mm* = 69.984 x10’ mm*

[(1,), is obtained by dividing A, into =]

I, =(1.944-0.069984)x10° mm*

or  I,=1.874x10°mm* «
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PROBLEM 9.41 (Continued)

Also IL=(,),—-,),

where (I, = émo mm)(108 mm)” + (6480 mm?)[(56.54) mm]*

=(6,298,560 + 25,920) mm* = 6.324 x10° mm*

(I,), = %(36 mm)(72 mm)® + (1296 mm?)[(56 — 46) mm

=(373,248 +129,600) mm* = 0.502x10° mm*

Then 1, =(6.324-0.502)10° mm*

or 7), =5.82x10°mm* <
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PROBLEM 9.42

42 mm Determine the moments of inertia TX and 7} of the area shown with respect to
centroidal axes respectively parallel and perpendicular to side AB.

28 mm

Al<—36 mm—>|B__

SOLUTION

First locate C of the area. 9

Symmetry implies X =18 mm.

A, mm?> Yy, mm YA, mm®
1 36x28 =1008 14 14,112 ON T
1 31,752 “ |
2 —x36x42=756 42 o
2 Dimensions in mm
T 1764 45,864
Then YIA=XyA: Y (1764 mm?)=45,864 mm’
or Y =26.0 mm
Now I.=),+U,),
1
where (1), = E(36 mm)(28 mm)® + (1008 mm?)[(26 —14) mm ]

=(65,856 +145,152) mm* =211.008x10* mm*
(1,),= %(36 mm)(42 mm)® + (756 mm*)[(42 — 26) mm]*
= (74,088 +193,536)mm* = 267.624x10°> mm*
Then I, =(211.008 +267.624)x10’ mm*

or 1, =479x10°mm* <
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PROBLEM 9.42 (Continued)

Also I,=()+U,),
where (I, = é(zs mm)(36 mm)’ =108.864x10° mm*

(1), = 2{%(42 mm)(18 mm)’ + (%xw mm X 42 mm)(6 mm)z}

=2(6804 +13,608) mm* = 40.824 x10° mm*

[(,), is obtained by dividing A, into /N1

Then I, =(108.864 +40.824 %10’ mm* or I,=149.7x10’mm" <
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1 a 3  PROBLEM 9.43

1.2 in.
Determine the moments of inertia /, and [, of the area shown with respect
to centroidal axes respectively parallel and perpendicular to side AB.
5.0 in.
1.8 in.
I
0.9 in.
i 20m, 2L !

SOLUTION
*«'I 4, = 5 )
—A 2.9 .
-~ ©9+1) w.
] Q
T | G
Y N \.8+2.9)w.
4, Oy .
x % X
First locate centroid C of the area.
A,in? X, in. y, in. XA, in’ YA, in®

1 5%8 =40 2.5 4 100 160

2 -2x5=-10 1.9 43 -19 —43

T 30 81 117
Then XXA=3xA: X(30in*)=81in’
or X =2.701n.
and YIA=3yA: Y(30in*)=117in’
or Y =3.90in.
Now I, =(),—),
where (1), = é (5in.)(8in.)’ +(40in*)[(4-3.9) in.]?

=(213.33+0.4)in* =213.73in*
(1), = é(z in)(51in.)® + (10in?)[(4.3-3.9) in.]?

=(20.83+1.60) = 22.43in*
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PROBLEM 9.43 (Continued)

Then 1,=(213.73-22.43)in" or I =191.3in" «
Also 1= -,
where () :é(s in)(5in)’ +(40in*)[(2.7 - 2.5) in.]?

=(83.333+1.6) in* =84.933in*
(), =%(5 in)(2in.)’ +(10in*)[(2.7-1.9) in.]?
=(3.333+6.4)in* =9.733 in*

Then I,=(84.933-9.733)in* or I,=752in" «
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—| L3 in. | PROBLEM 9.44

1.0 in.

Determine the moments of inertia 7 and Ty of the area shown with respect
to centroidal axes respectively parallel and perpendicular to side AB.

— [~—05in.

3.8 in.

SOLUTION

o O.5 N, (4.3+0.9)w.

0.5\

.25 m. *
First locate centroid C of the area.
A, in? X,in. y, in. XA, in’ YA, in®
1 3.6x0.5=18 1.8 0.25 3.24 0.45
2 0.5x3.8=1.9 0.25 2.4 0.475 4.56
3 13x1=1.3 0.65 4.8 0.845 6.24
)y 5.0 4.560 11.25
Then XZA=3xA: X(5in®)=4.560in’
or X =0.912in.
and YIA=XyA: Y(5in*)=11.25in’
or Y =2.25in.
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PROBLEM 9.44 (Continued)

Now L=+ ), +(I),

where (1), = é(3.6 in.)(0.5in.)’ + (1.8 in*)[(2.25-0.25) in.]?
=(0.0375+7.20) in* =7.2375 in*
(1), = é(o.s in.)(3.8in.)° + (1.9 in%)[(2.4 — 2.25) in.)?

=(2.2863+0.0428)in* =2.3291in*

(1,), :é(lﬁ; in.)(1in.)* +(1.3in*)[(4.8 —2.25in.)]*
=(0.1083 +8.4533) in* =8.5616in*
Then 1. =(7.2375+2.3291+8.5616) in* =18.1282 in*
or I =18.13in* «

Also L= +U,),+U,),

where (I, = %(0.5 in.)(3.6in.)* +(1.8in?)[(1.8 —0.912) in.]?

=(1.9440 +1.4194) in* =3.3634 in*

(I,), = é(3.8 in.)(0.5in.)* + (1.9in*)[(0.912 = 0.25) in.]?
=(0.0396+0.8327) in* =0.8723 in*

(I,);= é(l in.)(1.3in.)* + (1.3in?)[(0.912 - 0.65) in.]?
=(0.1831+0.0892) in* =0.2723 in"*

Then I, =(3.3634+0.8723+0.2723)in* =4.5080 in*

or 7} 4.51in* <
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PROBLEM 9.45
Determine the polar moment of inertia of the area shown with respect to (a) Point O, (b)
the centroid of the area.
O.
3 in.—»l
l«—4.5 in.
SOLUTION
RN T
¥sm M 3n. )
+- l \
ACEERL B AN
41 i 5T
i';'lgg)ri.””". * v /. n3%
Section Area, in’ X, in. XA, in’
1 %(4.5)2 =15.904 1.9099 30.375
T A2
2 —2(3) =-7.069 1.2732 -9.00
z 8.835 21.375
Then XA=XxA: X(8.835in’)=21.375in’
or X =2.4191n.
4 N N .4 _ . 4
Then Jo —§(4.5 in.) —§(3 in.)" =129.22in Jo=1292in" 4
0C =+2X =2(2.419in) =3.421in.
J, =T +AOC)*:
129.221in* = J- +(8.835in.)(3.421in.)? Jo=258in" «
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4 in.—{=<—4 in.

PROBLEM 9.46

Determine the polar moment of inertia of the area shown with respect to
(a) Point O, (b) the centroid of the area.

SOLUTION

Determination of centroid C of entire section:

Section Area, in’ X, in. XA, in’
1
| T (42 =4n 16 21333
4 3
1 4
_ — _ _ = b3
2 @) =8 3 10.6667 .3 v
3 L ayay =3 4 10.6667
2 3 )
p> 28.566 21.333 $in %

XTA=3XXA: X(28.566in?)=21.333in’

(a)  For section (D:

For sections ®,3):

For total area,

By symmetry,

(b)  Parallel axis theorem:

X =0.74680in; by symmetry, Y =X =0.74680 in.

1= L) = Lzt =50.265in*
4\ 4 16

I, :ib;ﬁ :i(4)(4)3 =21.333in*
12 12

I, =50.265+2(21.333)=92.931 in*

I =1

y X

Jo=1,+1,=185862in"* J,=1859in* «

Jo=J,—A0C)Y? =], -AX*+Y?)

J =185.862 —(28.566)(0.74680° +0.74680%) Jo=154.0in* <
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T 80
60

;

0
|+40+I+40 +|+ 40»!«40+|

Dimensions in mm

PROBLEM 9.47

Determine the polar moment of inertia of the area shown with respect to
(a) Point O, (b) the centroid of the area.

SOLUTION

Dimensions in mm Symmetry: X =0

v [}

A

I 80 == i &o
io lp \ 10 l ¥ \\.0 60-1

%'w ) I‘w,lv

Determination of centroid C of entire section

8o i’,SO \

YSA=3YA
Y (4000 mm?) =122.67 x10* mm®
Y =30.667 mm
Area mm’ y, mm yA, mm’
1
1 E(160)(80) = 6400 80 170.67x10°
3

2 —%(80)(60) =-2400 20 —48x10°
> 4000 122.67x10°

(a)

Polar moment of inertia J,,:
Section (D:

—
8o

IX

$(16O)(80)3 =6.8267x10° mm*

For I, consider the following two triangles

I, = 2[% (80)(80)3} =6.8267%10° mm*

Jo=1,+1,=(6.8267+6.8267)10° =13.653x10° mm*
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PROBLEM 9.47 (Continued)

(b)  Section @: I, =$(80)(60)3 =1.44%10° mm*

For I, consider the following two triangles

T gl _ i 3(_ 6 4
6? ly Iy —2[12(60)(40) }—0.640><10 mm

kvod 4o Jo=1,+1,=(1.44+0.640)10° =2.08x10° mm*
Entire section Jo=p) —(Jy), =13.653x10° —2.08x10°
Jo =11.573%10° mm* Jo =11.57x10° mm* <«

(c) Polar moment of inertia J,, of intire area

2 Jo=Jg+AY?
11.573x10° = J . +(4000)(30.667)*
Je =7.811x10° mm*

Y A=400Crmm

Y=30.467mm

Jo=7.81x10°mm"* «
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PROBLEM 9.48

Determine the polar moment of inertia of the area shown with
respect to (a) Point O, (b) the centroid of the area.

SOLUTION
First locate centroid C of the area.
~ “
™~ 3 ‘}%’D"‘”‘ 4
0 T Tx 45.‘&)::‘
™
A, mm?> Yy, mm YA, mm?>
T 48
1 5(54)(36) =3053.6 — =15.2789 46,656
T
2 —2(18)2 =-508.9 24 =17.6394 —3888
2 T
> 2544.7 42,768
Then YZA=3yA: Y(2544.7 mm?)=42,768 mm’
or Y =16.8067 mm <
(@) Jo=WUoh—Up)

- %(54 mm)(36 mm)[(54 mm)° + (36 mm)’] —%(18 mm)*

=(3.2155x%10° = 0.0824x10%) mm*
=3.1331x10° mm*

or J,=3.13x10° mm* <
(b) Jo=Jc+AXY Y
or Je =3.1331x10° mm* - (2544.7 mm?)(16.8067 mm)>

or J.=241x10° mm* <
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v PROBLEM 9.49

) Two channels and two plates are used to form the column
/J%C%OMZS section shown. For b = 200 mm, determine the moments of

inertia and the radii of gyration of the combined section with
x respect to the centroidal x and y axes.

b

10 mm
L
T l<—375 mm —»l

SOLUTION
b 23
L /88— 57— CIES
/0 ::T_I\TJ_\L:,\ \L\:/\L.\!I\i?—r
% i 12745 = /32
(] / EV ¥ /2?
g oje 4P ) |
25-7 - :./ - X
1 / IZL ZT "= 132
: 127+8°=
4 /; a77‘ _L l
Io‘:;rL:'\ AL A VAWM
pe 14 [ 10 | d~bsomem
/8./0 s L 1 %__ From Figure 9.13B
For C250 x 22.8
Y
A=2890 mm*
C x 1, =28.0x10° mm*
I, =0.945x10° mm*
Total area A =2[2890 mm* + (10 mm)(375 mm)] = 13.28 x10°> mm?

Given b=200 mm: [ =2[28.0x10° mm*]+ 2{%(375 mm)(10 mm)* + (375 mm)(10 mm)(132 mm)zjl

=186.743x10° 1, =186.7x10°mm* <«
— T 6 —
i = Lo BT ) 6620107 mm? k. =118.6 mm «
A 13.28x10

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1459



https://students-hub.com

PROBLEM 9.49 (Continued)

Channel ) Plate )

I,=%(I,+Ad*)=2[I,+ Ad’]+ z{é (10 mm)(375 mm)ﬂ

2
=2/ 0.945%10° mm* + (2890 mmz)(zoo%-i- 16.10 mm] } 87.891%10° mm*

=2[0.945%x10° +38.955%x10°]+ 87.891x10°
=167.691x10° mm* I, =167.7x10°mm* <«

I 6 _
k2=t LIOTODAY ) 6730107 k, =112.4 mm <

_y
YA 13.28%x10°
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v PROBLEM 9.50

— - Two L6 X 4 X %—in. angles are welded together to form the section shown.
’ Determine the moments of inertia and the radii of gyration of the combined
61n. section with respect to the centroidal x and y axes.

‘ X

in.—»‘ l<—4 in.—

2

SOLUTION
4

z/ﬁ/////////s ’]'

/ \ Rin

/ ct & . j x

/ l ) \§ 1-|f.021':' [

/ | J9am, ~ 3m

/ AARNENN

% = J.Zf?f"n*"\ 513 From Figure 9.13A
2.28m. R, 28

From Figure 9.13A: Area=A=4.75 in’
v I,=173in*
I,=622in*

¥l

¥

I, =2, +Ay;]1=2[17.3in"* +(4.75in%)(1.02 in.)*] = 44.484 in*

I,=445in" «
Total area = 2(4.75) = 9.50 in’
—_— T 1 4 —_—
2ate AR 6e05in? k,=2.16in. <
area  9.50in
1, =2[1, + Axj]1=2[6.22in" +(4.75in%)(1.269 in.)*]
=27.738in* 1,=27.7in" 4

Total area = 2(4.75) = 9.50 in’
L, T, in _
2= 221856108 k, =1.709in <
area 9.501in
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! PROBLEM 9.51
Two channels are welded to a rolled W section as shown. Determine
the moments of inertia and the radii of gyration of the combined
section with respect to the centroidal x and y axes.
Cc8x11.5
SOLUTION
W section: A=9.12in?
I,=110in* 4
I,=37.1in" L — FXeman
4.005. (4.00 ¥+0.512) M.
Channel: A=337in’ C =
I, =131in*
I,=325in*
Atolal = AW + 2Achan
=9.12+2(3.37)=15.86 in”
Now Tx = (Tx)w + 2(Ix)chan
where () ehan = Txh +Ad?
=1.31in* +(3.37in*)(4.572in.)> =71.754 in*
Then I, =(110+2x71.754)in* =253.51in* 1, =254in" <
— T 1 4 —
and Pr=te o 253'5““2 k,=4.00in. €
Aga  15.86in
AISO Ty = (I_v )W + 2(I_v )chan
=(37.1+2x32.5)in* =102.1in* 1,=102.1in* <«
— I, in* _
and 2=y 102l k, =2.54in. 4
Aga 15.861in
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80 rg_) 80 mm
!

20 mm

X

L -S310x47.3

e

PROBLEM 9.52

Two 20-mm steel plates are welded to a rolled S section as shown.
Determine the moments of inertia and the radii of gyration of the combined
section with respect to the centroidal x and y axes.

SOLUTION

S section:

Note:

Now

where

Then

and

Also

and

A=6010 mm*
T 6 4 4
IX=90.3X10 mm = XpLATE
Ty =3.88x10° mm* 3;—’-§mn
C
Atolal = AS + 2Aplale X
=6010 mm> + 2(160 mm)(20 mm)
=12,410 mm?

I,=(I)s+2(,)

plate

T 2
(Ix)plate = prlme +Ad

= é(mo mm)(20 mm)* + (3200 mm?)[(152.5 +10) mm]*
=84.6067 x10° mm*
I, =(90.3+2x84.6067)x10°mm*
=259.5134x10°mm* or I,=260x10°mm* <
I, _259.5134x10°mm*

]?2 X

o Atal 12410 mm? or k. =144.6 mm <«

I,=(I,)s+21,)

plate
=3.88x10°mm* + 2[%(20 mm)(160 mm)ﬂ

=17.5333%10° mm* or 1,=17.53x10°mm" <

72 1y _17.5333x10°mm*
T Aga 12,410 mm?>

or /;y =37.6 mm <«
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y PROBLEM 9.53

C8x11.5
] A channel and a plate are welded together as shown to form
05 in }_‘ J c — a section that is symmetrical with respect to the y axis.
B . | Determine the moments of inertia of the combined section
' 12n. ' with respect to its centroidal x and y axes.
SOLUTION
3 o5 :
2 t 7 =0512=/%381b,
To.sjzﬁ,_r //////////////// ’
22%in. % C / 17
V4 1o [ ¥
L\\ \\\\\\\ V\\\‘ \‘\‘ \\ \‘ (‘ \\\ \‘ \“l_ 4 K
(0.5 - 12, .
From Figure 9.13B 9 0-57-2; B=3.371in’
or C8 x 11.5: . 2 I, =131in
For C8 x 11.5 T 1,=131in*
(Note change of axes) I.=325in*

Location of centroid

YZA=3ZYA: Y[3.7in* +(121in.)(0.5in.)] = (3.37 in*)(1.938 in.)

Y =0.69702 in.

Moment of inertia with respect to x axis.
Plate: [ =1 +AY* = é(lz in.)(0.5in.)* + (12 in.)(0.5 in.)(0.69702 in.)*

=0.125+2.9150 =3.0400 in*
Channel: I, =1,+AYy =131in* +(3.37in.)(1.938 in.— 0.69702 in.)*

=1.31+5.1899 = 6.4999 in*
Entire section: 1,=3.0400in* +6.4999 in* =9.5399 in* 1,=9.54in"* «
Moment of inertia with respect to y axis.
Plate: I, = %(0.5 in)(12in)’ =72in*
Channel: Ty =325in*
Entire section: I,=72in" +32.5in* =104.5in" I,=1045in"* <
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. —W460 x 113

PROBLEM 9.54

The strength of the rolled W section shown is increased by welding a channel
to its upper flange. Determine the moments of inertia of the combined section
with respect to its centroidal x and y axes.

[ R
SOLUTION
W section: A =14,400 mm?
I, =554x10° mm*
Ty =63.3%10° mm*
Channel: A =2890 mm?>
1, =0.945x10° mm*
I,=28.0x10° mm*
First locate centroid C of the section.
A, mm’ y, mm YA, mm®
W Section 14,400 =231 -33,26,400
Channel 2,890 499 1,44,211
> 17,290 -31,82,189

Then

or

Now

where

YZA=XyA: Y(17,290 mm?)=-3,182,189 mm’
Y =-184.047 mm
Tx = (Ix)W + (Ix)C
(I =1, +Ad*
=554%10° mm* + (14,400 mm?)(231—184.047)> mm>
=585.75x10° mm*
(I)e=1,—Ad*
=0.945x10° mm* + (2,890 mm?)(49.9 +184.047)> mm?
=159.12%10° mm*
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PROBLEM 9.54 (Continued)

Then 1, =(585.75+159.12)x10° mm*
or I, =745x10°mm* <

also T} =)y +U,)c
=(63.3+28.0)x10° mm*

or  1,=913x10°mm"* <«
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L76 x 76 x 6.4

J\ €250 x 22.8

PROBLEM 9.55

Two L76 X 76 X 6.4-mm angles are welded to a C250 x 22.8 channel.
Determine the moments of inertia of the combined section with respect to
centroidal axes respectively parallel and perpendicular to the web of the
channel.

SOLUTION

Angle:

Channel:

A=929 mm> RN S
_ f 2\. 2 vam
I,=1,=0.512x10°mm* Ca g
o] ‘1'
_ 2 cr %
2890 mm < L
=0.945%10° mm* Vol wam

A
I,
1, =28.0x10°mm*

First locate centroid C of the section

A, mm? y, mm | yA, mm?

Angle 2(929)=1858 | 21.2 |39,389.6
Channel 2890 —-16.1 | —46,529
2 4748 -7139.4

Then

or

Now

where

Then

YSA=3Z7VA: Y(4748 mm?*)=-7139.4 mm’
Y =-1.50366 mm
1.=2(1),+U)¢
(1,), =1, +Ad* =0.512x10°mm* + (929 mm?*)[(21.2 +1.50366) mm]*
=0.990859x10° mm*
(I)e =1, +Ad* =0.949x10°mm* + (2890 mm*)[(16.1—1.50366) mm]*
=1.56472x10° mm*

1, =[2(0.990859) +1.56472x10°] mm*

or I, =355x10°mm"* «
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PROBLEM 9.55 (Continued)

Also I,=2(1),+,)¢
where (I,), =1, +Ad* =0.512x10°mm* + (929 mm*)[(127 - 21.2) mm]
=10.9109x10° mm*
U)e =1,
Then I, =[2(10.9109) +28.0]x10° mm"*

or  I,=49.8x10°mm" <«
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— |<—l in. PROBLEM 9.56

( Two L4 X 4 x % -in. angles are welded to a steel plate as shown. Determine
the moments of inertia of the combined section with respect to centroidal

axes respectively parallel and perpendicular to the plate.
10 in.

N 1
LAx4x 5

SOLUTION
= 0.2,
b,
C - ¥ Sh
- L]
e Juem v x
For 4><4><%-in. angle: A=375in*, I,=1,=552in*
YA=3Y A
Y(12.5in?)=33.85in’
Y =2.708 in.
Section Area, in’ y in. YA, in®
Plate (0.5)(10) =5 5 25
Two angles 2(3.75)="1.5 1.18 8.85
s 12.5 33.85
9
' [ 2.292n /
Sin C —y— *
IJI&I»: - N
. ¢ — . =2.708 m.
'nlaﬁl Y x
le——ac 1 /8 10:25 = 1. 9319
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PROBLEM 9.56 (Continued)

Entire section:
I =X, +Ad*)= [%(0.5)(10)3 + (0.5)(10)(2.292)2} +2[5.52+(3.75)(1.528)"]
=41.667 +26.266+1604 +17.511=96.48 in* 1.=96.5in" «

I, = %(10)(0.5)3 +2[5.52+(3.75)(1.43)°]

=0.104+11.04 +15.367 = 26.51in" 1,=265in" <
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PROBLEM 9.57

& T A The panel shown forms the end of a trough that is filled with water to the line
h AA’. Referring to section 9.2, determine the depth of the point of application of
the resultant of the hydrostatic forces acting on the panel (the center of
pressure).
SOLUTION

From section 9.2:

Let yp = distance of center of pressure from AA’. We must have:

For triangular panel:

R:yjydA, M, =yjy2dA q

2
M, VJy dA q..

Ryp =M y: yp= = =— (D
R }/JydA yA
1, 1 1
AT Y73
Ly ﬁah3 1
TS ) ) E
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I a i PROBLEM 9.58
A A’
l The panel shown forms the end of a trough that is filled with water to the
l line AA’. Referring to section 9.2, determine the depth of the point of
— application of the resultant of the hydrostatic forces acting on the panel
L— bJ (the center of pressure).
SOLUTION
See solution of Problem 9.57 for derivation of Eq. (1):
A %‘ﬂ-'é ok ’g { A' y =IAA' (1)
v aL’ \\/’ "7 5A
h / \/
7
| @
bt —

Divide trapezoid as shown:
1 3.1,.3
I, =—(a—b)h" +—=bh
4 12( ) 3
Lo+ Lo
2 4

_ 11 1 1,1,
A=y, A + v, A =—h|—(a—b)h |+—=h(bh) =—ah” +—bh
YA= YA + A4 3 [2( ) } > (bh) 5 3

, Ly izak’ +Lbk’ _ a+3b
PTSA T Lant+lpn? TP e db
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PROBLEM 9.59

A——
\—/ g The panel shown forms the end of a trough that is filled with water
V to the line AA’. Referring to section 9.2, determine the depth of the
point of application of the resultant of the hydrostatic forces acting
on the panel (the center of pressure).

Semiellipse

SOLUTION

Using the equation developed on page 475 of the text have:

— IAA' A J_AI
TS b\ =

For a semi ellipse: 1y =§ab3
=2 4T
3z
Th fab’ 7, <
en =———or or =—
r 2 xZab ST
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PROBLEM 9.60*

A— r(_ A’
1 The panel shown forms the end of a trough that is filled with water
h to the line AA’. Referring to section 9.2, determine the depth of the
Parabola 4{ point of application of the resultant of the hydrostatic forces acting
on the panel (the center of pressure).
SOLUTION

Using the equation developed on page 491 of the text:

_ Ly IN
Yp JA
For a parabola: y = 2h A= iah x
5 3
1 3
Now dl = g(h —y) dx
. h >
By observation y=—X
a
3 3
So that dl =1(h—ﬁ2x2) dleh—6(a2 —x%) dx
3 a 3a
=li(a6 —3a*x? +3a%x* = x%)dx
34°
al b’ 6 4 2 2.4 6
Then IAA’=2J- ——6(a —3a"x"+3a"x" —x")dx
03qa
3 a
=gh—6[aﬁx— a*x’ +iazx5 ——xq
3a 0
320
105
%alﬁ

Finally,

or yp=§h <
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PROBLEM 9.61

A vertical trapezoidal gate that is used as an automatic valve is held
shut by two springs attached to hinges located along edge AB.
Knowing that each spring exerts a couple of magnitude 1470 N - m,
determine the depth d of water for which the gate will open.

d
SOLUTION
From section 9.2:
Loor
R=yyA =3
vy Yp 34

where R is the resultant of the hydrostatic forces acting on the gate
and yp is the depth to the point of application of R. Now

YA=2XYA=[(h+0.17) m](%xl.Z mx0.51 m]+[(h+0.34) m](%x0.84><0.51 m)

=(0.5202h +0.124848) m’
Recalling that ¥ = py, we have

R = (10° kg/m® x9.81 m/s*)(0.5202h +0.124848) m’
=5103.162(h +0.24) N

Also Igo =Uge) +Ugs ),
where (), =1, +Ad*
:%(1.2 m)(0.51 m)’ +GX1'2 mx0.51 m)[(h+0.17) m]*

=[0.0044217 +0.306(h +0.17)* ] m*
=(0.306h% +0.10404h + 0.0132651) m*

7 2
(gs), =1y, +Ad
=%(0.84 m)(0.51 m)* +Gx0.84 mx0.51 m][(h +0.34) m]?

=[0.0030952 + 0.2142(h +0.34)* ] m*
=(0.2142h% +0.145656h + 0.0278567) m*
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PROBLEM 9.61 (Continued)

Then 155' = (155')1 + (ISS')Z
=(0.5202h% +0.249696A4 + 0.0411218) m*

_(0.5202h% +0.244696h +0.0411218) m*
(0.5202h +0.124848) m*

_ h*+0.48h+0.07905 .
h+0.24

and Yp

For the gate to open, require that

Mg M., =(yp—h)R

open

Substituting 2940 N-m = [ 7 +0.48h+0.07905 _ hJ mx5103.162(h +0.24) N
h+0.24

or 5103.162(0.24} + 0.07905) = 2940

or h=2.0711m

Then d=(2.0711+0.79) m

or d=2.86m <«
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PROBLEM 9.62

The cover for a 0.5-m-diameter access hole in a water storage
tank is attached to the tank with four equally spaced bolts as
shown. Determine the additional force on each bolt due to the
water pressure when the center of the cover is located 1.4 m
below the water surface.

SOLUTION
From section 9.2: A I K

R=75A y, =20 e il

YA

where R is the resultant of the hydrostatic forces acting on the cover 3 *
and yp is the depth to the point of application of R. ACESS WOLE
Recalling that ¥ = p -y, we have

R =(10° kg/m® x9.81 m/s?)(1.4 m)[£(0.25 m)*]

=2696.67 N
Also Io=1 +Ay* = %(0.25 m)* +[7(0.25 m)*](1.4 m)*
=0.387913 m*
0.387913 m*

Then Vp =1.41116 m

L4 m)[7(0.25 m)’]
Now note that symmetry implies

Fy=Fy Fe=Fp
Next consider the free-body of the cover.

Wehave  +)=M, =0: [2(0.32 m) sin 45°)(2F,)
—[0.32sin 45°— (1.41116—1.4)] m
% (2696.67 N) =0

AR
T FarFg = 2F
(O32m) Sing 45

(0.3 m) INES
o T 25

or F, =64092 N
Then T ZF, =0: 2(640.92N)+2F. —2696.67 N=0
or F.=70742N
F,=F;=641N <«

and F.=F,=707N 4
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PROBLEM 9.63*

y ha—»‘ i
/ b: * Determine the x coordinate of the centroid of the volume shown.
/ 2 —£ (Hint: The height y of the volume is proportional to the x coordinate;
consider an analogy between this height and the water pressure on a
/
zZ

submerged surface.)

SOLUTION
A%
8
; h
First note that y=—x
a
Now X j dv = j X, dV
— h
where Xg=x dV=ydA= (—x]dA
a
x(L xdA x*dA
Then )—CZJ (“ ):.[ _ T )4

I L xdA I xdA  (XA),
where (1,), and (x,), pertain to area.

OABC: (1), is the moment of inertia of the area with respect to the z axis, X, is the x coordinate
of the centroid of the area, and A is the area of OABC. Then

(I )p =)y + )y,

L DPUSCURS e
=3 B)@)’ + = (B)a)

and (xA), =2XxA
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PROBLEM 9.63* (Continued)

Finally,

or XxX= ga <4
Analogy with hydrostatic pressure on a submerged plate:
Recalling that P = yy, it follows that the following analogies can be established.
Height y ~ P

dV = ydA ~ pdA =dF
xdV = x(ydA) ~ ydF =dM

. m [ Jam
Recalling that Yp =——| =%—

R\ [ar
It can then be concluded that X~ Yp
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PROBLEM 9.64*

Determine the x coordinate of the centroid of the volume shown;
this volume was obtained by intersecting an elliptic cylinder with an
oblique plane. (Hint: The height y of the volume is proportional to
the x coordinate; consider an analogy between this height and the
water pressure on a submerged surface.)

39 mm

39 mm

SOLUTION
Following the “Hint,” it can be shown that (see solution to Problem 9.63)
ST
(xA) ,

where (I,), and (xA), are the moment of inertia and the first moment of the area, respectively, of the
elliptical area of the base of the volume with respect to the z axis. Then

(1), =1, +Ad*
= %(39 mm)(64 mm)® +[7(64 mm)(39 mm)](64 mm)*
=12.7795207 x10° mm*

(xA) 4, = (64 mm)[7(64 mm)(39 mm)]
=0.159744 7 x10° mm?

12.77952072 x10° mm*
0.1597447x10° mm*

Finally X =

or x=80.0mm <
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PROBLEM 9.65*

7 Show that the system of hydrostatic forces acting on a submerged plane
/ area A can be reduced to a force P at the centroid C of the area and two
couples. The force P is perpendicular to the area and is of magnitude
P = yAy sin 8, where y is the specific weight of the liquid, and the couples
are M, =(yI, sin )i and M, = (yI, sin 8)j, where I, = [x'y dA (see
section 9.8). Note that the couples are independent of the depth at which the

area is submerged.

SOLUTION

The pressure p at an arbitrary depth (ysin ) is
p=y(ysinf)
so that the hydrostatic force dF exerted on an infinitesimal area dA is
dF = (yysin8)dA
Equivalence of the force P and the system of infinitesimal forces dF requires

SF: P:de:jyysinedA:ysinejydA

or P=yAysing 4

Equivalence of the force and couple (P, M- + M ) and the system of infinitesimal hydrostatic
forces requires

SM: -yP-M, = j (~ydF)

Now - j ydF =— j y(yysin@)dA =—ysin @ j y2dA
=—(ysin @)1,

Then -yP—-M . =—(ysin0)I,

or M . =(ysin@)I, —y(yAysinf)

=ysin@(I, — Ay”)
or M, =yl,sind 4
M, ¥P+M, = [xdF
Now j xdF = j xX(yysin 6)dA = ysin @ j xydA

=(ysin@)I 2 (Equation 9.12)
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PROBLEM 9.65* (Continued)

Then xP + M, =(ysin H)Ixy

or M, =(ysin@)I,, —x(yAysin6)
=ysind(l,, — Ax'y)

or M, =yl sinf 4

y Xy
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PROBLEM 9.66*

Show that the resultant of the hydrostatic forces acting on a
submerged plane area A is a force P perpendicular to the area and
of magnitude P = YAy sin 8 = pA, where ¥ is the specific weight of
the liquid and p is the pressure at the centroid C of the area. Show
that P is applied at a Point Cp, called the center of pressure, whose
coordinates are xp =1,,/Ay and y, =1 /Ay, where I, = [ xydA
(see section 9.8). Show also that the difference of ordinates y, —y
is equal to k}/y and thus depends upon the depth at which the area

is submerged.

SOLUTION

The pressure P at an arbitrary depth (ysin @) is

P=y(ysinf)
so that the hydrostatic force dP exerted on an infinitesimal area dA is

dP =(yysin0)dA

The magnitude P of the resultant force acting on the plane area is then

P= jdp :jyysinedA = ysinaj ydA

= ysin 6(YA)

Now p=yysiné P=pA 4

Next observe that the resultant P is equivalent to the system of infinitesimal forces dP. Equivalence then
requires

SM: —y,P=- j ydpP

Now j ydP = j y(yysin @)dA = ysin @ j y2dA
=(ysin@)I,

Then ypP = (ysin@)I,

or _ (ysin®)I,

P ysin6(7A)

~

or ypzA”; <4
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PROBLEM 9.66* (Continued)

IM,: x,P=[xdP

Now j xdP = j x(yysin@)dA = ysin @ j xydA

=(ysin0)I,, (Equation 9.12)
Then xpP =(ysinO)I,,
or .= (ysin)I,,

P ysin 6(7A)

I
or xp=—2 d
Ay
Now I.=1,+Ay"
From above I, =(Ay)yp
- =
By definition I, =kyA
Substituting (AV)yp =k>A+ Ay*
k2
Rearranging yields vp—y=—" 4
y

Although l;x is not a function of the depth of the area (it depends only on the shape of A), yis dependent on
the depth.

(yp —¥) = f(depth)

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1484

STUDENTS-HUB.com


https://students-hub.com

STUDENTS-HUB.com

2
x2 Y

EE S A
4a2 g2

PROBLEM 9.67

Determine by direct integration the product of inertia of the given area
with respect to the x and y axes.

b
.

2a

SOLUTION

First note

We have

where

Then

dl, = dl 4y + Xy Yy dA

ATy =0 (symmetry) y, =x
_ 1 1
YeL = 5 y= Zm

dA = ydx =% 4a* — x*dx

2a 1 1
I, =Jd1xy =jo x[zx/4a2 -x° )[E\/4a2 -x2 )dx

1 ¢2a 2a

=— (401216—)53)alx=l 2412162—1)64
8Jo 8 4

—i{zmz —1<2>4}
) 4

or 1
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y o PROBLEM 9.68

Determine by direct integration the product of inertia of the given area with
h respect to the x and y axes.

5 '

SOLUTION
_ . 3'
dl , =dl ., + Xz yg dA
Xy Xy ELEL y 1 —_j_
_ _ _ 1 — -
But dly, =0 (bysymmetry) Xp =x yg ==y
2 ol I
dA=yd, \ fe
x
y_h h b= S
L = =—X
x b b 2 2

I, = J‘dlxy = j:x(%yj vdx :%J'Obx[ngz dx

2 ., 2 14
AR, IRD

= —— X dax =
2p%do 2p% 4

I, ~Lp <
8
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PROBLEM 9.69

Determine by direct integration the product of inertia of the given area
with respect to the x and y axes.

SOLUTION q
3 b
For x=a, b=ka” or k:—3
a
Thus, y =%x3
a

dl,, =dl . +xp yg dA, But dl., =0 (bysymmetry)

Xy
. - — Y _
with Xg =X yEL_E dA = ydx
a y a 2
’;

1w=Idey=I x(;jydx——]l x(?xj dx
_1efa
24°| 8 0

_ 252
I,=ab"/16 4
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y o PROBLEM 9.70

Determine by direct integration the product of inertia of the given area
with respect to the x and y axes.

SOLUTION
2
X X
dl o= dl oy T Xg Vg dA 0 i | )
¥
1 x !L dx
But dl ., =0 (by symmetry) i
|
¥ — 1
Xgp =X yEL:Ey dA=ya’x
= — [y 4 _1 2 | X x?
IW_J‘dey_J.O X(Zyjydx—zj. 16h x(a QZde
3 4 5 4 5 6 |9
‘ 2x X
_8]/[2 x__zx_+x_ dx—8h2 X 2 x
jo a a d 4a*> 54° 6a* 0
sntat| Lo2a L] ogpe [ 22210
4 5 6 60
I, LR
Y15

Check: Apply parallel axis theorem to area see Figure 5.8:

Area =gah
3

by symmetry I, =0

a 2 2 2 2,2
I =1..+x vy A=0+|—||=h|| —ah |=—a"h
T TR (JKS j(s j 15
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1T " PROBLEM 9.71
G0cmm, L Using the parallel-axis theorem, determine the product of
| c ’7 oomm  inertia of the area shown with respect to the centroidal x and y
< axes.
20 mm 1
— 10 mm
60 mm
10 mm — 100 mm ! I«— 10 mm
SOLUTION
Dimensions in mm
— - s
We have T,=(Uy )y +(Ty),+U,)s " =
Now symmetry implies Fl
_ o ¢ 1.
(1), =0 5
i1 F
and for the other rectangles N =
s5

where

Thus

I, =T, +%5A

I,y =0 (symmetry)

I, = (XyA), + (X7A),

A, mm> X, mm Yy, mm X YA, mm*
1 10x80 =800 =55 20 —880,000
3 10x 80 =800 55 -20 —880,000
z —-1,760,000

I, =-1.760x10°mm* <
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d PROBLEM 9.72
[+—60 mm —~—60 Inm;»‘
Using the parallel-axis theorem, determine the product of inertia of
T the area shown with respect to the centroidal x and y axes.
40 mm
C
' X
40 mm
SOLUTION
§ 1 ¥
| = \ = \ 9 lc X
CLANM- -x T AT

AT\ * |
Given area = Rectangle — (Two triangles)

For rectangle 1,, =0, by symmetry

g 6
90’t11- * —N
e ke som —4

For each triangle:

Compare these triangles with the triangle of sample Problem 9.6, where TX} = —%bzhz.

For orientation of axes of this problem,

o=+ b2 = 7—12(60 mm)? (40 mm)* = +80x10° mm*

o 72
Oun t:)
t-—‘fomn

g
HOnm Al;m N\
266 B B x
‘ g;s 26.67%n @L’,om_
tfo»m
Lomm —
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PROBLEM 9.72 (Continued)
Area, mm?> X, mm Yy, mm X YA, mm*
! %(60)(40) =1200 —40 +26.67 —1.280x10°
2 1
E(60)(40) =1200 +40 -26.67 —1.280x10°
TXyA=-2.56x10°mm*
For two triangles: I, =3(I . +XyA)=+2(80x10") - 2.56x10°
=-2.40x10°mm*
Since we must subtract triangles, I, =+2.40x 10°mm* <«
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PROBLEM 9.73

Using the parallel-axis theorem, determine the product of inertia of the
area shown with respect to the centroidal x and y axes.

SOLUTION
We have

For each semicircle

I, =) +,),

I, =1, +%yA

and Iy =0 (symmetry)
Thus I, =%XyA
A, in? X, in. y, in. A
T, 5 8
1| Z=©)?=187 -3 - 432
2 T
T, 5 8
2 | =) =187 3 — 432
2 T
) 864
I, =864in" <
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) ) osoin PROBLEM 9.74

! 1

C _f ) Using the parallel-axis theorem, determine the product of inertia of
D 0'48Z " the area shown with respect to the centroidal x and y axes.
p
2in.
L3x2x ¢
—>l [<— 0.25 in.
3in.
SOLUTION
9
(O.4B7- 0125, (\.S-0880) .
+
V4 1 x
1 [0 c (3091 (0. 48T-0.29 .
g
(0M0- >129) in.
We have I, =)+,

For each rectangle

I, =1, +Xx)A

and I,,=0 (symmetry)
Thus I, =3XyA
A, in? X, in. y, in. XYA, in*
1 3%0.25=0.75 -0.520 | 0362 | —0.141180

2 10.25x1.75=0.4375 | 0.855 —-0.638 | —0.238652

z —0.379832

_ »
I, =-0380in" <
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le———— 100 mm ——— PROBLEM 9.75

—>| <— 8 mm
Using the parallel-axis theorem, determine the product of inertia
10mm  of the area shown with respect to the centroidal x and y axes.

T @ x

40 mm

b
—| s

SOLUTION
We have Ly =)+, +U); T 4w
Now symmetry implies (Txv ), =0 +—t
: 4 Q C 20 mm
and for the other rectangles 0 Fx
- @
I, =1, +XyA -IJ‘%M“_J
where I_X) =0 (symmetry)
Thus I, =(XYA), + (XYA);
A, mm? X, mm y.mm | XxyA, mm*
2 8x32=1256 -46 =20 235,520
3 8x32=256 46 20 235,520
z 471,040

I, =471x10° mm* <
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! PROBLEM 9.76
'«—9 in. l<— 3 in.
Using the parallel-axis theorem, determine the product of inertia of
the area shown with respect to the centroidal x and y axes.
19 in. %in.
_L 2 in
¢ A X
15 in.
3 in.— 9 in.—»l
SOLUTION S e
We have I_Xy = (Txy Wty ), +(U); _‘®_\
R IRINT B C ,
Now, symmetry implies ' @1’ e ©
— + T
(I4y)1 =0 Mo
and for each triangle Ly =1Is +xyA -9

where, using the results of Sample Problem 9.6, Txy = —7—12l72h2 for both triangles. Note that the sign of Tx,y,

is unchanged because the angles of rotation are 0° and 180° for triangles 2 and 3, respectively.
Now

A,in? X, in. y,in. | XyA, in*
1
2| $0)15)=675 -9 7 -4252.5
1
3| 7©)15)=675 9 -7 -4252.5
2 -8505
Then I, = 2[—%(9 in.)> (15 in.)z} —8505in*
=-9011.25in"

or  I,=-9010in"* «
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j L3 in. |‘—_ PROBLEM 9.77

7y
1.0 in.
¥ Using the parallel-axis theorem, determine the product of inertia of
4 the area shown with respect to the centroidal x and y axes.
— 0.412 in.
5.3 in. c
- x
- =05in. 2.25 in.
o }
! 3.6 in. !05 in.
SOLUTION

Oy n
We have Ly =y +U )+ (L) B ‘_‘_ms‘IJ%)M 53225 Dym.

®\. [%_(S"sl—\.s)-\:\s}m.

For each rectangle I =T..+ XyA i l %
Hd-oarz 025y m. @25- %),

I, o
and I, =0 (symmetry) %ﬂi
@

Thus I, =XxyA
A,in® X, in. v, in. X YA, in*
1 3.6x0.5=1.8 0.888 -2.00 -3.196
2 | 05x3.8=19 | -0.662 0.15 -0.18867
3 13x1.0=13 | -0.262 2.55 -0.86853
) —4.25320

I, =—425in" <
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v PROBLEM 9.78

— =189 mm
——| [<—12.7 mm . . . . .
S Using the parallel-axis theorem, determine the product of inertia of

the area shown with respect to the centroidal x and y axes.

L127 x 76 x 12.7 127 mm
C

x
44.2 mm

12.7 mm

TL— 76 mm —>l

SOLUTION “
B ~ (8.9 - Ky
We have I, =)+, /@
— +—1
For each rectangle I, =1, +x)A U2 - (48,22 ] mmm
¥ A
_ RETE N
and I, =0 (symmetry) 8 —t- “r ki
4 (%188 mm
Thus I, =ZxyA
A, mm? X, mm y, mm X YA, mm*
1 76x12.7=965.2 -19.1 | -37.85 697,777
2 12.7x(127-12.7) =1451.61 12.55 25.65 467,284
z 1,165,061

I, =1.165x10°mm* <«
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y‘ PROBLEM 9.79
a2 9
T da2 " a2 Determine for the quarter ellipse of Problem 9.67 the moments of inertia
(,, and the product of inertia with respect to new axes obtained by rotating
the x and y axes about O (a) through 45° counterclockwise, (b) through
30° clockwise.
ol 9 X
I a |
SOLUTION
. T 3
From Figure 9.12: I. =—Qa)(a) ‘ Y
16 Y x:
T 4
% 3
I, =—Qa) (a O K
) =120’ @
T
2
From Problem 9.67: I, = la4
2
. 1 I(m 4 74 4
First note —U, +1)=—|—a +— =—7
2 : 2\ 8 2 16
1 I(m 4 7w 4 4
— =—|—a =——7a
2( 1) 2( 8 2 ] 6
Now use Equations (9.18), (9.19), and (9.20).
Equation (9.18): I, = %(Ix +1,)+ %(Ix —1,)cos20 -1, sin260
= iﬂa4 —iﬂa4 cos 26 —la4 sin 26
16 16 2
E ion (9.19): 1 1 .
quation (9.19): I, = E(Ix +1)) _E(Ix —1,)cos 20 + I, sin 26
= iﬂa4 + i7ra4 cos26 + la4 sin 26
16 2
Equation (9.20): I, = %(IX —1,)sin20+1, cos26
= —iﬂ'a4 sin 26 + la4 cos26
16 2
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PROBLEM 9.79 (Continued)

(@) O=+45° I, =izm4—%7m4 cos90°—%a4 $in90°

or 1,=0482a" <

I, =iﬂ+iﬂa4 cos90°+la4
Y16 16 2

or I,=1482q" «

I, = —iﬂa4 sin 90° + la4 c0s90°
iy 16 2

or I,,, =-0.589a" «

by 6=-30°: I, = ifra4 - ifm4 cos(—60°) — la4 sin(—60°)
16 16 2

or I,=1.120a" <

I, = i;m“ + ifra4 cos(—60°) + l614 sin(—60°)
Y16 16 2

or I,=0.843q" «

3 4. 1 4
I . .=——ma” sin(—60°) +—a" cos(—60°
o= (~60°)+—a* cos(~60°)

or I, =0.760a" <
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Now, with two rectangles and two triangles:

1.=2 %(60 mm)(40 mm)®
1, =3.20x10°mm*

_ 1 3 |
1,=2 5(40 mm)(60 mm)

Now
1 1
2
Using Egs. (9.18), (9.19), (9.20):

Eq. (9.18):

+2

+2

_L 3
e (60 mm)(40 mm)

1 ;
e (40 mm)(60 mm)

%(ix +1,) =%(3.20+7.20)><106 =5.20x10°mm*

(I,-1,)= 5320~ 7.20)x10° =—2.00x10° mm*

- 1= - 1 - - -
[X,:E(Ix+Iy)+3(lx—Iy)COSZG—IXySlIlZH

=[5.20 + (=2.00) cos 60° — (2.40) sin 60°]x 10° mm*

or

Y PROBLEM 9.80
[«—60 mm —-<~—60 Inm;»‘
Determine the moments of inertia and the product of inertia of the
T area of Problem 9.72 with respect to new centroidal axes obtained
40 nm by rotating the x and y axes 30° counterclockwise.
©
: X
40 mm
SOLUTION
From Problem 9.72: Txy =2.40x10°mm*

=7.20x10°mm*

1,=2.12x10°mm"* «
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PROBLEM 9.80 (Continued)

- 1= - 1- = — .
Eq. (9.19): Iy»=E(1x+Iy)—E(IX—I),)00529+Ixys1n29
=[5.20 — (=2.00) cos 60° + (2.40) sin 60°]x 10° mm*
or  I,=828x10°mm" <
- 1= = - .
Eq. (9.20): Loy =E(1x —1,)sin20+1, sin26

=[(=2.00)sin 60° + (2.40) cos 60°]x 10° mm*

or I, =-0532x10°mm"* «

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1501

STUDENTS-HUB.com


https://students-hub.com

v PROBLEM 9.81

Determine the moments of inertia and the product of inertia of the
6 in. area of Problem 9.73 with respect to new centroidal axes obtained
by rotating the x and y axes 60° counterclockwise.

SOLUTION
From Problem 9.73:
I, =864in*

Now I,=(I),+,),
where (1), =), = %(6 in.)*

=162xin*
Then 1. =2(162zin*) =324z in*
Also L=+,
where (I, =(1,), = %(6 in.)* +[§ 6 in.)z}@ in.)? = 3247 in*
Then I,=2(324rin") = 6487 in"
Now %(Tx +1,)= % (3247 +6487) = 4867 in*

1

E(Z‘ -1)= %(324;: —6487) =—1627r in*
Using Egs. (9.18), (9.19), and (9.20):
- 1 - = 1+ = =
Eq. (9.18): 1, =E(Ix +Iy)+5(1x —Iy)COSZG—IXy sin 26
=[4867 + (~1627) cos120° — 864 sin120°] in*

or I.,=1033in"* «
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PROBLEM 9.81 (Continued)

Eq. (9.19): 7),,=%(Z(+Z,)—%(Z(—7y)cosze+ﬁy sin 26
=[486x — (—1621)cos120° +864sin120°] in*

or  I,=2020in" <

Eq. (9.20): Loy = %(Tx —1,)sin20 +1,, cos28
=[(~1627)sin120° + 864 cos120°] in*

or I, =-873in" <4
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100 mm s PROBLEM 9.82
y T Determine the moments of inertia and the product of inertia
| 40 mm of the area of Problem 9.75 with respect to new centroidal
T G x l axes obtained by rotating the x and y axes 45° clockwise.
40 mm J P lm
—>| l<— 8 mm
SOLUTION
From Problem 9.75: q

I, =471,040 mm* / F/@)
o LR
Now IXZ(IX)1+(IX)2+(IX)3 20 varn x
— 1 3 t ¢\® -4
where (I, =75 (100 mm)(8 mm) JL
XI

46 vam -~
=4266.67 mm*

(), =)= é(S mm)(32 mm)® +[(8 mm)(32 mm)](20 mm)?

=124,245.33
Then 1. =[4266.67 +2(124,245.33) mm* = 252,757 mm*
Also L=, +U,), +,)s
where (I, = é(s mm)(100 mm)* = 666,666.7 mm*

(), =), = %(32 mm)(8 mm)?* +[(8 mm)(32 mm)](46 mm)?

=543,061.3 mm*

Then 1, =[666,666.7 +2(543,061.3)] mm* = 1,752,789 mm*
Now %(ix +1,)= %(252, 757 +1,752,789) mm* =1,002,773 mm*
1

5(7" -1,)= %(252, 757 -1,752,789) mm* = -750,016 mm"*

Using Egs. (9.18), (9.19), and (9.20):
I | - .
Eq. (9.18): I.= E(Ix +1,) +5(1x - Iy)COSZG —1I,,sin 26
=[1,002,773 + (—750,016) cos(—90°) —471,040sin(-90°)]

or  1,=1474x10°mm" «
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PROBLEM 9.82 (Continued)

- 1= - 1- - -
Eq. (9.19): I, =5(1X + I),)—E(IX —1,)cos260+1,,sin26
=[1,002,773 — (-=750,016) cos(—90°) + 471,040sin(—-90°)]
or  I,=0.532x10"mm" <
_ 1 — — _
Eq. (9.20): Ly =§(1X —1,)sin260+1,, cos26

=[(=750,016)sin(-90°) + 471,040 cos(—90°)]

or I, =0.750x10°mm* <
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’ 0.950 in. PROBLEM 9.83

0.25 in.
| . o I
C _{0‘ 48T in. Determine the moments of inertia and the product of inertia of the
T \ c * L3x 2><%-in. angle cross section of Problem 9.74 with respect to
2in. | new centroidal axes obtained by rotating the x and y axes 30°
L% 2y clockwise.

—>I Fe— 0.25 in.

3in.

SOLUTION

From Figure 9.13:

From Problem 9.74: Laxgx}

I, =-0.37983in*

Now %(ix +1,)= %(0.390 +1.09)in* =0.740 in*
1
2
Using Egs. (9.18), (9.19), and (9.20):

- -1
(I,-1,) =5(0.390—1.09) in* =-0.350in"

- 1= -0 1= = - .
Eq. (9.18): I, = E(Ix +1,) +5(1x —1,)cos26—-1,,sin26
=[0.740 + (=0.350) cos(—60°) — (-0.37983) sin (—60°)]
or  I,=0236in" «
19): = 1= = 1< = - .
Eq. (9.19): 1, = E(IX +1)) _E(Ix —1,)cos260+1,,sin26
=[0.740 — (-0.350) cos(—60°) + (-0.37983) sin(—60°)]

or  I,=1244in" «

Eq. (9.20): Loy = %(Tx —1,)sin20+ 1, cos26
= [(=0.350) sin(~60°) + (~0.37983) cos(—60°)]

or I, =0.1132in* «
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PROBLEM 9.84

o<

<—18.9 mm
—| [<—12.7 mm . . . . .
Determine the moments of inertia and the product of inertia of the

L127x76x12.7-mm angle cross section of Problem 9.78 with
respect to new centroidal axes obtained by rotating the x and y axes

. 45° counterclockwise.
L127 x 76 x 12.7 127 mm

C
) x
L 44.2 mm
12.7 mm *

TL— 76 mm —>l

SOLUTION
From Figure 9.13:

I, =3.93x10°mm* A

7, =1.06x10° mm* 4 T/\*
From Problem 9.78: paii 14 9:‘4

I, =1.165061x10° mm* \

. |
Now %(fx +1,) =%(3.93+1.O6)x106mm4
=2.495%x10°mm*

%(Tx -1,) =%(3.93—1.06)x106mm4 =1.435%10° mm*

Using Egs. (9.18), (9.19), and (9.20):

Eq. (9.18): I_X»=%(I_X+7y)+%(l_x—l_y)cos20—l_xysin20
=[2.495+1.435¢c0890° —1.165061sin 90°]x 10® mm*

or  1,=1.330x10°mm" «

Eq. (9.19): Z,:%(Tx +7y)—%(ﬂ—7y)cos29+7xy sin26
=[2.495-1.435¢0890° +1.165061sin 90°]x 10° mm*

or  I,=3.66x10"mm" <

Eq. (9.20): Ly =%(7x —1,)sin26+ 1 cos26

Xy

=[(1.4355in90° +1.165061c0s90°]x10° mm*

or I, =1435x10°mm* <

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1507

STUDENTS-HUB.com


https://students-hub.com

! PROBLEM 9.85
x2 " yj _
T a2 a2 For the quarter ellipse of Problem 9.67, determine the orientation of the
o principal axes at the origin and the corresponding values of the moments
L of inertia.
O! 2a 1 '
SOLUTION
From Problem 9.79: I = %a“ I, = %a“
|
Problem 9.67: l,=—a
2
2, 2(1a")
Now Eq. (9.25): tan26,, =— —=—— 7
I -1 La*—Zq
x Ty 8 2
_ 8 0.84883
3
Then 26, =40.326° and 220.326°
or 6,=20.2°and110.2° 4
I .+1,
Also Eq. (9.27): L ax min = 3 :
(7 e
2(8
| 1,Y
— £a4 —1(14 +| —a*
2( 8 2 2
=(0.981,748 £0.772,644)a*
or I =1754a" <4
and I, =0.209q" <«
By inspection, the a axis corresponds to 1. and the b axis correspondsto I, .
b o
102
o
202°
0 X
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Y PROBLEM 9.86
[«—60 mm —-<~—60 Inm;»‘
For the area indicated, determine the orientation of the principal
T axes at the origin and the corresponding values of the moments of
40 mm inertia.
Ic
* Area of Problem 9.72.
40 mm
SOLUTION
From Problem 9.80: I, =3.20x10°mm*
1, =7.20x10°mm*
From Problem 9.72: Txy =2.40x10°mm*
21, 6
Now Eq. (9.25): tan2g, =—— 2 == =20XI0)___; 5
1,1, (3.20-7.20)x10
Then 26, =50.194° and 230.194°
or 6, ,=251°and115.1° 4
_ I.+1,
Also Eq. (9.27): Lo omin = 5 ?
2
Then T = 3.20;7.20 N J(&zo;no] +(2.40) %108 mm*

=(5.20£3.1241)x10° mm*
or I =832x10°mm* <4
and I =2.08x10°mm* «

By inspection, the a axis corresponds to 1, min and the b axis corresponds to Tmax.

n
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! PROBLEM 9.87
For the area indicated, determine the orientation of the principal
6 in. axes at the origin and the corresponding values of the moments of
inertia.
X
Area of Problem 9.73.
SOLUTION
From Problem 9.81: 1, =324z in* 7‘ = 6487 in*
Problem 9.73: I, =864in"
21,
Now Eq. (9.25): tan26, = ——=——+—=— 2(864)
I,-1, 3247w —648x
=1.69765
Then 260, =59.500° and 239.500°
or 6,=29.7° and 119.7° 4
_ I +1,
Also Eq. (9.27): ok min = 3 >
2
Then T 3247 + 6487 (324;: - 6487[] 8642
’ 2 2
=(1526.81+£1002.75) in*
or I, =2530in* 4
and I, =524in* <«
By inspection, the a axis corresponds to 7,;, and the b axis corresponds to I, .
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[e—— 100 mm ———

ke
7

40 mm
T T X
40 mm J 8 mm
—>l l<— 8 mm

PROBLEM 9.88

of inertia.

Area of Problem 9.75.

For the area indicated, determine the orientation of the principal
axes at the origin and the corresponding values of the moments

6, =16.07° and 106.1° 4

SOLUTION
From Problem 9.82: 1, =252,757 mm*
I,=1,752,789 mm*
Problem 9.75: I, =471,040 mm*
21,
Now Eq. (9.25): tan26, = —=——=
x 1y
_2(471,040)
252,757 -1,752,789
=0.62804
Then 26, =32.130° and 212.130°
or
- I,-1
Also Eq. (9.27): A—— 5 ?
- 252,757+1,752,789 252,757 -1,752,789
Then max, min = 5 + 5

=(1,002,773+885,665) mm*
or
and

By inspection, the a axis corresponds to . and the b axis corresponds to 1, .

b
“p oL

74 22 X
g < o.00"

R\

2
j + 4710402

1. =1888x10°mm* «

1. =0.1171x10°mm* <
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Y oo PROBLEM 9.89
0.25 in. : :
or the angle cross section indicated, determine the orientation o
! C _f ) For the angl ion indicated, d ine the ori i f
D , 048Tin.  the principal axes at the origin and the corresponding values of the
%in ¢ ! moments of inertia.
L3x2x ¢
L] The L3x 2><%—in. angle cross section of Problem 9.74.
—>l [<— 0.25 in.
3in.
SOLUTION
From Problem 9.83: 1,=0390in* 7, =1.09in"
Problem 9.74: I, =-0.37983 in*
21, _
Now Egq. (9.25): tan20, = —=——==— 2(-0.37983)
I,-1, 0.390-1.09
=-1.08523
Then 20, =—-47.341° and 132.659°
or 6, =-23.7°and 66.3° 4
Also Eq. (9.27): L min =
2
Then I - 0.390+1.09 J_r\/£0.3>90—1.09j T (-0.37983)?
’ 2 2
=(0.740+0.51650)" in*
or I, =1257in" 4
and I, =0224in* «
By inspection, the @ axis corresponds to I . and the b axis corresponds to 1. .
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v PROBLEM 9.90
— —18.9 mm
——| l<—12.7 mm . .. . . .
|| : For the angle cross section indicated, determine the orientation of
the principal axes at the origin and the corresponding values of the
moments of inertia.
L127 x 76 x 12.7 127 mm The 1127 x76x12.7-mm angle cross section of Problem 9.78.
c T
L 44.2 mm
12.7 mm ¢

—f_|<—76 mm—’l

SOLUTION
From Problem 9.84: 1,=3.93x10°mm*

I, =1.06x10°mm*
Problem 9.78: I, =1.165061x10°mm*

21, 6
Now Eq. (9.25): an 26, = ——_ - _ 2(1.165061x10 g
I.-1, (3.93-1.06)x10
=-0.81189
Then 26, =-39.073° and 140.927°
or 6, =-19.54°and 70.5° «
_ I +1,
Also Eq. (9.27): Lo, min = 5 L+
2

Then L min = 3'93;1'061\/£3'93;1'06] +1.165061* |x10®mm*

=(2.495+1.84840)x10° mm*
or I, =434x10"mm* «
and I =0.647x10°mm* <

By inspection, the @ axis corresponds to I, and the b axis corresponds to I .
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y‘ PROBLEM 9.91
K2 Y2 -1
T 12 2 Using Mohr’s circle, determine for the quarter ellipse of Problem 9.67
3 the moments of inertia and the product of inertia with respect to new
L axes obtained by rotating the x and y axes about O (a) through 45°
counterclockwise, (b) through 30° clockwise.
O! 2a 1 !
SOLUTION
T 4 )
From Problem 9.79: I.=—a |
8 h %
®
I, = zat 0 X
1 4
Problem 9.67: I, =—a
2
The Mohr’s circle is defined by the diameter XY, where
X 1614, lcz4 and Y za4, —la4
8 2 2 2
Now L=t +1)= Za +Za* | =2 za* = 0981754
2 o208 2 16
2 2 2
I.-1,
and R=| 2| +1I2 = 1 Zat-Zat | + la4
2 ’ 28 2 2
=0.77264a"
The Mohr’s circle is then drawn as shown.
21,
tan 26, = ————
I,-1,
2(La*
2
) 1
sa —%a
=0.84883
or 20, =40.326°
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PROBLEM 9.91 (Continued)

o =90°-40.326°

Then
=49.674°
B =180°—(40.326° + 60°)
=79.674°
(@) 6=+45 I,=1,, —Rcosax=0.98175a" —0.77264a" cos 49.674°
or  1,=0482q" <
Iy =1, +Rcosa=098175a" +0.77264a" cos 49.674°
or  I,=14824" 4
I,y =—Rsinor=—-0.77264a" sin 49.674°
or I, =-0.589a" 4
(b) 6=-30° I,=1,, +Rcos$=0.98175a" +0.77264a"* cos79.674°

or 1,=1.120a" <«

I,=1,, —Rcos=0.98175a" —0.77264a" cos 79.674°
or  1,=0.843q" 4
1., =Rsin 8=0.77264a" sin 79.674°

or I, =0.760a" 4
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d PROBLEM 9.92
[+—60 mm —~—60 Inm;»‘
Using Mohr’s circle, determine the moments of inertia and the product
of inertia of the area of Problem 9.72 with respect to new centroidal
40 mm axes obtained by rotating the x and y axes 30° counterclockwise.
©
' X
40 mm
SOLUTION y
\f ! % ’
From Problem 9.80: 1. =3.20x10° mm* r\ 30°
7 6 4
1, =720x10"mm C ”
From Problem 9.72: I,, =2.40x10°mm*
The Mohr’s circle is defined by the diameter XY, where X (3.20x 10°, 2.40><106)
and Y(7.20x10° —2.40x10°).
Now I, = %(ix +1,)= %(3.20 +7.20)x10° =5.20x10° mm*
- =T 1 ’
and R= {5 (I,-1, )} +I7, = [5(3.20 - 7.20)} +(2.40)* +x10°mm*
=3.1241x10° mm*
The Mohr’s circle is then drawn as shown. I, =
_ Y e— ave —)1
21,
tan26, = ———%-
I,-1,
2(2.40x10°
X ) a 1.1,
(3.20-7.20)x10 G ‘} ?
=1.200
or 26, =50.1944° Y
Then o =60°—-50.1944° =9.8056°
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PROBLEM 9.92 (Continued)

Then I,=1,,—Rcosa=(5.20-3.1241c0s9.8056°) x 10°

or 1,=2.12x10°mm* <«
I, =TI, +Rcosa = (5.20+3.1241c0s9.8056°) x10°

or  I,=828x10°mm" «

I,y =—Rsinar =—(3.1241x10°)sin 9.8056°

or I, =-0532x10°mm* <
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J PROBLEM 9.93

Using Mohr’s circle, determine the moments of inertia and the product
6 in. of inertia of the area of Problem 9.73 with respect to new centroidal
axes obtained by rotating the x and y axes 60° counterclockwise.

SOLUTION
From Problem 9.81: I, =324z in* ) X
_ ; o
I, =6487 in" "
- *
Problem 9.73: I, =864 in*

The Mohr’s circle is defined by the diameter XY, where X (3247, 864) and Y (6487, —864).

Now I,.. =%(TX +1)) :%(3247r+6487r):1526.81 in*
- - - 1 ’
and R= \/[E(Ix 1) +1, = [5(32475 + 6487[)} +864°
=1002.75 in*

The Mohr’s circle is then drawn as shown.
21,
tan26, = ——=———
x 1ty
2(864)
3247w — 6487

=1.69765

or 26,, =59.500°

m

Then o =120°-59.500°
=60.500°
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PROBLEM 9.93 (Continued)

Then I,=1, —Rcosa=1526.81—-1002.75cos60.500°
or  1,=1033in* «
I, =1, +Rcosar =1526.81+1002.75cos 60.500°

or  1,=2020in" «

I,y ==Rsina =-1002.75sin 60.500°

or I, =-873in" «
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100 ———| PROBLEM 9.94
~>1 <— 8 mm

y T Using Mohr’s circle, determine the moments of inertia and the

40 mm product of inertia of the area of Problem 9.75 with respect to

! R N new centroidal axes obtained by rotating the x and y axes

T J | 45° clockwise.
40 mm
8 mm

b
—~f s

SOLUTION
From Problem 9.82: I, =252,757 mm* STy
T _ 4
Iy =1,752,789 mm X
_ < 45
Problem 9.75: I,, =471,040 mm* .

The Mohr’s circle is defined by the diameter XY, where X (252,757; 471,040) and Y (1,752,789; —471,040).

1. =l(7x +1) =1(252,757 +1,752,789)
Now 2 Y2

=1,002,773 mm*

2
1 — = _
and R= \/[E(IX—I},)} +1,

= \/[% (252,757 -1,752,789) } +471,040°

= 885,665 mm*

The Mohr’s circle is then drawn as shown.

tan26,, = — _2 =
x Ty
2(471,040)
252,757 -1,752,789

=0.62804

or 26, =32.130°

Then o =180°—(32.130+90°)
=57.870°
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PROBLEM 9.94 (Continued)

Then I,=1,, +Rcosa=1,002,773 +885,665c0s57.870°

or  1,=1474x10°mm"* «

Iy» = Zwe — Rcosa=1,002,773 —885,665c0s57.870°

or  I,=0.532x10"mm" <

Iy = Rsina =885,665sin57.870°

or I, =0.750x10°mm" <
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. T PROBLEM 9.95
d C TO e Using Mohr’s circle, determine the moments of inertia and the product
In b < "™ of inertia of the L3x 2><%-in. angle cross section of Problem 9.74 with
2in. respect to new centroidal axes obtained by rotating the x and y axes 30°
L3 x2 x% clockwise.
—>| < 0.25 in.
3in.
SOLUTION
From Problem 9.83: 1.=0.390in* 4 1/
— . 4 ( L X
1,=1.091in c \B
Problem 9.74: U

- 4
1,, =-0.37983 in
The Mohr’s circle is defined by the diameter XY, where X (0.390, —0.37983) and Y (1.09, 0.37983).

1 — -
Now I =5(1x +1,)

= %(0.390 +1.09)

=0.740 in*

2
1 — = —
and R= \/{E(Ix—ly)} +1,

2
= \/[%(0.390— 1.09)} +(-0.37983)°

=0.51650 in*
The Mohr’s circle is then drawn as shown.

21
tan 26, = ———
-1,
_2(-0.37983)
0.390-1.09

=-1.08523

or 26, = —47.341°
Then o = 60° —47.341° =12.659°
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PROBLEM 9.95 (Continued)

Then I.=1,, —Rcosa=0.740-0.51650 cos 12.659°
or 1,=0236in" «
I, =1, +Rcosa=0.740+0.51650 cos 12.659°

or I,=1244in" «

I,y =Rsina=0.51650sin 12.659°

or  I,,=01132in* <
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— =189 mm

——| —12.7 mm

L127 X 76 x 12.7 127

C T po
L 44.2 mm
12.7 mm ¢

min

—f_|<—76 mm—’l

PROBLEM 9.96

Using Mohr’s circle, determine the moments of inertia and the
product of inertia of the L127x76x12.7-mm angle cross section
of Problem 9.78 with respect to new centroidal axes obtained by
rotating the x and y axes 45° counterclockwise.

SOLUTION

From Problem 9.84:

Problem 9.78:

Y(1.06x10°, —1.165061x10%).

Now

and

tan

or

I, =3.93x10°mm*

I, q
I,, =1.165061x10° mm’* /<45°

The Mohr’s circle is defined by the diameter XY, where X (3.93% 10°, 1.165061x10° ), —

=1.06x10° mm* ,

AW

“Las I)= %(3.93 +1.06)x10° =2.495x10° mm*

ave

1 72
S N

26, =—=

2
\/B(zs 93— 106)} +1.165061% } x10° mm*

=1.84840%10° mm*

The Mohr’s circle is then drawn as shown.

21,

I -1

x y
2(1.165061x10%)
(3.93-1.06)x10°

=-0.81189

26, =-39.073°

m
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PROBLEM 9.96 (Continued)

Then o =180° - (39.073° + 90°)
=50.927°
Then I,=1,,—Rcosa=(2.495-1.84840c0s50.927°) x10°

or 1,=1.330x10°mm" <«

I, =1, +Rcosar =(2.495+1.84840¢c0s 50.927°) x10°
or I,=3.66x10°mm"* <
I,y =Rsina = (1.84840x10°)sin 50.927°

or I, =1435x10°mm"* <
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J PROBLEM 9.97

x2 Y

T 12t 2t For the quarter ellipse of Problem 9.67, use Mohr’s circle to determine

L the orientation of the principal axes at the origin and the corresponding

L values of the moments of inertia.

@]
! 2a 1 '
SOLUTION
From Problem 9.79: I = %a“ I, = %a“
1 4

Problem 9.67: I, = Ea

The Mohr’s circle is defined by the diameter XY, where
X £a4, la4 and Y £a4, —la4
8 2 2 2
1 (w4 w4 4
Now I,.==U,+1)==|—a" +—a" |=098175a
2 VAR 2

and

1 2
R= [E(IX—I},)} +1,

a2 3]

=0.77264a"
The Mohr’s circle is then drawn as shown.
21 Ly "_‘1»?'1
tan 26, = ————
I.-1, X
14 19 1
= Z(Z—a) 1 = %x\‘i\‘
T 4 T 4 M
§Cl _761 Y
=0.84883
or 20, =40.326°
and 6, =20.2°
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PROBLEM 9.97 (Continued)

The principal axes are obtained by rotating the xy axes through
20.2° counterclockwise 4

about O.

=1 +R=0.981754" +0.77264a"

max, min ave —

Now

or I, =1754a" <

and I, =0.209q" 4

From the Mohr’s circle it is seen that the a axis corresponds to [ ;, and the b axis corresponds to /.. .
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v PROBLEM 9.98
[+—60 mm —~—60 Inm;»‘
Using Mohr’s circle, determine for the area indicated the orientation
T of the principal centroidal axes and the corresponding values of the
40 mm moments of inertia.
C
* Area of Problem 9.72.
40 mm
SOLUTION

From Problem 9.80: I, =3.20x10°mm*
I, =7.20x10° mm*
From Problem 9.72:  I,; =2.40x10°mm*

The Mohr’s circle is defined by the diameter XY, where X (3.20% 10°, 2.40x 106)

and Y(7.20x10°, -2.40x10°). Ty Toe
— __1 _ »
Now I _E(Ix+1y)
in'\r\ 20 —f ax
=%(3.20+7.20)><106mm4 met T o1,
=5.20%10° mm*
Y

=
I

and

1 2
T 7 T2
lsa0]

2
JB(3.20—7.20)} +(2.40)* }x10°mm*

=3.1241x10° mm*

The Mohr’s circle is then drawn as shown.

21,
tan 26, = ———+=
x 1y
6
_ 2(2.40x10) _ =100
(3.20-7.20)x10

or 26,, =50.194°
and 6, =25.097°
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PROBLEM 9.98 (Continued)

O = 25.1°

Now L. min = Love TR =(5.20+3.1241)x10°

or

and

The principal axes are obtained by rotating the xy axes through

25.1° counterclockwise 4

about C.

I, =832x10°mm* «

1. =2.08x10°mm* 4

From the Mohr’s circle it is seen that the a axis corresponds to I ;, and the b axis corresponds to I, .
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v PROBLEM 9.99
9 in. <=3 in.

'4_ " Using Mohr’s circle, determine for the area indicated the orientation
of the principal centroidal axes and the corresponding values of the
moments of inertia.

19 in. %in.
_} 2 Area of Problem 9.76.
Y A X
15 in.
3 in.— 9 in.—»l
SOLUTION
From Problem 9.76:
— 4
1, =-9011.25 in
Now zc:(i)c)l+(1x)2+(1x)3
where (1), = %(24 in.)(4 in.)> =128 in*
1 . NI I S . .2
(I,),=W,), =£(9 in.)(15in.)” + 5(9 in.)(15 in.) [(7 in.)
=4151.25 in*
Then 1, =[128+2(4151.25)] in*
=8430.5 in*
Also L=+, +,);
where (I,), = %(4 in.)(24 in.)* = 4608 in*
1 . R I (S . .2
(Iy)2 = (Iy)3 =¥(15 in.)(9in.)” + 5(9 in.)(15in.) {(9 in.)
=5771.25 in*
Then I, =[4608+2(5771.25)] in* =16150.5 in*
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PROBLEM 9.99 (Continued)

The Mohr’s circle is defined by the diameter XY, where X (8430.5, —9011.25) and Y (16150.5, 9011.25).

Now

and

I,.= %(ix +1,)= %(8430.5 +16150.5) =12290.5 in*

1 - - T -
Rz\/[z(lx—ly)} +1;

2
- JE (8430.5— 16150.5)} +(-9011.25)

=9803.17 in*

The Mohr’s circle is then drawn as shown.

or

and

Now

27, o
tan26, = ——=——=

=
_2(-9011.25) 1.
~ T8430.5-16150.5 %"v Ty
= 033452

A
26, = —66.812°

6, =-33.4°
The principal axes are obtained by rotating the xy axes through

33.4° clockwise 4
about C.

A /b
% X
\Zem z-334°
o

or I =221x10%n" «

I =1 _ +R=12290.5+9803.17

max, min ave

and I, =2490 in* «

From the Mohr’s circle it is seen that the a axis corresponds to /.. and the b axis corresponds to 1.
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J PROBLEM 9.100

Using Mohr’s circle, determine for the area indicated the orientation
6 in. of the principal centroidal axes and the corresponding values of the
moments of inertia.

Area of Problem 9.73
SOLUTION
From Problem 9.81: I,=324zin* I, =6487in*
Problem 9.73: Txy =864 in*

The Mohr’s circle is defined by the diameter XY, where X (3247, 864) and Y (6487, —864).

Now I.. =%(7x +1)) :%(3247£+6487r) =1526.81in*

1 — —
and R= \/b(lx - Iy)z} +17,

2
- \/B(324n - 6487[)} +8647

=1002.75 in*

The Mohr’s circle is then drawn as shown.

— 1 _
2Ixy M NE_.i

tan20, = ————=
"I -1, %
_ 2864 2 R Vi
3247 — 6487 i Ind,
=1.69765
, Y

or 26,, =59.4998°

and 6,=29.7°
The principal axes are obtained by rotating the xy axes through
29.7° counterclockwise 4

about C.
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PROBLEM 9.100 (Continued)

Now I =1, *R=1526.81£1002.75

or I, =2530in" «
and I, =524in* «

O =+290°
2

From the Mohr’s circle it is seen that the a axis corresponds to /,;, and the b axis corresponds to /.
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Y oo PROBLEM 9.101

0.25 in.
! C A Using Mohr’s circle, determine for the area indicated the orientation
D TOASZ " of the principal centroidal axes and the corresponding values of the
%in ¢ moments of inertia.
1
L3x2x 1
L Area of Problem 9.74.
—>| e— 0.25 in.
3in.
SOLUTION
From Problem 9.83: 1,=0.390 in*
- 4
y =1.09in
Problem 9.74: I, =-0.37983 in*

The Mohr’s circle is defined by the diameter XY, where X (0.390, —0.37983) and Y (1.09, 0.37983).

Now I, = %(TX +1,)= %(0.390 +1.09) =0.740 in*
1 - =T -
and R= [E(Ix—ly)} +1;

2
= \/B(os% —1.09)} +(-0.37983)°

=0.51650 in*
The Mohr’s circle is then drawn as shown.
21, -
tan 26, =— 7 WT I,
x 1y
_ 2(—0.37983)
0.390-1.09
=-1.08523
Then 20, =—-47.341°
and 6, =-23.7°

The principal axes are obtained by rotating the xy axes through
23.7° clockwise 4
about C.
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PROBLEM 9.101 (Continued)

Now Lamin = Loyve £R=0.740£0.51650

or I, =1257in" 4

and I, =0224in* «

SRR

S
E\Lgﬁx-zan‘

From the Mohr’s circle it is seen that the a axis corresponds to 7,

. and the b axis corresponds to 1, .
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13, < PROBLEM 9.102
_ -
ﬂ)_m Using Mohr’s circle, determine for the area indicated the orientation of
y the principal centroidal axes and the corresponding values of the
— 0.412 in. moments of inertia.
5.3 in. c Area of Problem 9.77

(The moments of inertia 7, and 7} of the area of Problem 9.102

- [05in 2.95 in. were determined in Problem 9.44).

2
__! 3.6in. !O.STin.
SOLUTION
From Problem 9.44: I, =18.1282 in*
1, =4.5080 in"
Problem 9.77: 1, =—4.25320 in*

The Mohr’s circle is defined by the diameter XY, where X (18.1282, —4.25320) and Y (4.5080, 4.25320).

Now L. =%(TX +1)) =%(l8.1282+4.5080) =11.3181in*
1 - =T -
and R= [E(Ix—ly)} +1;

2
= \/B(ls. 1282 — 4.5080)} +(—4.25320)

=8.02915 in*

The Mohr’s circle is then drawn as shown.

21 ! Tay 1 AVE—.l

tan 20, = ———+=
_ 2(—4.25320) 3 max

"~ 18.1282 - 4.5080

=0.62454
or 26, =31.986°
and 6, =15.99°

The principal axes are obtained by rotating the xy axes through
15.99° counterclockwise «

about C.
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PROBLEM 9.102 (Continued)

Now Lamin = Iove TR=11.3181£8.02915
or 1. =19.35in" «
and I, =329in" «
Ly 4
Q O
=159
C

From the Mohr’s circle it is seen that the a axis corresponds to I, and the b axis corresponds to 7 ;..
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PROBLEM 9.103

The moments and product of inertia of an L4 x 3 x 1 , -in. angle cross section with respect to two rectangular
axes x and y through C are, respectively, I =1.331i 1n =275 in*, and 1 x <0, with the mlmmum value of
the moment of inertia of the area with respect to any ax1s through C being Tmin= 0.692 in*. Using Mohr’s
circle, determine (a) the product of inertia / ., of the area, (b) the orientation of the principal axes, (c) the value
of Imax.

SOLUTION

(Note: A review of a table of rolled-steel shapes reveals that the given values of I and I, , are obtained when
the 4-in. leg of the angle is parallel to the x axis. Further, for I , <0, the angle must be oriented as shown.)

Now I.. =%(TX +1,) 25(1'33+ 2.75) = 2.040 in* “
and Iw=I.—R or R=2040-0.692 < X

=1.348 in*

Using 1,,, and R, the Mohr’s circle is then drawn as shown; note that for the diameter XY, X (1.33, I, ,) and

Y(2.75, IT,). VY DU gy
, \
2 |+ = 72
(@) We have R —[E(IX—I},)} +1; Lﬁ\@iﬂ

2
- 1
or I} =1.348 —{5(1.33— 2.75)} X

Solving for Txy and taking the negative root (since Txy <0) yields Txy =—1.14586 in*.

I, =-1.146in" <

21 —
(b) We have tan 26, w  _ 2(-1.14586)
I - I 1.33-2.75
=-1.61389
or 20, =-58217° 6, =-29.1°

The principal axes are obtained by rotating the xy axes through
29.1° clockwise 4
about C.

() We have I =1, +R=2040+1348
or I, =339in" «
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/ PROBLEM 9.104

24.9 mm

6.4 mm |

Using Mohr’s circle, determine for the cross section of the rolled-
TL —512.4 mm steel angle shown the orientation of the principal centroidal axes

C x and the corresponding values of the moments of inertia. (Properties
of the cross sections are given in Figure 9.13.)

51 mm
L76x51x 64— |

~>I <— 6.4 mm

76 mm

SOLUTION

162x10° mm*
454%10° mm*

From Figure 9.13B: 1,=0.
1, =0.

(38-24.9 )Y vm

(24 -3 D)wm

& ®

'(Dc.__‘_

®/ (3(5-L4)-(12.4 - .4 Mm

(24.2 - 3.2) v —

We have I, =), +U,),

For each rectangle I, = 7” +XxYyA

and I_U =0 (symmetry) I, =XxyA

A, mm? X, mm y, mm X YA, mm*

1 76x6.4=486.4 -13.1 9.2 —-58620.93
2 6.4x(51-6.4) =285.44 21.7 -16.3 —-100962.98
z -159583.91

T o 4
I, =—-159584 mm

The Mohr’s circle is defined by the diameter XY where X (0.162x10°, —0.159584x10°)
and Y(0.454x10°,0.159584x10%)

Now I.. =%(7X +1_y)=%(o.162+0.454)><106

=0.3080%x10° mm*
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PROBLEM 9.104 (Continued)

2 2
and R= \/B(Tx _7},)} +1, = JB(OJ&— 0.454)} +(=0.159584)*  x10°
=0.21629x10° mm*
The Mohr’s circle is then drawn as shown. .
— bay — L
21,
tan 260, = ———+— J
I.-1, / .
T Lran
_ 2(=0.159584x10°) 28 R | Ll
(0.162—0.454)x10° X
=-1.09304
or 26,, =-47.545
and 6, =-23.8°

The principal axes are obtained by rotating the xy axes through

23.8° clockwise «

About C.
Now Laomin = Love £ R =(0.3080£0.21629) x10°
or I, =0.524x10°mm"* <«
and 1. =0.0917x10°mm* <«
41 b
SSSSSS
! e
BDpyz-23.8
o

From the Mohr’s circle it is seen that the a axis corresponds to 1., and the b axis corresponds to I, .
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156 J PROBLEM 9.105
197 L Using Mohr’s circle, determine for the cross section of the rolled-
BN steel angle shown the orientation of the principal centroidal axes and
- ’* the corresponding values of the moments of inertia. (Properties of
the cross sections are given in Figure 9.13.)
L127x 76 x 12.7
127 mm | ]
C
ES
_L 44.2 mm
. |
l«— 76 mm 12.7 mm
SOLUTION
From Figure 9.13B: I, =3.93x10°mm*
1, =1.06x10° mm*
Problem 9.7B: I, =-1.165061x10°mm*

(Note that the figure of Problem 9.105 is obtained by replacing x with —x in the figure of Problem 9.78; thus
the change in sign of 7,,.)

The Mohr’s circle is defined by the diameter XY, where X (3.93x 10%, —1.165061x 106)
and Y(1.06x10°,1.165061x10°).

1 — =
NOW Iave:E(Ix+I}’)
=%(3.93+1.06)x106
=2.495x%10° mm*
2
_ Y7 _7 72
and R—\/{E(lx—ly)} +1,

2
- \/{%(3.93—1.06)} +(=1.165061)* + x10°

=1.84840%10° mm*
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PROBLEM 9.105 (Continued)

The Mohr’s circle is then drawn as shown.

o7
tan 26, = ————
I,-1,

_2(-1.165061x10°)
(3.93-1.06)x10°

=0.81189
or 26, =39.073°
and 6, =19.54°

The principal axes are obtained by rotating the xy axes through
19.54° counterclockwise <«

about C.

~

max, min = Zwe + R=(2.495+1.84840)x 10°
Now ,

T _ 6. 4
or  Tmax =4.34x10"mm"

7 -
and  Imin =0-647X10"mm" 4

a
Bm=+\§.54-°
PN

From the Mohr’s circle it is seen that the a axis corresponds to 7, and the b axis corresponds to /.
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PROBLEM 9.106*

For a glven area the moments of inertia with respect to two rectangular centroidal x and y axes are
I = 1200 in* and I =300 in* , respectively. Knowing that after rotating the x and y axes about the centroid
30° c0unterclockw1se the moment of inertia relative to the rotated x axis is 1450 in, use Mohr’s circle to
determine (a) the orientation of the principal axes, (b) the principal centroidal moments of inertia.

SOLUTION
We have I, = %(Tx +1,)= %(1200 +300) =750 in.*

Now observe that I >1,., I.,>1,, and 26 =+60°. This is possible only if Txy < 0. Therefore, assume

ave’

I » <0 and (for convenience) I vy > 0. Mohr’s circle is then drawn as shown.

We have 20, + o =60°
Now using AABD: = L= L = 1200=750
cos 26, cos 26,
__ 450 (in*)
cos 26,
Using AAEF: R="Tr ~1ne 14502750
cos o cos o
__700 (in®)
cos o
Then _ 0 = 700 a=60°-26,
cos 26, cos«
or 9cos (60°—26,,) =14 cos 26,
Expanding: 9(cos 60° cos 26,, +sin 60°sin 26,,) =14 cos 26,
or tan 26, =2 SO0 _ 5145
9 sin 60°
or 26, =50.633° and 6, =25.3°

(Note: 26, < 60° implies assumption I » >0 is correct.)

Finally, R=—20 70946 in’
cos 50.633°

(a) From the Mohr’s circle it is seen that the principal axes are obtained by rotating the given centroidal x
and y axes through 6, about the centroid C or

25.3° counterclockwise
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PROBLEM 9.106* (Continued)

b Q
D= +25.3
(& %
(b)) We have Lmin = Toe £R=750%709.46

or I, =1459in" «
and I, =405in" «

From the Mohr’s circle it is seen that the a axis corresponds to I, and the b axis corresponds to I, .

X
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PROBLEM 9.107

It is known that for a given area 7) =48 x 10° mm"* and 7xy =20 x 10° mm*, where the x and y axes are
rectangular centroidal axes. If the axis corresponding to the maximum product of inertia is obtained by rotating

the x axis 67.5° counterclockwise about C, use Mohr’s circle to determine (a) the moment of inertia /, of the
area, (b) the principal centroidal moments of inertia.

SOLUTION

First assume [, > 7) and then draw the Mohr’s circle as shown. (Note: Assuming I < 7} is not consistent with
the requirement that the axis corresponding to (/. ), is obtained after rotating the x axis through 67.5° CCW.)

1;»1

From the Mohr’s circle we have
26, =2(67.5°) —90° =45°

(@)  From the Mohr’s circle we have

- - 7, o
IX=I<+2$=48><106+2M
' tan26, tan 45°
or I,=88.0x10°mm* 4
| 6
(b) We have lye =5 (0, +1,) = (88.0+48)x10

=68.0x10° mm*

I, 6
and _ o 2007 6 584106 mm?
sin 26,  sin 45°
Now L min = Toe £ R =(68.0£28.284)x10°

or I, =963x10°mm"* «

and I, =39.7x10°mm* «
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PROBLEM 9.108

Using Mohr’s circle, show that for any regular polygon (such as a pentagon) (a) the moment of inertia with
respect to every axis through the centroid is the same, (b) the product of inertia with respect to every pair of
rectangular axes through the centroid is zero.

SOLUTION

Consider the regular pentagon shown, with centroidal axes x and y.

Because the y axis is an axis of symmetry, it follows that Txy =0. Since Txy =0, the x and y axes must be

principal axes. Assuming /, =/, and [ = 1., the Mohr’s circle is then drawn as shown.

min °
1 - =

“ e Wy

Vo
- = \ 2on \ . .

]‘1‘.""‘ N \ T, Tyan
R/\ Ly

\\

3 1y, A1y <

AVE

Now rotate the coordinate axes through an angle ¢ as shown; the resulting moments of inertia, TX and Tyl, and
product of inertia, Ix'y', are indicated on the Mohr’s circle. However, the x” axis is an axis of symmetry,
which implies 1, =0. For this to be possible on the Mohr’s circle, the radius R must be equal to zero (thus,
the circle degenerates into a point). With R =0, it immediately follows that

(a) I,=1,=1,=1,=1,, (for all moments of inertia with respect to an axis through C) «

b) Txy = 7” =0 (for all products of inertia with respect to all pairs of rectangular axes with origin at C) <«
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PROBLEM 9.109

Using Mohr’s circle, prove that the expression 7.1, — If»y» is independent of the orientation of the x” and y’
axes, where Iy, I, and Iy represent the moments and product of inertia, respectively, of a given area with
respect to a pair of rectangular axes x” and y” through a given Point O. Also show that the given expression is
equal to the square of the length of the tangent drawn from the origin of the coordinate system to Mohr’s

circle.

SOLUTION

First observe that for a given area A and origin O of a rectangular coordinate system, the values of /. and R
are the same for all orientations of the coordinate axes. Shown below is a Mohr’s circle, with the moments of
inertia, /. and /., and the product of inertia, /., having been computed for an arbitrary orientation of the

’ 7
Xy’ axes.

¥ Xy

\

) X

From the Mohr’s circle
I.=1,.+Rcos20

Iy» =1, —Rcos 20
I, =Rsin 26

. . 2
Then, forming the expression ol =15y

+ R cos 20)(I... — R cos 20) — (R sin 26)*

ave ave

2 _
oA, —10 =
= (vae —R? cos’ 249) —(R*sin” 26)

=12.—R*> which is a constant

I.1, - If»y» is independent of the orientation of the coordinate axes Q.E.D. 4

Shown is a Mohr’s circle, with line OA, of length L, the required tangent.  Ix4

Noting that ~~ OAC is a right angle, it follows that 0 \‘- IxIy

2 _ g2 2
L _Iave -R Tpvg —=1

or L’=I,,-1I}, QED. <
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Y PROBLEM 9.110

-
t

Using the invariance property established in the preceding problem, express the

product of inertia I,, of an area A with respect to a pair of rectangular axes

through O in terms of the moments of inertia I, and /, of A and the principal

moments of inertia I.,;, and I, of A about O. Use the formula obtained to

X U iy calculate the product of inertia I, of the L3 x 2 X % -in. angle cross section shown
in Figure 9.13A, knowing that its maximum moment of inertia is 1.257 in*.

SOLUTION

Consider the following two sets of moments and products of inertia, which correspond to two different
orientations of the coordinate axes whole origin is at Point O.

Case 1: Io=1,, I,=1, I.,=1I,
Case 2: I,=1,
The invariance property then requires

2 _ —
LI, —12 =11 or I, =11 11, 4

xly max £ min
From Figure 9.13A: I,=1.09in*
1,=0.390 in"
Using Eq. (9.21): I+ 7) =1+ 1
Substituting 1.09+0.390 =1.257 + I,
or I, =0.223in*
Then I, =/(1.09)(0.390) — (1.257)(0.223)

=+0.381in*

The two roots correspond to the following two orientations of the cross section.

For 4 I, =-0381in" «

and for Txy =0.381in" <«
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T’ PROBLEM 9.111
A thin plate of mass m is cut in the shape of an equilateral triangle of side a.
B Determine the mass moment of inertia of the plate with respect to (a) the
‘ centroidal axes AA” and BB’, (b) the centroidal axis CC’ that is perpendicular
' to the plate.
c’
A
SOLUTION
1 [ V3 J V3, i |
Area=—a| —a |[=—a v3 i
229 4 o ‘]
3-2_"; iz S
// T ’ Zanzor 2
B / C / a.@
Mass =m = pV = ptA /4,"// ///ﬁ}\ vF
2
IIH%HS :ptlarea ZEIa.rea L—;— A *
s A
3
(@) Axis AA”: Loy =2| - V3 Na) |23
' 120 2 2 96
m % 2 \/5 4 1 2
Liv oo =1t pon =——a" | —a |=—ma <
AA’, mass A AA’, area 4 (96 ] 24
3
. 1 (B Y B,
Axis BB”: e =— 4| —a | =—a we check that 1,, =1
BB’, area 36 ( 2 ] 96 ( AA BB)
m % 2 \/5 4 1 2
I, =—Ipy . =——a |—a |=—ma <
BB’,mass A BB’, area 4 { 96 ] 24
(b)  Eq. (9.38): Lg =1y + 1y =2 - ma? Lo =——ma® 4
- (F.50) cco = laa tipp " =1

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1549

STUDENTS-HUB.com


https://students-hub.com

PROBLEM 9.112

The elliptical ring shown was cut from a thin, uniform plate.
Denoting the mass of the ring by m, determine its mass moment of
inertia with respect to (a) the centroidal axis BB’, (b) the centroidal
axis CC’ that is perpendicular to the plane of the ring.

SOLUTION

First note Mass =m = pV = ptA
= ptxXn[(2a)(2b) — ab]
=3x ptab

Also Imass = pt[area

m
= 37zab I area

(a)  Using Figure 9.12, Ipg wea = %[(261)(219)3 —ab’]

Then Iy ,__=—><1—rmb3
’ T

or gy = Zsz |

(b)  Using Figure 9.12 and symmetry, we can conclude that

_ 2
IAA', mass Z ma

Now ICC', mass IAA', mass T IBB', mass

5

== ma* +§mb2
4 4

or ICC»=%m(a2+b2) <
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A PROBLEM 9.113
B A thin semicircular plate has a radius a and a mass m. Determine the
c mass moment of inertia of the plate with respect to (a) the centroidal
a axis BB’, (b) the centroidal axis CC” that is perpendicular to the plate.
B ’
A C
SOLUTION
mass =m= ptA A
Ima%% = pt[area :ﬂlarea 8 /‘x B'
s A
| i T
Area: A= Eﬂ'a2 pr—a —
1(nx 4 1 4
Iyp awea =Ippaea ==| —a |=—=7a
AA’,area DD’,area 2 ( 4 ] 8
m m 1 4 1 2
I, =1, =— I ppes =———| —7a" |=—ma
AA’, mass DD’, mass A AA’ area %ﬂ_az (8 ] 4
1 4a’)
(a) Iy =1 —m(AC)? = —ma® — m(—j
4 3z
=(0.25-0.1801)ma’ I =0.0699ma* <
(b) Eq.(9.38): Iee =Ty +1py = i ma* +0.0699ma’
I =0.320ma” <
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A PROBLEM 9.114
The quarter ring shown has a mass m and was cut from a thin, uniform
plate. Knowing that r; = % 75, determine the mass moment of inertia of the

7 B’ quarter ring with respect to (a) the axis AA’, (b) the centroidal axis CC” that
. / is perpendicular to the plane of the quarter ring.
Al
v
o
B/ o
A
SOLUTION
First note mass =m = pV = ptA
_ T2 2
=pt 1 (”2 i )
AISO Imass = pt[area
= 7z. ™ Iarea
Sl =)
. . 4 4
(a)  Using Figure 9.12, L pp area 16(r2 5 )
m 4 4
Th I, . = X
en AA’, mass T 5 5 16(r2 h )
HE
)
m 3 Y 25
2 2
=—|r +|=r or I,,=—mr, 4
417 (4 2) M ea 7
(b)  Symmetry implies
IBB', mass IAA',mass IN
Then Ippy =140 + gy !
= 2er2
64
= é mr22
32
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PROBLEM 9.114 (Continued)

Now locate centroid C.

XZTA=3XA
or X Zrzz_frlz _4n Zr; 4 Erlz
4 4 3z 4 3zl 4
3_.3
or K=t Bl
3 -
Now 7=)?\/§

37 rzz‘(%rZ)z

32

RRLREA)

= r;
217 ?
Finally, Loy =l +mir?
2
or émrf =l +m Mr2 or I =0.1522mr; 4
32 21z
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PROBLEM 9.115
A piece of thin, uniform sheet metal is cut to form the machine
component shown. Denoting the mass of the component by m,
determine its mass moment of inertia with respect to (a) the
X axis, (b) the y axis.
SOLUTION
First note mass =m = pV = ptA @
1 z 1T —
a
= pt| Qa)a)——2a)| —
p[( (@)= ( >[2H 0)
3 5
=—pta
27 *
AISO Imass :ptIarea
2m
:_Iarea
3a’
(a) Now Tx,area = (Ix )1,area - 2(Ix)2,area
1 3 1 a 3
=— (a)2a) -2|—| = |(a
12( )(2a) [12[2j( ) }
=g
12
Then I o =2—m><la4
' 3a> 12
or I, = ma® <
18
(b) We have Tz,area = (Iz )l,area - 2(11 )Z,area
3
1 3 1 a
=—2a)(a) =2|—(a)| =
3( Na) 12( )(2]
3,
48
Then £ mass =2—mx£a4
I
72
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PROBLEM 9.115 (Continued)

Finally, 1 = +1

y,mass X, mass Z,mass

or

I,=0.819ma’ 4

1555
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PROBLEM 9.116

A piece of thin, uniform sheet metal is cut to form the machine component
shown. Denoting the mass of the component by m, determine its mass
moment of inertia with respect to (a) the axis AA’, (b) the axis BB’, where
the AA” and BB’ axes are parallel to the x axis and lie in a plane parallel to
and at a distance a above the xz plane.

SOLUTION
First note that the x axis is a centroidal axis so that
I=1 +md?

X, mass

and that from the solution to Problem 9.115,

_X mass = lmaz
18
(@) Wehave Lo mass = %ma2 +m(a)’
or 1,,=1.389ma*> <4
(b) We have L mass = %maz +m(av2)?

or  Ipy=239ma’> 4
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PROBLEM 9.117

A thin plate of mass m was cut in the shape of a parallelogram as
shown. Determine the mass moment of inertia of the plate with respect
to (a) the x axis, (b) the axis BB’, which is perpendicular to the plate.

SOLUTION
) ly mass =m = ptA
’ Imass = ptlarea zﬂlarea
;r‘ //:/// C y" A
L .

ko S o 8

(a) Consider parallelogram as made of horizontal strips and slide strips to form a square since distance
from each strip to x axis is unchanged.

a Q
Egzzzi’\ Q
4 \
iﬁ N X
a
1
Ix,area = a4
X, mass _ﬂ X,area _ﬁ la4 IX :lmaz 4
AT 23 3
(b)  For centroidal axis y”:
- 1 1
1, area =2 —(14 :—614
> 12 6
— m m(1 1
Iy',mass = le',area :a_z(ga4] :gmaz
I, =7y/ +ma’ =—ma* +ma’® ==ma
For axis BB’ 1 to plate, Eq. (9.38):
IBB»=IX+I},,=—mc12+—ma2 Iy =—ma*> 4
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PROBLEM 9.118

A thin plate of mass m was cut in the shape of a parallelogram as
shown. Determine the mass moment of inertia of the plate with
respect to (a) the y axis, (b) the axis AA’, which is perpendicular to
the plate.

SOLUTION

See sketch of solution of Problem 9.117.
(a)  From part b of solution of Problem 9.117:

-1 ,
Iy'=gma
I, =7y»+ma =lma2+ma2 I =1ma2 |
6 Y6
(b)  From solution of Problem 9.115:
Ty,z—ma and [ =—ma’
Eq. (9.38): Iyw=1,+I,
=—ma* +—ma* 1 'Ilmaz <
6 MW
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¥ PROBLEM 9.119
Determine by direct integration the mass moment of inertia
L with respect to the z axis of the right circular cylinder shown,
assuming that it has a uniform density and a mass m.
-
X
SOLUTION

For the cylinder:

For the element shown:

and

Then

m=pV = p;razL
dm = prra’dx

=7 o
L

dl, =dI_ +x*dm

IZ

im(3a2 +41%) 4
12
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PROBLEM 9.120

v The area shown is revolved about the x axis to form a homogeneous
2h solid of revolution of mass m. Using direct integration, express the
mass moment of inertia of the solid with respect to the x axis in
terms of m and h.

-

SOLUTION
We have y:Zh_hx+h
a
so that r=ﬁ(x+6l)
a

For the element shown:

dm=prridx dI, =%r2dm
h 2
=prn|—(x+a)| dx
a
a I’l2 2 1 h2 3qa
Then m=jdm=j0 pros(ra)dv=prsl(era)’)

1 KW 5 5 7 2
=~ or— @8 —-a)== h
3p7ra2(a a’) 3/)7[(1

4
Y Y LT g
Now Ix—jdlx—jzr (prr dx)—zpﬂjo{a(XwLa)} dx
—lpnxlﬂ[(xmf]“ —ipﬂ£(32a5 —a’)
2 54 10" gt
31 4
=— prah
10"
, 3
From above: prah =7m
Then 1x=2 3o\ =2
10\ 7 70

or I, ,=1329mh’> <4
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PROBLEM 9.121

The area shown is revolved about the x axis to form a
homogeneous solid of revolution of mass m. Determine by
direct integration the mass moment of inertia of the solid

h
with respect to (a) the x axis, (b) the y axis. Express your
answers in terms of m and the dimensions of the solid.
__’1_ -
SOLUTION
N'
We have at (a,h): h=—
or k=ah 3

For the element shown:

r=4
dm = prr*dx
2
=pﬂ'{a—hj dx
X
3a ah 2
Then m= j dm = j pﬂ'[—) dx
a X
~ - 1 3a
=prah | ——
SR
=pra’h™ | ——| —— =—prah
P { 3a a 3/0
1, 1 4
(a)  For the element: dl, =Er dmza prrdx
Wl  (anY | 1 117"
a a 4,4
Then I . =\dl.=| —pr|— | dc=—pra’h’|——+
x J- . .[a 2/0 (x) 2/0 |: 3x31
3 3
a4l 1 1 1_26 4
=——pra'h’|| —| —| —| |==X—prah
6p (361 a 6 27p
=—><g,07rah2 ><£h2 =£mh2
3 9 54

or I =0241mh> <4

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1561

STUDENTS-HUB.com


https://students-hub.com

PROBLEM 9.121 (Continued)

(b)  For the element: dl v = dl vt x2dm

= l r2dm+ x*dm
4

2 2
_ (3| 1( ah 2 ah
Then Iy—J.dIy—J.a 4[x] +x pﬂ'(x] dx
3a
2,2 3a 1a2h2 2,2 1 Clzhz
= pra“h — +1|dx=prah”| — +x
p J.a 4 x4 p 12 X3
3 1 a’h? 1 a’h’
=|—m|ay| —— +3a |—| —— +a
2 12 (3a)® 12 (a)}

2
=§ma i><§h—+2a =m £hz+3a2
2 12 27 a 108

or I, =m(3a’+0.1204n%) 4
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PROBLEM 9.122

b

Determine by direct integration the mass moment of inertia with respect
to the x axis of the pyramid shown, assuming that it has a uniform density
and a mass m.

X

2

SOLUTION
K~
h
ol
For element shown: dm=pdV = p[a%}(b%) dy= pZ—lz) yzdy
2 2 3
1 y 15 2 ab 2 1 ab 4
d , =—| b= | dn=—— — |y'dy=—p—F—y"d
* 12( h] 2’ (phzjy TRy
| 2
Parallel-axis theorem dl =dl ,+d*dm where  d’ =y2+[5b%]
ar =L £401+ 2+lﬁ2 ab g
x 12Ph4)’ yr|y 4h2y th)’ Y
3
p ab ab | 4
(22 )

3 3 3
_ [ pab ab | 4., pab’h = pabh
I"_Idl"_(g i’ +ph2]_[0ydy— 5 s
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PROBLEM 9.122 (Continued)

For pyramid, m=py= é pabh
2 2
Thus: I = (lpabh] b——i-%
3 5 5

I, =%m(b2 +3h%) <
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PROBLEM 9.123
b Determine by direct integration the mass moment of inertia with respect to
the x axis of the pyramid shown, assuming that it has a uniform density
and a mass m.

ﬁ\
’?i
-

X

2

SOLUTION
See figure of solution of Problem 9.122 for element shown
4
4
Yy y <5
dm=p|b= || a=|d g h
P ( h )( h] g 43 "
ab 2 0 2w
dm=p-5ydy 2 "--....,m,a/ 4\

For thin plate: dl,=dl,+dl,
iy ’ Ly ’ L 2 202
dl, =—| b= | dm+—| a= dm=—2(b +a’ )y dm
Y30 h 30 h 3h
1 ab ab
=W(a2 +b%)y? (P? yzdyj =—§h4 (@® +b*)y'dy
_ _pab 5 ot 4, pab . 5 o
1,=far, = @b ) vty = @ b
. 1
For pyramid, m=pv= 3 pabh
1, = L pavh |2 a? +6?)
Y 3/0 5

I S
Iy—gm(a +b°) 4
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y PROBLEM 9.124

y2+z2=kx
\ Determine by direct integration the mass moment of inertia with
respect to the y axis of the paraboloid shown, assuming that it has a

uniform density and a mass m.

SOLUTION

r2:y2+12:kx: at x=h,r=a; a" =kh;, k=—

2
Thus: > =a—x
h

2
dm = prridx = pﬂ%xdy

h a ¢h 1 )
m—.[o dm—pﬂ7j0 xdx; m—Epiz'a h

2
dl =dI»+mx2=lr2dm+x2dm= la—x+x2 dm
4 J 4 4 h

u 4 2 2 2 a1
_ la 2 a _ a ta » 3
I}—IO }_Io xX+x" |pr—xdy=p h-[ 4hx +x° |dx
_ el Lan
hi{d4h 3 4
1 27, 2 2
1. =—pra“h(a” +3h°) <
Recall: 1 2h; = l 2 l 2 2
.m—;pﬂ'a h; I, = 2p7rah 5 (a”+3h7)

_1 2 2
I},—gm(a +3h°) 4
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PROBLEM 9.125

A thin rectangular plate of mass m is welded to a vertical shaft AB
as shown. Knowing that the plate forms an angle @ with the y axis,
determine by direct integration the mass moment of inertia of the
plate with respect to (a) the y axis, (b) the z axis.

SOLUTION

Projection on yz plane

Mass of plate: m = ptab

(a)  For element shown: dm = pbtdy

dl, =dl ; +(vsin@)’dm = ébzdm +v7 sin” @dm
= (ébz +v?sin? 9] pbtdy

_ _ al 1 5, 5 .5
Iy—J-dIy—pbtJ-O[lzb +%sin dov

1 3 ‘
— v+ sind
1 3

1 2 613 .2
= pbt = pbt| —ab” +—sin" @
P P (12“ 3 J

0

= (ptab)%(bz +4a*sin” 0)

I =im(b2+4a2sin2 6) 4
Y12
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PROBLEM 9.125 (Continued)

(b) dl, =dI, +(vcos @)’ dm= %bzdm +v? cos” Odm
= (Lbz +v%cos® ﬁjpbtdv
12
af 1
I, = jd]z = pbtjo [Ebz +v” cos’ 6’jdv

a

3 3
= pbt ibzv+v—cos2 6| = pbt iab2 +L cos’ 0
12 3 1
= (ptab)%(bz +4a® cos® 0)

I = %m(bz +4a’ cos” ) 4
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! PROBLEM 9.126*
A thin steel wire is bent into the shape shown. Denoting the mass
per unit length of the wire by m’, determine by direct integration the
mass moment of inertia of the wire with respect to each of the
coordinate axes.
X
SOLUTION
First note L2 =—x""(a?? - x*)?
dx
Then 1+ [d—yJ =1+ xR @ - 22 4
2/3
-4
[x} 3L
dyY g /
For the element shown: dm=m'dL=m’ |1+ (d_y] dx “
X
X
1/3 1 L—x—-’l
L a
=m (—] dx
X
Th d —d _ ’ 1/%[ 2/3]“_2 ’
en m= m = m 1/3 X = ) m a X 0 = 5 ma
2 423 2133 a"
Now Ixzj.y dmzj-o(a -Xx mFdx
af 2
:m,amJ‘O %—3414/3 13 4 3,23 _ 513 | g0
NV iazxm _2a4/3x4/3 +§a2/3x2 _Exg/s ‘
2 4 2 8 o
3 9 3 3} 3,3,
=m'a’| =—>+=-=|=Zm'a
2 4 2 8) 8
or I, =lma2 <4
L |
Symmetry implies I =Zma <
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PROBLEM 9.126* (Continued)

Alternative solution:

. 13 a
I, =jx2dm =I X2 m'%dx =m'a1/3j XPdx
0 X 0
=m'a"? Xg[xgﬁ T = ém'a3
8 0o 8
L2
4
2, .2
Also 1= [+ ydm=1,+1,
1,
or I,=—ma" 4
2
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Neoprene PROBLEM 9.127

’<— }fli . Aluminum
3 / - in. Shown is the cross section of an idler roller. Determine its mass

B moment of inertia and its radius of gyration with respect to the
1 1 axis AA’. (The specific weight of bronze is 0.310 Ib/in’; of
lgin 13 5 aluminum, 0.100 Ib/in’; and of neoprene, 0.0452 1b/in’.)
13 .
ﬁ m.
SOLUTION

First note for the cylindrical ring shown that
m=pV = ptx= ( ) pt(dz—d )

and, using Figure 9.28, that

Now treat the roller as three concentric rings and, working from the bronze outward, we have

2 2
mzﬁfot/sz{(0.3101b/in3)(£in.j{(§] —(lj }n2
47322 16 8 4
2 2

+(0.100 1b/in3)(E in.jﬂl) —(ij }nz

16 2 8

2 2

+(o.04521b/in3)(£in.j{(1lj —[lj }nz}

16 8 2

=(479.96 +183.41+769.80)x107° Ib - s> /ft
=1.4332x107 Ib - s?/ft
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PROBLEM 9.127 (Continued)

1 1Y (3Y 3\ (1)
,M,_g{m%)[@ {2 }agm{(g) (4]
2 2 2
+(769.80) (1% +(1j x107°1b-s? /ft xin® x 1t
8 2 144 in?

=(84.628+62.191+1012.78)x10™° Ib- ft - s>
=1.15960x10°Ib - ft - s>

or  1,,=1.160x10°1b-ft-s* «

Now k2 _ IAA' _ 115960)(10_6 1b~ft.sz

, = =809.09%107° ft>
W m 1.4332x107 b st

Then ko =28.445x107 ft

or k,y =0.341in. 4
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Polycurbunutc P R o B L E M 9 - 1 28

2 mm—| |4—
Shown is the cross section of a molded flat-belt pulley.
F Determine its mass moment of inertia and its radius of
T - gyration with respect to the axis AA’. (The density of
2 m'i‘l 1 17mm brass is 8650 kg/m’ and the density of the fiber-reinforced
1A A polycarbonate used is 1250 kg/m’.)
T\Bm
l<—9.5 mm—>l
17.5 mm
SOLUTION

First note for the cylindrical ring shown that

m= pv =pt><%(d22 —df)

2 2
1 d 1 (d
J o=t %2 1, 4
m 2'"2(2J 2'”1(2]
1 T T
:g{(ptxzdzzjdzz—[ptxzdf)dlz}
1(x

zé(gptj(d; —ap)(d2 +d?)

and, using Figure 9.28, that

1 2, 2
=—m|d] +d
8 ( 1 2 )
Now treat the pulley as four concentric rings and, working from the brass outward, we have

m= %{8650 kg/m® x (0.0175 m)x (0.011* —0.005%) m?

+1250 kg/m’[(0.0175 m) x (0.017% —0.011*) m*

+(0.002 m)x(0.022* =0.017%) m*

+(0.0095 m)x (0.028% —0.022%) m?1}
=(11.4134+2.8863+0.38288 +2.7980) x10 ™ kg
=17.4806x107 kg

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1573



https://students-hub.com

PROBLEM 9.128 (Continued)

and L= %[(1 1.4134)(0.005% +0.011%) + (2.8863)(0.011* +0.017%)

+(0.38288)(0.017% +0.022%)
+(2.7980)(0.022% +0.028%)]x10~* kg x m?

=(208.29 +147.92 +37.00 + 443.48)x10~° kg - m*
=836.69%x107" kg - m*
or 1,,=837x10"kg-m* «

02
Now k2, =t BIOOAO ke _ 47 6451076 2
m  17.4806x107 kg

or kyy =6.92mm <
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PROBLEM 9.129

The machine part shown is formed by machining a conical
surface into a circular cylinder. For b= %h, determine the mass
moment of inertia and the radius of gyration of the machine part

with respect to the y axis.

SOLUTION
2 a—,, I a
\ Jf— > - [44
1 h 1
Mass: m., = pra’h m. . =—pra’—=—pra’h
cyl P: cone 3p 9 6p
1 2 3 2
I} Icyl E eyl Icone _Emconea
4 1 4
=—pna“h =—opra'h
P 20P
For entire machine part:
1
M= My — Megpe =pﬂ'a2h—gp7m2h =gpﬂ'a2h
1 4 4 4
1. =1_,-1__=—prah——pra"h=—pra h
y cyl cone Zp 20p 20p
or Iy=(§p7m2hj(éj(i)a2 I =£ma2 <4
6 5)20 Y50
Then k; =i=§—(7)a2 k, =0.735a 4
m

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1575



https://students-hub.com

PROBLEM 9.130

¥ h /‘ Given the dimensions and the mass m of the thin conical shell
shown, determine the mass moment of inertia and the radius of
gyration of the shell with respect to the x axis. (Hint: Assume that

~ the shell was formed by removing a cone with a circular base of
; radius a from a cone with a circular base of radius a + ¢, where ¢ is
the thickness of the wall. In the resulting expressions, neglect terms
containing 7, ’, etc. Do not forget to account for the difference in
‘ z the heights of the two cones.)
SOLUTION
X
First note h _h 1
a-+t a i
" \
, h
or h=—(a+1) L i
a
) ) fo-aut ow|
For a cone of height H whose base has a radius 7, have
I, =imr2
10

Then Ixzi EprzH 2

10\ 3

4
=—pr'H

10 P
Now following the hint have

_ _z 2,7 2

Mgpen = Mouter ~ Minper = gp[(a + t) h—a h]

:£p|:(a+t)2 =2(a+t)—a2h}
3 a

3
:Epazh 1+L] -1 zﬁpazh 1+3L+---—1
3 a 3 a

Neglecting the 7 and £’ terms obtain My, = 7ZPaht
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PROBLEM 9.130 (Continued)

Also (Ix )shell = (Ix)outer - (Ix )inner

= % plla+0* K —a*h]

:%p|:(a+t)4 x%(a-i—t)—a“h}

5
T4 t T4 t
=—pa'h||1+—| =1|=—pa"h|1+5—+---—1
10/3 ( a] 10p ( ]

Neglecting  and higher order terms, obtain

T
(Ix )shell = Epa3ht

I
Now kj=—t=2
m

a

or I

or
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PROBLEM 9.131

A square hole is centered in and extends through the aluminum
machine component shown. Determine (a) the value of a for which
the mass moment of inertia of the component with respect to the axis
AA’, which bisects the top surface of the hole, is maximum, (b) the
corresponding values of the mass moment of inertia and the radius of
gyration with respect to the axis AA’. (The specific weight of
aluminum is 0.100 Ib/in’.)

SOLUTION
First note m, = pV, = pb°L
and m, = pV, = pa*L

(a)  Using Figure 9.28 and the parallel-axis theorem, we have
Loy = Uap )y =T ax )y

| 2

:|:Eml(b2 +b2)+m1 (%j jl
1 a)
_{Emz(a2 +z12)+m2 (Ej }

1 1 5
— 20 22+ 2a2 = 20 242
(pb )(6b +4‘1) (pa )(lza]

:%(21# +3b0%a% —5a%)

Then A _ PL 6120 —204%) =0
da 12
/3
or a=0 and a=b,|—
10
d*l,, pL 1
Also A — P2 6b* —60a”) =— pL(b* —10a°
e 12( ) 5P ( )
2
Now for a =0, L‘;A'>O
da
2
and for a=>b i M<O
V10 da*
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PROBLEM 9.131 (Continued)

(4 44 )max OCcurs when a=b /%

Then a=(4.2in.) /i
10

(b)  From part a:

or a=2.30in. 4

2 4

pL| 0 .o, [3 3 49 .
L) == 26% +30 | b |— | =5\ b,|— | |=—=pLb
(T ) ma 12 ( 10 10 240"

_99 Yapppe 49 0100 Ibfin®
240 ¢ 240 322 fi/s>

2
% (15 in.)(4.2 in.)* { Lt J
12 in.

of (L) =20.6x107° Ib-ft-s* «

k2, = Lo
m

Now

where m=m, —m, = pL(b* —a*)

2
3
=pL|b* | b |—

7 2
=—pLb
10"

2 pLb*
Then iy = 240’;2 = lbz = 1(4.2 in.)
GpLb” 24 24

or kyy=227in. 4
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PROBLEM 9.132

The cups and the arms of an anemometer are fabricated from a
material of density p. Knowing that the mass moment of inertia
of a thin, hemispherical shell of mass m and thickness ¢ with
respect to its centroidal axis GG is 5ma*/12, determine (a) the
mass moment of inertia of the anemometer with respect to the
axis AA’, (b) the ratio of a to [ for which the centroidal moment
of inertia of the cups is equal to 1 percent of the moment of
inertia of the cups with respect to the axis AA”.

SOLUTION
. T 2
(a)  First note My = PV = pxzd l
and dm,, = pdV,,,
= pl(2zracosB)(t)(adH)]
/2
Th o = =| 2mpd’
en My jdmcup I , 2mpa tcos6do
= 27pa’t[sin 6’]6”2
=27pa’t
Now (IAA')anem = (IAA')cups + (IAA')arms

Using the parallel-axis theorem and assuming the arms are slender rods, we have

(IAA')anem = 3|:(IGG')cup + mcupde:| + 3|:7arm + n/larmdAGm111 :|
2 2
=3 imw a’+m,, (l+a)2+(£j +3 lmarmlz+marm (Lj
12 P P 2 2 2

2
arm l

=31y [éaz +21a+lzj+m
3

=3(2pa’t) Gaz +2la+ lzj + g pdzlj )

a1

54* a
or I =apl*| 6a*t| ==—+2=+1 |+ |
(AA)anem P (3 12 I J 4
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PROBLEM 9.132 (Continued)

I
(b) We have M:o.m
(IAA')cup
5 2 _ 5, 2
or Emcupa =0.01my, ga +2la+1" | (from part a)
Now let {z%
2 5 2
Then 5¢ =0.12(§§ +2§+1j
or 4087 -2¢-1=0
244/(=2) - -
hen _24(-2) - 4(40)(-1)
2(40)
or £=0.1851 and (=-0.1351
%=0.1851 <
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PROBLEM 9.133

After a period of use, one of the blades of a shredder has been worn to the
shape shown and is of mass 0.18 kg. Knowing that the mass moments of
inertia of the blade with respect to the AA” and BB’ axes are 0.320 g-m?’
and 0.680 g-m?, respectively, determine (a) the location of the centroidal
axis GG’, (b) the radius of gyration with respect to axis GG’.

SOLUTION
(@) Wehave dp =(0.08—d,)m

and, using the parallel axis

Then IBB»—IAA»zm(dé—df,)

=m[(0.08-d,)’ -d} |

=m(0.0064 —0.16d ,)
Substituting: (0.68—0.32)x10 kg - m? =0.18 kg(0.0064 — 0.16d , ) m*

or d,=275mm <«
to the right of A
(b) We have Ly =g +md;

or I =0.32x107 kg-m* —0.18 kg - (0.0275 m)*

=0.183875x107° kg - m*

I;e  0.183875x107 kg-m®
0.18 kg

=1.02153x107> m?

Then ké & =

or kg =32.0mm <«
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PROBLEM 9.134

Determine the mass moment of inertia of the 0.9-1b machine component shown
with respect to the axis AA”.

2.4 in.

SOLUTION

First note that the given shape can be formed adding a small cone to a cylinder and then removing a larger
cone as indicated.

4
™ B

Now iz h+2.4

0.4 1.2

or h=1.21in.

The weight of the body is given by
W =mg=g(m +m, —my)=pg(V, +V, =V;)

or 0.9 Ib = px32.2 ft/s*

{ﬂ(0.8)2(2.4) +%(0.2)2(1.2) —%(0.6)2(3.6)} in3 x(l

1t Y’
2 1in.
= px32.2 ft/s?(2.79253 +0.02909 — 0.78540) x 10~ ft

or p =13.7266 1b-s*/ft*

Then m, = (13.7266)(2.79253x107*) = 0.038332 1b - s*/ft
m, = (13.7266)(0.02909x107*) = 0.000399 Ib - s*/ft
my = (13.7266)(0.78540x107) = 0.010781 Ib - s*/ft
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PROBLEM 9.134 (Continued)

Finally, using Figure 9.28, we have
Ty = Upp )y + U g )y = U g3

23 2
—m,a, —— a5

“Lma?+
SRUET 10

2
= B (0.038332)(0.8)> +%(0.000399)(o.2)2 - %(0.010781)(0.6)2}(% -s2/ft)xin? x(ll ft ]
1n.

=(85.1822+0.0333-8.0858)x107°1b - ft - s°

or I, =77.1x10°Ib-ft-s* 4
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To the instructor:

The following formulas for the mass moment of inertia of thin plates and a half cylindrical shell are derived at
this time for use in the solutions of Problems 9.135 through 9.140.

Thin rectangular plate

(), =), +md*
2 2
=Lm(b2+h2)+m (2) +(ﬁj
12 2
=Lo@? + 1)
3

(1)), =), +md*

x'
1 bY 1 z
12 2 3 x
1,=(1,), +md’
2
=Lmh2 +m ﬁ =lmh2
12 2 3
Thin triangular plate
We have m=pV = p(%bht) vl
_ 1.,

and I ea = %bh 1/
Then Iz,mass :ptlz,arlea J/l/ B

= ptx—Dbh’

P 36
= Lth
18
Similarl I, = imb2
Y, y,mass 18
N T vese = T s + T e = —m(b? + 1
ow x,mass ~ ©y,mass Z,mass _ﬁm( )

Thin semicircular plate
We have m=pV = p{%aztj

and Iy,area = Iz,area = ga
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(Continued)

Then Iy,mass = Iz,mass zpﬂy,area
7T 4
= ptX—a
P 8
1
=—ma’
4
— 1 2
Now Ix,mass = Iy,mass + Iz,mass = Ema
- _ - 1 1
Also Ixma%% =Ix'ma§%+my2 or Ix'maw =m ___6 az
) 53 > 33 ) O3 2 9”2
— — 1 16
—2 2
and Iz,mass = Iz',mass +my or Iz',mass =m [Z - WJG
yozoda
Y R4
Thin Quarter-Circular Plate
We have m=pV = p(%ath
and 1 =1 e

—da
,area z,area
Y 16

Then Iy,mass = Iz,mass = ptlyaafea
T 4
=pIX—a
P 16
1
=—ma®
4
1,
Now Ix,mass = Iy,mass + Iz,mass = Ema
Also Ix,mass = Ix',mass + m(yz + 22)
_ 1 32,
or Ix',mass =m[5—9ﬂ_2]a
and Iy,mass = Iy',mass + mzz
_ 1 1
or Iy' mass — m{__ 62 )az
’ 4 9r

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1586

STUDENTS-HUB.com


https://students-hub.com

STUDENTS-HUB.com

PROBLEM 9.135

0.48 . . . . .
" A 2-mm thick piece of sheet steel is cut and bent into the machine

component shown. Knowing that the density of steel is 7850 kg/m”,
determine the mass moment of inertia of the component with
respect to each of the coordinate axes.

A
0.76 m\}/ \

SOLUTION

First compute the mass of each component. We have

m= psrV = Pyt A @
Then m, = (7850 kg/m*)(0.002 m)(0.76 x 0.48) m” 1/ %

=5.72736 kg

=/

m, = (7850 kg/m*)(0.002 m) GX 0.76 % 0.48] m>
=2.86368 kg
my = (7850 kg/m*)(0.002 m) (%x 0.482] m’

=2.84101kg
Using Figure 9.28 for component 1 and the equations derived above for components 2 and 3, we have

Ix :(Ix)l +(Ix)2 +(Ix)3

1 ) 048 Y
=| 5 (572736 ke)(0.48 m)” +(5.72736 ke)| == m

2
+ {%(2.86368 kg)(0.48 m)” +(2.86368 kg)(% mj } + B(2-84101 kg)(0.48 m)z}

=[(0.109965 + 0.329896) + (0.036655 + 0.073310) + (0.327284)] kg - m*
=(0.439861+0.109965 + 0.327284) kg - m*

or  1,=0877kg-m’ 4
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PROBLEM 9.135 (Continued)

I, =), +U,),+,),

2 2
= {% (5.72736 kg)(0.76* +0.48%) m* + (5.72736 kg){(%) + (O‘—;g) } mz}

2
+ {%(2.86368 kg)(0.76 m)” + (2.86368 kg) (O‘—f mj } + {%(2.84101 kg)(0.48 m)z}
=[(0.385642+1.156927) + (0.091892 + 0.183785) + (0.163642)] kg - m’
= (1.542590 + 0.275677 +0.163642) kg - m’
or I,=1982kg-m’ <«
I =(I)+(I,),+(I,)

1 ) 076 Y
=| 5 (572736 ke)(0.76 m)” +(5.72736 ke)| == m

2 2
+ {%(2.86368 kg)(0.76* +0.48%) m* + (2.86368 k%(?) + [%J } mz}

+ B(2.84101 kg)(0.48 m)z}

I, =[(0.275677 +0.827031) + (0.128548 + 0.257095)
+(0.163642)] kg - m*
=(1.102708 +0.385643 + 0.163642) kg - m*

or I =1.652kg-m’ 4
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! PROBLEM 9.136

A 2-mm thick piece of sheet steel is cut and bent into the machine
component shown. Knowing that the density of steel is 7850 kg/m3,
determine the mass moment of inertia of the component with respect
to each of the coordinate axes.

350 mm

SOLUTION

First compute the mass of each component. We have
m= PsrV = PsriA

Then

m, = (7850 kg/m>)(0.002 m)(0.35 x 0.39) m*
=2.14305 kg

P

™\

m, = (7850 kg/m*)(0.002 m) (%xO.l%zjmz =0.93775 kg

my, = (7850 kg/m?)(0.002 m)[%x0.39x0.15] m? =0.45923 kg

Using Figure 9.28 for component 1 and the equations derived above for components 2 and 3, we have
Ix = (Ix)l + (IX)2 + (Ix)3

1 ) 039 Y
=| {5 (214305 kg)(0.39 m)* + (214305 kg)| == m

2
+ {[%—91—62) (0.93775 kg)(0.195 m)* + (0.93775 kg){[%j + (0.195)2} mz}
T T

2 2
+{%(0.45923 kg)[(0.39)* +(0.15)* ] m* + (0.45923 kg)[[o'—;g] + [%} } mz}

=[(0.027163 +0.081489) + (0.011406 + 0.042081) + (0.004455 +0.008909)] kg - m*
=(0.108652 +0.053487 +0.013364) kg - m*
=0.175503 kg - m*

or  I,=1755x10" kg-m* «
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PROBLEM 9.136 (Continued)

Iy =(Iy)1 +(Iy)2 +(Iy)3

2 2
= {é(z.mos kg)[(0.35)* +(0.39)*] m? +(2.14305 kg){(o'—jsj +[@j } mz}

+B(o.93775 kg)(0.195 m)® +(0.93775 kg)(0.195 m)z}

2
+ {%(0.45923 kg)(0.39 m)* + (0.45923 kg)!(0.35)2 + (0'3&) } mz}

=[(0.049040 + 0.147120) + (0.008914 + 0.035658)
+(0.003880 + 0.064017)] kg - m*

=(0.196160 + 0.044572 + 0.067897) kg - m*
=0.308629 kg - m*

or 1,=309%10" kg-m’ «
Iz :(Iz)l +(Iz)2 +(Iz)3

1 ) 035 Y
=| 5214305 ke)(0.35 m)* + (214305 k)| = m

+ [%(0.93775 kg)(0.195 m)zil

2
+ {%(0.45923 kg)(0.15 m)* + (0.45923 kg)[(o.%)2 + (?j } mz}

=[(0.021877 +0.065631) + 0.008914) + (0.000574 + 0.057404)] kg - m*

= (0.087508 +0.008914 + 0.057978) kg - m*
=0.154400 kg - m?

or I =154.4x10"kg -m’ «
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PROBLEM 9.137

A subassembly for a model airplane is fabricated from three pieces of 1.5-mm
plywood. Neglecting the mass of the adhesive used to assemble the three
pieces, determine the mass moment of inertia of the subassembly with respect
to each of the coordinate axes. (The density of the plywood is 780 kg/m”.)

SOLUTION )
First compute the mass of each component. We have

m=pV = ptA o K
Then X

m, =m, = (780 kg/m*)(0.0015 m) Gxoaxo. 12] m?
=21.0600x107 kg
my, = (780 kg/m?)(0.0015 m) (%xo.lzzj m* =13.2324x107 kg
Using the equations derived above and the parallel-axis theorem, we have

(I =U,),
Ix = (Ix)l + (IX)Z + (Ix)3

2
_ 2{%(21.0600%0_3 kg)(0.12m)” +(21.0600x10” kg){oél 2 m] ]

+ [%(13.2324><103 kg)(0.12 m)z}

=[2(16.8480 + 33.6960) + (95.2733)]x107° kg - m*
=[2(50.5440) + (95.2733)]x10° kg - m?

or 1, =196.4x10"°kg -m> 4
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PROBLEM 9.137 (Continued)

I,=(1,) +(,), +{,);

2
= [%(21.0600><103 kg)(0.3 m)? + (21.0600 kg) (%mj }

+ {%(21.0600><103 kg)[(0.3)* +(0.12)*]1 m?

2 2
+(21.0600%10 kg){(%) J{%] }mz}

+B(13.2324><10‘3 kg)(0.12 m)zil

=[(105.300 + 210.600) + (122.148 + 244.296)
+(47.637)]x10 % kg - m?
=(315.900 + 366.444 + 47.637)x10° kg - m*
or  1,=730x10"kg-m’ 4
Symmetry implies I, =1,

1,=730x10"kg - m*> «
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! PROBLEM 9.138

The cover for an electronic device is formed from sheet aluminum
that is 0.05 in. thick. Determine the mass moment of inertia of the
cover with respect to each of the coordinate axes. (The specific
weight of aluminum is 0.100 Ib/in>.)

SOLUTION

. ™
First compute the mass of each component. We have !

y >

m=pV="-1A
X
P
2

~0.100 Ib/in®

Then my = —x0.05 in.x(3x 2.4)in> =1.11801x107 b - s> /ft
32.2 fi/s
.3
m, = Mxo.os in. x(3x6.2)in> =2.88820x107 Ib-s*/ft
32.2 fi/s
.3
my=m, = Mxo.os in.x (2.4x6.2)in* =2.31056x107 Ib - s> /ft
32.2 fi/s

Using Figure 9.28 and the parallel-axis theorem, we have

(Ix)3 Z(Ix)4
Ix = (Ix)l +(Ix)2 +(Ix)3 + (Ix)4

_ [$(1_11801x103 Ib-s? /f)(2.4 in.)?

2 2
+(1.11801><10—31b_sz/ft)(2_; in.) }( 1 ft )

12 in.

+ [%(2.88820x 107 1b-s*/ft)(6.2 in.)?

2 2
+(2.88820%107 Ib - s>/ft) (6_22 in'] }( T ]

12 in.

+ 2{%(2.3105&103 Ib- s2/ft)[(2.4)2 + (6.2)2] in’

2 2 2
(231056107 -2/ | [ 23] [ &2 [in2 | LIt
2 2 12 in.
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PROBLEM 9.138 (Continued)

=[(3.7267 +11.1801) + (64.2491 +192.7472)
+2(59.1011+177.3034)]x10° Ib - ft - s
=[14.9068 + 256.9963 + 2(236.4045)]x10° Ib - ft - s

or  I,=745x10°1b-ft-s* «
I,=(1,)+,), +U);+U,),

- [5(1.1 1801x107° Ib-s*/ft)(3 in.)

2 2
+(l'11801><10_31b~s2/ft)(% in_j }( 1ft j

12 in.

+ {é(z.ssszox 1073 1b-s2/f0)[(3) +(6.2)] in?

2 2 2
+(2.88820x107° 1b - s /ft) 3V 4[82) | lf,t
2 2 12 in.

+ {é(za 1056 %107 Ib - s2/£t)(6.2 in.)*

2 2
+(2.31056x10—31b,sz/ft)[6_; in.] }( 1 ft ]

12 in.

+ {é(2.31056>< 107 1b - s /ft)(6.2 in.)?

2 2
+(2.31056x107° b - 5% /ft)| (3)* + 821 |y lft
2 12 in.

=[(5.8230+17.4689) + (79.2918 + 237.8754) + (51.3993 +154.1978)
+(51.3993+298.6078)]x10° Ib - ft - s

=(23.2919+317.1672 + 205.5971+ 350.0071) x 107 1b - ft - s

or  I,=896x10"1b-ft-s* «
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PROBLEM 9.138 (Continued)

Iz :(Iz)l +(Iz)2+(lz)3 +(Iz)4

= {%(1.1 1801x 107 1b- s /f0)[(3)* + (2.4)*]in>

2 2 2
+(1.11801x107° Ib - s> /ft) 3V 4[24 |ine lft
2 2 12 in.

{é(z.ssszox 107 b - s%/f0)(3 in.)?

2 2
T (2.88820x107 1b-s2/ft)| > in. | |[ 1t
2 12in.

+ {5(2.3 1056 x107° 1b - s>/ft)(2.4 in.)*

2 2
+(2.31056x107 1b-s%/ )| Z2in, | |[ L1t
2 12in.

+ {é(2.31056><103 Ib-s2/ft)(2.4 in.)?

2 2
+(2.31056x107 Ib-s*/ft) <3>2+(ﬁ] in ( . J
2 12 in.

=[(9.5497 + 28.6490) + (15.0427 + 45.1281)
+(7.7019 + 23.1056) + (7.7019 + 167.5156)]x 10 ° Ib - ft - s*

=(38.1987 + 60.1708 + 30.8075 +175.2175)x10° Ib - ft - s°

or  I,=304x10"°Ib-ft-s* «
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! PROBLEM 9.139

\ .
/\T\ 2 A framing anchor is formed of 0.05-in.-thick galvanized steel. Determine the
e mass moment of inertia of the anchor with respect to each of the coordinate
35 in. \ axes. (The specific weight of galvanized steel is 470 Ib/ft>.)

1.25 in. 2i|1./‘
el

SOLUTION
u|
First compute the mass of each component. We have z/
N
8

Then
470 Ib/fE? 1 ft )3 % ®

my =—————x0.05in.X(2.25x3.5) in’ x( :
32.2 ft/s 12 in.
=3325.97x107° Ib - s> /ft

_ 470 1b/fe
32.2 ft/s?
=950.28%x107% 1b- s /ft

3 3
my =0 .05 in.x [1x2x4.75j inzx( Lo j
32.2 ftfs 2 12 in.

=2006.14x10°1b- s? /ft

Using Figure 9.28 for components 1 and 2 and the equations derived above for component 3, we have

Ix = (Ix)l +(Ix)2 +(Ix)3

3
m %0.05 in.x (2.25x1) in® x| ¢
? 12

1m.

= [$(3325.97 x107°1b-s*/ft)(3.5 in.)’

2
+(3325.97x107° Ib - s? /ft) 33 2 ! f,t
2 12 in.

+ {é (950.28 x107° Ib - s> /ft)(1 in.)*

2 2
+(950.28%107° Ib - s /ft)| (3.5)% + L) finz 2 f,t
2 12 in.
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PROBLEM 9.139 (Continued)

+{%(2006. 14x107%1b - s2/ft)[(4.75) + (2)*] in>

2 2 2
+(2006.14x10°° Ib - s* /ft) 2xa75] +[1x2] | in? lf,t
3 3 12 in.

=[(23.578 + 70.735) + (0.550 + 82.490)
+(20.559 +145.894)]x10° Ib - ft - s>
=(94.313+83.040 +166.453)x10 7 Ib - ft - °

or I,=344x10°1b-ft-s* <
Iy Z(Iy)l +(Iy)2 +(Iy)3

_ [5(3325.97 X107 Ib - s2/ft)(2.25 in.)?

2 2
+(3325.97x107° Ib - s?/ft) 225 4 ! ft
2 12 in.

+ {é (950.28 x107° b - s2/ft)[(2.25)* + (1)*] in?

2 2 2
+(950.28x10°° Ib - s* /ft) 250 (1) e hft
2 2 12 in.

+ {%(2006. 14x107° Ib- s /ft)(2 in.)?

2 2
+(2006.14x107° 1b-sz/ft){(z.25)2+@x2j }nz}( 1ft )

12 in.

=[(9.744 +29.232) + (3.334 +10.002)
+(3.096 +76.720)]x10° Ib - ft - s

=(38.976 +13.336 +79.816)x10° Ib - ft - s*

or  I,=132.1x10"°1b-ft-s* «

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited

distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1597

STUDENTS-HUB.com


https://students-hub.com

PROBLEM 9.139 (Continued)

Iz :(Iz)l +(Iz)2+(lz)3

= {é(3325.97 x107°1b - s2/ft)[(2.25)* + (3.5)*] in?

2 2 2
+(3325.97x107 Ib - s /ft) 2B) (33 |2 lft
2 2 12 in.

+ {%(950.28x 100 Ib - s?/£t)(2.25 in.)?

2 2
+(950.28x107° Ib - 5% /ft) 2.2 +(3.5)7 | in? lf,t
2 12 in.

+ {%(2006. 14x107%1b - s2 /ft)(4.75 in.)?

2 2
+(2006.14x107° Ib - 5% /ft)| (2.25)* + 2x475] |in? lf,t
3 12 in.

=[(33.322+99.967) + (2.784 +89.192)
+(17.463+210.231)]x10° Ib - ft - s
=(133.289+91.976 + 227.694)x10° Ib - ft - s*

or I,=453x10"1b-ft-s* «
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210 il PROBLEM 9.140*

AN 840 mm A farmer constructs a trough by welding a rectangular piece of
2-mm-thick sheet steel to half of a steel drum. Knowing that
/ ‘ the density of steel is 7850 kg/m” and that the thickness of the
7 walls of the drum is 1.8 mm, determine the mass moment of
inertia of the trough with respect to each of the coordinate
axes. Neglect the mass of the welds.
N
X
SOLUTION

First compute the mass of each component. We have \
e
m= psrV = PsrtA * \%‘
Then @ L

m, = (7850 kg/m>)(0.002 m)(0.84x0.21) m*
=2.76948 kg

m, = (7850 kg/m?)(0.0018 m)(7 x0.285x0.84) m*
=10.62713 kg
_ _ 3 T 2 2
my =m, = (7850 kg/m*)(0.0018 m) (Exo.zss ]m
=1.80282 kg

Using Figure 9.28 for component 1 and the equations derived above for components 2 through 4, we have

(I);=W,),
Ix = (Ix)l +(Ix)2 +(Ix)3 +(Ix)4

2
= %(2.76948 kg)(0.21 m)? + (2.76948 kg)(0.285 —%) mz}

+[(10.62713 kg)(0.285 m)* ] + 2[%(1.80282 kg)(0.285 m)z}

=[(0.01018 +0.08973) + (0.86319) + 2(0.07322)] kg - m*
=[(0.09991+0.86319 + 2(0.07322)] kg - m*

or I =1.110kg-m* «
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PROBLEM 9.140* (Continued)

Iy=U)+U ), +Uy);+U),

= {%(2.76948 kg)[(0.84)* +(0.21)* 1 m?

2 2
+(2.76948 kg){(o'—z&‘j + [0.285 —%) } m? }

2
' {% (10.62713 kg)[(0.84)" +6(0.285)"] m” +(10.62713 ke) (0%4 mj }
+B(1.80282 ke)(0.285 mf}

+[i(1.80282 kg)(0.285 m)* + (1.80282 kg)(0.84 m)z}

=[(0.17302+0.57827) + (1.05647 +1.87463)
+(0.03661) +(0.03661+1.27207)] kg - m*

=(0.75129+2.93110+0.03661+1.30868) kg - m?
or Iy:5.03>kg-m2 <
Iz = (Iz)l +(Iz)2 +(Iz)3 +(Iz)4
2
_ {%(2.76948 ke)(0.84 m)’ + (2.76948 kg)(o'—f“ mJ }

2
’ {% (10.62713 kg)[(0.84) +6(0.285)*] m* + (10.62713 kg) [0_54 m] }
+B<1.80282 ke)(0.285 my}

+[i(1.80282 kg)(0.285 m)* + (1.80282 kg)(0.84 m)z}

=[(0.16285 +0.48854) + (1.05647 +1.87463)
+(0.03661) + (0.03661 +1.27207) kg - m*

=(0.65139+2.93110+0.03661+1.30868) kg - m*

or I,=493kg - m> 4
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PROBLEM 9.141

The machine element shown is fabricated from steel. Determine the
mass moment of inertia of the assembly with respect to (a) the x axis,
(b) the y axis, (c) the z axis. (The density of steel is 7850 kg/m3.)

X

40 mm

SOLUTION

First compute the mass of each component. We have
m= psrV

Then

m, = (7850 kg/m’)(72(0.08 m)*(0.04 m)]
=6.31334 kg

m, = (7850 kg/m’)[(0.02 m)*(0.06 m)] =0.59188 kg

my = (7850 kg/m*)[7£(0.02 m)*(0.04 m)] = 0.39458 kg
Using Figure 9.28 and the parallel-axis theorem, we have

(Cl) Ixz(lx)l+(1x)2_(1x)3

- {é(“m“ kg)[3(0.08)” +(0.04)°] m” +(6.31334 kg)(0.02 m)z}
+{é(o~59188 kg)[3(0.02)* +(0.06)*] m? +(0.59188 kg)(0.03 m)z}

—{5(0.39458 kg)[3(0.02)” +(0.04)*] m” +(0.39458 kg)(0.02 m>2}

=[(10.94312 + 2.52534) + (0.23675 + 0.53269)
—(0.09207 +0.15783)]x10 kg - m*

= (13.46846 + 0.76944 — 0.24990) x 10~ kg - m*
=13.98800x10° kg - m?

or I,=13.99x10" kg -m* «
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PROBLEM 9.141 (Continued)

) I,=()+U,), =),

_ [%(6.31334 ke)(0.08 m)z}
+ [%(0.59188 kg)(0.02 m)? + (0.59188 kg)(0.04 m)z}

- [% (0.39458 kg)(0.02 m?) + (0.39458 kg)(0.04 m)z}

=[(20.20269) + (0.11838 +0.94701)
—(0.07892+0.63133)]x10 kg - m?

=(20.20269 +1.06539 —0.71025) 10> kg - m?
=20.55783x10° kg - m*

or 1,=20.6x10"kg-m’ <
(©) =) +),=(,);

) {5(631334 kg)[3(0.08)° +(0.04)"] m* +(6.31334 kg)(0.02 mf}
+{é(0'59188 kg)[3(0.02)* +(0.06)°] m” +(0.59188 kg)[(0.04) +(0.03)*] mz}

=[(10.94312 + 2.52534) + (0.23675 +1.47970)
—(0.09207 +0.78916)]x10 kg - m*

= (13.46846 +1.71645—0.88123)x 10 kg - m?

=14.30368x10° kg - m?

or I =1430x10"kg - m*> 4
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To the Instructor:

The following formulas for the mass of inertia of a semicylinder are derived at this time for use in the
solutions of Problems 9.142 through 9.145.

From Figure 9.28:

Cylinder U)oy = %mcyla2

1
() ey =U Doy = 7 My (3a* +I7)

Symmetry and the definition of the mass moment of inertia (I = [r2dm) imply

1
¢ )semicylinder = E (I )cylinder

1(1
(Ix )sc = E(Emcylazj

11 2. 2
and () =)y =5[Emcyl(3a +L )}
| 4
However, mg, =—mg,
sc 9 cyl
L2
Thus, ), =—mga
T2 z <
'
1 s s T Y40 .
and (1)) =) =EmSC Ba”+L") 3 X

Also, using the parallel axis theorem find

where x” and z” are centroidal axes.
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PROBLEM 9.142

Determine the mass moments of inertia and the radii of
gyration of the steel machine element shown with respect
to the x and y axes. (The density of steel is 7850 kg/m’.)

Dimensions in mm

SOLUTION

First compute the mass of each component. We have

m= psrV
Then m, = (7850 kg/m?)(0.24x0.04x0.14) m’
=10.5504 kg

m, =m, = (7850 kg/m%[% (0.07) ><o.04} m’® =2.41683 kg

m, =ms = (7850 kg/m?)[7(0.044)* x (0.04)] m’ =1.90979 kg

Using Figure 9.28 for components 1, 4, and 5 and the equations derived above (before the solution to
Problem 9.144) for a semicylinder, we have

I.=(I)+U)+U)+U,),—U,)s where (I,),=(I,),

_ [5(10.5504 ke)(0.04% +0.14%) mz} + 2{%(2.41683 Ke)[3(0.07 m)? + (0.04 m)2]}

- {%(1.90979 kg)[3(0.044 m)® +(0.04 m)z]}

=[(0.0186390) + 2(0.0032829) +(0.0011790 +0.0030557) — (0.0011790)] kg - m”
=0.0282605 kg - m

or 1, =283x10"kg-m’ <«
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PROBLEM 9.142 (Continued)

I=(1,), +(I,), +(I); +(I,), —(,)s

where (U)r=(,); ), =IU,)sl
Then I, = {% (10.5504 kg)(0.24” +0.14%) mz}
2
+2| (241683 kg)[l—ij(om m?) +(2.41683 kg)[0.12+ 4X0'07j m?
2 o 37

=[(0.0678742) +2(0.0037881+0.0541678)] kg - m
=0.1837860 kg-m’

or 1,=183.8x10" kg-m* «

Also m=my +m, +m; +m, —ms where m, =mjy, m, =lmsl
=(10.5504 +2x2.41683) kg =15.38406 kg

Then K2 _ I, _0.0282605 kg-m?
Y m 1538406 kg

or k, =429 mm <«

1 -m?>
and RN 0.1837860 kg-m
Y om 15.38406 kg

or k, =109.3 mm |
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PROBLEM 9.143

Determine the mass moment of inertia of the steel
machine element shown with respect to the y axis.
(The specific weight of steel is 490 Ib/ft’.)

0.6 in.

N

3.1in.

S/

0.6 in.

SOLUTION

First compute the mass of each component. We have

m= pspV = Bry
3 3
Then my =20 27%3.7%9) in3><( Lt )
32.2 fils 12in.

=791.780%x107 1b-s*/ft

3 3
SO (1) ) i L)
32.2 ft/s 2 1

1n.
=35.295%107 Ib-s?/ft

m,

490 Ib/ft’
32.2 ft/s?
=11.952%x107 1b-s*/ft

3
X (rx0.6%x1.2) in’ x(éf.t ]

my
in.

11t

3
_ B0 9%0.6x9) in3><(12

322 ft/s>

my

3
j =42.799%x107> 1b-s?/ft
1mn.

The mass moments of inertia are now computed using Figure 9.28 (components 1, 3, and 4) and the equations
derived above (component 2).
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PROBLEM 9.143 (Continued)

Find: Iy
We have I=(I) +(,), + )y = (1),

= {%(791.780x10‘3 Ib-s2/f)[(2.7)* +(9)*] in*

2 2 2
+ (791780107 b-s2/f) | [ 22| +[ 2] | in? L[ LI
2 2 12 in.

+ {%(35.295x10—3 1b-s?/f)[3(1.35)% + (1.4)* ]in?

2 2
+(35.295x107 1b-s>/ft) (1.35>2+(9—ﬁ) in® x( o )
2 12 in.

+ {%(1 1.952x107° 1b-s* /ft)[3(0.6)* + (1.2)*] in®

2 2
+(11.952x107 b - s? /f0)[(1.35)% + 0+ 12 in2lx lft
2 12 in.

- {%(42.799 %107 1b- s /f6)[(0.9)* + (9)*] in?

2 2
+(42.799x107 Ib-57/f0) (1.35>2+(2j in’ x( T )
2 12 in.

=[(40.4550 +121.3650) + (0.1517 +17.3319)
+(0.0174 +7.8005) — (2.0263 + 6.5603)]x 10> Ib - ft - 2
=(161.8200+17.4836+7.8179 —8.5866)x 107> 1b - ft - s

or  1,=0.17851b-ft-s* «
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PROBLEM 9.144

0.9 in.

0.9 in. ) X . X

0.9 . Determine the mass moment of inertia of the steel
machine element shown with respect to the z axis.

(The specific weight of steel is 490 Ib/ft".)

0.6 in.

N

3.1in.

S/

0.6 in.

SOLUTION
First compute the mass of each component. We have
m= pspV = Bry
Then
3 3
my = 2O 27%3.7%9) in’ x( 1t )
32.2 ft/s 12 in.

=791.780%x107 1b-s*/ft
3 3
=—490 lb/ftz x(£x1.352x1.4] in3><( llft ]
32.2 ft/s 2 12 in.
=35.295%107 Ib-s*/ft
3 3
_ 490 Ib/ft™ lb/ftz X (rx0.6°x1.2) in® x{ ! f.t ]
32.2 ft/s 12 in.
=11.952%x107 1b-s*/ft

m,

my

1ft

m.

490 Ib/ft’
32.2 ft/s*

3
m, x(0.9%0.6x9) in’ x(l ) =42.799%107° 1b-s*/ft
The mass moments of inertia are now computed using Figure 9.28 (components 1, 3, and 4) and the equations
derived above (component 2).

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,

you are using it without permission.

1608

STUDENTS-HUB.com


https://students-hub.com

STUDENTS-HUB.com

Find: 7,

We have

PROBLEM 9.144 (Continued)

Iz :(Iz)l +(Iz)2 +(IZ)3_(IZ)4

= {%(791.780x103 Ib-s2/f)[(2.7)* + (3.7)*] in?

2 2 2
+ (791780 520 | | 21 ] [ 2] | i b LI
2 2 12 in.

1 16 N
———|(1.35in.
2 972 )( )

+{ (35.295x107 1b - s* /ft)(

2 2
+(35.295><10‘31b~s2/ft)[(1.35)2+(3.7+4X31'35) }inz}x( L1t j

T 12 in.

+{%(1 1.952x107 1b - s2/ft)(0.6 in.)?

2
+(11.952x107 Ib-s*/f0[(1.35) + (3.7)°] mz}xuﬁ )
m.

—{$(42.799 %107 1b- s /£6)[(0.9)* + (0.6)*] in?

2 2
+(42.799x107° b - s /ft) (1.35)%(%) in? X( lft )
2 12 in.

I, =[(9.6132+28.8395) + (0.1429 + 4.9219)
+(0.0149 +1.2875) — (0.0290 + 0.5684)]x 10 Ib - ft - s
=(38.4527 +5.0648 +1.3024 — 0.5974)x 10> Ib - ft - s>

or 1,=0.04421b-ft s> 4
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v PROBLEM 9.145

50 mm
80 mm Determine the mass moment of inertia of the steel fixture shown
16mm_ 70 mm with respect to (a) the x axis, (b) the y axis, (c¢) the z axis. (The
density of steel is 7850 kg/m3.)

50 mm

SOLUTION

First compute the mass of each component. We have

m= psrV
Then m, = 7850 kg/m® x (0.08x0.05x0.160) m*
=5.02400 kg

m, = 7850 kg/m® x (0.08x0.038x0.07) m’ =1.67048 kg

my = 7850 kg/m’ x [%x 0.024* ><0.04) m® =0.28410 kg

Using Figure 9.28 for components 1 and 2 and the equations derived above for component 3, we have

(@ 1, =) =), —U);

2 2
= {é(s_ozmo kg)[(0.05)% +(0.16)* T m?* + (5.02400 kg)ﬂo'—fj + (%] } mz}

2 2
_ {%(1.67048 kg)[(0.038)” +(0.07)°1m” + (1.67048 kg{(o.os _gj " [0'05 i %] } mz}

1 16 , 1 2|
—4(0.28410 kg)| | — —— [(0.024)* +—(0.04)* | m
{( g)[(4 9,,2j( ) 12( )}
2 2
+(0.28410 kg){[&%—%] +(0.16—0'—§4j }mz}
JT

=[(11.7645 + 35.2936) — (0.8831+13.6745) — (0.0493 + 6.0187)]x 10> kg - m*
= (47.0581-14.5576 — 6.0680) x 10~ kg - m*
=26.4325x107 kg - m* or I,=264x10"kg-m* «

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
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PROBLEM 9.145 (Continued)

b I, =) =Uy), =)

2
= {— (5.02400 kg)[(0.08)* + (0.16)*] m? + (5.02400 kg){(OSSJ + (0_216j } m2}

—{—(1 67048 kg)[(0.08)° +(0.07)* 1 m” + (1.67048 kg){(og 8] (0 . +%) } mz}

—{—(0 28410 kg)[3(0.024)* +(0.04)* ] m? +(0.28410 kg{(o;S] (() 16—0—;)4) }mZ}

=[(13.3973 + 40.1920) — (1.5730 +14.7420) — (0.0788 + 6.0229)] 10~ kg - m*
=(53.5893-16.3150-6.1017)x 107 kg - m*

=31.1726x10" kg - m? or 1,=312x10"kg-m> «
(0 I,=U)~-U),~,);

2
z{—(s 02400 kg)[(0.08)” +(0.05)* | m” + (5.02400 k )l(OSSJ +(L§5] }nz}

_{_(1 67048 kg)[(0.08)% + (0.038)*] m? + (1.67048 kg{(o ;)8) (0 052 (;38J } mz}

2
{(o 28410 k )(1_91_6)(0 024 m)? +(0.28410 k ){[058) (0.0S—M) }nz}

3
=[(3.7261+11.1784) — (1.0919 + 4.2781) — (0.0523 + 0.9049)] x 10~ kg - m*
=(14.9045-5.3700—0.9572) x 10 kg - m?
=8.5773x107 kg - m* or I, =858x10"kg-m> 4
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To the instructor:

The following formulas for the mass moment of inertia of wires are derived or summarized at this time for use
in the solutions of Problems 9.146 through 9.148.

|
Slender Rod [

I.=0 1, =1,=—mL (Figure 9.28) ?

’ 12 LA >

I,=1I = %mL2 (Sample Problem 9.9) }
Circle
We have Ty = jrzdm =ma’®

\1

Now

é’

And symmetry implies

2~
~

\Z
¥ b

2
=—ma

~l

=
=~
&}

DN | —
N

Semicircle

Following the above arguments for a circle, We have

H
ZC:IZ:lma2 Iy=ma2
2 &
Using the parallel-axis theorem /C} \
- _ 2a X *
2

I.=1,+mx x=— Fx 7_;\%

or I, =m 1 —i a*
4 2 ﬂ'2
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PROBLEM 9.146

Aluminum wire with a weight per unit length of 0.033 1b/ft is used
to form the circle and the straight members of the figure shown.
Determine the mass moment of inertia of the assembly with respect
to each of the coordinate axes.

SOLUTION

First compute the mass of each component. We have

mzﬂcl{lj L
AL

g g\L
1 ) 1 ft
Then my =—————=x0.033 Ib/ftx (277 X16 in.) X —
32.2 ft/s 12 in.
=8.5857x107 1b - s*/ft
1 1 ft

m, =my =m, =M 7% 0.033 1b/ft <8 in.><1

322 fifs
=0.6832 1b-s*/ft

m.

Using the equations given above and the parallel-axis theorem, we have

Ix = (Ix)l + (Ix)Z +(Ix)3 +(Ix)4 +(Ix)5

2
2 12 in.

1 2 . \2 1 ft g
+| —(0.6832 Ib-s~/ft)(8 in.)” [Xx -
3 12 in.

2
+[0+(0.6832 1b - 5% /ft)(8 in.)* ] x ! f_t
12 in.

2
1mn.

2

1
{6(0.6832 Ib-s?/ft)(8 in.)* + (0.6832 Ib - s> /ft)(8% +127) inz}{ll f_t ]
m.

=[(7.6315) + (0.1012) + (0.3036) + (0.0253 +1.2905) + (0.0253 + 0.9868)] x10 Ib - ft - s>
=(7.6315+0.1012+0.3036) +1.3158 +1.0121) <10 Ib - ft - s?
=10.3642x107Ib - ft - s> or I,=1036x1071b-ft-s* 4
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PROBLEM 9.146 (Continued)

1), =), ()=,
I=(1), + (), +(I,); +(I,), +(,)s

2
12 in.

2
+2[0+(0.6832x107 b - s>/£t)(16 in.)z]X£11 ; j

2
+2[%(0.6832><10‘3 1b - s2/ft)(8 in.)* + (0.6832 1b - s/ft)(12 in.)z}x(llz—f.t)
1mn.

=[(15.2635) +2(1.2146) + 2(0.0253+ 0.6832)]x 10 Ib - ft - s>
=[15.2635+2(1.2146) +2(0.7085)] x 10 Ib - ft - s>

=19.1097x107 Ib-fi - s* or 1,=19.11x10"1b-ft-s*> «

Symmetry implies I,=1, 1,=10.36x10"1b-ft-s* «
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v PROBLEM 9.147

The figure shown is formed of é—in.—diameter steel wire. Knowing that the
specific weight of the steel is 490 Ib/ft’, determine the mass moment of inertia
of the wire with respect to each of the coordinate axes.

SOLUTION

First compute the mass of each component. We have

m=peV :%AL

Then

490 /8 |71, Y’ . 1f )
my =m, =——— X| —| —in. | |X(wrx18in.)X -
322 1t/s* | 48 12

=6.1112x107 b - s*/ft

490 /3 | z(1. Y . 1fc )
my=my =————=|—| —in. | [x18in.x -
3221t/s> | 4\8 12 in.

=1.9453x107 1b - s%/ft

Using the equations given above and the parallel-axis theorem, we have

(1) =U,)q4
Ix = (Ix)l +(Ix)2 +(Ix)3 +(IX)4

2
= l(61112}(10_3 lbsz/ft)(l8 in,)2 X( lft )
2 12 in.

2
1n.

2
+2[é(1.9453x10‘3 Ib-s?/ft)(18 in.)? +(6.1112x 107 Ib - s> /£t)(9? +18%) inz}x(lif_t ]
mn.

=[(6.8751)+ (6.8751+13.1502) + 2(0.3647 +5.4712)]x 10 Ib - ft - s>

=[6.8751+20.6252 +2(5.8359)]x 107 Ib - ft - s
=39.1721x107 Ib - ft - s or 1.=0.03921b-ft-s* 4
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PROBLEM 9.147 (Continued)

(Iy)1 :(Iy)z’ (Iy)3 :(Iy)4
Iy :(Iy)1 +(Iy)2 +(Iy)3 +(Iy)4

2
=2[(6.1112><10‘31b-s2/ft)(18in.)z]x[lift j

2

+2[(0+1.9453x107° 1b - s> /ft)(18 in.)z]x[lift j
=[2(13.7502) + 2(4.3769)]x 10 Ib - ft - s>

=36.2542x107 b ft - s> or 1,=0.03631b-ft-s* «

(I);=,),
Iz :(Iz)l +(Iz)2 +(IZ)3+(IZ)4

2
= l(61112)(10_31bSz/ft)(lg in_)z X( lft )
2 12 in.

+4(6.1112x107 1b - s /ft) 1 4 (18 in.)?
2

2 2
+(6.1112x107 b - 5% /ft) 2x18 +(18)* | in” tx lf.t
V4 12 in.

2
+2 l(1.9453><10*31b~s2/ft)(18in.)2 X 1f
3 12 in.

=[(6.8751) + (1.3024 +19.3229) + 2(1.4590)]x 10 Ib - ft - s°
=[6.8751+20.6253 +2(1.4590)]x 10 Ib - ft - s
=30.4184x107 Ib-ft - s> or I,=0.03041b-ft-s* <
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! PROBLEM 9.148

12m A homogeneous wire with a mass per unit length of 0.056 kg/m is
used to form the figure shown. Determine the mass moment of inertia

of the wire with respect to each of the coordinate axes.
\\\\\\\\t;;]il\\

Z 1.2 m
z X

SOLUTION |
Y
First compute the mass m of each component. We have
m=(m/L)L
=0.056 kg/mx1.2 m
=0.0672 kg
5 >
Using the equations given above and the parallel-axis theorem, we have
L=+ )y +U)s+ )y + (L )s + )
Now I =U)y=U)g=U)s and (1), =)
Then I = 4[%(0.0672 kg)(1.2 m)z} +2[0+(0.0672 kg)(1.2 m)?*]
=[4(0.03226) + 2(0.09677)] kg - m*
=0.32258 kg - m* or 1,=0323kg-m* «
L=+ Uy +U)y+UT)+U )5+ )
Now (U =0, (), =) and (I,),=(I,)s
Then I, = 2[%(0.0672 kg)(1.2 m)z} +[0+(0.0672 kg)(1.2 m)*]

+ 2[%(0.0672 kg)(1.2 m)? +(0.0672 kg)(1.2% +0.6%) mz}

=[2(0.03226) + (0.09677) +2(0.00806 + 0.12096)] kg - m*
=[2(0.03226) + (0.09677) +2(0.12902)] kg - m
=0.41933 kg-m’ or 1,=0419kg-m’ <

Symmetry implies 1, =1 I,=0419kg-m*> <«

y z
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y PROBLEM 9.149

50 mm

/‘/ 80 mm Determine the mass products of inertia I, I, and I, of the steel

16mm_ 70mm \‘ fixture shown. (The density of steel is 7850 kg/m3.)
40 n’m)ﬁ
X

7

zZ 24 mm

SOLUTION
First compute the mass of each component. We have

m=pV

Then m, = 7850 kg/m’ x (0.08x0.05x0.16) m* = 5.02400 kg
m, =7850 kg/m’ x (0.08x0.038x0.07) m® =1.67048 kg

my = 7850 kg/m’ ><(%><0.0242 ><0.04) m’® =0.28410 kg

Now observe that the centroidal products of inertia, Tx'y', Ty'z', and TZ'X', of each component are zero because of

symmetry. Now

¥, = (0.05 —&;’8] m=0.031m

3, = (0.05 —Mj m =0.039814 m
3
and then
m, kg X, m y, m Z,m mxy, kg-m? myz, kg-m? mzx, kg-m?
1 5.02400 0.04 | 0.025 0.08 5.0240x107 10.0480x107 | 16.0768x1073
2 1.67048 0.04 | 0.031 0.085 2.0714x107 4.4017x1073 5.6796x107
3 0.28410 0.04 | 0.039814 | 0.14 0.4524x107° 1.5836x107° 1.5910x107°

Finally,

Ly =) (L), —(I,); =[(0+5.0240) — (0 +2.0714) — (0 +0.4524)] x 10>

=2.5002x10 kg - m? or 1,=250x10"kg -m’ «
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PROBLEM 9.149 (Continued)

I, =) —(,), —(I,); =[(0+10.0480) — (0+4.4017) — (0+1.5836)] x 10
=4.0627x10" kg-m?
or I,,=4.06x10"kg-m’> <

I, =) —U,),—(,); =[(0+16.0768) — (0+5.6796) — (0+1.5910)]x 10~
=8.8062x107 kg-m*

or I,=881x10"kg-m’ «
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PROBLEM 9.150

Determine the mass products of inertia Iy, 1., and I, of
the steel machine element shown. (The density of steel
is 7850 kg/m’.)

Dimensions in mm

SOLUTION
Since the machine element is symmetrical with respect to the xy plane, I,, =1, =0 <
Also, l,=0

for all components except the cylinder, since these are symmetrical with respect to the xz plane.

p=7250 Ly EVLINDER, padns = 22 vy

For the cylinder
m = pV = (7850 kg/m*)7(0.022 m)*(0.02 m) = 0.2387 kg
I, =1, +mxy=0+(0.2387 kg)(0.06 m)(0.02 m) = +286.4x10° kg - m’

—6 2
I, =286x10°kg m> «
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PROBLEM 9.151

Determine the mass products of inertia Iy, I,;, and I, of the cast
aluminum machine component shown. (The specific weight of
aluminum is 0.100 Ib/in®)

SOLUTION
First compute the mass of each component. We have

m=p,V="Ay

~0.100 Ib/in®

Then my = —X(5.9x1.8x2.2) in’®
32.2 ft/s
=72.5590%x107 1b- s> /ft
0.100 Ib/in* .
m, =—1;1><[£(1.1)2x1.8} in3
32.2 fit/s 2
=10.6248x107 1b - s> /ft
. 3
m3=—0'1001b/m x(1.4x1.1x1.2) in>

32.2 fi/s?
=5.7391x10 Ib - s%/ft

Now observe that the centroidal products of inertia, Ix/y/, I_y»z», and Tz»x», of each component are zero because
of symmetry. Now

%, =—(5.9+ 4X1‘1] in.

3
=—-6.36685 in.

— 1.1).
V3 =(1.8—7) in.

=1.251n.
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PROBLEM 9.151 (Continued)

and then

m, 1b-s?/ft X, ft v, ft Zft | mxy,Ib-ft-s* | myz,lb-ft-s> | mzx,lb-ft-s’

2.95 0.9 1.1 73 .

1 1725590%x10° | ——— — — | -1.33781x107*| 0.49884x107° | —1.63510x10
12 12 12

6.36685 | 0.9 1.1 5 .

2 10.6248x107 | — > ) T |7042279%10 0.07305x107° | —0.51674x10
0.7 1.25 13

3 | 57391x107 T ELR o —0.03487x107*| 0.06476x107> | —0.03627x10™

Finally,

Ixy Z(Ixy)l +(Ixy)2 _(Ixy)3
=[(0-1.33781) +(0—-0.42279) — (0—0.03487)]x 107

or I, =-1726x10"1b-ft-s* <

Iyz = (Iyz )1 + (Iyz )2 - (Iyz )3
=[(0+0.49884) + (0+0.07305) — (0 + 0.06476)] 10~

or I, =0507x10"1b-ft-s* <

IZ)C :(sz)l +(sz)2 _(IZ)C)3
=[(0-1.63510)+ (0—0.51674) — (0 — 0.3627)]x10°

or [, =-2.12x10"1Ib-ft-s*> «
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PROBLEM 9.152

Determine the mass products of inertia Iy, I,,, and I, of the cast
aluminum machine component shown. (The specific weight of

240, aluminum is 0.100 1b/in®)

0.8 in.

SOLUTION

First compute the mass of each component. We have

&V

m=p,V=

. 3
Then m = 0.100 1b/1;1
32.2 ft/s

=31.0062x1072 1b-s>/ft

0100 Ib/in’
P 3221

=11.9255%107 1b - s> /1t

x(7.8%0.8x1.6) in®

X (2.4%0.8%2) in®

0100 Ib/in®
> 3221us’

0100 Ib/in®
Y322

x[% (0.8)> ><0.8} in® = 2.4977 Ib-s? /ft

x[7£(0.55)* x0.6] in® =1.7708 1b - s> /ft
Now observe that the centroidal products of inertia, Tx»},», Ty,z,, and TZ/X,, of each component are zero because

of symmetry. Now
4x0.8
3z

X, =—(7.8+ ) in.=-8.13953in.
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PROBLEM 9.152 (Continued)

0
I, =Z(/_y/;+ myz)
0

I, =X}y +mZX)

and then
m, 1b - s*/ft x, ft v, ft | z,ft | mxy,lb-ft-s? myz,lb-ft-s? mz x,1b-ft-s’
3.9 0.4 0.8 P P
1 | 31.0062x107° | —— | — |—-—=| —335.901x10 -68.903x10 671.801x107°
12 12 12
. 1.2 0.4 2.6 P B B
2 | 11.9255%10 -— | — |——= -39.752x10 -86.129%10 258.386x10
12 12 12
, | 8.13953| 04 0.8 . » P
3 | 24977x107 |~ — | ——= | —-56.473x10 -5.550%10 112.945%10
12 12 12
. 7.8 1.1 0.8 P 6 P
4 1.7708%107° - — | ——— | =105.511x10 —10.822x10 76.735x10
12 12 12
z —537.637x107° | —171.404x10° | 1119.867x10°°
0
Then I, =S(Jy +mxy) or I, =-538x10°1b-ft-s* «

or I, =-1714x10"1b-ft-s* <

or I, =1120x10°1b-ft-s* «
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v PROBLEM 9.153

A section of sheet steel 2 mm thick is cut and bent into the
machine component shown. Knowing that the density of steel
is 7850 kg/m3, determine the mass products of inertia Iy, I,
and [, of the component.

400 mm

225 mm

225 mm

SOLUTION

First compute the mass of each component.

We have m= pg;V = pyrtA
Then m, = (7850 kg/m?)[(0.002)(0.4)(0.45)]m’
=2.8260 kg

m, = 7850 kg/m’ {(0.002) GxOAS xO.lSH m’
=0.63585 kg
Now observe that
(L), = (T y) =), =0
(Iy), =), =0

From Sample Problem 9.6: (;x'y')z,ma = —Lbzhz2

727
— 1 55 1
Then (Ix'y')Z = pSTt(Ix'y')Z,a.rea = Pstt _Eb2]/’2 = _£m2b2h2
Also I=3=5=0 % =(—0.225+%)m=—0.075m
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PROBLEM 9.153 (Continued)

Finally, I, =21, +mx y)=(0+0)+ [—%(0.63585 kg)(0.45 m)(0.18 m)

+(0.63585 kg)(—0.075 m)(@ﬂ

=(-1.43066x107 —2.8613x107) kg - m*

or I, =-429x10"kg-m’ 4

and I, =3I, +myZ)=(0+0)+(0+0)=0

or I =04

¥z
I, =3I, +mzZ%)=(0+0)+(0+0)=0
or I.=04d

pos
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y PROBLEM 9.154

A section of sheet steel 2 mm thick is cut and bent into the
machine component shown. Knowing that the density of steel is
7850 kg/m3, determine the mass products of inertia Iy, I;, and I,
of the component.

120 mm

100 mm

200 mm\JV

SOLUTION

m, = pV =7850 kg/m® (0.120 m)(0.200 m)(0.002 m) = 0.3768 kg
m, = pV =7850 kg/m’ (0.120 m)(0.100 m)(0.002 m) = 0.1884 kg

For each panel the centroidal product of inertia is zero with respect to each pair of coordinate axes.

m, kg X, m Yy, m z,m mxy myz mzx
@© | 03768 0.1 ~0.06 0.1 —2261x107 | -2.261x107 | +3.768x107
@ | 0.1884 02 -0.06 | 005 | _2261x10° | -0.565x107 | +1.884x107
x —4.522x107 | —2.826x107° | +5.652x107

_ -3 2

I, =-452x10"kg-m* <
3 2

I, =-2.83x10"kg-m" «

I, =+5.65x10"kg - m*> «
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v PROBLEM 9.155

A section of sheet steel 2 mm thick is cut and bent into the
machine component shown. Knowing that the density of steel is
7850 kg/m3, determine the mass products of inertia /,y, I,,, and
L, of the component.

F4 350 HK/ %

SOLUTION
y
First compute the mass of each component. We have
m= pPsrV = psrtA
3 2 4 *
Then my = (7850 kg/m”)(0.002 m)(0.35x0.39) m

=2.14305 kg

m, = (7850 kg/m>)(0.002 m) [%xo.wszj m?
=0.93775kg

my = (7850 kg/m*)(0.002 m) Gxo.39><0.15j m?

=0.45923 kg
Now observe that because of symmetry the centroidal products of inertia of components 1 and 2 are zero and
(T)s = )3 =0

Also (Iy'z')3,mass = pSTt(Ty'Z' )3,a_rea

Using the results of Sample Problem 9.6 and noting that the orientation of the axes corresponds to
a 90° rotation, we have

— 1
( y'z')3,area :Eb32h’32
1 ,,) 1
Then (Ly)5 = Psrt EbS hy |= %”7/31’3}7’3
Also y=x=0
5, = 20195 6082761 m
3
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PROBLEM 9.155 (Continued)

Finally,

I, =X(Iy +mxy)

=0+0)+0+0)+ {0 +(0.45923 kg)(0.35 m) (—% mﬂ

=-8.0365x107 kg -m? or I, =—-8.04x10"kg-m’ «

I, =%, +my?)
=(0+0) +[0+(0.93775 kg)(0.082761 m)(0.195 m)]

+ [%(0.45923 kg)(0.39 m)(0.15 m) + (0.45923 kg)(_ % mj{ 0._339 mﬂ

=[(15.1338) + (0.7462 — 2.9850)]x 10~ kg - m*

=(15.1338—-2.2388)x10~ kg - m’

=12.8950%107 kg - m? or 1,,=12.90x10"kg-m* «
I, =%, +mzX)

=[0+(2.14305 kg)(0.175 m)(0.195 m)] + (0 +0)

+[0 +(0.45923 kg)(% mj (0.35 m)}

=(73.1316+20.8950)x10 > kg - m*
=94.0266x107 kg - m* or I, =94.0x10"kg-m> «
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J PROBLEM 9.156

A section of sheet steel 2 mm thick is cut and bent into the machine
component shown. Knowing that the density of steel is 7850 kg/m’,

&y
-~ 135 mm '@ determine the mass products of inertia Iy, /,;, and I, of the component.

z X

SOLUTION

First compute the mass of each component. We have

m= pPsrV = PsriA
Then

m, = my = (7850 kg/m*)(0.002 m) Gxo.zzs 0. 135) m? =0.23844 kg
m, = (7850 kg/m”)(0.002 m) Gx 0.2252J m? =0.62424 kg

m, = (7850 kg/m”)(0.002 m) (%x 0. 1352j m’ =0.22473 kg

Now observe that the following centroidal products of inertia are zero because of symmetry.

Ty =), =0 (o), =), =0
Ty =)y =0 (Tg)y =T 1) =0
Also y=y,=0 X =x,=0
Now I, =% +mxy)
so that 1,=0 <
Using the results of Sample Problem 9.6, we have
IMV area :ibzhz
' 24
Now Iuv,mass = pSTt Iuv,area ~
1 2.2 h
= psrt| —b"h
Pst ( 2 )
1 5
=—mbh
12
|
Thus, ) =Emlblh1
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PROBLEM 9.156 (Continued)

While (I,.); = —émg%

because of a 90° rotation of the coordinate axes.

To determine /,, for a quarter circle, we have

0
dl,, = d_u,v, +ug vg dm

Where Ug, =U VgL =%v =l\/a2 —u’

- <
dm = pgpt dA = peptv du = pertNa® —u’ du R N
a 1
Then Ly =[dl, =] <u>[5va2 —uz)(psﬂ & —idu)

1 a2 2
—2/75th0”(“ u”)du

1 1 ,, 14 “ 4 4
— t|—au u — ta =—ma
2PST [2 1 l) 8pST pn
Thus (1) S a’
/2 27[ 22

because of a 90° rotation of the coordinate axes. Also
1 2
(Iyz )y = gmztazt

Finally, 0

0
[,=3%(1,)= [(1}/5') +m 1+ +myy, 51+ + ),
= [—%(0.23844 kg)(0.225 m)(0.135 m)} + [5(0.22473 kg)(0.135 m)z}
=(-0.60355+0.65185)x10~ kg - m*
or I,=483x10"°kg-m’> <

0 0
sz = E(sz) = (sz )1 + (sz )2 + [(_z'x')S + ”7’323x3] +[ _z'x' )4 + m4z4x4]

= [é (0.23844 kg)(0.225 m)(0.135 m)} + [—% (0.62424 kg)(0.225 m)z}
V1

=(0.60355—-15.02964)x10™ kg - m*
or I, =-443x10"kg -m’ «
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/ PROBLEM 9.157

The figure shown is formed of 1.5-mm-diameter aluminum
wire. Knowing that the density of aluminum is 2800 kg/m’,
determine the mass products of inertia I,,, I,;, and I, of the
wire figure.

250 mm

SOLUTION

First compute the mass of each component. We have
m=puyV=pyAL
Then

m, =m, = (2800 kg/m’) %(0.0015 m)> [(0.25 m)

=1.23700x107 kg

m, = ms = (2800 kg/m’?) %(0.0015 m)? |(0.18 m)

=0.89064x107 kg

my = mg = (2800 kg/m’) %(0.0015 m)* (0.3 m)

=1.48440x107 kg
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PROBLEM 9.157 (Continued)

Now observe that the centroidal products of inertia, Ix/y/, 1 Vs and /., of each component are zero because
of symmetry.
m, kg X, m y, m Z,m mx y, kg-m? my z, kg - m? mz X, kg - m?

1 [1.23700x107%| 0.18 0.125 0 27.8325%107° 0 0

2 |0.89064x107| 0.09 0.25 0 20.0394x107° 0 0

3 |1.48440x107° 0 0.25 0.15 0 55.6650x107° 0

4 11.23700x107° 0 0.125 0.3 0 46.3875x107° 0

5 10.89064x107°| 0.09 0 0.3 0 0 24.0473%10°°

6 |1.48440x107| 0.18 0 0.15 0 0 40.0788x107°

) 47.8719x107° | 102.0525%107° | 64.1261x10°°

0

Then I, =X}y +mXy) or I,,=479x10°kg-m’> 4

0

1, =S} +myz7)

0

1, =X/ +mzX)

-6 2
or [, =102.1x10"kg-m" <«

or I,=64.1x10"°kg - m*> <«
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PROBLEM 9.158

Thin aluminum wire of uniform diameter is used to form the figure shown.
Denoting by m’ the mass per unit length of the wire, determine the mass
products of inertia Iy, 1., and I, of the wire figure.

SOLUTION
First compute the mass of each component. We have 3 A ‘
m= [ﬂj L=m'L &
L
Then m =ms=m (2 lezgm'R1 © 0
, X
m, =my, =m' (R, — R))
/4 V4
=m'| =R, |==m'R 4 @
ny ( > 2] > 2 Z
Now observe that because of symmetry the centroidal products of inertia, I)c vs Iy, and I > of components
2 and 4 are zero and
Ty =) =0 (Lyy)y = )3 =0
(Iy.)s =)s =0
Also 5=%=0 3=3=3=0 Z,=%=0
Using the parallel-axis theorem [Equations (9.47)], it follows that /,, =1, =1, for components 2 and 4.
To determine /,,, for one quarter of a circular arc, we have dI,,, = uvdm
where u=acosé y=asinf \)
o

e d
and dm = pdV = p[A(adB)]

where A is the cross-sectional area of the wire. Now

/

m=m'|—a|=pA|l—a
2 2 s l
that dm=m'ad@ \
so tha m=m'a m
and dl,, = (acos@)(asin @) (m’'ad )

=m’a’ sin O cos OdO
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PROBLEM 9.158 (Continued)

2, 3
Then I, =J.d1w =.[0 m'a” sin @cos 6d 6

1 7l2 1
=m'a’| —sin’ @ =—m'a’
2 2

0
1,3
Thus, ()= 7™ Ry
d I)y =B () =R
an ()3 —_Em > Uy)s —_Em 1
because of 90° rotations of the coordinate axes. Finally,
0 0

L, =3(1,) =[(Fo )y + mEN ]+ )5 + msX 31+ (L)

or
0 0
I, =%(1,) =) + ()3 + msZs 1+ [ )s +msysZs ]
or
0 0
sz = Z(sz) = [( z'x')l + mlgl)_cl] + (Iz.x )3 + [( z'x')S + mSES)_CS]
or

1,3
o =TS MR
1,
Iyz:Ele
1,5
x5 R2

<
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PROBLEM 9.159

Brass wire with a weight per unit length w is used to form the figure shown.
Determine the mass products of inertia I, /., and I, of the wire figure.

SOLUTION
First compute the mass of each component. We have
\.1
m= w =—wL
g &
z
Then m =E(27r><a)=2ﬂ'2a \®\
A
8 g
m, = v (a)= Ya \@
8 8
my =2 2a)=2"4a
8 8
w ( 3 ] w
my=—|2xX—a |=37x—a
8 8
Now observe that the centroidal products of inertia, Txy Ty»z», and TZ»X», of each component are zero because
of symmetry.
x y z mxy my?z mz x
1 2r—a 2a a —a dr—ad’ —27rK a —4ﬂ'K a
g 8 g 8
w 1 w3
2 —a 2a —a 0 —a 0 0
8 2 8
w w
3 2—a 2a 0 a 0 0 4—a’
8 8
4 37r2a 2a —ia 2a —97r2a3 —97r2a3 127r£a3
8 2 8 8 8
5 Ya-s5md® INEP AP 41+ 2m)d
g g
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PROBLEM 9.159 (Continued)
0
Then I, =S +mxy) or  I,=2a*1-57) 4
: g
0
—_ _ w 3
I, =2} +myz) or I, =-llr—a 4
: : g
0
I, =X +mz¥) or I =42 1+27) 4
g
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v PROBLEM 9.160

Brass wire with a weight per unit length w is used to form the figure shown.
Determine the mass products of inertia /,,, I,,, and I, of the wire figure.

SOLUTION

First compute the mass of each component. We have

mzﬂz—wL
8§ &
Then m =E(7rxiaj=i7rza
8 2) 2 ¢

w w
my, =—(IXa)=nwr—a

8 g
Now observe that the centroidal products of inertia, Tx/y/j\,»z», and Tz»x», of each component are zero because of
symmetry. '
m x y z mxy myz mz X
1 g7r—a 2 ga 2a la 943 gﬂﬂcf —22a3
g \2 2 g 2 g 4g
1 3
2 3—a 0 —a 2a 0 3—a 0
g 2 g
2 3 3 3
3 T—a —(a) —a a -2—a —-T—a 2—a
8 8 8 8
1
) 2 K(ZH)[f Lwos
g g\2 48
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Then

PROBLEM 9.160 (Continued)

0

I, =2}y +mXy)
0

I, =3, +my7)
0

1, =X/ +mzX)

or

or

or

I, =-11%4 <
: 4
1w 3
Iyz ZE—CI (7Z'+6) 4
4
1
I, -2 <
4¢
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PROBLEM 9.161

Complete the derivation of Egs. (9.47), which express the parallel-axis theorem for mass products of inertia.

SOLUTION

We have 1y =[xdm 1, =[yzam 1. =[zxdm (9.45)
and x=x"+X y=y+y z=7+7 (9.31)
Consider I, = j xydm

Substituting for x and for y
I, = J' X +3)(Y + ) dm

= jx'y'dm + i.[ x'dm+ )_c.[ ydm+x i.[ dm

By definition T = jx Vdm
and jx'dm =mx
j y'dm=my’

However, the origin of the primed coordinate system coincides with the mass center G, so that

The expressions for /,, and / , are obtained in a similar manner.
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y‘ PROBLEM 9.162

For the homogeneous tetrahedron of mass m shown, (a) determine by
direct integration the mass product of inertia I,,, (b) deduce I, and I, from
the result obtained in part a.

SOLUTION

(a)  First divide the tetrahedron into a series of thin vertical slices of thickness dz as shown.

Now x=—£z+a=a(1—£)
c c

and y=—£z+b=b(1—£j
c c

The mass dm of the slab is

Then m=jdm= ;%pab(l—sz dz
1 c ZY
=Epab [—Ej[l——] =— pabc
Now dl, =dl , +Zg X dm
where dfz,x, =0 (symmetry)
and Ty =2 )_cELzéx:%a(l—fj

2
c |1 1
oefo el

=lpa2b.|.c z—3£+32—3—i dz
6 0 c 3

m |1, 22 378 17 ‘
=—a| 7" -+ -
c |2 c 4 5¢° 0

1

or IUC:%mac |

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1641



https://students-hub.com

PROBLEM 9.162 (Continued)

(b)  Because of the symmetry of the body, /
permutation of (x,y,z) and (a,b,c).

o and I, can be deduced by considering the circular

Thus,

1 =Lmab |
20

yz =
Alternative solution for part a:

First divide the tetrahedron into a series of thin horizontal slices of thickness dy as shown.

Now x:—ﬁy—{—a:a(l_lj
b b

c y
and z=——Yy+c=c 1—-=
b ( bj

The mass dm of the slab is

2
dm= pdV = p(%xzdy) =%pac(1—lj dy

b
Now dl,, = ptdl , ..,
where t=dy
and dl , .., = ixzzz from the results of Sample Problem 9.6.

2 2
ar=anfglo-3 [

4
(13 w= a2 )
- X ay=na 12 4
2uPrC U TY) T Ty @
Finall I —jdl —jhlﬂ 1—l4d
Y S IR Rt PRTEr St G Bd
1m b 5T 1
:——ac[(——j( —lj} or I, =—mac 4
4 b 5 b) |, 20
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PROBLEM 9.162 (Continued)

Alternative solution for part a:

The equation of the included face of the tetrahedron is

£+l+£:1
a b c¢

so that y=b(l—£—£)

a c

For an infinitesimal element of sides dx, dy, and dz:
dm = pdV = pdydxdz

From part a xza(l—fj

Now

I, = .[ zxdm = .[ (: J. Oa(l_zm j:(lz_x)d(a/_)zélc;dxdz)

- pJ-OCJ-:(l_Z/C) 2| b(1-2-2) |dvdz

3 a(l-z/c)
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PROBLEM 9.163

The homogeneous circular cone shown has a mass m. Determine
the mass moment of inertia of the cone with respect to the line
joining the origin O and Point A.

SOLUTION
. 3 Y ) , 9
First note that doy = Ea +(=3a)” + (3a) =Ea
1 (3, . L. ..
Then Aox =5—| 7ai—3aj+3ak |=—(i-2j+2k)
Ea 2 3

For a rectangular coordinate system with origin at Point A and axes aligned with the given x, y, z axes,
we have (using Figure 9.28)

1 zlzzgm[ia2+(3a)2} I},=ima2

! 10
.
20
Also, symmetry implies l,=1,=1,=0

With the mass products of inertia equal to zero, Equation (9.46) reduces to

2 2 2
Iop =LA + 1A + 1A

11 (1Y 3 o 2Y 111 ,(2Y
=—ma" | = | +—ma" | —— | +—ma" | —
20 3) 10 3) 20 3

=——ma or 1,,=3.22ma" 4
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J PROBLEM 9.164

g“ The homogeneous circular cylinder shown has a mass m. Determine the mass
moment of inertia of the cylinder with respect to the line joining the origin O
and Point A that is located on the perimeter of the top surface of the cylinder.

h
z ™~
SOLUTION
. L,

From Figure 9.28: I, = Ema

and using the parallel-axis theorem 2 A ¢ *
1 2 2 h 2 1 2 2

I.=1.=—m@Ba"+h")+m| —| =—mQBa” +4h")

12 2 12

Symmetry implies l,=1,=1,=0

For convenience, let Point A lie in the yz plane. Then

Aoa = ;(hj + ak)
h +a*
With the mass products of inertia equal to zero, Equation (9.46) reduces to
0
Loy = KA+ 1,27 + 1A

X

2 2
=lma2 h +im(3c12 +4h%) d

2 Vi +a® 12 Vi +a®
1 ,10h* +3d°

or IOA=Ema W 4

Note: For Point A located at an arbitrary point on the perimeter of the top surface, 4, is given by

Aoa =;(acos¢i+hj+asin¢k)
W +ad*

which results in the same expression for /.
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PROBLEM 9.165

Shown is the machine element of Problem 9.141. Determine its
mass moment of inertia with respect to the line joining the origin O
and Point A.

SOLUTION

First compute the mass of each component.

- 3
We have m= pgV =MV =(0.008819 Ib-s*/ft -in® )V
32.2 ft/s
Then
m, = (7850 kg/m*)[7(0.08 m)* (0.04 m)] = 6.31334 kg
m, = (7850 kg/m*)[7(0.02 m)*(0.06 m)] = 0.59188 kg
my = (7850 kg/m*)[(0.02 m)* (0.04 m)] = 0.39458 kg
Symmetry implies l,=1,=0 (I,) =0
and (Ly)2 =(Ly)5 =0
Now I, = Z(Tx'y' +mMXy) =myX,y, —myx3y;

=[0.59188 kg (0.04 m)(0.03 m)] —[0.39458 kg (~0.04 m)(~0.02 m)]
=(0.71026—0.31566) 10 kg - m*
=0.39460x107 kg - m?
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PROBLEM 9.165 (Continued)

From the solution to Problem 9.141, we have
1, =13.98800x107 kg-m*
I,=20.55783x10 kg-m’
I, =14.30368x10" kg - m’

1

By observation Aog = (2i+3))
J13

Substituting into Eq. (9.46) 0 0 0
Iog =1 A} +1,4; + M'Z -2I A A, - 21{11},/12 2L A A,

2 2
2 3
=|(13.98800)| —— 20.55783)| —
[< )5 | +ossma 2]

—2(0.39460) (%] (%H 10~ kg - m>

=(4.30400 +14.23234 — 0.36425) 10 kg - m*

or I,,=18.17x10"kg-m* 4
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v PROBLEM 9.166
50 mm 80 mm

_ Determine the mass moment of inertia of the steel fixture of
0 Problems 9.145 and 9.149 with respect to the axis through the
origin that forms equal angles with the x, y, and z axes.

SOLUTION

From the solutions to Problems 9.145 and 9.149, we have

Problem 9.145: I, =26.4325x10" kg - m*
1,=31.1726x10"kg- m’
1, =8.5773x10" kg - m’

Problem 9.149: 1, =25002x107 kg-m’
I,,=4.0627x107 kg-m’
1., =8.8062x107 kg m*

From the problem statement it follows that

A=A, =4

Now A+ A+ A2 =1=34] =1

1
or A=A =4 =—
X y Z \/g

Substituting into Eq. (9.46)

Loy = 1A+ 1,47 +1.A7 =21 A A, =21 A A =21 A A,
. 2 2 2 1
Noting that A=A =4 =44 =4 A =4 A = 3
We have Iy, = %[26.4325 +31.1726 +8.5773

—2(2.5002 + 4.0627 + 8.8062)]x10~° kg - m*

or I, =1181x10"kg-m* «
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PROBLEM 9.167

Point A.
SOLUTION
First note that m =m, = lE
2¢
. .
and that Aop =—=({+j+k)

3

Using Figure 9.28 and the parallel-axis theorem, we have

I.=,)+U,),

a1(1w), I‘V(an
a +——| —
1202 ¢ 2g\2
+ 11w (a2+a2)+lW
12(2 g 2
IW( 1]2(1
+ +
2¢l12 4 6 2

1,=0)+,),

Z{L(m)(azwzﬂm{(
12\ 2 g 2 g

532 2]

IWKI qz (1

+ +—+=|a
6 2 12 4
IZZ(I )1+(1 )2

1w, IW(az
a+——| =
1212 ¢ 2 g\ 2

2
+{ (IWjaz_FlE{(a) .{ j}}
12\ 2 ¢ 2 g
1WK 1j2(1 5
+—|a*+| —+=|a
2912 4 12 4
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PROBLEM 9.167 (Continued)

Now observe that the centroidal products of inertia, .
of symmetry. Also, y, =0

oy } .+, and 1. ~v» of both components are zero because

Then E(!x/""mx)’) mzxzyzz—_(a) a lKaZ
! 2) 44
__ 1w 1w

29/+myz) mzyzzzz__(_)(ﬁjz__az
g\2/\2) 8¢

I, = Z(d+ mz X) = mz;x; + myz,x,

IW( ](a] 1W( j 3W ,
— [+ (a)=——a
2g\2)\2) 2¢g\2 8 g

_112+1 12+1/12—21 AN =21 A A =212

XYTIXTTY yziryz w2 x

Substituting into Equation (9.46)

Noting that
/13 = /1}2, = ﬂ,zz = /Ix/ly = /Iy/lz =AA ==
We have

Ioa =l lEaz +Ka2 +§Ea2 -2 lKa2 +1Ea2 +§Ea2
8 6 48 88 8 g
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PROBLEM 9.168

A piece of sheet steel of thickness r and specific weight ¥ is cut and
bent into the machine component shown. Determine the mass
moment of inertia of the component with respect to the joining the
origin O and Point A.

2a
z
SOLUTION
First note that 4|
Aoy = L i+2j+k)
OA \/g J A
Next compute the mass of each component. We have 0
_v? b
m=pV =(tA) ~
g t
Then m, =L 1(2ax2a) = 4L a2
8 8
m2 :Zl‘(zxazj :Eﬁaz
g \2 2¢

Using Figure 9.28 for component 1 and the equations derived above (following the solution to Problem 9.134)
for a semicircular plate for component 2, we have

Ix = (Ix)l +(Ix)2

) {L[M“ZJ[(Z‘DZ + a1+ 4 + “2)}
12\ g 8
1(nx

+ —_— —

{4(2
élﬁaz(E 2]a2+£ﬁa2(l+5]az
g 3 2 g 4

~18.91335 % 4*
g

ﬁaz}f + 27 212a)% + (a)z]}
g 2¢
+
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PROBLEM 9.168 (Continued)

1,=(1,),+,),

- {i(4ﬁa2}(2a)2 +4£a2(a2)}
12\ ¢ g
2
{w JERCARIESEN W}
2 g 2 97’ 2 g 3z
42 ( +1j 24 ”ﬁa2(1_£+£+1ja2
g \3 2¢g 2 97* 97?

=7.68953 2 4*
g

I, =) +U,),

- {i(4ﬁa2](2a)2 +4ﬁa2(a2)}
120 ¢ 8

2
+ Eﬁaz[l—ijazwLZﬁaz (ﬂj +(2a)’
2 g 4 97’ 2 g 3z

-4, (+1j LET (—£+£+4j
¢ 3 2 ¢4 02 T op

=12.00922 2 4

8

Now observe that the centroidal products of inertia, Ixy 1y, and 1. > of both components are zero because
of symmetry. Also X, =0.

0

- — — — T 7l 2 4a
Then I, =2, +mxy)=mx,y, =—"—a" | — |(2a
Xy ( Xy y) 2X2 Y2 2 g (37[)( )
—1333338 4
8
0

Iyz =X( Y7 +myz)= m’lylzl + mZyZZZ

=4 2y @)+ E a2 2a)a)
8 2g

=7.14159 2 4
8
0 4
Tyt a
IU=Z( s+ mzx) = m222x2=3?a (a )(3”]

=0.66667 % 4*
g
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PROBLEM 9.168 (Continued)

Substituting into Eq. (9.46)
Loy =120+ 1,47 + 147 =21 A A, —21 A A =21 A A,

xy Y x Yy 2y

2 2

yto4 1 ] vt 4{ 2 )
=1891335—a" | ——= | +7.68953—a" | —

8 [\/6 & V6

+ 12.00922%&‘ (%T - 2(1.33333%&](%}[%}
_ 2[7.14159%&][%]{%] - 2{0.66667%414J(%J(%J

=(3.15223+5.12635+2.00154 — 0.88889 —4.76106 — 0.22222)2:14
8

or Ioa =441 4 <
8
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PROBLEM 9.169

Determine the mass moment of inertia of the machine component
of Problems 9.136 and 9.155 with respect to the axis through the
origin characterized by the unit vector A =(—4i + 8j+Kk)/9.

& 350 mm m

SOLUTION

From the solutions to Problems 9.136 and 9.155. We have

Problem 9.136: I, =175.503x10 kg - m*
I,=308.629x10" kg m’
I, =154.400x10" kg - m*

Problem 9.155: I, =-8.0365x107 kg-m?
I, =12.8950x10" kg -m’
I, =94.0266x10" kg -m”

Substituting into Eq. (9.46)

Loy = 1A+ 1 A7 + 1A =21 A A, =21 A A =21 A

xy7x’ty vz’ foadeade

4\2 g2 12
= [175.503{——] + 308.629(—] + 154.400(—)
9 9 9
—2(-8.0365) (—i) [ﬁj —2(12.8950) (§j [lj
919 9\ 9

—2(94.0266) (é)[—gﬂ x107 kg -m?

= (34.6673 +243.855+1.906 — 6.350
—2.547+9.287)x10 kg - m?

or I, =281x10"kg-m> «

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1654

STUDENTS-HUB.com


https://students-hub.com

STUDENTS-HUB.com

v PROBLEM 9.170

19m For the wire figure of Problem 9.148, determine the mass moment
\x‘ of inertia of the figure with respect to the axis through the origin
characterized by the unit vector A = (—=3i —6j+ 2k)/7.

SOLUTION

First compute the mass of each component. We have

m= (%jL =0.056 kg/mx1.2 m

=0.0672 kg

Now observe that the centroidal products of inertia, /., ., and
component are zero because of symmetry.

for each

X’y, N X

Also
}1:)_56:0 y4:y5:y6:0 21:22:23:0
_ 40
Then I, =Z(1{;+mx V) =nLX, Y, +MyX5 Y

=(0.0672 kg)(0.6 m)(1.2 m) + (0.0672 kg)(1.2 m)(0.6 m)
=0.096768 kg - m*

_ 40
I, =Z(1}/,;+m§2)=0

I = 2(,1_{;(3r MZT) = ML, + MsTss
= (0.0672 kg)(0.6 m)(1.2 m) + (0.0672 kg)(1.2 m)(0.6 m)
=0.096768 kg - m*
From the solution to Problem 9.148, we have
I, =0.32258kg-m*
I,=1.=041933kg-m’
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PROBLEM 9.170 (Continued)

Substituting into Eq. (9.46) 0

xy/ixﬂ“y -2 yz;iy/%z - lex/lz/ix

3\ 6Y 2\
{0.32258(—7] +o.41933(—7j +0.41933(7j

_ A 2123 ke m?
2(0.096768)( 7]( 7) 2(0.096768)(7j( 7)}@ m

I, =(0.059249 +0.30808 +0.034231-0.071095 + 0.023698) kg m?

2 2 2
lop =LA + 1A+ 1,47 =21

or I, =0354kg-m> 4
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v PROBLEM 9.171

For the wire figure of Problem 9.147, determine the mass moment of inertia of
the figure with respect to the axis through the origin characterized by the unit
vector A = (-3i— 6j+2k)/7.

SOLUTION

First compute the mass of each component. We have

m=psV =%AL

4901/ | 7(1. . 16 Y
my =m, =——————X|—| —in. | |X(rx181in.)X -
32.21t/s> | 4\ 8 12 in.

=6.1112x107 Ib - s?/ft

49018 | z(1. V| . 1fe )
my=my=————X| —| —in.| |X18in.X -
221fUs: | 418 12in,

=1.94531b - s*/ft

Then

Now observe that the centroidal products of inertia, Ix/y/, I,.,and I, for each component are zero because
of symmetry.

Also X =x,=0 ¥ =0 21=2,=0
A0 _
Then I, = Z(}{; +mxy)=myx,y,

2
8 in. Jaginy| 1
12 1n.

_ 40
I, = Z(,I{Z +MyZ) =myysZ3 +myy,z,

=(6.1112x107° lb-sz/ft)[— 2x1

=-8.75480%107 Ib- ft - s*

Now my = ny, y:; = y4’ 24 = _23 Iyz =0

0
IUC:Z(]_Z/;+mE)_c) or I,=0
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PROBLEM 9.171 (Continued)

From the solution to Problem 9.147, we have
1,=39.1721x1071b-ft - s*
1,=36.2542x10"1b-ft - s>
I,=30.4184x107Ib-ft-s>

Substituting into Eq. (9.46)

0 0
Iow = LA> 4 1,22 + 122 ~20 Ay~ 2 A0~ 2,

2 2 2
= 39.1721(—3) +36.2542(—éj +30.4184(3j
7 7 7
- 2(—8.75480)(—%)[—2]}< 10231 - ft - s2

=(7.19488 + 26.6357 + 2.48313+ 6.43210)x 107 Ib - ft - s

or I, =004271b-ft-s> 4
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PROBLEM 9.172

For the wire figure of Problem 9.146, determine the mass moment
of inertia of the figure with respect to the axis through the origin
characterized by the unit vector A = (=3i— 6j+ 2Kk)/7.

SOLUTION

First compute the mass of each component. We have

m=Y Loy, L
g 8

Then

= ;(0.033 1b/ft)(27r x 16 in.) X Lt
s? 12

32.2 ft/
=8.5857x107 1b - s/ft

m

m.

1 11t
—————(0.033 Ib/ft)(8 in.) X —
32.2 ft/s? ( ( 12in

=0.6832x107 Ib - ft/s>

m, =my =m, =ms =

Now observe that the centroidal products of inertia, TX»V», I Ve and /., of each component are zero because
of symmetry. Also

X=X =x=0 n=0 73=,=%3=0
-0 _ .
Then - =Z(j4;+mxy)=m2x2y2+m3x3y3

=0.6832x107 Ib-s*/ft Eft ift
12 12

+0.6832x107 1b- s>/ft Eft ift
12 12

=(0.30364 +0.45547)x 10> Ib- ft - s>
=0.75911x1071b - ft - s>

Symmetry implies I, =1, IVZ=0.75911><10731b~ft-s2

yz Xy

.0
I, =3I/ +mzZ%)=0
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PROBLEM 9.172 (Continued)

From the solution to Problem 9.146, we have
I, =1,=10.3642x10" b -ft-s°
I,=19.1097x107 Ib-ft - s>

Substituting into Eq. (9.46) 0
Loy =LA+ 1,47 + 122 =21, A A, —21, A A — 2/4’11/1)(

3) 6Y 2\
=110.3642| == | +19.1097| —— | +10.3642| =
{ ( 7] ( 7] (7]
—-2(0.7591 1)(—3)(—2] —-2(0.7591 1)(—9)(3) x1071b -ft - s°
7)) 7 7\ 7

= (1.90663 +14.03978 + 0.84606 — 0.55771+0.37181)x 107 Ib - ft - s

or I, =16.61x1071b-ft-s* «
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PROBLEM 9.173

For the homogeneous circular cylinder shown, of radius a and length L,
determine the value of the ratio a/L for which the ellipsoid of inertia of
the cylinder is a sphere when computed (a) at the centroid of the
cylinder, () at Point A.

SOLUTION
(a)  From Figure 9.28:
I, = ma
I,=1,=—m@a’+L")
Now observe that symmetry implies l,=1,=1,=0

(b)

Using Eq. (9.48), the equation of the ellipsoid of inertia is then
2 2 2. L5, 1 2, 2v.2, 1 2, 52
Lx"+1,y"+1,z =1: Ema X +Em(3a + L)y +Em(3a +L)=1

For the ellipsoid to be a sphere, the coefficients must be equal. Therefore

1 2

—ma =Lm(3a2+L2) or a_ 1 |
2 12 L 3
Using Figure 9.28 and the parallel-axis theorem, we have
I, = lma2
2
1 LY (1, 7
I'=IZ/=—m(3a2+L2)+m 2| =m|—a®+—17
Y 12 4 4 48
Now observe that symmetry implies
Ix'y' = Iy'z' = Iz'x' =0
From Part a it then immediately follows that
lmazzm laz+lL2 or L= u <4
2 4 48 L 12
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PROBLEM 9.174

For the rectangular prism shown, determine the values of the
ratios b/a and c/a so that the ellipsoid of inertia of the prism is
a sphere when computed (a) at Point A, (b) at Point B.

OIS OIS

SOLUTION

(a) Using Figure 9.28 and the parallel-axis theorem, we have
at Point A

X

1
I. :Em(bz +c?)

2
1 2 2 a
I, =—m(a”"+c")+m| —
U ) ( ) (2]

1 2, 2
=—mda” +c
B ( )
z

2
1. =im(a2 +b5)+m a =im(4a2 +b%)
12 2 12
Now observe that symmetry implies
Ix'y' = Iy'z' = Iz'x' =0
Using Eq. (9.48), the equation of the ellipsoid of inertia is then
Ix»x2 +1 ,,yz + IZ»ZZ =1: im(b2 +c2)x? +im(4a2 + cz)y2 +im(4a2 +b%)z% =1
y ' 12 12 12
For the ellipsoid to be a sphere, the coefficients must be equal. Therefore
Lo+ =L ma® + )
12 12

1 2,32
=—m(4a” +b
T ( )

Then b* +c? =4a* +c* or 2=2 <4
a

and b2 +c* = 4a* +b* o £=2 <
a
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PROBLEM 9.174 (Continued)

(b)  Using Figure 9.28 and the parallel-axis theorem, we have at Point B

2
Lo=tm@? +)+m £ =Lm@? +4c%)
12 2) 12

2
1 2 2 ¢ 1 2 2
I, =—m(a”"+c")+m| —| =—m(a” +4c
12 ( ) (2} 12 ( )

1 2, 52
I,=—m(a"+b
N ) ( )

Now observe that symmetry implies
Ix'y’ = Iyer/I = IZ”X’ = O
From part a it then immediately follows that

1 2 2 1 2 2y _ 1 2,2
—m(b" +4c’)=—m(a" +4c")=—m(a" +b
T ( ) T ( ) T ( )

Then b? +4c* =a* +4c° or 2:1 |
a

and b +4ct =a* +b? or =
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PROBLEM 9.175

For the right circular cone of Sample Problem 9.11, determine the value
of the ratio a/h for which the ellipsoid of inertia of the cone is a sphere
when computed (a) at the apex of the cone, (b) at the center of the base of
the cone.

SOLUTION
(@) From Sample Problem 9.11, we have at the apex A
I = ima2
10
I, =1 =—m(1 a’ +h2j
y Z 4
Now observe that symmetry implies l,=1,=1,=0

Using Eq. (9.48), the equation of the ellipsoid of inertia is then

Ix° +Iyy2 —i-IZz2 =1:

3 3
—ma*x* +=m

5

laz+hz y2+§m laz+h2 =1
4 5 4

For the ellipsoid to be a sphere, the coefficients must be equal. Therefore,

imazzgm laz+h2 or 4-7 4
10 5 \4 h
(b)  From Sample Problem 9.11, we have
I, —ima2
10
and at the centroid C [,=—m|a*+—h*
Y20 4
3 1 Y 1
Then I,=1,=——m|a"+—h |+m|—| =——m@Ba’ +2h*)
Y 20 4
Now observe that symmetry implies
Ix'y' = Iy'z' = Iz'x’ =0
From Part a it then immediately follows that
3 na? =L mGa® + 21 o 9= |2 <
10 20 h 3
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PROBLEM 9.176

Given an arbitrary body and three rectangular axes x, y, and z, prove that the mass moment of inertia of the
body with respect to any one of the three axes cannot be larger than the sum of the mass moments of inertia of
the body with respect to the other two axes. That is, prove that the inequality /, </, +/ and the two similar
inequalities are satisfied. Further, prove that/, > %Ix if the body is a homogeneous solid of revolution, where
x is the axis of revolution and y is a transverse axis.

SOLUTION
(i) To prove I, +1, 21,
By definition 1= J' (22 + x%)dm
I.= I(xz + yz)dm
Then 1+ 1= [ 4 xdm+ [+ y)dm
= J.(y2 +25)dm + ZIxzdm
Now I(yz +70)dm=1, and IxzdmZO
I, +1. 21, Q.E.D.
The proofs of the other two inequalities follow similar steps.
(i1)  If the x axis is the axis of revolution, then
I,=1,
and from part (i) I, +1,21,
or 21,21,
or I, Z%IX Q.ED.
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PROBLEM 9.177

Consider a cube of mass m and side a. (a) Show that the ellipsoid of inertia at the center of the cube is a
sphere, and use this property to determine the moment of inertia of the cube with respect to one of its
diagonals. (b) Show that the ellipsoid of inertia at one of the corners of the cube is an ellipsoid of revolution,
and determine the principal moments of inertia of the cube at that point.

SOLUTION

(a) At the center of the cube have (using Figure 9.28)

2

~
I

~
I

~
I

im(a2 +a2) =lma
12 6

Now observe that symmetry implies

Ixy :Iyz =sz =0

Using Equation (9.48), the equation of the ellipsoid of inertia is
lma2 X+ lma2 y2 + lma2 2 =1
6 6 6

which is the equation of a sphere.

or ¥ +yi+i= 0 =R*) <

2
ma

Since the ellipsoid of inertia is a sphere, the moment of inertia with respect to any axis OL through the
center O of the cube must always

1 1

N/ 6
(b)  The above sketch of the cube is the view seen if the line of sight is along the diagonal that passes
through corner A. For a rectangular coordinate system at A and with one of the coordinate axes aligned
with the diagonal, an ellipsoid of inertia at A could be constructed. If the cube is then rotated 120°
about the diagonal, the mass distribution will remain unchanged. Thus, the ellipsoid will also remain

unchanged after it is rotated. As noted at the end of Section 9.17, this is possible only if the ellipsoid is
an ellipsoid of revolution, where the diagonal is both the axis of revolution and a principal axis.

be the same | R =

It then follows that I.=1, = %ma2 <4

In addition, for an ellipsoid of revolution, the two transverse principal moments of inertia are equal and
any axis perpendicular to the axis of revolution is a principal axis. Then, applying the parallel-axis
theorem between the center of the cube and corner A for any perpendicular axis

2
I/=I'=lma2+m £a
6 2

y z

or I‘,»=IV»=—ma2 |

(Note: Part b can also be solved using the method of Section 9.18.)
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PROBLEM 9.177 (Continued)

First note that at corner A

Substituting into Equation (9.56) yields

k> = 2ma*k? +§m2a6k —£m3a9 =
48 864
For which the roots are
k, = lma
6
,=ky= Ema2
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PROBLEM 9.178

Given a homogeneous body of mass m and of arbitrary shape and three rectangular axes x, y, and z with origin
at O, prove that the sum I, + I, + I, of the mass moments of inertia of the body cannot be smaller than the
similar sum computed for a sphere of the same mass and the same material centered at O. Further, using the
result of Problem 9.176, prove that if the body is a solid of revolution, where x is the axis of revolution, its
mass moment of inertia /, about a transverse axis y cannot be smaller than 3ma*/10, where a is the radius of
the sphere of the same mass and the same material.

SOLUTION
(i)  Using Equation (9.30), we have

IX+Iy +1, :I(y2+z2)dm+j(z2 +x2)dm+j(x2 +y2)dm

= 2_"()c2 +y? +2z%)dm
=2jr2dm

where r is the distance from the origin O to the element of mass dm. Now assume that the given body
can be formed by adding and subtracting appropriate volumes V, and V, from a sphere of mass m
and radius a which is centered at O; it then follows that

m =nm, (mbody = msphere = m)

Then

I, + I‘y +1, )body =, + Iy + IZ)Sphere +(, + Iy + Iz)Vl

-, + I‘y +1, )V2
or T+ T 41 )pogy =+ 1+ 1) e +2| FPdm=2| r?dm
m m

Now, m; =m, and r, 2r, for all elements of mass dm in volumes 1 and 2.

J- rzdm—J- rdm >0

m nmy

so that U+ 1+ poay 2+ 1, +1 ) gpere QED.
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PROBLEM 9.178 (Continued)

(i)  First note from Figure 9.28 that for a sphere

Thus T+ 4T ) e = gmaz

sphere

For a solid of revolution, where the x axis is the axis of revolution, we have

1,=1,
Then, using the results of part (i)
6 -
(I +21 ) )poay 2 gma
From Problem 9.178 we have 1,2 %IX
or (21, =1 )poay 20

Adding the last two inequalities yields

or (1, )hoay Z%maz QE.D.
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PROBLEM 9.179*

The homogeneous circular cylinder shown has a mass m, and
the diameter OB of its top surface forms 45° angles with the
x and z axes. (a) Determine the principal mass moments of
inertia of the cylinder at the origin O. (b) Compute the angles
that the principal axes of inertia at O form with the coordinate
axes. (c) Sketch the cylinder, and show the orientation of the
principal axes of inertia relative to the x, y, and z axes.

SOLUTION
(a)  First compute the moments of inertia using Figure 9.28 and the O
parallel-axis theorem. o X
Z
1 a ? aY | 13
IX=IZ=—m(3a2+a2)+m — |+ =] |==md?
12 J2 2 12
B
J = L5 2_3 5
y =—ma” +m(a) —Ema z

Next observe that the centroidal products of inertia are zero because of symmetry. Then

0
— __ a a 1 2
I =)V +mxy=m|l—|——|=——F=ma
o Ty 753 (ﬁ)( 2) 22
0

=y —— a a 1 2
1 e :’”(‘EJ(EJ YA

0
I, :/_Z/;+ mzx = m(%}(%}z%maz

Substituting into Equation (9.56)

ko[ B 3.8,k
12 2 12

{363 )
(B0
L e e 5 S

N | W
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(b)

PROBLEM 9.179* (Continued)

Simplifying and letting K =ma*¢ yields

3 11 ., 565 95
¢ 3 ¢ 144 ¢ 96
Solving yields
19
¢, =0.363383 é'zza 5 =1.71995

The principal moments of inertia are then
K, =0.363ma*> 4
K, =1.583ma* 4
K, =1.720ma” 4

To determine the direction cosines 4,, 4,, A, of each principal axis, we use two of the equations of
Equations (9.54) and (9.57).

Thus,
(I, —K)A, ~I A —1. A =0 (9.54)
~I A ~1 A+ -K)A =0 (9.54¢)
A+ A+ A2 =1 9.57)

(Note: Sincel,, =1, Equations (9.54a) and (9.54c) were chosen to simplify the “elimination” of A4,
during the solution process.)

Substituting for the moments and products of inertia in Equations (9.54a) and (9.54c)

13 1 1
(Emaz —K)/ix —(— o) mazjly —(Emazjﬂ,z =0

_(%mazjﬂx —(—ﬁmazjly +(%ma2 —Kj/'tZ =0

13 1 1
or —— A +—=4,-=1.=0 i
( 12 é’] X 2\/5 y 2 4 ( )
1 1 13
and — A +—=A4,+| —=-{ |4 =0 il
2 X 2\/5 y ( 12 gj Z ( )
Observe that these equations will be identical, so that one will need to be replaced, if
13 1 19
- —_— or _
12 ¢ 2 ¢ 12
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PROBLEM 9.179* (Continued)

Thus, a third independent equation will be needed when the direction cosines associated with K, are
determined. Then for K, and Kj

Eq. (i) through Eq. (ii): [% - - (—%H A+ {—% - (% - é’ﬂ A,=0

or A=A

Z X

Substituting into Eq. (i): [% - {]/’LX +Lﬂ,, - lﬂ, =0

22t 2
or A = zﬁ[;-%)ﬁx

Substituting into Equation (9.57):

2
A2 4{2@({—%}4 +(4) =1

7\
—_—— 2 = 111
or {2+8(§' 12] }LC 1 (iii)

K,: Substituting the value of ¢; into Eq. (iii):

2
{2+8[0.363383—%] }(Ax)f =1

or (A), = (4.), = 0.647249
and then (A4,), =242 (0.363383 —%) (0.647249)
=—0.402662

@), =(0,),=49.7° (6,), =113.7° <

K: Substituting the value of ¢ into Eq. (iii):

2
7 2
2+8|1.71995 —— A); =1

or (A); = (A.)s = 0.284726
and then (4,); =232 (1.71995 —%) (0.284726)
=0.915348

(6,);=(0,); =73.5° (6,); =23.7° <
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PROBLEM 9.179* (Continued)

K.: For this case, the set of equations to be solved consists of Equations (9.54a), (9.54b), and (9.57).
Now

~1 A+, ~K)A, 1,4 =0 (9.54b)

Substituting for the moments and products of inertia.

L

1 3 1
— A +| == 2« +——A =0 i
o 2\/5 ! (2 é:j Y 2\/5 < (IV)

Substituting the value of &, into Egs. (i) and (iv):

13 19

2\/,( )2 ( Ej(l})z +m(ﬂz)2zo
1
or -(4,), +$(/1y)2 -(4,),=0
and A,), —%(ﬂy)z +(4,),=0
Adding yields (4,),=0
and then (% )y ==(4,),

Substituting into Equation (9.57)

0
(4.5 +(%€+(—/Ix)§ =1

or 14,), I

NG

(6,),=45.0° (8,),=90.0° (8,),=135.0° «

=% and (4,), =—

Principal axes 1 and 3 lie in the vertical plane of symmetry passing through Points O and B. Principal
axis 2 lies in the xz plane.
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PROBLEM 9.180

For the component described in Problem 9.165, determine (a) the
principal mass moments of inertia at the origin, (b) the principal axes
of inertia at the origin. Sketch the body and show the orientation of
the principal axes of inertia relative to the x, y, and z axes.

40 mm

SOLUTION
(@)  From the solutions to Problems 9.141 and 9.165 we have

Problem 9.141: 1, =13.98800x107 kg - m*
I,=20.55783x10" kg - m’
I, =14.30368x10 kg -m’

Problem 9.165: 1, =1,=0
1,,=0.39460x10"" kg -m’

Eq. (9.55) then becomes

I.-K -,
-1, I,-K 0 |=0 or (I,-K)I,—-K)I.-K)-(I.—-K)I} =0
0 0 I.-K
Thus I.-K=0 II,-(,+I)K+K>-1I; =0
Substituting: K, =14.30368x10" kg -m*

or K, =1430x10"kg-m* «
and (13.98800x107°)(20.55783x107*) — (13.98800 + 20.55783)(10)K + K* —(0.39460x107°)* =0
or K* —(34.54583x107)K +287.4072x107° =0
Solving yields K, =13.96438x10° kg - m?

or K,=13.96x10"kg-m? «

and K, =20.58145x107 kg - m* or  K;=20.6x10"kg-m*> «
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PROBLEM 9.180 (Continued)

(b)  To determine the direction cosines 4, 4,, 4, of each principal axis, use two of the equations of
Eq. (9.54) and Eq. (9.57). Then

K;: Begin with Eqs. (9.54a) and (9.54b) with 1,, =1, =0.

(Ix _Kl)(lx)l _Ixy (ly)l =0
_Ixy(ﬂ'x)l + (Iy — Kl)(ﬂy)l =0

Substituting:
[(13.98800 — 14.30368) x 10](4,), — (0.39460 x 1073)(/1}, ), =0
—(0.39460x107°)(4,), +[(20.55783 —14.30368) x10~° 1(4,), =0
Adding yields 0 . A = (ly ) =0
Then using Eq. (9.57) (/6’12 + (}& + (ﬂ,z)l2 =1
or (A), =1

(6,), =90.0° (6,),=90.0° (6.), =0 4
K,: Begin with Egs. (9.54b) and (9.54¢) with 1,, =1, =0.

_Ixy (/,i‘x)Z +(Iy _KZ)(/ly)Z =0 (1)
I, -K,)4),=0
Now I.#K,=(4),=0
Substituting into Eq. (i):

—(0.39460 x 10_3)(/1X ). +[(20.55783 —13.96438) X 107 1(4,), =0

or (4,), =0.059847(1,),

Using Eq. (9.57): (4,); +[0.059841(2,), I* +(4); =1
or (/fix)z = 0998214

and (4,), =0.059740

6,),=34°  (6,),=86.6°  (6.),=90.0° 4
K5: Begin with Egs. (9.54b) and (9.54c¢) with 1,, =1, =0.

~1, (A5 + (I, = K3)(A,); =0 (i)
(I. - K35)(A); =0
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PROBLEM 9.180 (Continued)

Now I.#2K;=(4,);=0
Substituting into Eq. (ii):

~(0.39460x107)(4,); +[(20.55783 — 20.58145)x 10 1(4,); = 0

or (4,); =—16.70618(4, ),
0
Using Eq. (9.57): (A); +[-16.70618(1,),I* + (J); =1
or (A,); =—0.059751 (axes right-handed set ="_")
and (4,); =0.998211

(0,);=934°  (6,);=343°  (6,);=90.0° <
Note: Since the principal axes are orthogonal and (6,), = (6,); =90°, it follows that
(A2l =145 14,1 =1 ()]

The differences in the above values are due to round-off errors.

(c¢)  Principal axis 1 coincides with the z axis, while principal axes 2 and 3 lie in the xy plane.

PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using it without permission.

1676

STUDENTS-HUB.com


https://students-hub.com

STUDENTS-HUB.com

v PROBLEM 9.181*

50 min

S0 m For the component described in Problems 9.145 and 9.149,
determine (a) the principal mass moments of inertia at the
origin, (b) the principal axes of inertia at the origin.

\f Sketch the body and show the orientation of the principal

0 axes of inertia relative to the x, y, and z axes.

16 mm 70 mm
40 n’m)‘/’\
?x

SOLUTION

(a)  From the solutions to Problems 9.145 and 9.149, we have

Problem 9.145: I, =26.4325x107 kg-m’ Problem 9.149: I, =2.5002x10" kg - m’
_ -3 2 _ -3 2
I,=31.1726x10"kg-m I, =4.0627x10" kg-m

1, =85773x10" kg - m’ 1, =8.8062x10" kg - m”

Substituting into Eq. (9.56):
K? —[(26.4325+31.1726+8.5773)(10)]K*
+[(26.4325)(31.1726) + (31.1726)(8.5773) + (8.5773)(26.4325)
—(2.5002)* — (4.0627)* —(8.8062)*1(10°)K
—[(26.4325)(31.1726)(8.5773) — (26.4325)(4.0627)*
— (31.1726)(8.8062)* — (8.5773)(2.5002)*
—2(2.5002)(4.0627)(8.8062)](10°) = 0

or K? —(66.1824x107)K* +(1217.76x10°)K —(3981.23x1077) =0

Solving yields
K, =4.1443x107 kg - m* or K,=4.14x10"kg - m* «
K, =29.7840x107 kg - m* or K,=29.8x10"kg-m*> 4
K, =32.2541x10"kg - m* or K,;=323x10"kg-m* «
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PROBLEM 9.181* (Continued)

(b)  To determine the direction cosines A,, A,, 4. of each principal axis, use two of the equations of

Egs. (9.54) and Eq. (9.57). Then
K,: Begin with Egs. (9.54a) and (9.54b).
(I, —K)A) =1y (A) = 1,(4), =0
Ly(A) +U, —K)(A), —1,.(4), =0
Substituting:

[(26.4325 - 4.1443)(10)](4,); — (2.5002x107°)(4, ), - (8.8062x107)(4,), =0

—(2.5002x107°)(A,), +[(31.1726 — 4. 1443)(10_3)](/1y ) —(4.0627x107°)(A.), =0
Simplifying
8.9146(4,), —(4,), —3.5222(4,), =0
—0.0925(4,), +(4,), —0.1503(4,), =0
Adding and solving for (4,),:
(4,), =2.4022(4,),

and then (A,), =[8.9146 —3.5222(2.4022)I(4,),
=0.45357(4,),

Now substitute into Eq. (9.57):
(A,); +10.45357(A,), I* +[2.4022(1,),)* =1
or (4,), =0.37861
and (4,), =0.17173 (4,), =0.90950
(6,),=67.8° (8,),=80.1° (6,), =24.6° 4
K,: Begin with Eqgs. (9.54a) and (9.54b).

(I, -Ky))(A), —Ixy(/ﬁiy)z -1,.(4,),=0
_Ixy(/,lx)Z +(Iy _Kz)(ﬁy)z _Iyz(ﬂz)z =0

Substituting:

[(26.4325-29.7840)(10)](4,), — (2.5002x107°)(4, ), — (8.8062x107°)(4,), =0

=(2.5002x107°)(4,), +[(31.1726 — 29.7840)(10)1(4, ), — (4.0627x107)(4,), =0
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Simplifying
~1.3405(4,), — (4,), —3.5222(4,), =0
~1.8005(4,), + (4, ), —2.9258(4,), =0
Adding and solving for (4,),:
(4.), =—0.48713(4,),

and then (A,); =[~1.3405 - 3.5222(-0.48713)1(4,),
=0.37527(4,),

Now substitute into Eq. (9.57):
(A,)3 +[0.37527(A,), I* +[-0.48713(1,),1* =1
or (4,), =0.85184
and (4,), =0.31967 (4,), =-0.41496
(0,),=31.6° (8,),=71.4° (6,),=1145° 4
K;: Begin with Eqgs. (9.54a) and (9.54b).

(Ix - K3)(ﬂx)3 - Ix}*(;i}')3 _Iz’x(//iz)3 =0
~1,(A)s + (U, — K)(A)3~ 1, (A,); =0

Substituting:

[(26.4325 —32.2541)(10)1(4,); — (2.5002x107*)(4, ); — (8.8062x10)(4,); = 0

—(2.5002x107°)(4, )5 +[(31.1726 —32.2541)(107)1(4,); — (4.0627 x10)(4,); =0
Simplifying
~2.3285(4,); —(4,); —3.5222(4,); =0
23118(4,); +(4,); +3.7565(4,); =0
Adding and solving for (4, );:
(A.); =0.071276(4,),

and then (4,); =[-2.3285-3.5222(0.071276)(4, )
= —2.5795(4,),
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Now substitute into Eq. (9.57):

(4,)3 +[-2.5795(A,); > +[0.071276(A, ), ]* =1 @)
or (A,); =0.36134
and (4,); =0.93208 (1,); =0.025755

(6,); =68.8° (8,);=158.8° (6,); =88.5° 4

(c)  Note: Principal axis 3 has been labeled so that the principal axes form a right-handed set. To obtain the
direction cosines corresponding to the labeled axis, the negative root of Eq. (i) must be chosen; that is,

(A,); =—=0.36134.

Then (6,);=111.2° (6,);=21.2° (6,);=91.5° 4
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y PROBLEM 9.182*
i

For the component described in Problem 9.167, determine (a) the principal
mass moments of inertia at the origin, () the principal axes of inertia at the
origin. Sketch the body and show the orientation of the principal axes of
inertia relative to the x, y, and z axes.

SOLUTION
(a) From the solution of Problem 9.167, we have
I, —lEa2 I, —lEa2
2 g Y 4.g
Iy:Ka2 IyZ:lEa2
g 8 g
IZ :é[az Iu_iﬂaz
6g 8 g

o {(ge e |
(ool TG
BRI -G -GRE ) -

oo | w

Simplifying and letting K =Ea2K yields
8

K? —2.33333K* +1.53125K —0.192708 =0
Solving yields
K, =0.163917 K, =1.05402 K,=1.11539

K, ~0.1630%.0* <
8

The principal moments of inertia are then

K, —1.054Y.* <
g

K3=1.115Ka2 <
8
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(b)  To determine the direction cosines 4., 4,, A, of each principal axis, use two of the equations of
Eq. (9.54) and Eq. (9.57). Then

K,: Begin with Egs. (9.54a) and (9.54b).

(I, —K)A) — 1, (A), =1 (A); =0
I, (A +U, —Ky))(A), — 1, (4),=0

I W2 _[IW e _[3W -
KZ 0.163917)[g a H(}tx)l [4 . J(ﬂy)l (8 . J(/’tz)l 0

_(lKQZ}(,*LX)l +{(1—0.163917)(Ka2ﬂ(/1y)1 —(lﬂaz}(ﬂzh =0
4 g 8 8¢

Substituting

Simplifying
134433(4,), — (4,), =1.5(4,), =0
—0.299013(4,), +(4,), —0.149507(4,), =0
Adding and solving for (4,),:
(), =0.633715(4,),

and then (A,), =[1.34433 -1.5(0.633715)1(4,),
=0.393758(4,),

Now substitute into Eq. (9.57):
(4,)7 +10.393758(A,), I +(0.633715(4,),]* =1
or (4,), =0.801504
and (4,); =0.315599 (4,), =0.507925
(0,),=36.7° (8,),=71.6° (6,),=59.5° 4
K,: Begin with Egs. (9.54a) and (9.54b):

(Ix - kZ)(}ix)Z - Ixy (}i)')Z - sz (/12 )2 =0
~1, (A, + U, ~ky)(A,), — 1, (A), =0
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Substituting

{(1—1.054OZJ(EGZH(%)2 —(lﬂaz}(ﬂy)z —(éﬂazj(&)z =0

2 g 4 g : 8 g '

_[lﬂcﬂ}(,zx)z J{a _1.05402)(Eazﬂ(/1y)2 —[lﬂazj(/%)z =0
4 g 8 8 g

—2.21608(4,), = (4,), =1.5(4,), =0

Simplifying

4.62792(4,), +(4,), +2.31396(1,), =0
Adding and solving for (4,),
(A,), ==2.96309(4,),

and then (A,); =[-2.21608 —1.5(-2.96309)1(4,),
=2.22856(4,),

Now substitute into Eq. (9.57):
(A,)3 +[2.22856(A,), 1> +[-2.96309(1,),1* =1
or (A,), =0.260410
and (4,), =0.580339 (A,), =-0.771618
(6,),=74.9° (6,),=54.5° (6,),=140.5° <
K;: Begin with Eqs. (9.54a) and (9.54b):

(Ix - K3)(2'x)3 _Ixy(ﬂ’y)fi _IZX(]'Z)Ii =0
_Ixy(ﬂ,x)3 + (I), - K3)(/1y)3 -1, (A,);=0

{[1—1.11539J(Kazﬂ(@3 —(lEaZJ(ﬂm —(éﬂaz}(&)z =0

2 g 4 g ’ 8 g '

_(lEQZJ@X)3 +{(1—1.11539)[Eazﬂ(ﬂy)3 _[lﬂcﬁ](ﬂ% =0
4 g 8 8¢

—2.46156(4,); — (4,); =1.5(4,); =0
2.16657(4,); +(4,); +1.08328(4,); =0

Substituting

Simplifying
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Adding and solving for (4, ),
() =—0.707885(4,)

and then (A,)3 =[-2.46156 —1.5(~0.707885)](4, )5
=—1.39973(4,),

Now substitute into Eq. (9.57):

(A,)3 +[-1.39973(4,),1* +[-0.707885(4, ), ]* =1 6))
or (A,); =0.537577
and (A,); =—0.752463  (A.); =—0.380543

(6,); =57.5° (6,);=138.8° (6.);=112.4° 4

(¢)  Note: Principal axis 3 has been labeled so that the principal axes form a right-handed set. To obtain the
direction cosines corresponding to the labeled axis, the negative root of Eq. (i) must be chosen; that is,

(4,); =—0.537577.

Then (6,); =122.5° (6,);=41.2° (8,);=67.6° 4
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PROBLEM 9.183*

For the component described in Problem 9.168, determine (a) the
principal mass moments of inertia at the origin, (b) the principal axes
of inertia at the origin. Sketch the body and show the orientation of
the principal axes of inertia relative to the x, y, and z axes.

Ia%

SOLUTION

(@)  From the solution to Problem 9.168, we have

1, =18913352 4* 1, =1333324*
g g

1, =7.68953 * 1, =7.141592 ¢
g g

1. =12.00922 7 4* I, =0.66667 "
g g

Substituting into Eq. (9.56):
K- [(18.91335 +7.68953 + 12.00922)£ﬁa4 H K?
g
+[(18.91335)(7.68953) + (7.68953)(12.00922) + (12.00922)(18.91335)

2
—(1.33333)% — (7.14159)* + (0.66667)2](ﬁa4] K
g

—[(18.91335)(7.68953)(12.00922) — (18.91335)(7.14159)*
—(7.68953)(0.66667)* — (12.00922)(1.33333)*

3
—2(1.33333)(7.14159)(0.66667)] [ﬁaq =0
8
Simplifying and letting
K =ﬁa4K yields
8

K> —38.61210K> + 411.69009K —744.47027 =0
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Solving yields
K, =2.25890 K, =17.27274 K,=19.08046

The principal moments of inertia are then K = 2.26&‘(14 |

K, =172717 4" <
g

K, =19.087 4" <
8

(b)  To determine the direction cosines 4,, 4, 4, of each principal axis, use two of the equations of
Eq. (9.54) and Eq. (9.57). Then

K, : Begin with Eqgs. (9.54a) and (9.54b):

(Ix - Kl)(/lx)l - Ixy (/1}')1 - IZX(/?’z )1 =0
~1, (A + U, = K)(A), ~1,(A,), =0

Substituting

{(18.91335— 2.25890)[ﬁa4ﬂ(}tx)1 —(1.33333ﬁa4j(1y ), —(0.66667ﬁa4}(zz ), =0
g a g

—(1.33333ﬁa4](/1x)1 4{(7.68953— 2.25890)(ﬁa4ﬂ(ly ), —[7.141591’614](/11)1 =0
g g g

Simplifying
12.49087(4,), — (4,); —0.5(4,), =0
-0.24552(4,), + (4,),; —1.31506(4,), =0

Adding and solving for (4,),
(A,), =6.74653(4,),

and then (A,); =[12.49087 — (0.5)(6.74653)1(4, ),
=9.11761(4,),

Now substitute into Eq. (9.57): (A)} +[9.11761(A,), 1> +[6.74653(A,), 1> =1
or (4,), =0.087825
and (4,), =0.80075  (4,), =0.59251

6,),=85.0° (6,),=36.8° (6,),=53.7° 4
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K,: Begin with Egs. (9.54a) and (9.54b):

(I, —K)(A), =1 (A), =1 ,(4,), =0
I,(A),+U, =Ky (A,),—1,,(4,),=0

Substituting

[(18.91335—17.27274)[Lta4](/1x)2 [1 333332 4}(/1 ), — (o 666677 J(}L ), =0
g g g

[1 333337” J(/i ), + {(7.68953—17.27274)(ﬁa4ﬂ(1y)2 (7 141597 4 J(ﬂ ), =0
8 8

Simplifying
1.23046(4,), —(4,), =0.5(4,), =0
0.13913(4,), +(4,), +0.74522(4,), =0

Adding and solving for (4,),
(A,), ==5.58515(4,),

and then (A,), =[1.23046 - (0.5)(=5.58515)1(4,),
=4.02304 (4,),

Now substitute into Eq. (9.57):
(A,)3 +[4.02304(4,),]* +[-5.58515(4,),1* =1
or (4,), =0.14377
and (4,),=0.57839  (4,), =—0.80298
(6,),=81.7° (6,),=54.7° (6,),=143.4° 4
K;: Begin with Eqs. (9.54a) and (9.54):

(I, = K3)(A)s = Ly (A)3 =1, (A,); =0
~1,(A)s + U, = K3)(A)5 — 1, (A,); =0

Substituting

[(18.91335—19.08046)[ﬂa4J(/1x)3 [1 333337” J(}L ) — [0666677” ](1 ), =0
g g

[1 3333324 J(,l )y + {(7.68953—19.08046)(ﬁa4ﬂ(/1y)3 [7 141597 4 ](/1 ), =0
g g g
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Simplifying
~0.12533(4,); — (4,); —0.5(4,); =0
0.11705(4, )3 + (4, ); +0.62695(2, )5 =0
Adding and solving for (4, ),
(A.); =0.06522(4, )5

and then (4,); =[-0.12533 - (0.5)(0.06522)I(4,);
= —0.15794(4, )s

Now substitute into Eq. (9.57):

(A,)3 +[-0.15794(4,), 1> +[0.06522(A, 1,1* =1 @)
or (1,), =0.98571
and (A,); =—0.15568  (4,); =0.06429

(0,);=9.7° (6,);=99.0° (6,); =86.3° 4

(¢)  Note: Principal axis 3 has been labeled so that the principal axes form a right-handed set. To obtain the
direction cosines corresponding to the labeled axis, the negative root of Eq. (i) must be chosen; that is,

(A,); =—0.98571.

’
[P

Then (6,);=170.3° (8,); =81.0° (8,);=93.7° 4
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/ PROBLEM 9.184*

For the component described in Problems 9.148 and 9.170,
determine (a) the principal mass moments of inertia at the origin,
(b) the principal axes of inertia at the origin. Sketch the body and
show the orientation of the principal axes of inertia relative to the
X, y, and z axes.

SOLUTION
(a)  From the solutions to Problems 9.148 and 9.170. We have
1, =0.32258 kg - m’

— 2
I,=1,=041933kg-m
I, =1I,=0096768kg-m* I

=0
Substituting into Eq. (9.56) and using
1,=1, I.,=1 I,=0

Xy 2 ¥z

K? —[0.32258 +2(0.41933)]K >
+[2(0.32258)(0.41933) + (0.41933)> —2(0.096768)* 1K
—[(0.32258)(0.41933)* — 2(0.41933)(0.096768)* ] = 0

Simplifying
K’ —1.16124K* +0.42764K —0.048869 = 0

Solving yields
K, =0.22583 kg - m’ or K, =0226kg-m* 4
K, =0.41920 kg-m” or K,=0.419kg-m’ 4
K;=0.51621kg-m’ or K;=0516kg - m* «

(b)  To determine the direction cosines 4,, 4, 4, of each principal axis, use two of the equations of
Egs. (9.54) and (9.57). Then

K,: Begin with Egs. (9.54b) and (9.54¢): 0

_Ixy (/lx )1 + (I) - Kl )(/1))1 Az (/12 )3 = O
0
_sz ()“x)l Mz (}t)')l + (Iz - Kl)(lz )3 =0
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Substituting
—(0.096768)(4,), +(0.41933-0.22583)(4,), =0

—(0.096768)(4,), +(0.41933-0.22583)(4,), =0

Simplifying yields

(A = (A,); =0.50009(2,),
Now substitute into Eq. (9.54):

(A4,)* +2[0.50009(1,),]* =1
or (4,), =0.81645
and (4,); = (4,), =0.40830

(0,),=35.3° (6,),=(6,),=659° 4

K,: Begin with Egs. (9.54a) and (9.54b)

(I, - K,)(A,), —Ixy (/1y)2 —IM(/IZ)2 =0
0
_Ixy (ﬂ’x)Z + (Iy - Kz)(ﬂg‘v)z My (ﬂvz)z =0

Substituting
(0.32258 - 0.41920)(4, ), — (0.096768)(4, ), — (0.096768)(4,), =0 )
~(0.96768)(4,), +(0.41933 ~ 0.41920)(4, ), = 0 (i)
Eq. (i) = (4,), =0
and then Eq. (i) = (4,), =—(4,),

Now substitute into Eq. (9.57): 0

G+ ()2 44, =1
1

or (4,), = E
and (A), = —%

(6,), =90.0° (8,), =45.0° (6,),=135.0° «
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K;: Begin with Egs. (9.54b) and (9.54c¢):

0
I, (A,);+ (Iy - K3)(ly)3 +/i§(lz)3 =0
0
_sz(ﬂ'x)3 Nz (ﬂ'y)3 +(Iz _K3)(ﬂ'z)3 =0

Substituting
—(0.096768)(4,); +(0.41933-0.51621)(4,); =0
—(0.096768)(4,); +(0.41933-0.51621)(4,); =0
Simplifying yields
()5 = (A); = (A3

Now substitute into Eq. (9.57):

(A); +2[~(A,);) =1 (i)
or (A,); = L
x/3 \/5
1
and (A); =)= 5

(0,); =54.7° (8,);=(6,); =125.3° <4

()

Note: Principal axis 3 has been labeled so that the principal axes form a right-handed set. To obtain the
direction cosines corresponding to the labeled axis, the negative root of Eq. (i) must be chosen;

1
That is, A);=——F
BRG]

Then (6,); =125.3° (6,);=(6,); =54.7° <
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X

PROBLEM 9.185

Determine by direct integration the moments of inertia of the shaded area
with respect to the x and y axes.

Yy
1 (//?/=
i
4
L— a —>l<— a 4»‘
SOLUTION
At x=a, y=a:
Then
Now
Then
Now
Then

dl, == y'dx=— Z\d X
3 30 x
6
:—a—dx
3x
2 1a6 1 11 2
B B a__ _1 6 1 1
Ix_jdlx_ja Sdx=3 { 2le
:—la6 ! > —Lz or Ilea4 <4
6 [2a) (a) 8
dl, =x* dA=x*(ydx)
y
&2
=x*| Z—dx |=a’xdx
X
2a 2
2a 1 a
I, =.[d1}, =L a’xdx=a’ [Exz} =7[(261)2 - (a)’]
or Iyzia4 |
2
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|
B

y=hx3 l

L y=mx

PROBLEM 9.186

Determine the moment of inertia and the radius of gyration of the
shaded area shown with respect to the y axis.

SOLUTION
Y, =b:

At x=a, y =

Then

Now

Then

Now

Then

and

\1
b=ka’ or k:i3 ‘x-“‘-
“ w
YA
b=ma or m—é \
“ \"h X
_b 3
N=—734X
a
b
Yy =—X
b
dA=(y2—y1)dx:(— ——x de
a
1
A= jdA 2j0a(x——x jdx
—Zb[l 2_ 1 xﬂ =lab
al2 40> |, 2
dl, = x*dA =x [(éx—%x ]dx}
a a
ap 2 1 3
Iy=J-dIy=2.[0;x [x—a—zx ]dx
=2£ ix“—l% 6 or I.=—a’b 4
al4 6a 0 !
I, Lab
k2,=—}=6a =la2 or  k =-L <4
YA Llab N )
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! PROBLEM 9.187
kN y=mx+b Determine the moment of inertia and the radius of gyration of the
;7 shaded area shown with respect to the x axis.
h
4
I a a
SOLUTION
y: Atx=2a, y=0: 0= csink(2a) ! x_.”_dx
2ak=m or k - Y2
2a
\‘
. X
At x=a, y=h h=csin—(a) or c=h
2a
y,: At x=a, y=2h 2h=ma->b
At x=2a, y=0: 0=mQ2a)+b
Solving yields m= —%, b=4h
a
Then y=hsinZx y, ==y an
2a a
=%(—x+ 2a)
a
2h
Now dA=(y2—yl)dxz[—(—x+2a)—hsinlx}dx
a 2a
2a 2 .
Then AzjdAzj h| —(=x+2a)—sin—x |dx
a a 2[1
1 2a x|
= h[——(—x+ 2a)® +—cos—x}
a T 2a |,
= h[(—ﬁ) +l(—a + 2a)2} = ah(l —zj
T ) a /4
=0.36338ah
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PROBLEM 9.187 (Continued)
Find: I andk,
3 3
We have dez(lyz—lyljdle %(—x+2a) —(hsinzxj dx
3 3 31 a 2a
3
=h— i(—x+2a)3 —sin® X x
3ld’ 2a
2a h3 8 3 .3 T
Then I.=|dl.=| —|—(x+2a) —sin”—x |dx
! I ! J-a 3 Lf( ) 2a
Now sin® @ =sin @(1 — cos” @) = sin @ — sin O cos” &
3 024
Then Ixzh— i(—x+2a)3— sinix—sinlxcoszlx dx
3Ja | & 2a 2a 2a
3 2a
=h— —7(—x+2a)4+ﬁcos£x—2—acos3lx
30 a V4 2a 37 2a |,
3
_hf_2a 2 +%(—a+2a)4
3 T 3w) a
Zaf1-2
3 3z
I, =0.52520ah’ or I,=0.525ak" 4
3
and k2 = Lo _ 0:52520ah” or  k =1202h <4
A 0.36338ah
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12, 12 PROBLEM 9.188
Determine the moments of inertia 7, and Ty of the area shown with
18 mm respect to centroidal axes respectively parallel and perpendicular to
side AB.
22 mm
A B
6 mm—> 12 mm <6 mm

SOLUTION

First locate C of the area:

Symmetry implies X =12 mm.

A, mm> Yy, mm YA, mm®
1 12x22 =264 11 2904
2 %(24)(18) =216 28 6048
) 480 8952
Then YSA=XVA: Y (480 mm?)=_8952 mm’
Y =18.65 mm
Now I,=(I),+,),
where (1), = é(lz mm)(22 mm)’ + (264 mm*)[(18.65 —11) mm]*
= 26,098 mm*

(1,),= %(24 mm)(18 mm)® + (216 mm?)[(28 —18.65) mm]*
=22,771 mm*
Then I, =(26.098+22.771)x10° mm*

or 1. =48.9x10°mm* «
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PROBLEM 9.188 (Continued)

Also I,=()+U,),
where (I, = é(zz mm)(12 mm)’ =3168 mm*

(1)), = 2{%(18 mm)(12 mm)® + leg mmx12 mm)(4 mm)z}

=5184 mm*

[(Z,), is obtained by dividing A, into /N1

Then I,=(3168+5184)mm" or I,=835x10’mm" <
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PROBLEM 9.189

100 mm
Determine the polar moment of inertia of the area shown with respect to

(a) Point O, (b) the centroid of the area.

50 mm

l<—100 mm —>l<—>

50 mm

SOLUTION

Dimensions in mm Symmetry: )? =}7
\
2
R
_T_— s f [& /-\ \'\\
o), 5o
o ZN\\Bli x

Lz,
e oo — A -s0

100

Determination of centroid C of entire section.

Section Area, mm” Yy, mm YA, mm?>
% 2 3

1 Z(100) =7.854%10 42.44 333.3x10°

2 (50)(100) = 5%x10° 50 250%10°

3 (100)(50) = 5%x10° -25 -125x10°

) 17.854x10° 458.3x10°

Distance O to C:

(a) Section 1:

Section 2:

YZA=3yA: Y(17.854x10° mm?) = 458.3x10° mm’
Y =25.67mm X =Y =25.67 mm
0C =+2Y =+/2(25.67) =36.30 mm
T

Jo=73 (100)* =39.27x10° mm*

2 2
Jo =1 + A(OD)* == (S0)100)(50° +100°] + <50)“0°)[@j ’ (%j }

Jp =5.208x10° +15.625x10° =20.83x10° mm*
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PROBLEM 9.189 (Continued)

Section 3: Same as Section 2; Jo= 20.83x10° mm*
Entire section:

Jop =39.27x10° +2(20.83x10°)
=80.94x10° J, =80.9x10°mm* «

(b)  Recall that, 0C=3630mm and A=17.854x10° mm?2

J, =Jq+AOC)?
80.94x10° mm* = J . +(17.854x10° mm?)(36.30 mm)*

Jo =57.41x10° mm* Jo =57.4x10° mm* «
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/ PROBLEM 9.190
b b
| Two L5 X 3 X %—in. angles are welded to a %-in. steel plate.
15x3x4  Determine the distance b and the centroidal moments of inertia 7
L 2 and T , of the combined section, knowing that 7, =417 .
0.5 in. C -
LI 1 [ |
T ! 5in 5in |
SOLUTION
Angle: A=3.75in? - 014G .
I,=9.43in*
I, =255in* +
y C =15 \ AN,
First locate centroid C of the section. ey
Area, in’ y,in. YA, in’

Angle 2(3.75)=1.50 1.74 13.05

Plate (10)(0.5) =5 -0.25 -1.25

z 12.50 11.80
Then YXA=XJA: Y(12.50in?)=11.80in’
or Y =0.9441n.
Now Tx = 2(Ix )angle + (Ix )plate
where (I Dange =1, + Ad* =9.43in* +(3.75in*)[(1.74 - 0.944) in ]’

=11.8061in"
(I )pe =1, + Ad* = é(lO in.)(0.5in.)’ +(5in?)[(0.25+0.944) in.]?
=7.2323in"
Then 1. =[2(11.8061)+7.2323]in* = 30.8445 in*
or 1.=30.8in" «
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We have

Now

where

Then

PROBLEM 9.190 (Continued)

I, =41, =4(30.8445in*)=123.378 in*
or
I, =2(1,) e + )

angle plate

(1)) angie =1, + Ad* =2.55in* +(3.75in”)[(b - 0.746) in ]’
(1)) e = %(0.5 in.)101in.)* =41.6667 in*

123.378 in* =2[2.55+3.75(b — 0.746) ] in* + 41.6667 in*

or

I,=1234in" <

b=3.94in. 4
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y s PROBLEM 9.191
— r<—U. m.
Lin.—
g Using the parallel-axis theorem, determine the product of inertia of
the L5 X 3 X %-in. angle cross section shown with respect to the
Lssnl centroidal x and y axes.

- 1.0 X< XE

5in
C b
* 1.74 in.
|

_|<— 3 in‘—>| lTin.

SOLUTION
We have "
_ 0746 - L1 Im.
Ixy = (Ixy)l + (Ixy)Z
For each rectangle: ©\ A
P H 1as)-0u-iie
=1, +XY. —1
v c RIS
and I, =0 (symmetry) e .
Y 4 k{gn-0746]i.
Thus [, =2XxyA
A, in? X, in. y, in. XYA, in*
1 3><%=1.5 0.754 -1.49 —-1.68519
2 4.5><%=2.25 —-0.496 1.01 —-1.12716
hX —2.81235

o,
I,,=-2.81in* 4
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. PROBLEM 9.192
- 0.7 m.
Lin.—
g For the L5 X 3 x %-in. angle cross section shown, use Mohr’s circle
to determine (a) the moments of inertia and the product of inertia
. with respect to new centroidal axes obtained by rotating the x and y
X3y axes 30° clockwise, (b) the orientation of the principal axes through
the centroid and the corresponding values of the moments of inertia.
5in
C b
* 1.74 in.
|

_|<— 3 inA—>| éfin.

SOLUTION
From Figure 9.13a:
1,=943in* 1 =255in"

From the solution to Problem 9.191

_ »
I,, =-2.81235in

The Mohr’s circle is defined by the diameter XY, where
X(9.43-2.81235), Y(2.55,2.81235)

Now I

= %(ix +1,)= %(9.43 +2.55)=5.99in*

2 2
and R= \/B(T" - 1‘},)} +1) = \/B(9.43 - 2.55)} +(-2.81235)°
=4.4433in*

The Mohr’s circle is then drawn as shown.

21,

tan 26, = —=———=
I.-1,
_2(-2.81235)
9.43-2.55
=0.81754

or 26, =39.267°

and 6, =19.6335°

Then a =180°—-(39.267° + 60°)
=80.733°
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(@) We have

(b)

Now

PROBLEM 9.192 (Continued)

TX/ = Tave — Rcosar=5.99 —4.4433¢c0s80.733°
or 1,=527in" «
I, =1,.+Rcosar=599+4.4433c0s80.733°

or 7‘ =6.71in* <

I, =—Rsina =-4.4433sin80.733°

X’y’
or I, =-439%in* 4
First observe that the principal axes are obtained by rotating the xy axes through

19.63° counterclockwise 4

about C.

I =1 +R=599+44433

max, min ave
or I =10.43in* <«

I, =1.547in" <

O 219.L3°

From the Mohr’s circle it is seen that the a axis corresponds to I, and the b axis corresponds to I, .
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PROBLEM 9.193

A thin plate of mass m has the trapezoidal shape shown. Determine
the mass moment of inertia of the plate with respect to (a) the x axis,
(b) the y axis.

SOLUTION

First note

Also

(@) Now
Then

(b) We have
Then
Finally,

mass =m = pV = ptA

= pt[(Za)(a) +%(2a)(a):| =3pta®

m
Imass = ptlarea = glarea

1 = 1 T
X, area ( x)l,area +( x)Z,area @ ; @ X

_1 3.1 3
= 3(261)(61) + 12(261)(61)

X, mass X, mass = E

z,area = (Iz )1,area + (Iz )2, area

Lo |+ Laea + L Loa) |=10a*
—[3(a)(2a) }+ 36(a)(2a) +2(2a)(a)(2a+3x2aj =10a

m 4 10
x,mass = JXIOa =?ma

2

Iy,mass = Ix,mass + Iz,mass
5 5.1
=—ma" +—ma
18 3

=%ma2 or I s =3.61ma” 4

2
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PROBLEM 9.194

A thin plate of mass m has the trapezoidal shape shown. Determine
the mass moment of inertia of the plate with respect to (a) the
centroidal axis CC’ that is perpendicular to the plate, (b) the axis AA’
that is parallel to the x axis and is located at a distance 1.5a from the
plate.

SOLUTION

First locate the centroid C.
- - Tin 2, 2 2 1 2
XXA=2xA: XQRa " +a”)=a2a )+(2a+gx2a](a )

or }?25(1

ZXA=37A: Z(Q2d*+d*)= %aj(2a2)+(%aj(az)
or Zzia
9

(@) Wehave I =Ie s FM(X* +Z7)

y, mass

From the solution to Problem 9.117:

I mass = E maz
> 18
2 2
Then Lo s =§ma2 -m Ea + ia
’ 18 9 9
or 1. =0.994ma* 4
(b)) We have I, mass = Tgp mass +M(Z)°
and IAA', mass TBB', mass T m(l 'Sa)z
4 2
Then Ly mass = Lo mass 1| (1.50)° — (ga]
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PROBLEM 9.194 (Continued)

From the solution to Problem 9.193: L / , X
s 2 'C - 2
I =—mad®
X, mass 18 i
2
5 2 2 4
Then 1,4 =—ma +m|(1.5a)" —| —a
AA’, mass 18 ( ) (9 ]

or 1, =233ma* 4
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Y PROBLEM 9.195
4

120 mm . . . .
A 2-mm thick piece of sheet steel is cut and bent into the
o machine component shown. Knowing that the density of steel
ya is 7850 kg/m’, determine the mass moment of inertia of the

N x i i
1}30 mm component with respect to each of the coordinate axes.
4
120 mm

SOLUTION

First compute the mass of each component. We have

@
m= PsrV = PsriA
Then e X

m, = (7850 kg/m?)(0.002 m)(0.3 m)* la/©
=1.413 kg
m, = m, = (7850 kg/m?)(0.002 m) x (0.15% 0.12) m*
=0.2826 kg

Using Figure 9.28 and the parallel-axis theorem, we have

I =) +2(1,),

_| b 2
= |:12 (1.413 kg)(0.3 m) }

+ 2[%(0.2826 kg)(0.12 m)* + (0.2828 kg)(0.15% +0.06%) mz:l

=[(0.0105975) +2(0.0003391+0.0073759)] kg~ m*
=[(0.0105975) +2(0.0077150)] kg-m*
or I,=260x10" kg-m*> 4

I,=(1,), +2(,),

= {%(1.413 kg)(0.3* +0.3%) mz}

+ 2{% (0.2826 kg)(0.15 m)* + (0.2826 kg)(0.075> +0.15%) mz}

=[(0.0211950) +2(0.0005299 +0.0079481)] kg - m*
=[(0.0211950) +2(0.0084780)] kg - m*

or 1,=382x10"" kg-m’ «
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PROBLEM 9.195 (Continued)

I.=)+2(),),

1 2
=| —(1.413 kg)(0.
{12( 3 g)(03m)}

+ 2[%(0.2826 kg)(0.15% +0.12%) m?* + (0.2826 kg)(0.075° + 0.06%) mz}

=[(0.0105975) +2(0.0008690 + 0.0026070)] kg - m*
=[(0.0105975) +2(0.0034760)] kg - m*

or 1, =1755x10"kg-m* 4
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PROBLEM 9.196

Determine the mass moment of inertia and the radius of
gyration of the steel machine element shown with respect to
the x axis. (The density of steel is 7850 kg/m”’.)

15 mm

15 mm

45 mm

SOLUTION

First compute the mass of each component. We have

m= psrV
Then m, = (7850 kg/m*)(0.09x0.03%0.15) m*
=3.17925 kg

m, = (7850 kg/m3)[%(o.o45)2 ><0.04} m’
=0.998791 kg

my, = (7850 kg/m?)[7£(0.038)> x0.03] m® =1.06834 kg

Using Figure 9.28 for components 1 and 3 and the equation derived above (before the solution to
Problem 9.142) for a semicylinder, we have

I, =)+, =)

= [é(3.17925 kg)(0.03* +0.15%) m? +(3.17925 kg)(0.075 m)z}

+ {(0.998791 kg) K% - 91—62) (0.045 m)* + %(0.04 m)z}
T

2
+(0.998791 kg){(O.B)z +(%+omsj } mz}
T

- {%006834 kg)[3(0.038 m)” + (0.03 m)* ]+ (1.06834 kg)(0.06 my}
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PROBLEM 9.196 (Continued)

=[(0.0061995 +0.0178833) + (0.0002745 + 0.0180409)
—(0.0004658 +0.0038460)] kg - m*

=(0.0240828 +0.0183154 — 0.0043118) kg - m*
=0.0380864 kg - m?
or 1,=38.1x10" kg-m*> «
m=m, +m, —my =(3.17925+0.998791 —1.06834) kg

Now
=3.10970 kg
2
and k? =I_X= 0.0380864 kg -m
m 3.10970 kg

or k,=110.7 mm <«
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